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ON DUNKL SCHRODINGER SEMIGROUPS
WITH GREEN BOUNDED POTENTIALS

JACEK DZIUBANSKI AND AGNIESZKA HEJNA

ABSTRACT. On RV equipped with a normalized root system R, a multiplicity function
k(a) > 0, and the associated measure

dw(x) = H [(x, o) [F(@) dx,
acR
we consider a Dunkl Schrodinger operator L = —Ay + V, where Ay is the Dunkl Laplace
operator and V € L{ (dw) is a non-negative potential. Let h(x,y) and kfv} (x,y) denote

loc

the Dunkl heat kernel and the integral kernel of the semigroup generated by — L respectively.
We prove that kt{V} (x,y) satisfies the following heat kernel lower bounds: there are constants
C,c > 0 such that
her(x.y) < Ch{" (x,y)
if and only if
sup / / V(y)w(B(x, \/E))fl(f”x*y””t dw(y) dt < oo,
x€RN JO RN

where B(x, \/f) stands for the Euclidean ball centered at x € RY and radius v/.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let A= —A+V be a Schrodinger operator on RY, N > 3. It is well-known (see [19]) that
if V>0,V e L. (RY(dx)), then the kernel k;(z,y) of the semigroup {e~'},>¢ satisfies the

loc
Gaussian (heat kernel) lower bounds

NP2 leylP /et < O ()

with certain constants C, ¢ > 0 if and only if the potential V' is Green bounded, that is,

v
sup/ %dy<oo.
R

zery Jry [ =yl

The aim of this paper is to prove similar results in the Dunkl setting.

On the Euclidean space RY equipped with a normalized root system R and a multiplicity
function k£ : R —— (0, 00), let Ay denote the Dunkl Laplace operator (see Section 2). Let
dw(x) = w(x) dx be the associated measure, where

(1.1) w(x) = [T [ )"

aER
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is its density with respect to the Lebesgue measure dx. For a Lebesgue measurable set
F CRY, we denote

(1.2) w(F) = /Fdw(x).

It is well-known that Ay generates a semigroup {H; }i>o = {€!®* }1>¢ of linear operators on
L*(dw) which has the form

1) = [ 1) f(3) duy)

where 0 < hy(x,y) is a smooth function called the Dunkl heat kernel (see Section 2.3 for
more details).
Let V € LL (dw) be a non-negative potential. Consider the Dunkl Schrodinger operator

loc
L=—-MN+V.

Then —L generates a semigroup {e~*};5q of self-adjoint linear contractions on L*(dw). The
semigroup {e"**};5¢ has the form

et f(x) = / oy () duy),

where the integral kernel kl;{V} (x,y) satisfies upper heat kernel bounds
(1.3) 0 < kY (x,y) < hu(x,y).

The main goal of this paper is to characterize non-negative potentials V' € Li (dw) for

which kt{V}(x, y) satisfies the following heat kernel lower bound

heo(x,y) < Ck{H(x,y).

In order to state the result we need to introduce some notation. For a € R, let
(x,a)
[le|?

be the reflection with respect to the subspace perpendicular to a. Let G denote the reflection
group generated by the reflections o,, a € R. We define the distance of the orbit of x to the
orbit of y by

(1.5) d(x,y) = min{|x — a(y)| : o € G}.
Obviously,

(1.4) Oa(x) i=x—2

d(x,y) =d(x,0(y)) foralx,y € RY and o € G.
Let
Bx,r)={x e RY : |x - x| <r}

stands for the (closed) Euclidean ball centered at x € RY and radius r > 0.

Let N = N+ _xk(a) be the homogeneous dimension of the system (R, k). Throughout
this paper we shall assume that N > 2

Our goal is to prove the following theorem.
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Theorem 1.1. Assume that N > 2 and V: RY — [0,00), V € Li (dw). Then the following
are equivalent.

(a) The kernel kt{V}(X, y) satisfies the following Dunkl heat kernel lower bound: there are
constants C,c > 0 such that for all x,y € RY andt > 0 we have

hct (Xa y) S Cki{V} (Xa y)

b) There is a constant § > 0 such that for all x € RY and t > 0 we have
(b)

/R Ky duly) 26

(¢) The potential V is Green bounded, that is,

sup/ / s(x,y) dw(y) ds < oc.
xeRN RN

Remark 1.2. Condition (c¢) of Theorem 1.1 is equivalent to any of the following ones:
(©) .
sup / / V(y)w(B(x,v/s)) e &5 du(y) ds < oo,
RN

x€RN Jo

sup /0 h /R Vy)w(B(x, V) e VIR gy () ds < oo.

The equivalences are proved in Proposition 7.1.

The proof of Theorem 1.1 depends very much on the upper and lower bounds for h;(x,y)
derived in [9]. We present them in Subsection 2.4.

2. PRELIMINARIES

2.1. Basic definitions of the Dunkl theory. In this section we present basic facts concern-
ing the theory of the Dunkl operators. For more details we refer the reader to [5], [14], [10],
and [18].

We consider the Euclidean space RY with the scalar product (x,y) = Zjvzl x;y;j, where
x=(z1,..,2n),y = (Y1, -..,yn), and the norm ||x||? = (x, x).

A normalized root system in RY is a finite set R C RY \ {0} such that RN aR = {&a},
0o(R) = R, and ||| = /2 for all & € R, where 0, is defined by (1.4).

The finite group G generated by the reflections o,, a € R, is called the reflection group of
the root system. Clearly, |G| > |R)|.

A multiplicity function is a G-invariant function k& : R — C which will be fixed and > 0
throughout this paper.

Recall that N = N + > _p k(a). Then,

w(B(tx, tr)) = tNw(B(x,r)) for all x € RY, ¢, >0,

where w is the associated measure defined in (1.2). Observe that there is a constant C' > 0
such that for all x € RY and r > 0 we have

(2.1) Clw(B(x, 7)) < [](1(x @)+ )" < Cw(B(x,r)),

a€ER
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so dw(x) is doubling, that is, there is a constant C' > 0 such that
(2.2) w(B(x,2r)) < Cw(B(x,r)) forallx € RY, r > 0.

Let us also remark the the sets of measure zero with respect to the measure dw(x) and the
Lebesgue measure dx coincide.

For £ € RY, the Dunkl operators Ty are the following k-deformations of the directional
derivatives O¢ by difference operators:

Tef(x) = O f(x Z

aER

(1) = floa(x))

(@, %)

The Dunkl operators T, which were introduced in [5], commute and are skew-symmetric
with respect to the G-invariant measure dw. Let us denote T; = T, where {ejhi<j<n is a
canonical orthonormal basis of RY.

