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Lax equations for relativistic GL(N M, C)

Gaudin models on elliptic curve

E. TruninaEI A. ZotovH

Abstract

We describe the most general GL /s classical elliptic finite-dimensional integrable system, which
Lax matrix has n simple poles on elliptic curve. For M = 1 it reproduces the classical inhomogeneous
spin chain, for N = 1 it is the Gaudin type (multispin) extension of the spin Ruijsenaars-Schneider
model, and for n = 1 the model of M interacting relativistic GLy tops emerges in some particular
case. In this way we present a classification for relativistic Gaudin models on GL-bundles over
elliptic curve. As a by-product we describe the inhomogeneous Ruijsenaars chain. We show that
this model can be considered as a particular case of multispin Ruijsenaars-Schneider model when
residues of the Lax matrix are of rank one. An explicit parametrization of the classical spin variables
through the canonical variables is obtained for this model. Finally, the most general GL ;s model
is also described through R-matrices satisfying associative Yang-Baxter equation. This description
provides the trigonometric and rational analogues of GLyj; models.
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1 Introduction: classification scheme

In our previous paper [40] we reviewed the non-relativistic classical integrable systems on elliptic curve. The
classification scheme for these model is as follows:

Classification scheme for elliptic non-relativistic models:

1. general gly}, model
M=1y N =1
n=1
2. gly" Gaudin model N 3. gly/* multispin CM

4. gl mixed type model

i M=1/ NN =1 i

n=1 ‘ n=1

rk(S) =1
5. gly integrable top b 6. gl, spin CM

7. M interacting gl tops

rk(S) =1 rk(S) =1
3 M=1/ NN =1 3
8. gly top on OR™ 9. gl spinless CM
family IT family IIT family I
Scheme 1

Non-relativistic models. Let us briefly recall the main idea. The lowest level is given by the elliptic
spinless Calogero-Moser (CM) model and the elliptic top with minimal coadjoint orbit. These are the boxes 9
and 8 on the Scheme 1 respectively. Within the first family the Calogero-Moser model is extended to its spin
generalization (box 6) and the Nekrasov’s multispin model 3 of Gaudin type. Similarly, in the second family the
elliptic top with minimal coadjoint orbit is extended to the one with arbitrary orbit (box 5) and to the elliptic
Gaudin model (box 2). Hereinafter by the models of Gaudin type we mean those models, which are described
by the Lax matrices with a set of simple poles in spectral parameter z at some points 21, ..., z, on elliptic curve
(or its degeneration). In the classical spin Calogero-Moser model the spin variables are arranged into the ”spin
matrix” .S, which is a residue of the Lax matrix at a single pole. In the Gaudin models there are n spin matrices
—residues at 21, ..., z,. For this reason the Gaudin type models are also called as multi-pole or multispin models.
Below we keep this terminology for the relativistic models.

The models from the second family are governed by the classical non-dynamical r-matrices of vertex type,
while the systems from the first family are described by dynamical (classical analogues of IRF type) r-matrices.
According to classification of classical elliptic integrable systems [2I] there are also intermediate gly , models of
mixed type. They are presented in the third family. When N = 1 the first family is reproduced, and the second
family appears in the case M = 1. The models from different families are related by the so-called symplectic
Hecke correspondence [20]. In particular, it means that the systems 8 and 9 are gauge equivalent at the level of
Lax pairs, and explicit change of variables can be evaluated.

The upper level of the Scheme 1 (i.e. the cases 1, 2, 3) is given by the Gaudin type models. In these cases
the Lax matrices have n simple poles. When n = 1 these models turn into the middle level (i.e. the cases 4, 5,
6). And the lower level (i.e. the cases 7, 8, 9) comes from the middle one by restricting to the coadjoint orbits
of minimal dimensions for the spin variables. The spin variables are elements of the spin matrix S, and the
condition rk(S) = 1 is equivalent to the choice of minimal coadjoint orbit.



Relativistic models. In this paper we discuss relativistic analogue of the above scheme. The classification
is presented on the Scheme 2.

Classification scheme for elliptic relativistic models:

1. general GL}/}, model

NN =1

3. GLj;* multispin RS

M=1/

2. GLX"™ XYZ chain

n’—1
+

4. GLy s mixed type model

LoM=1/ | M=
rk(S) =1
5. GLy relativ. top 3 6. GLjs spin RS
7. M interacting GLy tops
rk(S) =1 rk(S) =1
4 M=1, NN =1 4
8. special GLy top 9. GLjs spinless RS
family 1T family ITT family I

Scheme 2

Consider the first family. The relativistic (spinless) many-body system is the elliptic Ruijsenaars-Schneider
model [32] (box 9). It was extended to the spin case by Krichever and Zabrodin [19] (box 6). A generalization of
the latter to the multi-pole case (box 3) is also known in the literature. See, for example, [29], where such model
appears in the context of dualities. At the same time, the classical equations of motion and/or the Hamiltonian
description were not known to our best knowledge. In fact, the multispin Ruijsenaars-Schneider is known much
better at quantum level. It is constructed by means of dynamical Felder’s elliptic R-matrix [I3]. Such models

are also studied in the context of supersymmetric gauge theories and underlying Seiberg-Witten geometry, see
e.g. [27, 29] and references therein.

The quantization problem is also related to a known open problem — to describe the Poisson and r-matrix
structures for the spin elliptic Ruijsenaars-Schneider model. The Hamiltonian description is still unknown. This
is why we discuss the Lax equations only in the general casdl. At the same time much progress was achieved in
the studies of trigonometric spin Ruijsenaars-Schneider models, see [I, [} 10, 12]. Although we do not address
to precisely this problem, we derive explicit parametrization of spin variables through canonical variables in a
special case of model 3, when all spin matrices are of rank one.

The models from the second family are the classical analogues of XYZ spin chain including the higher
rank generalizations [38| [[T]. The model 2 is the GLy inhomogeneous classical XYZ spin chain on n sites. The
models 5 and 8 can be viewed as 1-site classical chain with the Poisson structure given by the classical Sklyanin
algebra [37]. From viewpoint of the classical mechanics these models are relativistic tops [23]. The model 8 is a
particular case of model 5 corresponding to the special case, when the matrix of spin variables S has rank one.

Finally, the third family consists of the mixed type GLy s models similarly to its non-relativistic analogue
from the Scheme 1. The models 4 and 7 on the Scheme 2 were described in [46] [33]. The model 1 is on the top of
the Scheme 2, and this is the subject of this article. Similarly to non-relativistic case the families on the Scheme

3There is no a full proof of integrability for elliptic spin relativistic models since the classical r-matrix structure is
unknown. However, there are some arguments for integrability besides existence of the Lax pair. On one hand there is a
quantum RLL algebra [34] [35], and on the other hand commutativity of anisotropic spin Ruijsenaars Hamiltonians was
proved directly at quantum level in [28§].



2 are related by the symplectic Hecke correspondence. For example, the models 8 and 9 are gauge equivalent.
This phenomenon was originally observed by K. Hasegawa [15], see also [8, (411 [1°7, [43].

The study of models from the third family can be interesting from different viewpoints. Their quantum
analogues are described by the mixed type quantum R-matrices [22], which turn into the vertex type when
M =1 and become of purely IRF type in the case N = 1. The underlying quantum algebra takes the form of
an intermediate case between the Sklyanin algebra and the elliptic quantum group [34]. Recently the quantum
Hamiltonians for GLyjs model of interacting tops (box 7) were proposed and used for construction of new
long-range spin chains [28]. The studies of multi-pole case in this context is an interesting open problem.

Another possible application of the Gaudin type models arises in the studies of 1+1 integrable field theories
generalizing the models on the Schemes 1 and 2. The 141 generalizations of the Calogero-Moser system is known
[18] as well as the continuous models of the Heisenberg-Landau-Lifshitz type [39, II]. The 141 version of the
spin and multispin Calogero-Moser models (the box 3 on the Scheme 1) was given in [20] and the 1+1 Gaudin
models generalizing the models 2 on the Scheme 1 were discussed in [44] 2]. The field generalizations of Hitchin
systems including the multi-pole type models are actively studied nowadays [6l 26]. At the relativistic level the
141 field theories corresponding to the models 5 on the Scheme 2 are known from [9]. Recently the 1+1 analogue
of the Ruijsenaars-Schneider model was suggested in [43]. It is an interesting classification problem to describe
the soliton equations related to all boxes on the Schemes 1 and 2.

Purpose of the paper is to present the classification Scheme 2 and describe the most general model 1. The
generalized version of this model is also proposed through R-matrix formulation, which includes trigonometric
and rational degenerations of the elliptic model. We also suggest explicit parametrization of the reduced multispin
Ruijsenaars-Schneider model with rank one matrices of the spin variables.

The paper is organized as follows. In Section [2] we review the models from the family II and recall the
classical IRF-Vertex relation between the special relativistic top and the spinless Ruijsenaars-Schneider model.
The monodromy matrices of spin chains are naturally represented in the additive form, which is similar to the
one for (non-relativistic) Gaudin models. However, in contrast to non-relativistic case, where the underlying
quantum or classical algebra of exchange relations is based on Lie algebra, in the relativistic case we deal with
quadratic algebras of Sklyanin type. The term relativistic Gaudin model is understood as a model with some
multi-pole (and multispin) Lax matrix and (possibly complicated or, even more, unknown) quadratic Poisson
structure. In Section [B] the most general elliptic model is described. Namely, a natural ansatz for the Lax pair
is suggested and the equations of motion are derived. In Section [4] we propose inhomogeneous generalization of
the Ruijsenaars spin chain. It is obtained by the gauge transformation of IRF-Vertex type starting from GLy
XYZ spin chain. As a result, we express the spin variables in the reduced multispin Ruijsenaars-Schneider model
(with rank one spin matrices) through the set of canonical variables, thus providing the Hamiltonians description
for this model. Finally, in Section [l we extend the results of Section Bl to R-matrix formulation based on the
associative Yang-Baxter equation.

