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1 Introduction

It is well known that fundamental equations of mathematical physics admit rather exten-
ded symmetries. At the first place we can mention symmetries with respect to continuous
groups (Lie symmetries). In addition, there exists an extended class of generalised symmet-
ries (higher symmetries, supersymmetries, hidden symmetries) connected with the menti-
oned equations, see, e.g., book [I] and paper [2].

An important class of equations of quantum mechanics (QM) is formed by the superin-
tegrable Schrodinger equations which admit more integrals of motion than the number
of degrees of freedom of the associated QM systems. As a rule such equations also admit
a wide Lie symmetry and different kinds of generalised symmetries. A known example is
the Schrédinger equations for the Hydrogen atom which, in addition to its invariance with
respect to the rotation group, is supersymmetric and admits the hidden (Fock) symmetry
with respect to group O(4).

Searching for Lie symmetries of partial differential equations is a rather popular business
which generates a big number of publications. Rather surprisingly, the correct group
classification of Schrodinger equations for a particle interacting with an external field
appears only recently [3, 4, 5], [6], in spite of that the search for the related symmetries
started long time ago, see papers [7, 8, [Q].

The systematic search for superintegrable QM systems was started in papers of Yakov
Smorodinsky and his collaborators [10], [LI], who completely described all inequivalent 2d
Schrodinger equations which admit second order integrals of motion. The modern trend
is the studying of the related integrals of motion of the third and even arbitrary orders
[12]. See also [13] where the determining equations for such symmetries were deduced.

The present paper is devoted to the classification of superintegrable Schrodinger equa-
tions with position dependent mass (PDM). Such equations have very important applica-
tions in the modern theoretical physics, being the mathematical models of semiconductors
[14], quantum liquids [15], quantum dots [16], and many, many others quantum objects.

Higher symmetries of the 2d PDM Schrédinger equations are well known (see, e.g.,
[I7] and the references given therein). However, there are only some particular results
concerning the classification of such equations with three independent variables [I8| [19]
20, 21]. In the following we present the complete classification of the special class of such
equations, namely, of equations which are scale invariant.

For the group classification of the stationary and time dependent PDM Schrédinger
equations and the related reaction-diffusion systems see papers [22, 23| and [24], 25] corres-
pondingly. In accordance with these papers such equations cannot be Galilei invariant in
contrast with the standard Schrodinger equation and its generalisations for the case of
particles with arbitrary spin [206].

The classification of the higher symmetries of the 3d PDM Schrédinger equations is a
very complicated problem which is solved only for some special classes of such equations.
An important and rather extended class of them includes equations which admit at least
one parametric symmetry group. All inequivalent equations from this class which admit
first order integrals of motion is fixed in [22].

In the present paper we classify the scale invariant 3d PDM Schrédinger equations
which admit at least one second order integral of motion and show that they include
many interesting and consistent equations. The found equations form the important part
of a more general class of superintegrable equations which admit at least a minimal Lie



symmetry.

2 PDM Schrodinger equations

We will study the stationary PDM Schrédinger equations of the following generic form:

Hi = B, (1)

where
H = paf(x)pa + V(x). (2)
In equation (M) x = (z',2%2°%), po = —ids, a V(x) 1a f(x) = Wl(x) are arbitrary

functions of x which are associated with the potential and inverse mass correspondingly,
and summation is imposed over the repeated indices.

In paper [22] all inequivalent equations () admitting at least one first order integral
of motion (i.e., differential operator of first order commuting with Hamiltonian H) are
found. In [2I] the complete classification of the special class of superintegrable equations
(1) was carried out, namely, the equations invariant with respect to the rotation group.

In the present paper we classify superintegrable equations (1) which are scale invariant.
The corresponding arbitrary elements V' and f take the form [22]:

= T2F(Q0> 9)7 V= V((p)’ (3)

where F(.) and V(.) are arbitrary functions, ¢ i 6 are the Euler angles.
Hamiltonians (2] with special arbitrary elements (38)) commute with the generator of
the scaling transformations which has the following form:

3i
D= LgPa — 5
Our task is to find such of them which commute with at least one first order differential
operator.

