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Abstract

We study computational aspects of repulsive Gibbs point processes, which are probabilistic models
of interacting particles in a finite-volume region of space. We introduce an approach for reducing a
Gibbs point process to the hard-core model, a well-studied discrete spin system. Given an instance of
such a point process, our reduction generates a random graph drawn from a natural geometric model.
We show that the partition function of a hard-core model on graphs generated by the geometric model
concentrates around the partition function of the Gibbs point process. Our reduction allows us to use
a broad range of algorithms developed for the hard-core model to sample from the Gibbs point process
and approximate its partition function. This is, to the extend of our knowledge, the first approach that
deals with pair potentials of unbounded range. We compare the resulting algorithms with recently
established results and study further properties of the random geometric graphs with respect to the
hard-core model.

1 Introduction

Gibbs point processes are a tool for modelling a variety of phenomena that can be described as distributions
of random spatial events [6, 36]. Such phenomena include the location of stars in the universe, a sample
of cells under the microscope, or the location of pores and cracks in the ground (see [37, 45] for more on
applications of Gibbs point processes). In statistical physics, such point processes are frequently used as
stochastic models for gases or liquids of interacting particles [39].

A Gibbs point process on a finite-volume region V is parameterized by a fugacity A and a pair potential
¢ expressing the interactions between pairs of points. Every point configuration in the region is assigned
a weight according to the pair interactions ¢ between all pairs of points in the configuration. One can
then think of a Gibbs point process as a Poisson point process of intensity A, where the density of each
configuration is scaled proportionally to its weight. The density is normalized by the partition function,
which is the integral of the weights over the configuration space (see Section 1.1 for a formal definition
of the model). The most famous example of such a process is the hard-sphere model, a model of a random
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packing of equal-sized spheres with radius r. The pair potential in the hard-sphere model defines hard-core
interactions, i.e., configurations where two points closer than some distance 2r have weight zero, while all
other configurations have weight one. In this article, we consider Gibbs point processes with repulsive
potentials, that is, pair potentials in which adding a point to a configuration does not increase its weight.
The hard-sphere model, for example, does have a repulsive pair potential, however, we do not restrict
ourselves to hard-core potentials and allow for soft-core interactions.

The two most fundamental algorithmic tasks considered on Gibbs point processes are to sample from the
model and to compute its partition function, which are closely related. Understanding for which potentials
and fugacities these two tasks are tractable is an ambitious endeavour. Towards this goal, there has been
a plethora of algorithmic results on Gibbs point processes spanning several decades. Notably, the Markov
chain Monte Carlo method was developed for sampling an instance of the hard-sphere model with 224
particles [32]. Since then, a variety of exact and approximate sampling algorithms for such point processes
have been proposed in the literature, and their efficiency has been studied extensively both without [19, 22]
and with rigorous running time guarantees [35, 24, 21, 34, 1]. The key objective of rigorous works is to
identify a parameter regime for their respective model for which a randomized algorithm for sampling
and approximating the partition function exists with running time polynomial in the volume of the region.
In addition, deterministic algorithms for approximating the partition function have also appeared in the
literature [17, 26] with running time quasi-polynomial in the volume of the region.

This recent flurry of algorithmic results on Gibbs point processes can be attributed to progress in under-
standing the computational properties of discrete spin systems, such as the hard-core model. Within these
works, two main approaches can be identified for transferring insights from discrete spin systems to Gibbs
point processes. The first one, which includes results such as [23, 34, 1], considers properties proven to
hold in discrete spin systems and translates them to the continuous setting of Gibbs point processes. More
precisely, these works consider the notion of strong spatial mixing, which has been strongly connected
to algorithmic properties of discrete spin systems [47, 40, 16], and translate it to an analogous notion for
Gibbs point processes to obtain algorithmic results. A common pattern in these works is that once the
parameter regime for which strong spatial mixing holds is established, one needs to prove from scratch
that this implies efficient algorithms in Gibbs point processes. In addition, the definition of strong spatial
mixing for Gibbs points processes assumes that the pair interactions of two particles is always of bounded
range, i.e., if two particles are placed at distance greater than some constant r € R, they do not interact
with each other.

The second approach, used in [18, 17], is to discretize the model, i.e., reduce it to an instance of the
hard-core model and then solve the respective algorithmic problem for the hard-core model. In this case,
the algorithmic arsenal developed over the years for the hard-core model is now readily available for the
instances resulting from this reduction. The main downside of these approaches is that they only apply to
the hard-sphere model, a special case of bounded-range repulsive interactions.

Our contributions. We introduce a natural approach for reducing repulsive point processes to the hard-
core model. Given an instance (V, A, ¢) of such a point process, we generate a random graph by sampling
n € ©(V?) point-vertices independently and uniformly at random in V and by connecting each pair of
points with an edge drawn with an appropriate probability, which depends on ¢. We show that compu-
tational properties of the hard-core model on graphs generated by this model and with an appropriately
scaled fugacity transfer to the originating Gibbs point process.

We first show that the partition function of the hard-core model on these graphs concentrates around
the partition function of the Gibbs point process. Using existing algorithms for the hard-core model as a



black box, our result immediately yields randomized approximation algorithms for the partition function of
the point process in running time polynomial in the volume of V. Furthermore, we show that sampling an
independent set from the generated hard-core model and returning the positions of its vertices in V results
in an approximate sampler from the distribution of the Gibbs point process. Our approach, in contrast to
all previous algorithmic work in the literature, does not require the pair potential ¢ of the point process to
be of bounded range. This includes various models of interest in statistical physics, such as the (hard-core)
Yukawa model [15, 38], the Gaussian overlap model [7], the generalized exponential model [5], and the
Yoshida-Kamakura model [48].

Finally, we identify the parameter regime (in terms of A and ¢) for which the generated hard-core instance
exhibits strong spatial mixing. This parameter regime is identical to the best known regime for which
repulsive point processes with bounded-range potentials have strong spatial mixing [34].

1.1 Gibbs point processes

We now formally define the notion of a Gibbs point process. As usual in the theory of point processes,
we assume the underlying space to be a complete, separable metric space (X, d) equipped with the Borel
algebra B = B(X) and a reference measure v on (X, 8) that assigns finite volume to bounded measurable

sets. In this work, we study Gibbs point processes Pg *) on bounded measurable regions V C X that are
parameterized by a fugacity parameter A € R, and a repulsive (i.e., non-negative), symmetric, measurable

potential function ¢: X?> — Rso U {c0}. Such a process Pgwﬁ) is defined by a density with respect to a
Poisson point process Q; with intensity A on X. For every finite point configuration x = (xy, ..., xx) € V¥,
this density is proportional to e H*1-%k) where H is the Hamiltonian

H(x1 .. .,Xk) = Z{i,j}E(“;]) ¢(xi7xj)'

More precisely, the density can be expressed explicitly as

dPé,Ms) - o Lyie[k]: eV - e HGr1xi) oAv(V)
5o Ak = —_ >
o, Ev(4,9)

where the normalizing constant Sy (4, ¢) is the partition function
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1.2 Randomized reduction to the hard-core model

Our approach is to reduce the problem of sampling from a repulsive Gibbs point process and approximating
its partition function to the analogous problems for a discrete hard-core model, which we briefly introduce.
For an undirected graph G = (V, E), let 7 (G) C 2" denote the set of independent sets of G. For a vertex

activity y € Ry, the hard-core model on G is a probability distribution yg) on 7 (G) that assigns each

independent set I € 7 (G) a probability proportional to y!l. The normalizing constant of this distribution,
Z(y) = 2rez(6) yM1 is called the hard-core partition function on G.

The goal is to reduce the problem of approximate sampling from Pg #)

,u(GY) and, similarly, to reduce the problem of approximating Sy (4, ¢) to approximating Zs(y) for a suitably

chosen graph G and vertex activity y. The advantage of this approach is that sampling from a hard-core

to approximate sampling from



model as well as approximating hard-core partition functions are well studied problems. Specifically, a

() .

sequence of recent papers [3, 4, 10, 11, 12] established approximate sampling from p;’ in O(|V|) running

time and randomized approximation of Zs(y) in O (IV]?) running time for graphs G with maximum degree

d for all y strictly below the tree threshold y.(d) = (?dl—;;idl.

Our reduction is inspired by the discretization schemes in [17, 18]. These approaches are limited to the
hard-sphere model (and similar models with hard-core interactions) in specific regions of Euclidean space.
In this setting, the utilized graph G is essentially a unit-disk graph in V. This procedure comes with two ma-
jor disadvantages. Firstly, the analysis heavily depends geometric arguments and is therefore restricted to
regions in Euclidean space that satisfy various requirements. Secondly, it is not obvious how this technique
extends to general repulsive potentials ¢ and especially how to account for soft-core interactions.

We circumvent the above problems by investigating hard-core models on a suitably chosen family of
random graphs. For a bounded measurable re%lon V € X, let uy denote the uniform distribution on V.
That is, for x ~ uy, we have Pr[x € A] ) for every measurable A € V, and Pr[x ¢ V] = 0. For a

repulsive potential ¢ and a positive integer n € IN» 1, we consider a random-graph model {é,"; on the set of

undirected graphs with vertex set [n], where {é/n; is defined by the following natural procedure to generate
a graph:

1. For each i € [n], draw a uniform random point x; ~ uy independently.
2. Foralli, j € [n] withi # j, connecti and j with an edge with probability 1 — e~ ¢ (xixy) independently.

Readers familiar with graphons might notice that this random-graph model can be expressed as a graphon-
based random graph (W-random graph) for a suitably chosen graphon W. We discuss this perspective
later in the introduction. Moreover, we would like to mentioned that a similar graph construction based
on points from a Poisson point process was used in [8] to prove uniqueness of the infinite-volume Gibbs
measure for A < é via percolation.

The key property of the graphs from g&’s is that, for a suitably chosen vertex activity y, their hard-core
partition functions concentrate around =y (4, ¢). This property is at the core of our reduction.

» Theorem 1.1. Let (X, d) be a complete, separable metric space, let 8 = B(X) be the Borel algebra,
and let v be a locally finite reference measure on (X, 8). Let V € X be bounded and measurable, let
A € Rsp,and let ¢: X% — R U {0} be a symmetric repulsive potential. For all ¢ € (0,1], § € (0,1] and

n> 42571 max{eé/lzv(V)z, ln(4£_1)2}, it holds that, for G ~ {é/n;,
Pr[

Informally, Theorem 1.1 says that, for n € ®(V(V)2) and G ~ ¢ (") the hard-core partition function

V.9’
Zs(y(n)) with y(n) = ’M ) s strongly concentrated around the partition function of the repulsive Gibbs
point process =y (4, §). In [17, Proposition 5.8], it was argued that the partition function of an unrestricted
Poisson point process in a bounded measurable region V of Euclidean space cannot be approximated by the
hard-core partition function Zg(y(n)) for any graph G on n vertices if n € O(V(V)z). As the unrestricted
Poisson point process is a special case of a repulsive Gibbs point process with constant zero potential, this
implies that our concentration result in Theorem 1.1 is tight in terms of its asymptotic dependency on the

volume v(V).

<. >

> eZy (4, ¢)
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A remarkable aspect of Theorem 1.1 is the generality in which it holds with respect to the underlying
space X. In particular, we do not need any additional assumptions regarding its geometry. We achieve
this by deriving Theorem 1.1 from a corollary of the Efron-Stein inequality [14]. This corollary gives a
convenient-to-use way for proving concentration of functions of independent random inputs, given that
changing one input of the function only leads to small relative changes of its output. Using this corollary,
we prove Theorem 1.1 by bounding changes in the hard-core partition function of a graph that are caused
by small alternations of the graph structure. We proceed by discussing this approach in detail.

Proving concentration

We prove Theorem 1.1 in two steps. First, we show that, for G ~ é,n; and y(n) = @, the expected
hard-core partition function E[Z5(y(n))] converges rapidly to the partition function of the point process
Sy (A, ¢) as n grows. We prove this by fixing n € @(V(V)z) sufficiently large and rewriting E[Zs(y(n))]
as a sum of expectations. We then relate each of the first m < n terms in that sum with the corresponding
term in Sy (4, ¢), which requires comparing the expected number of independent sets of size k < min a
graph G ~ ggj; with
discarded.

Once convergence of the expectation is established, it remains to prove that the distribution of the parti-
tion functions Zs(y(n)) for G ~ {é/n;
Corollary 3.3 from the Efron-Stein inequality [14]. This corollary roughly states that the output of a func-
tion f on a product of probability spaces concentrates around its expectation if f exhibits sufficiently small
relative changes when any component of its input is changed. Similar methods for proving concentration
usually require the output of the function f to exhibit small absolute changes (i.e., f to be Lipschitz, see
(30, 31]), which does not hold in our setting.

To apply this concentration bound, we need to express the partition function of a graph drawn from {é/n;

k!vr(l—];/)" ka e #*)dx. Finally, we argue that all terms of order higher than m can be

concentrates around this expectation. To prove the latter, we derive

as a function of independent random inputs. To this end, we model a random graph G ~ gv‘f,"; based

on n points x = (X;);je[n], each independently drawn from uy, and @ independent random variables
Y = (Yij)1<i<j<n, €ach uniformly distributed on the real interval [0, 1]. Given the random vectors x and y,

we construct a graph by connecting vertices i < j by an edge if and only if y; ; < 1 - e¢(xi%)) Note that

the resulting graph is distributed according to {é/n;. Thus, we express the hard-core partition function on

the random-graph model {é/n; as a function f(x, y) for x and y as described above. The effect of changing
a component of y is bounded by the relative change of the hard-core partition function when adding or
removing an edge. On the other hand, the effect of changing a component of x, say x;, is bounded by con-
sidering the change of the hard-core partition function when altering the neighborhood of a single vertex i.
Bounding both effects and applying Corollary 3.3 yields the desired concentration result (Theorem 1.1).