2.2. Dunkl kernel and Dunkl transform. For fixed y € RY the Dunkl kernel E(x,y) is
a unique analytic solution to the system

Tef = &y f, f(0) =

The function E(x,y), which generalizes the exponential function e®¥), has a unique extension
to a holomorphic function on CV x C¥.
The Dunkl transform is defined by

23) i) =t [ B0 00 dulx),

RN

x2
Ck:/ L= duw(x) > 0,
RN

for f € L'(dw) and € € RY. It was introduced in [6] for k > 0 and further studied in [4]. It
was proved in [6, Corollary 2.7] (see also [4, Theorem 4.26]) that it is an isometry on L?(dw),
ie.,

(2.4) 1F 1| c2awy = 1 F || 2wy for all f € L2(duw).

where

2.3. Dunkl Laplacian and Dunkl heat semlgroup The Dunkl Laplacian associated with
R and k is the differential-difference operator A, = S j—1 T7, which acts on C*(RY)-functions
by

Akf(x) = euclf _'_ Z k 5af(x) =

aER

Oaf(x)  la|? f(x) = floa(x))
(o, %) 2 (o, x)? ’

The operator A}, is essentially self-adjoint on L?*(dw) (see for instance [1, Theorem 3.1]) and
generates a semigroup {H;};~o of linear self-adjoint contractions on L?(dw). The semigroup
has the form

(25 1) = [ ey 1) o)

where the heat kernel

(2.6) hi(x,y) = ¢t (2t) N2 E(i L)6—<||x||2+||y||2>/(4t>
V2t V2t
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is a C°-function of the all variables x,y € RY ¢ > 0, and satisfies

(27) 0< ht(x> Y) = ht(YaX)a

(2.8) / hi(x,y) dw(y) = 1.
RN
The following specific formula for the Dunkl heat kernel was obtained by Résler [15]:

(2.9) h(x,y) = 0;12_N/2t_N/2/ exp(—A(x,y,n)%/4t) dux(n) for all x,y € RY t > 0.
RN

Here

(2.10) Ax,y,m) = VI + Ny 2 = 20y, m) = VI = 002 + [ly — 5[]

and fix is a probability measure, which is supported in the convex hull conv O(x) of the orbit

Ox) ={o(x):0€G}.

2.4. Upper and lower heat kernel bounds. The closures of connected components of
{xeRY : (x,a) #0 for all o € R}

are called (closed) Weyl chambers.

Lemma 2.1. Fizx,y € RY and o € G. Then d(x,y) = ||x — o(y)|| if and only if o(y) and
X belong to the same Weyl chamber.

Proof. See [11, Chapter VII, proof of Theorem 2.12]. O
For a finite sequence av = (o, o, . . ., iy ) of elements of R, x,y € RY and t > 0, let
(2.11) ) :=m
be the length of a,
(2.12) O =04, O0q,, ,0...004,
and
Pa(X,y,t)

oy - (Hu%sfu)—z(”Hx—3?<y>||)—2<l+||x—aa§>%aa1<y>r|)—2xm

(L o,,,o%(ym)%
Vi

For x,y € RY, let n(x,y) = 0 if d(x,y) = [|x — y|| and

(2.14) n(x,y) =min{m € Z : d(x,y) = |x — 04,, ©...004, 004, (¥)||, «; € R}

otherwise. In other words, n(x,y) is the smallest number of reflections o, which are needed
to move y to the (closed) Weyl chamber of x. We also allow a to be the empty sequence,
denoted by e = (). Then for e = (), we set: 0, = I (the identity operator), {(a) = 0, and
pa(X,y,t) =1 for all x,y € RN and t > 0.

We say that a finite sequence o = (g, , ..., q,,) of roots is admissible for the pair
(x,y) € RY x RV if n(x,04(y)) = 0. In other words, the composition ¢,,, 004, _, 0...00,,
of the reflections o,, maps y to the Weyl chamber of x. The set of the all admissible
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sequences « for the pair (x,y) will be denoted by A(x,y). Note that if n(x,y) = 0, then
a=10¢cAkx,y).
Let us define

(2.15) A(x,y,t) = > Pa(X, ¥, 1).

acA(x,y), {(a)<2|G]|
Note that for any ¢ > 1 and for all x,y € RY and ¢ > 0 we have
(2.16) AN (x,y, ct) < A(x,y,t) < A(x,y, ct).
The following upper and lower bounds for h;(x,y) were proved in [9].

Theorem 2.2. Assume that 0 < ¢, < 1/4 and ¢, > 1/4. There are constants C,,C; > 0
such that for all x,y € RY andt > 0 we have

ey dGey)?

(2.17) Crw(B(x,vVt) e i Ax,y,t) < ly(x,y),

(2.18) hi(x,y) < Cow(B(x, V) e A(x, y, 1)

Remark 2.3. In Theorem 2.2, we can replace A(x,y,t) by the function
(2.19) Alx,y,t) = Y palxyt).

acA(x,y), {(a)<|G]
Indeed, A(x,y,t) < A(x,y,t) for all x,y € RN and ¢ > 0. We turn to prove
(2:20) Ay, 1) < |RPCA(x,y,t).

To this end, fix x,y € RY, ¢ > 0, and take B € A(x,y) of the minimal length ¢(3) which
satisfies /(3) < 2|G|, and

2.21 t) = o(X,y.1).
(2.21) pa(x,y,1) e ax P (x,y,1)

Obviously, A(x,y,t) < |R[H%ps(x,y,t). If |B] < |G|, then (2.20) is proved. If m = |3| > |G|,
then let us consider the sequence
(2'22) [,0’51,0'5200'51,...,0’57,171O---OO’BI.

Since there are |3| > |G| elements in the sequence (2.22), at least two of them coincide.
Assume first that for some j,s € {1,2,...,m — 1}, j < s, we have

Uﬁjoaﬁjflo.'.oo-ﬁl:Uﬁso.'.oaﬁjoaﬁj—lO”’Oo-ﬁl%['

Set B = (B, Ba.--, By, Bevrs - B)- Then B € A(x,y), £(B) < ((B), and ps(x.y.1) <
P5(X, ¥ 1).

If there is s € {1,2,...,m — 1} such that og, 0---003,004,_, 0...003 = I, then we set
B = (Bst1,- -, 0m) and argue as above. Thus (2.19) is established.

