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ON NEAR-MARTINGALES AND A CLASS OF ANTICIPATING LINEAR
SDES

HUI-HSIUNG KUO, PUJAN SHRESTHA* SUDIP SINHA, AND PADMANABHAN SUNDAR

ABSTRACT. The primary goal of this paper is to prove a near-martingale optional stop-
ping theorem and establish solvability and large deviations for a class of anticipating linear
stochastic differential equations. We prove the existence and uniqueness of solutions us-
ing two approaches: (1) Ayed-Kuo differential formula using an ansatz, and (2) a novel
braiding technique by interpreting the integral in the Skorokhod sense. We establish a
Freidlin—Wentzell type large deviations result for solution of such equations.

1. INTRODUCTION

Anticipating stochastic calculus has been an active and important research area for several
years, and lies at the intersection of probability theory and infinite-dimensional analysis.
Enlargement of filtration, Malliavin calculus, and white noise theory provide three distinct
methodologies to incorporate anticipation (of future) into classical 1t6 theory of stochastic
integration and differential equations.

It is to the credit of It6 who constructed an anticipating stochastic integral in 1976]6],
and laid the foundation for the idea of enlargement of the underlying filtration. Ever since,
the method was embraced by several researchers that led to many important works (see
articles in [7]). The advent of an integral invented by Skorokhod resulted in an impressive
edifice built by Malliavin on stochastic calculus of variations in order to prove Hormander’s
hypoellipticity result by stochastic analysis. Malliavin calculus provided a natural basis
for the development and study of anticipative stochastic analysis and differential equations.
Around the same time, a systematic study of Hida distributions gave rise to white noise
theory and a general framework for stochastic calculus.

Malliavin calculus and white noise theory have vast applicability to the theory of stochastic
differential equations with anticipation. However, the results obtained by these theories are
primarily abstract though general. A more tractable theory was envisaged by Kuo based on
a concrete stochastic integral known as the Ayed—-Kuo integral[l]. Under less generality, the
latter allows one to obtain results under easily understood, verifiable hypotheses.

In this article, we prove some results about stopped near-martingales, which are general-
izations of martingales. We then study existence, uniqueness and large deviation principle for
linear stochastic differential equations with anticipating initial conditions and drifts. While
we rely mostly on the Ayed-Kuo formalism, other theories are minimally used either out of
necessity, or to compare and contrast the conclusions of certain results.
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The structure of the paper is as follows. In section 2, we introduce the Ayed-Kuo in-
tegral. In section 3, study near-martingales. We show that Ayed-Kuo integrals are near-
martingales. We also show that stopped near-martingales are near-martingales, and prove
an optional stopping theorem for near-submartingales. In section 4, we study methods for
solving anticipating linear stochastic differential equations by interpreting the anticipating
stochastic integral from two perspectives. For the Ayed—Kuo formulation, we use the differ-
ential formula and an ansatz to derive the solution. For the Skorokhod interpretation, we
introduce a novel braiding technique inspired by Trotter’s product formula[12]. We show
that the solutions coincide when the assumptions are identical. Finally, in section 5, we
derive large deviation principles for the solutions of the class of anticipating linear stochastic
differential equations studied in section 4. In this paper, we assume ¢ € [0, 1], unless specified
otherwise.

2. THE AYED-KUO ANTICIPATING STOCHASTIC CALCULUS

Before we define the Ayed—Kuo integral, we need to define instantly independent processes.
A stochastic process ¢(t) is called instantly independent with respect to {F;} if for each
t € [0, 1], the random variable ¢(t) and the o-field F; are independent. Instantly independent
processes are the counterpart of adapted processes in this theory.

We refer to [4, section 2] for a detailed definition of the anticipating stochastic integral.
In what follows, we highlight the crucial steps in the definition in a concise manner.

Definition 2.1 ([4, definition 2.3]). The anticipating integral is defined in following three
steps:
(1) Suppose f(t) is an Fi-adapted continuous stochastic process and ¢(t) is a continuous

stochastic processes that is instantly independent with respect to {F;}. Then the
stochastic integral of ®(t) = f(t)¢(t) is defined by

/0 FOO0) AW, = i 37 Flt50) 6(05) (W, — W),

[An]|—0

provided that the limit exists in probability.
(2) For any stochastic process of the form ®(t) = >""" | fi(t)¢:(t), where f;(t) and ¢;(¢)
are given as in step (1), the stochastic integral is defined by

/01 (1) dW: = i/ol fi(t) 64(t) AW,

(3) Let ®(t) be a stochastic process such that there is a sequence (9, ()~ of stochastic
processes of the form in step (2) satisfying

(a) fol |®,,(t) — ®(t)|* dt — 0 almost surely as n — oo, and
(b) fol ®,,(t) dW; converges in probability as n — oo.
Then the stochastic integral of ®(t) is defined by

1 1

/ O(t) dW, = lim ®,,(t) dW, in probability.
0 n—oo 0

This integral is well defined, as demonstrated in [4, lemma 2.1]. In order to use the

definition of the integral, we first need to decompose the integrand into a sum of products of
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adapted and instantly independent parts. The main idea is to then use the left-endpoints of
subintervals to evaluate the adapted parts and the right-endpoints of subintervals to evaluate
the instantly independent parts.

