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1 Introduction

A special place in mathematical physics is occupied by the problem of exact integration of
the equations of motion of a classical or quantum test particle in external electromagnetic
and gravitational fields. This problem is closely related to the study of the symmetry of
gravitational and electromagnetic fields in which a given particle moves. A necessary condition
for the existence of such symmetry is the admissibility of the algebra of symmetry operators,
given by vector and tensor Killing fields, for spacetime and the external electromagnetic field.
The algebras of these operators are isomorphic to the algebras of the symmetry operators of
the equations of motion of a test particle - Hamilton-Jacobi, Klein-Gordon-Fock, or Dirac-Fock.
At present, two methods are known for the exact integration of the equations of motion of a
test particle. These are the methods of commutative and noncommutative integration. The
first method is based on the use of a commutative algebra of symmetry operators (integrals of
motion) that form a complete set. The complete set includes linear operators of first and second
degree in momentum formed by vector and tensor Killing fields of complete sets of geometric
objects of V.  The method is known as the method of complete separation of variables
(in the Hamilton-Jacobi, Klein-Gordon-Fock, or Dirac-Fock equations). The spaces in which
the method of complete separation of variables is applicable are called Stackel spaces. The
theory of Stackel spaces was developed in [I]-[12]. A description of the theory and a detailed
bibliography can be found in [13]], [14]-[16]. The most frequently used exact solutions of the
gravitational field equations in the theory of gravity were constructed on the basis of Stackel
spaces (see, e.g., [I7]-[19]). These solutions are still widely used in the study of various effects
in gravitational fields (see, e.g., [21]- [2§] ).
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The second method (noncommutative integration) was developed in [29]. This method
is based on the use of an algebra of symmetry operators, which are linear in momenta and
constructed using Killing vector fields forming noncommutative groups of motion of spacetime
G3 and G4. The algebras of the symmetry operators of the Klein-Gordon-Fock equation
constructed using the algebras of the operators of the noncommutative motion group of space
Vi, are complemented to a commutative algebra by the operators of differentiation of the
first order in 4  essential parameters. Among these spacetime manifolds, the homogeneous
spaces are of greatest interest for the theory of gravity (see, e.g., [30]-[37]).

Thus, these two methods complement each other to a considerable extent and have similar
classification problems (by solving the classification problem, we mean enumerating all metrics
and electromagnetic potentials that are not equivalent in terms of admissible transformations).
Among these classification problems, the most important are the following.

(Classification of all metrics of homogeneous and Stackel spaces in privileged coordinate sys-
tems. For Stackel spaces, this problem was solved in building the theory of complete separation
of variables in the papers cited above. For homogeneous spaces, this problem was solved in the
work of Petrov (see [38]).

Classification of all (admissible) electromagnetic fields applicable to these methods. For
the Hamilton-Jacobi and Klein-Gordon-Fock equations, this problem is completely solved in
homogeneous spaces (see [39]-[44]). In Stackel spaces, it is completely solved for the Hamilton-
Jacobi equation and partially solved for the Klein-Gordon-Fock equation (see [14]-]16]).

Classification of all vacuum and electrovacuum solutions of the Einstein equations with
metrics of Stackel and homogeneous spaces in admissible electromagnetic fields. This problem
has been completely solved for the Stackel metric (see [17]- [21]). However, this classification
problem has not yet been studied for homogeneous spaces.

The solutions to these problems can be viewed as stages of the solution of a single classifi-
cation problem. In the first two stages, we find all relevant gravitational and electromagnetic
fields that are not connected by field equations. In the third stage, using the results of the first
two stages, we find metrics and electromagnetic potentials that satisfy the Einstein-Maxwell
vacuum equations and have physical meaning.

Thus, for the complete solution to the problem of uniform classification, it remains to
integrate the Einstein-Maxwell vacuum equations using the previously found potentials of ad-
missible electromagnetic fields and the known metrics of homogeneous spaces in privileged
(canonical) coordinate systems. This problem can also be divided into two stages. In the first
stage, all solutions of Maxwell’s vacuum equations for the potentials of admissible electromag-
netic fields should be found. The present work is devoted to this stage. In the next stage, it is
planned to use the obtained results for the integration of the Einstein-Maxwell equations. This
will be the subject of further research. The present work is organized as follows.