In fact, a similar argument as above applies to a broad class of antiferromagnetic spin systems on graphon-
based random graphs that contains our application as a special case. We discuss his more general setting
after demonstrating the sampling and approximation results for Gibbs point processes that can be obtained
from Theorem 1.1.

1.3 Algorithmic implications

We proceed by showcasing some algorithmic results for repulsive Gibbs point processes that follow from
Theorem 1.1. More specifically, we focus on e-approximate sampling from the point process and obtaining



a randomized e-approximation of the partition function. Formally, the problem of e-approximate sampling
from Pg %) is defined as producing a random point configuration with a distribution that has a total vari-

ation distance of at most ¢ to Pg #) Analogously, the problem of e-approximating Zy (A, §) is defined as
computing some value x € R such that (1 - ¢)5y (4 @) < x < (1+ €)=y (4, ¢). Moreover, an algorithm is
called a randomized e-approximation if it outputs an e-approximation of Zy (4, ¢) with probability at least
%. The choice of the constant % is rather arbitrary here, as the error probability can be made smaller than
every § € R by taking the median of O(log(67")) independent runs, as long as the error probability of
each run is some constant smaller than % Furthermore, we consider an e-approximate sampler and a (ran-
domized) e-approximation algorithm as efficient if their running time is polynomial in the volume v(V)
and in ¢~ L.

Recent rigorous results establish bounds on the fugacity regime of different models for which these
algorithmic problems can be solved efficiently. Often, these bounds are stated in terms of the temperedness

constant Cy, which is defined as

C¢ = sup /|1 - e—¢(x1,x2) V(de).
X

X1 eX

This value can be seen as measure for the strength of interactions between points.

Given our concentration result (Theorem 1.1), a straightforward idea for approximating =y (4, ¢) is to
sample a graph G ~ {é,n; and try to approximate its hard-core partition function. A refined version of this
procedure leads to the following theorem.

» Theorem 1.2. Let (X, d) be a complete, separable metric space, let 8 = 8(X) be the Borel algebra, and
let v be a locally finite reference measure on (X, 8). Let V € X be bounded and measurable, let 1 € R,
and let ¢: X2 — R U {0} be a symmetric repulsive potential. Assume there is a sampler for gv‘g,n; with
running time ty, ¢ (n).

IfA< &, then, for all ¢ € (0,1], there is a randomized e-approximation algorithm for =y (4, ¢) with

running time in 6(V(V)4€_6) +tvg (G(V(V)zg_z))' <

With respect to sampling from Pg ) it is less obvious how Theorem 1.1 can be utilized. However, under

mild assumptions, we obtain an approximate sampler, based on Theorem 1.1, by the following procedure:

(y(n))
G

x; }ier. Given that P is sim le, which means that drawing a point configuration that contains the same
v p gap g

point multiple times has probability zero, a refined version of the approach sketched above leads to the

following result.

Sample an independent set I € I (G) (approximately) from p and output the point configuration

» Theorem 1.3. Let (X d) be a complete, separable metric space, let 8 = B(X) be the Borel algebra, and
let v be a locally finite reference measure on (X, 8). Let V C X be bounded and measurable, let 1 € R,
and let ¢: X? — Ry U {oo0} be a symmetric repulsive potential. Assume we can sample from the uniform
distribution uy in time ty and, for every x,y € V, we can evaluate ¢(x, y) in time t.

Pgﬁ)

€

If the Gibbs point process is simple and 4 < g

then, for every ¢ € R, there exists an e-

approximate sampling algorithm for Péf #) with running time in O(v(V)2e™* + v(V)2e 3ty + v(V)*e~0ty).
<

There are two main differences in the assumptions of the approximation result (Theorem 1.2) and the
sampling result (Theorem 1.3). First, the sampling result requires the point process to be simple. The



reason is that, in order to bound the total variation distance between the output of our sampler and Pg )
we derive a density of that output with respect to a Poisson point process. This task is greatly simplified by
assuming that Pé;1 ) s simple, as it allows for an easier characterization of the output distribution of our
sampling, based on a theorem by Rényi—Monch (see [13, Theorem 9.2.XII]). However, assuming the point
process to be simple is only a minor restriction, as it is satisfied for most applications of point processes.
For example, it is trivially satisfied if the reference volume measure v is not-atomic (i.e., assigns volume 0 to
single points). This includes the most frequently studied case of Gibbs point processes in Euclidean space
but also a variety of other spaces, such as Gibbs point processes in hyperbolic spaces or in Riemannian
manifolds.

Second, our sampling result requires efficient sampling from the uniform distribution uy and an efficient
way to compute the potential ¢p. In contrast to that, Theorem 1.2 only assumes an efficient way to sample

a graph from {é,n; We state the theorems in this way to emphasize that, for approximating Sy (4, ¢), we

only need to sample from the random-graph model {é/n;
position x; € V for each vertex i € [n] along with the graph to output the point configuration, associated
to a random independent set drawn from the hard-core model.

Last, we briefly discuss the origin of the fugacity bound C% in our algorithmic results. Write y(n) =

. Our sampling procedure additionally requires the

(V)
n

for every n € IN»;. Note that our algorithms rely on either an efficient approximation of the hard-core

partition function Zs(y(n)) or an efficient approximate sampler for an independent set from ,ug(")) for a

)
¢
maximum degree d as long as the parameter y is below the corresponding tree threshold y.(d). Observe

that y.(d) ~ 3 for large d. Thus, roughly speaking, we can perform the necessary computational tasks as

Avflv) < %’ where di is the maximum degree of the graph G that was drawn from {é/n;

Equivalently, this is 4 < dc;i—r(lV)' The main observation is now that, for G ~ {é,n;, the expected degree of

random graph G ~ {éfn . As discussed earlier, such computational results are known for general graphs of

long as y(n) =

an arbitrary vertex of G is upper-bounded by %. By proving that, with sufficiently high probability, the
maximum degree dg is not much larger than this value, we obtain the desired bound of é

1.4 Strong spatial mixing, connective constants, and improved bounds

A property closely tied to the existence of efficient algorithms for the hard-core model is strong spatial
mixing. Strong spatial mixing describes a particular way how dependencies between distant vertices in a
graph G decay. The definition is easiest stated in terms of the occupation probability of a vertexv € Vg (i.e.,
the probability thatv is in the independent set, drawn from a hard-core model on G) conditioned on certain
vertices being occupied or unoccupied. Given two such conditions that differ at some vertex set S C Vg,
strong spatial mixing requires that the resulting difference in the occupation probability of every vertex v
is exponentially small in the graph distance between v and S’ (see Definition 6.1 and remark Remark 6.2
for more details).

In a seminal paper, Weitz [47] proved that, for a graph G of maximum degree d and vertex v € Vg, we
can construct a tree with root v such that the occupation probability of v in the tree is the same as in G.
This continues to hold when conditioning on the state of other vertices by translating the condition to the
tree appropriately. It follows that if this tree exhibits strong spatial mixing with respect to the root, then
this property also holds for G. Moreover, in this case, a recursive computation on this tree can be used

1 Often it is more convenient to work with the occupation ratio, which is the occupation probability divided by the probability
of the vertex to be unoccupied. However, the resulting strong spatial mixing definitions are equivalent.



to approximate the occupation probability of v, which results in a sampling and approximation algorithm
with running time |Vg |0Uoe(ds)) for the hard-core model at vertex activity up to y.(dg) on G.
Subsequently, this result was improved by a more refined analysis [42, 40]. We elaborate further. The
tree used by Weitz, which we refer to as the Weiiz tree, is a truncated version of a self-avoiding walk tree”
(see Section 6.3 for a formal definition). This truncation accounts for the effect of cycles on the hard-core
distribution in the original graph. In [42, 40], it was shown that strong spatial mixing results can be derived
by bounding the connective constant A, which describes the growth of the Weitz tree (see Definition 6.4).
In particular, it was shown that strong spatial mixing applies up to a vertex activity of y < y.(A), which
improves bounds derived from the maximum degree. Consequentially, this implies sampling and approxi-
mation algorithm for the hard-core model for this parameter regime with running time |V |Oog(4))
Inspired by these results on the hard-core model, Michelen and Perkins [33] recently introduced the
potential-weighted connective constant Ay for repulsive Gibbs point processes (see Section 6.1 for a formal
definition). It can be seen as an alternative to Cy that is more sensitive to the structure of the underlying
space X. In particular, for any non-trivial potential, A4 is strictly smaller than the temperedness constant.
Moreover, it was shown in [34] that repulsive Gibbs point processes with bounded-range potentials exhibit
a notion of strong spatial mixing up to a fugacity of 1 < e/Ay (see [34, Definition 1]). This result was used
to derive a polynomial-time approximate sampling algorithm and a randomized approximation algorithm
for the partition function of bounded-range repulsive Gibbs point processes in the same fugacity regime.
Given a repulsive Gibbs point process with fugacity 1 < e/Ay, we show in Section 6 that the hard-
core model that is obtained from our reduction exhibits strong spatial mixing with high probability. In
particular our result holds without bounded-range assumptions. We prove this by using the results in
[42, 40]. Towards this, we establish a rigorous connection between the potential-weighted connective
constant of a repulsive Gibbs point process and the connective constant of a graph from {é/n; More precisely,

we show that, for any € > 0 and n > ©(v(V)), the connective constant of a graph from {é,n; is bounded by

CE%V)AqS with probability at least 1 — % (see Theorem 6.7 for the formal statement). To obtain this result,
we make use of the fact that the construction of the Weitz tree leaves some degree of freedom. That is, for
the same graph G and root vertex v € V, different Weitz trees can be constructed, which differ in how the
self-avoiding walk tree is truncated. In our setting, we carefully need to choose the truncation based on the
underlying location of vertices in V. In particular, it is important for us to define the connective constant
in terms of the Weitz tree and not the full self-avoiding walk tree. The latter would only yield a bound of
%V)C@ which would be no improvement over the maximum degree of G ~ {é,n;

Given the above graphical interpretation of A4, we immediately obtain that, for all A < e/Ag, a hard-core

model with vertex activity y(n) = @/1 exhibits strong spatial mixing on G ~ {é/n; with probability at least

1- % (see Corollary 6.10 for the formal statement). This result holds for any repulsive potential, without
bounded-range assumption. However, it should be noted that the strong spatial mixing is with respect to
the graph distance and not the distance metric of the underlying space X.

This strong spatial mixing result for G ~ {é/n; gives our reduction further algorithmic consequences.
Using the deterministic algorithm for approximating that partition function of a hard-core model proposed
by Weitz [47] (see also [42, 40]) and Theorem 1.1, our strong spatial mixing result yields a randomized
approximation for the partition function of repulsive Gibbs point processes with arbitrary range potentials
for A < e/Ay with quasi-polynomial running time y(V)OUn(¥ID) A similar result can be derived in the

setting of approximate sampling.

2 In [47] the tree is actually not truncated but certain vertices in the tree are fixed to be always occupied or unoccupied. However,
this is equivalent to truncating the tree.



1.5 A more general concentration result: antiferromagnetic partition functions on
graphon-based random graphs

(V)
n

So far, we discussed how concentration of hard-core partition functions Z(;( ) for random graphs

G ~ {é,";, stated in Theorem 1.1 is obtained from Corollary 3.3. However, as hinted earlier, a more gen-
eral concentration result can be obtained for a large class of antiferromagnetic two-state spin systems on
graphon-based random graph models. As such spin systems have been studied extensively [28, 41, 43], we
believe this result to be of independent interest. In what follows, we outline this more general concentration
result and show how Theorem 1.1 follows as a special case of it.

We start by introducing the class of spin systems to which it applies. For an undirected graph G = (V, E)
with vertices V and edges E C (‘2/), we denote by X the set of all functions o: V' — {0, 1}. To simplify

notation, we assume V = [n] for some n € IN. A two-state spin system with parameters y, f, f1 € R on

(v.Bo-p1)

pa on X with

G is a probability distribution y

Do) ;ml (o)

m
BB () vl g, )
G ZG(Y; ﬂo; ﬁl)

where |o]; = |O'_1(1)| counts the number of vertices that are assigned to 1, méa) (0) = 2qijyek Lo(i)=o(j)=a
counts the number of edges with both endpoints assigned to a € {0, 1}, and the normalizing constant
Z (¥, Po, P1) is the partition function

© )
ZG(Y; ,BO, ,Bl) — ZUEZG ylall (;"G (o) ;"G (0').
A two-state spin system is antiferromagnetic if 1 < 1. Our concentration result applies to antiferromag-
netic two-state spin systems with f; = 1. In this case, we omit f, completely, write f = f; € [0, 1], and
denote the partition function by Z5(y, f).

Our concentration result for partition functions Zg(y, ) applies to all graphon-based random-graph
models. Here, we refer to graphons in the most general sense, as defined in [29, Chapter 13]. That is, for a
probability space X = (X, A, £), a graphon is a symmetric function W: X? — [0, 1] that is measurable with
respect to the product algebra A? = A ® A. Note that, even though we call the function W the graphon,
we mean implicitly that a graphon is a tuple of an underlying probability space and a suitable function W.
One useful aspect of a graphon W is that it naturally defines a family of random-graph models, sometimes
called W-random graphs (see [29, Chapter 11]). For every n € IN»;, we denote by Gyy , a distribution on
undirected graphs with vertex set [n] that is induced by the following procedure for generating a random

graph:
1. Draw a tuple (xi,...x,) € X" according to the product distribution &”.
2. Foralli,j € [n],i # j, add the edge {i, j} independently with probability W(x,-,xj).

Observe that Gy, encompasses classical random-graph models, such as Erdés-Rényi random graphs and
geometric random graphs.

Applying Corollary 3.3 and using essentially the same arguments as in our proof sketch for Theorem 1.1
yields the following result.