2 Quantum R-matrices in quantum and classical models

In this Section we introduce necessary notations and recall some basic facts and definitions by considering the
model 2 from the Scheme 2 — GLy spin chain on n sites governed by the vertex type R-matrix. A detailed
description for the additive form of the monodromy matrices is given.

2.1 Quantum R-matrices and Yang-Baxter equations

A quantum R-matrix in the fundamental representation of GLy Lie group is some Mat(N, C)®2-valued function

RT‘Q (q1,92) € Mat(N, (C)®2

depending on the Planck constant % and the spectral parameters qi,g2. In fact, we assume that R7y(q1,q2) =
Rl (g1 — ¢2), and the R-matrix is the elliptic GL Baxter-Belavin’s one (B.) or some its degeneration. In the



general case any Mat(NV, C)®2-valued R-matrix is of the following form:

N

Riy(q) = Z Rijr(h, @) Eij @ Egr (2.1)
ijkl=1

where {E;;; 4,5 = 1..N} is the standard matrix basis in Mat(N,C), and R;; (%, ¢) is a set of functions. By
definition any quantum R-matrix satisfies the quantum Yang-Baxter equation:

R?z(Q12)R;f3(Q13)R§3(Q23) = R§3(Q23)R?3(Q13)R?2(Q12)7 Qij = 4i —4j, (2.2)

where all R-matrices are considered as elements of Mat(N, C)®3. For example,

N N
12(q) = Z Riju(z,q)Eij @ B @ 1y,  Riz(q) = Z Riju(z,q)Eij ® 1n ® B, (2.3)
ijki=1 ijki=1

where 1y is the identity matrix in Mat(N,C). The elliptic R-matrix (B.7) satisfies [23) and the unitarity
property

Ria () B2 () = (9(2) — () 1y @ e P2 62,00z, —a) 1w @ 1 (24)
where p(z) is the Weierstrass elliptic function, and ¢(z,z) is the elliptic Kronecker function (A2). One more
useful property of (B.7) is the skew-symmetry:

12(0) = =Ry (—q).- (2.5)

Besides the quantum Yang-Baxter equation (22]) the elliptic Baxter-Belavin R-matrix in the fundamental
representation of the GLy Lie group satisfies also the so-called associative Yang-Baxter equation (AYBE) [31]:

TRy = RGR, Y + Ryy “Ris, Ry, = Ryy(da — ), (2.6)

In contrast to (Z2)) the latter equation remains nontrivial in the scalar case (when N = 1). In this case it turns
into the genus one Fay identity (AI0), while the R-matrix itself becomes the elliptic Kronecker function (A22).
Being a solution of the Yang-Baxter equation (2:2)) an R-matrix is fixed up to multiplication by an arbitrary
function. But this freedom is fixed in (28], and the way of fixation is given by the r.h.s. of the unitarity property
4). More properties of the R-matrices under consideration can be found in the Appendix B and in [24].

2.2 Quantum models

Let us recall some details on description of vertex type models from the second family since we use it throughout
the paper. As a by-product we introduce necessary notations. At quantum level the spin chain (i.e. the model
2 from the Scheme 2) is described by means of a quantum R-matrix.

Quantum spin chains. The quantum inhomogeneous GLy spin chairfd is defined by the monodromy matrix
T(z) = Rb (2 — 21)REy (2 — 23) ... R} (2 — 2,) € Mat(N, C) ® End(H), (2.7)

where 0 denotes the auxiliary space Mat(N,C), and indices 1,..,n are tensor components of the (quantum)
Hilbert space H. If all R-matrices are in the fundamental representation of GLy then H = (CY)®" and
End(H) = Mat(N,C)®". Alternatively, one writes the monodromy matrix

T(z) =LYz — 20) L% (2 — z2) ... L™ (2 — ). (2.8)

Each Lax operator L'(z — z;) € Mat(N,C) is N x N matrix, which entries are operators acting on #. More
precisely,

N
Li(z—z) = LM8 2 — ), St = Z E.S?, (2.9)

a,b=1

“Hereinafter we assume the closed spin chains only.



an(ﬁ

o] N
LS, 2z — z;) = try (R’fQ(z - 21)5%) = Z Rapea(hy 2 — 2zi)Eay St . (2.10)
a,b,c,d=1
The commutation relations of quantum algebra between the operators S'(ilb, i =1,...,n, a,b = 1,...,N are

generated by [S7, 5] = 0 (or, equivalently [L?(z), L/ (w)] = 0) for i # j and the Sklyanin algebra [37], which is a
set of quadratic relations coming from the quantum exchange relationg?:

LY(8%,2) L5 (S, w)Riy(z — w) = Riy(x — w) L5 (5", w) LY (5", 2). (2.11)

It follows from these commutation relations that the monodromy matrix (Z8)) also satisfies (211)):

Ty (2)To(w) Ry (2 — w) = Riy(2 — w)To(w) Ty (2) . (2.12)
T hereforeﬁ, the quantum transfer-matrix R
t(2) = troT'(2) (2.13)
obeys the property
[t(2),t(w)] = 0. (2.14)

It is an essential idea underlying the quantum inverse scattering method since it means that t(2) is a generating
function of commuting Hamiltonians H;, i = 1,...,n (i.e. [H;, H;] = 0), which can be defined as

H; = Resi(z). (2.15)

2=z

In order to write H; explicitly we use that the residue of L(S%, z — z;) at point z = z; equals % (see (Z20) below).
Then we have

ﬁi = tr(f)h(gl, Zi — Zl) SN f;h(gi_l,zi - Zifl) . S’i . ih(gi—i_l, Zi — ZfL'Jrl) SN Lh(gn, Zi — Zn)) . (216)

Alternatively, one can calculate H; from (Z71) in the fundamental representation. Using the property (B.I3]) one
finds from the definitions (ZI3)) and (ZI3]) that

ﬁi = Rfﬁi+1(zi — Zi+1) e RZn(ZZ — Zn) Rffl(zz — 2’1) . Rfﬁl_l(zl — Zi—l) . (217)

It is also important to mention that the Sklyanin algebra generated by (Z.I1]) has the fundamental represen-
tation of GLy Lie group

Sl =1IN® .. ® 1y @ Fp ® Iy ® ... ® 1y € Mat(N,C)®" (2.18)

where Ej, is in the i-th tensor component. The representation ([218) exists because in this case the Lax operators
@I0) L(S% 2 — 2;) turn into R-matrices Ry, (z — 2;) in the fundamental representation. The exchange relations
[210) are then fulfilled due to the Yang-Baxter equation (22)).

It is also known [37, [15] that GLy Sklyanin algebra has representation in terms of difference operators in
N variables. This case is the quantum analogue of the model 8 on the Scheme 2. It is closely related to the
quantum Ruijsenaars-Schneider model (the model 9 on the Scheme 2) [15].

Elliptic L-operator. Let us write down explicit form of the elliptic Lax operator [37] using our notation
(ZI0). Plugging the expression for elliptic R-matrix (B1) into ([2I0) and using (B one gets

IO A h
h — E
L (Su Z) - . TaSaspa(Zuwa + N) ) (219)

5The standard notations are used: 41 = A® 1y and As = 1y ® A for any matrix A € Mat(N, C).

®The relations (ZII) are assumed to hold identically in spectral parameters z and w. Hence (ZII) provides N*
relations in the general case.

"In fact, here we also use invertibility of Rl (z — w). It is true in our case due to the unitarity property (24).



ZZSL(S, Z) =5= ZTaSa7 (220)

where the sum is over a € Zn X Zn, the basis matriceﬂ T, are given in (BJ), and S’a are the components of
the matrix S in the basis T,. In the fundamental representation S, = (1/N)T_,, and in this way one restores
the Baxter-Belavin R-matrix from (ZI9).

As a function of the spectral parameter z the Lax operator (2.19) has the following quasi-periodic behaviour
on the lattice of periods of the elliptic curve C/(Z + 7Z):

L(S,2+1)=Q7'L(5,2)Q,

(2.21)
ﬁ(é’, z+47)=exp(— 2?\]”1

YATLL(S, 2)A

where @ and A are the matrices (B:2)). The properties ([2.21]) are derived from (A9) and (B3). The latter yields
Q7 1T.Q = exp(miaz/N)T, and AT, A = exp(—m1a1 /N)T,.

The L-operator [ZI9J) satisfies the exchange relations (2.I1]) identically in z,w, thus providing the quantum
GLy Sklyanin algebra for the set of generators S, @ € Zn X Zy. The matrix (2.19)) is fixed by the quasi-periodic
boundary conditions [2I9) together with fixation of the residue ([220)) at the single simple pole z = 0.

Gaudin model. The Gaudin model [14] appears from the spin chain (Z7) as the limiting case when h — 0.
The ”Planck constant” h is just a parameter of the model ([Z7), so that the Gaudin model is also quantum, and
the only reason to call h the Planck constant is the classical limit expansion (B.8)-(B.9). Plugging (B.8)) into
(Z7) one obtains the following Gaudin Hamiltonians in the first non-trivial order (in the order h?~"):

R n

HE = rig(zi — 2). (2.22)

k:k£i

The commutativity of these Hamiltonians follows from the classical Yang-Baxter equation (B.9). In the limit
% — 0 the Sklyanin algebra (based on (ZII)) turns into the Lie algebra relations [S%, $5] = 6%[S%, Pio], and the
generators géo,o) (the scalar component of the matrix 5') become the Casimirs. Similarly to calculation of the
Hamiltonians ([Z22]) one can easily obtain the Lax operator for Gaudin model as the first non-trivial term in the
expansion in % of the monodromy matrix 7'(z) (Z9). This yields the Lax operator

IG(z) = Zn: tro (m(z - zk)gg) : (2.23)
k=1

Each term in this sum has simple pole at z = z; with the residue equal to Sk That is, in the Gaudin limit the
multiplicative form of the monodromy matrix (Z.8]) turns into the additive form of the Lax operator (2:23)), and
the quadratic (Sklyanin’s) Poisson structure turns into the linear Poisson-Lie brackets.