3. NEAR-MARTINGALES

3.1. Near-martingale property of the Ayed—Kuo integral. Martingales are an ex-
tremely important class of processes that are used to model fair games, and hence find
applications not only in probability theory, but also in mathematical finance and numerous
other fields. Ito’s integrals are essentially continuous martingale transforms, and therefore
retain the martingale nature of the integrator. Since the Ayed—Kuo integral is an extension
of the Ito6 integral, it is natural to ask if Ayed—Kuo integrals are martingale. Unfortunately,
they are not. However, we have a very similar property, which gives rise to the idea of
near-martingales.

Definition 3.1. An integrable stochastic process N, is called a near-submartingale with
respect to the filtration {F;} if for any s < ¢, we have E(N, — N | Fs) > 0 almost surely. It
is called a near-martingale if E(N; — N, | Fs) = 0 almost surely.

The following result links martingales and near-martingales. In particular, it says that
conditioned near-martingales are martingales.

Theorem 3.2 ([5, theorem 2.11]). Let N; be an integrable stochastic process and let M, =
E(N; | Ft). Then Ny is a near-martingale if and only if M, is a martingale.

Ayed—Kuo integrals are near-martingales, as stated by this theorem.

Theorem 3.3. Let O(x,y) be a function that is continuous in both variables such that the
stochastic integral,

t
Nt:/ OW,, Wy, — W,)dW,,  a<t<b,

exists and E| Ny | < oo for each t in [0,1]. Furthermore, assume that the family of partial
sums

S oW, Wi —W,_,) (W, - W,_,)

i=1

are uniformly integrable. Then Ny, a < t < b, is a near-martingale with respect to the
filtration generated by Brownian motion given by {F;}

Proof. Let s <t and consider a partition, A, of [s,t] with ty = s and ¢,, = ¢t. The definition

of the Ayed—Kuo stochastic integral in conjunction with the uniform integrability condition
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on the partial sums implies

t
E[N, — N,|F.] =E U O(W,, Wy — W,) W, | ]-"s}

=E | im > O(Wi_y, W, — Wi) AW}, | ]—“8]
n—oo
k=1
= lim > E[O(Wi1, W, — Wi) AW, | ] . (3.1)
k=1

Consider, Hgb) = o(F, U Q(b)). Then F, C Fr_; C H,(fk_)l Using this fact alongside

the continuity of © in both variables, we have that ©(Wj_1, W, — Wy) is H,g’i)l—measurable.
Furthermore, via the independence of the Brownian increments, AW} is independent of
H,(fk_)l Thus,

E[©(Wi_1, Wy — Wi) AW}, | F
—E [E |0(Wi1, W, - W) AW, |7, | | 7]

=E [O(Wy—1, W — Wy,)E [AW,] | F]
=0.

Using this result for each k in equation (3.1), we have E [N, — Ny | Fs] = 0, and so NV, is a
near-martingale.

FIGURE 1. A t-dependence plot of the disjoint increments of W. The shaded
regions represents the forward and separation o-field.

O

3.2. Stopped near-martingales. In this section, we show that stopped near-martingales
are near-martingales. We also generalize Doob’s optional stopping theorem for near-martingales.

Definition 3.4. Let (A,) -, be an adapted process and (X,,) ~, a discrete time near-
submartingale. Then the processes (V) ", where Yy = 0 and

n=0"’

Y, = (Ae X), = i Ap_1(Xy — Xt)

i=1

is called the near-martingale transform of X by A.
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Near-martingale transforms retain the near-martingale property, as is shown in the fol-
lowing result.

Proposition 3.5. (1) If X is a near-submartingale and A is a bounded non-negative
adapted process, then (A e X) is a near-submartingale.
(2) If X is a near-martingale and A is a bounded adapted process, then (A e X) is a
near-martingale.
(8) If X and A are both square integrable, then we do not require the boundedness con-
dition in items 1 and 2.

Proof. We only prove item 1 because the rest follow the same process. Let X be a near-
submartingale and Y = (A e X). Suppose n is an arbitrary time. Note that Y, — Y, =
A,_1(X, — X,,_1), which is integrable since A is bounded. Using the adaptedness of A, we
get

E(Yn - Yn—l ‘ -Fn—l) = E(An—l(Xn - Xn—l) | fn—l) = An—l E(Xn - Xn—l | fn—l) > Ov
where the last inequality holds since A is non-negative. U

We now show that stopped near-submartingales are near-submartingales.

Theorem 3.6. Suppose X is a discrete time near-submartingale and T a stopping time.
Then the stopped process X defined by X7 = X pn is a (discrete time ) near-submartingale.

Proof. Let A, = L{u<-}, so the process A is bounded, non-negative, and adapted. Now, note
that X7 — Xo = X;an — Xo = (A @ X),,. Therefore, by proposition 3.5, we get that X7 is a
near-submartingale. U

Now, we show the equivalent result of Doob’s optional stopping theorem for discrete time
near-submartingales.

Theorem 3.7. Let X be a discrete time near-submartingale. Suppose o and T are two
bounded stopping times with o < 7. Then X, and X, are integrable, and BE(X, — X, | F5) >
0 almost surely.

Proof. Since o and 7 are bounded, there exists N < oo such that o <7 < N. Let Y be any
near-submartingale. Clearly, Y, is integrable. Suppose B € F,. Then for any n < N, we
have BN {o =n} € F,, and so

/ (Yn —Y,) dP :/ (Yn — Y,) dP > 0.
Bn{o=n}

Bn{o=n}
Summing over n, we get [, (Yy —Y,) dP > 0, and so E(Yy —Y, | F,) > 0. Finally, let
Y, = X to get
E(X]‘CT_X;|‘F0) :E(XT_XU|‘FO') 20
O

We need the following definition and lemma to prove the result in continuous time.