3 Equivalence group

Changes of dependent and independent variables are called the equivalence transformati-
ons provided they keep the generic form of the differential equation (in our case of equation
(@) up to the changes of the arbitrary elements (in our case functions f and V). The
set of the equivalence transformations has the gruppoid structure [27], and can include
equivalence groups and some discrete elements.

As it is shown in [22], the maximal continuous equivalence group of equation (Il is
C(3), i.e., the group of conformal transformations of 3d Euclidean space. The generators
of this group are the following first order differential operators:

0
P = pa — ’ Le = 8abcxbpc’
e (4)
1
D=z, p" — 2 K = r’p® — 22°D,



where r? = 23+ 22+ 3 and p, = za— The corresponding group transformations (whose
explicit form can be found in [22]) keep the generic form of equations (), (2)) up to exact
form of functions f and V. The important particular form of these transformations is the
inversion:

- Lq ~ ~
Tg —> T = ﬁa w(x) - xgw(x) (5)
which acts on operators () in the following manner:
P,—~K, K,—P, L,—L, D—D. (6)

For the class of equations considered in the present paper the equivalence group is
reduced to the direct product of the rotations group whose generators are componets of
the orbital momenta L, and dilatation transformations generated by D, since L, and D
commute with H while the remaining operators () do not have this property. Notice that
the discrete equivalence transformation (B is kept also.

In the following we will use the rotations and the inverse transformation (&) for
optimisation of the requested calculation and selection of non-equivalent versions of the
studied equations.

4 Determining equations
The searched second order integrals of motion can be represented in the following form:

Q = ™ 0a0y + €0y +11 (7)

where p® = 1%, £* and 7 are unknown functions of x.
By definition operators () have to commute H:

[H,Ql=HQ - QH =0. (8)

Condition (§)) represents the operator equation which can be satisfied when the operators
presented here act on an arbitrary twice differentiable function. Evaluating the commuta-

tor and equating the coefficients for the same differential operators 62 , mf)gxb and #ﬁl}axc
we come to the following system of determining equations:

B (e + "+ pa’) = 0% (™ 2007) + 0% (g™ + 205") + 0% (™ +2u") (9

(g™ +21p") f = 5u™" fr, = 0, 10

(
2fna+ &t — & fan + F&an + 20" Ve — 11" frnna = 0, (
(ot + &+ E0) [+ 1 f — "“fnb — 1 froa = 0P (U frn + € ) =0, (12
I (o +2860) + (p” = 38™) fon = 5™ frnmn = 0, (
() + " Vo + 1™ Vi = 0 (

where f,, = 8xL £y = ax ~ ete.

To find all operators (IZI) which admit integrals of motion (7)) it is necessary to find
all inequivalent solutions of the very complicated system of equations ([@)—(I4]) for twelve
unknowns p®, €%, n, f and V. Fortunately, equations (I2)), (I3) and (4] can be omitted
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since they are nothing but the differential consequences of the remaining ones. In addition,
variables , £ can be excluded. Indeed, diffirentiating (I0) with respect to z, and making
the summation over the repeating index a, we come to equation (I3]), while the same
procedure with (1)) lead to equation (I4]). On the other hand, equation (I3 can be
deduced from (@) and (I0), provided the following relations are satisfied:

R R 2 .
S+ & = S0k,
3¢ f, = 2fE"

(15)

where éa = &4 — o .

n

Relations (IH]) are nothing but the determining equations for the coefficients of the first
order symmetry operators of equations (I, found in paper [22]. Since such operators and
the corresponding equations ([I]) are known [22], we suppose that functions f“ are trivial,
and so £* = p™. As a result equations (1) are reduced to the following form:

200 + pVe) + (Ui f— ™™ fam)n = 0, (16)

and the corresponding integral of motion (7)) can be rewritten as:
Q = ™o + 1. (17)

The corresponding functions p® have to satisfy the autonomous system of equations
@), which specify the conformal Killing tensor. The latter one is a linear combination of
the following tensors (see, e.g., [28]):

pi® = AP+ 5‘“’%%@),
s = A5x” + Aoz + 5Ny (),
b = (9N 4 hed yea)pd (18)
p = (206 4 gheaed)zerd,
gt = 025 (o) + k(a"a" — 5%0?),
e = A2a? — (22N + 2P AE) 2 + PN g (),

