arXiv:2204.08252v3 [hep-th] 22 Sep 2022

THE VARIATIONAL PROBLEM AND BACKGROUND FIELD IN THE
RENORMALIZATION GROUP METHOD FOR NON-LINEAR SIGMA
MODELS

ABHISHEK GOSWAMI

Faculty of Mathematics and Computer Science, Adam Mickiewicz University in Poznan,
61-614 Poznan, Poland

ABSTRACT. We study the variational problem as described by Balaban in his renormaliza-
tion group method for Yang-Mills theories in d = 3, 4 and adapt it to a class of Non-Linear
Sigma Models in d = 2. The result of the variational problem is a minimal configuration
which can serve as a classical background field in the renormalization group analysis.

1. INTRODUCTION

Balaban with his renormalization group method has managed to establish the ultraviolet
stability of the lattice Yang-Mills theories in d = 3,4 [IHI2]. His work in four dimensional
Yang-Mills theories is described as a qualitative breakthrough [I3]. However, Balaban’s
renormalization group method has remained largely inaccessible to readers as the analysis
is difficult to follow and is spread over several papers [I4]. The goal of our program
is to apply Balaban’s renormalization group method to study the ultraviolet problem in
Euclidean Non-Linear Sigma Models in d = 2. The Non-Linear Sigma Models in two
dimensions are both critical and asymptotically free just like the Yang-Mills theories in
four dimensions.

Here we focus on understanding the variational problem in the renormalization group
method as discussed by Balaban in [7]. We study it for Non-Linear Sigma Models. The
result of the variational problem is a classical background field. The fluctuations about
this background field configuration denote the quantum corrections.

The background field method is also widely used in physics especially while quantizing
gauge theories, see for example, [I5/[16] for applications. This is because the method
preserves the symmetries of the theory while computing quantum corrections.
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1.1. Model. We work on a lattice which is a two dimensional torus given by
TN = (L7Nz2/1M2)? Vol. = LM lattice spacing = LN (1)

where M and N are large positive integers while L is a large positive odd integer. The
lattice notation we use here is due to Dimock [I7]. From this torus we construct a (scaled)
lattice with spacing L=% as TK/{&N— - We also consider a unit lattice (the lattice of centers
of unit blocks) given by

vk = Tafin_i N 22 (2)
and an L lattice (the lattice of centers of L x L blocks) given by
1T11\/1+N—k = 1T1:/111‘ka—/¢ N (LZ)2 (3)
Let n = L™ and denote T, = TTK/I’ZN_ - Consider the field configurations U
U:T,—-G

where G is a Lie group SU(2) in which case we have a O(4) Non-Linear Sigma Model.
More generally we take G as SU(n) and then we have a class of Non-Linear Sigma Models
known as Non-Linear Chiral Models.

Next we rescale to the unit lattice T3, . The field configurations Uy : T3, — G are
given by

Upe(LFz) = U(z) rzel, (4)
As the field configurations take values on the group manifold and not on the lattice, rescal-
ing of the lattice has no effect on them. This property of the field configurations to be
constrained on the group manifold is what makes the model non-linear.

Let (x,x + ne,) and (z,x — ne,) denote oriented bonds starting from z on the lattice T,,.
Define

OU(z,x +ne,) = Ulz)U™ Nz + ne,,) OU(z,x —ne,) = U(x)U Nz —ne,)  (5)

Action. We work with Wilson-like action as remarked by Balaban (Eq. 0.32 in [§]) for
Non-Linear Chiral Models. Let b be an oriented bond between two sites  and y on T,,.
Denote the boundary of b as 9b = (zy). The action functional is

AU) = > 7*?[1 = Re TrU(o0)] (6)
obCT,
with d = 2 where
U(db) = (8U)(b) = U(x)U(y) (7)

Note that as d = 2 the functional (@) is independent of the lattice spacing.

Symmetries of A. First rewrite A as

AU)= Y [1—Re Tr{U(z)U"}(y)}] (8)

(zy)CTy




Let v,w € SU(n). Consider a global transformation U — vUw. Then

A(vUw) = Z [1 —Re Tr{vU(z)ww U (y)v™1}]
(zy)CTy

= Y [1—Re Tr{v"'wU(z)U"}(y)}] = A(U)

(zy)CTy
where we have used the cyclic property of the trace.

We are interested in the integrals of the form
1 _
7 = /dU ¢ A UF (10)

where ¢ is the coupling constant which is dimensionless in d = 2, E' is the vacuum energy
and dU = ngn dU(x) is the product Haar measure of the group G. The integral is
over the group manifold. We intend to study such integrals using the method of steepest
descents. This is how the variational problem enters into the analysis. To do so we will
have to define the integral over a linear vector space instead of the group manifold. We
do that by transforming to the local coordinates of U given by Lie algebra variables; A, as
U = ¢4 . First we give an overview of the method of steepest descents as applied in our
analysis.