[e.e]

Definition 3.8. Let (F,),~, be a decreasing sequence of o-algebras, and let X = (X,,) 7,
be a stochastic process. Then the pair (X,,, F,) ~; is called a backward near-submartingale
if for every n,

(1) X, is integrable and F,-measurable, and
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(2) E(Xy = Xogr | Fusr) 2 0.

Lemma 3.9. Let (X, F,),—, be a backward near-submartingale with lim,,_,.. E(X,,) > —oo.
If X is non-negative for every n, then X is uniformly integrable.

Proof. As n oo, we have E(X,,) N\ lim, ., E(X,) = inf, E(X,) > —oco. Fix e > 0.
By the definition of infimum, there exists a K > 0 such that for any n > K, we have
E(Xk) — lim, o E(X,) < e.

For any k£ > n and 6 > 0, we have

E(1 Xkl Lyxy>ey) = E(XiLix>ey) + E(Xilix,>—5) — E(X4).

Moreover, since X is a backward near-submartingale, E(X K1y sz(;}) < E(Xn]l{ sz(;}). There-
fore,

E(I Xk Lix>0) < E(Xalixoa) + E(Xalxe-5) = (B(X) )
<SE( Xl Lixsa) +e
By Markov’s inequality and the non-negativity of X,

1 1 1
P{1X,| > 0} < <B|Xi| = S E(X) < SE(X1) =0

as 0 — oo. This concludes the proof. U

We are now ready to prove the near-martingale optional stopping theorem in continuous
time.

Theorem 3.10. Let N be a near-submartingale with right-continuous sample paths. Suppose
o and T are two bounded stopping times with o < 7. If N s either non-negative or uniformly
integrable, then N, and N, are integrable, and

E(N, — N, | F5) > 0 almost surely.

Proof. We use a discretization argument to prove the result. Let T" > 0 be a bound for 7.
For every n € N, define the discretization function

fn:[O,oo)—>{g:k:O,...,n}:xH

and let o, = f,,(0) and 7,, = f,,(7).
Now, for any n and t,
[2"¢]

<0 = (hm b}~ {re o= {re s o2

S0 T, is a stopping time. Similarly, o, is a stopping time. Moreover, it can be easily seen
that o,, < 7, for every n, and o, \, o and 7,, \( 7 as n " co. Therefore, by theorem 3.7, we
get N, and N, are integrable, and E(N, — N, | F,,) > 0 almost surely. Furthermore,
it is easy to see that F, = (_, Fo, C F,, for any n. Therefore, E(N,, — N,, | F,) > 0
almost surely for any n.

If N is non-negative, by construction, (N, , Fs, ). -, is a backward near-submartingale such
that N,, > 0 for every n. Therefore, E(N,, ) \( E(N,) > —oco0 as n /" co. Using lemma 3.9,
(N, )0, is uniformly integrable. Similarly, (N, )7, is also uniformly integrable. On the
other hand, if N is uniformly integrable, this is trivial.

6
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Using the right continuity of N and the boundedness assumption of ¢ and 7, we get
lim,, oo Ny, = N, and lim,, o, N, = N, almost surely. Furthermore, the uniform integra-

bility of (Ny,),—, and (N.,) -, allows us to conclude that N, and N, are integrable and
that the convergence is also in L', giving us E(N, — N, | F,) > 0 almost surely. O

We highlight the special case of theorem 3.10.

Corollary 3.11. Let N be a non-negative near-martingale with right-continuous sample
paths and T a bounded stopping time. Then N, is integrable, and E(N,) = E(Ny) almost
surely.

4. ANTICIPATING LINEAR STOCHASTIC DIFFERENTIAL EQUATIONS

In our previous works [9, 8], we studied linear stochastic differential equations with antic-
ipating initial conditions, where the stochastic integral is in the Ayed-Kuo sense. In [3], the
authors gave examples of linear stochastic differential equations with anticipating diffusion
coefficient. In this paper, we focus on anticipating drift.

In particular, we shall be concerned about the solution of a class of anticipating linear
stochastic differential equations of the form

1
dXt = O'tXt th + f(/ VYt th) Xtdt, t e [O, 1],
0
XO = 57

(4.1)

where W, is a Brownian motion, f : R — R is bounded function, £ a random variable, and
oy is an bounded adapted process such that all integrability conditions are satisfied. We
choose this class because we want to study linear stochastic differential equations where the
anticipation comes from the drift coefficient being Brownian functionals.

4.1. The Ayed—Kuo sense. We look at an extension of It6’s formula that can account for
instantly independent processes. Let X, and Y® be stochastic processes of the form

X=X, + /tg(s) dB(s) + /t h(s)ds, (4.2)
YO =y® 4 bg(s) dB(s) + / bn(s) ds, (4.3)

where ¢(t), h(t) are adapted (so X, is an Itd process), and £(t), n(t) are instantly independent
such that Y® is also instantly independent.