» Theorem 1.4. Let W be a graphon on the probability space X = (X, A, £). Lety: IN>; — R such that

y(n) < yon™"%" for some yy € Ry and @ € Rog. Forall § € [0,1], e € (0,1], 5 € (0,1],n > (2)/38_25_1)%,
and G ~ Gy, it holds that

Pr(|Z(y(n), B) = E[Zg(y(n), B)1| = €E[Zs(y(n), P]] < 8. <

» Remark 1.5. In fact, Theorem 1.4 can easily be extended to an even more general setting, where we
consider a sequence of probability spaces (X, ),ew and an associated sequence of graphons (W,),en (i-e.,
each W, is a graphon on X},). This makes the result for example applicable to popular models studied in
network theory, such as hyperbolic random graphs [27] and geometric inhomogeneous random graphs [9].

<

A surprising aspect of Theorem 1.4 is that, even though E[Z5(y(n), )] = 1+ ny(n) diverges for y(n) €
w(n') as n increases, Theorem 1.4 still ensures that the distribution of the partition functions gets more
and more concentrated as long as y(n) € o(n_% ).

We derive Theorem 1.1 as a special case of Theorem 1.4. To see how this works, first observe that, for
B =0, it holds that Z5(y(n), f) is the hard-core partition function of a graph G with parameter y € Rxo.
Moreover, by setting X = (V, B, uy), considering a graphon Wy (x1,x2) = 1 — e ?x2) . x, € V,on X,
we obtain {é,n; = Gwy,n. This way of expressing {é,n; establishes a connection between repulsive Gibbs
point processes and hard-core models on graphon-based random graphs. Lastly, setting y = Av(V) and
y(n) = yon~! and applying Theorem 1.4 yields the desired concentration result for hard-core partition
functions on {é/n;

1.6 Organization of the technical details

The technical details in the appendix are organized as follows. In Section 2, we formally introduce the
notion of antiferromagnetic spin systems and Gibbs point processes. Note that for the latter one, we base
our definition on the notion of random counting measures. This is common in the theory of point processes
but slightly differs from the definition given in the introduction. In Section 3, we prove our concentration
result for partition functions of antiferromagnetic spin systems on graphon-based random graphs. We
continue by showing in Section 4 how to efficiently approximate the partition functions of a Gibbs point
process with arbitrary repulsive potentials via hard-core partition functions of random graphs based on
a suitably constructed graphon. In Section 5, we show how a similar approach can be used to obtain an
approximate sampler for repulsive Gibbs point processes. Finally, in Section 6 we give a high-probability
bound on the connective constant of the graphs obtained from our reduction and derive corresponding
strong spatial mixing results.

2 Preliminaries

We formally introduce the discrete antiferromagnetic spin systems we investigate, as well as Gibbs point
processes.

2.1 Antiferromagnetic spin systems

For an undirected graph G = (V, E) with vertices V and edges E C (‘2/), we denote by X the set of all
functions ¢ : V — {0,1}. Without loss of generality, we are going to assume the canonical vertex set

10



V = [n] for some n € IN. A two-state spin system with parameters y, f, /1 € R on G is a probability

(v.Bo.B1)

G on X with

distribution p

mg) (0) mg) (o)
1

Y|U|1 0
Za(y, Po. B1)

y(Gy,ﬁo,ﬁl) (0) =

where |o]; = |0'_1(1)| counts the number of vertices assigned that are to 1, méa) (0) = 2qijrek Loti)=o(j)=a
counts the number of edges with both endpoints assigned to a € {0, 1} and Z5(y, fo, f1) is the normalizing

constant )
m (o)

)
c (o)
Zg(y, Bo, 1) = Z Yl llﬁ(r)nG 7 1

oelg

Note that we implicitly assume fy # 0 or f; # 0, as ,u(y’ﬁ op1)

G
Usually, yg’ﬁ "P1) is referred to as the Gibbs distribution of the model and Zg is called the partition function.

Further, a two-state spin system is antiferromagnetic if fy; < 1. For our concentration result, we focus
on the setting where f, = 1. In this case, we omit f, completely and write f = f; € [0, 1] and denote
the partition function by Zg(y, f). Of special interest within this class of antiferromagnetic two-state spin
systems in the hard-core model, which results from setting f = 0. In this case, we might just omit the edge
interactions f completely and write yg) and Z;(y). Note that this implies that only configurations o € X
for which ¢71(1) is an independent set in G can have non-zero probability. For us, this model is especially
relevant, as we show that concentration of hard-core partition functions on random graphs can be used to
derive randomized approximations for the partition function of repulsive Gibbs point processes, which are
introduced in the next section.

may not be defined otherwise.

2.2 Gibbs point processes

We introduce the notion of Gibbs point processes that is used throughout this paper. For a formal treatment,
it is common to model point processes as random counting measures. Note that this is different from the
simplified definition that we gave in the introduction. For a more detailed overview on the theory of point
processes and specifically Gibbs point processes, see [25].

Let (X, d) be a complete, separable metric space and let 8 = B(X) be the Borel algebra of that space.
Let v be a locally finite reference measure on (X, B) such that all bounded measurable sets have finite
measure. Denote by N the set of all locally finite counting measures on (X, 8). Formally, this is the set
of all measures 5 on (X, 8) with values in IN U {co} such that v(A) < oo implies n(A) < oo for all A € B.
For each A € B, define amap N4y : N — IN U {oo} with  — 1(A) and let R be the sigma algebra on N
that is generated by the set of those maps {N, | A € 8}. A point process on X is now a measurable map
from some probability space to the measurable space (N, R). With some abuse of terminology, we call any
probability distribution on (N, R) a point process, as we can only use the identity as measurable mapping
from 7 to itself. Moreover, a point process is call simple if N (n) < 1 with probability 1, where we write Ny
for Nyy}.

Note that every counting measure € N is associated with a multiset of points in X. To see this, define
Xy = {x € X'| Nx(n) > 0}. Then n can be expressed as a weighted sum of Dirac measures

n= Z Nx(ﬂ)5x~

x€Xy

11



In this sense, 7 is associated with a multiset of points x € X}, each occurring with finite multiplicity Ny (7).
We may use such a point configuration interchangeably with its corresponding counting measure.

An important example for point processes are Poisson point processes. A Poisson point process with
intensity k € Ry on (X, d) is uniquely defined by the following properties

« for all bounded measurable A C X it holds that Ny is Poisson distributed with intensity kv(A) and
+ for all m € IN;, and disjoint measurable Ay, ..., A, € X it holds that Ny,,..., Ny, are independent.

Generally speaking, a Gibbs point process is a point process that is absolutely continuous with respect to
a Poisson point process. For a bounded measurable V C X let Ny denote the set of locally finite counting
measures 77 € N that satisfy N4(n) = 0 for all measurable A € X\ V. In this work we are interested in
Gibbs point processes P‘(//1 ) on bounded measurable regions V C X that are parameterized by a fugacity
parameter A € R, and non-negative, symmetric, measurable potential function ¢ : X? — Rso U {oo}.
Formally, such a process Pg ?) s defined by having a density with respect to a Poisson point process with
intensity A of the form

dPé,A"ﬁ) ) ]lneNVe—H(n) eAv(V)
dQ; Ev(4¢)

where H : N — R U {0} is the Hamiltonian defined by

Ni () (Nx(n) — 1)
2

Hi= > NeDNy(mg(xy)+ )

{x,y}e(xzn) x€Xy

¢(x, x).

The normalizing constant =y (A, @) is usually called the (grand-canonical) partition function and can be
written explicitly as

Ak _
Evhg) =1+ ) F/we H(0x++050) )k ()

kelNsq
/1k
=1+ Z - 1—[ e_¢(xi’xf)vk(dx).
KeWor = V7 (i jye (18T

3 Concentration of partition functions of antiferromagnetic spin
systems on graphon-based random graphs

The main tool we will use to derive our concentration bounds is the Efron—Stein inequality. For N € IN»
let {(€2;, Fi, p1i) }ie[n] be a collection of probability spaces and let f : 2 — R be a measurable function on

the product space (Q,F, p) = ®i€[N] (€24, Fi, i) For each i € [N] define a function Al.(f) QX Q; - Rsg,
where, for every x = (x1,...,xn) € Q and y; € Q;, the value Ai(f ) (x, y;) is defined as the squared difference
in f that is caused by replacing x; in x with y;. Formally, this is Ai(f ) (xy) = (f(x) - f(y))? where
Yy = (X1,-..,Xi—1, Yi» Xi+1, - - - » XN ). The Efron-Stein inequality bounds the variance of f under p based on
the local squared deviations Al.(f ) (x, ;).

12



» Theorem 3.1 (Efron-Stein inequality [14]). Let {(L;, 7i, i) }ic[n] be probability spaces with product
space (Q2,F,p) = ®i€[N] (9i, Fi, pi). For every F-measurable function f : Q — R it holds that

1 )
Vary[f] < 5 > B[4 <
» Remark 3.2. The Efron-Stein inequality is usually stated for functions of independent real-valued ran-
dom variables. However, it extends to functions on products of arbitrary probability spaces. <

Theorem 3.1 immediately gives a concentration result for f whenever % 2ic[N] Epxp [Al.(f )] is of order
of magnitude E, [ f 1? by using Chebyshev’s inequality. However, obtaining such a bound might turn out
difficult, especially if E, [ f] is hard to compute explicitly. For our setting, we derive the following corollary
of Theorem 3.1.

» Corollary 3.3. [Corollary of the Efron-Stein inequality] Let {(€2;, %, i1;) }ie[n] be probability spaces
with product space (Q,F, p) = ®ie[N] (Q;, Fi, i), and let f: Q — R be an F-measurable function. As-
sume that there are ¢; € R for i € [N] such that C = };c(n ¢? < 2and, for all x = (x;)je[n] € Q and
y = (y;)je[n] € Q2 that disagree only at position i, it holds that

If(x) = fF(I < ¢; - min{| f(x)], [f(y)[}.

Then, for all ¢ € R, it holds that

2 1
PI’“f—E#[f”ZEE#[f]] < (m—l)? <
Proof. First, we observe that |f(x) — f(y)| < ¢;min{|f(x)|,[f(y)|} < ci|f(x)| implies E,x,, [Ai(f)] <
¢?E, [ f?] foralli € [N]. Thus, by Theorem 3.1, we have Var, [f] < %Ey [f%]- Now, recall that by definition
Var,[f] = E,[f?| =E,[f]? which implies E,, [ f?| —E,[f]* < $E,[f?|. Rearranging for E,, [ f2| and using
the fact that % < lyields E, [ f 2] < %Ey [f]%. Substituting this back into the definition of the variance,
we obtain

2
Var,[f] < (ﬁ - 1)Eu[f]2.
The claim follows immediately by applying Chebyshev’s inequality. ]

» Remark 3.4. Usually, we want to characterize concentration asymptotically in N. In this setting, Corollary 3.3
tells us that, if ¢; € O(N_HTa) for alli € [N] and some « > 0, then, for all ¢ € R and § € (0, 1] such that

€28 < 1, it is sufficient to choose N € @(5_§€_§) to ensure

Pr(|f —Eu[f]| = €E.[f]] < 6. <

We are now ready to use Corollary 3.3 and derive a concentration result for the partition functions of
antiferromagnetic two-state spin systems for graphon-based random graph model.

Let us recall the definition of graphons and graphon-based random graphs that we are using (see [29,
Chapter 10 & 13]). Let X = (X, A, £) be a probability space. A graphon on X is a symmetric function
W : X% — [0, 1] that is measurable with respect to the product algebra A* = A ® A. Forn € N»; we
denote by G, the set of all graphs on the canonical vertex set [n] = {1,..., n}. Note that each graph in G,

13



is fully characterized by its edge set E. For every n € IN»; the random graph model induced by a graphon
W on a probability space (X, A, &) is described by generating a random graph G = ([n], E) by

« drawing a tuple (xi,...x,) € X" according to the product distribution £* and
« adding the edge {i, j} for all i, j € [n],i # j independently with probability W (x;, x;).
Formally, this gives a probability distribution Gy, on G, with

Gw,n(c)z/ [T wex)|-| [] (0-wix) |e"@)

"\{i.j}€E {(ijye(I"N\E

for all G € G, where x = (x;);e[n] inside the integral.

To apply Corollary 3.3 to partition functions on random graphs from Gy ,, we will need to bound how
much the partition function changes when applying small modifications to the structure of a graph. More
specifically, we want to get a bound on the relative change of the partition function, given that we

« add or remove a single edge, or

« add or remove a set of edges that are all incident to the same vertex.
The following two lemmas provide such bounds.

» Lemma 3.5. Let G = (V,E) be an undirected graph and, for any e € E let G’
Yy € Rsp and f € [0, 1] it holds that

(V,E \ {e}). For all

0<Za (1, B) = Z6(v, B) < v*Zs (v, p)

and especially
\Zar (v. B) = Za (. B)| < y* min{Zg (v, ). Zr (1. B)}- <«

Proof. Without loss of generality, assume V = [n] for some n € Ny, and let e = {i, j} for i,j € [n].
Note that X5 = X/, as their vertex sets are identical. Further, observe that, for all ¢ € X, it holds that

)
m(Gl) (o) = mg,) (0). Thus, we have ﬁmg)(“) < ,BmC;’ ) and Zs(y, B) < Zg (y, p), which proves

0<Zs(y,B) — Zs(y, B)-

We proceed by rewriting the partition function of G’ as

Zop= Y Pl @ s N elgmal@),
cEXG: cEXG:
o(i)=0or o(j)=0 o(i)=o(j)=1

Observe that

W (s ol gm& (o
D, hpme = X ylehipme (@) < Zg(y, ).

ceXgr: ceXg:
o(i)=0or o(j)=0 o(i)=0or o(j)=0

For every k € [n], let Ng/ (k) denote the neighbors of vertex k in G’. We have

Z ywhﬂmg)@: Z Y|a|1+zﬂmg)(a>ﬂzk%,ma(k)lgzkeNG,(,«)a(k)

cEXG: 0EXG:
o(i)=o(j)=1 o(i)=0(j)=0
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DY yloh gme) (@)

ce€Xgr:
o(i)=c(j)=0

= ) Z Y|a|1ﬂm8)(a>

oeXG:
o(i)=0(j)=0

<y*Zs(y, B).