1.2. Steepest descent. This discussion follows the one in [I8]. Let A be an element of
some finite domain in a linear vector space. Consider the integral

I= /dA e I8 ) (11)

where g is finite and F is a regular function of g and is sufficiently small. We assume that
f has a unique critical point in the domain which is a minima. Denote the minima by Aj.
We look to expand f about Ay and hence Ay is called a background. Let A — Ay = gA’
denote the scaled fluctuation variable. Then the integral I becomes

[ = gdim o~ 72/ (A0)=E(9.40) /e—;(A',d2(Ao)fA'>+vdA/ (12)

Here V is a function that includes higher order O(A’®) terms in the expansion of f and
d?(Ag)f denotes the quadratic form also known as Hessian of f. The integral in (I2) is
then studied using cluster expansion. The output of the cluster expansion is a function of
the background Ay which is regular in g and also sufficiently small.

Our goal here is to understand the background configuration which is the minimum of the
functional as written above. The cluster expansion and analysis of the coupling constant
will be carried out in the future work.

Before we can formally state the variational problem we need few more definitions.



1.3. Block averaging. Consider the L™ lattice T, and a L~ *+1 lattice given by TK/{TE\II— K

For a site y € TTK/ITE\%_ i define a block centered on y as

B(y) = {a; €T, :suplz, —yul < L_k+1/2} (13)
I

Note that since L is odd the boundary of the block lies between the two neighboring
sites.

We define a one step block averaging operation that maps the field configurations on
FK/IIZ-N— ; to the ones on TTIT/IIZ_JE\II_ i as

U) = e | 3 Z1os (V@)U )] Uw) (14
z€B(y)

Note that if U(z) = €4®) and U(y) = €*4® with A small then using Baker-Campbell-
Hausdorff formula: log[e4®) e~ AW)] = jA(z) — iA(y) + F[A(2), A(y)] + -+, we get

Uw) =esplid+0(42)], A= ¥ %A(m) (15)
z€B(y)

Let v,w € SU(n). Then under a global transformation U — vUuw, first note that
vU(z)wvU(y)w] ™! = vU(z)U (y)o!

has same eigenvalues as U(x)U~!(y) and hence is unitary equivalent to U(x)U~*(y). Then
by the spectral orthogonal projection representation (Eq. 22 in [3]), their logarithms are
also unitary equivalent

log (vU(z)U (y)v~1) = vlog (U(z)U~ (y))v~?

Thus, we have

vUw = exp { Z %log (UU(az)ww_lU_l(y)v_l)]vU(y)w

z€B(y)
= exp {fu Z %log (U(a;)U_l(y))v_l}qu(y)w (16)
r€B(y)
= vUw

the last step follows from the taylor expansion of the exponential function since for a matrix
X, (vXv hHn = v X"

A composition of averaging operations k times is same as averaging over a block of side
length L* and volume L%*. Let y € TT%/I 4+N_j- Define a block centered on y

_ L*
Bw) = { € Tl sl —uil < 5} (17)



B¥(y) is a block with L* sites on each side. Then

% .U on TTI\_/IIZ_N_k — Upr on TT%/H_N_k (18)

1.4. Spaces of regular configurations. Let M = L™ be a very large positive integer
(M is not same as the vol. parameter in (II)). Then the lattice of the centers of M x M
blocks given by
—k
TNk = Taien—g N (M2)?
partitions the T,, lattice into a sum of M blocks. We call a union of M blocks as €2,.

We take €, = T,. Let U be a field configuration on the lattice T,. Let ¢g > 0. Define a
space
Uk (g0, k) = HUp(c0)
of the field configurations by the conditions
|(OU)(b) — 1| < egL ™% =eon, be Qe 19)
0U(z)| < eoL ™% =eon, 2z €y

where
SU(x) = [U(z — e,)U(x) " = U(x)Ulz + €,) '] (20)
"
The norms are operator norms for a matrix X, “the operator norm | X| = supjy— [X1[".
A field configuration U belonging to Uy (g¢) is called regular.

Let £1 < gg. Define a space By(e1) as
Br(e1) = {II];?X |OV(b) — 1| < &1 for b € QN 7%} (21)

Define another space By, 1(e1) as

%k71(€1) = {mgmx |6W(b) — 1| <ejforbe QN (LZ)z} (22)

Balaban’s notation. On the lattice T, Balaban [7] considers a sequence of domains {€2;}
for j =0,1,--- ,k with T, D Qg D Q1 D --- D Q such that

e ; is a union of M (L’n) blocks.

e For any domain Q C T,, QU = Qn (L7nZ)2. Thus, QU) are centers of L’ blocks
—(k—3)

in © which are points on the lattice T, ANk

The sequence admits the case where some domains are equal to the lattice T,. Balaban

also considers the sets of the form Qg-j)/Qg-Ql for j =0,1,--- ,k — 1 for spaces (21)), (22).
Here we work with the case where all {}; equal to the entire lattice T,. Hence, we work
with a single scale determined by € for spaces (2II), 22]). This is sufficient for the first
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treatment of the model as we work in a small field approximation. For the full model we
have to consider the multiscale geometry.

Note that on the scale determined by j, where a bond variable as in () has a bond length
of Lin, we have [(9U)(b) — 1| < egn(Lin)~! for b € Q;.

1.4.1. Symmetry subgroup. Denote By = TTIQ/HN_k. Let V be a fixed configuration on
B (e1). Define a space By (B, V) for configurations U satisfying

0™ =V on By, (23)
Since V is fixed, any global transformation must keep (23] invariant and hence,
uVw =V on By (24)

Remark 1. As any global transformation is independent of the lattice points, note that if
V is any constant configuration and u is any element of SU(n) then w = V4~V imply
@4)) as uVw = V.