Theorem 4.1 ([4, theorem 3.2]). Suppose {Xt(i) ", and {Y;-(t) L, are stochastic processes of
the form given by equations (4.2) and (4.3), respectively. Suppose O(t,x1, ..., T, Y1y Ym)
is a real-valued function that is C* in t and C? in other variables. Then the stochastic
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differential of 0(t, XV, ..., X" v\ . YY) is given by
a0, XM, x™ yW L yw)

rTm

= 0pdt+ > 0,dX" + 0,4y
i=1 j=1
1 < i 1o t) At
+ 5 Z szz-’ﬂkdXt( )dXt( )~ 5 Z eyjyldY;'( )dYE( )'
ik=1 jl=1
The above differential formula allows us to calculate the solutions of anticipating stochastic
differential equations. We shall see two instances of its application in section 4.1.

We apply the differential formula to derive a general result for existence of linear stochastic
differential equations with anticipating coefficients.

Theorem 4.2. Suppose o € L2,([0,1] x Q), v € L?[0,1], and & be a random variable
independent of the Wiener process W. Moreover, suppose f € C*(R) along with f, f', f" €
LY(R). Then the solution of equation (4.1) in the Ayed—Kuo theory is given by

t t t 1 t
Zy = £exp [/ o, dWg — %/ Uf d8+/ f (/ Y AWy, —/ Yu O du) ds] ) (4.4)
0 0 0 0 s

Proof. We show that equation (4.4) solves equation (4.1). The initial condition is trivially
verified.
Note that equation (4.4) can be written as

t 1 t
Zy =€ exp [/ Udes—i/deS
0 0
t t 1 t
+/ f(/ %qu—l—/ vuqu—/ Yu Uudu) ds}.
0 0 t s

Motivated by this, we define

1 t t t
O(t, x1,x2,y) = Eexp {x1—§/ afds+/ f(:cg—l—y—/ Y audu) ds].
0 0 s

Moreover, let

t
xW = / o, dW, (so axM = g, dwy),
0
t
X = / Ye dW, (so dX{?) =~ dW,),
0
1
and YO = / s AW (so dY® = —~, dWy).
t

Then we can write Z; = 6 (t, xM x?, Y(t)>.
For conciseness, we denote F' = f ( fol Ve AWy — fst Yu Oy du), and similarly the derivatives

= ( Sy dW, = [Ty, o, du) and F" = f" ( Sy dw, = [, o, du). Note that for the
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derivatives of 6, we have
9:(:1 = 9961:01 =0,

t
9:(:2 :91‘1502 :eyZQ/ F,dS,
0

t 2 t
Orozy = Oyy = (/ F'ds) +9-/ F"ds, and
0 0

1
et = —590'? + ef(l'g + y) — ’}/tO'tey,

where we used the Leibniz integral rule and the second line for the last identity.
Since £ is independent of the Wiener process, by theorem 4.1, we get

df = 0, dt + 0, dX" + 0,,dX> +6,dyV
1 2 ] 2 1
- 1) - 2) M gy (2 1 (t)\2
5 0eim (X)) 4 Sy (AXP) 4 0y X X = 20, (Y 0)2,

Using the relationships between the derivatives of 6 and its differential form, we have

df = 0, dt + 0oy AW, + O yrdWVy — Oy,

1 1 1
+ 590'? dt +W"— eyfyto-t dt —W
1
— <9t + 5903 + ey%at) dt + 0oy dW;.

Now,

1
0, + 590—3 + 0,00 = (—;\ﬁaij Of(xzg +vy) —QyD/{Ut/) +\%\§<€+Qﬁ{az: Of(xa +vy),

and so
df = f(xo +y)0dt + 0,0 dW;.

Since Z, = 0 (t, XM x® Y<t>), we get

1
dZt = f </ Vs dWs) Zt dt + 0y Zt th,
0

which is exactly equation (4.1). O

Theorem 4.1 is an indispensable tool for analyzing anticipating processes. We show another
example by finding the stochastic differential equation corresponding to the square of the
above solution.

Theorem 4.3. Under the condition of theorem 4.2, the stochastic differential equation

1 ¢ 1 t
AV, = [Uf + f </ %dWS) + 24 O’t/ I </ Yu AW, —/ o audu) ds} Vi dt
0 0 0 s

+ 20, Vi dW,,
Vo= ¢

is solved by Z?2, where Z is given by equation (4.4).
9



Remark 4.4. An interesting feature is that the derivative of f appears in the stochastic
differential equation.

Proof. We follow the exact same strategy as the proof of theorem 4.2. The initial condition
is trivially true. Let V; = Z2.
Taking the square of both sides of equation (4.4), we get

t t t 1 t
V, = 52 exp {/ 20, AW, —/ 03 ds —|—/ 2f (/ Yo AWy, —/ Yu Ou du) ds}
0 0 0 0 s

We have V; — 6 (t, XM x® Y@)), where

t t t
O(t, x1,29,y) = £2 exp {xl —/ agds+/ 2f (:cg —|—y—/ Y audu) ds} ,
0 0 s

and
t
x® = / 20, AW, (so dXV = 20, dW,),
0
t
Xt(z) :/ s AW (so dXt(Q) =y dWy),
0
1
and Y = / o AW (so dy®W = —, dWy).
t

As before, writing F' = f (fol v dW; — fst Vo Ou du), F'=f <f01 v dW; — fst Yu Ou du), and
F" = f" (fol Ve AWy — f; Yu Oy du), we get
erl = Hﬂﬁlrl = 97

t
Oy = Oyzy = 0, = 20 - / F' ds,
0

t 2 t
9x2x2:9yy:9-(/ FldS) +9'/F”d8, and
0 0

et = —90'? + 29f(1'2 + y) - '}/tO'tey.
Using the general 1t6 formula (theorem 4.1), we get
df =6, dt + 0, dX" + 0,, dX* + 6, dy®
1 2 1 2 1
+ 50010, (de”) + 50es0s (dXt(z’) O AXV AX = S0, (dY )
=0, dt + 200, AW, + Oo;ye-d Wy — OypdWU,