Section number two contains information from the theory of homogeneous spaces, which will
be used later, and definitions and conditions for the potentials of admissible electromagnetic
fields, written in canonical frames associated with motion groups of a homogeneous space.

In the third section, Maxwell’s vacuum equations are written in canonical frames.

The fourth section contains all solutions of Maxwell’s vacuum equations for homogeneous
spaces admitting groups of motions  G5(I) — G3(VI).



2 Homogeneous spaces

By the accepted definition, a spacetime manifold V; is a homogeneous space if a three-
parameter group of motions acts on it, whose transitivity hypersurface V3 is endowed with
the Euclidean space signature. Let us introduce a semi-geodesic coordinate system [uf], in
which the metric V4, has the form:

ds? = gydudu? = —du®® + goagdu®du®,  det|gas| > 0. (2.1)

The coordinate indices of the variables of the semi-geodesic coordinate system are denoted by
the lower case Latin letters: 4,7,k,l = 0,1...3. The coordinate indices of the variables of
the local coordinate system on the hypersurface V3  are denoted by the lower case Greek
letters: «,(8,v,0 = 1,...3. A 0 index denotes the temporary variable. Group indices and
indices of nonholonomic frames are denoted by a,d,c = 1,...3. Summation is performed
over repeated upper and lower indices within the index range.

There is another (equivalent) definition of a homogeneous space, according to which the
spacetime  Vj; is homogeneous if its subspace V3, endowed with the Euclidean space
signature, admits a set of coordinate transformations (the group G3 of motions spaces V}) that
allow to connect any two points in V3. (see, e.g., [45] ). This definition directly implies
that the metric tensor of the V3 space can be represented as follows:

gor = et |anl] = llaw(@O)ll, e%o =0,  detl]an] = 1% (2.2)

while the form

w* = etdu®
is invariant under the transformation group  Gjz. The vectors of the frame €2  (we call
them canonical) define a nonholonomic coordinate system in V3, and their dual triplet of

vectors

(63
a’

ab b
e € €y =0

define the operators of the G3 algebra group:
Yo =20, [Ya, V3] = CoY..

The Killing vector fields ¢ and their dual vector fields £} form another frame in the space
V3 (we will call it the Killing frame) and another representation of the algebra of the group
(GG3. In the dual frame, the metric of the space V3  has the form:

Gap = 485G, E0EL =00, €885 =08, (2.3)

where G, are the nonholonomic components of the g,3 tensor in this framework. The
vector fields £  satisfy the Killing equations:

9278 = g€l + g7¢s, (2.4)
and form the infinitesimal group operators of the algebra  Gj:

Xy =€%0,, [Xa, X)) = C5 X, (2.5)
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The Killing equation in the ¢  frame has the following form:
Gl = GUC, + GMCf, (Ja=€10a). (2.6)
Indeed, substituting the expression
gozﬁ _ g;}zé—bﬁGab

into the equation (2.4]), we get
G (3168 — E0€0) + (6065 — €2€8)) + €26/Gi2 = 0.
Substituting here the commutation relations (21, we get:
(G — G, — GMCy)E08) = 0.

The Hamilton-Jacobi equation for a charged test particle in an external electromagnetic
field with potential A; is:

H=g"PP,=m, Pi=p+A4, p=0op. (2.7)

The integrals of motion of the free Hamilton-Jacobi equation are given using Killing vector
fields as follows: '
Xa == (lei, (28)

Thus, the symmetry of the space given by the Killing vector fields is directly related to the
symmetry of the equations of the geodesics given by the integrals of motion. The Hamilton-
Jacobi method makes it possible to find these integrals and use them to integrate the geodesic
equations. Therefore, the study of the behavior of geodesics is necessary for the study of the
geometry of space.

