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ON THE GROWTH OF GENERALIZED FOURIER COEFFICIENTS OF
RESTRICTED EIGENFUNCTIONS

MADELYNE M. BROWN

ABSTRACT. Let (M, g) be a smooth, compact, Riemannian manifold and {¢,} a sequence of L2-normalized
Laplace eigenfunctions on M. For a smooth submanifold H C M, we consider the growth of the restricted
eigenfunctions ¢y |g by testing them against a sequence of functions {1} on H whose wavefront set avoids
S*H. That is, we study what we call the generalized Fourier coefficients: (¢p,, wh)Lz(H). We give an explicit
bound on these coefficients depending on how the defect measures for the two collections of functions ¢
and v, relate. This allows us to get a little—o improvement whenever the collection of recurrent directions
over the wavefront set of ¢, is small. To obtain our estimates, we utilize geodesic beam techniques.

1. INTRODUCTION AND MAIN RESULTS

On a smooth, compact, n-dimensional Riemannian manifold (M, g), we consider a sequence of L?-
normalized Laplace eigenfunctions {¢p} satisfying

(=h?A, — 1)y, =0 and énllp2can = 1. (1)

From a quantum mechanics perspective, we can think of ¢p(x) as the wave function for a free quantum
particle with fixed energy h=2. Thus |¢,(x)|? gives the probability density for finding the quantum particle
at * € M. Understanding how these high-energy particles behave, corresponding to sending A — 0%, is
a well-studied problem in mathematical physics. We are particularly interested in exploring how ¢y, on
average, concentrates and grows on our manifold.

In this article, we study the generalized Fourier coefficients of ¢y, restricted to a smooth, closed submanifold
H. The Fourier expansion allows one to express ¢;|z in terms of any complete orthonormal basis of L?(H).
It is well known Laplace eigenfunctions on H can be used to build such a basis of L?(H). Particularly, there
exists such an orthonormal basis consisting of eigenfunctions on H, {¢p, } jen, which satisfy

~h3Ag, Yn; = E(h;)n,

where g,, is the Riemannian metric on H induced by g. Thus we can express

Snlm = (bnla,vn,)L2mtn, = </ ¢hwhjd0'H> Vn, (2)

jEN jen N H
where doy is the volume measure on H induced by the metric g,,. We study the Fourier coeflicients in ,
(@n,¥n;) 2 () to gain an understanding of the restricted eigenfunctions ¢ |g. To extract more information

we instead study the growth of [(¢n,¥n) 12 ()| where {44} is any collection of functions on H. We will call
these the generalized Fourier coeflicients.

1.1. Summary of Existing Results. The growth of averages and weighted averages of eigenfunctions over
a submanifold H has been widely studied. Much work has been done in the case where H is a smooth, closed
curve, v, and (M, g) is a surface. Good [Goo83] and Hejhal showed for v a periodic geodesic and
(M, g) a hyperbolic surface that there is a C > 0 such that as h — 0T

/y¢hd07

The integral in is typically called a period integral. Further, for + a unit length geodesic, Chen and
Sogge [CS15] showed that ‘ ﬁ, ¢hd0'y’ < Cl|onllL2(ary. Without needing to make any global assumptions on
1
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the surface M or curve v, Xi [XiI7] proved for 0 < ah < ¢ < 1 that

l/%mmeﬂscm (1)

where |v| is the length of 7
More generally, for M an n-dimensional manifold and H a submanifold of codimension k, Zelditch [Zel92]
proved the sharp bound

t@%wﬂzow*> (5)

which generalizes . This bound has since been improved under various assumptions on M and H by
Canzani, Galkowski, Sogge, Toth, Wyman, Xi, and Zhang [CGTI8| [CG19al [CG19bl [CG21], [SXZ17, [Wym17]
Wym20bl, [Wym20al, [Wym19| Xil7]. Particularly in [CG19Db], Canzani and Galkowski show for a weight

w € C*(H) that
| onwdon
H

where SN*H is the unit conormal bundle of H, H,Ry is a function measuring how fast geodesics flow out
of the submanifold, and f is related to the defect measure of ¢;. They actually prove a stronger result
for {¢n} quasimodes of a wide class of semiclassical operators. To obtain their estimates, they develop a
new technique that involves localizing ¢ near a family of geodesics emanating from points in H. Using
this framework, they improve many existing results without needing global geometric conditions on their
manifold.

Under various assumptions the standard restriction bound has been logarithmically improved. In
[SXZ17], Sogge, Xi, and Zhang study weighted period integrals on geodesics and show that there isa C' > 0

such that
/ (bh w dO',y
¥

for M a hyperbolic surface, v a geodesic, and w € C§°. Wyman extends this to the case where M is a
surface with nonpositive curvature in [Wym20a] and further extends this to k—codimensional submanifolds
in [Wym20b]. There he shows for manifolds with negative sectional curvature that

‘/H (;ShdaH’ —0 (W) . (6)

In [CG19a), Canzani and Galkowski give conditions on (H, M) for which (6] holds.
In this work, we allow the “weight” w to be h-dependent. We will utilize Canzani and Galkowski’s
technique to obtain our results.

. k—1
limsuph 2
h—0t

Scn,k/ lw|\/ flHpRE | tdosn-m,
SN*H

< C(log(1/h))V2,  h<1,

1.2. Statement of Results. Let H C M be a closed, embedded submanifold of codimension k. Let {¢,}
be a collection of L2-normalized functions on H,

[¥nllL2(my =1, (7)
and let A = WFy,(v) C T*H (see [Zwol12l pg. 188] for definition of the semiclassical wavefront set, denoted
WFy,). We will use the coordinates (2/,£’) in T*H.

We assume {1} has defect measure v (see [Zwol2, pg. 100] for definition of a defect measure). Note
that suppv C A. Further, assume
WFy(¢Yy) =A € B*H (8)
where B*H denotes the coball bundle in 7*H. Using the coordinates on T*H we can also write this as
Ae{(x,¢§): ¢y, <1} where g, is the metric induced by g on H. We define

YA = {peSyM 7. pc Ay CT*M (9)
where S7; M denotes the cosphere bundle with footprints in H and =,.
T*H.

We use the defect measure v to define a measure v on ¥4, Essentially v is an extension of the defect

measure v to X4, We later define v* more explicitly in
2

, is the projection from 7" M onto

A



In what follows we denote the recurrent set of ¥4 by R4 (see Section [5| for explicit definition). Roughly,
the recurrent set of ¥4 is the collection of points p € ¥4 which, under the geodesic flow, return to ¥4
infinitely often and eventually get arbitrarily close to the initial point p.

Theorem 1.1. Let {¢n,} be a sequence of Laplace eigenfunctions on M satisfying . Let H C M be a closed,
embedded, smooth submanifold of codimention k, and let {1} C L?>(H) be a sequence of L>*—normalized
functions on H with defect measure v, satisfying WFy () =1 A € B*H. If v4(Ra) = 0, where v* is
defined in , then

{dns¥n) 2| = o(R° ), h— 0% (10)

To the best of our knowledge, the Fourier coefficients of restricted eigenfunctions have not been studied
under dynamic assumptions before. The most comparable result, [CG19b, Theorem 2] due to Canzani and
Galkowski, gives conditions on the recurrent set of SN*H for which the period integral | y Pndop is o(h%)
as h — 07, If we take the collection 1, = 1 we recover their result (see Example . In Examples and
[I.5] we demonstrate how Theorem [I.1] can be used in two different ways: to study the generalized Fourier
coefficients and to understand the size of the recurrent set.

Next, instead of taking {¢n} to be exact Laplace eigenfunctions, we further generalize by considering
quasimodes of the form

(—h2Ag — 1)¢h = OLz(M)(h) as h — 0+ and ||¢h||L2(M) = 1. (11)
We also assume ¢y, is compactly microlocalized. That is, there exists a cutoff x € C2°(T*M) such that

(1 = Opn(x))¢n = Oc=(h™).

Further, let u be a defect measure for ¢,. We note that p is supported in S*M. Similar to [CGTI8, Lemma
6 & Remark 3] we use u to define a measure on 4, u4, by

1
A = lim — cyl .
w () Thj& 5T H |tL<JT () forQ C 2% Borel (12)

The following theorem gives our main estimate for controlling generalized Fourier coefficients of quasimodes.
Theorem [I.1] then follows as a corollary.

Theorem 1.2. Let {¢n} be a sequence of compactly microlocalized quasimodes on M satisfying with
defect measure p. Let H C M be a closed, embedded, smooth submanifold of codimention k, and let {up} C
L2(H) be a sequence of L2—normalized functions on H with defect measure v, satisfying WFy,(¢y) = A €
B*H. Further, suppose we have a Radon-Nikodym decomposition of the form

MA :fVA+)\A

where v4 1L\ and f € LY(X4,v?). Then there erists a constant Ch. > 0 depending only on n and k such
that

1/2
limsuph“ = (6, ¥n)r2(m)| < Cuk (/ (1- |§/3H(II))k2zdeA> : (13)
h—0t A4

This gives much more explicit control on the constant in the standard restriction bound which gives
us more insight into when can be improved upon. For example, if f =0 in then we see that we have
a little-o improvement. Showing that f = 0 under the assumptions of Theorem is exactly how we obtain
. In the special case where v is a volume measure on ¥4, we can refine the proof of the theorem to get
a finer bound as follows.