1 1
+ 2003 dt +W+ 20, v,0, dt —W

= (0, + 2007 + 20,v,0,) dt + 200, AW,

t
- [Qat +20f(xo +y)+ Q%UtQ/ F’ ds} dt + 200, dW,.
0

10



Finally, using V; = 0 <t, Xt(l), Xt(z), Y(t)), we get the stochastic differential equation. O

4.2. A novel braiding technique for the Skorokhod sense. In the prior section, we
showed the existence of the solution via the Ayed—Kuo differential formula. However, the
procedure started with intelligently guessing an ansatz for the solution and applying the
differential formula to it. Can a solution be found without this “guessing”? In this section, we
use elementary ideas from Malliavin calculus to interpret the stochastic differential equation
in the Skorokhod sense. We introduce an iterative “braiding” technique in the spirit of
Trotter’s product formula[12] that allows us to construct the solution without needing to
know the form of the solution. Note that we expect to arrive at the same solution as in
section 4.1 since under the definition of the Ayed—Kuo integral using L?(€)) convergence,
the Hitsuda—Skorokhod integral and the Ayed-Kuo integrals are equivalent, as shown in [11,
theorem 2.3]. In what follows, we briefly introduce some ideas of Malliavin calculus and
Skorokhod integral so that we can introduce our braiding technique.

A well known extension of the Ito integral is Hitsuda—Skorokhod integral. For this text,
we shall introduce the Hitsuda—Skorokhod integral as the adjoint of the Gross—Malliavin
derivative. Let us first set up the spaces to operate on. Consider the probability space
(Q, F, P) where F is the o-field generated by the Brownian motion. Let H = L?[0, 1] be the
space of square integrable functions defined on the positive reals. For any h € H, consider
the Wiener integral

W(h) = /0 Che) i,

In particular, if h = 1, 1 € H then

2

1
w (1[0,%}> - /0 Ljo,1)(t) AWy = Wi

This Hilbert space H plays an important role in the definition of the derivative. Let S be
the class of smooth random variables such that /' € S has the form

F= f (W(hl)a W(h2) R W(hn)) ) h’z € Ha (&S {17 2a - '>n}>
where f is a real valued n-dimensional smooth function whose derivatives have at most

polynomial growth.

Definition 4.5 ([10, definition 1.2.1]). The Gross-Malliavin derivative of a smooth random
variable F' € § is the real valued random variable given by

DyF = Z Oif W (ha), W(ha) ..., W(hn)) hi(t),

where d; is the derivative with respect to the ith variable.

We denote D'? as the closure of the derivative operator D from L*(Q) to L*(Q;H). In
other words, D2 is the completion of the class of smooth Brownian functionals with respect
to the inner product

(F.G),, = E(FG) + E({(DF, DG)y) .

We now introduce the Skorokhod integral operator d.
11



Definition 4.6 ([10, definition 1.3.1]). We denote by ¢ the adjoint of the operator D. That
is, d is an unbounded operator on L?*(§2; H) with values in L?(Q2) such that:

(1) The domain of ¢ is the set of H-valued square integrable random variables u €
L?(); H) such that for any F' € D2, where c is some constant depending on u.

E((DF, u)y) < c||Fll,.
(2) If u belongs to the domain of §, then §(u) is the element of L?(Q) characterized by
E(Féu) = E((DF,u)y) .
for any F' € D2,

It is natural to ask about the nature of relationship of these two stochastic integral. While
that is an open question, we refer to the following result.

Theorem 4.7 ([11, theorem 2.3]). Let f be an adapted L?-continuous stochastic process and
¢ be an instantly independent L*-continuous stochastic process such that the sequence

Z f(ti—1)¢(ti) (VVtz - V[/tifl) )

converges strongly in L*(Q) as ||A,|| — 0. Then the limit I(fv) equals the Hitsuda—
Skorokhod integral 6( f1)) in Dom(6).

Now, we move on to finding the solution of the linear stochastic differential equation when
the anticipating integral is taken in the sense of Skorokhod. First, fix the family of translation
on the space of continuous functions starting at the origin in the Cameron—Martin direction
given by

(Ay(w))s = ws — /0 o du  and  (Ti(w))s = w. + /0 " o(u) du.

We look at an existence result for stochastic differential equations in the Skorokhod sense.

Lemma 4.8. Suppose o € L*[0,1] and & € LP(QY) for some p > 2. Then the stochastic
differential equation

{ dZt = O'(t) Zt th (4 5)
Zy = 67 .
has the unique solution given by

Zy=(§0 Ay) & (4.6)

Proof. 1t is clear that the family {({ o A;)& |t € [0,1]} is L"(2)-bounded for all » < p by

Girsanov’s theorem and Holder’s inequality. Let G be any smooth random variable. Multiply
12



both sides of equation (4.5) by G. With the process X given by (4.6),

E(G/Ota(s) stws> E(/t o(s) Z, DGds)
( o(s)
a2
_EEGT) - @)

=E({(Ar) St G)—-E(£ G) (again by Girsanov theorem)
=E(Z; G) —E(& G).