When V is not a constant configuration, the transformations that satisfy (24]) are of the
form uVu~!. Such transformations commute with V; [u, V] = 0 and thus, uV = Vu imply
uVu~! = V. Denote the subgroup formed by the transformations satisfying (24]) as

G(V) ={ueSU(n) | uVu~! =V on By} (25)

For any group G = SU(n), the only element that commutes with every other element is
the identity. Thus, for a general V, the subgroup G(V) is just the identity.

We can similarly define a space By, 1(By, 1, W) for configurations U satisfying (23]) but for
(k + 1) instead of (k) with W instead of V and on By, ;.

1.4.2. New space. Consider a set of two new field configurations Uy and U = U'Ug. Here
we define a space whose arbitrary configuration is of the form U'Uqy. Let ag,a; > 0. We

assume that
Up € Ug(ag), U'Up € Uy(ag) N By(By, V)

(UU)® — U < a; on By,

Note that by (Z3) and the first line in 28], (U'Ug)*) = V. Then the second line in [Z6) is
satisfied when V is close to U(()k) that is [V — Uék)| <ai.

(26)

1.5. Variational problem statement. Let A*) denote the functional A(U) defined on
-[I—IT/IIZ—N— - Then the variational problem is defined as

U— ADU), U e y(e) NBr(By, V), UTH=v (27)

Theorem 1 Let ag, a; be strictly positive constants. Then for 0 < g9 < agand 0 < &1 < a1
let V € Bi(e1) be fixed. There exists a constant Bz > 0 obeying Bse; < g such that a
unique minimal configuration of the functional A®)(U) exists in the space



{U e h(Bsey) | wUu=t =U forall ueG(V)}NBy(By, V).

Remark 2 In the k' step of the actual renormalization group construction, the action used
is the effective action for scale k, which includes, in addition to the A®*) of Theorem 1, both
contributions from the previous fluctuation integrals and the effects of renormalization.
A% is only the classical contribution to the effective action and hence the background
configuration is classical as well. Note that only the pure small fields, i.e. U with [0U — 1|
sufficiently small, are being considered in this paper. In the actual renormalization group
construction all U’s must be considered.

Qutline In Sect. [2] we first understand the above statement of the variational problem
in the context of the renormalization group (RG) transformation. Then the proof of the
Theorem 1 follows in the Sect. Bl In the final Sect. [ we discuss the analyticity of the
background configuration.

2. RG TRANSFORMATION

Here we give a brief overview of the renormalization group (RG) transformation with the
alm to understand the variational problem and the role of critical configuration in a single
iteration. RG iteration has three steps: integration, rescaling and extension.

Consider the functional A(U) on the unit lattice T}, with U € £ly(eg). Let V € B 1(e1).
Then the transformation is defined as [18]

(Tp)(V) = / AU S(OV-1ye 2 AUE (28)

The delta function introduces the constraint U = V. Let v,w € SU(N). Under a global
transformation U — vUw and V — vVw, we have seen that in ([6]), vUw = vUw. Hence
S(Uww 'V ly™h) = §(vUV~1y~1) = §(UV™1) due to the invariance of the delta function
at the identity of the group, 6(vIv™') = §(I). Since the Haar measure dU also remains
invariant we have (T'p)(vVw) = (Tp)(V).

The first step introduces a split between the short distance (or high momenta) degrees
of freedom and long distance (or low momenta) degrees of freedom. The unit lattice
configurations here correspond to the high momenta degrees of freedom while the L lattice
configurations correspond to the low momenta degrees of freedom.

We analyze the above integral by the method of steepest descent. This is where we require a
minimal configuration of the functional A(U) with delta function constraint. The minimal
configuration is the high momenta degree of freedom which serves as a background field.
We integrate out the fluctuation about this high momenta background and then scale back
to the unit lattice for convenience.

This procedure is carried out until we reach a unit scale denoted as L¥e = 1, where e = LK.
Since we are rescaling back to the unit lattice after each integration, we are working with
L7k ... 1, L lattices.
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Note that the unit lattice at the start of the renormalization is Tg/{ AN Then the unit lattice
at the end of & RG iterations is

0 ok 2
Thvin—k = Taynk NZ

and a L— lattice during the (k + 1)*" iteration is

—k
Thrin—k = Dapenog N (L2)%

Rescaling corresponds to ﬂ—ll\/l ANk Tg/{ N_k_1- For our model, rescaling does not intro-
duce any canonical dimension dependent changes to the field configurations as shown in

@.

The last step extension will be mentioned shortly.

2.1. Defining the variational problem. We first discuss the role of a critical configu-
ration in a RG iteration. After that we define the variational problem in a manner such
that its solution “that is the existence of a unique critical configuration” would mean that
the RG iteration can be started.

k =1 At the start of the first iteration we have
AU), U e lyleg) N DBo1(Bo,1,V), U=V

The action functional A(U) is functional of only one variable U. The critical configuration
Up (V) belongs to the space Llo(Bse1) N DB 1(Bo,1, V). We take critical configuration Ugy(V)
as a background configuration and expand the functional A(U) around it. Note that as
Up(V) is defined on a unit lattice, its fluctuation is also defined on a unit lattice which we
integrate out. This completes the first step of the iteration.