The linear momentum integral of the equation (2.7)) has the following form:

Xa = fépz + Ya, (29)
where 7, are some functions of u’.  The equation (Z7)) admits a motion integral of the
form 28)if H and X, commute under Poisson brackets:

OH 0X, OHOX,

H,X,]p = .
H, Xalp Op; Oxt Ozt Op;

=0— ¢ (&F; +Ya:) Py = 0. (2.10)

Hence:
Ya,i = fész, sz‘ = Ai,j —A (2-11)

Thus, the admissible electromagnetic field is determined from the equations (2.11]) (see [42]).
In [40]-[41] it was proved that in the case of a homogeneous space, the conditions (Z.I1]) can be
represented as follows:

Jytr

A = CLA,, (2.12)

at the same time
Yo = —Ay = X, =E0,.



Here it is denoted:

A=A,
It can be shown that the equations (2.12]) form a completely integrable system. This system
specifies the necessary and sufficient conditions for the existence of an algebra of integrals of
motion that are linear in momenta for equation (Z7). Note that in admissible electromagnetic
fields given by the conditions (2.12)), the Klein-Gordon-Fock equation

Hp = (§"PP))p =mPp, Bo=pr+ A, pr=—1Vi
also admits an algebra of symmetry operators of the form:

X, =&V,
(see [40], [42]). yi is the covariant derivative operator corresponding to the partial deriva-
tive operator - 0; = 1p;  in the coordinate field wu’. ¢ is a scalar field, m = const.
All admissible electromagnetic fields for the homogeneous spacetime are found in [40]. We
will use the results of A.Z. Petrov [38]. We follow the notation used in this book with minor

exceptions. For example, the nonignorable variable 2* will be denoted u° etc.

3 Maxwell’s equations for an admissible electromagnetic
field in a homogeneous spacetime

Consider Maxwell’s equations with zero electromagnetic field sources in a homogeneous space-
time in the presence of an admissible electromagnetic field:

1 .
T (VIF); =0, g = detlgas. (3.1)

When =0 from the system (B.]), the equation follows:

%__QW——ggaﬁAﬁ,o),a 0. (3.2)

Using the Killing equations (2.4]), (2.5]), we can obtain:

I ez,
g )
Indeed,
e gaBy = GG 4260, +2C, =26, (Cu=C?
g - g\a Yop = |a~be + Sa,a + a Sa,a ( a — ab)'
Substituting this expression and the relation (2.12)) into the equation (3:2), we get:

GCyA, o = 0. (3.3)

In the case of spaces with groups Gs(I), Gs(II), G3(VIII), G3(IX) C,=0. That
is why the equation (B3] is satisfied. In the case of the groups G5(II1),—-G3(VII) C, =
constdys, and from ([B.3) it follows:

nsaAa,O = 07 Aa = Aaeg- (34)



For i = o we have: 1

TV Ea) o+ (00 Fio) = 0. (35)

We transform the equations (B.5) using the (2.2) frame. The first term then has the form:
1

1 -
_g(\/ —ggaﬁFBO),o = _%aonabAa,O),Oe?v (lo)? = det|na|-

ﬁ

The second term using the (2.3) frame, the relations (2.12]), and the commutation relations
between the operators of the group can be reduced to the following form:

L
NG

So the (B.0]) equations can be written as follows:

a

1 ~
(VI9*% 9" Fsy) -, = 5(;@2”1 Cl L, (20, G + CL ) G2l A

1

lo (lon** Ap0) 0 = W™ A,, (3.6)
where .
W = (g€ ) (e W™, W™ = G0y, (203, G™ + €7, GM™). (3.7)
Then Maxwell’s equations can be represented as follows:
6 =LW™A,, (3.8)
~ 1 b
Aa,O = Eﬁ Nab- (39)

4 Maxwell’s equations for spaces type I-VI by Bianchi
classification

The group operators in the canonical coordinate set of homogeneous spaces type I- VI by the
Bianchi classification can be represented as follows (see [27]):

Xi=p1, Xo=py, Xz= (7“u1 + 5u2)p1 + nu2p2 — p3. (4.1)

The values k e, n for each group take the following values.
1. GI): k=0, =0, n=0.