In order to obtain our regularity results, we will need the following theorem proved in [9].

Theorem 2.4 ([9], Theorem 6.1). There are constants Cy,cq > 0 such that for all x,y,y’ €

RY and t > 0 satisfying |ly —y'|| < % we have

(223) i y) =ty < 0= ).
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We will also need some auxiliary estimates of the generalized heat kernel h;(x,y).

Lemma 2.5. Assume that co > 1. There is a constant Cy > 0 such that for all x,y,y’ € RV
and t > 0 satisfying ||y — y'|| < V't we have

(224) ht (Xa y) S COhcot(Xa y/)
Proof. This is Lemma 6.2 of [9]. For the convenience of the reader, we present an alternative

proof here. Let y,y’ € RY be such that ||y —y’|| < V. Recall that ||x|| — ||n|| > 0 for all
n € conv O(x). Put ¢ = ¢y — 1. We turn to estimate A(x,y’,n) defined in (2.10):

Ay n)* = lIx[1* = Inll* + Iy = nll®
< x|l = lIall* + (ly" = ¥l + Iy = nl)?
(2.25) <[P = 1nl* + [ly" = yI* + lly = nl* + My = yII* +elly =0l
< @+ e)([x* = llnll® + lly = nll*) + (1 +e7Nt
= (1+)A(x,y,n)?*+ (1+e ),
where in the second inequality of (2.25) we have used the inequality 2ab < ca®+ 7%, Using
(2.25) and the Rosler formula (2.9), we get
h(x,y) = ;12 NN / e AT Gy ()
RN
(2.26) < 0;12—N/2t—N/2/ e ACY /At e/ (A gy ()
RN
= Coheyt(X,¥').
OJ

As a consequence of Lemma, 2.5, we obtain the next lemma, which will be used in the proof
of the main theorem.

Lemma 2.6. There are constants C,c > 1 such that for all s,t > 0 and x,x',y € RV we

have
(2.27)
hs _hs / h d < HX_X,Hhcs ||X_X,Hhcs / .
/I‘QN (X7 Z) (sz) t(zvy) UJ(Z) — C \/g +t(X7 y) +C \/E +t(X7y)

Proof. 1f ||x — x| > ?, then (2.27) follows by the semigroup property of h;(x,y). Assume

that [|x — x/|| < é Theorem 2.4 asserts that there are constants C, ¢ > 1 such that for all

s1 > 0 and x;,x},2z; € RY satisfying ||x; — x| < @ we have

1 — x|

(2.28) |hey (X1,21) — hg (x),21)| < C hes, (X1,21).

VoL
Hence, by the semigroup property of the generalized heat semigroup, we obtain
_ /
[ ez =l oy dute) < XL e antay) duts
RN Vs RN

X —x
= ”7\/§Hhcs+t(xa y)
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3. DUNKL SCHRODINGER OPERATORS WITH NON-NEGATIVE POTENTIALS -
INTRODUCTORY RESULTS

For a nonnegative potential V: RY —— [0,00), V € L (dw), let V,(z) := min(V (x),n),
n=1,2,.... We consider the quadratic forms

(31) Qlt)= || (ZTf FVES 000 ) du(x),

(32) Q9= [ (S TIITa00 + Vi) f ()31 du(x),

with the domains
D(Qx) ={f € L2(dw) x| Ff(x) € Lz(dw and /V(x)f(x) € L2 (dw(x))},

D(Q,) = {f € L¥(dw) : |x| Ff(x) € L*(dw(x)) }, n=1,2,....

Observe that C°(RY) is a dense subspace of L?(dw) such that C®(RY) C D(Q.) C
D(Q,). The forms Q. and @), are non-negative and closed. So they define self-adjoint
non-negative operators L., L, respectively:

D(Ly) ={f € D(Qn) : |Qu(f, 9)| < Csllgll12(aw) forall g € D(Qn),}, n=00,1,2,...
and, for f € D(L,), the operator L,, is defined by the equation

| 03(x) du) = Qulf.9) for all g € D@,

see e.g. [3, Theorem 4.12]. Moreover, f € D(Qw) if and only if lim, o @, (f, f) < co. Fur-
ther, Qx( f, f) =lim, o Q.(f, f) and, by the definition of V,,, the convergence is monotone.
Set L := L. The operator —L,, is the generator of a semigroup of linear contractions on
L*(dw), denoted by {e7*n},5q for n = 1,2,... and {e"*};50 for L = L.,. Let a > 0.
Theorem 4.32 of [3] asserts that

(3.3) lim { sup [|le~tbn f — et fy|L2(dw)} —0 forall fe L(dw).

n—oo Ogtga

In the forthcoming sections we provide rigorous proofs of existence, regularity and bounds
for the kernels of the semigroups {e " };59, n = 00,1,2,.... The main tools are the fol-
lowing product formula and Duhamel formula for semigroups generated by perturbations of
generators by bounded operators on Banach spaces which we state as the theorem.

Theorem 3.1. Let A be a generator of a semigroup {e‘4}i>o of linear operators on a Banach
space X, and let B be a bounded operator on X. Then A+ B is a generator of a semigroup
of linear operators on X, denoted by {478} ~o, and for every x € X one has

(3.4) B g — lim (etA/"etB/”> nx,
n—oo
¢
(3.5) ety = !B / et=)ABesAtB) g s,
0

Moreover, if the semigroup {e'4}1>o is holomorphic, so is {e!A+5)} ;.
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Let us remark that under a stronger assumption, namely V € L2 (dw), it was proved in
Amri and Hammi [1] that L is essentially self-adjoint non-negative operator, that is, L is the
closure of the operator

initially defined on C%°(RY). We will not use this assumption in our forthcoming considera-
tions and keep the weaker assumption V € L (dw).

4. SCHRODINGER SEMIGROUPS WITH BOUNDED POTENTIALS

In this section we utilize the product formula (3.4) to get existence and regularity of the

kernel k:t{V}(x, y) from properties of approximation kernels. In this section, we assume that
V' >0 is a bounded potential.

Theorem 4.1. Assume that V : RY —— [0, 00) is a bounded measurable function. Then the
semigroup {e!®=V)} 5o of linear operators generated by A, — V has the form

(4.) Y p0) = [ ) fy duly), f € L)

where RY x RN x (0,00) 3 (x,y,t) — ki (x,y) is a continuous function such that there
are constants C,c > 0 such that

0< kM (x,y) < hu(x,y),

/ / —x + -y / /
42) K0 y) — KNy < o+ VT =Xl ﬁ“y A ———

for all x,x'.y,y' € RN and t > 0, where

2 2
h(ct, x1,%2,¥1,¥2) Zzhct(xiaYJ)'

=1 j=1

Moreover, for all x,y € RY, the function (0,00) >t — kfv}(x, y) is differentiable and for
any m € N there is a constant C,, > 0 such that for all x,y € RY and t > 0 we have

CB e y)] < Ot (Bl V) Pu(Bly, VB) 2
The constants C, ¢, C,, are independent of V.