Next we rescale back to the unit lattice so that

Uo(V) € %(3361) N %071(%071, V)

rescale

Ul(V) e iy (3361) M ’31(%1,\7) (29)

The final step extension corresponds to simply recognizing that Uy (V) is already in the
space 1 (g9) N B1(B1, V) since Bsey < £o.

At the end of the first iteration the functional of two variables U and V is written as
AW (U (V)). Tt is the minimal value of the functional A™) in variable U. Thus, at the end
of the first iteration the variational problem is defined by

U— ADU), Uet(e)NBi(B,V), U=V (30)

which has a critical configuration U;(V) € U;(Bser) N B1(B1, V). Thus, showing the
existence of U;(V) implies that the first iteration can be started as described above. It
provides the background configuration Up(V).

k = 2 At the start of the second iteration we have

ADUL(V), VeB, WeB, V=W
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A critical configuration of the functional A™M (U (V)) is critical in both the variables U and
V. We already have configuration U;(V) which is critical in variable U. Denote a critical
configuration in V of the functional A (U1 (V)) with constraint V =W as V(W) € B;.
Then the critical configuration in both the variables is U; (V) (W)) belonging to the space
Uy (Bsge1) NB1,1(B1,1, W). This serves as the background configuration.

After integrating out the fluctuation, we do the rescaling so that

Ui (VW) € 4 (Bser) N B11(Bra, W)

and

rescale

UQ(W) € L[Q(Bg&l) M ’32(%2,“/) (31)

Uf) =W on By Uy = VD on 8 (32)

Extension corresponds to simply recognizing that the background configuration Us(W) is
already in the space s (g9) N Bo (B2, W) since Bzey < &p.

Thus, at the end of the second iteration the functional is A (Uy(W)) and the variational
problem is defined by

U= AD(U), U eith(e) NBy(Bp, W), TP =W (33)

which has a critical configuration Uy(W) € Us(Bser) N Bo(Bo, W). Thus, once again
showing the existence of a unique critical configuration Us(W) would imply that the second
RG iteration can be started as described above.

After k iterations We have a functional of two variables U and V as A®)(U,(V)). The
variational problem is defined as

U— ADU), U ey(e) N BB, V), TF=v (34)
which has a critical configuration U (V) € Uy (Bser) N B (B, V).

3. PROOF

We start by recalling definitions of some operators from [4]. After that we discuss a
mapping transformation from [6]. We use the mapping transformation to reduce the proof
of Theorem 1 to proving a Proposition 4. We then first give a detailed proof of the
Proposition 4 in Subsect. using perturbative methods. Proof of Theorem 1 follows in
the next Subsect. B4l

3.1. Minimizers. The minimizer is a solution of the linear variational problem defined as
(Egs. 3.109, 3.110 [4])

A %@4, AA)  QA=B (35)

where the constraint () is linear. Both @) and A depend on the background. The minimizer
is a linear operator H and has a representation (Eq. 1.103 in [I] or Eq. 3.126 [4])

HB =GQ"(QGQ")™'B (36)
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where G = (A+Q*aQ) ™!, a is a positive constant. G has a kernel that decays exponentially,
see for example Appendix D in [I7] (with background as identity).We consider another
minimizer by replacing the quadratic form A in the linear variational problem as (Eq.
3.127 [4])

A— %@4, AA) — (HCP(A),]); QA=B (37)

where C?)(A) is a quadratic polynomial in A which takes values on the unit lattice and J
is defined by (G8]). The minimizer H; has a representation (Eq. 3.129 [4])

H\B=G1Q"(QG1Q") " 'B (38)
where G = (A — H*J + Q*aQ) L.

Since both the minimizers H and H; have representations in terms of the Green’s function,
they both have exponentially decaying kernels. They also satisfy the bounds (Egs. 46,

103 [7])
’HB’ < BO‘B’, ‘HlB‘ < Bl’B‘ on Qk (39)

Remark 3 Minimizers and other operators appearing in our analysis have simpler repre-
sentation and properties than the similar operators in Balaban’s Yang Mills analysis. This
is because Yang Mills theories have an additional constraint due to the gauge fixing which
further complicates their regularity properties.

3.2. Mapping transformation. We denote the global transformations satisfying (24]) as
U — U" given by

U% = Uy~ ! (40)
We are interested in the configurations Uy and U = U’'Uy defined by (26]). For a configu-

ration U = U’'Uy, define a new symmetry transformation law keeping the configuration Uy
fixed as (Eq. 1.17, [6]). Then for U’ redefine [@Q) as

U = uU'Ugu Uyt = wU' R(Up)u™ (41)

Thus,
U = wUu™! = uU'Upu™! = wU'Ugu™'U; Uy = UV, (42)

Denote Ry = R(Up). Recall that we are working with global transformations satisfying
(24). We replace this condition by the following condition (Eq. 1.29, [6])

M) =1 yesy (43)