We conclude that Zg/ (y, f) < (1 +y?)Zs(y, B) and thus

Za (v, B) = Zo(v. p) < ¥*Zs(v. ).
The upper bound on |Zg (y, f) — Zs(y, p)| follows immediately. ]

» Lemma 3.6. Let G = (V, E) be an undirected graph and without loss of generality assume V = [n] for
neN. LetEg, Egr C {{n+1,i} |i € [n]},andset H= ([n+1],EUEg) and H = ([n+ 1],E VU Eg). For
ally € Ry and g € [0, 1] it holds that

1Zu(y, B) = Zu (v, B)| < yZa(y, B) < ymin{Zy(y, B), Zu (v, B) }- <

Proof. By Lemma 3.5, we know that removing an edge from a graph doesn’t decrease the partition function.
Thus, Zy(y, p) is maximized by choosing Eyy = 0 and minimized by choosing Ey = {{n + 1,i} | i € [n]}.
Consequently, we have

Zy(y, p) < (L +y)Zs(y, p)

and
Zu(y.B) 2 Za(v. ) +v = Za(y. ).

As the same holds for H’, we obtain

1Zu (v, B) = Zw (v. )| < vZ (v, )
and the claim follows by noting that Zs(y, f) < min{Zy (y, ), Zw (v, B)}. ]
Based on Lemmas 3.5 and 3.6, we use Corollary 3.3 to prove the following statement.

» Theorem 3.7. Let W be a graphon on the probability space X = (X, A, ). Lety : Ny; — Ry such
2

that y(n) < yOn_HTa for some yy € R and @ € R~. Forall f € [0,1], € € Rs¢, n > yoa and G ~ Gy, it
holds that )
)£
Pr(|Z6(y(n), B) = E[Zc(y(n), 1| = eE[Zs(y(n). B)]] < (nTOYZ)gz <
0
Proof. We aim for applying Corollary 3.3 to prove our claim. To this end, for eachn € IN;; we need to write
the partition function Z5(y(n), f) for G ~ Gy ,, as a function on a product of o-finite probability spaces. At

first, an obvious choice seems to be X" together with (3) additional binary random variables, one for each

potential edge {i, j} € ([;]). However, note that the edges might not necessarily be independent, meaning
that the resulting product distribution would not resemble Gy ,,. Instead, let Y = ([0, 1], B([0,1]), u),
where B([0, 1]) is the Borel algebra restricted to [0, 1] and u is the uniform distribution on that interval.
We consider the probability space X" ® Y ().

15



Forx € X" andy € [0, 1] (2) let xoy € X"x[0,1] (%) denote the concatenation of x and y. We construct a
measurable function g : X" %[0, 1] ) - Gn by mapping every z = xoy € X"x[0, 1] () with x = (Xi)ie[n] €
X" andy = (y;))1<i<j<n € [0,1](2) to g(z) = ([n], E) such that, for all i < j, it holds that {i, j} € E if and
only if W(x;,x;) > y; ;. Simple calculations show that, for z ~ &" x (), it holds that 9(2) ~ Gy . Now,
let f: X" x [0, 1](’21) — R with z = Z;;)(y(n), f). In order to apply Corollary 3.3, we need to bound
the relative change of f(z) if we change one component of z. Let x" = (xy, -+, xi_1, X, Xi41, ..., Xp) € X"
for any i € [n]. Then g(x’ o y) can only differ from g(z) on edges that are incident to vertex i. Thus, by
Lemma 3.6, it holds that

f(2) = f(x" o y)| < y(n) min{f(2). f(x" o y)}.

Now, let ¢y’ = (y;,j)15i<j5n € [o, 1](’21) such that y;’j = y;,; except for one pair 1 < i < j < n. Note that g(z)
and g(x o y’) differ by at most one edge. By Lemma 3.5, we have

f(2) = fxoy)| < y(n)* min{f (2), f(x o y)}.
Furthermore, note that for y(n) < yOn_HTa and n > y;* it holds that
C=ny(n)’+ (;l)y(n)4 <yin % +ygn T < 2p¢nT% < 2.

Thus, by Corollary 3.3 we obtain

Pr[|Za(y(n). ) — ELZa(y(n). )| = €E[Z6(y(n), p)]] < (i - 1)1

2-C &
1 1
S —_ J—
(1 —yen@ )8
%
- )
which concludes the proof. ]

Theorem 1.4 follows immediately from Theorem 3.7.

» Theorem 1.4. Let W be a graphon on the probability space X = (X, A, £). Let y: N»; — R such that

ta 1
y(n) < yon_lT for some yy € Rsp and @ € R+. Forall f € [0,1],¢ € (0,1],5 € (0,1], n > (2)/38_25_1)“,
and G ~ Gyy ,, it holds that

Pr(|Z(y(n), B) = E[Z(y(n), B)1| = €E[Z6(y(n), P1] < 6. <

2
Proof. For e < 1and § < 1it holds that n > (2}/38_25_1)é > ¥y - Applying Theorem 3.7 yields

Pr[|Za(y(n), B) — E[Zg(y(n), B)1| > €E[Zs(y(n), B)]] < (25‘2(5‘—11—1)52

_ )

T (2 -¢€20)¢e?
0

T 2-€25
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<. ]

4 Application to repulsive Gibbs point processes

We use our concentration results for antiferromagnetic spin systems to relate repulsive Gibbs point pro-
cesses to a hard-core model on carefully constructed classes of random graphs. To this end, let (X, d)
be a complete, separable metric space, let 8 = B(X) be the Borel algebra and let v be a locally finite
reference measure on (X, 8). For every bounded and measurable V C X we define a probability space
Xy = (V, 8By, uy), where By denotes the restriction of B to V and uy is the probability measure on
(V, By) that is defined via the constant density ﬁ with respect to v restricted to V. For every sym-
metric, repulsive and measurable pair potential function ¢ : X? — Rso U {0} and all n € IN»;. Define
Wy : V2 — [0,1] with Wy(x,y) =1 - e 9% and observe that Wy is a graphon on Xy. We proceed by
considering the random graph model {é/n; = Gwyn-

The following lemma relates the expected hard-core partition function on {é,n; with the partition function
of the continuous Gibbs point process Sy (4, @).

» Lemma 4.1. Let (X,d) be a complete separable metric space, let 8 = B(X) be the Borel algebra
and let v be a locally finite reference measure on (X, 8). Let V C X be bounded and measurable, let
A € Ryo and let ¢ : X2 — Ry U {0} be a symmetric repulsive potential. For all ¢ € Rso and

n> 2! max{eé/lzv(V)z, ln(2£‘1)2} it holds that

Av(V)

(1-e)&y (A ¢) < EGN{\(:; [ZG( )] < Ey(4, ¢) |

Proof. We start by rewriting the hard-core partition function as

ZG(M?/)) Z’“‘V(W) 2 1] tape

Se(["]) {i.j}ye(3)

Thus, by linearity of expectation we have

(VY A%
EG~§<n> ZG( ! ))] Z/lkv( r Z E.. §<n> l—[ L jyee
V. n P I’l ([n]) V. {1]}6(5)
n k
:1+Zak@ >l N\ i) ¢E|
n
k=1 se(tt)  Lijre(d)

Next, observe that for all S € ( ) with |S| =

Pr /\ {i,jt ¢E :/n 1—[ (1 — Wy (x x;) )ufy (dx)
(iye(3) Y ligye(d)
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{u}e )
= ¢ (%)) 1 ()
V(V) ./ @ 1}—[(5)
v(V)"* / o= (i) &
=L ) (dx)
(V) “ Elkl)
e~ () ¥ (dx).
V(V)k/ “ }Qm)
This yields
(Vv S
Eg. gt ZG( (V) )] =1+ ) A= N e~ 9 (xi%1) K (dx)
" " sl Y e
SRS B § IRSCS
k=1 VE Gre ()
= i— ( L TT eretan
k=1 VE e e (1K1
from which the upper bound
Av(V
EGN{\(Z;, ZG( ( ))] SEV(/LQS)
follows immediately.
For the lower bound set
m gk
Sm=1+ Z A—‘/ e=? (%) K (dx)
o K Jve
{”J}E( 2 )
for any 1 < m < n. Observe that
Av(V) m\m
Bl ZG( " )] > (1-7) sm

0 ()1 (dx)

LT e

Thus, for n > 2¢~'m? Bernoulli’s inequality yields

E 2o 2N 5 (1™ s >(1—f)s
G4y |79\ n - n ) "= 2/7™
Furthermore, note that
EV (/1, QZS) - Sm = F / 1—[ e_¢(xi,xj) Vk(dX)
k=m+1 VK

{ijre('y)
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Z )Lkv(V)

k=m+1

where the last inequality comes from the fact that ¢ is non-negative. Next, observe that this is equal to the
error of the Taylor expansion of e?V(V) around 0, truncated after m terms. Thus, by Lagrange’s remainder

formula, we obtain
Av(V)

’”‘( +1)!

Choosing m > max{egxlv(V) In(2e7! } and using the fact that (m + 1)! > (m+1)

Ev(A¢) - (Av(V))™.

m+1

yields

< e (m+) < €

e Av(V) ™!
m+1

Sv(A$) - S s(

o

As By (4, ¢) > 1, we get
Sm > Ev(A,¢) - 32 (1 - E)HV(/L P).

Forn > 2¢7'm? = 2¢7! max{eé/lzv(V)z, ln(2£‘1)2} we obtain

oy [ZG(”;V))] > (1-2) S0 2 (1- ) 20 d9) = (1-0Zv (4 9)

n

which proves the claim. ]

» Theorem 1.1. Let (X, d) be a complete, separable metric space, let 8 = B(X) be the Borel algebra,
and let v be a locally finite reference measure on (X, 8). Let V € X be bounded and measurable, let
A € Rsp, and let ¢: X% — R U {0} be a symmetric repulsive potential. For all ¢ € (0,1], § € (0,1] and

n> 42571 max{eé/lzv(V)z, ln(4£_1)2}, it holds that, for G ~ g(")

P

Proof. By setting & = 1 and yy = Av(V) and using the fact that

<. >

> eEv (A ¢)

26|22 - =2vG.9

L
a

-2
n> 45_26_1max{e6A2v(V)2, ln(4£_1)2} > (2)/3(%) 5_1)

2] o )

Furthermore, by Lemma 4.1 we know that for

Theorem 1.4 yields

n> 45‘26_1max{eé)tzv(V)z,ln(%_l)z} > 2(2)_1 max{eélzv(v)z,ln(z(g)_l)z}
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it holds that
Av(V)

(1-5)zva g < Eoegtr) [ZG( )] < Ev(he).

Thus, we have

(1+ g)E[zG(MV))] <(1+5)3v 009 < 1402 9)

n

and similarly

(1 - g)E[ZG(MiV))] > (1 - g)zgv(/x, $) > (1-)Iv(A ¢).
Pr[

which proves the claim. ]

We obtain

Zo ( Av(V)

) _Ev(h¢)| > eZv(h ¢>] <5

4.1 Approximating the partition function

One of the main applications of Theorem 1.1 is that it yields a rather simple randomized procedure for
approximating =y (4, ¢). The rough idea is as follows:

1. For n € IN sufficiently large, sample a graph G from gv‘f,";.

2. Approximate Zg (&nV)) and use the result as an approximation for Zy (4, ¢).
We are especially interested in obtaining an algorithm that is asymptotically efficient in the volume v(V), as
this gives a natural way to parameterize the algorithmic problem. More specifically, we want to characterize
the regime of the fugacity A in terms of the potential ¢ for which we can get a randomized e-approximation
of Zy (4, ¢) in time polynomial in v(V) and 1. We characterize this fugacity regime in terms of the tem-
peredness constant

v(dxz),

Cg = esssup / ‘1 — e Ptax)
xIEX X

where ess sup denotes the essential supremum (i.e., an upper bound that holds almost everywhere).
In order to ensure that the approximation algorithm runs efficiently in v(V), two ingredients are impor-
tant. First, we need to bound how large n needs to be chosen to ensure that Zg (@) is close to Sy (4, ¢)

with high probability. Second, we need to ensure that Zs (@) can be approximated in time polynomial

in v(V). Obviously, both requirements are satisfied if n € poly(v(V)) is sufficient and if Zg (@) can be

approximated in time poly(n). To tackle the first part, Theorem 1.1 gives a useful tool. For the second part,
we will use some well known results on approximating the hard-core partition function.

» Theorem 4.2 ([44, Corollary 8.4] and [3, Theorem 1]). Let G = (V, E) be an undirected graph with
maximum vertex degree bounded by dg € N>, and let y € R with

(dg — 1)

(dg) = .
Y <Yeldo) o 2%

20



Then, forall ¢ € (0, 1], there is a randomized e-approximation algorithm for the hard-core partition function
Z(y) with running time O(|V|2£_2). <

» Remark 4.3. In [44] the result above is only stated for y < % as an older mixing time result for Glauber
dynamics from [46] is used. Combining their approach with the more recent mixing time bound in [3] gives
the desired bound of y < y.(dg). <

Thus, arguing that Zg for G ~ { (") can be approximated in time poly(n) boils down to obtaining a
probabilistic upper bound on di. We use the following simple lemma.