Theorem 1.3. Let {¢n} and {¢n} satisfy the hypothesis of Theorem . Suppose 24 C N C T*M where
N is a smooth submanifold of dimension d € N. Further, let m be the volume measure on N induced from
the Liouville measure on T*M . Moreover, suppose we have

ph = frt A and v =um
3



where vA 1L A4, f € LY(34,v4) and u € C(X4;R). Then there exists a constant Cp, x.q > 0 depending only
on n,k, and d such that

limsuph' = [(Pns¥n) 20y | < C'n,k,d/ \/(1 — g (1/))%f|u| dm. (14)
h—0+ oA H
When we take {15} to be an orthonormal collection of eigenfunctions on H the estimate in Theorem
allows us to study the growth of the generalized Fourier coefficients of restricted eigenfunctions. We note
that the theorem holds in more generality than this, as the collection {¢,} does not necessarily consist of
eigenfunctions. To the best of our knowledge, the only existing results in this direction are due to Wyman,
Xi, and Zelditch [WXZ20, WXZ21], where the authors obtain asymptotics for sums of the norm-squares of
the generalized Fourier coefficients over the joint spectrum. If we take our collection {4} independent of
h, we recover the weighted averages result in [CGI9b, Theorem 6], which we demonstrate in Example
We also show in Examples|1.6| u - that we are able to recover the results of [Xil7, Theorem 1.3] and [X117
Theorem 1.4]. A similar argument to [CG19bl Remark 1] could be used to show that we can use with
H a single point to recover L*° bounds of the generalized Fourier coefficients. Using such L*° bounds7 if in
addition we take ¢ = 1, we could also recover the main result of [STZ11].

1.3. Examples. We next consider some examples to illustrate the use of Theorems and In the
first two examples, we make use of Theorem in two different ways. In the first, we show that the recurrent
set has measure zero with respect to 4, and hence we obtain a little-o improvement. In the second example,
we pick specific collections of ¢, and 1, and explicitly compute the generalized Fourier coefficients. Then
we use Theorem [I.1] to obtain information on the size of the recurrent set. In the later three examples we
use Theorems and [L.3] to obtain bounds on the generalized Fourier coefficients in a few different settings.
First, we take an explicit collection of ¢, second, we assume the collection of ¢,’s are themselves restricted
eigenfunctions, and third, when the collection of ¢, does not depend on the semiclassical parameter h.

We will use the coordinates (x',Z) with respect to H such that H = {Z = 0} and work with dual

coordinates (¢’,€). In these coordinates we can write
A= {(1’/7@"5/75) : |j| =0, (33/75/) € Aa |§|g = 1}

Note that ¥4 is parametrized by (2, ¢’,€) and that once (2/,¢’) are fixed, the remaining coordinate lives on

the k& — 1 dimensional sphere of radius ,/1 — |’ |3H. We define the measure v by

-
/ L I o) vl 50 (@t €)
(@.0.6§ e nereata @) op(1- €2 )T Vi

(15)
where ¢, is such that v4(X4) = v(A) = 1, 7 is the projection of ¥4 onto A, and f is any integrable function
on ¥4,

Example 1.4 (Extracting information from the dynamics). Consider the torus T = {(x,y) € R? : (x,y) ~
(r +1,y) ~ (z,y + 1)} and a collection of L?-normalized eigenfunctions {¢,} on T. Furthermore, let
H = {y = 0} and consider the collection of coherent states

wmcten (e=3) e (g3

on H where C(h) is such that ||¢n| 2(g) = 1. The wavefront set for {y} is A = {(x,§) : v =1/2,§ = 1/2},
and the defect measure is v = dy,—1/2,¢—1/2). Therefore

A=Ay, &) e =1/2,y=0,6=1/2,n=+V3/2}

and v4 is a point mass at both (1/2,0,1/2,v/3/2) and (1/2,0,1/2,—/3/2) with mass 1/2. Geodesics
emanating from ¥4 never return back to 34 since their directions have irrational slopes. Therefore the
recurrent set of ¥4 is empty and hence v4(R 4) = 0. Thus, Theorem implies

(dn,¥n)r2cm| = o(1) as h — 0F.
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Example 1.5 (Obtaining information on the recurrent set). Consider the torus T and the collection of

eigenfunctions on T, ¢, = ek CETHEY) where h = % and n € N. Furthermore, let H = {y = 0} and

consider the collection of functions on H, ¥, = ¢372%_ Then observe
1 1
— i, Vi,
|<¢h7¢h>L2(H)\ = / ¢h|{y:0}¢h dr = / e2r TeT2h Tdy = 1. (16)
0 0
One can check that A = WF{yp} = {(z,€) : £ = V2/2}, v = O e yajayd,

SA={(z,y.6m) 1y =0, =V2/2,n = +V2/2},

and v* = dz, where we use (¢,m) to denote the dual coordinates to (z,y). It is clear from (16]) that
[(én, ¥n)r2ce| # o(1) as h — 0T and thus Theorem [1.1] implies (R .4) > 0.

For this example we can actually compute the recurrent set since the geometry is quite simple. Note that
geodesics emanating from 34 return to their starting point after time nv/2, where n € Z. Therefore every
point of ¥4 is recurrent and so v4(R4) = v4(X4) = 1.

Example 1.6 (Reproducing [XiI7, Theorem 1.4]). Consider the simple case where we have a surface con-
taining a smooth closed curve v parametrized by t. We consider

/ ¢h<v<t>>e-m(h)tdt\

lim sup
h—0t

for ¢y, eigenfunctions, and some function « satisfying 0 < a(h)h < ¢ < 1 and limj,_,g+ a(h)h = ap. We note
that this is a semiclassical version of [Xil7, Theorem 1.4]. To apply our estimate, we need to normalize the
exponential, thus we instead consider

) e—ia(h)t )
/2 lim sup /Q’)h(V(t))l/zdt‘ =: [y limsup |[($n, ¥n) L2 ()]
0% ’Y| h—0t

h—0t

17l

We note that the collection {1y, } = {€’*(M?|y|~1/2} has a defect measure v = V|7 8¢ r—ae}dt where T is dual
to t and dt denotes the Lebesgue measure on . Furthermore, the wavefront set A = WFy, (¢p,) = {7 = ao}.
Now, using s to denote the coordinate on M normal to v and ¢ dual to s, we have

EA:{(t’S’TaU):82077-:0{070'::tm}

which is one dimensional. Furthermore we compute v = |y|~'dt where dt is Lebesgue on ©4.
Thus, applying Theorem we have that there is a C' > 0 such that

I m s (60, )12y < OR1Y2 [ 70— )2
h—0t SA

Next, using Hélder’s inequality and that || |11 (sa 4y < p(54) < 1 we obtain

1/2 1/2
2 timsup [(on. 1) 2| < I ([ 1ba) ([ 0= a2l tar)
h—0t z4 A
_ 1/2 1/2 2\—1/4 O|’Y|1/2
= ChI" I fll g pay (1 — )™M < = a2/
Finally since ay < ¢ < 1 we have
. i Cly|*”? Ch'?
1 t))e"i Mgy < < . 17
o L¢h(v( Je T (=)t T (1) )

We see from that we are able to bound the Fourier coefficients by C|v|'/? which differs from Xi’s bound
of C|y| stated in . This discrepancy is because our method uses L? norms, while Xi uses L! norms. We
also note that this example is a more general version of what Xi considered in [Xil7, Theorem 1.4], as we
allow the weight e (" to depend on h.



Example 1.7 (Reproducing [Xil7, Theorem 1.3]). As in [Xil7, Theorem 1.3] we consider the case where
¢, are eigenfunctions on M and v}, are the restrictions of a eigenfunctions on M to a hypersurface H. Let

Uyl 1

—_ where W, satisfies (—h*A, — a(h)?)¥), =0 on M.
IWallz2 )

Vn =
We also assume that 0 < «(h) < ¢ < 1 as in [Xil7, Theorem 1.3] and suppose a(h) — ap, taking a
subsequence if necessary. Since WFy,(U},) = {|{|, = ao} one can see that WF},(¢1,) C {|¢|gy < ao} where

we use coordinates x = (2/,Z) on M such that H = {Z = 0}, and dual coordinates £ = (¢',£). Applying
Theorem [[.2] we have

1/2
limsup | {6, vn) oo | < C (/ FAIER ) 1/2duA) .
h—0+

Furthermore, since |¢'|,,, < ap on %4, [fllLi(ma,uay <1, and ap < ¢ < 1, we obtain

Cn,l
(1— )4

1/2

thUP (@, ¥n) L2(my| < Ch, Kz (1—0g)” V<

Thus, we find that for A small

1/4
a(h)
CralnllL2m) ¢ (1 + )
(1 _ 02)1/4 - (1 _ 02)1/4

[(Dh, n) L2y | <

where we use [BGTO7, Theorem 3] to bound ||W,||z2(z). In this case we recover the bound in [Xil7, Theorem
1.3 (1.23)].

