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Abstract

In this article we study Stéckel representations of stationary KdV systems. Using Lax formalism
we prove that these systems have two different representations as separable Stéckel systems of Benenti
type, related with different foliations of the stationary manifold. We do it by constructing an explicit
transformation between the jet coordinates of stationary KdV systems and separation variables of the
corresponding Benenti systems for arbitrary number of degrees of freedom. Moreover, on the stationary
manifold, we present the explicit form of Miura map between both representations of stationary KdV
systems, which also yields their bi-Hamiltonian formulation.

1 Introduction

It is well known that various reductions of soliton hierarchies lead to Liouville integrable finite-dimensional
systems. Stationary flows, restricted flows, Lax constrained flows are examples of such reductions (see
survey [7] and the literature therein). The KdV hierarchy is by far the most studied of soliton hierarchies,
also from the point of view of its reductions. Theory of its stationary flows was studied since the early
70’s. Its finite gap solutions were found by Dubrovin and Novikov [I8|, 16, [I7] and its Riemann theta
function representation was presented by Its and Matveev [21], 22] (see the comprehensive survey [20] and
the literature therein). Bogoyavlenskii and Novikov proved [14] that these flows have the structure of finite-
dimensional Hamiltonian systems, a result generalized to stationary flows of other evolution equations by
Mokhov in [24]. Al'Ber [2] constructed canonical coordinates for the stationary KdV flows based on the
algebraic recursion for conserved 1-forms (co-symmetries) established in [I] (or, equivalently, on the integro-
differential recursion for the KdV hierarchy [23]). Consequently, the bi-Hamiltonian formulation for the
KdV stationary flows was presented by means of the degenerate Poisson tensors [3] and as result Liouville
integrability of the stationary KdV flows was fully proved. It was also observed that, in fact, in the case
of the KdV hierarchy there are two Hamiltonian finite-dimensional representations of the stationary flows,
connected by the Miura map [4, 28, 26]. Further, the bi-Hamiltonian structure of the stationary KdV flows
and their separability was comprehensively studied in [19].

In this article we revisit these ideas in a novel, systematic way. We prove that each stationary KdV
system (by which we mean a stationary flow of KdV hierarchy together with all lower flows) has two
different Stéckel representations from the Benenti class [5, [6l [T0]. We prove this by stitching together Lax
representations of (an integrated form of) a given stationary KdV system and the corresponding Stéckel
separable system, which allows us to construct the explicit transformation between jet coordinates of KAV
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stationary system and separation variables (via Viete’s coordinates) of the corresponding Stéckel system.
We also present an explicit formula for a Miura map between both Stéckel representations of the same KdV
stationary system which leads to its bi-Hamiltonian representation.

Let us also mention that the inverse construction is also possible. Starting from a carefully chosen family
of Stéckel systems one can reconstruct the related hierarchies of stationary systems and hence reconstruct
the whole KdV hierarchy. This idea was explored for the first time in [I0} [IT].

Denote the infinite KdV hierarchy by wu;, = Ki(u), & = 1,2,.... The main result of this article is
contained in the following theorem.

Theorem 1 The n-th stationary KdV system, which consists of first n flows from the KdV hierarchy 21
and the (n + 1)-st stationary flow of KdV, i.e.

Ug, = ICl, Uty = ICQ, ey ug,, = ICn, K:n—i-l = 0, (1.1)

can be integrated once either to the form 230) or to the form 233). Fach form is equivalent, through
the appropriately defined map [T, to a Stackel system from Benenti class. In the first representation the
corresponding Stackel system is defined by the spectral (separation) curve

n
A2n+1 + e\ + ZHkAnfk _ ,LLQ,
k=1

and in the second representation by the spectral curve

n
AT Y T H AR = a2,
k=1
where ¢ and ¢ are respective integration constants of stationary flow K41 = 0. In both Stdckel representa-
tions the evolution equations generated by Hamiltonians (Hy, ..., H,) and (Hy,..., H,) are mapped by the
corresponding map [{1) to the evolution equations of integrated stationary systems (230) and [233), re-
spectively. Moreover, the two Stdckel representations, (Z30) and [233) are related by the finite-dimensional
Miura map ([B3]) on the extended (2n + 1)-dimensional phase space on which the stationary system (L)) is
defined.