Proof. We assume that V' # 0. It suffices to prove (4.2) for 0 < ¢ < ||V||Z} and then use the
semigroup property.
Let us consider the integral kernels @, .(x,y) of the operators (H,; /ne_tV/ ™). We write

(4.3)

(44) Qn,t(x> Y) = QTL,t(Xa y)e—tV(y)/n’
where

(4.5)

0< qnt X,y)

/N /N ht/n X, Zl V(Zl)/nht/n(zla Z2)6_tV(Z2)/n cee ht/n(zn—la y) dw(zn—l) s dw(zl)
R R

< hy(x,y).
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We prove that the functions RY x RY 5 (x,y) + ¢,+(x,y), which are clearly continuous,
are Lipschitz functions of (x,y). A uniform bound independent of n € N will be given.

For z; € RY we write exp(—tV (z1)/n) = 1 — tW(z,)/n where |W(z;)| < ||V]|o. Thus,
thanks to the fact fRN hijn (X, 21) hase (21, 22) dw(2z1) = hoy/n (X, 22), We get

Qn,t (Xv y

)
= . / hon (X, zg)e_tv(z2)/”ht/n(z2, zg)e_tV(ZS)/” o (2o, Y) dw(z,—q) - . dw(2zo)
RN RN

t

- — / .. / hijn (%, 21)W (21) hi (21, z2)e_tv(z2)/" ol (Zn—1,Y) dw(zy—1) . . . dw(z)
n Jrn RN

= ‘]1[1] (Xa y) - J2m (X7 Y)

Observe that by Lemma 2.6, we have

, IV |lo ,
0c3) = ) < L [ 0) = g ) g 21,3) )
R

NV oo [|[x — X
<ol nH H\/t/nH (th/n-i-(n—l)t/"(X? Y)+hct/n+(n—1>t/"(X/’Y)>

Voo Ix — %’
<C H\/g H \/l_f H (hct/n+(n—l)t/n(X> Y) + th/"*‘(n_l)t/"(X/’Y))'

It follows from (2.9) that he /i (m-1):(X,y) < C"he(x,y). Hence, in the first step we have got
(%, Y) = 4e (X, ¥)] < [, y) = T (X, y)

(4.6) ¢V oo Ix — '] /
+C NG 7 (hct(x, y) + het(x ,y)).

In the second step, we deal with Jlm(-, ). For z, € RY we write exp(—tV(zs)/n) =
1 — tW (z5)/n, where |[W(z5)| < ||Vl and plug to the formula for JI'(-,-). Thus

T (x,y)

t
= /RN e /RN ot /n (X, 22) (1 — EW(Z2))ht/n(Z2> z3)e V@M hijn(Zn-1,y) dw(zn—1) ... dw(zy)

= [ bl e 1,) ). ()
R R

13 3)/n
- /N e /N Pot/n (X, 22) W (22) hijn (22, Z3)€_tv(z3)/ Py (Zn1,Y) dw(zp—1) - .. dw(zs)
R R
= S xy) - Bxy).
Further, by Lemma 2.6,
Ct||V]| o
72, y) — Iy < S e / (3, 22) = gy 22) [t (22, ¥) o (2)

RN
< Ct|[V]e [[x — x|
n 2t/n
< OtV lx = x|
T V2n Vit

C(h2ct/n+(n—2)t/n(X> Y) + hoct/n+(n-2)t/n (X, Y))

(Ralx,¥) + has(x.3)).
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Thus, at the end of the second step, we have

14ne (%, ¥) — Ge(X, ¥)| < |10 (x,5) — I (x,y))
4.7 x —x
.7 oy =Xl —~ ”(f+¢1_)( A (6.¥) + ha(x.¥)).

We continue this procedure, obtaining at the of the m-th step, 1 < m < n — 1, the bound
[900(%,¥) = g (X, 9) < 15" e y) = )

+ oty X=X X/”(i gn)( a5 ¥) + ha(x,3))

/=1

(4.8)

where

Jl[m} (x,y) ::/ o / h(m-i-l)t/n (x, Zm-i-l)e_tv(zmﬂ)ht/n(zm-i-l> Zm+2)6_tv(zm+2)/n X
RN RN
X ht/n(zn—la y) dw(zn—l) T dw(zm—i-l)'
Finally, we end up with the bound

10t (%, Y) — @i (X,y)] < Jhu(x,y) — (X, y)]

Lo s '”(ZM)( 5 ¥) + ha(Xy))

R
< hu(x,y) = he(x )| + Otnvnmw (er(,3) + har(xy))
I~ x| :
< _— .
C(l + tHVHOO) \/Z (hct(x> Y) + hct(x >Y)>

By the same argument,

(49 gue(xy) = guelxy) < OO+ t||V||oo>w(ha<x, ¥)+ha(x.y)).

Recall that 0 < ¢ < ||V|5!. By the Arzeld-Ascoli theorem, there is a subsequence {n;};en
such that {g,, (X, y)},en converges uniformly on all compact sets of RY x R to a continuous

function (x,y) — k"7 (x,y), which satisfies:

0< ]{jt{V}(X, y) < ht(X7 y)v

_ ~ _ ~
6 xy) — KV y) < o X=X+ ly =L,

(4.10) ' oot
\/1_5 (Ct7X7y7X7y>‘

Observe that the sequence {@Q; +(X,¥)} en converges uniformly on compact subsets of RY x
RY to k" (x,y) as well. By the product formula (3.4), for all f € L(dw), we have

(4.11) BV f(x) = lim [ Qua(x.y)f(y)dw(y)

n—oo RN
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with the convergence in the L?(dw(x))-norm. Recall that Q; ,(x,y) < hi(x,y) (see (4.4) and
(4.5)). Thus, by the Lebesgue dominated convergence theorem, for all x € RY, one has

i [ Qo)) duly) = [ ) () duy)
J—=0 JRN RN
Thus (4.1) is established.