Example 1.8 (Reproducing [CGI19b, Theorem 6]). We study the case where our collection {¢,} does not
depend on h. We consider

. k=1
limsup h 2 ‘<(bhaw>L2(H)|

h—0t

where ¢, are compactly microlocalized quasimodes, and w € C*°(H) is independent of h. We must normalize
w to apply the theorem. We instead consider w = w||w||221( ). A short calculation shows that v =

Hw||z22(H)\w(x’)\zé{glzo}dx’ is the defect measure for w where we use coordinates z = (2/,Z) on M such

that H = {# = 0}, and dual coordinates ¢ = (¢',€). Furthermore we observe that A = WFy,(w) = N*H.
Therefore ¥4 = SN*H, which is n — 1 dimensional. Next we note

v = Jull g2 (@) Pdosy- s

where ogn+p is the measure on SN*H induced by the Sasaki metric on T*M. Applying Theorem [I.3] we
have

) k-1 _
limsuph = [(dn, W) r2(m)| < Cnkin—1 / \/f 1- |§’g @) 2 wltdosy i
h—0+ ||wHL2(H) SN*H
C
=t Vflwdosn.u

||wH2L2(H) SN*H

since £ = 0 on SN*H. Note that in the notation of Theorem [1.3| we have u = ||w||%2(H)\w|2. In addition,

since the dimension of 34 is n — 1 we just have that our constant depends on n and k. Thus, for the inner
product with w, we have

. k=1 Ch.k _
limsup h™ = [(¢p, w) 2 ()| < 72— Vlwdosn-m = Cn,k}/ wa||L22(H)|w|2|w|dUSN*H
h—0+ lwllr2my Jsnem SN*H
The last equality matches with the bound in [CG19b Theorem 6], since under the square root is the Radon-
Nikodym derivative of u# with respect to osn+g, which in this case is fu = f||w|\222(H)|w|2
6



1.4. Organization of the paper. The remaining sections of our paper are organized as follows: Section 2
contains the proofs of Theorems and assuming a key quantitative estimate given in Proposition [2.1
Section 3 contains a few of the more technical lemmas, which focus on localizing to 34, needed to prove
Proposition 2.1} Section 3 can be omitted on a first read. Section 4 is dedicated to the proof of Proposition
in which the key idea is to first localize the generalized Fourier coefficients to geodesic tubes emanating
from 4. In Section 5 we define the recurrent set of ¥4 and use Theorem to prove Theorem

2. PROOF OF THEOREM [I.2] AND THEOREM [L.3|

In this section we present the proofs of Theorems [I.2] and [I.3] We first introduce notation that will be
used throughout the paper. Then we state the main estimate, Proposition [2.1] which is central to the proof
of Theorem but we save its proof for Section [d] Assuming the proposition, we prove Theorem and
then modify its proof to obtain Theorem [1.3

Throughout this section we assume {¢p} is a compactly microlocalized collection of quasimodes on M
satisfying with defect measure p. We also assume that the sequence of functions {¢, } on H have defect
measure v and satisfy and .

Acknowledgements. The author would like to thank Yaiza Canzani and Jeffrey Galkowski for many
insightful conversations throughout the course of this project and for their feedback on multiple drafts of
the article. The author would also like to thank Blake Keeler for the many helpful discussions, especially at
the early stages of this project. The author is grateful to the National Science Foundation for their support
through the Graduate Research Fellowship Program (DGE-1650116).

2.1. Preliminaries. We let P(h) := —h?A, — 1 with principal symbol p(z,£) = [¢|2 — 1. Then we can
rewrite the quasimode equation for ¢y, as, P(h)¢n = orz(ar)(h). Using properties of defect measures, we
know that
suppp C {p =0} = {[¢; =1} = S*M C T* M,

s0 {¢n} is localized near S*M. Also, since A = WFy, (1), we note that ¥4, defined in @I), can be thought of
points where ¢, are concentrated which project onto where 1, are concentrated. Therefore, it is reasonable
to expect contributions from |(@n,¥n)r2(#)| to be small away from 4. We prove this in Lemma

We use H), to denote the Hamilton vector field associated to p and ¢, := exp(tH,) to denote the geodesic
flow. Let .2 C T*M be a smooth, embedded hypersurface containing ¥4 which is transversal to the flow, so

H,¢TY and XAcC¥
as depicted in Figure For p € £ and R > 0 define

We use the geodesic flow to form tubes in T*M by flowing out of .Z. For time T' > 0 and U C £ we define
the tube

') = U ¢(0). (18)
|t <T
Sometimes when U is a ball, we will write 7.7(R) := 77 (Bg(po, R)). For U C £* and ¢ > 0 we define
Ue) := U By(p,e) C ¥ (19)
peU

which is a version of U that has been thickened by ¢ into .#. We denote the “fowout” of ¥4
AT(e) =TT (24(e))

where ¥4 (g) denotes the fattened version of ¥4 defined in . Finally, define I'y : C*°(M) — C*(H)
which restricts functions on M to H.

To prove Theorem we begin by using a cutoff y to localize to the respective supports of our mutually
singular measures, v and A\*. Thus we seek to understand how terms like |<Oph(X)¢h, wh>L2(H)‘ grow as
h — 07. We control such terms in the following proposition.

7
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FIGURE 2.1.

Proposition 2.1. There exist Ty, Ry > 0 such that for all0 < T < Ty, 0 < e < Ry, and x € C*(T*M)
with Hyx =0 on A?T'(¢), there exists a constant C,, j > 0 depending only on n and k such that

1/2
. ko1 b2
limsup h™ = [(Opn(X)¢n, ¥n) 2(m)| < Cni (VA(SUPPX|ZA)/EA(1 - |§/|3H(m’)) 2 |X|2dMA> .

h—0t

To use Proposition we need to work with cutoff functions x € C°(T* M) in which are flow invariant,
meaning H,x = 0 on A?T(¢). In the following lemma, we show that a cutoff Y € C2°(X4(¢)) can be extended
to T* M in this way.

Lemma 2.2. Fore >0 and ¥ € CX(24();[0,1]) there exists an extension x € C°(T*M, [0,1]) such that
suppx C A3T(¢) and H,x =0 on A*T(e).
Proof. Since ¥4 () C . is transverse to the flow, for 7" small enough, we can use the map X : (—47T,4T) x
£ — T*M defined by

X(t,p) = #u(p)
as coordinates. Let f € C(R) with supp f C (—37,3T) and f = 1 on [-27,27]. Then take x =
(X=H*(fH)0)- m

We first prove Theorem assuming the proposition holds. The proof of Proposition [2.1] is saved for
Section [

2.2. Proof of Theorem Fix, 6 > 0. Since v and A4 are mutually singular Radon measures on %4
there exists K5 C ¥4 compact and Us C 4 open and containing K; such that
vAUs) <6 and MDA\ Kj) < 0.
Let &5 € C°(X4;[0,1]) such that
ks =1 on K and supp ks C Us.
Furthermore, let k5 € C°(T*M;[0,1]) be a flow invariant extension of & as defined in Lemma[2.2] We split

the inner product

limsup T (. tn)| < li}fnsolip hT ( [(Opn(Ks)bn, Yn) r2cey| + |(OPu(1 = Ko )bns ¥n) 2 (o) | ) (20)

h—0t

Next, we use Proposition [2.1] with x = ks on the first term to obtain

1/2
. k-1 k-2
limsuph = [(Opn(ks)dn, ¥n)r2(m)| < Crk <VA(SHPP H5|EA)/A(1 - |£/|§H(z’)) z ﬁ5|2dﬂA> < Cs'2,
s

h—0+
(21)
The last inequality follows from the fact that v (supp Ksla) = vA(supp Ks) < v (Us) < 6.
8



Next, to bound the second term in , we use Proposition with y = 1 — k5 and the Radon-Nikodym
decomposition of our measures, u = fv4 + A4, We have

limsup h' =" |(Opn(1 = Ks)dbns ¥n) 2o |

h—0t

- 1/2
< Coogr M (supp(1 — )| ) ( [La-€t, >"2|1—m§|2(fduA+dAA))
= »A
o2 1/2
< A ()12 ( [a-ee <x/>>2fdvA+05) , (22)
»A H

where, in the last line, we used that 5 = 1 on K and so (1 — /@;)‘ B is supported on »A \ K5. Thus, since
=

M (X4 \ Ks) < 6, the d\? integral is bounded by C§. Since v4(24) = 1, and (21)) and hold for all
d > 0, combining the above we have

oo 1/2
limsuph' = (¢, 9n)| < Coi (A= E' )7 fav
nA I

h—0+

giving the bound in as desired. ]