2.3 Spin chain as relativistic Gaudin model

In this subsection we explain what we mean by the term relativistic Gaudin model. It is just an additive form
of the monodromy matrix of spin chain.

Additive form of spin chain. Let us represent the monodromy matrix of the spin chain (28] in the
additive form similarly to the Lax operator of the Gaudin model. We begin with the elliptic case. The monodromy
matrix T(z) is an operator valued N x N matrix. As a function of z it has n simple poles at z = z;, i = 1, ..., n.
The quasi-periodic behaviour follows from ([221)):

T(z+1)=Q 'T(x)Q,

(2.24)
T(z+7) = exp(— 2”};"7:” YATIT(2)A,

8Some more properties of the basis T, are briefly reviewed in the Appendix of [43].




so that these properties are the same as in (Z2I)) but with % being replaced by nfi. Therefore, T(z) acquires the

form:
R n . . n R A
T(z) =3 L8, 2= 2) = ToSEa(z — 21, wa + =), 2.25
(); ( k) ;zﬂ: aPalz = 2k ) (2.25)
where S* are residues of T(z) at the poles z;. Namely,
St = Res T(z) =
' (2.26)
= i/h(gl, Zi — Zl) e i/h(gi_l,zi — Zi—l) . S’i . .i/h(gi-i_l,zi — Zi+1) . ﬁh(S'", Zi — Zn) .

In this way we express the generators S‘éb, i=1,...n,a,b=1,...,N in terms of the generators of the Sklyanin
algebras (S%)). Tt is important to mention that the commutation relations between operators &' are non-trivial.
Initially, we had n copies of the Sklyanin algebra, where the operators related to different sites commute, i.e.

(S, 57,1 =0 for any a,b, ¢, d and i # j. Equivalently, [Si,83] = 0. But it is not true for S,: [Si,8J] # 0. The
commutation relations for S?, can be derived from RTT relations (ZI2) by substitution (Z25). These relations
can be found in [42].

Notice also that

tr(S*) = Res tr(T(z)) @) H;. (2.27)

Changing the Planck constant parameter. Finally, due to 2I0) from ([2.25) we conclude:
T(z)= try (R;@(z - zk)$§) . (2.28)
k=1

This form of 7'(z) is similar to the Lax operator [Z23) of the Gaudin model. Moreover, one can achieve exact
matching in the following way. In fact, the constant nf in the R-matrix in ([Z28) can be made different or even
more removed at all. Consider for simplicity n = 1 case:

Ln(s;, Z) - Z Tas\awa(sza + 77) Y (229)

Using relation
Pa(z —N;wa +1) _ Pa(2,wa)

o(z —n,m) pa(n,wa)’ (230)
it is easy to see that
L"(S,2) = ¢(z,m) L°(S, z + 1), (2.31)
where
LO(S, z) =1nSo + Z TuSapa(z,wa) (2.32)
a#0
and
S=1L°8S,n). (2.33)
The latter means explicit change of variables:
So =Sy, Sy = Saa(n,we), fora#0. (2.34)

Similar procedure can be performed in the multi-pole case. Then, by redefining the operators S?, the monodromy
matrix (Z28) takes the formf]

T(z—n) = f(2) (lNSO + ”Z, tro (rlg(z - zk)Sg)) (2.35)
k=1

9An additional pole may arise in the described above procedure, so that the number of simple poles n’ may be equal

n
ton + 1. In [Z35) an additional generator Sp appears. But it assumed that > S& = 0 in order to make the expression
k=1
in the r.h.s. of (Z28) quasi-periodic with respect to z — z + 7, that is the total number of independent generators in the
scalar component remains n.



with some function f(z). Details are given in [42].

To summarize, the monodromy matrix ([28)) can be represented in the Gaudin like form ([Z23]) after some
set of redefinitions. While in (Z23) the operators S’ are generators of (i-th copy of) Lie algebra, in (Z38) we
have the operators S? originated from n copies of the Sklyanin algebra.

Another important remark is that the above mentioned trick allows to change the Planck constant parameter
entering (228)). Indeed, one can remove it in a way described above, and then restore a different parameter.
This means that instead of exchange relations ([Z.11]) one can study more general relations

L(8",2) L3 (5", w) Ry (2 — w) = Riy(z —w)L3 (8, w) L] (5, 2) (2.36)

with two parameters i and 7. It can be shown that these relations are indeed fulfilled for the elliptic Lax operator
(ZT19) and the elliptic R-matrix (B in a sense that ([2.36) is equivalent to a set of quadratic algebra relations
identically in spectral parameters z and w. The quadratic relations explicitly depend on two parameters. But
one of them can be removed by the above mentioned redefinitions. Then we are left with a single parameter as
it should be in the Sklyanin algebras. However, it is sometimes useful to keep both parameters. We will use this
possibility below when studying the classical limit.

Additive form for the fundamental representation. Technically, the additive representation is based

on the identity
H xuyz Z (I’i7 Z ym> H Qb — Ty, y; (237)

i=1 i=1 m=1 J#i

which is the n-th order generalization of the addition formula (AI0). Indeed, by definition (Z§) any matrix
element of T'(z) is a sum of terms, which dependence on z has the form

Yo, (2 — 21, Way + B/N) ... 0n, (2 — 2n,wa, +1/N)

for some aq, ..., a,. Using (Z31) for x; = z — z; one gets (2.27))-(226).

For R-matrices satisfying the associative Yang-Baxter equation (2.0) there is an R-matrix analogue of the
n-th order formula (Mﬁ

= R&n(xn) . R,ylfl(xl - xn)szz(xg —xp) . R (T — xn)+

n,n—1
RZ” 1 'n,( —Tp-1)- R(’)/,nq(wn—l) : Riiil,l(wl —Tp-1).. RTyl 1,n— 2(Tn—2 — Tp_1)+
RZH 2171 1(337171 - $n72)RZn—2,n($n — Tp—2)- Ré/,n—2(33n72)' (2.38)

BRI g1(o1 ~ aa) o B a(Ens — 2n )t

+R31’722(:v2 — iCl)Rzl/?g(ng —x1).. R;’"n(xn — 1) - Réf)l(xl) ,

.
where Y = > yp,,. When n = 2 it is the equation ([Z0]). In the scalar case (N = 1) the above identity ([2:33)
m=1
turns into (Z37) since R-matrices in N = 1 case become ¢-functions. Plugging y3 = ... = y, = h (so that
Y =nh) and x; = z — z; into (Z38)) one gets the following additive formula for the monodromy matrix (27):

10See Section 4 in [28]. Similar formula was proved in [47].



T(z) = ngl(z - zl)Rg”’Q(z — 29).. .Rg”’n(z —zp) =

= R (2 = zn) - Ry 1 (20 — 21) R} (20 — 22) - Ry 11 (20 = 2Z0m1)+

+RZ—1,n(Z7l—1 — 2n) - 701,2—1(2 — Zn—1) - RZ—l,l(Zn—l —21). .- RZ—I,n—Q(Zn—l — Zp—2)+
+RZ—2,n—1(zn*2 - anl)RZ—zn(Znﬂ —2n) - 33,2—2(2 — Zn-2)° (2.39)

'RZ—2,1(Zn72 —21)... RZ—z,n—s(znﬁ — Zp-3)+

+RY (21 — 22)Ri5(21 — 23) ... BT, (21 — 20) - REfi (2 — 1) -

By taking trace over zero tensor component and evaluating residues at z = z; one easily reproduces (2.I7]).

2.4 Classical models

Classical Sklyanin algebra and relativistic integrable tops. The model defined in ([2.8)) is a quan-
tum version of the model 2 from the Scheme 2. Its classical version was proposed in [37], see also [38, [I1]. Main
idea is very similar to the one described above in the quantum case. In classical mechanics we deal with the Lax
matrix of the form
L(S,z) = 1550 + Z ToSapa(z,wa), (2.40)
a#0

which is similar ([235), but here S = > T, S, € Mat(N,C) is a matrix of N? dynamical variables S, = Sa; .as

(o7
(coordinates on the phase space). The Poisson structure is generated by the quadratic r-matrix structure

{L1(S, 2), L2(S,w)} = [r12(z — w), L1(S, 2) L2 (S, w)] , (2.41)
where
N
{L1(S,2), L2(S,w)} = Z {Lij (S, 2), Lii(S,w)} Eij @ B = Z {La(5,2), Lp(S,w)}Ta @ Ts  (2.42)
ik l=1 B’

and 712(z — w) is the classical elliptic r-matrix. It can be shown that (241)) is identically fulfilled in z,w and
provides the set of Poisson brackets {Sy,Sg}, which is called the classical Sklyanin algebra. The underlying
integrable system is the relativistic elliptic top. It is in the box 5 on the Scheme 2. Let us notice that the
first flow generated by the Hamiltonian H = Sy provides equations of motion, which have precisely the same
form as those in the non-relativistic case (for the model 5 on the Scheme 1) generated by the Hamiltonian
H = (-1/2)), £0 SaS_ap(we) and the linear Poisson-Lie brackets. This phenomenon reflects existence of
bi-Hamiltonian structure. See details in [16].