We now turn to prove (4.3). The operator —Aj + V' is non-negative and self-adjoint on
L*(dw). Thus, by the spectral theorem, the mapping (0,00) > t + e!®~V) ¢ L£(L*(dw))
is a smooth function, and for any m € N there is (), > 0 such that for all measurable and
bounded V > 0 and ¢ > 0 we have

H d_et(Ak—V) <Ot

dtm

L(L2(dw))
Here £(L*(dw)) denotes the Banach space of bounded linear operators on L*(dw). Thus,
dam _ m
|, ) ot | < Cont ™ a2 19l 2

For t > 0, set tg = t/4. Then for fixed x,y € RY, we have

{V} — [ o(t=2t0)(Ar=V) . .
kt (X, y) - <€ ¢ g kto( 7y)7 kto(xv )>L2(dw).

Hence (4.3) follows, since ||kt (-, ¥)|| r2(aw) < Cw(B(y,Vt))~"/2, by Theorem 2.2. O

Corollary 4.2. Assume that Vy,Va: RY +— [0,00), Vi, Vs are bounded, and Vi(y) < Va(y)
for ally € RY. Then for allx,y € RN andt > 0 we have

K (xy) < K (x,y).

Proof. Tt is enough to note that the assumption V;(y) < Vi(y) implies

1%
' (x,y)
= h_)m /N . /N ht/n(X, zl)e—fng(m)/nht/n(Zl7 Z2>€—tV2(z2)/n o ht/n(zn_l’ y) dUJ(Zn—l) .- ’dw(zl)
< li_)m /N . /N iy (%, zl)e_tvl(zl)/"ht/n(zl, z2)e_tvl(z2)/" oo hin (21, y) dw(2zp—1) . . dw(z:)

= k" (x,y).
O

5. UPPER BOUNDS FOR SCHRODINGER SEMIGROUPS WITH NON-NEGATIVE POTENTIALS

Theorem 5.1. Assume that V: RY +— [0,00), V € L} _(dw). LetV,, = min(V,n) and

L, =—A,+V,, n€N. Then, for all x,y € RN andt > 0 the sequence {k:t{v"}(x, V) bnen
converges monotonically to the kernel of the semigroup {e="F}>0, that is, for all x,y € RN
and t > 0 we have

. Vi 1%

lim £ (. y) = K (xy)

n—oo

(5.1 p) = [ K eyf(y) duy)
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Moreover, for any m € N there is a constant C,, > 0 such that for all (x,y) € RY x RY the
function (0,00) >t — k‘t{v}(x, y) is smooth and
dm
(5.2) kY ()| < Ot (B, V)TV w(Bly, Vi) T
Proof. By the results of the previous section (see Theorem 4.1 and Corollary 4.2) the ker-

nels {k‘t{v"}(x, Y) }nen of the semigroups {e=*2n};5¢, form a monotonic family of continuous
functions of (¢,x,y), that is,

0 < k"™ xy) <k (xy) < hi(x,y).

Hence, for all (x,y) € RN x RY and ¢ > 0 the limit lim, . k"™ (x,y) exists and defines a

kernel kt{V}(x, y) < hi(x,y). Moreover, applying the Arzela—Ascoli theorem, we deduce (5.2)
from the inequalities

Cﬁ—r;kt{vn}(xu Y)‘ < Cpt™"w(B(x, \/E))_l/Zw(B(y, ﬂ))—1/27

which hold for kt{v”}(x, y) thanks to Theorem 4.1 (see (4.3)). Further, by the Lebesgue
dominated convergence theorem, for each x € RY and all f € L*(dw), the limit

lim e " f(x) = lim k;{V"}(X, y)[(y)dw(y)

n—00 n—00 JpN

exists and defines a bounded functional such that

it 106) = [ K 09) duy)

n—oo
On the other hand, by (3.3) for each f € L?(dw), the sequence {e~*t» f}, ey converges in the
L*(dw)-norm to e ' f, hence (5.1) follows. O

Corollary 5.2. Assume that Vi, Vo: RN +— [0,00), V1, Vo € Ll (dw) and Vi(y) < Va(y)
for ally € RY. Then for all x,y € RY and t > 0 we have

K (x,y) < K (x,y).

Proof. 1t is a consequence of Corollary 4.2 and Theorem 5.1. O

6. THE FEYNMAN-KAC FORMULA

In this section we elaborate the Feynman-Kac formula for Dunkl Schrodinger operators
with continuous bounded potentials. Our approach is standard and uses the product formula
(3.4) (see also (4.11)). For the reader convenience, we provide some details. Then the
Feynman-Kac formula will be used in proving the implication (¢) = (a) of Theorem 1.1.

Let I C R be an interval. Recall that a function I > t — X, € R” is said to be cadlag if
it is right continuous, and it has left limits.

Proposition 6.1. Assume that f: [a,b] — R is a bounded cadlag function. Then

 b—ad k(b—a)\ [
nh_)nolo " Zf<a+ - )—/Gf(t)dt.

k=0

The right-hand side of the formula above is understood as the Lebesgue integral.
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The proposition can be proved by standard arguments. For the completeness we elaborate
it in Appendix A.

Let (X;, Q,P%), X, : Q — RY be a Dunkl process associated with the transition probabil-
ities

P(x, E) = /E he(x,y) du(y),

that is, a Markov process with cadlag realizations [0, 00) 3 t — X;(w) satisfying

(6.1)
Px{w S QO th c El,Xt2 S Eg,...,th c En}

= / / . / Py (%, X1) gy gy (X1, X2) o By, g, (Xpm1, X)) dw(Xy,) dw(X,-1) - . . dw(xq).
Ey JE> n

for any finite sequence 0 < t; < ¢, < ... < t, and any measurable sets F;, Fs, ..., E, C RV
(see Rosler-Voit [17]). The formula implies that for a reasonable measurable function F
defined on (R™)" one has

(6.2)

EX(F(thaXt27 e 7th>>

— / o F O X, X ) hey (3 X0 Yyt (X0, X2) - Bt (X1, Xn) dw(Xn) dw(Xn-1) - dw(xy).
(RA)"

Assume that V' > 0 is a bounded continuous function. Let @, +(x,y) be as in the proof of
Theorem 4.1 (see (4.4) and (4.5)). Let f € L?(dw) and t > 0. Putting ¢, := %¢, 1 <k < n,
and using (6.2), we have

(6.3)
(Hyme 2V f(x) = [ Qualx,y)f(y) dw(y)

RN
= / ht/n(xa Xl)ht/n(Xh X2) cee ht/n(xn—h Xn)
(RN )™

x e~ n(VODFVER) T4V £(x Y du(x,) dw(Xn_1) ... dw(x;)

7

= EX(F(thaXt27 .. '7th>>

= B~ [ exp (—% Z v<th>> 1(x)].