P2t = (2°\5 4+ 2P A 2? — 4r 2P Aex® + 6PNt pr (2),

s = (g% 4 gheaed)dngeyn _ (gack \Bk 4 bok yaky 2

pat = 2Pt — 2(x N+ 2PN wta? 4 (4o ab 4+ ko)At x

+ 5“b)\§‘(i)xcxdx2 ©o(x)

(19)

where A% = X% and \? are arbitrary parameters, and ¢, ..., @g are arbitrary functions of
r=r=/o?+ a3+l

Thus our classification problem is reduced to finding inequivalent solutions of equations
(I0) and (I6)) for unknowns f and V, where u is a linear combination of functions (Ig)
and (I9). The main difficulty is the extended number of arbitrary parameters involved into
the mentioned equations which has to be reduced using the equivalence transformations.



5 Decoupling of the determining equations

Taking into account the scale invariance of equations ([{l) with arbitrary elements (B]) we
can conclude that the Killing tensors u® involved into the determining equations should be
homogeneous functions of x. In other words, equations , (I0) and (I8) are decoupled to five
autonomous subsystems which correspond to the Killing tensors including homogeneous
polynomials of fixed order n with n = 0,1,2,3,4 , and the corresponding functions
V1, P9, ..., g should be constants.

Moreover since any equation ([II), (2)) which arbitrary element (3 is invariant w.r.t.
the inverse transformation (Bl), we can restrict ourselves to the Killing tensors being
polynomials of x, of order n < 2, which are given by equations ([I§]), since the symmetries
with n=3 and n=4 are equivalent to the symmetries with n = 1 and n = 0 correspondingly.
It means that it is sufficient to solve the determining equations (I0) and (I6) with the
following 1%

S\Cd c.d
Mab — )\ab + Hdab#, (20)
~LU
Mab — )\al,b + )\bxa o 25ab)\cxc
b b d y cb bed d <21)
—|—,U,a$ +an_'_(€ac ¢ _'_gc>\ca)x’
Iuab _ Hl’aiﬁb + (xagbcd + xbgacd>>\dxc + 5ab5\cdxcxd (22)

4 )\abx2 o (xa>\bc + xb}\ac)xc'
Notice than any second order symmetry corresponding to n = 0 and n = 1 is accompanied

by the addition symmetry generated by the changes of variables ({]).

5.1 Symmetries independent on z,

Let us start with the symmetries which correspond to Killing tensors pu® fixed in (20).
Substituting (20) into (I3), we obtain the following equation:

AN T,

>\abfb + KTfa = 0. (23)

Since pu® = u®, up to rotation transformations there are three inequivalent versions of
nontrivial parameters \%:

A= Fy AP = Fey, AP = kg, (24)
)\11 = ]{51, >\22 - ]{72, (25)
A3 = . (26)

Substituting (24)-(26]) into (23]) and equating the coefficients for the same independent
variables x,,, we come to the conclusion that coefficient x should be trivial, and

f =0 for version (24)), (27)
f=a2 for version (25), (28)
f=(22+23)F(p) for version (26) (29)



where F'(p) is an arbitrary function of the Euler angle ¢ = arctan (i—f) .
Substituting (56)-(29) into (L) we obtain the following solutions for the latter equation:

2
1
_ .2 V:LF - __ - F AL — 22
f=a23 V=Const, n=0, M=k, \?=ky#Fk, (31)
f 1
3 3

Thus up to the equivalence there are three versions of the scale invariant PDM Schrédin-
ger equations which admit second order integrals of motion independent on x. They

include arbitrary elements f and V fixed in formulae (B30) and (BII).

5.2 Symmetries linear in independent variables

Consider now the symmetries generated by the Killing tensors (22]) which are linear in z,.
The related determining equations (I3]) are reduced to the following form:

N = p £ (33)

To simplify calculations we will use the identity 2f = z1 f1 + x5 fo + 23 f3 which makes it
possible to reduce ([B3)) to the following homogeneous system of linear algebraic equations
for deraviatives f,:

M fy =0, (34)
where
Mab — Mab _ )\axb _ Naxb- (35)

Notice that operator (7)) with u® given in (BI]) is a bilinear combination of generators
of conformal group , C'(3), i.e.,

Q = a+P2L3 + CI,_L2P3 + b+P1L3 + b_Png + C+P1L2

5 . - 36
+c_Poly + N'poD 4 di Py Ly 4 do Py Ly + d3 L3 P, (36)

where ax = A2 £\ by = N £ A2 ey = A2 X2 d, = AP — )\ (a, b, ¢) is the cycle (1,
2, 3).