(Rou
where (R—ou(k))(y) is given by

Rou®)) =uwesp | 32 Zylogulio(r)u Uy ()] ™! (14)
zE€B*(y)
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-1
We now construct a transformation u satisfying ([@3) such that h = U™  satisfies the
following

h = eiA, ‘A’ < Bl(ao + al), ]8A] < Bl(ao + al), ’AA‘ < Bl(ao + CL1) on €,

1 —(k)\—1 (45)
Qr(Ug, A) = B on By where B = glog\/'(U0 )7, |B| < 2aq
where Q(Uyp, A) is given by .
1) (k) (k) —
Qx(Uo, A) = =log U (U)~? (46)

Theorem 2 For arbitrary configurations Ug and U’ Uy satisfying (26]) there exists a constant

c1 such that if ag > 0 and a1 > 0 obey ag+ a1 < ¢1 then there is exactly one transformation

u satisfying (@3] on By such that the conditions ([@Z]) hold for the configuration h =
—1

U
Proof The proof of the Theorem is by induction. First note that the conditions Uy € L (ap)
and U'Ug € Ug(ap) NBr(By, V) have an inductive property that they hold for k — 1 if they

are true for k. Whereas the condition |(U'Ug)®*) — U((]k)| < aj on By does not have the
same inductive property. To apply induction, we follow Balaban and use an equivalent
condition (Eq. 1.66, [6])

(TT)® - 07 =107 1] <y (47)
where 0% = (U'UQ)®) (U'(()k))_l. Now we assume that the Theorem is true for £k — 1. This
(k—1)

means we have a desired transformation u; satisfying Ryu
—(k

have Roul( )

around uq.

= 1. Then inductively we
= 1 and we construct the desired transformation for k'™ step as a perturbation

Let w = u/uy such that Rou’ul( ) — 1. Let o/ = ¢*. Then o is determined by the
condition

U= Rou’u1<k)(R0u1(k))_1 = QAN =1 o Q' (u1, \) = 0. (48)

Then solving @'(uj,\) = 0 gives us A. Note that we do not need the Landau gauge
condition of Balaban (Eq. 1.80 [6]). By Proposition 5 [6], we get a unique A satisfying
IA| < O(1)(ag + ay) for ag + a1 < ¢1.

-1
Let U™t = U;. We get the desired configuration as
/uilulil 7—1 i\ i\
h=U" =U} =e "Use (49)

Since Uy is constructed inductively from the solution of the previous step, we have Uy = ¢4’

with |A’] < O(1)(ag + a1). Then from the bounds on A" and A it follows that

1 u*lurfl
;logU' L < O(ag + aq) (50)
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-1
For k = 1 case take u; = 1 such that U"? = U’ = U;. Then from the Lemma 1 [6],
|[U" — 1| < cay + as and we then construct u' to get the desired transformation.

B (k-1)

. . P
Uniqueness. Let two transformations u; and wue satisfy Roul( b _ 1, Rouo =1

respectivgl%f. Then by ind}iction they also satisfy Roul(k) =1 and R0u2(k) = 1. Denote
U; = U™ and Uy = U2 . Note that

N —(k [
Roul(k) = RQ’LL1U2_1’LL2( ) = Rou/’LLg(k) =1 (51)

where v/ = ujuy 1 Now by Proposition 5 [6] there is a unique u/. But in the considered

(k)

case, identity is also the solution since Rouo =~ = 1. Therefore, v/ = 1 and u; = uo. This

completes the proof of the Theorem 2.

The global transformations u define a one to one map from the space U (ag) N Bk (B, V)
into a space of field configurations hUg with h satisfying the conditions (43]).

Lemma 3 (Reduction of proof of Theorem 1). The variational problem (34]) for the func-
tional A®)(U) can be reduced to finding the critical configuration h of the functional
AF)(hUg) = AW (e4Uj) in the space

h = eiA, |A| < g9, |0A] < g2, |AA| <egonQk, Bi(eg+e1) <e

1 = (k)\ 1 (52)
Qr(Up,A) = B on By where B = ;logV(U0 )" |B| <2

where Uy satisfies ([B4)).

Proof Let k> 1. Given a configuration V € By (e1) so that V € By 1(e1) we construct a
configuration Vg in the space By_1(e1) as follows. Take

Vo=V on By and Vo=V on By, MVO on Bi_1 (53)

We have a configuration V( as needed for k—1 variational problem. Assuming that Theorem
1 is true for k—1, we get a critical configuration Ug_1(Vy) € U_1(Bse1)NDBr_1(Br_1, Vo).
From the form of regularity conditions and scaling operation in ({]) we can say that

Uk_l(Vo) = UO S Uk(Bgé‘l)

The actual critical configuration Uy (V) lies in the space Uy (Bse1)N By (B, V). We consider
the functional A®) (U) on the space U3 (e9) N B4 (B, V). An arbitrary configuration of this
space is given by U = U'Uq as defined in 28]). We take Uy = Uj_1(Vg) since Bze1 < &g.
Then by the definition (26]) we observe that

|U(()k) — V| <a; on By (54)