» Lemma 4.4. Let (X, d) be a complete, separable metric space, let 8 = 8(X)) be the Borel algebra and
let v be a locally finite reference measure on (X, 8). Let V C X be bounded and measurable, let 1 € R,
and let ¢ : X? — Ry U {oo} be a symmetric repulsive potential. Assume Cy4 > 0. For a € R, q € (0, 1],

n > 3max{a~',a %} In(q C y(V)+1and G ~ gv(") it holds that

Pr

dg > (1+a)mC¢] < gn. <

Proof. By union bound, it is sufficient to argue that, for each i € [n] it holds that

Pr

dG(l) > (1+(Z)mC¢] S q,

where dg (i) denotes the degree of vertex i € [n] in G. Now, observe that the random variables dg (i) for
i € [n] are identically distributed. Thus, we can focus on dg(n) for ease of notation. By definition, it holds
for k € [n — 1] U {0} that

Prldg(n) = k]

Z (l_[ W (. xz‘)) . ( l_[ (1- W¢(xn,xl~)))u%,(dx)

Se([",;”) V™ \ieS ie[n-1]\S

( /Wqﬁ(xn:xl)uV(dx,) (
Se([" 1]) ieS

- n-1-k
:/ (Tl 1)(/ W(;S(Xl,XZ)HV(dXZ)) (1—/W¢(X1,XZ)uv(dxz)) uV(dxl)-

For every x; € V, let By, be a binomial random variable with n — 1 trials and with success probability
fV Wy (x1, x2) uy (dxz). We obtain

[1 / 1—w¢(xn,x,)uv<dx))uv(dxn>

ie[n—-1]\

Prldg(n) = k] = /“]Pr[Bx1 = k] uy (dxy),

which implies for all a € [0,n — 1]

n—1
Pr[dg(n) > a] = Z / Pr[B,, = k| uy(dx;)

k=[a]
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A/ Z Pr[Bx1 = k] uy (dxq)

k=[a]

:/Pr[Bx1 > a] uy (dxy).
v

Next, let B be a binomial random variable with n — 1 trials and success probability (C{f’,) Observe that, by

the definition of Cy, it holds for v-almost all x; € V that fV Wy (x1, x2) uy (dxz) < (V) Thus, we have that
B stochastically dominates By, for uy-almost all x; € V. Consequently, we obtain

Prldg(n) = a] < / Pr[B > a] uy(dx;) = Pr[B > q].
\Y%

Observing that E[B] = V(V) ~Cg and applying Chernoff bound yields

_min{a,az}c¢(n—1)
Pr[dc(n) > (1 +a) (V) ] e (V) )

Setting n > 3max{a~!, a2} ln(q_l)C;IV(V) + 1 we have Pr[dc(n) >(1+a)Z (V) < g, which proves

the claim. ]

Combining Theorem 1.1, Lemma 4.4, and Theorem 4.2, we obtain the following algorithmic result.

» Theorem 1.2. Let (X, d) be a complete, separable metric space, let 8 = 8(X) be the Borel algebra, and
let v be a locally finite reference measure on (X, 8). Let V € X be bounded and measurable, let 1 € R,

and let ¢: X2 — R U {0} be a symmetric repulsive potential. Assume there is a sampler for { (") with
running time ty, ¢ (n).
If A < &, then, for all ¢ € (0,1], there is a randomized e-approximation algorithm for =y (4, ¢) with

running time in 6(V(V)4 ) +ty ¢( (1/(\7)2 )) <
Proof. We start by giving a more precise outline of the algorithmic idea. To this end, we define

324¢72 max{e%2 v(V)?, ln(4£’1)2},

N = max X Actﬁ AC 2 .
24max{m,m}lv(\7) 1n(24max{e cy W}AV(V))

We now use the following procedure to approximate Sy (4, @):
1. Choose some integer n > N.
2. Draw a graph G from gv‘g,n;.

3. Ifdg > %, return an arbitrary value.

4. Else, use the algorithm from Theorem 4.2 to Z-approximate Zg(lv(v)) with an error probability of

at most 5 and return the result.
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We proceed by arguing that this procedure yields an e-approximation of Sy (A, ¢) in time poly (v(V)e™1).
We start by bounding the probability that the computed value is not an e-approximation.

First, we assume that, whenever dg > %, the algorithm returns no e-approximation in step 3. Let A be
the event that this happens. Second, let B denote the event that the hard-core partition function Zg (M(V) )
the graph G that we drew in step 2 is not an £-approximation of Zy (4, #). Finally, let C denote the event
MISV)) in step 4. Note that the probability that
the above procedure does not output an e-approximation for Zy (4, ¢) is upper bounded by

we do not manage to compute an $-approximation of ZG(

Pr[A UBNA)U(CNBN Z)] < Pr[A] + Pr[B] + Pr[C].

We proceed with bounding each of these probabilities separately.
ACy

e— }LC¢ ( —AC )
in terms of v(V), we may assume that v(V) is sufficiently large to ensure z > 5. Note that for this, we
have to exclude the case A = 0, which trivially yields Sy (4, ¢) = 1. Now, observe that for z > 5 it holds
that zIn(z)? > zIn(zIn(z)?). Next, observe that n > zIn(z)® Thus, we have n > zIn(n). Furthermore, by

n > 5In(5)% > e > 2, we have

To bound Pr[A], let z = 24 max{ Av(V). As we are interested in asymptotic behavior

n—-12

NS

AC,
e — /1C¢’ (e - AC

> 12max{ )Z}AV(V) In(n)
¢
ACy

1
e—ACy (e —AC

>3(n(9) +1) max{ > })LV(V) In(n)

5)
AC,

- AC(];’ (e — AC¢)
ACy
€- AC¢, (e - AC(];)

=3(In(9) In(n) + In(n)) max{ . > }AV(V)

> 31In(9n) max{ Z}AV(V).

Thus, we obtain

>3 A G\ In(9n)C,'v(V) +1
n > 3 max e=ac; \e=ac, n(9n) ¢v( )+

and by Lemma 4.4

e—)LC¢ n-—1 1
[dG_ o (V)] Pr[d(;_ (1+ AC¢ )V(V)C¢] Sg.

To bound Pr[B], note that for n > 3242 max{eé)tzv(V)z, ln(4£‘1)2} Theorem 1.1 yields

Pr[B] = Pr

1
9

Ze ( Av(V)

)—:wt, #)| > Z5v (A ¢)] <

Finally, note that, by Theorem 4.2, we can obtain an £-approximation of Z(;( 2v(V) ) with error probability
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atmostPr[C] < l in time C~)(n2£_2) as long as /11/51_V)

G with dg < it holds that

< ¥c(dg). As we only run the approximation for graphs
(V) (V)

AV(V) - < Yc(dG)
n d

proving that the requirement is satisfied.

We obtain that the error probability is bounded by % To finish the proof, we need to argue that our
algorithm has the desired running time. To this end, note that N € O(V(V)ze_z). Thus, we can also
choose n € O(V(V)Ze_z). By assumption, step 2 can be computed in time ty 4(n) = tw,¢(O(V(V)2£_2)).
Furthermore, step 3 can be computed in time 6(7’[21/(V)_1) = 6(V(V)3€_4) and, by Theorem 4.2, step 4
runs in time O( 2e7%) = 6(v(V)4£_6) for @ < Yc(dg). Consequently, the overall running time is in

O(v(V)*e¢) + ty ¢ (O(v(V)%e72)). [

5 Sampling from repulsive Gibbs point processes

In this section, we propose an approximate sampling algorithm for the Gibbs measure of a repulsive Gibbs
point process, based in random hard-core models. More precisely, we investigate the sampling procedure
given by Algorithm 1

Algorithm 1: Approximate sampling algorithm for a repulsive point process (V, A, ¢).

Data: Instance of a repulsive Gibbs point process (V, A, ¢), error bound ¢ € (0, 1]
Result: multiset of points in V
8% max{eﬁ)tz V(V)Z,ln( 4'—;8)},

2
6In( %) max{_;,&}m(v) 1n(3 In(4e) max{ w=icy %}AV(V))
p

A7 (e-acy)’
2 for each i € [n] draw X; ~ uy independently;
draw E C (['Zl]) s.t. {i, j} € E with probability W (X;, X;) =1 - e~ $(XuX;) independently;
set G = ([n], E);
if maximum degree dg > 7775y then
‘ set X = 0;
else

1 set n = |max

N N G w

(y(n)) (V)

where y(n) = ——;

[~}

sample o € X £-approximately from the hard-core distribution
9 set X = {X; | i € [n] s.t. o(i) = 1} (possibly multiset);

10 end

11 return X;

Our main theorem in this section is as follows.

» Theorem 5.1. Let (X, d) be a complete, separable metric space, let 8 = B8(X) be the Borel algebra and
let v be a locally finite reference measure on (X, 8). Let V C X be bounded and measurable, let 1 € R
and let ¢ : X? — Rx( U {co} be a symmetric repulsive potential. Assume we can sample from the uniform
distribution uy in time ty and, for every x,y € V, evaluate ¢(x, y) in time t4. If the Gibbs point process

Pg ) i simple and 1 < C% then, for every ¢ € R, Algorithm 1 samples e-approximately from Pé;1 ) and

has running time in 6(v(V)2£_4 +v(V)2e 3y + V(V)4£_6t¢). <
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Theorem 1.3 follows immediately from the theorem above. To prove Theorem 5.1, we start by analyzing
a simplified algorithm, given in Algorithm 2.

Algorithm 2: Modified sampling process

Data: Instance of a repulsive Gibbs point process (V, A, ¢), error bound ¢ € (0, 1]
Result: multiset of points in V
8—1833'12 max{eﬁ)tz V(V)Z,ln( 4'—38)},

1 set n = |[max 2

2
C, AC,
6ln(4—:)max{%,(e/17;;)2}/lv(\/) ln(3ln(%)max{m,ﬁé’;)z}lv(\7))
2 for each i € [n] draw X; ~ uy independently;
3 draw E C ([rzl]) s.t. {i, j} € E with probability W (X;, X;) =1 - e~ $(XiX;) independently;
4 set G = ([n],E);

5 sample 7 € X exactly from the hard-core distribution ,u(GY(n)) where y(n) = @;
6 set Y ={X; | i€ [n] s.t. r(i) = 1} (possibly multiset);
7 return Y;

The main difference between Algorithm 1 and Algorithm 2 is that the latter one does not check if the
maximum degree of the sampled graph G is bounded and that is assumes access to a perfect sampler for
yg(n)). It is not clear if such a perfect sampler for the hard-core Gibbs distribution can be realized in poly-
nomial time, especially for arbitrary vertex degrees. Therefore, Algorithm 2 is not suitable for algorithmic
applications. However, the main purpose of Algorithm 2 is that the distribution of point multisets that it
outputs are much easier to analyze. We use this, together with a coupling argument, to bound the total
variation distance between the output of Algorithm 1 and Pg ) Once this is done, it remains to show that
Algorithm 1 satisfies the running time requirements, given in Theorem 5.1.

To analyze the output distribution of Algorithm 2, we start by considering the resulting distribution of
multisets of points (or counting measures respectively) when conditioning on the event that the hard-core
partition function Zg (y(n)) of the drawn graph G is close to the partition function of the continuous process
Sy (A, ¢). More specifically, for any given n and & € R, let A((Zn) ={H € Gy | 1Zg(y(n)) - Sy (L ¢)| <
aZy (A, ¢)}. We derive an explicit density for the output of Algorithm 2 with respect to a Poisson point
process under the condition that G € A,(xn) for some sufficiently small @. To this end, we use the following
characterization of simple point processes via so called void probabilities.

» Theorem 5.2 (Rényi-Monch, see [13, Theorem 9.2.XII]). Let (X, d) be a complete, separable metric
space, let B8 = B(X) be the associated Borel algebra. Let P and Q be simple point process on (X, d). If, for
np ~ P and no ~ Q and for all bounded B € 8, it holds that

Pr[np(B) = 0] = Pr[no(B) = 0],

then P = Q. <

Theorem 5.2 greatly simplifies proving that a given candidate function actually is a valid density for the
point process in question, as it implies that it is sufficient to check if it yields the correct void probabilities.
Before we proceed, we introduce some additional notation that is useful for stating and proving our next
lemmas. For a given graph H = (V, E), we denote by 7 (H) C 2" the set of all independent sets in H.
Moreover, for every spin configuration o € Xy, we denote by S, the set of all verticesv € V with o(v) = 1.
Note that, for a hard-core model on H with y > 0, this construction gives a one-to-one correspondence
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between J (H) and the set of spin configurations ¢ € Xy with ,u(Y) (o) > 0. Therefore, it is often convenient
to argue about elements in 7 (H) instead of using spin configurations.

» Lemma 5.3. Let (X d) be a complete, separable metric space, let B = 8(X) be the Borel algebra and let
v be a locally finite reference measure on (X, 8). Let V C X be bounded and measurable, let A € R, and
let ¢ : X? — R U {oo} be a symmetric repulsive potential. Furthermore, for any given ¢ € (0,1], let P,
be the point process produced by Algorithm 2 conditioned on G € A(n) and let Q, denote a Poisson point

process with intensity A. If the Gibbs point process Pé, ) is simple, then P hasa density with respect to Q
of the form

n(V)-1

9e() = Tyen Pr[G € 4L | ( [11- —)11,7<V><n

i=0

x (17) (Nx (1) ~1)
[T e™@Nmocnl [Te - SEBEEEER 6 (x) g VD) (4 () AV V),

{x,y}E(XZ”) xEX,]
where ¢ maps every finite counting measure 1 to an arbitrary but fixed tuple (xi,...,x;x)) such that
n(X)
n=2x., O and
W= Y 1 [T 1-eCow [T e?tow
C Zaqoy [ L N
H A(g): yr-k\ (i,j)e[k]x[n—k]: (i,j)elk]x[n-k]:
5 {i,j+k}€Ey {i,j+k}¢En
[k]eI(H)

1—[ 1— e~ ?(v1y) 1—[ e 9(viu)) u%/_k(dy)

{ijye(5): {ijye("):
{i+k,j+k} €Ep {i+k,j+k}¢Eq

forallx=(x1,...,xk)€Vk. >

Proof. First, observe that G ~ §(n) Asn > 41—23 max{eé)tzv(V)z 1n(42)2} Theorem 1.1 implies that

Pr [G € A(n) > 1— 5 > 0. Therefore, conditioning on the event G € A" is well defined.
12
Next, note that, for all x € V it holds that

e PN Ry((xh)? e P Ry ({x))?