Following [23] we slightly change the above definitions [240)-(Z41). Namely, we consider the Lax matrix
with explicit dependence on the parameter n:

n
Ln(S, Z) = ZTaSaspa(Zuwa + N) (243)

or

L(S, 2) = tro (R’{Q(Z)SQ) : (2.44)

which is obtained from the elliptic quantum L-operator fﬂ(g ,2) by replacing S with S. The relation between
descriptions in terms of Lax matrices [2.40) and (243) is the same as in (Z33]). So that in (Z44) we added by

10



hands explicit dependence on the additional parameter 7. The corresponding Sklyanin algebra is now generated
by

{12, 8), I3(w,8)} = = [L1 (=, )LA(S,w), rale — w)], (2.45)

where ¢ is another constant parameter. It is straightforwardly follows from the quantum exchange relations
[236) in the limit & — 0. Namely, one should make a substitution & — (—1/c)h and then consider the classical
limit (B:8) with the standard definition

{L?(Z,S),LQ(’LU,S)}:%H% 1(ZaS) (U},S) - Q(Zas) 1(11),5) (246)
—

N3

In deriving this relation from ([2.30) we used independence of parameters n and fi. Also, compared to (2.41]), we
put a factor (—1/c¢) in the r.h.s. This factor is just for convenience of describing relation to Ruijsenaars-Schneider
model (see below).

Direct computations show that (2.40) is equivalent to the following set of Poisson brackets in the classical
Sklyanin algebra:

1
{50, Sp} =~ > Fa-peSa-eSpre (El (we) = E1(Wa—p—¢) + E1(wa-¢ + 1) — Er(wpye + 77)) ' (2.47)
EELR?, €40

where kq g are the constants from (B.4).

The relativistic top (model 5 on the Scheme 2) is defined as follows. The Poisson brackets ([2.47) together
with the Hamiltonian

tr L7
HP — NSy = ctr§ = o SE152) (2.48)
¢(z,m)
generate dynamics given by the following equations of motion:
S =1[S,J"(9)]. (2.49)

They have the form of multi-dimensional Euler-Arnold top. The linear operator J" plays the role of the inverse
tensor of inertia (in principal axes). It has the form:

JNS) =1nSoEr(m) + Y. TuSadl, JI=Ei(n+wa)— Ei(wa).

(2.50)
Q€LY a0
The equations (2.49]) are represented in the Lax form
£7(8,2) = {H'?, L7(S, 2)} = [L7(S, 2), M(S, )] (2.51)
with the M-matrix
M(S,2) = —try (m(z)sz)) . (2.52)

In the elliptic case the above statement is verified directly using identities from Appendix A. At the same time
the construction of the relativistic top can be generalized to any solution of the associative Yang-Baxter equation
[28). Indeed, the definition of the Lax pair [244) and ([2352) does not use explicit form of the underlying R-
matrix. The calculation providing the proof of the Lax equations can be performed using R-matrix identities
coming from (Z4). This type identities are collected in the Appendix B. In this case the expression J"(S)
acquires the following form:

IS) = tw(JS2), Sy =R () (2.53)
where R\ is the coefficient of expansion (B15), and r!) is the coefficient of expansion (B1Z). The description

of the (generalized) relativistic top in terms of R-matrices was proposed in [23] and then proved in [25] and [I7].
Finally, let us remark that the described above integrable top can be viewed as the spin chain on a single site.

11



Classical spin chains. Next, we proceed to the classical spin chain on n sites by introducing the classical
monodromy matrix

T(z)=L"S* 2 —2)...L"(S", 2 — z,), (2.54)
where S, ..., 8™ € Mat(NN,C) are n matrices of size N x N of dynamical variables. Due to (244 it can be also

represented in the form:
%@ﬁﬂmﬁ(ﬂ@ﬂ%mﬂy (2.55)

where (similarly to notations S; = S ® 1y and Sz = 1y ® S) S! means the S* matrix in the i-th tensor
componen, while T'(z) is the quantum monodromy matrix in the fundamental representation ([Z7).

The Poisson structure for the spin chain is given by n copies of the Sklyanin algebra generated by n copies
of the quadratic r-matrix structure

J

{L?(Sivz)ng(Sjvw)} [L?(Si,Z)Lg(Si,w)7T12(Z—w)] ) (2'56)

C

so that any Poisson brackets between variables from different sites vanish. The monodromy matrix satisfies the
same relations

1
{Tl(Z), TQ(UJ)} = E [Tl (Z)TQ(UJ), 12 (Z - w)] . (257)
Therefore, the classical transfer matrix
t(z) = trT(2) (2.58)

is a generating function of the classical Hamiltonians commuting with respect to the Poisson structure given by
a direct sum of n Sklyanin algebras.

Further description is parallel to the quantum case. One can represent the monodromy matrix ([2Z54]) in the

form
n

T(z)=> L™(S*z2—2) =YY TaSipalz — 2k, wa + %) : (2.59)

k=1 k=1 «
where S* are again residues of T'(z) at the poles zy, i.e.

Si = Res T(Z) = Ln(Sl, Zi — Zl) - Ln(Siil, Zi — Zifl) . Sl . Ln(Si+1, Zi — ZfL'Jrl) - Ln(Sn, Zi — Zn) . (260)

zZ=z;

The non-local Hamiltonians are the classical analogues of (2.10):

<m:§§m@u»:uwn:

(2.61)
= tI‘(Ln(Sl, Zi — Zl) NN Ln(Si_l,Zi - Zifl) . Si . Ln(SH_l,Zi - ZfL'Jrl) SN LW(S”, Zi — Zn)) .

In this way we come to the additive form of the monodromy matrix. It can be view as relativistic Gaudin model
by the following reason. Using the change of variables of type ([Z34]) one can (similarly to the quantum case
238)) represent T'(z) in the form (see the footnote for (Z30)):

T(z—n) = f(2) (INS’O - Zn: try (T12(Z - Zk)SS)) (2.62)

k=1
T(z—n)=f(2) (1N§0 + (Z INSEE (2 — 21) + ZTVS’];QO,Y(Z - zk,wy))) . (2.63)
k=1 y#0

It is the form of the Lax matrix for the classical Gaudin model [36], which we considered in our previous paper
[40). In that model the Poisson structure is given by the linear Poisson-Lie brackets, while in (2.62) we deal
with some quadratic Poisson algebra coming from n copies of Sklyanin algebra via (2.60]). Explicit formulae for

"' More precisely, in ([Z55) we assume S: be the S* matrix in the i + 1-th tensor component. It is because S is an
element, of Mat (N, C)®" Y since the first tensor component has number 0 (it is the matrix space of T(z)).
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the brackets can be found in [42]. The term relativistic Gaudin model implies the multi-pole (and multispin)
structure together with quadratic Poisson brackets.

Let us remark that the above description naturally arises in the Hitchin approach to integrable systems, where
the Lax matrices are considered as sections of a certain bundles over curves. The relativistic generalization of
Hitchin systems was studied in [5 [42] and [10].

Gauge equivalence between RS model and relativistic top. Here, following [I5] (see also [8 17,
[41), [43]) we briefly describe the change of variables between the models 8 and 9 on the Scheme 2.

The N-body Ruijsenaars-Schneider model [32] is given by the following Lax matrix of size N x N
LiP(2) = ¢(z,q; + ) bj, i, =1,.... N, (2.64)
where

T 2~ — )
b= [[ T erife, c=consteC. (2.65)
iy V4 — @)

The Hamiltonian N
trLRS(2)
H® —c— 22 — ¢ b(p,q) 2.66
¢(z,m) ; ’ (2:66)
with the canonical Poisson brackets {p;, q;} = d;; (and {p;,p;} = {gi, q;} = 0) generates equations of motion

N

Gi= Y 4idk(2B1(gix) — Br(qk +n) — Br(gi —m)), i=1,...N. (2.67)
ki

Introduce the elliptic intertwining matrix [4]:
1_ N 1
— 2 N _ Na:
sea) =0 | T | (5= N+ Y an 7] — , 269
[T 9(g

where the theta-functions with characteristics appear:

a - . 2T .
9[ b } (z| 1) = Zexp (2m(j +a) 5 +2m(j +a)(z + b)) . (2.69)
JjeC
This matrix was used to describe the IRF-Vertex correspondence in 2d integrable lattice models.

The announced relation between models 8 and 9 consists of two steps. The first one is that the Lax matrix
([Z54) is represented in the factorized form:

_ 9'(0)
~ 9(n)

The second step is the statement that the gauge transformed matrix g(z,¢)L®5(2)g~1(z, ¢) has the form of the
Lax matrix of relativistic top (Z43). Namely,

L®(z) 9 (2,9)g(z + Nn,q) e"/¢, P =diag(ps,...,pn)- (2.70)

<

9'(0)
JI(n)

It is a nontrivial exercise to show that the r.h.s. of ([27]) indeed has the form

LN(S,2) = g(z,q) L™ (2)g(2,q) = 9(z+ Nn,q) e"°g7 (z,q) . (2.71)

LN(8,2) =3 SaTatalz,wa + 1) (2.72)
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with some matrix S (see [I5, [8, 41] and the appendix in [43] for details). The matrix S in this case is special. Tts
rank equals one, and due to ([2.71)) it is a function of the canonical variables p;, ¢;. Explicit change of variables
can be calculated:

N N
(_1)a1+a2 2 -G 0(” + Wa) 19((1771 —q =N wa)
Sa(p,q,1, ¢) = e ema2wa N7 gPm/ce2maz(n=dm) : 2.73
) =7 2 o e (273)

N
where a € Zn X Zy and @, = gm — (1/N) > gi is the coordinate in the center of masses frame.
k=1

3 Elliptic Lax pairs

In this Section we consider the most general model 1 from the Scheme 2. Our purpose is to propose the Lax pair
and derive equations of motion. Then we briefly consider some particular cases including the models 2, 3 and 4.