Using rotation transformations coefficients a1, b; and ¢, can be reduced to zero. As a
result the components of tensor M (B3] take the following form:

MY = —2cx5 + Mz, M™ = \gxy + dsws, M* = \jzy + d3xs,
M?* = Xozo, M* = dyz1 + A32 + b3,

M"Y = axs + doxy + A3z, MP = cxy + dyxy + (a+ \p)ws,
M? = (b+ Xp)as + dyxy, M* = \us3 — 2az — 2bx,

(37)

where we redenote a_ =a, b_ =b, ¢y =c¢, d; = CZQ — CZ3, dy = 623 — Jl, ds = dl — d~2.
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Equation (34]) admits nontrivial solution iff the determinant of the matrix whose entries
M are given by equations (B7) is equal to zero It is the case provided one of the following
conditions is satisfied:

a=b=c=d, =0, (38)

di = —dy,c =0, \y = Xy =0, (39)
ady = —be, bA; = =2\, (40)

bA1 = a)qg, ¢ =0, (41)
a=b=d, =X\ =0, (42)
Mdy = —chy, dids = —ady, b= 0. (43)

Substituting consequently the versions presented in ([38)- (43) into equations (34) and
(I6) with matrices (37) we find the corresponding functions f, V" and 7.

Let us start with version (38)). In this case the symmetry operator includes a linear
combination of generators P, D, P,D and P3D with coefficients \;, Ay and A3 correspon-
dingly. Rotating the coordinate system, two of these coefficients (say, A; and \y) can be
nullified which reduce the tensor components given in (37) to the following form:

M3 =z, a=1,2,3,

while the remaining components are reduced to zero. The related equations (B4]) and (1)
take the following form:

Iaf?) = Oa (44)
fNa +24V3 = 0. (45)

The generic solution of equation ([@4]) for function f given in (3 is:

f=7mF(p), (46)

where F(p) is an arbitrary function of the Euler angle. Integrating the related equation
(3) for V given in (B]), we find the generic form of functions n and V:

X X
V=@@+q§ﬂ@+@fﬂ@
C1 _'_Cg

n=—=
T T

where ¢; and ¢y are integration constants, and G(¢p) is an additional arbitrary function.
The found solutions are represented in the firs item of Table 1, where the additional

integral of motion obtained by the inversion transformation is fixed also.
Considering version ([B9) we come to the following nontrivial components of tensor M

B37):
M = axs + dry + Mgz, M? = \3z9 — day — brs,
M31 = ars + dSL’g, M32 = —dl’l — bl’3, M33 = >\3SL’3 + 2()1’2 — 2CLSL’1.

Up to rotation transformations we can set b = 0, and the related equations (B4]) are
reduced to the following ones:

f3=0, afi=0, d(xifo—a2f1)=0. (47)



In accordance with (47) one out of two coefficients a and d should be trivial provided
the mass is not a constant. The corresponding solutions of equation (47) look as:

f:xgadzoaa'#(h (48)
f=7 a=0,d#0. (49)
In the cases (A8) and (9) equations (I6]) take the following forms:
zam + (Agz1 + azz)Va = 0,
w32 + AawaVs = 0, (50)
x3n3 + axsVi + (Asws — 2ax1)Vs = 0

and
70 = —(dzy + A321) V3,
71y = (day — A3m2) V3, (51)
703 = d(21Va — 32V) — X33V

correspondingly.

If all arbitrary parameters a, A3 and d are nontrivial, equations (50]) and (5I]) have only
constant solutions for V' and 7. Equations (B0) for a = 0 and equations (51I) for d = 0 are
reduced to the particular cases of equations ([@5]) and (46]). Their solutions are represented
in Items 2 of Table 1 where F(¢) = 0 for the system (&I and F(¢) = sin(y) for the

system ([B1]).
Obtained in analogous manner other versions of Hamiltonians (2]) which admit second
order integrals of motion linear in the independent variables are collected in Tables 1 and

2 where the systems which admit more than one integral of motion are indicated also.