.G(I): k=0, =1 n=0.

3. GUIII):

.GUIV): k=1 =1 n=1L1

- G

Vy: k=1, =0, n=1.



6. G\VI): k=1, =0, n=2.
Structural constants can be represented as follows:
) = kOL(OL07 — 601 + (205 + ndg)(020% — 0301) — Ca = —(k+ )6 (4.2)

Find the frame vectors [£2], [eY] and their dual vectors [£2], [e%].  For this, we use

the metrics of homogeneous spaces and the group operators given in [38].
€2 = 0109 4 6265 + 02 (65 (ku' + eu?) + 65nu® — 65), (4.3)

€2 = 6961 + 0562 + 02(6L (kut + eu?) + 02nu? — 63),

e = 5007 exp(—ku®) + 02 (=00 eu® exp(—ku?®) + 65 exp(—nu?)) + 6562, (4.4)
e = 670} exp(ku®) 4 62(0%eu’ exp nu® + 05 exp nu?)) + 02652,
With these expressions we find the matrix W (B).

- 1
W = l_2[5(115l17(€g11 +e(n — k)gia — kngss) exp(—2nu’)+ (4.5)
0

—(6%eu® + 65) (0 eu® + 88)kngy exp(—2ku®)+
[07(8Feu® + 65)n(g12 + egu1)) + 07 (01eu’ + 65) k(912 — egn)].
Here (see [38])

g1 = ai1 exp 2ku®,  gio = (eu3a11+a12) eXp(nﬂL/f)Us, g22 = (5u32a11+26a12+a22) exp 2nu®,

Maxwell’s equation (B.8))-(39) becomes:
. 1
B = 7[5?5?(6911 +e(n — k)gia — kngas) exp(—2nu®)+ (4.6)
0

— (0% 4 63) (0 eu® + 65)kngyy exp(—2ku®)+
(67 (6% eu® + 85)n(g1a + egn)) + 07 (87eu® + 65 k(912 — egn1)] A,
B* = lon™ A (4.7)
The dots denote the time derivatives. The components A, are defined by the solutions of the
@12) A, system of equations using the formulas:
A, = el A, (4.8)

Further solutions of the system of equations (4.6) for homogeneous spaces with groups of
motions G3(I — V1) are given. Spatial metrics are given in the book [38]. Solutions for the
system (2.12)) can be found in [39],

g = aq(u?).



4.1 Group Gs(I)

As the parameters k,n,e and ¢ equal zero, Gs(I) is an Abelian group. The
components of the vector electromagnetic potential have the form:

Aa:Aa:Aa:aau

Substituting these expressions into the system of equations (.6)-(4.1), we obtain the following
system of ordinary differential equations:

B =0— 8= " = const;

b
. QapC
lodty = apa®  — a, = / C} du®, 1y* = det|ag|.
0
0

All components of a, are arbitrary functions of  u”.

4.2 Group Gs(II)

For the group G3(11) the parameters k,n,e have the following values: k=n=0, &=
1. The components of the vector electromagnetic potential in the frames [£2] and [e2] have the
form:

3 3 .
A1 = q, A2 = Q9 + U s AgZO[lU — ('3, Aa:O[a.

Substituting these expressions into the system of equations (.6)-(41), we obtain the following
system of ordinary differential equations:

lOBa = 1011014 — 5061 =ooia11, PBa=cy, Ps=c3 (5a = 5ab5b)§ (4-9)

loda = alaﬁl + A2qC2 + A34C3, l02 = d€t|a’ab‘ (Ca = const, ) (410)

The (A9)-(@.I0) system of equations contains 5 equations for 11 functions:
lOa QAab;  Qq, /81-
We should consider separately the variants ar; = 0 and a; # 0.