For all the models from the family III the Lax matrices are of size NM x NM with a natural block-matrix
structure:

LYU(z)  L£2(2) ... LYM(z)

o1 99 . each column or row
L(z) = L3(z)  L2(z) ... L(2) contains M blocks (3.1)
: : : of size N x N
LML) £M2(z) ... LMM(z)
Equivalently,

Z Ei;j ® LY(z) € Mat(NM,C), L¥Y(z) € Mat(N,C). (3.2)
7,j=1

Inside N x N blocks (that is inside N x N matrices £¥(z)) we use the basis (B as we did for relativistic
top 243). A similar block-matrix structure is used for (the accompany) M-matrix entering the Lax equation
L(z) = [L(z), M(z)] and the residues S¢, ¢ = 1,...,n of L(z) at simple poles z1, ..., z,, which are the classical

spin variables:
M

=Y E;®87%, 8"eMat(NM,C), 87" e Mat(N,C). (3.3)

ij=1

Each matrix §%»* has components S¥%, v € Zy x Zy in the basis T, (BI). The zero component (for Ty o = 1)

is denoted as either SO " or just Sp” a

3.1 General case

The Lax pair for the general model has the block-matrix structure (8I) with the N x N blocks

i ij,a Qij +1 Y1+ V2T
L9(z Zzle 2S04 (2 = za,wy + ]N ) i =G, Wy = T (3.4)
yezZ @

and

M
M(z) =Y Ei;j ® M(z) € Mat(NM,C), M?%(z) € Mat(N,C).

ij=1
M (z ZTO Sia (B2 — za) + Ei(y )= > ZT S0, (2 = 2a,ws), (3.5)
y#0 a=1
MZJ ZZT Slj N za,w,y—l-qﬁ), i J.

v a=1
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Introduce the following set of linear operators (analogues of the inverse inertia tensor J” (Z49)-(2.50)):

TN dmn ( Qij.bY ij, Gmn + 1) dmn

Jamn (S4:0) _ZV:S’YJ bTw(gpw(zab,w7+ N )—gpw(zab,w7+T)) , fora#b, (3.6)
Tn(Qijby ij,b Ul
Ja (S ) B ZS’Y T’Y (‘P’y(zabvw’y + N) - @W(Zab’w’v)) ) for a 5& b7 (3.7)
7#0
Jinn (S10) = 37 SIVT (B (wy + L2 0 By (s + o)) (3.8)
- Y Y Y N v N ’
ISy = 37 st (El (wy + L) — By (w )). (3.9)
= vy v v N v
v

In the above definitions ¢, j,m,n = 1,..., M and a,b = 1,...,n. The summation in ~ is over Zy x Zy. If v # 0
then the summation is over Zy x Zy \ (0,0).

Main purpose of the current subsection is to derive equations of motion for the general model. Let us write
down the answer for the diagonal and non-diagonal blocks separately. For non-diagonal blocks 8% (i # j)
equations of motion have the form:

M M
Sij,a _ Sij,ajn(sjj,a) _ Jn(Sii,a)Sij,a + Z Sik,aJn,qkj (Skj,a) _ Z J ik (Sik,a)skj,a+

kik#j k:k#i
+ ) s (Séfb” - Séfgb) (El(%) + By (zab) — ¢(2ab, %))4‘ (3.10)
b:b#a
n _ ~ n M N M _
T Z (Sij,ajg(sjj,b) _ Jg(sii,b)sij,a) I Z ( Z Sika ks (Skj,b) . Z Jmai (Sik,b)skj,a)'
b:b#a b:b#a  k:k#j k:k#i

Equations of motion for the diagonal blocks are as follows:

M
Sii,a _ [Sii,a,‘]n(sii,aﬂ + Z (Sik,ajn,q;m- (Ski,a) — Mk (Sik,a)ski,a)+

k:k#i
(3.11)
+ Z {Su,a, Jg(su,b)} + Z Z (Slk,ajqum (Skz,b) _ Jg,qik (Szk,b)skz,a> )
b:b#a b:b#a k:k#i
Let us formulate the statement on these equations.

Theorem 1 Equations of motion BI0) and BII) are equal to the Lax equation with additional term

E‘C(Z) = [‘C(Z)vM(Z)] + Z Z Z S;zj)c(ﬂi - Mj)Eij ®Tafo¢(2 — Ze, Wa + UT) (312)
ij=1c=1qez%?
for the Lax pair B4) and [B3), where
b S o -
a=1

and the functions f, in the additional term in the r.h.s. of [3.I2) are given by (A20).
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Proof. Consider first the equation ([BI2) for the diagonal blocks. For the Lh.s. we have

S Sid,a Ui
)= 3T L e = i + L),
a=1 v
and for the r.h.s.

n

ii ii,a ii,b n
L, M]" = Z Z Z(FL%B — Kpy)SY S Ty 5y (2 = Zay o ) (2 — 25, w5 + N)—i—
a,b=1~77#0 f

M n
j j ik ki +
+ Z Z Hry,gSfYk’aSgl’bT'erﬁ ((p,,(z — Za, W~ + #)gpﬁ(z — Zp,ws + zN 77)_
k:k#i a,b=1 ~,3

qzk:+"7 ki
— Py (2 = Za, w0y + T )ps(2 ZbMWFW))

(3.14)

(3.15)

The first sum (the upper line) consists of two parts: a = b and a # b. Consideration of the case a = b coincides
with the one described in [46]. That gives us first two terms in the equation (BII)) (also the upper line in the
r.h.s.). Consider the case a # b. By applying the Fay identity (A.I0) and (A.14), (A19) to the first term in the

r.hs. of (BI5) we obtain:

n

ii,a Qii,b n n
S SIS T Ty (= — 20w + 1) (06w + 5) = 93 (s w) ) =
a#b v B#0

- ii.a oii,b n n
=Y DD SIS T T oy 18(2 = 2ay Wy + N)(m(zab,wﬁ +3) m(zab,w)) -
a#b v B#0
Similarly, for the second term (the second line) in the r.h.s. of (BIH):

M n

ik,a ghi,b n Qei + 1 ki
D0 D SIS T Tapyva(z = zarwyss + N)(@B(Zabawﬁ + =)~ ws(zanwp + W))_

k#i a7b v,

ik,b oki.a Qi + 1 Qik n
—8g 35 “TsTy (@B(Zabawﬁ + N ) — 95(2zab, ws + W)) Py+p(2 = Za, Wytp + N)'

In this way we obtain the r.h.s. of (BIH). By comparing it with BI4]) one gets (BII)).
For the non-diagonal blocks of the equation (BI2)) we have in the L.h.s.:

4 n viia qi; +1n ql iia ¢ij + 1
e )= T (87T s = s + )+ RSPT e = s + ).
a=1

In the r.h.s. of (BI2) the following expression arises:

i ua l+
S XSS — ST oz — 2oy + B (B — ) + B ()
N N
a,b=1 7y
+Zn: S S (6, 58I — 15 STV, 4 50 (2 — 7ay 0 )= — 2y + L)y
g \Fv.p By Y+BPy as Wy )P b, %6 N
a,b:l’y?O

* Z >8Pk 5SE" — K5y S5 )Tt (2 = 2a, w5 + %)Ws(z — 2, wp + %H
a,b=1 ~,8
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(3.19)



. ii.a qij; +1
+ZZS»YJ’ (ki = 1) Ty fo (2 = 2, wn + =),

a=1 =y

It includes [£, M]" and the additional term (in the last line). Again, the part of the terms with a = b in all
sums was derived in [46]. This part provides the upper line of I0). The term with the summation over k is
transformed through (AI0). Then the expression under this sum takes the form:

; kj.b Qij +n qrj +1 qkj
S SIVT, Ty (2 = Zar e + L) (05 (v w5+ ) — 05 (zan, s + 52) )+

(3.20)

gij +1 dik Qik+77))

ik,b ki,
+8 S”;J YTy py+8(2 — Zay Wyt + ~ )(gpﬁ(zab,wﬁ +N ) — ¢8(Zap, wp + ~

All computations are similar to the diagonal case, and in this way we get the last two terms in (BI0). At the
same time we also get additional terms, which are as follows:

ijoa( i, Zij +1 n n
DD STSHY — SE s (=2 = zawn + T (Bu( ) + Ba(zan) = 6(zans 1))+
Y a,b

(3.21)

ij,a/ oii,b i7,b Qi +77
+ ZZS’YL (8070 - S(JJ,JO )Ty [ (2 = Zay wy + ]T)
Y ab

The upper expression provides the middle line in the equation (BI0). And the last one expression is cancelled
together with the last terms in (BI8) and [BI9) by the definition BI3)). ]

Finally, we mention that the Lax equation holds true on the constraints
wi =0, i=1,..., M, (3.22)

where p; are given by (BI3). In this case the additional term in ([3I2) vanishes. By differentiating ([3:22)) with
respect to time variable we find equations of motion for the positions of particles:

Gi=NY Syt =Y te(S™), i=1,..,M, (3.23)
a=1 a=1
Summing up (in a) equations (BII]) and taking trace of both sides we find:

n M
Gi = Z Z tr(Sik’“J"’q’ci(Skixa) — JMdik (Sik,a)ski,a)+
a=1 k:k#i (324)
M n

4 Z Z tr(Sik’ajg’qki (Ski,b) _ j?l],qm (Sik’b)ski’a) .
k:k#i a,b:b#a

The constraints (3I3]) should be also supplied with M gauge fixation conditions thus performing (the Hamil-
tonian or the Poisson) reduction to the phase space of integrable model. The reduction is not only restriction
of equations (BI0)-@BII) to the level of constraints ([B22]) but provides some additional terms in the equations
through the Dirac brackets formula. The same phenomenon takes place in the non-relativistic models. For
example, the spin Calogero-Moser model with the spin variables from the minimal coadjoint orbit is reduced in
this way to the spinless system (the model 9 on the Scheme 1).
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3.2 Particular cases

Classical spin chain. First of all we mention that in the M = 1 case the Lax matrix (8:2), (3.4)) is simplified
to the following one

- ij,a n
L(z) = Z Z TS0 (2 — 2za,wy + N) € Mat(N,C), (3.25)
a=1e7X?

which is the monodromy matrix (259) of the classical chain in the additive form (with the redefinition n — n/n).