6 Symmetries bilinear in independent variables

Le last task is to find PDM Schrédinger equations admitting integrals of motion which
are generated by tensors (22). These integrals of motion can be represented as:

Q = v ({Ka, By} + { Py, Ko }) + A*Q™, (52)

where 1% = A% + 0\, 2 are arbitrary koefficients, Q® = P,x,2,P,, and the symbols
{.,.} denote anticommutators.

Operators Q% also can be expressed via operators (), since the following identities are
true:

{Lay Ly} + {Pa, K} = 2Q™, a#b,

(P, K} + {P, Ko} + L3 = 2Q%. (53)

The corresponding determining equations (I3)) take the following form:
2 (A = X)a) = ™ £, (54)

In analogy with (B3)-(3H) it is convenient to rewrite equations (54]) in the form (B4),
where

M® = 5% — \%x . (55)
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Like in the case of equation (37]), using the rotation transformations many of arbitary
coefficients in (BH) can be nullified and the coefficient matrix can be reduced to one of
the canonical forms.The related matrices (B5]) are reduced to linear combinations of the
following matrices N and N¢:

M = VabNab + ﬂab](/'ab7 (56)

where N% = z,2,1, I is the unit matrix, and the nontrivial entries N% of matrices N
are given in the following formulae (refer to (22):

N} = —xyxy, N = —y3, Nif = Njy = i,

Nyy = Njs = a3, Nij = —wym1, Ny = —a3,

Nj3 = —a3xy, Ni3 = —3s, Ngg =77, (57)
NIt = =2m1m9, Nij =71?, Nof =r? —2a3, Ni = —21513,

N1221 =72 2:13%, N2211 = r2, N22§ = —2x1%9, N§21 = —21129.

Matrices (57) are degenerated and so the corresponding equations (B4 and (I6) have
nontrivial solutions. Inequivalent versions of these matrices are presented in the following
formulae:

N =iy N' + 1,N?2 4 g N33,
N = vg(N" + N2) + s N + yg N2,
N = v(N" + N2 + N33) + s N2 4 1y N,
N = VlO(Nll + N22) + 1/11N33 + 1/12(N12 _ N21),
N =vi3(N" + N2 4+ N?3) 4+ v (N2 — N2Y) + 1y5(N* — N3?)

a
=)

N N N N /N
(@) e
_ O

N e e N N

where vy, 1, ..., 15 are arbitrary linear coefficients.

Thus the classification of the integrals of motion bilinear in z, is reduced to search of
generic solutions of equations (34]) and ([I6), where M are matrices given by formulae (56])
and (G58)-([62). We will not present the details of the requested cumbersome calculations
but restrict ourselves to one particular example of them.

Let matrix M is reduced to (61I) with nontrivial v19 and v15. Then equations (B34]) have
nontrivial solutions f if v; = 0, and equations (I6) have nontrivial solutions for V' if
V1p = V12 Or Vg2 = 0.

If 19 = v11 = 0 then equations (34]) and (I6]) take the following form:

T1fa —22f1 =0
and
fne = —2x4(21Vo — 22V7), a =1,2,3
correspondingly. Their generic solutions look as:
f=r*F9), V=cF@)p+G0), n=—cln(r?).
If 109 # 0,12 = 17 = 0 we have the following versions of equations (34]) and (I6):
fi=0,f2=0,
fn+ (@5 + 25)Vi = 2122) V2 = 0,

fne — x12Vy + (:)3% + :E?,)VQ =0,
fns — x5V — wosVo = 0,

9



and the related solutions are:

2 2

f=22 V=2F(p)+G6), n= —F(p) - G(6).

772 ,,7.2

Table 1. Inverse masses, potentials and the related integrals of motion defined up to
arbitrary functions.

Ne f V Integrals of motion
P F () F(p)G(9) {P5, K3}t +4G(0)
2 PF(p) cF(p)= +G(p) {P;,D} — 2%, {K3,D} — 2cr
~9 3 {P37K3}+%7 {P37D}_%7
3 TF(p) cF(p) ” (K3, D} — 2cr

P} + P+ 2 F(p).