Ts) ds) (using Girsanov theorem)

Thus, a solution of the stochastic equation equation (4.5) is explicitly given by (4.6).
Uniqueness follows since the solution of equation (4.5) started at £ = 0 is identically zero
at all times. O

Now we introduce the braiding technique to solve equation (4.1), where v € L?[0,1] and
f R — R. To simplify notation, define

1
I,Y:/ vs AW,
0

(-Av)Vu
Al(w) =w. — / o(s)ds,

E} = exp [/v o(s)dWs — %/va(s)2 ds} , and
9u = exp [f(Ly) (v —u)].
Directly from the definitions above, for any u < v < w, we get the compositions
Ay o Ay = AY,
EloAY =E;,
gu o Ay = exp [f(Iy 0 AY) (v —u)],
and the products
EY-EY=FE/7 and
Gu 9o = Gu-
We suppress the dependence on w for notational convenience.

Fix ¢t € [0,1], and consider a sequence of partitions A, = {0 =ty <t; <---<t, =1t} of
0,¢] such that |A,|| =sup{t; —t;—1 | i € [n]} — 0. On each subinterval, we

(1) solve the equation having only the diffusion with the initial condition as the solution
of the previous step, and
(2) use the solution obtained in step 1 as the initial condition and solve the equation

having only the drift.
13
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FIGURE 2. A graphical representation of the braiding technique.

For the first subinterval, the initial condition of step 1 is taken to be &. For a visual repre-
sentation of the idea, see figure 2.

We explicitly demonstrate the process for the first two subintervals. An index (i) in the
superscript refers to the ¢th subinterval.
First subinterval.

(1) The stochastic differential equation that we want to solve is
AV = o(u)YV dW,, u € [0,t],
v Z ¢
Lemma 4.8 gave us the almost sure unique solution Yi" = (Eo0 AY) EY, so
YV = (€0 A7) By

on a set €y, where P(Q;) = 1.
(2) For each w € 4, we want to solve the ordinary differential equation

{dX}Ll) = f(I,) XM du, ue|0,t],
1 1
X =Y.
By the existence and uniqueness theorem of ordinary differential equations, the
unique solution is given by XM = Y;(ll) gl = (€0 AY) B g¥, and so
X{ = (€0 AY) Ef' g5
Second subinterval.

(1) The stochastic differential equation that we want to solve is
dY? = o(u) Y2 dW,, wu € [t, 1),
i
Lemma 4.8 gives us the almost sure unique solution Y,>) = (Xt(l1 )o A}) Ef. Now,
Y2 =[((€0AY) By o) 0 AL] Efy
= (§0 Ag o A}) Egt By (go' o Ay)

= (§0 Ap) By (90 0 AL),
14



where we used the fact that Ef' is invariant under A} . This is because, by definition,

(-/\u)Vt1
Al (w) =w. — / o(s)ds.

t1

Now, for Ej', we have t € [0,¢;]. Therefore,

t1
Ap (W) = wy — / o(s)ds = wy,

t1
showing the invariance. This gives the motivation behind why we define A as such,
and is a key trick in the method.
Continuing, we get

Y, = (€0 AT) B (g5 0 AR)

on a set Qy C Oy, where P(2) = 1.
(2) For each w € Qy, we have the ordinary differential equation
{ dX? = f(1,) X du, w € [t1,ta],
2 2

X2 =y?.
The unique solution is given by xP = YtSQ) gi.. Using the definition of Y;(f) and the
fact that Ag is the identity function,

X = [(€0 AR) B (95 0 AR)] (922 0 A7)
2
= (€0 A7) Ey [[(gh o A%)
i=1
It should now become obvious what the pattern is. We prove this using induction in the
following lemma.
Lemma 4.9. Let £ € LP(Q) for some p > 2. Consider the kth subinterval u € [ti_1,tx] for
any k € [n], and define
(1) the stochastic differential equation

dyu(k) =o(u) Yu(k) AWy, € [ty_1, t],
v® — xED and

te—1 tp—1
(2) the ordinary differential equation
{dejf) = f(L,) XPdu, wu€ [ty tl,
k k
X2, =y,

Then there ezists a set Qp C Q with P(Qy) = 1 such that on , we have

k
k .
X0 = (€0 AY) By T](gii, o Ab).
=1
15



Proof. Base cases. This is true for K = 1 and k = 2 as shown in the computations above.
Induction step. Assume that the result holds for £ = m — 1. This means that there exists
Q-1 with P(€,,—1) = 1 such that on €, 1, we have

m—1
Xl = (go Ayt Byt T ot 0 A ).

1=1

Using the ideas of computations on the second subinterval, we get that there exists 2,
with P(£2,,) = 1 such that on €,,, we have

m—1

Y = (o Afm) B T (al, o Alm).

i=1
Since A;™ is the identity function, on €2, we have

X(m) — Y;E:i gtm

tm tm—1
m

= (Co AF") Egm ] (of, o AlM).

i=1
The proof is now complete by mathematical induction. O

We are now able to derive a closed form solution of equation (4.1) in the Skorokhod sense.
This is the main theorem of the section.

Theorem 4.10. Suppose 0,7 € L?[0,1], f: R — R, and £ € LP(Q) for some p > 2. Then
the unique solution of equation (4.1) in the Skorokhod sense is given by

2= (o e [ [ oty aw.— 3 [ atoas

+/Otf</01%qu—/:% U(U)dU) ds]-

Remark 4.11. Note that ¢ may depend on the Wiener process.