Pr(n({x}) > 2] > v (L) 2 (V)

forn ~ P$’¢). Thus, ifPé;w) is simple (i.e., Pr[n({x}) > 2] forallx € V), itholds that A = 0 or, for all x € V,
v({x}) =0 or ¢(x,x) = co. This implies that the output of Algorithm 2 is simple as well, and consequently
P, isa simple point process.

Knowing that P, is simple, Theorem 5.2 implies that, in order to verify that g, is indeed a density for P,
it suffices to prove that it yields the correct void probabilities. Formally, this means showing that for all
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bounded B € 8B it holds that
Pr [YnB 0 | G eA(")] ‘/N]lq(B):ogs(U)QA(dU)

for Y and G as in Algorithm 2.
To prove this, we first write

/ 1,509 ()02 (dn) = / L, 509 (m) Q4 (dn)
N Ny

o 2
=e Av(V). (95(0) + Z F A/k ]lViE[k]:xieéBgf(Z 5xi)vk(dx)),

kelNsq iek]

where 0 denotes the constant 0 measure on X. Note that

e—AV(V)gg(O)

-1

SRR A RS ) IS
vl (ijye(ln): {ijye('5):
{i.j}eEx (i./)¢Ex

-1
- Pr[G E A(g)] : Z Pr[S, =0 | G = H]Pr[G = H]
12
HeA™

ﬁ
Pr [ —OAG eA(”)]

Pr[G eA@]
—Pr[S —(Z)|GeA(")

for 7 as in Algorithm 2. We proceed by a case distinction based on k. For every k > nand (xy,...,xx) € VK
we have gg(zie[k] 8x,) = 0. Therefore, we get

/ ]]-Vle[k xleBge(Z 5xl) k(dx) =0

ielk]

for all k > n. Now, consider k € [n] and observe that for all x = (xy,..., x;) € V¥ we have

%E")(qo( > 6)) =, (x)
i€[k]
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by symmetry. Moreover, it holds that

= i n y(n)k
el (s

i=0

Therefore, we have

Ak
-Av(V) ) k
€ Il _/\‘/k ]lVIE[k]:xieEBge( E 5xi)v (dx)

i€[k]

n K —Q(xi,xj
=pr|Geal] (k)y(mk / Lyieteimes| | | e #0050 Gopudy (dx).
Vk

ije('3)
Next, note that
y(m)* / Lyicikes| | | €70 |00 (x)u (dx)
vk ije (1%
y(n)k —¢(x1.x;) —¢(xi.x;) |,n

= Z IL[k]eI(H)m Lvie[k):x¢B l—[ 1—e PV0% l_[ e PVN ) ug (dx)

HeAg) v ﬁJ}e(%U: ﬁJ}e(%b:

2 {ij}€Enm {i.j}¢En

= Z Pr[S, = [k] | G = H|Pr[G = HAVi € [k] : X; ¢ B]

Hea'”

12

for Xi,...,X, as in Algorithm 2. Furthermore, because the event S; = [k] is independent of Xi, ..., X},
given G, it holds that

Z Pr[S, = [k] | G = H|Pt[G = H AVi € [k] : X; ¢ B]

HeA'Y
12
= Z Pr[S, = [k] AG = H AVi e [k] : X; ¢ B]
HeA'Y
12
:Pr[ST: [K] AG e A AVi e [K] : X, ¢B]
12
and
() s
T nPr[s,:[k]AGeAi /\VlE[k]:XiéB]
€ M(V)F/ ILVie[k]:xiengg Z 5x1~ Vk(dx) = (k) =
- JVE iclk] Pr[G € A(in)]

:(Z)pr[srz [kl AVie (K] : X ¢ B|Ge Al |
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= Pr[s,:V'AVieV’:X,-¢B|GeA(”>],

£
12
ve(?)

where the last equality is due to symmetry. Combining everything yields

n
/ Ly(5)-09e Qi (dn) =Pr[sc =0 |Gea? |+ 3" 3" Pefs, =V avieVv:X;¢B|Geal|
N 12 12
k=1 V’e([;‘])
= Pr[ST:V’/\ViGV’ :Xi¢B|GeA§”]
Vv’ ezlnl *
:Pr[VieS,:XigB‘GeA(g)]
12

:Pr[YﬁB:(Z)

Geal ]
12
which concludes the proof. ]

We proceed by upper and lower bounding the density g, () in terms of the density of Pg *?)_ To this end,
we use the following basic facts about the partition function of the hard-core model.

» Observation 5.4 (see [17]). For every undirected graph G = (V, E) the following holds:

1. Forall y1,y2 € Ry
Z6(n) < Zo(y1 +y2) < 2V Zg ().

2. Forallye Rypand S CV
Zo-s(y) < Zo(y) < 126 s(p),

where G — S denotes the subgraph of G that is induced by V' \ S. <
Using Observation 5.4 we derive the following bounds.

» Lemma 5.5. Consider the setting of Lemma 5.3 and let f denote the density of Pé? ) with respect to Q;.
For n as in Algorithm 2 and all € N with n(V) < min{\/%, mn} it holds that

(1—Z)f(r7) < ge(n) < (1+2)f(’7)~ A

Proof. First, recall that, when Pg ?) s simple, its density with respect to Q, can be expressed as

1 _ _ Nx () (Nx () =1)
f(n) = Wﬂnew n e~ Nx (M Ny ()¢ (x.y) n e > $(x.x) | AV(V)
SV {x,y}e(xz”) xEXy

for every n € N. Therefore, we have

_1[7(¥V)-1 .
g:(m) =Pr|G eal | ( [ 1—%)1n<v><n‘1’,§"(w(q)(n))Ev(/L¢)f(r7)-
i=0
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As we focus on 7 with (V) < /55 < n, we omit the indicator 1, (v)<, from now on.

We proceed by deriving an upper bound on g, (n) for n € N with n(V) < mm{\/_

12° m
end, note that
(U(V)—l i)
l_[ 1--|<1.
i=0 n

Moreover, for G ~ §( " andn > 412 max{eé/lzv(V)z In(4 12) } Theorem 1.1 yields Pr[G € A(n)] >1-5.

Finally, observe that for all x € V¥ for k < n we have

}. To this

B () < D [T i-cst| [] et
(1 V(A ) He A(n) vk (i.j)e[k]x[n—k]: (i.j)e[k]x[n—k]:
{i,j+k}€Ey {i,j+k}¢En
[kleT (H)

1 — e~ ¢ (i) 1_[ o~ ?(viy)) Wi (dy)

{i,j}E([n;k])I {i,j}E([n;k])l
{i+k,j+k}€Eq {i+k,j+k}¢Ep
. S et | ] et
(1_E)EV(A’¢) vk gea®™, | (ij)e[k]x[n—k]: (i.j) e[k]x[n-k]:
5 {i,j+k} €Ex {i.j+k}¢Em
[k]eI(H)

1 — e 9(viy)) l_[ e~ #(504)) 1K (dy)

{iye (1", M): tiye(!;"):
{i+k,j+k}€Ey {itk,j+k}¢En

1 - ;
- (1-3)5v(A9) /Vn_k Luy ™ (dy)
1

< .
(1-3)zvd¢)

Given that ¢ < 1 we get

gem < (1= =) fy < (14 =) f) < (14 5) Fem,

which proves the upper bound.
For the lower bound, note that

()| !
Pr|G € AV >1
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and for n(V) < /2

(”(lv_)[_ll - i') 2 (1 - @)U(V) >1- (V)" >1- 4
n

i n 12

We proceed by lower bounding ‘I/,Ek) (x). First, observe that

Wrgk) (x) > Z 1—[ 1- e—¢(xi,yj) 1_[ e—¢(xi,yj)
( (/1 9) He A(") yr-k\ (i.j)elk]x[n-k]: (i,j)€[k]x[n—k]:
{i,j+k}€Ey {i,j+k}¢En
(ke (H)

[T 1-e?o |l [] e |ty

{i,j}E([n;k]): {i,j}e([”;k]):
{i+k,j+k}€Eg {i+k,j+k}¢En
1
= £ )2 () Z ]lHeA(?)/ 1—[ 1- e feu) 1—[ e w)
(1+E)HV( ) HEGy: 2 yn-k\ (i,j)e[k]x[n-k]: (i,j)e[k]x[n—k]:
[kleI (H) {i,j+k}€Ey {i.j+k}¢En

1—e?(vy)) l_[ e (viyy) ug’,‘k(dy)-
{ijye("F): {iye(5"):
{i+k,j+k}€Ep {itk,j+k}¢Eq

Next, for each graph H € G, let H = ([n — k], E’) denote the subgraph that results from H — [k] after
relabeling each vertex in i € [n] \ [k] toi — k € [n — k] (note that this relabeling is formally required for
H' € G,_k). By Observation 5.4 and the fact that y(n) < y(n —k) and Zg/ (y) = Zy_[x)(y) forally € R,
we have

Zr(y(m) < @ Zgp (v (n)) < eV Zgy (y(n — k).

On the other hand, note that

AV(V) _(.n-k k
R e k)mf)—( TR >)MV)
1 k k
) (Z - k))MV) BRACRTrE R

Therefore, Observation 5.4 yields
Zu(y(n - k) < em V) Zy(y(n))

and
Zu(y(n) = e m# "V zu(y(n = k) 2 e F V) 24 (y(n - k).
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Thus, for k < mn we have

e 0 Zy (y(n = k)) < Zu(y(n)) < e Zg (y(n - k).

As e_%(l - %) > (1-%) and e40(1 + ) < (1+ 1—62) for all ¢ € [0, 1], this means that H' € AP s q

12 &

sufficient condition for H € A(in) and
12

2 Jyn-r| (ij)elkIx[n—-k]: (i,j)e[k]x[n—k]:
[k]GI(H) {i.j+k}€Eny {i.j+k}¢En

[T 1-e#Cww) [T et fug*dy)

{ijye(";1): {Liye(""):
{i+k,j+k}€Ep {itk,j+k}¢En
> Z ]lH'eA<"_k) 1—[ 1 — e~ ¢(viyy) 1_[ e~ ¢ (vi;)
H E€Gn i 3 vk (ijye (I75F)): {ijye (M)
{i,j}€Ey {ij}¢Em
1— e—¢(xi,yj) 1_[ e—¢(xi,yj) u@_k(dy)
FC[k]lx[n—k]\ (i,j)e[k]x[n—k]: (i,j)elk]x[n—k]:
(i.j)eF (i,j)¢F
= Z HH’eAm o l—[ 1_e—¢(yi,yj) l_[ e—¢(yi,yj) ug’/_k(dy)
H'€Gn_k 18 vk {i,j}E(lngkl)I {i,j}e([";k]):
{i’j}EEH’ {l’J}¢EH’

- Pr[G’ € Ag’"")]
18

for G’ ~ g(” k) . Next, observe thatn > 1 we have k < mln{\/—z, Wﬂ} <1z z andn—-k > " . Therefore,

forn > 818 12 max{ %y (V)2 ln( 8) } Theorem 1.1 yields Pr[G’ € A(in k)] >1-F forG ~ g(” 5,
18

Consequently, we have

1-5 1
(k) 12
g/n X 2 £ =

() 1+5 Evd¢)
and . )

£\~ € €

gelm = (1= S) (14 ) rw = (1= 5) ) = (1- ) fn

which concludes the proof. ]

We proceed by using Lemmas 5.3 and 5.5 to bound the total variation distance between Pé;1 #) and the
output distribution of Algorithm 2. However, as Lemma 5.5 only provides information for point sets that
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are sufficiently small compared to n, we need a different way to deal with large point configurations. To this
end, the following two results are useful. The first lemma is a domination result for the size of independent
sets, drawn from a hard-core model.

» Lemma 5.6. Let G € G, for somen € INand lety € Ry,. For o ~ yg) it holds that |S,| is stochastically
dominated by a binomial random variable with n trials and success probability #Yy. <

Proof. We use a coupling argument to prove this statement. Consider the following procedure for sampling
asetS, C [n]:

1. Start with Sy = 0.

2. For eachi € [n], set S; = S;—; U {i} with probability Pr[a(i) =1 | Njepi-110() = ]ljesi_l] for o ~
()
Tl

Note that the resulting set S,, follows the same distribution as S, for o ~ ,u(GY). Due to the definition of this
process, it suffices to consider sequences (S;);e[nju{o} such that the event { A ;c[;_1)0(j) = Ljes,_,} has
non-zero probability. Further, note that

. . Y
Pro(i) =1 | /\ 0(j) =ljes,, | < TY
jeli-1]

for all i € [n]. Now, we consider a modified process (S;);c[njufo} With S§ = @ and S] = S/, U {i} with

probability ﬁyy. Observe that (S;)ie[njufo} and (S;)ie[nJu{o} can be coupled in such a way that §; € S/

whenever S;_y C S/, foralli € [n]. As initially S, = S, the same coupling yields S, C S,. Finally,
Y

observing that |S,’1| follows a binomial distribution with n trials and success probability Ty concludes the

proof. ]

The second lemma is the analog of Lemma 5.6 for repulsive point processes. However, proving it is
slightly more technically involved. We start by introducing some additional notation and terminology. For
two counting measures 11,72 € N, we write n; < 1, if n1(B) < n2(B) for every B € B. A measurable
function h : N — R is called increasing if h(n;) < h(n;) for all n; < n,. Moreover, for some k € R, let
Oy denote the Poisson point process with intensity k and let P be a point process that has a density fp with
respect to Q. A function { : N XX — Ry is called a Papangelou intensity for P (w.r.t. Q) if, foralln e N
and x € X, it holds that

fr(n+6x) = {(n.x) fr(n).

The domination lemma we are aiming for is implied by the following result.