This implies that Uy is close to the critical configuration Uy (V). Therefore, we use perturba-
tive methods, that is, expand A®) (U) around Uy and find the critical configuration.
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To use perturbative methods we make use of the Theorem 2. Set ag = 9 and a; = ¢
with g + 1 < ¢1. For Uy € ﬂk(&‘o) and U = UIU() € Uk(&‘o) N ’Bk(%k,V) by Theorem 2

—1
there exists exactly one transformation u satisfying (@3] such that h = U™  satisfies the
conditions (G2]).

k =1. Note that kK = 1 defines the variational problem at the end of the first iteration.
We take the given configuration V € By(e1) and construct a configuration Vo € Bq(e1)
as ([B3). We take Uy = Vg such that Uy € £ (g;) and consider the functional AM(U) on
the space 41 (g9) N B1(B1, Vo) with U = U'Uy (and Uy on a larger space Uy (Bseq)). Then
by definition ([26) we have |Ug — Vg| < a1 on B1. Now we apply Theorem 2 as discussed
above.

This completes the proof of Lemma 3.

Proposition 4 For h = ¢ with variables A in the space (52)) there exist variables A; and
a map D from A to the variables on 8, such that the unique critical configuration of the
functional A®) (hUg) in the space |A| < ey is given by the configuration

h = exp [i(Al—i-HlB—HD(Al—l-HlB))] (55)
where |A1| < 2e3 with e9, 3 sufficiently small and
deg < e3 < (180230)_1, €9 < 2B1eg, Bsei < e (56)

for some constant Cs.

3.3. Proof of Proposition 4. We start by an expansion of A®)(e!4Uj) about the back-
ground Uy as (Eq. 3.189 [])

AR (4U0) = AR (Ug) + (A, ) + %(A, AA) + Vo(A) (57)

where Vy(A) denotes O(A3), A is given by (Eq. 3.191 [4]) is a small perturbation of the
Laplacian that depends on the background and (A4, J) is defined as

(A,J)= > n*Tr{— A(0b)n 'Tm Uy (D) } (58)
bCT,

Then we linearize the constraint Q)i by a suitable change of variables. We denote the new
variables as A’ and substitute them in (57)). After some minor readjustments including
another change of variables A’ — A; we get a functional whose critical configuration is the
one we are looking for. We make use of contraction mapping theorem to show the existence
of a unique critical configuration.

3.3.1. Linearizing transformation. We follow Sect. C of [7] on Q. The constraint is

1 - _
Qi(Up, A) = ~log (RT™)(U)"! = B on By, (59)

7
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It is a non-linear function of A. From the definition of the block averaging ([4) and using
Baker-Campbell-Hausdorff the linear term is QA = A+ Af(Up), where f(Up) is a function
of the background configuration. Then

Qr(A) = QA+ C(A),  [Cr(A)] < Co|AP? (60)
Here we will linearize the constraint so that @y is linear.

The linearizing transformation is constructed as

A=A — HD(A (61)

where D will be a mapping defined on configurations A and taking values in configurations
on B,. In fact we will see that D is related to C}.

Lemma 5 There exists a constant 0 < e3 < (18C2By) ! and a function D(4’) = O(A"?)
with |D(A’)] < 4Cy||A’||? such that the transformation (BI)) linearizes the constraint

Proof The constraint is linear if

Qr(A) = Qp(A' — HD(A") = QpA" — QrHD(A') + Cx (A" — HD(A"))

=QrA" on T N ¢ ©2)
which implies
QrHD(A") = Ci(A' — HD(A)) (63)
Then D(A’) is a fixed point of the transformation
X = Cp(A'—HX) on TRy 4 (64)
We study this fixed point using contraction mapping theorem. Let
|A"| <e3on Q; X =00nTh n; |X|< %?; on By, (65)
Then the map (64) is contractive if (see the discussion below Eq. 54 in [7])
e3 < (18CoBy) L. (66)

Identifying X with D(A’) in (B5), we get |D(A’)| < By 'e3. Since €3 was arbitrary, we can
take it close to

14| = sup |A'(z)| then |D(A')| < By'||A'| (67)
zeQy
Using |D(A")| < By '||4’|| and from (@0), (39
|D(A)| = |Ck(A" = HD(A")| < Ca(|A'| + Bo| D(A)])? < 4Co||A'||? (68)

Note that D(A") = O(A’ 2). Let C]in) and D™ be homogeneous polynomials of n'* order,

then write
o0 o0

Cu(A' — HD(A) =Y e (A — H f: DimM(Ah)) =3 DA (69)
m=2

n=2 n=2
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and therefore,
D) = P (A), DOA) = CP(A) =200 (A, HC) (4) (70)
This completes the proof of the Lemma 5.

Locality of D(A'). Note that D®)(A’) is ultra localized at a site whereas D™ (A’) for
m > 2, contains the operator H which has an exponential decaying kernel. Thus, we can say
that functional derivative of D(A’) decays exponentially. Hence, D(A) is localized.

Proposition 6 The transformation (61]) satisfying ([G2)) i.e. linearizing Q(A) is defined and
analytic for A’ satisfying (G5 with e3 < (18CoBy)~'; sufficiently small. The range of this
transformation contains the set (52]) with g9 < %53 and is contained in the corresponding
set with 2e9 instead of 3. The function D(A’) satisfies the bound (68) and its functional
derivative decays exponentially.