Proof. Using lemma 4.9, for any ¢ € [0, 1], we have

k
X = (€0 Ab) By Tk, 0 AL).

i=1
Now,

k

K
1_[(93,1 o Ay) = HeXp [f(Ly 0 AL) (t: = tiy)]
=1

i=1
k 1 t
= exp [Zf (/ Yo AW, —/ Yu 0(1) du) At;
i=1 0 0
16




Finally, taking n — oo, we get

Z, = lim X™

n—oo

— (0 Ab) EY exp [/Otf(/olvudwu—/otvu a(u)du) ds],

which exactly equals the proposed solution.

The solution exists almost surely, due to the continuity of the measure. Moreover, the
solution is unique. For if not, there are two solutions which disagree for the first time on a
particular interval, say the kth interval. Recall that the solutions obtained using Malliavin
calculus and also for ordinary differential equations are unique for each interval of time.
Therefore, such a disagreement would violate these uniqueness results. 0

5. LARGE DEVIATION PRINCIPLES

The theory of large deviation allow us to find probabilities of rare events that decay
exponentially. Our goal is to derive large deviation principles for the solutions of LSDEs
that we derived in section 4. But first, we give the formal setting for sample path large
deviations.

Definition 5.1. Let (X, d) be a Polish space and ()., a sequence of Borel probability
measures on X. Suppose [ : X — oo is a lower semicontinuous functional. Then the
sequence (j) ., is said to satisfy a large deviation principle on X with rate function I if
and only if

(1) (upper bound) for every closed set F' C X,

lim elog p*(F) < — inf I(z),

(2) (lower bound) and for every open set G C X,
limelog u(G) > — ingl(x).
TEe

e—0

The next result states how large deviation principles are transferred under continuous
transformations.

Theorem 5.2 ([2, theorem 4.2.1]). Let X and Y be two polish spaces, I a rate function on
X, and f a continuous function mapping X to Y. Then the following conclusions hold.

(1) For eachy € ),
J(y) =inf {I(z) |2 € [~ (y)}

s a rate function on Y,
(2) If {X,} satisfies large deviation principle on X with rate function I, then {f (X,)}
satisfies large deviation principle on Y with rate function J.

When are large deviation principles are conserved? To answer this question, we introduce

the idea of superexponential closeness.
17



Definition 5.3 ([2, definition 4.2.10]). For € > 0, let X¢ and Y be families of random
variables on (€2, F, P) that take values in X. Then the families X¢ and Y (and their
corresponding families of laws) are said to be superexponentially close if

@elogP{d(XE,YE) >0} = —o0.
[ d
The following theorem says that large deviation principles are preserved for superexpo-

nentially close families.

Theorem 5.4 ([2, theorem 4.2.13]). Suppose X¢ and Y be superexponentially close fami-
lies of random wvariables on (2, F, P). Then X¢ follows large deviation principle with rate
function I if and only if Y follows large deviation principle with the same rate function I.

Finally, we give an example of large deviation principle. Consider the family of process
(VeW) ¢, where a Wiener process W' is scaled down by a parameter \/e. As e — 0, we have
VEW — 0 almost surely. But at what rate does the convergence happen? This is answered
by Schilder’s theorem.

Theorem 5.5 (Schilder [2, theorem 5.2.3]). The sequence of probability measure {p.} as
e — 0 follows Large Deviation Principle on Cy ([0,1]) with rate function I(f) where

I(f) = { éofol |f'(O)12dt if feH!

otherwise.
where H' = {f € Cy ([0,1]) | f is absolutely continuous and f' € L*[0,1]}.

5.1. LSDEs with constant initial conditions. Suppose ¢ and v are deterministic func-
tions of bounded variation on [0,1]. Moreover, suppose f € C?(R) is Lipschitz continuous
along with f, f', f” € L'(R). For a fixed k € R, consider the family of linear stochastic
differential equations with parameter ¢ > 0 given by

aZ5() = § (ﬁ / ., dws) Z5(4) dit + Veo(t) Z5(t) AW,
Z5(0) = n,

Using the results from section 4, the unique solutions to equation (5.1) are given by

ZE(t) = Kexp [\/E/Ota(s) AW, — %/Ota(s)st

+/otf (ﬁ/olmdwu_e/:% a(u)du) ds] (5.2)

In order to use the continuity principle (theorem 5.2), we need the following lemma.

Lemma 5.6. The function 6 : Cy — C; defined by

8(z) = K exp Uota(s) d(s) — %/Ota(s)2d8

w [ ([ wdeti e [ o) as).

s continuous in the topology induced by the canonical supremum norm.
18
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Proof. We can write
0(z) = kexp [(ﬁ(a:) - %/O o?ds + ¢(x)] ,

where ¢, : Cy — (Y is given by

Using integration by parts,

o(z) = o(t)x(t) —/0 x(s)do(s), and

P(r) = /Otf (7(1)58(1) - /01 x(s) dys — 6/: Yu 0 () dU) ds.