Further, in the article we carefully explain all the ingredients of this theorem, including the formulas
this theorem refers to.

Recently, the (isospectral) Lax representations for the whole Benenti class of Stéckel systems were
constructed [9]. These matrix Lax equations belong to the class of the so-called Mumford systems that are
associated with the separable systems with separation curves of hyperelliptic type [25] [29]. Using the Lax
formalism developed in [9] we are able in this article to construct, in an explicit form and for arbitrary
number of degrees of freedom, transformations between jet coordinates of a given KdV stationary system
and separation variables of the associated Stéackel systems, which is a new result. Let us emphasize that
comparing to the results for instance from [2] 28] [19], we not only consider here the second representation
of stationary KdV systems, but also show the one-to-one equivalence between evolution equations from the
stationary systems and the Hamiltonian evolution equations from the corresponding Stéackel systems.

This article is organized as follows. In Section [2] we remind some important facts about the KdV
hierarchy, its Lax- and zero-curvature representations. Next, we define the notion of KdV stationary systems
and obtain their two representations together with their respective Lax equations. In Section [B] we present
basic facts about a particular class of Stéackel systems of Benenti type as well as information about its Lax
representation. Finally, in Section H, we prove Theorem [I] formulated above and use the Miura map (G3))
to construct a bi-hamiltonian formulation for the stationary KdV system.

2 KdV hierarchy

2.1 Bi-Hamiltonian structure

Let us collect some, important for further considerations, facts about the KdV hierarchy. The KdV equation

1
Ut = —Uggy T S UUL

4 2



is a member of the bi-Hamiltonian chain of nonlinear PDE’s
Ut,, =K, = modHn, =mdHn_1, n=12.. (21)
where the two Poisson operators are
1 1 1
w9 = Oy, T = 183 + §u8m + §8mu.
The hierarchy (ZI)) can be generated by the recursion operator and its adjoint

1 1 1 1
szﬂalzzai—i—u-i-auz@;l, NTZZ@%*—U—Q(%_IU@,

in the sense that
Kne1 = N"K1, Vo = dHn = (NT) "7, n=1,2.... (2.2)

In particular, we find that that the first vector fields (symmetries) K,, are:

K:l = Ug,
1
K:Q - Zummm + §Uuza
K: — i + § + § + E 2
3 — 16“51 8““31 4umuzz ) U Ug,
. . L2 L3 L 355, 35 NPT
= — U7y + —UUS5E + —UzpUsgy + —UgpzU3y + —U — UlUpUgy + —=U UL + — U U,
T gq T gg o Tz e T g Hew e T g e T g 320 7T 16

the first conserved one-forms (co-symmetries) ~,, are

’70:23
Y1 = U,
R
72—47//11 4ua
L ias + b2z 2y
= —Ugy + SUUgy + —us + —u”,
=M TR 16's "8
LT LT L2, B85, 35, 35,
= —Ugy + —UUgy + —UgU3: + —U — U Uy + —UU —u”,
V4T g o T 3 Wte T g latse T e aa T 59 32" T 64

while the first Hamiltonian densities H,, of conserved functionals are

Ho = 2u,
1
Hi = §u2,
Ho = *éui + iu3a
Hs = %uix + %UQUM + %u‘l,
Hy = —%2815%1 + Gauuiz - %u%i + 6—74u5,

As u belongs to the whole hierarchy (21 we can consider it as depending on infinitely many evolution
parameters t; and one spatial variable x: u = u(x, t1,t2,ts, ...).