1. a3 =0— 1 =c¢; =const. In this case, the system of equations (£9) - (£I0) has a

quadrature solution:
Qg Cpr 001
Qy :/%duo (g =2,3).
0

For a = 0, (4.I0) implies a linear dependence of the components ay,, :
c1a11 + C2a12 + cza3 = 0.
All independent components of ag, are arbitrary functions of u°.
2. oy #0. Consider the following equations from the system (4.9) - (£10):
loon = (a1 By + caa1z + cza13),  lofr = anian. (4.11)
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Let us take the function ay; out of (4I1]). As a result, we obtain:

2
(0é12 - 512),0 = —1(02(112 + c3a13).

lo

Hence:

P = f\/OQQ - 2/(;—01(02(112 +cgapz)du® (€2 =1).

From the remaining equations of the system, we get:

O[q = / <a1q/81 + a2qu2 * aquB)dUO (q = 2, 3), aj;] = —.
0 aq

The functions [y, «;, and all components of a., except aq;, as3, are arbitrary
functions of wg. The component ass results from the equation 1o = det|agpl:

2 2 2
lo” + annass® + asais” — 2a12a;13a03
asz = D) (412)

a11Q22 — A12

4.3 Group G3(1I1)

For the group G3([II) the parameters k, mn, & have the following values: k =
1, n=e=0. The components of the vector electromagnetic potential in the frames [£]
and [eY] have the form:

Al =oexpu’, Ay =as, As=ajexpu’ —as.

Substituting these expressions into the system of equations (.6)-(4.1), we obtain the following
system of ordinary differential equations:

lOBa = 101202, — 5062 =aa12, B =c, pP3=0; (4-13)

loda = (lgaﬁg + aq4C. (414)

Here and further the equation (B4) is used, according to which 3 = 0.  The system of
equations (A.9)-(ZI0) contains 5 equations for 11 functions:

lo, Qab, Qg, 62-

We should consider separately the variants a3 =0 and a1 #0.

1. a3 =0 — fy = co = const. In this case the system (49) - (£I0) has a solution in

quadratures:
5661
g = / 7%{’6;1 du’ (¢=2,3).
0

From (.I0) it follows a linear dependence of the components  ay, :

c1a13 + o3 = 0 = ajp = bayy, pr1 =0, Po2=1.



lo and all independent components of a,, are arbitrary functions of u".  The com-

ponent agz is found from the equation (4.12])

2. Let «;#0. Consider the following equations from the system (£9) - (£I0):
lody = a12fs + crar1,  lofe = arzan. (4.15)
from the system (4.I5) it follows:

2x
(0412 - 522),0 = —101a11.

lo

Hence:

B = f\/@l2 -2 / (;_01(01(111 + czay3)du® (52 =1).

From the remaining equations of the system we get:

] .
Oéq = / <a2qﬁ2 + allq61 + aquB)d'LLO (q = 2, 3), apn = (;—52
0 1

The functions Iy, «a; and all components of a,, except ay1, a3, are arbitrary
functions of  wg. The component as3 results from the equation (£I2])

4.4 Group G3(1V)

For the group G3(IV) the parameters k, n, & have the valuess k=n=¢=1.
The components of the vector electromagnetic potential in the frames [£2] and [e?] have
the form:

Al =ajexpu®, Ay = (a0 +au’)expu’®, Az = (ay(u' +u® + v*u?) + apu?) expu® — as;

A, =q,.
Maxwell’s equations (3.8]), (8.9) reduce to the following system:
lOBa = 01a(a11 (1 + 2) — aqage + 0ay2) + dag(@rars — ary (g + aw)). (4.16)
loc, = Baage + Praq, Bz =0. (4.17)

from the system (@7 it follows:
g = / —52“3276”31@0. (4.18)
0

Let us now consider the remaining equations.