4 PF(9) F(¢) Kf+ K3 + %,
{P3aK3}a {P3aD}a {K?nD}
P+L K2+

1‘3 5[73

5 F2F(y) =P () (Po Ko} + 4
F2EO) G(p)F(0) + R(0) L +2G(p)
r2F)  cF(0)e+ G(0) {Ls, D} +2cIn(r)
) {P1, Ki} + { P, K5}
8 LF(p) + G(0) +ATF(p) + 4G(9),
L§ + 2F(p)
I R el I [ng,}fsz’{fj,}pﬁi’z_zﬂém)’

9 ) 4m%
10 2 F(o) — (0 {Ky, P} — 205 + 5-G(0) — 4F (9),
2 ~ {Pl,K1}+<b+1—CL){P2,K2}
o v 12(a — 1)J2 + 4]

Finally, if 119 = 19, 11 = 0, we have the following equations (34]) and (I6):

fi=0, fo=0,
fm+ (@3 4+ 23 — 2zy22) V1 + (227 — 2122) Vo = 0,
[ — (w119 + 223) Vi + (27 + 22122 + 23) Vo = 0,
s — (x123 4 22923) Vi + (22123 — 2923) Vo = 0,

and the related solutions are f =3, V = F(0), n = —F(0).
Consider also the most complicated case when the symmetry operator (52) is reduced
to the following bilinear form of generators of group C(3):

Q ={Ky, P} + p{ Ky, P} + vL3. (63)
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Table 2. Inverse masses, potentials and the related integrals of motion defined up to
arbitrary coefficients.

Ne  f V Integrals of motion
1 r? c% L3, {L1, Lo} + 409”;—?
cx? 2
2 Zlf% V27“2+V((H+1)$§j—uw%-i-m%)—l—uwg {P1> Kl} + /.L{PQ, K2} + 41/:5_%‘/
{Pl, Kl} + (b +1-— a){Pg,QKQ}
612+ e+ oy +2(a — 1)J2 + 4oy 22t
3 ZE'% 2 2 3 (bx2+(b—a+1)x3 ax —i—lb(b a+1)x2
3 —|—4C 1 3 +4C 1 2
ST ) (D) R
HACs i
a(z3+2z3)+b(w3+2x7)
. {P1,D} — {Ps, Lo} — 2c5% + 4 &4,
4 ZIZ'% 5+ o= r2 r%w
3 {Kl,D}—{Kg,LQ}—2027+401 xgl
9 {Pl,D}—{Pg,LQ}—FZLCx—%, Kl,
5 2 = i
3 {K17D}_{K3a 217 Pl
6 2 cEL {PlvD}_{P37L2}_20%72 K37
? " {KlaD}_{K3>L2}_20%> P3
2:(:2-1—:(:1
7 x% Clx?:(;z +02x3 {Lg,P1}+4CQ +2Cl 1 s
(L, K0} + ey 8 4 90, 252D
) {Ls, P} + 4c%3, {Lg, K} + 4ch§2 ,
8 x% Cw—g 1
a1 {P17K1}+4CT By, Ky
9 =2 {Kl’P2}_|_4C$1$2 {KQ,P1}+4CQU1$2
9 3 5 NS
' {Pr, K0} +4eid, La, {P2,K2}+4C_
9 x {PQ, Kl} 401‘11‘2 {Pl, Kg} 405(:1:(:2 Lg,
10 T3 C_S 4cx 4cx
" {P, Ko — =5 AP, Ko} — =52
11 72 e +:c3 4 cpe—T {Ps,(Ls+ D)} — 4016—% 2026 soi
r {Kg, (Lg + D)} 4616_2@ — 2c €_§0%
N Ps,(Ly — D)} + 4c1€*°%3 + 2¢9e¥ 1,
12 7 207455 | perta L,
r c1e 72 + coe 7 {Kg, (Lg o D)} + 4cle2<pr~m3 + 2026@7;:
2c
13 7:2 oo {Pg,K3}+4C2 {Pg,D} 2
" {K3,D} — Ci—r — 2cyr, L3
14 7 P}t 5. K+ 5, Ly
3
15 Py Ls, D, Ks
16 ZE'% C P1> Pg, Kl, KQ,D,Lg
17 T2 C Ll, Lg, Lg,D

The corresponding matrix M is degenerated, and its nonzero entries (37]) take

11
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following form:

MY = 2022 + (1 +v)a2), M2 = =2(pu+ v)xyz0, M* = —2(1 + v)ay 5,
M?* =2(pu+v)2s + prs, MY = —2123, M* = —2uxows.