GLyp model. When n = 1 we have a single pole, which can be fixed as z; = 0. Then the Lax matrix (3.2]),

B3) turns into

M
ij qij +1
L(z) = Z Z Eij @ T,8Y (2, w0y + ]T) € Mat(NM,C). (3.26)
6i=1yen?

Detailed description of this model (it is the model 4 on the Scheme 2) can be found in [46].

Let us also mention several important particular cases of the GLy s model itself. The first one is the model
of M interacting relativistic GLy tops, which appears in the case rank(S) = 1. Recently a quantum version
of this model was proposed in [28], and related g-deformed long-rage spin chains were described. The second
particular case is the relativistic top ([243), which comes from ([B26]) in the M = 1 case. Finally, the third case
is the spin Ruijsenaars-Schneider model [I9], which corresponds to N = 1. In our notation it is also briefly
reviewed in the beginning of [46]. If the matrix of spin variables has rank one then the reduction discussed in
the end of the previous subsection kills all spin degrees of freedom and the spinless Ruijsenaars-Schneider model
arises (see details in [19]). All these relations are shown on the Scheme 2.

Multispin Ruijsenaars model. In the N = 1 case the Lax matrix (82), (84]) becomes the one for the
multispin GLj; Ruijsenaars-Schneider model:

n M

L(z) =Y EyS7¢(z — za,qi + ) € Mat(M,C). (3.27)

a=14i,j=1

Similarly to transition between (2.59) and (2.63]) the Lax matrix (321) can be transformed to the form, which
has no explicit dependence on the variable (see also the footnote to (235])):

E_ij(z) = 5ij (S” + ZSii,aEl (Z — Za)) + (1 — 61']‘) Zgij,a¢(z — Za, Qij) . (328)
a=1 a=1

This form is known for non-relativistic multispin Calogero-Moser model introduced in [30]. Also, this form was
used in [29] for the multispin Ruijsenaars model. Although the form is non-relativistic, the Poisson structure is
quadratic and complicated.

In fact, the Hamiltonian description is unknown even for n = 1 case (the elliptic spin Ruijsenaars-Schneider
model), but it is known for n = 1 and rank(S) = 1 since it is the spinless Ruijsenaars-Schneider model due to
the additional reduction. In the next Section we describe explicit parametrization in canonical variables of the
model (Z7) with spin variables satisfying the property rank(S*) =1 for all k = 1, ..., n.

4 Inhomogeneous Ruijsenaars chain

The Ruijsenaars chain on n sites is the model introduced recently in [43]. Similarly to (Z54]) it is described by
N x N monodromy matrix ~
T(z) = L'(2)...L"(2) € Mat(N,C), (4.1)

2Tn order to get (B28) from [B27) one should divide £(z) by function ¢(z — x,n) for some = and then represent the
answer as in (3:28]).
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where the Lax matrices L!(z) are of the form

gt —q " —n)

T=

5 o 0
LE(2) = o(2, @ — 35 + ) erile, (4.2)

N
d(=n) T1 9@ - qf)
l:l#5
where £k =1,...,nand i,7 = 1,..., N. We deal here with n/V pairs of canonical variables:

0,43} =6, ol 0j} = {4, dj} =0,

i,j=1,..N, ki=1,..,n.

(4.3)

Also, the cyclic identification ¢? = ¢7 is assumed. By construction, the transfer matrix #(z) = trT(z) satisfies
the involution property {f(z),t(w)} = 0, thus providing Poisson commuting Hamiltonians. Likewise it happens
in the classical homogeneous spin chains [I1], there is a flow in this model describing interaction of neighbour
sites only. In continuous limit one obtains the local integrable 141 field theory — the field generalization of the
Ruijsenaars-Schneider model. See [43] for details.

The model ([T)) is homogeneous, i.e. we put all z; = 0 in (Z354). In this subsection we describe a nat-
ural generalization of the above model to the inhomogeneous case. Then we discuss its relation to multispin
Ruijsenaars model.

4.1 Inhomogeneous Ruijsenaars chain

The derivation of [{@I)-([2) was based on consideration of the classical GLx spin chain in the special case when
all matrices of spin variables S', ..., S™ are of rank one. In this case the Lax matrices at each site are represented
in the factorized form (ZTI)). Let us follow the same strategy in the inhomogeneous case.
Lax matrices. Consider the monodromy matrix ([254) (with n — Nn)

T(z) = LN"(SY, 2 — ) LN"(S%, 2 — 23) ... LN"(S™, 2 — 2,,) (4.4)

and write all the Lax matrices in the form:

9'(0
LN(Sk 2 — 2z) = 19((77)) g(z — 2z + Nn, ") epk/cgfl(z — 25, q") . (4.5)
As we know from (Z73) the residue
S* = Res LN(S*, 2 — z) (4.6)
Z=ZL

is explicitly expressed in terms of canonical variables ¢f, ..., qjk\,7 pk, ..., pk and satisfy the classical Sklyanin algebra
relations (Z47). Due to ([5) the matrices S* have rank one (see |41} 43]). Plugging (€8] into the monodromy

matrix (254) one gets

9'(0)
JI(n)

Next, consider the gauge transformed monodromy matrix

n 1 o n nc o n
T(Z)=( ) g(z — 21+ N, ¢") e” /og7 (2 — 21,¢") . g(z — 2o + Nog™) e o7 (2 — 20, q™) . (A7)

T(z) =G 'T(2)G =
(4.8)

" — 20 — n lc
) g Nz —21,¢")9(z — 22+ N, @®) e /¢ g7 (2 — 20, q")g(z — 21 + N1, g) 7 /€,

where

G=g(z— 21+ Nnqhyel /e (4.9)
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In this way we come to

T(z) =LY (z — 21)L%(z — 22) ... L™(2 — zp) (4.10)
with 9(0
L (z - 2) = 19((77)) 971 (= = 21 qF)g (e = 2+ Nyg ) e (4.11)

Now we are in position to calculate ([LI1]). For this purpose we use the following formula proved in [I5]:

N
[19(d —a™ —n)
=¢(2,¢" — qF +n) 5 . (4.12)
[T 9(q" —af)
L:#]

( —9'(0) g7 (2,4™)g(z + N1, qk))

]

By writing g(z — zx41 + N1, ¢" ) as g(z — 2, + N(n — 257=2),¢"!) and using @IZ) we obtain

==

R e I
ebi /e, (4.13)

Zkt1 — 2
ij(z—zk):¢(2—2k,@f—§f+l+ﬁ— kHN k) l ~
- R u |
DL =) T 9@ —ath)
L5
Notice that enumeration of Lax matrices shifted by 1 with respect to the one used in the homogeneous case
[@2), i.e. when 27 = ... = 2, = 0 L¥(2 — 2;) turns into L**1(2). This is just in order to achieve matching with
numeration of poles z1, ..., z,. In fact, it is more properly to enumerate L (and L) by two neighbour indices since
each Lax matrix depends on two sets of variables ¢ with neighbour values of upper indices.

It is possible to slightly simplify expression ([{I3]) by introducing the variables

(jf:qf+jv—k, k=1...n, i=1...N. (4.14)

Then the Lax matrix ({I3) takes the forn:

N
[19@ =g —n)

v, v, = 1?+1 c
LE (2 — 21) = ¢z — 2z, @F — 5 + 1) = o " (4.15)
I =) I 9 — )
Ll#j
There is the following relation between (413 and (£2):
o= 5
Lij(z = z) = — g —— LM (2 — 2 : 4.16
ISR Te == (@16

Non-local Hamiltonians. Recall that by construction, the monodromy matrix [I0) is gauge equivalent
to the one for XYZ spin chain ([@A]) in the special case [@H]). Therefore,

trT(z) = trT(z), (4.17)
and the non-local Hamiltonians for the inhomogeneous Ruijsenaars chain

H; = Res trT(z) (4.18)

Z=Z;

are precisely the same as in the XYZ spin chain, see (2.61]). It is possible to write these Hamiltonians more
explicitly using (IH). Introduce notations for N x N matrix (of Cauchy type)

13For n > 2 one can make an additional shift ¢& — ¢ 4 kn, which removes explicit dependence on 7 in @I3), @I5)
except the theta-function ¥((zx+1 — zk)/N — 1) in denominator.
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and a set of n diagonal N x N matrices

N
19" —af —n) .
Bz[;?vk“} = 6 =1 e’i /e k=1,..n, ij=1,..,N. (4.20)

N
e IR
HE)

Then from [@I0) and @IH) we conclude that

T(z) =
(4.21)
= C(Z — Z1, q17 q2)B[172]C(Z — 22, q2; qS)B[Zg] s O(Z — Zn—1, qnila qn)B[niLn]O(z — Zn; qna ql)B[nﬁl] .
Due to (A2) we have
.iezs O(Z_Zlv'rvy) :p®pTa P = (1517"'71)T7 (422)
where p is a column-vector of units. Thus,
Res T(Z) =C(zi — 21,4, QQ)BD’Q] o Clzi—zii1,4 qi)B[Fl’i] X
T (4.23)
Xp® pTB[i,iJrl]C(Zl_ — i, gt qi+2)B[i+1,i+2] Oz — 2 g ql)B[n,l] _
After taking the trace, we finally get
f{i = PTB[i’iJrl]O(Zi — Zi+1; qu, qi+2)B[i+1’i+2] . Clzi — zn, q", ql)B[n’l] X
(4.24)

xC(z — 21,q",¢*) BN .. Czi — 21,4, ¢") B p.

4.2 Relation to multispin Ruijsenaars model

Let us represent the monodromy matrix 7'(z) @I0), @IF) in the additive form similarly to what we did for
spin chains, see (Z354), [Z359).