A) pi#0.
From the system (4.16) it follows:
1 . 1 . .
a12 = 6—(10042 - 62a22) a1 = W(lo(()él@ - 04252) + 5226122)7 (4-19)
1 1
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Using these relations, we obtain a consequence from the remaining equations of the system
([E.16)-E.17): . S
B1B2 — Ba(Br + Ba) = andiy — (o + )iy (4.20)
With the equation (£20) the dependent functions «,, [, can be expressed in terms of the
independent functions. Let us write down the solutions.

L (a1 + Ba(ar + az)) B2 # 0.

ardy — (a1 + ag)dy
Bo”
lo(da(on + az) = Bu(Br + B2))
a1 + Ba(ay + ) '

lo, ai3, ao3, ( are arbitrary functions of time. The function a3z is expressed in
terms of these functions using the relation (4.12))

pr = 52(5 —In 3, —/ duo)§

Q2 =

2. aiffy + Ba(ag + az) =0, ag, isan arbitrary function, depending on  u°.

a; =aexpp+bexpp, ar=(l+e)a; Po=aexpp—bexpy, [1=-¢efs (e=const).

lo, ai3, ao3,  are arbitrary functions of time.  The function a3z is expressed in
terms of these functions using the relation (4.12]).

3. [y =0.

locra oy ~lo(do(ar + ag) — 6151)
7 Q22 =
b 151

lo, a3, ao3, «p, 1 arearbitrary functions of time. The function a33 is expressed
in terms of these functions using the relation (£12).

ag =ai(a+1nay), app=

B) (1 =0. Maxwell’s equations take the form:

lof2 = cqars — (a1 + ag)ary,  lofe = —aragn + (oq + a2)ags;
loc = 52a127 locey = 52(122-

The system has the following solution:

a) (a1 +az) #0.

lodl lodg

1. .
Po =&y [b+ 2/—(041(041 + ) — a1dg)dug. 13 = ——, A = ——.
lo B2 B2

S lo(ardy — BofB2)
Y Bt aw)
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lo, a3, a93, «1, a9 are arbitrary functions of time. The function a3 is expressed
in terms of these functions using the relation (4.12]).

b) ay=—a; > a;=aexpp —bexpy [o=aexpp+bexpy, ajg= loﬁ% Qoo = loﬁ%
lo, ai1, a3, as3, ¢, (1 are arbitrary functions of time. The function az3 is

expressed in terms of these functions using the relation (£.12).

4.5 Group G3(V)

For the group G3(V) the parameters k, mn,, & havethevaluess k=n=1 e=0.
The components of the vector electromagnetic potential in the frames [£2] and [e?] have
the form:

Al =ajexpu’®, Ay =agexpu®, Az = (qu' + au?) expu® — as;

A, = q,.

Maxwell’s equations (B.6]) reduce to the following system of equations:

loc, = Baage + Praei, Bz =0. (4.21)
lOBa = 014(a1200 — aqa92) + doa (12000 — a1 002), (4.22)
Hence:
) /52(132 + Biasi ,
Gy = | —/—=———du’,
lo
locey = (a1151 + a12B2), Lo = (a1251 + ag2fs). (4.23)

1. a3 #0. From the system ({22 it follows:

1. 1 . .
app = a—(loﬁz + agai), axn = o (lo(Baca — Bran) + ann®). (4.24)
1 1

Substituting ([A24]) into (£23)) , we get the corollary:
B1Ba — Baf = auiciy — aais. (4.25)

an (o i + azf) = lo(drag — 5252)- (4.26)

as =aq(b+ / 75152()735251 du0)7

From (4.2 it follows:

Let us consider (4.27]).

a) a1f1 + afs #0. Then we have:

lo(Oél(jéQ — &2@1) .
a1 + agfl

ay; =

12



lo, a3, ao3, «1, [, are arbitrary functions of time. The function a33 is expressed
in terms of these functions using the relation (4.12]).

b) aifi+af=0 —aid—PBifi=0, aids+ BB =0.
From this, it follows:

a; =aexpp +bexpy, [r=aexpp—bexpy, ay=—lay, B =I5,

where a, b, [ =const, ¢©=@’). ly, a1, a3, as are arbitrary functions of
time. The function a3 is expressed in terms of these functions using the relation ([AI2)).