Recall that it was established in the proof of Theorem 4.1 that there is a subsequence {n;};en
such that the continuous functions @, ;(x,y) < h¢(x,y) converge uniformly on compact sub-

sets to kl;{V} (x,y). Hence taking into account integration of cadlag functions (see Proposition
6.1), we obtain the following corollary.

Corollary 6.2 (Feynman-Kac formula). Let V' > 0 be a bounded continuous function. Then
fort >0, x € RY and all f € L*(dw) we have

(6.4) HAV) £(x) = EX [exp ( - /0 t V(X,) ds) f(Xt)} .
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7. SCHRODINGER SEMIGROUPS WITH (GREEN BOUNDED POTENTIALS

7.1. Green bounded potentials. In the proposition below we elaborate the equivalences
stated in Remark 1.2. For a measurable function V : RY +—— [0, 00) and x € RV let

() G = [ [ wlBx Vo) e V) duy) ds.
(7.2 V)= [ [ hxy)Viy) duy)ds
(7.3) G(V)(x) := /000 /RN w(B(x,/3)) e Y5y (y) dw(y) ds.

Proposition 7.1. There are constants C1,Cy,C3 > 0 such that for all measurable non-
negative functions V : RY +—— [0, 00) one has

(7.4) GVl < Cil[Gi(V) [z < Col|G(V) |1 < C3[|G(V)][ poe-

Proof. 1t follows from Theorem 2.2 that there are constants C, ¢ > 0 such that for all x,y €
RY and s > 0 we have

(7.5) C'w(B(x,v/s)) te e IyIPs < (x,y) < Cw(B(x,/s)) e /s
(see also [2, Theorems 4.1 and 4.4]). Further, by the definition of d(x,y) (see (1.5)),

(7.6) w(B(x, /) e I < N ap(B(x, /5)) el

oeG

The proposition is a direct consequence of the inequalities (7.5), (7.6), and the doubling
property of the measure dw (see (2.2)). O

In order to establish Theorem 1.1, we prove the implications: (a) = (b) (in Lemma 7.2),
then (b) = (c¢) (in Lemma 7.4), and finally, (¢) = (a) (in Subsection 7.3). We prove
(¢) = (a) in the separate subsection, because it is relatively more involving and it uses the
heat kernel estimates (2.17), (2.18), and the Feynman—Kac formula (see Section 6).

7.2. Proofs of the implications (a) = (b) and (b) = (¢).

Lemma 7.2. Assume that V : RN — [0,00), V € Ll (dw). Assume that there are con-

loc

stants C,c > 0 such that for all x,y € RY and t > 0 we have
(7.7) ha(x,y) < Ok (x,y).
Then there is a constant § > 0 such for all x € RN and t > 0 we have

[ ) duty) > 6
]RN

Proof. 1t is enough to integrate (7.7) with respect to dw(y) and apply (2.8). O

Lemma 7.3. Assume that V : RY — [0, 00) is measurable and bounded. Then for all t > 0
and x,y € RN we have

(7.8) h(x,y) = k:t{v}(x, y) +/0 /RN h(x, z)V(z)kas}(z,y) dw(z) ds.

Proof. See Theorem 3.1. O
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Lemma 7.4. Assume that V : RN +—— [0,00), V € Li_(dw). Assume that there is § > 0
such for allx € RN and t > 0 we have

(7.9) /R i VY (x,y) dw(y) > 6.

Then V is Green bounded.

Proof. The proof is standard. Let V,, = min(V,n), n € N. Recall that k‘t{v"}(x, y) >
kfv}(x, y) (see Corollaries 4.2 and 5.2). By the perturbation formula (7.8) applied to
kfv”}(x, y), (2.8), and the assumption (7.9) we have

12 [ Vi@l ) duteydsduty) 25 [ [ htaVite due) s

with § independent of n € N. Letting ¢t — oo, we obtain the bound ||G1(V},)||z~ < 6~1. Now,
letting n — oo, we get the lemma by applying the Lebesgue monotone convergence theorem
and Proposition 7.1. 0

7.3. Implication (¢) = (a). In order to prove the implication we adapt to the Dunkl
setting general patterns of proofs of lower bounds for the classical Schrodinger operators or
Bessel-Schrodinger operators (see [19], [7]). Thus, first we prove the lower bounds in the case
of continuous and bounded V with the property ||G(V)|| being small enough. Then we extend
the lower estimates to all non-negative Green bounded potentials V. The main difficulties
we face concern the fact that the upper and lower estimates of the Dunkl heat kernel h;(x,y)
have rather complex forms which involve both - the orbit distance d(x,y) and the Euclidean
this end we need a preparation.
For x,y € RY and t > 0 we set

(7.10) Gi(x,y) = w(B(y, V) te N,

Let us begin with a proposition concerning the properties of the generalized heat kernel.
In its proof, the specific generalized heat kernel bounds from Theorem 2.2 are utilized.

Proposition 7.5. There are constants C; > 0, ¢; > 1, such that for all 0 < s < t/2 and all
x,y,z € RN one has

(7.11) hi—s(X,2)hs(2,y) < Crhet(X,Y)Ge,s(2,y).

Proof. Let ¢y > 1. By Lemma 2.5, for all z € R" such that ||z —2'|| < /s </t — s we have
(7.12) e, 2)a(ry) < Cote—sy (%, Vo2 ).

Note that

_ Az y)? _od@»?  d(zy)?
e T es < (e MT20s e T degs for HZ—Z/H < \/g
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Hence, applying (2.18), (2.16), the doubling property of dw (see (2.2)), and Theorem 2.2, we
get

(7.13)
hco(t—s) (X, Z,)h'cos (Z

!/

,Y)

X,z 2 (z/7y2
< Cw(B(Z /ool =) w(B(Z, /aos)) " A(x. 7, cot — $))A(2, y, cos)e it e 52

d(x,z )2 d(z’ y)2 a(y, z)

<C <w(B(z’,x/E))‘1A(x, 7/t — s)\(Z,y,s)e 2ol 25 ) <w(B(z,\/§)) Lp—Cu3e3 )

< Cw(B(2,V5))Gers(Y: 2) ey (1-5) (%, 2) ey s (2, Y ).