Due to (A9) the Lax matrices ([fI5) have the following quasi-periodic properties on the lattice of elliptic

curve:
LMz +1) =L*2),

(4.25)
L¥(z+7) = e ™ H, 'LF(2)Hyp1
where Hj), € Mat(N,C), k =1,...,n are diagonal matrices
Hy, = diag(e?™% | ..., 2™ X)) | (4.26)
Therefore, for the monodromy matrix ([AI0) we have
T(z+1)=T(2),
(4.27)

T(z+7)=e ™™ HT(2)H, .
The matrix T(z) has simple poles at z;, i = 1,...,n with the residues given by the r.h.s. of [@23). Let us denote

these residues as ] -
S'=ResT(z). (4.28)

Z=Z;

In this way T(z) is fixed, and we can write it explicitly:

Tij(2) =Y SE(z — 2,0} — qf +nn). (4.29)
k=1
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It is a general form of the GL y multispin Ruijsenaars-Schneider model (8:27]) with the substitution n — nn. Here
we deal with a special set of the spin variables S¢ ([@28)), (Z23), which are rank one matrices due to the presence
of p®@ pT in the product [@ZJ)). Positions of particles are g1, ..., gk, and the spin variables are parameterized by
the rest of variables (i.e. by ¢f,...,q% for k =2,...,n and p7*,...,p%, m = 1,...,n).

In n = 1 case the obtained result (i.e. ([@28)-(£29) with (£23)) reproduces relation between the spinless
Ruijsenaars-Schneider model (264) and the relativistic top ([Z72)). The latter means that we obtained the
parametrization of the reduced model (here we mean the reduction discussed in the end of subsection B.T]).

5 Generalized model through R-matrix formulation

In this Section we extend the formulation of the most general GLy ;s model presented in Section3l For example,
it was mentioned in Section 2] that the Lax matrix (Z43]) of the relativistic top is equivalently written in the
form ([2.44) with the Baxter-Belavin R-matrix (B.Z). Being written in the R-matrix form the model ([244) is an
extension of (2243)) since not only the elliptic R-matrix (B7) can be used, but also any trigonometric or rational
degeneration satisfying the associative Yang-Baxter equation with certain additional properties, which are the
classical limit (B:8)), the unitarity (2.4) and the skew-symmetry ([2.5). As a result, one obtains a more universal
formulation of the Lax pair (244), (252) and the equations of motion (Z49), 253). Then the models are
enumerated by possible R-matrices from a special but a wide class, which was briefly reviewed in our previous
paper [40], and we do not repeat it here. The calculations below are based on the above mentioned R-matrix
properties and identities from the Appendix B.

Introduce the following Lax pair:

M
L(z) =Y By ®L(z) € Mat(NM,C), LY(z) € Mat(N,C).

ij=1
(5.1)
L£Y(z) = ZUZ(RT;Z” (@i +m)P12S5Y),  qij = a4 — g
a=1
and
M
M(z)= > Eij ® MY(z) € Mat(NM,C), M%(z) € Mat(N,C),
Ve (5.2)
M (2) = =63 tea(Ryy >V PSP — (1= 6) > tra(Riy * (g5) PraSs™).
a=1 a=1
Define also the set of linear operators (the extensions of (3.6])-(B.3)):
ot ($5) = tr (B35 (gmn + 1) — B35 (Gmn) ) Pr2SY" ) (5.3)
TSy = vz ((Rig'(n) — Big™ ™) PSP ) (5.4)
Jimn (SHb) = tr, ((Rliann"l"’h(o) _ R‘f;’”‘”’(o))szij’b) : (5.5)
TS5 = o (RO = 1Y) )P (5.6)

The goal of this Section is to derive equations of motion. For the non-diagonal blocks (i # j) of S matrix we
have:

M M
Sij,a _ Sij,ajn(sjj,a) _ jn(sii,a)sij,a + Z Sik,ajn,qkj (Skj,a) _ Z jﬁ,quc (Sik,a)skj,a+

k:kj k:k£i
(5.7)
n . _ n M _ M ~
T Z (Sij,ajan(sjj,b) _j;](sii,b>8ij,a) i Z ( Z Siksa Jaws (Ghiby Z T (Sik,b)skj,a))'
b:b#a b:b#a  k:k#j k:k#i
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For the diagonal blocks equations are as follows:

M
Sii,a _ [Sii’a,jn(sii’a)] + Z (Sik,ajn,qm (Ski,a) — JMik (Sik,a)ski,a>+

k:k#i
(5.8)
n N n M _ "
+ Z [Sii,ang(sii,b)] + Z Z (Sik,aj;%qm (Ski,b) _jan,qz'k (Sik’b)ski’a)).
b:b#a b:b#a k:k#i

Theorem 2 The equations of motion (1) and (B8) are equivalent to the Lax equation with additional term:

M n
%E(z) = [L(2), M(2)] + Z Z t7’2((ui — wj)Fiy " (qij +n)Prz Séj’a) (5.9)

i,j=1a=1

for matrices B4) and B3, where:

pi=qi— NY Syt =di— Y _tr(S™), i=1,...,M. (5.10)
a=1 a=1
Proof. The structure of the proof is similar to the proof of Theorem[Il Consider the Lh.s. of (E.9):

dl S z—2 317, zZ—2z ij,a -

s ZEij ® Ztrz (312 “(qij + ) P28 + Fry ™ (45 + ) P12Sy" qij) : (5.11)
i, a=1

For the r.h.s. of (B3) we consider the diagonal and non-diagonal blocks separately. The diagonal part is as

follows:

L, M]T =) tras ((RTSZ“’(O)RS:?% (n) — Rig™ (ﬁ)Rggzb’(0)>P12P133§i’a5§i’b) +
a,b=1
(5.12)

n M
30> o ((Riz™ (aw) Ry ™ (ans +m) — Bz ™ (ai + ) B35 ™ (ans) ) Pas PraSi "S5 ).
a,b=1k:k#i

The calculations for the terms with a = b are performed in the same way as was described in [33]. So that, here
we consider the case a # b only. Using (B20) and (B2I]) we get the following expression for the upper line in

the r.h.s. of (EI2):

n

> trag(Rig ™ ()P (B3 — B3 () PaaSy S5 ) +
a,b:a#b
(5.13)
+ 3 e (RE e ) PSy (Ragr (n) — B3y ) P
a,b:a#b
Similarly, for the lower line in the r.h.s. of (5I2]) one obtains
n M | ‘
> D tra (Ri; () Pr2 (Réé*’(qm) — R35" (qun + n))P23S§““S§’“’)+
a,b:a#b k:k#1
(5.14)

n M
30 Y s (Rig T () PaSy (R (aws + ) — B3 (aw) ) Poa™).
a,b:a#b k:k#i

Comparing the resulting expressions with the left side of the Lax equation (Z.I1]) and taking into account a = b
case, we get precisely the equation of motion for the diagonal blocks (5.8]).
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Consider now the non-diagonal blocks in the r.h.s. of ([E.3):

n

(£, M) = ) trag ((ngzb’(O)Régz“ (g +m) — Ry ™ () R3s ™ (CIij))PuPBS;i’bSéj’a) +
a,b=1
+ ) trag ((sz_z" (i) R33 ™ (n) — Riy ™ (qi; + W)Rgg_zb’(o)) P12P1352ij’a5§j’b) +
a,b=1

(5.15)

n M
Z—Za z—z ik,a okj,b
+> tr23(R12 (qie) B35 ™ (quj +m) Pr2 P13Sy " Sy )—
a,b=1 k:k#1,j

n M
=D D (sz_z" (qir + 77)3552*’(Qka‘)PlzPlBSék’aSgJ’b)'
a,b=1k:k#i,j

Again, we focus on the terms with a # b. The first two upper lines in (&I0) are transformed using [2:6) and

B.20)-B.2D):

D trag (sz_z“ (i + 1) Pr2S5" (Rééb () — R§§b’(0)) P235§j’b) -
a,b:a#b
- Y tr (RTE “(qij +1)Fr2 (R§§b (n) = RS?”(O)) P235§i’b5§j’a)+
a,b:a#b
+ )ty (Rf;Z“ (@i + ) PraS5™ (Régb(qij +n) — R (Qij))P235§j’b) - (5.16)
a,b:a#b
- D tra (RTE “(qij +m)Pr2 (RS? (gij +m) — Ri%”(qz‘j)) P233§j’b3§j’a>+
a,b:a#b

+ ) Ntrp (Ff{z“ (gij + 1) Pra(Soy — SE%) S;’j,a) _
a,b:a#b

Two lower lines in (B.I5) are transformed through (2:6). This yields:

n M
S tra (RTEZ“ (g5 + ) PraS5™ (R§§b (qrj +m) — Ri?(%))P%ng’b) -
a,b:a#b k:k#i,j

(5.17)
n M ) ]
- > > trag (R'lzz_z" (¢ij + 1) P12 (Régb (qir +m) — R§§b(Qik))P235§k’b5§J’a> :
a,b:a#b k:k#i,j
Plugging this into (5.9) and taking into account (Z.I0) we get (E1). ]

On the constraints p; = 0 the additional term in the r.h.s. of (B3] vanishes, and we get the Lax equations.
At the same time on the constraints u; = 0 we may easily deduce equations of motion for positions of particles:

n n M

= 3o u(800) =30 3 w(segren (st - gren(shes )+

pyt a=1 k:ki (5.18)
M

+ Z tr Z (Sik*“jj’q’” (Skivb) _j;%qik (Sik’b)Skiva)).