2.3. Proof of Theorem Let Ks,Us, and ks be as in the proof of Theorem [I.2] We similarly split the
inner product:

. k-1 . k—1
limsuph 2 [(¢n,¥n)| < limsuph 2 (|<Oph(f€5)¢hy¢h r2cny | + [(Opn(1 = Ks) b, Yn) r2(ar |) =I+1.
h—0t h—0t

Then applying Proposition 2.1] to I, we have

limsuph' = |(¢n, ¥n)| < C6Y/2 + II.
h—0t

By the Besicovitch-Federer Covering Lemma, there exists a constant ¢4 > 0 depending only on d, the
dimension of ¥4 and R so that for all 0 < r < R, there exist a cover of open balls {B(p1,7), .. B(pn(r),7)} =
{Bi,..., By} C ¥4 of radius 7 centered at {p1,... s Pn(r)} With

n(r) < eqr™@ and m(B;) < cqr®

where m is Lebesgue on N D ¥4. Furthermore ¥4 C U"(T) Bj and each point in 4 lies in at most ¢4 balls.
Then we let 0 be a partition of unity associated to B;(¢) and 6; the flowed extensions into T*M such that
supp Hp0; C T3T(B;(e)) \ T*T(B;(€)) and Z;fl) 0; =1 on A?T(g). Define © := Z"(T) 6;. Next we split II:

lim sup h%lKOph(l — K§)Ph, Yn) L2 (i)

h—0t

<limsuph'7 ( |(Opu(O(1 = £5))én. ¥n) L2y | + [(OPn((1 = ©)(1 = Ks))bn, ¥n) 2| )

h—0+
n(r)
< limsup Z hT [(Opn(0;(1 — £5))bn, Yn) L2
h—0+ J=1
+limsuph =z |[(Opu((1 — ©)(1 — K5)) B, ) 12| - (23)
h—0+
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Taking h — 0" we can apply Proposition to both terms. Using the support properties of ©, we find that
the second term in goes to 0. For the first term in , we have
n(r)
lim sup Zh 7 [{Opu(0;(1 — Ks))bn, ¥n) L2 ()|

h—0t

n(r) 1/2
k—2
<Chnk E v (supp(6;(1 — Ks))| Y2 (/EA(l - |§/\3H($,)) 2 16,;(1 — 55)|2d,uA>

Jj=1
n(r)

1/2 L 1/2
scn,k;@judm) ([ 018, ) P00 - mPuamn+an) " ey

where we used that supp 0]-|E . € Bj and vA = um. As in the proof of Theorem the d\4 integral can
be bounded by C§, and we thus focus on the dm integral. Since u is uniformly continuous on ¥4, we can
find an R > 0 such that if p € B(p;, R) then |u(p) — u(p;)| < d. Therefore,

/ udm < / (u(pj) + 6) dm = (u(p;) + 6)m(B;) < car®(u(p;) + 9).
B, B;
For each B; provided r < R is small enough. Thus we can bound by

n(r) L 1/2
Cunear S ([ (0los) 481~ €, () F165(1 = o) udm) 4 C612
3

j=1
Since supp 6;|_, C B; we can use the bound u(p;) + 6 < u(p) + 26. Continuing, we find

n(r)

- 1/2
Cunar 3 ([ 00 + 910 1€13, ) 10,0 i)

L 1/2 1/2
<andz V([ a1, ) TR an) b Copar®utr)? ([ afuan)

n(r)
<and/ Z(

Therefore, combining the above steps we have

>A

1/2
/ 1- ‘£/|§H(z/))¥f’u’2 dm) 1p, dm + C5/2.

1/2
/ —1¢ |9 (@) EQfUQ dm) Lp, dm,
h—0*+
(25)
and since the left side does not depend on r, we may bound lim sup;,_, o+ hT |{dns¥n)L2(my| by the limit of
the right side of as 7 — 0. We will use the Dominated Convergence Theorem to bring the limit inside

the integral. To simplify our computations, we will write
k2
F(p) i= (1= €2 ()7 ful.

First we calculate the limit of the integrand in . Using the Lebesgue Differentiation Theorem [Fol99,
Theorem 3.21] and that each point in ¥4 lies in finitely many balls of the cover, we see that

limsuph%|<¢h,d}h>Lz(H)| §051/2+Cn,kd/ Z <

1/2
hmsupZ( / de) 1, < CpraVF = C’nkd|u|\/1—|f’g (@) )%f m — a.e.

r—0

10



Lastly, to justify the use of the Dominated Convergence Theorem we need to show that the integrand in
is dominated by an L! function. We note that

n(r) 1/2 n(r)
1 /
—— Fdm 1, < VHF(pj)lp, <C\/HF(p m — a.e.
Z <m(Bj) B, ) B ; (pj)lp (p)

Jj=1

where H denotes the Hardy-Littlewood Maximal Functional. Furthermore, by the Maximal Theorem [Fol99,
Theorem 3.17] there exists a constant C' so that for all ¢ > 0

m({pEEA:HF(p)Zt})S%

which implies that v HF € L'(X4,m). To see this we compute
VHF(p)
HF(p)dm = dt dm = 1 dtd 1 dt d
L, VHE(p)dm /EA/O m /EA/ {ost<1} m+/EA/ (<e<y/HF(p} @
oo
A
Sm(E )+/1 LAﬂ{mZt}dmdt
= C+/ m(p € X4 {\/HF(p) > t})dt
1

< C
§C+/1 t—th<oo,

where we use the Fubini-Tonelli Theorem to change the order of integration in the second line. Therefore,
we are justified in applying the Dominated Convergence Theorem and we conclude that

limsuph ™= |(én, ¥n)| < COV2 + Cp i / |u|\/(1|5'§ @) T fdm
A "

h—0t

which holds for all § > 0 and hence we obtain . O

3. LOCALIZING TO ¥4

We first present two technical results which will be needed in the proof of Proposition 2.1} First, Lemma
tells us how to construct a cutoff x € C2° (T H) such that Opp(X)I'zr Opn(x)¢n is O(h*). Next, Lemma
shows that the contributions of the inner product are negligible away from ¥4. This section can be
omitted on a first read. Once again, throughout this section we assume {¢p} is a compactly microlocalized
collection of quasimodes on M satisfying (11) with defect measure p. We also assume that the sequence of
functions {¢,} on H have defect measure v and satisfy (7)) and (g).

The following lemma gives a condition for which the composition Opy(X)I'g Opn(x)dn is O(h™) where
X € CXP(T*H).

Lemma 3.1. Let x € C*(T*H;0,1]) and x € C*(T*M;0,1]). Then
Opn (X)L Opn(X)¢n = Opee (1) (h™)

provided {p € Tj;M : p € supp X, 7., p € supp X} = 0.

Proof. We write Opy(X)I'g Opn(x)®n in coordinates:

Opn(X)T i Opn(x)Pn
= (2mh)k—2n / / / et @)=k W0 gy (y) ( / ef%<Z’*f’—"’>5<(z’,n’>x<z’,o,f’,f)dz’) dy dé d.

Consider the operator

b€ —n.D.)
& —n'|?
which satisfies _ _
LerlFhE =) _ oi (8 =n")

11



We use L to repeatedly integrate by parts in the inner most integral. This is only possible provided &4

on the support of )lei:o. However, we assumed that there are no points such that (2/,0,£,€) € supp x and
(',&") € supp x. Thus integrating by parts N times using £ in the dz’ integral we have

‘ / e ()X (2, 0,€, €)d’

B ‘/ ENB%(ZI’EI*W”S((ZC n/)X(Z/v 0, 5/7 E_)dzl

h N i ’ ’ ’
_ i .
= <§, ~ n’l2) /eh< Ty (& ) €y =0l )Day e (0

h N i )
< (gm) [ onle 1 pX ol = ox () [ DXl

Furthermore we have

Opu(R)T s Opn ()|

< O hN-‘rk‘ 2n /// | |¢h s |N (/ |D:’Z\/I()2(Z/,’I’]I)X(ZI,O7£I,£))‘dZ/) dydé-dn/
= NN 6y / / () — | Nde df

where fy = [ ’Dy(;}(z’, n’)x(z’,O,ﬁ’,f))‘dz’ is smooth and compactly supported in & since x € C°(T*M).
Furthermore, since Yy is supported away from & = 7’ so is fy. Also, since Y is smooth and compactly
supported in 2/, we know the d2’ integral is finite. Moreover, for N large enough [’ —n| = is highly localized
in {|¢' — 7’| <1}. The compactness in £ and this localization is enough to see that the last integral is finite
and hence we have

‘ Opn(X)T 1 Opu(X)én| < On arhNHr720
and hence Opy(X)I'g Opn (x)én = O(h*°) as desired. O
Next, we show that away from 24 the contributions from the generalized Fourier coefficients are negligible.

