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Epistemic uncertainty from an averaged Hamilton-Jacobi formalism
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In recent years, the non-relativistic quantum dynamics derived from three assumptions; i) prob-
ability current conservation, ii) average energy conservation, and iii) an epistemic momentum un-
certainty [A. Budiyono and D. Rohrlich, Nat. Commun 8, 1306 (2017)]. Here we show that, these
assumptions can be derived from a natural extension of classical statistical mechanics.
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”

we cannot afford to neglect any possible point of
view for looking at Quantum Mechanics and in partic-
ular its relation to Classical Mechanics. Any point of
view which gives us any interesting feature and any novel
idea should be closely examined to see whether they sug-
gest any modification or any way of developing the theory
along new lines”[1].

P. A. M. Dirac (1951)

I. INTRODUCTION

The difference between classical and quantum mechan-
ics can be intuitively understood via uncertainty rela-
tions. In fact, the uncertainty relations lie at the core
of quantum mechanics and can quantitatively determine
other fundamental quantum features, such as quantum
interference and quantum non-locality [2, 3]. Remark-
ably, the non-relativistic Schrédinger equation recently
derived from three assumptions; i) probability current
conservation, ii) average energy conservation, and iii) an
exact form of uncertainty relation [5, 6]. This begs a
question: Are there profound and natural principles de-
termining this exact form [7-9]7 Here we show that, all
these three assumptions can be derived from a natural ex-
tension of classical statistical mechanics; an averaged ver-
sion of classical Hamilton-Jacobi formalism. This make
a new answer to an old— but still interesting [5, 11—
14]- question: Can we reconstruct quantum mechanics
as a clear modification of classical statistical mechan-
ics? Moreover, this axiomatic quantization method leads
naturally to a reasonable formulation of mixed classical-
quantum dynamics; i.e. Hall’s theory [10].

II. ONTOLOGY AND NOTATION

The proposed formalism can be applied to some differ-
ent interpretations of quantum theory. Nonetheless, for
clarity, here we only use of "Many Interacting World”
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(MIW) interpretation [12, 13, 15, 16] (or very similar
proposal which called "Real Ensemble” interpretation
[17, 18]). In this interpretation, the wave-function dose
not exist; instead there is a real ensemble of classical
7worlds”, and all quantum effects merely arise from a
universal interaction between these worlds. This inter-
pretation leads to a reasonable solution for measurement
problem [13]. Furthermore, it is supported by PBR the-
orem, which claims that the quantum state must be cor-
responds to something real in nature [17, 19].

Let us also fix our notation. Consider an ensemble
of classical-like n-particle systems, worlds, which state
of any of them is determined by a point in phase-space,
(x,p) = (®1, ..., p; P1, ..., Pn). The locale average of any
classical ”observable”, O(x,p), which is represented by
O(z), is defined as

O() = ﬁ / f(p, 2)0(z, p)d*p,

where f(z,p) is phase-space distribution and p(x) =
J f(z,p)dp is configuration-space distribution of worlds-
ensemble. Moreover, the local variance, 02 —02, is repre-
sented by (60)2, and similarly, associated global average
and variance are defined as (O) = N~! [ p(2)O(z)d*"x
and (AO)? = N2 [ p(z)(60)?d3"x, respectively. Note
that, these global ensemble averages are comparable with
expectation values of associated operator, (O),, in the
standard Hilbert-space formalism.

IIT. ASSUMPTIONS AND RESULTS

In fact we only use MIW ontology without considering
any special form for inter-world interaction priorly.
Instead, we assume that the time evolution of worlds
ensemble, associated to a pure quantum state, is describ-
able by an average version of classical Hamilton-Jacobi
formalism: Explicitly, we assume that, there is a
smooth function, S(x,t), which is related to local av-
erage momentum as p; = 0;5, and satisfy flowing axioms.
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Axiom 1- Average Hamilton-Jacobi equation [20]:

/p(%—s + H)d*z = 0. (1)

Axiom 2- Least average action [21]:
5/ — + H)d*"xdt = 0. (2)

where, H (x), is local average of classical Hamiltonian,
H = Y, p?/2m + V(x), which explicitly reads H =
>il(ViS)? + (0ps)?]/2m + V (). It is worth noting that,
the time evolution of an classical ensemble, which is de-
scribable by classical Hamilton-Jacobi formalism, satisfy
these axioms [21]. The main result of this work is that
above axioms determine the time evolution of p and S
up to some free parameters, which is include classical
and quantum dynamics as special cases: see following
theorem.