2.2 Lax representation

It well know that the hierarchy (2] can be reconstructed from an isospectral problem. Consider the
following pair of a spectral problem and its auxiliary problem

Lp = My, At, =0,
Y= t (2.3)
i, = Bp), n=12...,
where L and B,, are some differential operators. The compatibility conditions for (23] take the form

L, = [Bn, L], n=1,2..., (2.4)

known as the isospectral deformation equations, since the eigenvalues of the operator L are independent
of all times ¢;. The equations (2.4 are equivalent with the evolutionary hierarchy of PDE’s (2I). For the
KdV hierarchy

—

n—

1 1 1 )
L=8+u, B,= (L”*a)>0 - Z(j(%)z + 5via%)L’H*, n=1,2,..., (2.5)
0 &

S

where in particular

B, = ama
3 3
) 15 ) 15
By =05 + §u8§ + Zui@i + §(3u2 + SUpg) 0y + E(um + 2uuy,),

As a consequence of (ZH]) we can represent the linear problem (23) by means of polynomials in the
spectral variable A:

wzz = MP - Mﬂ, (2.6&)
1
wtn = n"/’mf§(Pn>z"/)7 n:1;27'-'; (26b>
where
1 n—1 .
Py=3 ) A (2.7)

(=)

i
Then, the compatibility conditions (¢zz), = (¢1,),, of the equations (26]) provide the hierarchy ([2.4) in
the form

n

1
ug, =2(Pp), (uf)\)+umPn+§(Pn)3mlen, n=12,.... (2.8)

The consistency of the KdV hierarchy causes that all the A terms in ([Z8) mutually cancel.
The bi-Hamiltonian chain for the KdV hierarchy (Z1I), on the level of co-symmetries, takes the form
mxPy = 0 or, explicitly

(Pr), (u=A) + %UmP/\ + i (P\)s, =0, (2.9)

Py = i AT
=0

lies in the kernel of the Poisson pencil 7y = 71 — Amg. In fact, we can integrate (2.9) to the equation

where

_ %pA (P\),. + i (P2 — (u— NP = C(\) = 4\, (2.10)



where C()) is an arbitrary function of A with coefficients being constants of integration appearing in the
recursion (Z2). Here we make the simplest possible choice C'(A) = 4A\~1. Solving recursively (ZI0) for
coefficients of Py one finds that v9 =2, 73 = u and

k—1 k—1
1
E [27k7i71(7i)zz — (Me—i=1)e(Vi)z — 471671")’1'] + 1 E UYk—i—1Y4> k> 2. (2.11)
i=0

i=1

1
Ve = 16
Now, the KdV flows can be obtained in the form Z8) taking P, = 3 [A\"P],,
the projection on the polynomial part in A. The algebraic recursion formula (1), for the construction of
co-symmetries v;, was originally obtained in [I]. Let us note that contrary to the original recursion (2:2))
the formula (ZI1)) does not require integration.

where [-]; means, here,

2.3 Zero-curvature representation

The hierarchy (2.4) can also be reconstructed form the so-called zero-curvature equations, which are more
suitable for our further considerations. Introducing the vector eigenfunction ¥ = (¢, 1,)7 we can rewrite
the linear problem for the KAV hierarchy (Z3]), or equivalently (28], in the form

Uy, =V,¥,  n=12,..., (2.12)
where Lo ,
Vi = <pn(/\ _3)(n%)96(Pn>M %(};;)) , n=12.... (2.13)
In particular 1 1
V1= (/\ 2 U (1)) ’ Vo = ()\2 _ %U)i}gfﬁ _ ium /\;uiu> (2.14a)

and

fiuz)\ — %(ugz + 6uuyg) A2+ %u)\ + %(um + 3u?)
Va={ys_1,02_1 2\ — (L 1 32 4 343) Ly x4+ L
SU 5 (Uzz +u?) (fgUdz + 53UUze + gu; + 5u°) UL+ 75 (uze + Guuy)

) . (2.14Db)

From the equation (2.6h) it follows that v, = 1, and hence (ZI2)) for n = 1 specifies to
U, = V0. (2.15)

The compatibility conditions (¥,);, = (Vy,), between ([2.12) and (2.I5) take the form of the following

zero-curvature equations

d d
Ly, =v,, 2V, =1,2,..., 2.1
Vi =[Va Vil + 2V n (2.16)

which are equivalent to the respective members of the KdV hierarchy (Z.8]). Here, % and % means the total
derivatives with respect to spatial  and evolution ¢, variables. The remaining zero-curvature equations
coming from the conditions (Uy, )¢, = (P4, ),

dy 4

—V, r =0, Jk=1,2,..., 2.1
dth dtTVkJr[V Vi] =0 T (2.17)

are identically satisfied due to the commutativity of all the vector fields of the KdV hierarchy (2.1J).