2. a; =0. From the system (£.22) it follows:

5061 . 5062 - ZO(d2a2 - 6151)
-, an =——", Qa2 =
(%) (%) 04252

’ ﬁl :a/B27

a1z =

here a = const, ly, a3, as3, «o, [P are arbitrary functions of time. The function
ass is expressed in terms of these functions using the relation (£12).

4.6 Group G3(VI)

For the group  G3(VI) the parameters k, mn, & have the following values: &k =
1 n=2&=0. The components of the vector electromagnetic potential in the frames
[€2] and [e2] have the form:

a

Al =ajexpu’, Ay =agexp2u®, As=aqulexpu® + 200u” exp 2u® — ay;

A, =,
Maxwell’s equation (3.6]) has the form:
loGta = P2aa2 + Braar- (4.27)
lOBa = 51@((112@2 - 2a1a22) + 52a((l12a1 — 2(111(12), 63 =0, (428)

from the system (A.27) it follows:
G = / 52a32l+51a31du0.
0

lodn = (a11/1 + ai22),  loda = (a1281 + azx/fh). (4.29)
. p1#0, from the system (427) it follows:

1 . 1 . .
ayp = 6—(50042 — faag), ay = W(ZO(OQ@ — diof3a) + anfBa?). (4.30)
1 1
Substituting (£.30) into (£.27), we get:
ags (1B + 2032) = lo(ady — B131), (4.31)
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(201 51 + a252) (2a26n + 5251) = (5152 + 2d00q) (01 81 + 20032) = 0 (4.32)

Using this relation, we get the following solutions:

1) a1 4+ 2a20s #0.  From ({3 it follows:
- lo(dacry — 5151)

a9y = .
27 (b + 2a2)
Denote:
ag=aqexpy. By=bsexpy (¢=1,2),
where a,, b, ¢ are functions of u". From the equation (£32) we get:
i (61b2-+-2d2a1)(a161-+-2a2b2)-— (2a1b1-+-a2b2)(2a2d1-+-5261).
(2a1ag + biba)(a1by — agbs) ’
- lo(pas + az) — baags S lo((ar1by — asba) + a1by — aabs) + bo’as
12 = =

) 11 3
bl b12

lo((a3 — B3)p + dnas — biby)
99 = .
2a1by + ashy
lo, a3, ao3, a4 b, arearbitrary functions dependent on time. The function ass is

expressed by these functions using the relation (£.12)

2)  doag — 3161 =0 — a1 +2a38 =0. asg - is an arbitrary function from u°;

as =aexpp —bexp(—yp), [1 =aexpy+bexp(—y).

From this, it follows:

a)

5 aexpyp — bexp(—
_6_( % p( w))

“mTy aexp g + bexp(—y) !
. [Phax _ lo(6a By — Giafl) + Blags
aiz = lop — 8, an = 32
1

Br=1, ay=—=2b, a3 =—bB, a2=—Psax, an= —51062 + 522(122-

where 1y, a. b = const ag, ai3, as3, P2, @ are arbitrary functions dependent
on time.

II. 5 =0. From (£27)-(Z2]) it follows:
2lpcaay loces lo(20*Gpcry® — 5262)
y Qoo = —(/—, Q11 = )
B2 B 20035

lo, s, a3, as3, «g (o depends arbitrarily on time functions. The function ass is
expressed in terms of these functions using the relation (£.12).

o1 = bay’. (4.33)

a12 =

14
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Conclusion

The performed classification of admissible electromagnetic fields will be used in the search for
electrovacuum solutions of the Einstein-Maxwell equations. As known, the components of the
Ricci tensor of a homogeneous space in the frame ([2.2) depend only on time. In order for
Einstein’s equations with matter to prove to be an integrable system of ordinary differential
equations, the equations of motion of matter must be subordinated to the conditions of space
symmetry. These conditions are fulfilled first by the potentials of the electromagnetic fields
determined in this work.
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