Theorem: The axioms (1-2), beside the assumption
that the local momentum variance is a local function of
probability density as (6p;)? = pi(p, dp), leads to

Vip.o

(6pi)* = Ai( p )? (3)

and following evolution equations, uniquely:

— Zvi(pv“g

95 _ _Z (ViS)® A Vivp U@ (5)

where \?s are non-negative constants.

Proof — For simplicity, here we prove the theorem for
one-particle case, however it is completely similar to the
N-particle case. The axiom-2 leads to following evolution
equations:

op VS
ET —V(Pﬁ) (6)
0S (VS)?
=02 @) -, 7
in which Qo = [8p 0; agip](pu). The equation (7) beside

the axiom-1 leads to

/pﬁd?’x = /p[(Z;i)Q +

which, using the axiom-2, leads to

U(z) + Qold’z,  (8)

S  (VS)?

2= Tom = U(z) + Qx. 9)

where Q1 = [0;; 88 — — Ok aakp + 88 1(pQo). The equation
(9) is consistent with equation (7), if and only if

Q1 = Qo. (10)

Equation (10) is a strong constrain on the local mo-
mentum variance. Moreover, since the local momen-
tum variance, (6p)?, is a scaler under rotation transfor-
mation, it must be a function of the p and (Vp)?; i.e.
(6p)? = u(p,n), where n = (Vp)?. Therefore, the equa-
tion (10), by tedious but straightforward calculations,
leads to

n b
wip,n) = GF + ’ +c, (11)

where a, b and c are arbitrary constants. It is easy to see
that the equation (8) leads to b = 0, and also the constant
a must be a non-negative real number, because the (6p)
_ ,\2 V2 /p
75 +
¢, where A2 = 2ma. Finally note that, in the equation

(7), the constant ¢ can be absorbed in external potential
U(zx); In fact, it must be equal to zero, if we assume
that the momentum of particles ensemble associated to
a plane wave, e’PoX/" be equal to py. N

has this property. Hence, we get Qg = Q1 =

IV. DISCUSSION

Above theorem means the average H-J formalisem, ax-
ioms (1-2), determine the time evolution of p and S up to
some unknown constants. Firstly, let us consider the case
that all \;s are same; \; = A. In this case, if we consider
A = 0, the equations (5) reduce to classical H-J equa-
tion, which, beside equation (4), describe dynamics of a
classical (non-interacting) ensemble. On the other hand,
if we consider A\ = A, the equations (4) and (5) describe
dynamics of a quantum system: although we do not con-
sider any wave function fundamentally, one can define an
effective wave function associated to worlds ensemble as
P = \/ﬁeis/ " which satisfies Schrodinger equation,

Z—Www( ). (12)

Moreover, the equation (3) ensures the uncertainty rela-
tion, Ax; Ap; > h [5, 24].

Another interesting case is that considering \; = h for
one part of the system and \; = 0 for the rest; This
choice leads to configuration ensemble theory for mixed
classical-quantum systems [10]. Finally note that, one
can use other values, 0 < A\ < £, to making (at least
a phenomenological model for) a smooth description of
quantum-classical transition [25-27]. Nonetheless, in the
rest of the discussion, we consider only pure quantum
systems, i.e. \; = h for all components of the system.

It worth noting that, the equation (3) can be derived
from an ”exact” form of uncertainty relation, dz;0p; = h



[6], and then using of the equation (3), the equations
(4) and (5) can be derived from probability conservation
and average classical energy conservation assumptions,
respectively [5, 28]. The advantage of our derivation is
that, we priory do not assume a cornerstone of quantum
theory, i.e uncertainty relation, however it is derived from
our ”average Hamilton-Jacobi” formalism. Moreover, the

meaning of equation (3) in our interpretation is different
with exact uncertainty approach [6], Nelson’s stochastic
mechanics [28-30], and other similar formalism [14, 31,
32]: we do not consider any random motion or inherent
fluctuations, and the equation (3) merely represents the
statistical momentum width of worlds ensemble.
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