n
a,b:b#a  k:k#i
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In order to reproduce the elliptic case one should use the elliptic R-matrix (B.Z)). Plugging (B.Z) into the

expressions ([G.3)-([E.0), we get (here we use identities (A26)-(A29)):

ol (SU) = Jiprr (S),

TI(STP) = JI(SH) + ST D20y o)1y — S B (2a0) Ly,

N
(5.19)
J M amn (Sij,b) —y JMdmn (Sij,b)j
TSI = TSI + 5 B (5 L.
In this way equations of motion in the R-matrix description (&7)-(%8]) turn into equations (BI0)-BII).
6 Appendix A: elliptic functions
Using the theta-function
I(z) =9(z|T) = — Zex mit(k + l)2 + 27i(z + 1)(k + l) Im(r) >0
= = 2 P 5 5 5) ) (A1)
define the Kronecker elliptic function
~ 0(0)9(z + u) B
o(z,u) = I };{:eg o(z,u)=1. (A.2)
It has the properties:
¢(27 ’U,) = (b(ua 2)7 ¢(_Zu —’U,) = —¢(Z, u) (A3)
Its derivative f(z,u) = dyp(z,u) is given by
f(z,u) = o(z,u)(Er(z + u) — By (uw), f(—z,—u)= f(z,u), (A4)
wherd™] 27(0)
Ei(2) =0.In¥(2), E2(z)=—-0.E1(z) = p(z) — 30/0) (A.5)
Ei(—z) = FEi1(2), FEa(—z)=FEs(z), [f(0,u)=—Fs(u). (A.6)
The local expansions near z = 0 is as follows:
1 E?(z) —
d(z,u) = St Ey(u) + zp(u) + O(2%), p(z) = = (Z>2 o(2) , (A7)
1 z9"(0) 3
The following quasi-periodic properties (on the lattice of periods 1 and 7) hold:
E1(2+1):E1(2), E1(2+T)=E1(2)—27Ti,
Ey(z+1) = Ea(z), Eo(2+7) = Ea(z),
(A.9)

¢(2 +1, U) = ¢(27 u), (;5(2’ + 7, u) = e—2m‘u¢(27 u)v

fe+1Lu)= f(z,u), fz+71u)= 6_2mu(f(27u) —2mig(z, u)).

M“Eunctions By and E» are called the Eisenstein functions (the first and the second respectively).
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In calculations we use the addition formula
(21, u1)P(22,u2) = (21, u1 + u2)p(22 — 21, u2) + (22, u1 + u2)P(21 — 22,u1)
and its degenerations:
f(z1,u1)d(z2, uz) — (21, u1) f (22, u2) = @(22,u1 + u2) f (212, u1) — G(21, w1 + u2) f (221, u2),
f(z,u1)9(z,u2) — ¢(2,u1) f(2,u2) = (2, u1 + u2)(Ea(uz) — E2(u1)),
P(z,u)p(z, —u) = Ea(2) — Ea(u) = p(z) — p(u),
P(z,u1)p(2,u2) = ¢(2,u1 + u2)(E1(z) + E1(u1) + Er(uz) — E1(2 + u1 + u2)),
B(z1,u)p(22,u) = ¢p(21 + 22, u)(E1(21) + E1(22)) — f(21 + 22,u).

P(z1,u)p(22) — E1(22) f(21,u) + (22, u) f(212,u) — ¢(21,u)p(221) = %(%f(zh u),
(Br(u+v) = By(u) — E1(v)* = p(u+v) 4+ p(u) + p(v),
d(z,u)p(2) — E1(2)f(2,u) — d(z,u)p(u) = %&J(zvu)-

For a = (a1, a2) € Zy x Zy define the following set of functiond™:

Pa(zs 100+ 1) = exp(2mi T2 2) 0z w0 + ), wa = T
falz,wa + u) = exp(2mi<22) (2, wa + u),
fa(z,wa +u) = Oupa(z,wa + 1) = 0o(z,ws + w)(F1(2 + wa + 1) — By (we + ©)).
The addition formulae are of the form:

Val21,wa + u1)ps(z2,ws + u2) = @a(21 — 22, Wa + U1)Pats (22, Wats + Ut + u2)+

+op(z2 — 21,wp + U1)Pat (21, Warp +u1 + ug) .

In particular,
Pa(z = 2a,wa) (2 — 2, wp) =

= Sﬁa(zbavwa)<ﬁa+5 (Z — Zb, Wa+ﬁ) =+ Sﬁﬁ(zaba Wﬁ)‘%’(ﬂrﬁ (Z — Za Wa+ﬁ)a
and
Pa(2,Wa +u1)ps(2,ws + U2) = Pa+p(2, Watp + U1 + uz)x
X (El(z) + Ei(wa +u1) + E1(wg + u2) — E1(2 + Watp +u1 + uz)) ,

and
(pa(zlvwa + U)Spa(z%wa + u) =

= o (21 + 22,wa + ) (E1(21) + E1(22)) — fa(2z1 + 22,04 + 1) .
The following identity (the finite Fourier transformation) underlies the Fourier symmetry (B.16):

1 T
N Zfﬁiﬁcpa(Nz,wa + N) = pp(r,wp +2), VB EZLN XZLn.
Its degenerations yield the relations (see [45] and the Appendix from [43] for details):

1 1
N Ei(2) + N %f{iﬁ@a(z,wa) = Eq(wg + %) + 2mi0;wg.

% Z 53,3 (El (wa) + 27Ti87wa) = FEy(wg) + 2mid;wg, [ #0.
a#0

% ;J (El (wa) + 2m'aTwa) —0.

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

5The functions (AIJ) are basis elements in the space of sections of the End(V) for a holomorphic vector bundle V/

over elliptic curve of degree 1.
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7 Appendix B: R-matrix properties

The Baxter-Belavin elliptic R-matrix [3]: For the elliptic R-matrix the following matriz basis in
Mat(N, C) is useful:

T, = exp (041042—) QalAa2 o= (al,ag) €Ly XLy, To= T(O,O) = 1n, (Bl)

where @) € Maty and A € Maty are matrix generators of non-commutative torus (the finite-dimensional repre-
sentation of the Heisenberg group):

Qjr = 6k exp (%k) v Nk =0, —omody: QY =AY =1n. (B.2)
The commutation relations take the form:
exp (a1a22—> QAN = A2 QY (B.3)
ToTp = ka,gLlarp, FKa,3 = €Xp <%i(oz2ﬂ1 — 041[32)) s Ka,adB = KaBs  F—a,8 = KB,a (B.4)
tr(TwTs) = Noa+p: Oa = 0ay,00a9.0, (B.5)
[Ty Ts] = (Kas = K5.0)Tats = 20sin (1-(012 = @261)) Tass (B.6)

The elliptic Baxter-Belavin R-matrix is of the form:
12( - N Z Pa(z + wa)Ta ®T-q. (B.7)

The R-matrix has the following local expansion near z = 0 (it is the classical limit since z here plays the role of
the Planck constant):

1
12(2) = Z Iy @ Iy + r1a(2) + 2 maa(z) + O(2%), (B.8)
where 715 is the classical r-matrix satisfying the classical Yang-Bazter equation:
[r12,713] + [r12,723] + [r13,723] = 0, 135 = rij(qi — q;) - (B.9)

Plugging (A7) into (B.8) one gets explicit expressions for classical r-matrix and the next order term (the m-
matrix):

1 1
riz(z) = N Ei(z) Iy ®1y+ N Z Vo (T, wa)To @ T—q, (B.10)
a#0
1
mlg(:v):mp()1N®1N+—Zfa:vwaT ®RT_q. (B.11)
a#0

The local expansion of the classical r-matrix has the form:

1
ria(z) = — P + 11y +oriy) (2) + 0(a), (B.12)
where in the elliptic case
1 .
7"8) =~ Z(El (Wa) + 2710;wo )T, @ T— 4. (B.13)
a#0

n (BI2) the matrix permutation operator Pj3 appears. It is as follows:

N
1
— — ®2
P = E Er ® Ej = N E T,.T_, € Mat(N, (C) . (B.14)
k,l=1 a€E LN XLN
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R-matrix properties and identities

Here we give some more properties for the elliptic R-matrix (B7) and its degenerations.

Besides the classical limit (B.8]), which provides the local expansion of Rf,(z) near z = 0, it is also useful to
consider its expansion near x = 0:

1 2 2 z
TQ(ZZ?) = E P12 + R172(0) + leé(l) + O(ZZ?2) , ];{:e(s) R12(I) = P)127 (B15)

where Pjs is the permutation operator (B.I4).

The next, is the Fourier symmetry:
Riy(x)Pra = Riy(2), (B.16)

which can be viewed as matrix analogue of the trivial property ¢(z,u) = ¢(u, 2).

The skew-symmetry property (Z.35]) provides a set of relations for the coefficients of the expansions (B.8]) and

Riy(z) = —Ryf(—x), ma(2) = —ra1(=2), 79 =%, miz(z) = mai(—2). (B.17)

Using the symmetry (B.I6) one can also derive a set of relations between the coefficients of the expansions (B.S)
and (B15): (BI9):
,(0 0 0
Ry =ria(2)Pra, 1Y) =) P,

(B.18)

Ry = mia(2)Prz, 15y =mi Pra.

The following notation is used for the R-matrix derivative with respect to spectral parameter:
Fiy(q) = 04Ris(q)- (B.19)
Degenerations of the associative Yang-Baxter equation (2] provide the following set of identities:
Riy ™ (e)Ryy ™" = Rig™ () Ry (x) + Ry Rig™ () + PaaFg ™ (a), (B-20)
Ry ™R3 (1) = Rig! () Rig ™ (x) + Rig ™ () Ry + Fy ™ (2) Pra. (B.21)
Finally, we assume the following R-matrix traces:
try Ry (x) = traR5y(2) = ¢(z,2)1n, try ria(z) = Ey(2)ly, try maa(x) = p(a)ly . (B.22)

In the elliptic case the latter simply follows from the definitions (B7), (BI0) and (BIT).
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