Proof D(A’) is a power series in A’ as ([69) and the bound (G8]) implies that the transforma-
tion A = A" — HD(A') is analytic on A" satisfying |A’| < e3 on . Then A satisfies

|A| < |A'| + BodCy|| 4| < e3 + 4ByCac?

(71)
= (es + 4B()CQE§)
since from (G0), e3 < (4CoBy) ™! this implies
|A| < 2e3 on QY (72)
Similarly, using e3 < (4C2Bg)~" and |0A’| < 3 implies that on
|0A| < |0A'| + BodCo||A'|]? < 2¢3 (73)

and from (B6) that the transformation A = A" — HD(A’) is defined for e3 < (18CyBy) "
on .

Now see Eqns. 59-62 in [7] in addition to our discussion. This completes the proof of the
Proposition 6.

Denote the linearized constraint Qr(A) as Q.

3.3.2. FEquations for a solution of the variational problem. Make change of variables as
A=A"—HD(A") in (B7) and consider the functional

F(A') = AW(Uo) + (A" = HD(A'),J) + %(A’ — HD(A'), A(A' — HD(A")))

T Vo(A' — HD(A')
on the space of configurations A’ satisfying
QA" = Bon T n_i |B| < 2e1; |A| < e3,]04"| < e30n (75)

Note that in the functional F(A’) the zeroth order and the first order terms in A’ are
AF)(Ug) and (A’,J) respectively. Next we separate the quadratic terms. Write

D(A) = D@ (A') + D3(A"); where D (A') = @A) = P (A on T n_p  (76)

(74)
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Then
(HD(A'),J) = (HC®)/(A'),J) + (HD3(A'),J) (77)
and the quadratic form in the expansion of F'(A’) is equal to
%@4’, AAY — (HCP)(A),]) = %@4’, AL A (78)

Higher order terms determine the functional

V(A" = —(HD3(4A"),J) — (A, AHD(A"))

) / / / / (79)
+ 5 (HD(A'), AHD(A")) + Vo(4' — HD(A)

It is analytic in A’ for A’ with values in complex Lie algebra; g¢ and satisfying (78). Rewrite
the functional F'(A’) as

F(A') = AW(Uo) + (A7) + %(A’, A A" + V(A (80)

To find the critical points of this functional on the space (7H) we have to find A’ such
that

d / AN
<mF(A),5A> =0 (81)
for all A" in the tangent space to the integration manifold given by
QA =0 (82)

(since the constraint is now linear it lies in the normal space to the integration mani-
fold).

Lemma 7 There exists a variable A; with |A;| < 23 and an operator & with Q® = 0
such that the critical equation (I with constraint (82]) is given by ([@4]).
Proof From (80)
<iF(A') 6A’> = (A J) + (A, A A + <iV(A') 5A’> (83)
JA ’ ’ ’ JA ’
Thus, we have

5
(6A"J) + (6A", AL A') + <—V(A’), 5A’> —Owith QOA' =0onTd  ,  (34)

A
As we are working with the operator Aq it is better to make a change of variables as
|A'= A, + H,B] (85)
and let
2B1e1 < €3 so that |HlB| < e3 and |A1| < 2e3, |8A1| < 2e3 (86)

Note that since Q0A" = 0, the definition of H;([B8)) implies that (§A’, AyH1B) = 0. Then
rewrite (84) as
0

(6A",J) + (64", AL Ay) + <5A’, (Wv) (A + HlB)> — 0 with Q0A" = 0on TY _, (87)
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The set of configurations A’ restricted by (78 is contained in the range of the translation
A" = Ay + H B defined on the set of Ay restricted by (86). Note that if we take A;
satisfying (B6]) then the image of the translation is contained in the set of A’ satisfying (75
with 3e3 instead of e3.

Next we want to get rid off A’ from (87)). We first recall the projection operator 9 defined
(Eq. 3.139 in []) as orthogonal projection onto the subspace of A’ satisfying the condition
QA’ =0 in a Hilbert space with the scalar product (4’, G;'A’) where G7' = Ay + Q*aQ
and A is given by (78]). From Eq. 3.147 in [4] B has a representation
P=1-GQ"(QG1Q*)™" (88)

We take § A’ = PBJA such that Q§A’ = 0 for any arbitrary A. Then

(§A",J) = (PBOA,J) = (6A,B*J)

(6A", A1 A7) = (PIA, (A1 + Q aQ) A1) = (0A, (A1 + Q" aQ)BA) = (04, A1 A) (89)

0 )
I — ol I

(54, (55V ) (A + HiB)) = (A% (55 V) (A1 + HiB))

where 0 A is now arbitrary. Rewrite (R7)) as

5
TT + AL A + P (@v) (A, + HiB) = 0 with QA; =0 (90)
Denote
G1= (A1 +Q*aQ)™! sothat G71A; = A4 (91)
and (@0) is
o
A+ G+ G (mv) (A, + HiB) = 0 (92)
Denote operator
G1B* = 6 such that Q& =0 (93)
and rewrite ([02]) as
5
A +®J+G§<mv>(A1 Y HB)=0 (94)

Any solution of ([@2)) or ([@4)) also satisfies (@0)). (@4]) is the required equation for the solution
of the variational problem.
3.3.3. An analysis of Equation ([@4]). Let the configuration A; be in the space

|A1] < eq, |0A1] <eqon Y (95)

A solution of Equation (@4) is a fixed point of the transformation
o
Al 6] — @(mv) (Ay + H,B) (96)
Proposition 8 For ¢; satisfying 2ByBse1 < €4, Eq. ([@4) has exactly one solution in the
space (@) which is the fixed point of the transformation (@6l). This solution satisfies the
bounds (@) with ¢4 = 3By Bs3.
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Proof See Sect. E in [7].