2.4 Stationary systems

The (n + 1)-st stationary flow is determined by the following restriction on the (n + 1)-st KdV symmetry:
Ut =0 or equivalently Kn+1 =0, (2.18)
which can be obtained by imposing on the linear problems (2.I2) the constraint

Uy =Nl (2.19a)

n+1



or equivalently
Vi1 U = A", (2.19b)
The factor A™ in (Z.19) is a matter of later convenience. Indeed, the constraint (2.19al) and the compatibility

condition (V,)s, ., = (V¢ , )z gives
d

dthrl
which is equivalent to (2.I8]), or alternatively the compatibility condition between eigenvalue problem (2.19h)
and ¥, = V¥ yields the Lax equation

V) =0, (2.20)

d
_Vn =V ;Vn 5
7y V1 Vi, Viga]

which combined with the zero-curvature equation (ZI6) for k = n + 1 gives again ([2.20).

The differential order of (n + 1)-st vector field K, 41 is equal to 2n + 1, which means that the vector
field K41 depends on 2n + 2 jet variables: u, ug, ..., Un41).- The stationary restriction 2I8) provides
constraint on the infinite-dimensional (functional) manifold, on which the KAV hierarchy is defined, reducing
it to the finite-dimensional (stationary) submanifold M,, of dimension (2n + 1). Using (ZI8) and its
differential consequences we can eliminate all terms of order 2n + 1 and higher. Thus, the coordinates on
the stationary manifold M,, are provided by the jet coordinates: u,us, ..., u2n),- Due to the integrability
the constraint is invariant with respect to all flows from the KdV hierarchy. As result the infinite hierarchy
(1) reduces to the finite system:

Uty = K:l, Uty = ICQ, ey U, = K:n, K:n—i-l =0 (2.21)

n

which further will be called the n-th stationary KdV system.
The finite hierarchy of associated Lax equations is given by equations
d
dty,
valid under the constraint (ZI8). Notice that from (Z20) or directly (ZI8) it follows that (Vi),,, = 0.
Thus, one obtains the Lax equations (Z22)) simply imposing (2.20) on the zero-curvature equations ([2.17)),
with r = n + 1, or by the compatibility conditions between eigenvalue problem (2.I9h) and the respective

linear problems (212).
After imposing the constraint (2.19h) the existence of nontrivial solutions for the respective linear prob-

Vn+1 = [Vk,VnJ’_l], k/’ = 1,2,...,’[7,, (222)

lems enforces the characteristic equation

det (V41 — A"ul) =0, (2.23)
associated with (ZI8). Equation ([2:23]) determines the spectral curve
1 1 ) .
- §P77/+1 (Pn"l‘l)xx + Z (P'”/"Fl)z - (’LL - )\)Pn2+1 = )\2 2’ (224)
which takes the more explicit form
AL AR = A2, (2.25)
k=0
where
1 n—~k n—=k
hi = 16 2 [2Yn—i(Yitk)oz — (Yn—i)e (Vitk)w + 4u¥n—iYitr] + 1 ; Vn—i+1Vitk-
In particular, by (2I1)
1 n 1 n B
ho = 16 [29m-i(Vi)ze — (Yn—i)e (¥i)z + 4uvn—ivi) + 1 Z'Ynfiﬂf)/i = —Ynt1 (2.26a)
i=0 i=1
and ) 1 1
By = — 2 (7 )as = ()2 — 22, 2.26b
g (Mn)ae + 35 (m)z — Jumn (2.26b)
In fact, the coefficients ho, ..., h, of (Z20) are constants of motion of the respective stationary system

(221)), and thus the spectral curve [225]) describes a common level of them.



Remark 2 Observe that the L.h.s. of the spectral curve (Z24) could be obtained alternatively as follows. By
23] the (n+ 1)-st stationary flow (ZI8) is given by the condition

1
2 (PnJrl)gg (u - >‘) +uePry1 + 5 (PnJrl)ggg =0, (227)
which can be directly integrated to the form:
1 1
= 5Pt (Pas) g + (Pas1); — (u= NP2, = C(N). (2.28)

Here C(\) = X"t 450 exAN""F is an ‘integral’ sum in \ with constant coefficients ¢; = h;. Thus,
differentiating the spectral curve [2Z28) or ([Z24) one reconstructs the stationary condition (Z27T). The
equation (228)) plays a crucial role in the construction presented in the article [2)].