The related equations (34)) are solved by f = 2, and the corresponding equations (L3)):
take the following form:

(az3 + x%)vl —brix1o Vo = x%m,

64
(baf + (b + 1 — a)23)Va — br122V1 = @312 !

where a = 1+ v and b = pu + v. Notice that the third component of equations (I3]) in our

case is a consequence of the system (64)) since 7 should satisfy the condition z,K, = 0.
By definition potential V' should be scale invariant and so can be treated as a function

of two scale invariant variables y; = ;—; and y, = i—i The system (64)) is compatible

provided the following second order equation for V' is satisfied:
(ay% - by% +a— b)‘/yly2 + yly?(avylyl o bvjww) + 3(ay2%1 - byl%Q) = 0. (65>

The generic solution of the system (64]) can be found in a a closed form only for special
combinations of parameters a and b, namely, a = b and a = 0 (or b = 0 which is the
same). They are represented in Items 8-10 of Table 1. For a and b arbitrary we were able
to find only particular solutions which are presented in Items 2 and 3 of Table 2. The
arbitrary solutions are denoted as V and 7 and represented formally in Item 11 of Table
1.

Analogously it is possible to solve the equations corresponding to the remaining inequi-
valent matrices M. Doing this it is necessary to extend matrices N by adding special
matrices N (refer to equation (24))) which keeps M degenerated. The obtained in this way
results are collected in two tables one of which includes systems defined up to arbitrary
functions, the other one includes arbitrary coefficients. The presen-ted list of PDM systems
admitting second order integrals of motion is complete up to rotation transformations.

In the tables F(.),G(.) and R(.) are arbitrary functions of the arguments specified
in brackets, ¢, cy,co,u and v are arbitrary real parameters ¢ and 6 are Euler angles,
r? = 2% + a3 + 23, 7 = 1 + 23, P,, K,, D and L3 are operators collected in (4]), and
the summation is imposed over the repeating indices a by values 1, 2 and 3. The symbol
{A, B} denotes the anticommutator of operators A and B, i.e., {A, B} = AB + BA. For
the systems fixed in the three latest items of Table 2 the second order integrals of motion
are reduced to bilinear combinations of the first order symmetries indicated there.

7 Concluding remarks

We find all inequivalent PDM Schrodinger equations which are scale invariant and admit
second order integrals of motion. In the classification tables thirteen versions of such
equations are collected, part of which include arbitrary parameters which can be treated
as coupling constants (see Table 2). The remaining equations presented in Table 1 are
defined up to arbitrary functions of the reduced numbers of independent variables.

Notice that the systems presented in Items 7, 12 of Table 1 and Items 1, 3, 7, 8, 12, 13
are invariant w.r.t. the rotations around the third coordinate axis.
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Since all found hamiltonians by definition commute with the dilatation generator D,
the related Schrédinger equations are integrable if they admit two second order integrals of
motion, and superintegrable if the number of such integrals of motion is more extended.
In accordance with the tables there exist a rather extended number of integrable and
superintegrable PDM systems in the considered class.

Thus we present a number of new integrable PDM Schrodinger equations. The main
value of this result is its completeness, since we find all inequivalent equations in the
considered class. It can be considered as the first step in the description of all PDM
quantum systems which admit second order integrals of motion and are invariant w.r.t.
at least one parametrical Lie group.

A natural next step is construction of exact solutions of the obtained integrable and
superintagrable systems and the description of analogous systems invariant w.r.t. all
inequivalent one parametric lie groups. The latter task is not too cumbersome since the
number of such groups is not too extended and is equal to four [22]. Let us remind that
the exact solutions for the PDM Schrodinger equations admitting at least five parametric
symmetry groups were found in [29].
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