To summarize On Qy, from (8, |A1| < 2e3 and from [@3)), |A1| < 4. Since from Propo-
sition 6, €3 > 4e9 we can take €4 = 8g9 and 2ByBse; < B1Bse1 < 2. Then Proposi-
tion 8 is true. Also note that from (52)) we have By(gg + €1) < e3. Let us then take
g9 = Bigg + B1Bse1 so that this condition is satisfied automatically. Now using Bse1 < g
we have

8ey < 8Bjeg + 8B1egg < 16B4¢g (97)
This completes the proof of Proposition 4.

3.4. Proof of Theorem 1. The proof of Theorem 1 is by induction. For k = 1, a fixed
configuration Vo € B1(e1) is given. We define Uy = Vj such that Uy € $4(g1). Then we
consider the functional A'(U) on the space 41 (g9) N B1(B1, Vo). The definition (Z6]) gives
us freedom to consider Uy on a larger space bounded by ¢y. Thus, we can have a large
constant B3 obeying Bse; < g9 and take Uy € Uy (Bseq) such that for B3 = 1, we have
ﬁ() = VQ on ’Bl.

Now take U = U'Uj. Next we make use of the mapping transformation (Theorem 2) and get
the functional A'(hUg) = A'(e*4Uj) to solve the critical problem perturbatively as shown
in Lemma 3. Then Proposition 4 gives us a unique critical configuration of A'(e!4Up) in
the space |A| < g2 < O(1)ep.

To understand what Bs is like let [J denote a M — block and lj~ denote a block of linear
size 3M consisting of nearest neighbors of [J. Denote [’ € O°N 0. Let y; € 0. We follow
Sect. F (Egs. 162, 163) in [7] and write

By = O(1)Bysupsup » e "W (d(yy, yp) + 1) (98)
0 v ,
y2€l]
and assume that Bze #(M) < % This completes the proof for £ = 1.

For each inductive step k > 1, the critical configuration for k — 1 serves as Uy € Uy (Bseq)
for the k' step, where Bs is provided by the inductive hypothesis on k — 1. Then we
consider the functional A¥(U) on the space i (go) N By (B, V) and solve the critical
problem perturbatively as in Lemma 3 and Proposition 4.

3.4.1. Critical configuration is a minimum. Let Uy = hUgy € Uy (Bsey) N Bk (Bg, V).

To see that Uy is a minimum we apply the whole procedure again with Uy instead of Uy.
We get a functional F'(A’) as ([80) for which the critical configuration is A" = 0. Then from
1), [®2), (B3) together with A" = 0 we conclude that

(§A")J) =0 for all §A": Q5A" =0 (99)

But due to the shift to Uy we also have QA = 0 (the constraint is automatically satisfied
since U,(Ck) = V). Hence the configuration A’ satisfies the same conditions as A" and we
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have (A’,J) = 0. Thus,
F(A') = AB(UL) + (A, Ar )+ V(4) (100)
since A; is positive definite, the second order differential at A" = 0 is positive. Hence,
A’ = 0 is a minimum. Thus, Uy, is a minimal configuration of the functional A®)(U).

This completes the proof of Theorem 1.

4. ANALYTICITY OF THE BACKGROUND CONFIGURATION

We have mentioned before that the fluctuation about the background configuration are the
integration variables in a renormalization group analysis. Here we want to conclude that
the minimal configuration we get as a result of the variational problem is an analytical
function of the fluctuation variables.

The minimal configuration Uy is Up(V). Let V = V'V with V' small and Uy = Uy (Vo).
Denote the fluctuation variable as B = %log V.

Now take V = V'V with [V/ — 1] < ¢; on Bj. Then
Uk(V) = Up(ePVy) = B, (101)

where |H(B)| < e2 as (52]) on Q. Then from Proposition 3, the configuration H(B) has a
representation

’HZAl—i-HlB—HD(Al—FHlB) (102)
where A; satisfies
)
A+ (’5<@V) (Ay + HiB) = 0 (103)

with g9 satisfying (56). A; as a solution of (I03) is an analytic function of H;B. Since V
starts with V3); the terms of the third order, A; starts with second order in H;B. Then
from Eqs. 196, 197 in [7]

5
H = HB- @(@v@) (H1B) — HO® (H,B) + - -

H = H,B+ O(B?

(104)

where we have used (70) for writing D in terms of C2).

4.1. Invariance of the minimal configuration. We have shown that the minimal con-
figuration Uy(V) = e(B)Uj is analytic in the domain |H(B)| < e5. Under a symmetry
transformation uVu~!, Up(uVu~r) is defined as long as it is analytic. For u € G(V), we
have

U (uVu™) = Up(V). (105)
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