2.5 Two integrated representations of stationary KdV systems
Since the KdV hierarchy is bi-Hamiltonian, the (n + 1)-st stationary flow ([2I8) can be written in two ways:
Icn-i-l = T0Yn+1 = T1Vn = Oa

which leads to two different integrated representations of the n-th stationary KdV system (ZZI]). Indeed,
integrating the first Hamiltonian structure, mpy,4+1 = 0 we find that

Tnt1 +¢ =0, (2.29)

where ¢ is an integration constant. This means that the constraint (229]) defines a (Hamiltonian) foliation
of the stationary manifold M,,, of codimension 1, parameterized by the constant c:

My = M.

ceR

In result, the first integrated representation of the n-th stationary KdV system is given by

uh:lcl, utzleg, ey Ut

=Ky, Vi1 +c =0, (2.30)

n

which constitutes a system of n ODE’s on the 2n-dimensional leaf M,, . endowed with the jet coordinates
U, Ug, - - -, U(2n—1)z (the higher derivatives of u with respect to = are not needed as they can all be eliminated
by the differential constraint (2.29])). The associated Lax equations are then given by ([2.22)) with the imposed
constraint (Z29). In this case the spectral curve ([2Z23]), choosing m = 0 and taking into account (2:26Gal),
takes the form .
N A Y T H AR = 2, (2.31)
k=1
where Hy, := hy,.
Integrating the second Hamiltonian structure, 717, = 0, we find another constraint

1 1 _

¥ (Yn ez = (37 +ung + 46 =0 (2.32)
which defines an alternative foliation of the stationary manifold M,, parameterized by the constant ¢. Thus,
([232) provides the second representation of the n-th stationary KdV system (2.2T]):

1 1

. =K, §'Yn('yn)mc - Z('Vn)?c + U'Y?z +4c=0 (2.33)

on the 2n-dimensional leaf /\;ln,g endowed with the same set of jet coordinates u, s, ..., u@n—1), (again,
higher order derivatives can be eliminated by (232)). The Lax representation of the system (233)) is again
given by ([222) but now with the imposed condition ([2Z32). The spectral curve ([2Z.2]), taking into account
(226D) and choosing m = 1, attains now the form

utI:ICl, ut2:IC2, ey Ut

n
N et Y HATR = a2, (2.34)
k=1
where Hy, := hj_1.
Note that the two foliations of the stationary manifold M,,, defined by the constraints (2:29) and ([2:32]),
are not equivalent, and one can show that they are mutually transversal.



Remark 3 The two integrated representations of (the same) stationary KdV system, as given by (230)
and by Z33), are not equivalent because the complete form of the evolution equations is only given in jet
coordinates on the leaves M.,, . and M., z by taking into account the respective constraints [2.29) and [2.32)
and their differential consequences. However, both representations become equivalent when considered on
the extended (2n + 1)-dimensional phase space, the stationary manifold M,,. The equivalence is given by
the appropriate Miura map, see Lemma [8.

Example 4 The first representation (2Z30) of the stationary KAV system, given for n = 2, is constituted
by the first two flows from the KdV hierarchy:

1 3
uy, = Uy = K, Uty = Uz + o Uls = Ko, (2.35a)
and the constraint
L g 42 S 2+ 28y +e=0 (2.35b)
— Uiy + —UUzy + —U u’+c= c=0. )
167" 8 1673 s
The Lax representation of the stationary system (238)) is given by the Lax equations
d
—V V1, V3], —V3 =[V,, V3],
dt13[1 3 dt23[2 3]

where the matrices Vi and Vo are given by [214a)) and the matriz Vs (2.I14D) under the constraint ([2.351)
takes the form