Since the estimates (7.12) and (7.13) are given uniformly on z’ € B(z, /s), taking their mean
over the ball B(z,/s) we get

b o(%, 2)ha(2,y) < CGors(y. 2) / hests (%, 2 Yhess( ) dw ()
B(2,v5)

< Cgcls<y7 Z) / hcl(t—s) (X, Z/>hcls(zlu y) dw(z/)
RN

= Cgcls(y7 Z)hclt(X7 y>7
where is the last step we have used the semigroup property of k(- -). 0J

The following corollary is an consequence of Proposition 7.5.

Corollary 7.6. Assume that V : RY —— [0, 00) is continuous, bounded, and Green bounded.
Then there are constants Ca, cy > 0 such that for all x,y € RN we have

/ / el VR ,y) du(z) ds < OG- hes(x,3).
R
Proof. By (1.3) we have

/0 /R hes(x2)V(2)k (2, y) duw(z) ds < /0 t /R Il (x,2)V (@)h(2.) du(z) ds

t/2 t
0 RN t/2 RN

We will estimate I;; the case of I, can be reduced to the case of I; by the change of variables.
By Proposition 7.5 we get

t
I < Crhe(x,y) / Goro(2,3)V (z) du(z) ds.
0 RN

Finally, by the change of variables s; := ¢;5 we get

t
| [ GtayIV @ duta)ds < C1G V)1
0o Jr
which finishes the proof. U

Corollary 7.7. Assume that V : RY +—— [0, 00) is bounded, continuous, and Green bounded.
Let c3 > 0. There are ¢3,& > 0 such that if ||G(V)||r=~ < &, then for all x,y € RY and t > 0
such that d(x,y) < c3\/t one has

(7.14) KN (x,y) > Ghi(x,y).
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Proof. From the perturbation formula (7.8) we get

hi(x,y) — k:{ } (x,y) / /N hi—s(x,2)V (2)k!V} (2, y) dw(z) ds.
Hence from Corollary 7.6, (2.18), and (2. 1]1;) we deduce that
ki (6 y) 2 hi(x,y) = CallG(V) | her (x. )
(7.15) > Cuo(B(x, VD) e " A(x, v, 1)
— CuOa||G(V) || Lw(B(x, Veol)) A, v, et).

X,y 2
Note that by the fact d(x,y) < c3v/t, we have e~ ey > C > 0. Further, by the doubling
property of dw and (2.16), if € > 0 is small enough, (7.15) implies

ki (xy) 2 ew(Bx, Vi) Ay 1)
for some constant ¢ > 0. Finally, (7.14) is a consequence of (2.18). O

Proposition 7.8. Assume that V : RN —— [0,00) is continuous, bounded, and Green
bounded. There are €,c4,Cy > 0 such that if |G(V)||1~ < €, then for all x,y € RY and
t >0 one has

(716) k‘it{v}(x> Y) 2 C4h64t (Xa y)

Proof. Let c3 =1, ¢3 and € > 0 be as in Corollary 7.7. Without loss of generality we assume
that ¢t = 1. Further, according to Corollary 7.7, it suffices to consider d(x,y) > 1. Let 0 € G
be such that [|o(y) — x|| = d(y,x). Set y' = o(y), n = 64[d(x,y)’] = 64[||x — y'[[*], and

y —x

yi=x+]

Consider the balls B; = B (y;, (8y/n)™!). By the semigroup property of k‘fv}(x, y) and the
fact that k§1V}(X1, Xs) > 0 for all x1,x, € RY and #; > 0 we have

(7.17)
KV (x

/ / / / l{:{V} (x, 21 l{:{ }(zl, Z3) .. .k{lV}(zn_g, zn_l)k{!}(zn_l, y)dw(zy) ... dw(z,_1)

RN JRN RN JRN n n n

/ / / / k{v} (x,2; k:{ }(zl, 2) .. .k‘{l‘/}(zn_g, zn_l)k{lv}(zn_l, y) dw(z,—1) ... dw(zy).
B1 J B BnoJBn 1 2 " "

Observe that for z; € B; and z;,; € B;;1 we have

4
12; — 2]l < S
By Corollary 7.7, Lemma 2.5, (2.17), and the doubling property of the measure dw, we get
(7.18) kY (25, 2511) > esw (B (5, (V) ™)

Moreover, by the fact that d(z,_1,y) = d(z2,-1,y’) < [|Zn_1 — Y]] <
Lemma 2.5 (with ¢y = 2), we obtain

(7.19) K 20 0,5) = Gha (20-1,5) = 805 hayan (v, Y)-

sf’ Corollary 7.7, and
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Recall that by the doubling property of dw and the definition of B; we have
w(B;) >
w (B (y;, (vVn)™))
Therefore, by (7.17), (7.18), and (7.19), for a constant ¢ > 0 small enough,
(7.20) Y (x,y) > e hyen (v, )

Then, by (2.17), doubling property of dw, (2.16), (2.1), and the fact that d(y,y’) = 0, one
gets
(7.21)

hjen(y,¥') = Crw(B(y, (V2n) ™) T Aly, ¥, (1/(2n))) > On Y202 (B(y, 1)) ' Aly, ', 1).
Recall that n = 64[d(x,y)?]. Hence, by (7.20), (7.21), and (2.18), we obtain
K7 (x,y) = Cg NP 2Cw(B(y, 1)) Ay, ¥, 1) = ce T by (y, y).

Further, by Proposition 7.5, we get
TN Dy (y,y') = Cem TV w(B(%, 1)) jey (%, ¥ ) e, (X, ¥).

Since ||x —y’'|| = d(x,y), by Lemma 2.1 and the definition of A(-,-,-) (see (2.15)), we have
0 e A(x,y'), so A(x,y’,1/c;) > 1. Hence, by (2.17), one obtains

hije(%,5') > Cw(B(x, 1)) temesdexy)®,
Thus, using Theorem 2.2, we conclude that
K (x,y) > Cemerte)doen)®n,  (x)y) > Cw(B(x, \/1]er)) " Le @9 A (x y, 1/ey).
Finally the claim follows by applying (2.16) together with Theorem 2.2. O

Let us note that implication (¢) = (a) is already proved under the assumption that
IG(V)||L= is small enough and V is continuous and bounded. In Proposition 7.9, we will
make use of the Feynman—Kac formula to relax the assumption ||G(V)||,~ < € for continuous
and bounded functions V. Finally, in the further part of this subsection, we will relax the
assumption that V is continuous and bounded.