» Theorem 5.7 ([20, Theorem 1.1]). Let Q, be a Poisson point process of intensity x € R and let Py, P,
be point processes that are absolutely continuous with respect to Q.. Assume P; and P, have Papangelou
intensities {; and ;. If, for all x € X and 71,172 € N with n; < 52, {1(71,x) < $(n2,x), then, for all
increasing h : N — R, it holds that

/ h(n)Py(dn) < / h(n)Py(dn). >
N N

With that, we show the following simple domination result.
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» Lemma 5.8. Let (X d) be a complete, separable metric space, let B = B(X) be the Borel algebra and let
v be a locally finite reference measure on (X, 8). Let V C X be bounded and measurable, let A € R, and
let ¢ : X2 — R U {0} be a symmetric repulsive potential. For 5 ~ Pé? #) it holds that n(V) is dominated
by a Poisson random variable with parameter Av(V). <

Proof. Let Q) denote a Poisson point process with intensity A. Note that a density of

1 _ _ Na()(Nx(m)-1)
filn) = Wﬂnew n e~ Nx (M Ny (M) (x.y) n e > $(x.x) | AV(V)
VA {xyre () xeX,

(2.¢)
PV

is a density for with respect to Q,. Therefore,

G(n,x) = Tyey 1_[ o~ Ny(Me(xy)
yeXy

is a Papangelou intensity for Pg 28 Moreover, let P denote the point process defined by the density f,(n) =
1,e 7 and observe that {3(7, x) = ey is a Papangelou intensity for P.

For all k € IN, let hi () = 1,)(v)>k and observe that hy is increasing. Further, note that, for all x € X and
N1, N2 € N, it holds that

(%) = Teey [ [ e <1y = G, %),
yeXy,

By Theorem 5.7, this implies that for all k € IN
A,
[ mwpd? @ < [ monpan.
N N

Consequently, for  ~ Pé;1 #) and & ~ Pand for all k € IN, it holds that
Pr(n(V) > k] < Pr[&(V) > k]
and observing that £(V) follows a Poisson distribution with parameter Av(V) concludes the proof. [

We now bound the total variation distance between the output of Algorithm 2 and Pg )

» Lemma 5.9. Let (X, d) be a complete, separable metric space, let B = B(X) be the Borel algebra and
let v be a locally finite reference measure on (X, 8). Let V C X be bounded and measurable, let 1 € R
and let ¢ : X% — R U {0} be a symmetric repulsive potential. For every given ¢ € (0, 1], Algorithm 2 is

an $-approximate sampler from Pé,’ . <

Proof. We start by bounding the total variation distance between dy, (P“(/)L ’¢), ]3;) for ]3; asin Lemma 5.3. The
statement then follows from a coupling argument. Let O, denote a Poisson point process of intensity A.

Let g, be the density of P, with respect to Q, as given in Lemma 5.3 and let f denote the density of P‘(/A’gb)

with respect to Q. Moreover, set m = min{\/%, mn}. Note that the total variation distance can be
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expressed as

o (P34 F) = [ 17 = .ni0acan)
= [ tywrnlf ) =g 1Qan) + [ Lol f) = 9.1

By Lemma 5.5, we get

[ tavrznls ) = aelQatan < 5 [ tyoremfatan <
N N

= ™

Further, it holds that

/]lr](V)>m|f(’7) ga(f?)lQA(dU)</ r](V)>mf(’7)QA(d’7)+/ 1, v)>mge(m Qi (dn)
N N

= Pr[E(V) > m +Pr[|Y| >m | Ge A(g)]
12

for & ~ Pg ) and G and Y as in Algorithm 2.
We proceed by bounding each of these probability separately. Note that, by our choice of n it holds
that m > ng/lv(V). By Lemma 5.8, we have E§~P(A,¢) [£(V)] < Av(V). Thus, Markov’s inequality yields
\%

=12
He A(in) C G, and Lemma 5.6 applies to all such graphs, we get
12

Pr[é(V) > m] < £. Moreover, note that |Y| = |S;| for 7 as in Algorithm 2. As 7 ~ ,ug(")) for some

(n) y(n) 3
E[|Y| | G eAl ] < Tryn S Yn = (V).

Again, applying Markov’s inequality gives Pr[lYl >m | Ge A(li:) ] < ;. Consequently, we have

5
= —¢.

RN P
6 12

€
4

To finish the proof, we now relate the output of Algorithm 2 with P, by using a coupling argument. To
this end, note that Algorithm 2 can be used to sample from P, by simply restarting the sampler whenever
G¢ A( ") For our choice of n we know that with a probability of Pr [G € A(n)] 1 - 55 only a single run of

Algorlthm 2 is requlred By this coupling, the total variation distance between the output of Algorithm 2

and P, is at most 5. Finally, applying triangle mequahty shows that the total variation distance between

P9 ;

the output of Algorlthm 2and Py;”"" is bounded by ﬁe + 15 = 5, which concludes the proof. [ ]

Using Lemma 5.9, we are able to prove that Algorithm 1 is an e-approximate sampler for P“(/’1 ) In order
to argue that Algorithm 1 also satisfies the running time requirements, given in Theorem 5.1, we require

an efficient approximate sampler from the hard-core distribution y(}/(")) To this end, we use the following
known result.

» Theorem 5.10 ([3, Theorem 5]). Let G = (V, E) be an undirected graph with maximum vertex degree
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bounded by dg € IN», and let y € R, with

(dg - %!
y < yelde) = 292
) (dg —2)%
Then, for all ¢ € (0, 1], there is an ¢-approximate sampler for the hard-core Gibbs distribution ,u(’/) with an
expected running time of O(|V| ln( a4l )) <

Proof of Theorem 5.1. We start by arguing that Algorithm 1 is an e-approximate sampler for P‘(//1 P To
this end, we show that the total variation distance between the output distributions of Algorithm 1 and
Algorithm 2 is bounded by #. Using the triangle inequality and Lemma 5.9 then yields the desired result.
To bound the total variation distance between the Algorithm 1 and Algorithm 2 by £, it suffices to construct
a coupling of both algorithms such that their output coincides with a probability of at least 1 — 7. This is,
we want to find a coupling of both algorithms such that X # Y with probability at most £, where X and Y
are as in Algorithm 1 and Algorithm 2.

To construct such a coupling, we start by letting both algorithms draw the same points X, ..., X, and
construct the same graph G. If dg > &5 (V)’ then we may just assume X # Y. Otherwise, if dg < AV(V)’

then ¢ = 7 is a sufficient condition for X = Y. As 7 is drawn from ,u(’/( ") and ¢ is drawn from an g
approximation of that distribution, they can be coupled in such a way that Pr[r # o] < §. Using this
coupling of Algorithm 1 and Algorithm 2, we have

=,

Pr[X #Y] < Pr[dG >

°n Pr[dG en ] < Pr[dG s |,
Av(V) Av(V) Av(V)

Therefore, it remains to prove that dg > % with probability at most £, where G ~ { () We fol-

low a similar arguments as in the proof of Theorem 1.2. Note that, for our choice of n, there exists

4 /1C
y4 2 3ln(f)max{e /1C¢ m

for v(V) (consequently z) sufficiently large, it holds that 2zIn(z)? > 2zIn(2z1In(z)?) = 2z In(n). Therefore,
we have

}AV(V) such that n = 2zIn(z)?>. Moreover, we have n > e > 2 and,

4 1 AC
> 31n(—e) max , e > 1 Av(V) In(n)
€ e —ACy (e = ACy)

AC
> 31n(4—n) max ! , e > Av(V)
£ e —ACy (e = ACy)

and by Lemma 4.4

e—AC -1
Pr[dGz en ]SPr[dgz(1+ ¢)" C¢]§2

(V) ACs ) v(V)

To prove Theorem 5.1, it remains to show that Algorithm 1 satisfies the given running time requirements.

To this end, note that, for all A < Ci, it holds that n € O(V(V)2 ) Therefore, sampling Xj,..., X,

requires a running time of O(nty) = O(v(V)%3ty). Moreover, the graph can be constructed in time
O(n2t¢) = O(V(V)4€_6t¢) anddg > % can be checkedin O(1) if we keep track of d; while constructing
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the graph. Finally, for dg < % it holds that

y(n) <

<—-—< Yc(dG)-

Av(V) e
n dG

(y(n))
G

running time in O(nln(2)) = O(V(V)2£_3 ln(%v))). Note that, by Markov’s inequality, the probability

Thus, Theorem 5.10 guarantees the existence of an §-approximate sampler from y with an expected

that this sampler takes more than % times its expected running time is bounded by £. Therefore, if we run
the sampler from Theorem 5.10 with an error bound of § and, whenever the algorithm takes more than
% times its expected running time, stop it and return an arbitrary spin configuration, this results in an -
approximate sampler with a guaranteed running time in 6(V(V)2€_4). Consequently, Algorithm 1 runs in

time O(v(V)%e™* + v(V)%e 3ty + v(V)*e~®t,), which concludes the proof. [

6 Potential-weighted connective constant and strong spatial mixing

Throughout this section, we consider the setting introduced in Section 4. In this section, we relate the
potential-weighted connective constant Ay of a repulsive potential with a high-probability bound on a

modified version of the connective constant of a graph G ~ g@”;
represents the growth rate of a truncated version of the self-avoiding walk tree as used by Weitz [47].
Besides giving a graphical interpretation for the potential-weighted connective constant, an immediate
consequence of the result is that the hard-core models studied in Section 4 with high probability exhibit

strong spatial mixing for y < i.

. This modified connective constant

6.1 Potential-weighted connective constant

The potential-weighted connective constant was introduced in [33] to measure the strength of interaction
induced by a potential ¢ in a way that is, compared to the temperedness constant Cy, more sensitive to the
particular geometry of the underlying space X. To this end, we set V(0) = 1 and, for k € IN»,

k j—2
Vg (k) = sup /5‘@ l—l(exp(_ Z ]ld(xi,xj)<d(xi,Xi+1)¢(xi’xf)) ’ (1 - e_¢(Xj_1’Xj)))Vk(dx)’
j=1 i=0

X0 eX
where x = (xy, . .., xx). The potential-weighted connective constant is now defined as
Ag = lim Vi (k)Vk = inf Vi (k) VR,

where existence if the limit and the second equality are implied by the fact that we assume ¢ to be repulsive,
which implies that V; (k) is sub-multiplicative. Note that for all k € INit holds that Vs (k) < Cg and therefore
Ay < Cy.

6.2 Strong spatial mixing

Strong spatial mixing is a frequently used notion of correlation decay in discrete spin systems. In this

section, we focus on strong spatial mixing for the hard-core model. Recall that for a graph G = (V;5, Eg) and

(v)

a parameter y € Ry we write He

for the hard-core distribution on G at weight y, which is a distribution
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on X the set of all functions Xg = {o : V — {0, 1}}. We extend this notation to conditional distributions.
To thisend, let S C Vg and let 7 : S — {0, 1}. Write os = 7 for the event that o ~ yg) coincides with 7 on

S. We call t feasible if,ug) (s = 1) > 0. In that case, we write

p ()

() os=1) =
Hg (05 =1)

for the distribution of o ~ ,ug) conditioned on os = 7. Often, strong spatial mixing is phrased in terms of

the so-called occupation ratios. For G and y as above and v € V; we write

p (o) =1)

)
R (v) = )
G
ACORD)
Further, for S ¢ Vi withv ¢ S and feasible 7 : S — {0, 1} we define Rg) (v | 7) analogously using the

distribution y g)

as given in [40].

(- | os =17) instead. Based on that, we now state the definition of strong spatial mixing

» Definition 6.1 ([40]). The hard-core model with vertex activity y € R is set to satisfy strong spatial
mixing on a family of graphs ¥ if there exists a constant § € [0, 1) such that for all G € F, verticesv € V,
S C Vi \ {v}, and feasible 7,7’ : S — {0, 1} it holds that

R (w7 -RY (0| 7)| < O(&),

where s is the graph distance between v and the vertices on which r and 7’ differ (i.e., {u € S | 7(u) # ' (u)}).
We call § the decay rate. <

» Remark 6.2. Note that this definition is actually weaker than the definition of (exponential) strong
spatial mixing that is usually used in the literature (cf. [47] Definition 2.2 and the remark following it).
Usually, this definition requires the existence of constants & > 0, § > 0 (independent of G,v, 7; and 3) such
that

RV w0 -RY (0| 7)< ae™?,

the required lower bound s, might depend on |V5|. In fact, this is the case for the strong spatial mixing
result for families of finite graphs in [40], which requires s > sy € ©(In(|Vi])). Such a bound on s; still

In contrast, Definition 6.1 only requires such a decay if the distance s > s, is sufficiently large, where

allows for applying Weitz’s algorithm to obtain an efficient deterministic approximation algorithm for the
partition function of the hard-core model. However, it is not sufficient for other applications that require
the exponential decay to also hold at constant distances, such as recent exact sampling algorithms [2, 16]
or the rapid mixing result for Glauber dynamics in [47]. <

6.3 Self-avoiding walk tree and Weitz tree

Due to [47], it is well known that strong spatial mixing on a given graph can be studied in terms of a tree
construction that is closely related to the self-avoiding walk tree. We refer to this construction as the Weitz
tree. Moreover, it was shown by [40] that bounding the growth-rate of Weitz trees for a family of graphs
can be used to find a vertex activity regime in which the graph family exhibits strong spatial mixing. In the
following paragraphs, we briefly introduce both trees.
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Self-avoiding walk tree Given an undirected graph G = (V, Eg) and a vertex r € Vg, we denote by
T, = (V1, E7) the self-avoiding walk tree with root r. It is constructed as follow:

1. Let P, denote the set of all simple paths p = r,vy,...,vx (identified by their vertex sequence) in G
starting at r, where we call k the length of p. V1 contains exactly one vertex w,, for every such path
p € Prc. In particular, there is a unique vertex that corresponds to the path p = r of length 0, which
is denoted by w, and considered the root of T, ¢.

2. For two paths p, p’ € P, we say that w;, € V7 is a child of w,, € Vr (and connect them by an edge
in Et) if and only if p is obtained from p’ by adding one vertex. That is, if p’ = r,vy,...0v, then
P ="1,01,. ..Uk, Uk for some vertex viiq € Vi \ {r,v1,...vx} adjacent to vy.