1 1 2,1 1 2
Ly — L (usy + 6uuy, A U + = (Uge + 3
V3<3 1,22 14u 216(UB1+UU) 1,3 1+2u1+8(u +u>) (2.36)
AP = SuN — §(Upe +u)N + gUULE — 16um +gu’+ e JugA+ g5 (use + 6uuy)
The associated spectral curve 231)) for n = 2 is given by
N+ e+ H\+ Hy = 12,
where one finds the following (nontrivial) integrals of motion:
1 1 5
Hy = —upusy — —u? — el -
1= gatise ~ grtiss + gyu + gru’ + gew, (2.37)
I 3 +12 1 +5 +1522+12+35+1 n 9 ‘
= —UULU3; + ——U3, — U Uy Ugy + ——=uU —u’ + =Clgy + —cu”.
2764 T T o6 00 128 64" 128 64 32 8 8
Example 5 The second representation (Z33) of the stationary KdV system, for n = 2, is given by the
flows:
1 3
up, = uy = K, Uty = Uawa + o Ule = Ko, (2.38a)
and the constraint
1 3 1 3 3 1 15 9
ﬁumuu + EUQ’IMI — 6—4U§I — 1—6uuluggE 16“1“11 + 4uu2 + 1—6u3um + 1—6u5 +4¢=0. (2.38b)
The Lax representation of the stationary system ([238)) is given by
d
—V Vi, V3], — V3 = [Vy, V3],
dt13[1 3] dt23[2 3]

where the matrices Vi and Vy are given by [214a)) and the matriz Vs (214D) under the constraint ([2.380)
takes the form

o — T EeA = (e bun) A Sud+ (e + 30%) (2.39)
A3 — l ul2 — %(um +u)A + * %UI)\ + 1—16(’LL31 + 6uuy) J’
where ) 5
12 — 256¢
U3, + 12uugzus, + 36u-uz 560- (2.40)
32uo, + 9612
The associated spectral curve 234)) for n = 2 is given by
Myax 4+ Ho\+ Hy = \i?
with the integrals of motion:
i, = u3m 2u? SU2g + 12uugus, + 30u2u2 _ luuh _ lu?’ n 8¢ ,
32(ugy — 3u?) 8 4 Uag + 3u? (2.41)
i uu%x — QUugpUopUsy + 6ulugzus, — 12uuiu2m 1, 1 5 3 " 4cu .
= - — —uS, — —U U — — U+ ———.
2 64(uzz + 3u2) 64 2 16 64 Ung + 3u2



3 Stackel systems

In this chapter we gather the necessary information about Stackel systems.

3.1 Stackel systems in separation coordinates
Let us consider the spectral curve [27] in the form
N4 DY HNTE= "2 mel, (3.1)
k=1

where o()) is a (Laurent) polynomial in the variables A and A\~!. The associated separable systems belong
to the so-called Benenti subclass of Stéckel systems [5] [6, 10, [12]. The separation relations are reconstructed
by taking n copies of (B with respect to the coordinates (A, @) on a phase space M = T*(Q, where
A= (A1,..., )T are local coordinates on the configuration space Q and g = (pu1, ..., un)7 are the (fibre)
momentum coordinates. Thus, solving the linear system

n
)+ Y HANTR =2, =1,
k=1
with respect to functions Hy = Hj (A, ) we obtain n quadratic in momenta Hamiltonians on M

1
Hy = iuTKkaquVk, k=1,...,n, (3.2)

where G, represents the contravariant metric, defined by the first Hamiltonian Hj, on the configuration
space (). In fact

1 1
Gm = L™ Gy, G02diag<A—,...,A—), A =T = N)
1 n ..
J#i

Here, K, are respective Killing tensors and L is a special conformal Killing tensor [I5], given by:

Osi ask) L = diag(\,. .., An),

Kk = (—1)k+1dlag (a—>\1, ey 8T

where sy, are the elementary symmetric polynomials in A;. The potential functions Vj are given by

sy o(
k+1 USk
E 8)\ A . (3.3)

The Hamiltonians ([8.2)) are in involution with respect to the Poisson bracket defined by

n

Z

8/“

and moreover, by the very construction, they are all separable in the variables (X, p). The evolution of any
observable £ with respect to the Hamiltonian Hy, has the form &, = {¢, H,} and the Hamiltonian evolution
equations are

A, = {\, Hi b, we, = {p, Hy}, k=1,...,n. (3.4)