Since multiplication by s exp (—% f(f o? ds) and exp are continuous transformations, conti-

nuity of 6 is guaranteed if we prove continuity of ¢ and 1. This is what we show below. For
¢, we have

Io(0) - 6l = | (ot01a(t) - [ a() () - (ot - [ () i(s) Hm
< lot0) () =y + | [ 016) — (o) ot

<ol Iz =yl + 1o (t) = a(O)] Iz =yl
< 3ol llz = ylls »

o0

S0 ¢ is continuous.
For ¢, if Ly is the Lipschitz constant for f, we get

/OLf [(7(1)$(1)—/0 iE(S)d%—M
- (7(1)@/(1)—/0 y(s) d%—W)] ds

/Ot (v(l) (z(1) —y(1)) - /01 (z(s) — y(s)) d%) s

<Lj (Ml 1z = ylloo + 1v(1) =2 O) l2 = yl))
=3Ly 17l 17 = yllo »

[(z) =)l <

oo

SLf‘

o0

which proves the continuity of . U

The following result now follows directly from the continuity of 6 (lemma 5.6), the conti-

nuity principle (theorem 5.2), and Schilder’s theorem (theorem 5.5).
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Theorem 5.7. The laws of the solutions Z¢ given by equation (5.2) of the family of stochastic
differential equations given by equation (5.1) follow a large deviation principle on (Cy, ||-||.)
with the rate function

J(y) = inf {] o 9_1(y)} , (5.3)

where 0 is as defined in lemma 5.6, and I is the rate function given by theorem 5.5.

5.2. LSDEs with random initial conditions. Is it necessary for the family of linear
stochastic differential equations equation (5.1) to start at a constant point £ € R in order for
it to have a large deviation principle? In this section, we generalize theorem 5.7 and show
that we can derive a similar result under a stronger version of exponential equivalence and
more restrictive conditions on the functions f, o, and ~.

Suppose ¢ and « are deterministic functions of bounded variation on [0, 1]. Moreover,
suppose f € C%(R) is Lipschitz continuous along with f, f, f” € L*(R). Consider the family
of linear stochastic differential equations with parameter ¢ > 0 given by

dZg(t) = f (ﬁ /0 Vs dWs) ZE(t) dt + ea, ZE(t) AW,
Zg(0) = &,

where £°s are random variables independent of the Wiener process W. For each €, just as
before, the unique solution to equation (5.4) is given by

(5.4)

ZE(t) = € exp [\/E/Ota(s) AW, — %/Ota(s)st

+/otf (ﬁ/gl%dwu_e/:% a(u)du) ds] (5.5)

We now state a more general large deviation principle.

Theorem 5.8. Let k € R and consider the family of random wvariables £ such that the
following hold

. € _ 2] — _
lg%elogE[(g k)] 0. (5.6)
Moreover, assume that the functions f, f',o,~ are all bounded. Then the laws of the solu-
tions Z¢ given by equation (5.5) of the family of stochastic differential equations given by
equation (5.4) follow a large deviation principle on (C., ||||.,) with the rate function given

by equation (5.3), where 0 is as defined in lemma 5.6, and I is the rate function given by
theorem 5.5.

Proof. Let V© = Z¢ — ZF. Then V€ satisfies the stochastic differential equation

1
dve = f (ﬁ / % dWs) Vi dt + \feo Ve dW;
0

‘/06 :ge_ﬁa
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whose solution is given by

t t
VE = (65— k) exp {ﬁ/ o—deS—g/ o2 ds
0 0

+/Otf<\/2/01%dwu—e/:% audu) ds].

Let ¢(z) = |2|? and let U = ¢(V¢). From theorem 4.3, U* satisfies the integral equation

US(t) = (65— k)® + 2\/E/t oy USdW,
0

t 1 t
+e/ o2 U;ds+f(/ \@%dWS)/ USds
0 0 0
t s 1 s
+2€/ %USUSE/ f'(/ \ﬁ%de—e/ %avdv) du ds.
0 0 0 u

Fix § > 0 and let 7 = inf {t € [0,1] : |V| > ¢}. Taking expectation of the stopped process
Ui, we get

E ( UtE/\T )

=E[(& - k)*] +2VCE UOW o5 U dWs}

tAT 1 tAT
—i—eE{/ a? Uinr ds} +E{f (/ Ve v, dWs) / U;ATdS]
0 0 0
tAT s 1 S
+2€E[/ Vs O U;AT/ f (/ \/E%dWU—E/ Yo avdv) duds}.
0 0 0 u

The second integral on the right-hand side is a near-martingales by theorem 3.3. Sup-
pose f, f',o,v are all bounded by some M > 1. Using non-negativity of U¢ and the near-
martingale optional stopping theorem (corollary 3.11), we get

E(U,,) <E[(¢ —k)*] +0

tNT tAT
+eM?E { / US.. ds] +ME { / US.. ds]
0 0

tAT
+2eMPE { / US,. ds]
0

<E[(¢ = k)] + (M +2eM*) E {/OW Uy, ds] .

By Gronwall’s inequality, we get
E(U5) = E(Uf,,) < E[(6° = k)*] M2,
Since ¢(z) is a monotonically increasing non-negative function in |z|, we use Markov’s
inequality to get

B{VE| > 6} = P{o(vE) = 6(0)) < m0Un)) _ BT

E[(§E _ “)2} oM+2eM?
¢(0) 62 '

52




Taking log and multiplying by €, we get
clogP{|V| > 6} < elog E[(&° — /4)2} —2elog d + e(M + 2eM?).
Finally, taking limit of ¢ — 0 and using equation (5.6),

lg%EIOgP{WJ >0} = —o0.

This result allows us to say that Z§ and Z¢ are exponentially equivalent. Since exponentially
equivalent families have the same large deviation principle due to theorem 5.4, Z¢ follows a
large deviation principle with the same rate function given by equation (5.3). U
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