Weitz tree For our purpose, it is crucial to differentiate between the self-avoiding walk tree and a trun-
cated version that we call the Weitz tree. Its construction is analogous to the self-avoiding walk tree above
but with an additional restriction on the set of paths involved. This restriction on the paths allows for some
degrees of freedom, as it depends on assigning an ordering to the neighbors Ng(v) of each vertex v € V.
Formally, we call a family of functions F = (f;)yev,, a neighborhood ordering for G if, for every v € Vg, it
holds that f; is a bijection Ng(v) — [|Ng(v)|]. For a vertex r € Vi we now write PfG for the set of simple
paths p = vg,v1,...,vx in G with the following properties

1. It holds thatvy = r.

2. Forevery2 <i <kandall0 < j <i-2itholds that, ifv; € Ng (vj), then ﬁ,j (v;) > ﬁ,j (vj+1).

Obviously it holds that Pf ¢ € Prc. The Weitz tree TrF  With root r is now defined analogously to the
self-avoiding walk tree T, ; but restricted to paths in Pf G- It is not hard to see that TrF  is in fact a subtree
of T, . Since we are going to study a notion of growth rate of TrF , it is useful to denote by LrF (k) the

number of vertices at layer k € IN of TrFG. This is equal to the number of paths p = r,vq,...,vr € SDfG of
length k.

» Remark 6.3. Note that this construction of the Weitz tree is not exactly as described in [47]. The goal
of constructing those trees is to study hard-core models on them. In the original construction, paths where
allowed to close cycles. Whenever this happens, the spin of the vertex that closes the cycle was fixed to
either 0 or 1, depending on the chosen neighborhood ordering. For the hard-core model, this corresponds
to either removing the vertex (for spin 0), or the vertex and all its neighbors (for spin 1). This procedure
leads to our notion of the Weitz tree. <

6.4 Connective constant and strong spatial mixing

With the definition of strong spatial mixing and the construction of the Weitz tree given, we now get to
the definition of the connective constant and its implications for strong spatial mixing. Our definition of
connective constant is inspired by [40]. However, there are two things that should be noted. Firstly, we
emphasize that our definition of connective constant refers to the Weitz tree instead of the full self-avoiding
walk. Secondly, for our application to random graphs from (. (n;, it is important which neighborhood order-
ing is used for constructing the tree. To reflect this, we use the following definition.
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» Definition 6.4. We say a family of graphs ¥ has a connective constant bounded by A if there are
constants a, ¢ > 0 such that for all G € ¥ the following holds: there is a neighborhood ordering F for G
such that for all m > aln(|Vg|) and all r € V; we have

m
DLk < ca™, <
k=0

In [40], it was proven that a bound on the connective constant of a graph family immediately translates to
a regime of strong spatial mixing. For our purposes, we will actually need some more detailed information
about the rate of decay. The following statement can be extracted from the proof of the main theorem in
[40].

» Theorem 6.5 ([40]). Suppose ¥ is a family of graphs with connective constant bounded by A as in
Definition 6.4 for constants a and c. For all e > 0, y < e™y.(A), and graphs G € ¥ the following holds: For
allv € Vi, all S € Vi \ {v}, and all feasible 7,7’ : S — {0, 1} that only differ at distance s > aln(|V;|) from
v, it holds that

M
RY @10 -RY @] )| < cf1Zee,

where 1 < g < 2, M = sinh™! and L = —L—. <
1 (W) 2Vy-(y+1)

» Remark 6.6. Theorem 6.5 follows immediately from tracking the constants in the proof of the main

theorem of [41]. Note further that in the proof in [41] the bound from Theorem 6.5 is stated with % instead

of % However, closely inspecting the proof and the lemmas used therein reveals that this is attributed to

a typo. <

6.5 Connective constant and spatial mixing for random discretizations of Gibbs point
processes

Our first main result of this section is the following bound on the connective constant for random graphs
(n)

from {V, 4

» Theorem 6.7. Let V C X be a bounded and measurable region with volume v(V) > 0. Let ¢ : X* —

R0 U {co} be a symmetric repulsive potential with Cy < co and Ay > 0. For every ¢ > 0 there exists some

ny € O©(v(V)) such that for all n > ny the following holds: There exists a family of graphs ¥ C G, with

connective constant bounded by e - ’%,) Ay such that the constants a, ¢ from Definition 6.4 are independent

of V and n, and for G ~ ¢y it holds that

1
Pr[GeFl>1-—. <
n

Proof. Fix some ¢ > 0. By the definition of A4 and the fact that Ay > 0, we know that there is some
ko such that Vg (k) < ekg/zAZ;S for all k > ky. We set a = 4¢7, ¢ = (1 —e™4/2) . ((C¢/A¢)k° +2), and

ny = max{ﬁv(V), e“ilko}.

Next, fix any n > ny. Our goal is to show that, for G ~ (";5, we can find some neighborhood ordering

for G such that, with probability at least 1 — 1/n, the requirements of Definition 6.4 are satisfied for a, ¢ as
above and A = egﬁv)Agb.
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We start by constructing the class of neighborhood orderings we consider. Let G € G,, be a graph on [n].
For every x = (x1,...,x,) € V" we construct a neighborhood ordering Fy g = (fi)ie[»] on G such that, for
every vertex i € [n] and neighbors ji, j» € Ng (i), it holds that d(x;, x;,) < d(x;, x;,) implies f;(j1) < f;(ja).
That is, we order the neighbors of each vertex increasingly by distance, breaking ties arbitrarily (e.g., by
vertex IDs). It now suffices to show that, for G ~ (. ("I;, the following event has probability at least 1 — 1/n:

there is a sequence of points x € V" such that for all m > aln(n) and all r € [n]

- FxG £ n "
L5 (k) < Ayl
2,1 el i)

We denote this event by A, so that the desired statement is simply expressed as {é/n; (A)>1-1/n.
To prove this, we study a distribution k on the space V" X G,, equipped with the product sigma field
By © 297, Consider the following procedure:

1. Foreachi € [n], draw a uniform random point X; ~ uy independently. We call the resulting random
vector X = (X;)ie[n)

2. Construct a graph G on vertex set [n] as follows. For all i, j € [n] with i # j, connect vertices i and
Jj with an edge with probability 1 — e~ 9 (XuX;) independently.

We take « to be the distribution of (X, G) generated as above. We further write kx and kg for the respective
marginals and note that kx = uy, and kg = {é,n;. Further, let B denote the following event: for all m >
aln(n) and all r € [n] it holds that

- Fxc e N "
LFo (k) < Ayl
2, e < e )

Note that the main difference between the events A and B is that A asks for the existence of a point se-
quence x for a given random graph G, whereas B is a statement about a random pair (X, G). In particular,
it holds that B € V" X A and consequently

(A = Kk6(A) = K(V" x A) > k(B).

Thus, the theorem is proven by showing that x(B) > 1 — 1/n.
We prove this by first bounding the expectation of Lf)é‘c (k) with respect to « for every fixed r € [n]. To
this end, define ¢ : X**! — [0,1] by

k j—2
lp(yOs yl, e yk) = l—l(exp(_ Z ﬂd(yi,yj)<d(yi,yi+l)¢(yl" y])) : (1 - e_‘ls(yjl’yj)))_
j=1 i=0
For every sequence of distinct vertices iy, ..., i, € [n] \ {r} it now holds that
E[]lr,il _____ wepheo | X| SV Xi . X5).
Applying linearity of expectation to sum over all such sequences of distinct vertices i, ..., i € [n] \ {r}
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and applying law of total expectation then yields that

B|L75 (0] < v(V)” / Z P (5, iy, 3, ) V" (d)

h V/ Yz 21, 2e)VF (d2)

k
< ( <V>) Vo (k)

where x = (x1,...,x,) and z = (zy, . . ., z).
Next, we aim to obtain a tail bound for ;" | Lf)éG (k) for every m > aln(n). To this end, we first bound
the expectation, starting with splitting up the sum as

ko—1 k m k
Fxc _ n n
[ZL (k)] Z( m) Yol = Z( ) ¢(’“)+,§ko(m) Yk

We proceed by bounding each of the sums separately. For the first sum, note that it trivially holds that
Vg (k) < Cg and, in particular, Ay < Cy. Moreover, for our choice of ny, we ﬁcqs > 2. Combining both

observations yields
ko
) -1 . n c ko
Co—-1 —\w(V) ?)

For the second sum, recall that V¢(k) < ekel ZA(’; for all k > ky. Therefore, we have

m m / " k (eg/zﬁA(]g)mﬂ
Vi (k R V3 I
Z( m) o )‘Z(e v(V) ¢) S e A, -1

k:ko

v(V)~*

IA

ko—1 k ko—1 n k ( L
Z( <v>) Yol )‘Z:;(W%) -

V(V)

Combining both bounds yields

ko
__C ) ef2_n_ A m
ZLFXG(k)} ( (V(V) ¢ + € v(V) ¢ . (ef/z n A ) )

£/2 o ) ef/zﬁAqg—l v(V) ¢

Since € / A¢ > 2 for n > ngy, we further bound

c, \® m
Fx(; V(V) ¢ . {;‘/ n
ZL (k)‘ ((eg/sz)%) +z) (e ZV(V)A¢)

< Cp)\© 2 f/znAm
_(A_¢) ’ ( v(V) ¢)'
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Using this upper bound for the expectation and Markov’s inequality, we have for (X, G) ~ k that

S Fxc e N "
L0 (k) > A
,Z "G()‘C(e v(V) ¢)

Applying the union bound over m > my = aln(n) we have

Pr < (1-e /%) . e7mel2,

(9]

<(1- 6—5/2) . Z e—me/z < n—2’

m=my

Pr

Im > m LFXG(k) > c(e A )’"
" kZ V(W)

where the last inequality is obtained by factoring out e ™¢/2 and using the fact that my = aln(n) >

4¢7!In(n). Finally, applying the union bound over the choice of root vertices r shows that k(B¢) < 1/n and
consequently x(B) > 1 — 1/n, proving the theorem. ]

We proceed by studying which notion of strong spatial mixing for graphs from {é/n; we can obtain from
Theorem 6.7. To this end, we apply Theorem 6.5, which yields the following result.

» Theorem 6.8. Suppose V C X is a bounded and measurable region with volume v(V) > 0. Let
¢ : X* — R U {co} be a symmetric repulsive potential with Cy < co and Ay > 0, and let A < i. There
exists some ny € @(v(V)) such that for all n > ny there is a family of graphs ¥ C G, with the following
properties:

1. ForG ~ §(n) it holds that
1
PrlGe¥F]>1-—.
n

2. Sety=42- V(V) . There are constants & > 0, > 0,a > 0 independent n and V such that for every
Ge7F,allv e Vi, S € Vi \ {v} and feasible 7, 7’ : S — {0, 1} that only differ at distance s > aln(n)
from v it holds that

RV W) -RY 0| 7)| < ae™. <

Proof. First, note that for A < i we can choose ¢ > 0 such that 1 < %:. By Theorem 6.7 we know that

for ny € ©(v(V)) sufficiently large it holds that for all n > n, that there is a graph family ¥ C G, With

connective constant bounded by A = e¢/? (V)

4 isin F with probability at least 1 — <.
Thus, ¥ satisfies the first requirement of our theorem.

We proceed by establishing the second part of the theorem. To this end, let ¥ and A be as above. Further,
let a, ¢ be the constants given by Theorem 6.7 and recall that they are independent of n and v(V). Observe
that

(V) - el™¢ (V) - el=e/2

=A- < <
4 n A¢ n A

Thus, applying Theorem 6.5 proves our claim as soon as we show that M for M = sinh_l(\/f) and L =

Nﬁ is uniformly bounded in n and v(V). Recalling that y = A - V(V) , We see that is decreasing in
n and bounded by a constant independent of v(V) as soon asny > A - V(V). [

» Remark 6.9. Note that from the proof of Theorem 6.8 it actually even follows that the parameter a goes
to 0 as n increases. This is to be expected, since the occupation ratios go to zero as y(n) decreases. <
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We obtain the following corollary.

» Corollary 6.10. Suppose V C X is a bounded and measurable region with volume v(V) > 0. Let
¢ : X* - Ry U {0} be a symmetric repulsive potential with Cy < co and Ay > 0, and let A < ﬁ. There
exists some ny € @(v(V)) such that for all n > ny there is a family of graphs ¥ C G, with the following
properties:

1. ForG ~ {é/n; it holds that
1

PI’[GE?'-]Zl—;.

2. The hard-core model with activity y = A- @ exhibits strong spatial mixing in the sense of Definition 6.1

on ¥ with decay rate independent of n and V. <

We finish this section with discussing some algorithmic consequences of the results above. However, we
keep the discussion informal since the results can be obtained from standard techniques. We start with the
observation that Theorem 6.5 does in fact not only imply strong spatial mixing on each graph in the family
¥, but it also implies a notion of strong spatial mixing in the Weitz trees that were used for bounding the
connective constant of ¥. More precisely, each of the trees exhibits strong spatial mixing in term of the
occupation ratio of the root, given boundary conditions sufficiently far down the tree (see [40]). This can
be turned into a deterministic approximation algorithm for the partition function of the hard-core model
as argued in [47, 40] with running time [V |08 for every graph in G € ¥. Using Theorem 1.1, we
may use this to obtain a randomized algorithm with running time y(V)OUoe(tVD) (e quasi-polynomial

in v(V)) for approximating Sy (A, @) for 1 < ﬁ via the following procedure: We first draw a random
graph G ~ {é/n; together with its (random) vertex locations X = Xj,...,X,, € V" for n sufficiently large
to satisfy Theorem 1.1 and Theorem 6.8. We then use the algorithm given in [47] together with the Weitz
trees based on the neighborhood ordering Fx ¢ (see proof of Theorem 6.7) to approximate the hard-core

. . . v(V)
partition function on G at vertex activity /1—”
pAé)

v

. An analogous procedure can be used to approximately

sample from with similar running time.
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