Proposition 7.9. Assume that V : RY —— [0,00) is continuous, bounded, and Green
bounded. Then there are constants Cg,cg > 0, Cg < 1, which depend only on the bound
of |G(V)||ze such that for all x,y € RY and t > 0 we have

(722) k‘it{v}(x> Y) 2 CghCQt(Xa y)

Proof. Let ¢ be the same as in Proposition 7.8. We may assume that ||G(V)||~ > €. Let
1 < p < oo be such that HQ(%V)HLOO = ¢/2. Recall that Y (x,y) is a continuous function
(see Theorem 4.1). By the Lebesgue differentiation theorem, for all (xg,yo) € RY x RY and
t > 0, we have

vy . 1 vy
kP = lim —— k. * d
t (X07y0) ri)%}r ’LU(B(yO,’f’)) /B(yo,r) t (X07Y) w(Y)
(7.23) . .
= lim ———F*° — -V(X,)d X,

0t w(B(yo, 7)) oo /op () )Xot (X0)
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where in the last equality we have used the Feynman-Kac formula (6.4). Now, we apply the
Holder’s inequality with the exponents p + p’ = pp/, and then Theorem 2.2 obtaining

(7.24)

{2v) . 1 ol V(X ds . 1l
b (0y0) <l e { B (¢ R O a0 (X)) B (0 (X0))

/

1/p
= {k‘t{v} (Xo, YO)} ht(X0> Yo)l/p

{V} 1/p A(X07y07t)1/p,
SC{kt (XanO)} 'U,J(B(X(),\/l_f))l/p,.

By Proposition 7.8, (2.17), the doubling property (2.2), and (2.16), we have

1y ’
(7.25) k;{p }(X07 ¥o) > Cuhey(X0,¥0) > "w(B(xq, V1)) ~le 100y /1A (xo vy, 1).
Thus, combining (7.24) together with (7.25), we get
A(X07 Yo, t)l/p/

w(B(xo, VE))"

/ 1/
(7.26)  "w(Blxo, VE) e 03 A o, yo,8) < Ok (0, v0) }

Finally, by Theorem 2.2,
NP o A t
(7.27) kY (x0, y0) > (C—> e‘”’d("“"))z/‘“M > chyje (X0, Yo)-

¢ w(B(xo, V1))
O

Proposition 7.10. Assume that~V: RN +—— [0,00) is measurable, bounded, and Green

bounded. Then there are constant Cg,cg > 0, which depend only on the bound of ||G(V)| L,
such that for all x,y € RY and t > 0 we have

(7.28) kY (x,y) > Cohagi(x, ).

Proof. For n € N we consider

Va0 = [ e y)V(y) duy)

Then, lim, o V,(x) = V(x) for almost all x € RY (see e.g. [2, Remark 5.5]) and, by the
regularity of the heat semigroup, V,, are continuous functions. Moreover, by (2.8), ||V,||z~ <
IV ||z, and, by Proposition 7.1, there is a constant C' > 0 such that

1G(Va)llze < ClIG(V) | Lo
Recall that {e~fn }>o0 and {e_tf}tzo are the contraction semigroups on L?(dw) generated
by the operators —L, = A, —V, and —L = Ay — V respectively. Then, for f € D(L) =
D(L,) = D(Ay), we have lim,,_,o, L,,f = Lf. Hence Theorem 3.4.5 of [13] asserts that
(7.29) lim e rf=e L f in L*(dw) —norm, for all f € L*(dw).
n—oo

Further, Proposition 7.9 and Theorem 4.1 imply that there are constants Cg,cg > 0, Cg < 1,
such that for all n, we have

(7.30) Cghegt(x,y) < k;{f/"}(x, y) for all (t,x,y) € (0,00) x RY x RY.
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Assume towards contradiction that Cghe,.(Xo0,y0) > ka}(XO,yO) for some (g, %0,y0) €
(0,00) x R¥ x RN, Then, by the fact that k"?(-,-) and hy(-,-) are continuous, there are
g, > 0 such that Cgheye,(x,y) > k;/{OV} (x,y) + ¢ for all (x,y) € B(x0,6) X B(yo,9). Hence,
applying (7.29) to f = XB(y,,s) We obtain a contradiction. O
Proof of the implication (¢) = (a). Assume that V:RY +—— [0,00), V € L _(dw), is
Green bounded. Consider the operators L, = —A, + V,, V,, = min(V,n), n € N. By
Proposition 7.10 there are 6’(_;,5(_; > 0 such that for all n € N we have

kY (x,y) > Cohegi(x,y)

for all (x,y) € RN x RY. Now the required lower bound for k{'?(x,y) follows from Theo-
rem 5.1.

O

APPENDIX A. PROOF OF PROPOSITION 6.1

Lemma A.1. Assume that f : [a,b] — R is a bounded cadlag function. Define
(A1) Tyt) o= | i 7(0) = im (0] = |t £0) = 7).

Then, for all € > 0, one has

#{t € [a,b] : Jp(t) > e} = C. < 0.
Proof. Aiming for a contradiction, suppose that the set A = {t € [0,1] : Jf(t) > ¢} is infinite.
Let ty be a accumulation point of A. There is § > 0 such that |f(t) — lim, - fi)] < e/4
for tg —d <t < tg. Thus |f(t) — f(t')] <e/2 for tg — & < t,t' < tg. We proceed similarly to

obtain |f(t) — f(t')] <e/2for ty < t,t' <to+ . So Js(t) <e/2fort e (to — d,to + '), and
we get the contradiction. O

Proof of Proposition 6.1. We may assume that a = 0, b = 1, and |f(¢)] < 1. Fix ¢ > 0.
Consider the finite set
A= {t S [O, 1] : Jf(t) > 8} = {tl,tg, ce ,tm_l}

(see Lemma A.1). Let U be an open set such that {ti,ts,...,t,,—1} C U, |U| < ¢, and
[0,1] \ U is a finite union of closed disjoint intervals Iy,. .. I,,. Then

/U|f(t)|dt<e.

Consider I; = [a;, b;]. For every t € [a;,b;] there is §; > 0 such that |f(t) — f(t')| < 4e for
t' € la;,bj], |t —t| < &, because J;f(t) < e. By compactness, there is 6; > 0 such that
|f(t) — f(t')] < 8 for all t,t' € [a;,b], |t — | < ;. Take § = min{dy,...,d0,}. If n € Nis
such that 1 < §/2 and [£, 5] C [a;, b;], then

)/;H " dt——f(k/n)) < 8¢/n.

So, we easily conclude that

’%nsz(’f/m—/lf(t)dt\ < 20e
k=0 0
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for n € N large enough. O

[1]
2]

S
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