Lemma 3.2. Let x,.,, € C(T*M) such that x,.,, = 1 on a neighborhood of S*M and supported in a
neighborhood of S* M. Similarly let x , € C°(T*H) such that x, =1 on a neighborhood of A and supported
in a neighborhood of A. Then

<¢h,¢h>L2 —n'T <FH OPh (X g+ 2r ) P05 OPn (X 4 )¥n) L2(ar) + 0(1) as h — 0%, (26)
Proof. First we use Oph(xs*M)7 Opn(1 = Xqenr)s Opn(x,) and Opn(1 — x,) to split up the inner product:
h%<¢h»¢h>L2(
=h'r (T OPn(X g ng ) PR i) L2y + hT (FH Opu(1 = Xgep )Ohs Vn) L2(H)
= hk%<FH OpPh (X g s )1y OPu (X 4 )¥n) L2 (1) + hT<FH O (X g ps ) @1 OPL(1 — X 4 )Un) £2()

k—
+hT (T Opy(1— Xs«ar )Ph> Un) L2()
—. [+ 1T+ 1II. (27)

We just need to show that both IT and IIl are o(1) as h — 07. We begin with I[II. First, since ¢ is
compactly microlocalized, there exists a cutoff x € CS°(T*M) such that Opp(1 — x)¢n = Ocee (h*°). Using
X, we split III once more,

I = h*% (T Opu(1 — Xey) Opn(X)Phs ¥n) L2(a) + h'% (g Opu(1 — Y. r,) Opi(1 — X)®h> n) L2 (k)

< W' T[T Opu(l — X y,) OPu ()l 220y +h % [ITa Opn(l = X g y) OPL(L — X)nll 221
12



where we also used that |[¢p[|z2(gy = 1. Using that ¢ is compactly microlocalized, we observe that the
term with Opn(1 — x)¢n is O(h™). Next, for the other term, we use an elliptic parametrix to rewrite

Opn(1 = Xguy,) = R(h) P(h) + O(h™)g-cx.
To do this, we need verify that WF,(1 — x,.,,) € ell,(P(h)). Since 1 — x.,, does not depend on h,
WEFL(1 — Xg.,,) = ess-supp(l — Xg.,,) C (S*M)°. Moreover ell,(P(h)) = {p # 0} = (S*M)°, and hence we
have the inclusion necessary to use an elliptic parametrix. Therefore, we can write
B'= I0s Opu(1 = Xs0,) OPR ()6 21

= 1" [P R(1)P(R) Opu(x)é |2 + O(h™)

< h'% |[TR(h) Opy () P(h)gnll 2y + BT [T R() (h Opu(Hyx) + O(h?)) dnl z2(zr) + O(h™)

< Cph™ 2| P(R) gl 2 ary + Crh™ || dnl 22 (ary + O(h)
where in the last line we used the standard restriction bound

IT & Opn (k)ul| L2y < Coyh™ 2| Opw(K)ull gy (ary < Cih™ 2 ||ull L2 (ar) (28)

for v > k/2, and k € C°(T*M). By we know h=Y|P(h)¢p| p2ar) — 0 as h — 0% and ||¢p]|3 (M) = 1,
and thus we obtain

k—
R T [T Opn(1 = X h) OPu(X)bnll L2ty = 0(1) as h — 0%

as desired.
Next we show II is O(h®°). To do so we first claim that there exists x € C2°(T*H;[0,1]) such that

I'n Oph(Xs*Al)¢h = Oph(i)FH Oph(XS*M)¢h + O(hoo) (29)

Using Lemmawe find that we get if we take Y(2,¢’) = 1 on a small neighborhood, U, of {|¢'[, < 1}
and supported in a small neighborhood of Y. Using we show IT is O(h™). We rewrite

I = (Opu(X)T'#r Opn (X g 0 )1, OPu(1 — X4 )¥n) L2 ey + O(h™) (30)
Next observe
[{OPL (X)L 5 OPL(X gu 0y ) PR, OPn(1 — X )¥n) L2(m)|
< |ITH OPn(X e )P0l 220y [ OPn (X) ™ Opn(1 — x4 )¥nll L2 ()
< Cuh™% || Opw(X)* Opu(1 — x.)¥nl L2

where the last inequality follows from the standard restriction bound (28)). Recall A = WF},(¢,) and x(2/, &)
is compactly supported in a neighborhood of {['|;, < 1}. Let K denote the support of . There exists

p; € A°NK for j=1,...N and 6; € C°(T*H; |0, 1]) supported sufficiently close to p; such that
| Oph(gj)whHm(H) = O0(h™),
and moreover
N
@::ZHj =1lon A°NK.
j=1
We use an elliptic parametrix to rewrite
Opu(X)" Opn(1l — x,) = R(h) Opn(©) + O(h%)y-=

which we are allowed to do since WFy,(Opn(x)* Opn(1 — x,)) C ellp(©). To see this, note by properties of
wavefront sets

WEFL(Opn(X)* Opu(1 — x4)) = WFL(Opn(x)) " WFL(Opn(1 — x,)) € K N A°.
13



Furthermore, ell,(0) 2 A°N K, and hence we have the inclusion needed to use the elliptic parametrix.
Lastly, we have

[ Opn(X)* Opn(1 = X, )¥nllL2(my = [R(R) Opu(©)¢nllL2(ar) + O(h™)

N
<R |2r2 Y I10DR(0;)tnl 2y + O(h™) = O(h*).

j=1

4. LOCALIZATION TO GEODESIC TUBES: PROOF OF PROPOSITION [2.1]

In this section we finally present the proof of Proposition [2.1] Once again, throughout this section we
assume {¢p, } is a compactly microlocalized collection of quasimodes on M satisfying (11)) with defect measure
u. We also assume that the sequence of functions {¢p} on H have defect measure v and satisfy and
(8). In the following we use coordinates z = (a’,Z) such that H = {& = 0}. Furthermore we write
= (517527 s 75716) = (fla‘i)

We will need a few lemmas before proving the Proposition.

4.1. A Technical Lemma.

Lemma 4.1. Fiz py € ¥4 and let ¢ € C°(Ry, x R’gfl). There exists Ty, Ry > 0 such that for all0 < T < Ty

and 0 < R < Ry, if x € C(T*M) is such that suppx C T3 (U) and supp H,x C T3T(U)\ T?T(U), where
U C By(po, R), then we have,

;o o~ 1
10pn(q) Opu(X)¢n (2", 0,2) 12, < C | —=====+ V2T | [|Opu(x) Opu(¢)¢nl L2
o T|9¢,p(po)
CVaT
+ == (IPonllzz + 1 OPu ()P, Opu(@)]énl 2 ) + Crh [ dnz.

The proof of Lemma is very similar to [CG19bl, Lemma 13], but we include it for completeness.

Proof. Fix py € £4. Then, as before, we have 8§1p(p0) > (0. Let O be an open neighborhood of pg such that
d¢,p > 0 on O. Furthermore, let 737(U) be a tube contained in O. Then we can write

p(l’7€) = 6({E7§)(51 - a(x@’,é)) for (1’75) €0
where e is elliptic on O. Thus for Y = 1 on 737 (U) and supported in O we have

p(x, )X(x,€) = e(x, ) (&1 — alz, €, )X (=, £).
Using the notation P = Opy(p), observe

P Opn(x) = P Opn(X) Opn(x) + O(h™)
= (Opn(pX) 4+ h Opn(r1)) Opn(x) + O(h™)

= (Oph(e) Opn((&1 — a(x,&,€))X) + hOpu(r2) + h Oph(h)) Opn(x) + O(h™)
= Opu(©) (hDs, — Opu (a(z.€.€)) ) OP(x) + hOpu(r) Opu () + O(h™).
Thus
(hDi1 — Opn (a(z, €, 5))) Opn(x) Opu(q)én = Opn(e) ™" (P Opn(x) Opn(g) — h Opn(r) Opn(x) Oph(tl))¢h

where Opy,(e) ™! denotes a microlocal parametrix for Opy,(€) near supp x. Since a is a real symbol, we know
that Opy (a(w,&’,{)) is an error of order h away from being self adjoint. Therefore we can replace Opy(a)
with A + hR where A is self adjoint. Therefore we have

(thﬂ‘U Opu(x) Opn(q)¢n = Opn(e) ™" (P Opn(x) Opn(q)—h Opn(r) Opn(x) OPh(Q))¢h+hR Opr(x) Opn(q)Pn
14



We set

u := Opn(X) Opn(q)#n

1 = Opu(e) ™" (P Opu(x) Opu(a) ~ h( O (r) ~ Opi()R) Opw(x) Opi(a) ) o0
To later utilize the fact that Pey, = oy2(ur)(h) we rewrite f as

f=Opn(e)™ ( Opn(x) Opu(q) P + [P, Opn(x)] Opn(g) + Opn (x)[P, Opn(q)]
— h(Opu(r) = Opu(€)R) Op(x) OPu(a) )
Thus we have a differential equation for u:
=
To simplify notation, we write @ to denote both z’ and # and similarly € for ¢, €. First we define
Alt, s,2) = /:A@l,:z,é)dxl

We obtain

u(s, ) = e%A(t’S’j)u(t,i) + E/ eiiA(S’T’i)f(T,i)dT. (31)
t

Next, define ¢ := T'|0g, p(po)| and note for 7' > 0

0 <8 =T|9p(po)| = 2T /1~ |§6|§H (@) < 2T where po = (z,0,&),&) € 24,

Further, let ®(t) € C°(R; [0,26"]) with supp ® C [0, 6] and [|®[|;; = 1. Multiplying through by ®(¢)
and integrating in ¢ we have

u(s, ) :/Q(t)u(s,:%)dt
R
:/@(t)e%f“t’s@u(t,:ﬁ)dw3/@@)/ e~ #ASTE) f (7 #)dr dt.
R h Jr t
Next, taking the L:% norm

fus. oz < [ 000

e’%A(t’S"’i)u(t, z)

1 ° 71A(s7‘r,i) -~
Lidt—l-h/R@(t)/t He h f(T,x)‘L
1 S
= [o0 Nty [ o0 [ 1ol dra =140
t

where the last line follows from

dr dt
2

0, He%f“@mu(t,@)

2 b~ i N i N
‘ =2Re 3AeﬁA(t’S*‘”)u(t,i),eﬁ“‘(t’s’””)u(tﬁv) =0
Lz h L2

LA(t,s,2 LA,

since A is self adjoint. So |l
we bound I:

)”Lg =e )||Lg = 1. Using Holder’s inequality and properties of ®

N 4 .
< ||®zzflult, 2)]r2, < %HU(R@HL’;,f
To find a bound for II, we first take the L°° norm in s and apply Hélder’s inequality to get
1 X
1< [It0a®ea®l . 176 )l5zdr (32)

Splitting f up into its components in we see that the first term is

1 _ .
E/H]l[o*”(t)]l[&t](T)HL?‘; [ Opn(e) ™" Opn(x) Opn(q) Pon (T, &)]| 2 dr
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which is bounded by C\/gh_1||P¢h||L3. We also have 7 < ¢t < § < 2T, and recall that supp Hyx = 0 on
{|Z1] < 2T}. Thus we can bound the second term by,

| Opn(e) '[P, Opn(x)] Opu(q)on (7, &)l 2(re[—2T.27.8) < C’Th2||¢h||L2£-

Continuing we obtain

1< 8 (1Poullz + Comlonlz + 1 0pu(e)™ Op(VIP.Opi(@)lonll
+ 1| Opu(€) ™" ( Opu(r) ~ Opu(e) ) Op(x) Opi(@)én 12 )
< %“P¢h||L2 + CsVoh' 2| gnll 2 + CT\/SH Opn(X) [P, Opn(q)]¢n 2 + CV5] Opn(x) Opn(q)dnllz2

where we used the standard estimate [|¢nllz2 < Ch™/?|¢p|.2 in the last line. So finally, combining the
bounds for I and IT and rewriting v as Opy(x) Opn(q)dn we have

oo 1
10pn(x) Opn(9)¢n (2", 0,2)[| 2, < C | —===== + V2T | || Opn(x) Opn(q)¢nl L2
o T|9¢,p(po)|
C\/QT

(I1Pgnllzz + 1 OPLCOIP. OPu(@)énlliz ) + Crh' 16l
(33)

Therefore, using a commutator and the bound in we have

10Pn(q) Opu (x)dn (2, 0, )|z, < [ Opn(x) Opn(9)¢n(=’,0, )2, . + [[[OPn(a), Opu(x)ldn (2, 0, )|z, .

1
<O | ——=—=——= + V2T | | Opu(x) Opn(q)énllz2
T'|0g, p(po)|
c\/ﬁ

(I1Pgnllzz + 110BLOOIP, Opu(@]énlz2 ) + Crh 2 iénllz,
where the estimate on the commutator term comes from the Sobolev embedding estimate:
(0P (a). Op ()6 (2. 0,82, _ < Al Opi(HyxX)on (2,0, )12, _ + O(h2) (o', 0.8)] 1,
< Chllgn(a,0,2)] 12, . < ChY?||¢nl|Lz

which we regroup with the existing O(h'/2) term. |

4.2. Further localizing to Tubes. The proof of Proposition relies on decomposing suppx|2 4 into
many small “rectangles.” Using the geodesic flow, we then extend the rectangles to create a collection of
geodesic tubes covering supp X|E - We get a much finer estimate on these tubes, which is given in the lemma
below.

Lemma 4.2. Fiz pg = (:co,(),fé,go) € YA, There exist Ty, Ry > 0 such that for all 0 < T < Ty and
0 < R < Ry, if U C % is a neighborhood of py contained in By (po, R), and x € C°(T*M) is such that
suppx C T3T(U) and supp Hyx C T3T(U) \ T*T(U), then there exists a constant Cy, depending only on k
for which

. B CpRF1
lim sup 2* 1| Opn(x )¢h||L2 i / IX[*dp.

h—0+ 2T1 /1 — |£O

To prove Lemma we will strategically pick the ¢’s from Lemma [.1] to be functions which vanish to
order k — 1 on the geodesic emanating from pg. This will allow us to get a much better estimate on the
geodesic tubes.

16



FIGURE 4.1.

Proof. We choose local Fermi coordinates near py € ¥4 with respect to H, (2/,7) such that H = {z = 0}
and
[€l5 = 1617 + f(2', 2)|€')%.

Thus note for pg we have [Jgp(po)| = 2|€|(po) > 0 since & € 51\711—\57%3}1' We note the importance of the
assumption that A € {(2/,¢') : |¢/| < 1} since otherwise we cannot assume |£| > 0 on ¥4, Next, since
|9gp(po)| > 0 there exists a neighborhood O of py such that [Jgp| > 0 on O. Without loss of generality we
assume that 9g p(po) = [0zp(po)| > 0 where £ = (£1,&2 ..., &) = (€1,€). Furthermore, in these coordinates
we have [lul|z2 < 2[|ul|p2(ar)-

Let Ty, Ry > 0 be such that 7;,30T° (Ro) C O, where the tube T is as defined in |) Note that for all
0 < R < Ry we still have 7;?(’)T“ (R) C O. Therefore, the “flowout” time Ty is independent of the tube width
R, for R < Ry small enough. Let 7,,(t) = (X(t),Z(t)) denote a geodesic through po. From Hamilton’s
equations, we know the geodesic flow must satisfy

%J’:l(t) — 0, p(X (), E(t)) = g, p(1po () > 0 for [t] < 3T,

as Jg, p(p) > 0 in O. Thus for all [¢t| < 3Ty we have 4 7,(t) > 0. By the Inverse Function Theorem we can
locally write ¢ = ¢(Z1) and further we have

By = pg, =

T1 (VPD(t(S))) =S
We define
X'(71) = 2" (75, (((71))),  Xi(@1) = T1 (2, (H(71))) = 71
X (21) = & (v, (H(T1))), E(T1) = € (7, (H(71)))-
Therefore the geodesic through pg is parametrized by

Ty (X'(21), 21, X(21), E(21)) = (@ (75, (1(Z1))), Z1. E (7, (1(Z1))), € (75, (£(Z1))))-
17



Moreover, we note that on the geodesic & = &(7,,(¢(Z1))) =: &(Z1). This will be crucial in getting the
improved estimate on the tubes.

In what follows, we write Z to denote the normal coordinates to H which are not Z1, so & = (Z1, Za, ... Tg) =
(Z1,Z). We first use a version of the Sobolev Embedding Theorem (see [Gall9al Lemma 6.1] or[Gall9bl
Corollary 8]):

| Opn(X)@n (', Z1,7)|| Lo

1/4
1k _ .
< Cph2 || Opn(x)dn(2', 21, 7) ||L2 (Z [(hDz, = &, (1))* " Opn(x )¢h($/’$1a$)||ig> :
Squaring both sides, integrating with respect to 2’ and applying Holder’s Inequality we have

0P () dn (2", 21, 7)I7z, S/||Oph(x)¢h(m’7f1’f)||%geda?’

1/2
< Ckhl_k” Oph(X)th(x,vjl’ HL2 <Z - CCl))k 1Oph( )¢h(l’/,l‘1,§;)||%i15> :
Setting z; = 0 and & = 0 on the left we have

W*= M| Opw (X) Bnll72 )

1/2
< Ck[l Opu ()P (2, 0, )| 2, | (Z — &o,(71))* " Opn(x )¢h(f€/70795)||2L§,1i> - (34)

Next, we will use Lemmato bound the L? norms on the right side of (34 . We denote T}, := T'|0g, p(po)| =

2T4/1—\$0|2 - For g € C(Rz Rk 1)y and 0 < T < Ty we have

lg(Z1, hDz) Opn (x)én (2", 0, %) 2, + ﬁ) [ Opn(x)q(Z1, hDz)bnll L2 (ar)

1
<C|—==
CcvT _
+ == (IPénll2an + 1 0PuCOIP: (@, RD2) 6w r2an) ) + Coh 2 én | c2qan

Where we have used that in our coordinates [lul[zz < 2||ul|L2(ar). Next, since P¢n = opz(ar)(h) we know

h=Y|Ponllrz(ary — 0 as h — 0F. We also have that Crh'/2(|¢p | z2(ar) — 0 as h — 07 since [|¢||2(ar) = 1.
We regroup these two terms in a o(1) error. Further, reordering the operators, we add an O(h) error which
we regroup with the o(1) term to get

lg(z1, hDz) Opu (x)$n (2, 0, F)llz2, < C ( + ﬁ) lla(21, hDz) Opn(X) ¢l 2 (ar)

1
V TPO

CVT
+ 7||[P q(Z1,hD3)] Opn(X)énll L2 (ar) + o(1) (35)
First, taking ¢ = 1 in we get
1
[ Opn(x)¢n(z',0,)| 2, <C < + ﬁ) | Opn(X)@n L2 (ary + o(1). (36)
Next, define Q; := (hDz, — &o,(Z1))*~1 = Opn(q;) where ¢; = (& — &o,(Z1))*~ + O(h). Then, using this ¢;

in we have
(b Dz, — &o,(21))" Opu(0)n(a’, 0, 8)] 2,

CVT
h

+ ﬁ) Qi Opn(X)PnllL2(ary + I[P, Q] Opn(X)@n |l L2 (ary +0(1).  (37)

1
<C
(\/TPO
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Next define ¥ € C°(T* M) such that supp x € 737 (U) and Y = 1 on supp x. We rewrite

Qi Opn(x)9n = Qi Opn(X) Opn(x)én + O(h™).

Recall that on the geodesic vy,, we have £ = {y(Z1). Therefore, the principal symbol of Q;, o(Q;), vanishes
to order k — 1 on the geodesic. Furthermore, since x is supported in the tube 737 (U) where U C B¢ (po, R),
the distance between any point in supp x and the geodesic is approximately at most R. Thus we have

sup |o0(Q; Opn(X))| < 2R,
This implies that ||Q; Opn(X)|lz2— 2 < 2RE-1 4 O(h) and in particular that
|Qi Opn(X) Pl L2 (ary = [|Qi OPn(X) Opu(X)@nl L2 (ar) + O(h™)||dn |l L2 ()
< (2R*" + O(h))|| Opn(X)Bnll 2 (ar) + O(h™) |l L2 (ar)-
We also have that Hy(0(Q:)) = Hy((& — &0, (1)) 1) = (k — 1)(& — &0, (1)) 2 Hy (& — &, (71)) vanishes to

order k — 1 on the geodesic v,,. Since ([P, Q;]) = %Hp((f_z —&o,(71))k1), we similarly have
I[P, Qi) Opn ()l 22 (ary < h(CpR*™1 + O(R)) [ Opu ()il 22 (ary + O(h™) | 6nl L2y

where C), is a constant which depends on p. Using these estimates in we have

I(hDz, — &o,(21))"~" Opw(x)én(2",0, Dz, ,

V TPO

1
<C < + ﬁ) (2R* +O())[| Opn (X)énll 2 (ar) + CVT(Cp RE 4 O ()| O (X) bl 2 (a) +0(1).-
(38)
Finally, using and in and taking h to zero, we have

. _ . _ 1 2
lim sup A"~ || Opn (xX)¢n [ 72 () < thliPCkRk ! < + \FT> ( +Cp\/f> 1 0pn () l172 (1) -
h—0

h—0*t V Tpo V Tpo

Using the defect measure p associated to {¢,} and that T < 1 we obtain the desired bound:

) B kal
imsup B Op (Wnlany < O — [ P
h—0+ PO T*M

O

4.3. Key Quantitative Estimate: Proof of Proposition The main estimate used in the proof of
Theorem|1.2|lets us control terms of the form [(Opn(x)®n,¥n)r2(m)|- To prove it we first cover supp x|, with
tubes and apply Lemma After localizing to the tubes, we will need to estimate (Opw(X;X)Pn, ¥n) L2 ()
where x; is a cutoff localizing to a tube as in Lemma If we use Cauchy-Schwarz to bound this by the
L? norms,

{OPu (X X)@n, Yn) L2yl < 1 Op (X X)PullL2 ()19l ) = [ Opn (X X)Pnll L2 (a)

we lose all the information from v, since they are L?-normalized on H. Thus we need to maintain the
localization information of 1, too. To do this, we will use x;x € C°(T*M) and Lemma to find a new
cutoff 8; € C°(T*H) such that

L't Opn (X X)#n = Opu(0;)I'sr Opn(x;X)dn + O(h™)
and thus
(Opn(Xjx)Pns ¥n) L2 (i) = (OPn(X;jX)Phs OPn(85) ¥n) L2y + O(h™)
< 11 Opn(xiX)Pnll 2 ey | Opn(0;)* Yn || L2 a1y

Then we will be able to apply Lemma [£.2] to the first term and use the defect measure for v in the second.
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Proof of Proposition[2.] Let x € C°(T*M) with H,y =0 on A*T(g). Consider sets of the form:

Uy = {(#',0,€,8) € 45 (,€) € Ba(p), Ry), (¢',0,€,€) € Bya(o(a',€), By}
where R; > 0, pfj = (2;,£}) € A and 0 is a smooth section, that is o : A — %4 and 7(0;(p’)) = p. These
are essentially “rectangles” in ¥4 constructed by crossing a ball in A with balls in the spheres S*~. We
note that the v measure of these rectangles satisfy

L. ,R;
A Uj) 2 Cn,k/ . /A;P; ) %Rﬁfldy(x/,gl)
(@.¢")e (1 3 |g (T/))

provided R; is small compared to /1 — [’ |g () Furthermore by uniform continuity of log(1 — |¢’ |g (gﬁ,))
on {|§/‘§H @) <c< 1}, there exists an R > 0 independent of p); such that if (2/,£") € Ba(p}, R) then

1-k

—k 1-k
log(1 — |§3|3H @)) — log(2) < log(1 — [¢’ \2 n) < log(1 — |§}|3H(a;_;)) +log(2).

Thus for R; < R, we have

C v(Ba(p, Ry))RET!
k—1 *

_ e 2 =
2(1 ‘é-jlgH (1_’7)) 2
Fix § > 0. By outer regularity of v there exist {Uj}l-v_(é) covering supp x|_, such that

vA(U)) 2

N(6) k—1
BA P 7R ))R
Asupp x| ) +6 > > vAU)) > Cok Z 20 |€f|2 )%- (39)
j=1 Y

To construct the cover of tubes, we first “thicken” the U,’s into U,(e) C .Z as deﬁned in . Finally, we
flow Us’s to form the collection of tubes {737 (U;(e))} where

T <min{Tp, } =: Tp and 3R; < mjn(Roj) = Ry (40)
J

where the Tp,’s are the “Ty’s” in the proof of lemmaf4.2{and the Ry,’s are the “Ry’s” in the proof of lemma
We note that U,(e) € By(pj,3R;) where p; = O'j( . By lemma 2 (or [Gall9b, Lemma 3.5]), for each j,
we can take x; € C°(T*M;|0,1]) supported in ’TBT( ;(€)) such that supp Hyx; C T3 (U;(e))\ T?7 (U, (¢))

and furthermore that
N(9)

Y xi=ton |J er((suppxl .)(e/2)).
j=1 [t|<2T
Next we split the inner product into pieces localized to these tubes. We have

2

(%)

st <Oph((1i ) >¢h’wh>ﬂ )’

1

BT [ (Opu () 6n, ) o | < 1T

) N(8)
<0Ph ( jz:; XjX)¢h,1/)h>L2(H)‘ +
=1+1.

We claim IT = o(1) as h — 0F. We leave the proof of this to Lemma at the end of this section. The rest
of this proof is dedicated to controlling I. By Lemma there exits 0; € C°(T*H) such that

L'z Opn(Xjx)9n = Opu(0;)T i Opn(x;Xx)¢on + O(R™). (41)

Particularly, we need to take ¢; equal to 1 on By (p}, R; +¢) and supp; C By (p}, R; + 2¢). Thus we
have

<
I

NO)
I<h'= Z ‘ Opn (X;X) @, ¥n) Lz(H)‘ <pT Z ’ 0D (8;)T 11 Obi () B1 tn) 12 gy | + O(h™)

j=1

I /\

N(s
Z 10Pn (%) Dnll2 (e | OPn(0;)“nll L2y + O(RT). (42)
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Wy

We are now in position to apply Lemma [£.2] for “x”= x;x.

lim sup nie <Oph(X)¢hawh>L2(H)‘ = li}rbns&p h%(l—i— )
-0

h—0t
NGO
<11}£nsgph 2 Z [1Opn (x;X) Sl 2y | OPn(05) " Ynll L2 (ary
0
j=1

N(J) 1/2

Ch Rk 1 ) , 1/2
<y — / IXgxI"dp (/ 1651 dV) (43)
=\ 2T /1—|§| T*M T*H
where we used that v is a defect measure associated to {¢3}. Next, to get v (supp X|,a) to appear, we

work to make the second term in look like the right side of . Moving the R;?_l over, multiplying
and dividing by 2(1 — |£§|3 (m,))% and applying Cauchy-Schwarz we find that is bounded by
u (%

N(5) 1/2

ko1
c 1/ Nf’ 21 = 115, op)) ng'x|2d# 3 R . "
el = k=1 By (p),R;+2¢)
"M 5 2, /1— |§;|2 ) j=1 2(1 |§3 95 (x/)) : JT*H ’

T
Next, since the x;’s are supported in the tubes, the first integral can be rewritten as an integral over A3 (g).
Further, since the left side does not depend on € we can take the limit as € — 0 on the right side. Using the
dominated convergence theorem to bring the limit inside we have

lim sup hE ‘ (Opn(x)®n, ¢h>L2(H) ‘

h—0t
1/2 1/2
N(6) N(3) pk—1 /
1 k=2 2 R; V(BA(pj’Rj))
<Gl [ PSS U-IGR, @) T ) 3 2
T Jpsr = LA = 2(1*‘55‘@1{(1;))7

where A3T denotes 737 (£4). Next, since the second term is what we had in , we can replace it with

(VA(suppx\zA) + 6)1/2. Noticing that the left side does not depend on T, we take the limit as T — 0 and
use the definition of y* from to get

limsuph = ‘(Oph(X)%, Un) L2 (o ’

h—0t

N() 1/2

2 1/2
< Ch X2 D =1gE, @)= P dut | (v (supp ) + )
A H

Jj=1

Finally, since {x;|_, } formed a partition of unity for suppx|_,, [x;| <1, (1 — |§’\§ (I,))% is continuous,
H
and since § > 0 was arbitrary, we have

1/2
. k—1 k—2 1/2
limsup ™2 ’(Oph(X)%,l/fh)Lz(H)’ < Chk </A IXI*(1 - |5I\52;H(x/)) 2 dﬂA) (v (supp x| _,))
>

h—0t

as desired. 0

Finally, we show that term II = hE <Oph ((1 — Zj Xj)X) ¢h’wh>L2(H)’ in the proof of proposition

2.1is o(1) as h — 0T as claimed above.
Lemma 4.3. For x,x; defined in the proof of proposition we have

= Opn I_ZXj X | On, ¥n , —0, as h— 0T
; L2(H)
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Proof. First, using Lemma we obtain

FCom (=22 onvn) )

N(6

< '+ (o ((1- Z 7)X) O (X1 )5 OP1 () )| + (1)

N(3)

< 1" |Opu(x,)"Ta Opn ((1 > X;) ) Opn(Xgep )00 lnll2cmy + o(1)
=t L2(H)
where x.,, and x, are defined in the statement of Lemma We show that
N(%)
Opu(x,) T Opn (1= 37 %5)x) Obn (X p )60 = O(). (44)
j=1

To do so, we employ Lemma [3.1} 'We just need to verify the hypothesis of the lemma. For contradiction,
suppose there is a point (2, fo) € supp x, and also (z),0,&),&0) € supp(( —Zj Xj)XXs*M) First, we note
that (20, 0,&),&) & (Suppx|EA)(s/2). However, since also (20,0, &),&0) € supp X..,, and (2§, &)) € supp x,
we know that (z),0,&),&) € X4(a) = UpezA By (p,a) where o > 0 is small and depends on how tightly
Xe-,, and x, are localized. Furthermore (2,0, &), &) € supp x and so we have

(20,0, 0,€0) # (supp x| ,)(e/2)  and  (20,0,&p, &) € suppx| , - (45)

but by taking x, and x,.,, supported sufficiently close to A and S*M, we can find « such that supp X‘ N
P
(supp X|2A )(e/2) which contradicts 1) Thus use of Lemma is justified and we have 1]

5. RECURRENCE: PROOF OF THEOREM [I.1]

In this section we prove Theorem [1.1] . which gives the behavior of [(¢n,9n)r2(m)| as h — 07 when the
recurrent set of ¥4 is v4-measure zero. First, we define the recurrent set and introduce some notation.
Although the following can be defined more generally, we stick to defining loop set, recurrent set, etc., for

¥4 only. First for each point p € ©4 we define the first return time T4 : ¥4 — R U {oc} by
Talp) = inf{t > 0:7,(t) € ¥4}

where 7,(t) is the geodesic emanating from p. This gives us the first time in which the geodesic 7,(t) returns
to X4, If the geodesic never returns to 4, the return time will be infinite. We will primarily be interested
in the points which return to 4 in finite time. We call the collection of such points the loop set, denoted

La={peX?:Ty(p) < oo}
Since points in the loop set return to 4 in finite time, we denote the point in which p € £4 returns to by
n(p) defined by n: L4 — B4,
1(p) = 7o(Ta(p))-
Next, define the infinite loop sets
L= ﬂ n " (La) and L, = ﬂ n*(L4)
k>0 k>0

which are essentially the loop set points that return to 4 infinitely often forward and backward in time,
respectively. Finally, the recurrent set R4 := R} N R, where

RY ={peLE>.pc ﬂ U ntk(p) 5,
N>0k>N
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which is essentially the collection of points p € 34 which return infinitely often and eventually get arbitrarily
close to p.

Proof of Theorem[I.1 Suppose for contradiction that there is a sequence h; — 0 such that

(Dnystm;)| = Ch;%k (46)

Taking a subsequence if necessary, there exists defect measure p for {¢p,}. Further note that v is still a
defect measure for {15, }. Defining pu? as in we decompose p = fv + A4, Then applying Theorem
[L.2] we have

1/2
hmh 2 |<¢hm¢h7 |<an(/ f |£| >

1/2
=C, 2d 12 %dA
’“</R( St [ ) )
1/2
— n 1_ 712 %dA
,k</2A\RAf< €) )

where the last line follows from the fact that v4(R4) = 0. Next, since v and A4 are mutually singular
there exists V' and W such that v4(V) = A (W) = 0 and ¥4 = V U W. Therefore we have

1/2
k—1 s
lim 57 (@, n,)] < Cruk < / f1 - [Py dvA>
j—o00 n

A
nRe,

1/2
—Cos (/ fa-lgpy Tl f<1—|s'2>’“22d1/4>
(ZM\RA)NV (ZA\RANW

1/2
o / (1 €D) Fdu | < OpA(EA\ RV
(ZA\RANW

since v4(V) = 0 and since A (W) = 0 on W, so we can rewrite u* = fv* on W. Next, we use that Lemma
below gives (34 \ R4) = 0. Thus

lim h 7 |(dn;,¢n, )| =0

j*}OO

which contradicts . |
Finally, we show that 34 \ R4 is u*-measure zero, which will complete the proof of Theorem

Lemma 5.1. Let H C M and suppose that {¢n} is a sequence of eigenfunctions with defect measure .
Then
p(Ra) = p(S4).
Proof. Let B C ¥4 be an open set. For § > 0 sufficiently small, define
Bs = U eu(B).
[t]<36

Since (S*M, u, ;) forms a measure preserving system, the Poincaré Recurrence Theorem implies that for
p-a.e. p € Bs there exists ¢t — 4oo such that P (p) € Bs. Moreover by definition of Bs there exists s

such that [s —t£| < 20 and ¢, +(p) € BC ¥4, Therefore, for pu-a.e. p € Bs we have

ﬂU% )NB#(0  and ﬂUg&t YN B # () (47)

T>0t>T T>0t>T

since the sets, J;~1 @+¢(p) N B are non-empty, compact, and nested as 7" increases.
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Next, we show that also holds for p4-a.e. point in B C ¥4, For contradiction, suppose that there is
aset B’ C B with u(B’) > 0 and for each p € B’, there exists a T > 0 such that

Uep)nB=0 or  [Joilp)nB=0.

t>T t>T

Similarly to [CGT18, Lemma 6], we have p|, = pAdt. Therefore, extending B’ to 33/3 = Up<s 01 (B') we
have that
By jy) =25 A (B') > 0.

However, this implies does not hold on Bj /3 C B; which is a set of positive p measure, which is a
contradiction.

Finally, let {By} be a countable basis for topology on ¥4. For all k there exists a Bj C By of full
p? measure such that for all p € B}, holds (with B replaced with By). Let Xj := Bj U (34 \ By).
Following the same argument as in [CGI9b, Lemma 15] we find that (), X € Ra. However, we note
pA(Xy) = pA(By) + pA(SA\ By) = p?(B) + (24 \ By) = p(24). So each X}, has full measure and
thus ﬂk X} has full measure too. Therefore R 4 has full measure too, and we have

A (Ra) = pA(24)
as desired. O
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