3.2 Lax representation

As it shown in [9], the Hamiltonian evolution equations ([B4]) associated with the spectral curves [BI]) can
be represented by the (isospectral) Lax equations

d

—L= L k=1,... .
dtk [Uka ]a ) y T, (3 5)



with I and Uy being 2 x 2 traceless matrices depending rationally on the spectral parameter A\. The Lax

L (Z; _“v) , (3.6)

where in the separation coordinates (X, pt) the entries areﬂ

matrix L has the form

k=1 k=1
. "~ Osi A _
_ -1 k+1 1 M A k
v =) [ N A
k=1 =1

and
1 n
== |3 (o(r HAH) — 02| 3.7
w= g [ (o + ) e (37)
In fact, w is defined so that the spectral curve (BI]) can be reconstructed from the characteristic equation
for L, since

0= det[L — A" ul] = —\™ (a()\) + zn:HkA”*k - Am,f).
k=1

One can show that the expression in the quadratic bracket in (87 factorizes so that w takes the form of a
Laurent polynomial in A:

A) = \m™ 2
w=\" [0’()—’0] . (3.8)
u +
Here, the operation [-]; means the projection on the uniquely defined quotient of the division of an analytic

function A over a (pure) polynomial w such that the following decomposition holds:

A
A= {—} u—+T,
uls

where the (unique) remainder r is a lower degree polynomial than the polynomial u, see for details [9]. In
particular when A is a Laurent polynomial we have

4.2,

where []>0 is the projection on the part consisting of non-negative degree terms in the expansion into
Laurent series at oo and [« is the projection on the part consisting of negative degree terms in the
expansion into Laurent series at 0.

Further, the generating matrices Uy are defined by

Cmb] (2w L
U”{u]+<W%ﬂ H%L>’ b (39)

where
w k—1
N — k-1 E k k—i—1
U = [m}_ﬁ_ =\ + (*1) SkA .
i=1

The evolution of the Lax matrix (B.6]) with respect to Hamiltonian equations ([34]), and consequently
the Lax equations ([33]), can be directly derived from the following useful relations:

{u, H,} = —2uiv + 2u {M} ,
u J4

{v,H} = wpw — u [ukw}
u ly
{w,Hk} = 2w |:_’U/k’l)i| + 2v |:—Ukw1| s
u 4+ u 14

'Tn the construction of the Lax equations in [9] there is some freedom. In the present article we choose, using for a moment

the notation from [9], g(A) = %f()\) =",
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which were obtained in [9]. Moreover, considering ([BI0) for k = 1 and observing that u; = 1 and [2] L =0
we can rewrite the matrices ([3.6) and ([B.9) in the form:

—1u u
L= (—l'ilZ—f—uQ lu) (3.11a)
2 2

and

1 -
—3Ugk Uk
Uy = T2 B 3.11b

’ (—%Uk + urpQ %Uk) ( )

where Q = [%] L Here, the dot means the derivative with respect to the first Hamiltonian flow, i.e. «f =&,
and one can see that @y = [Eﬁﬂ] - Now, the connection between (.I1)) and ([ZI3) is apparent.

3.3 Stackel systems in Viete’s coordinates

From the point of view of expressing the Hamiltonian systems ([8.4]) in the Lax form the most practical are
the so-called Viete’s coordinates, defined as

n

) )\n—i
(h:(il)zs’w pzziszk‘uka 7’:157”’ (312)
k=1

Since the above transformation is a point transformation on M, these coordinates are also canonical with
respect to the same Poisson bracket {-,-} which now reads {-,-} = >, (% A 6ipi' Let p = (p1,...,pn)7
and ¢ = (q1,...,¢,)T. In this coordinates the geodesic part of the Hamiltonians Hy, is always polynomial
function of their arguments and the potentials Vj, are either polynomials or rational functions. In Viete’s

coordinates the Hamiltonians (3.2)) take the form

1
HkZQPTKkaP‘f’Vka k::l,...,n,

and the respective Hamiltonian evolution equations are
qt, = {ank}a Pt, = {p7 Hk}v . (313>

For o(A\) = >, a;\" the potential functions [B3) are given by Vi = >, oziV]gi), where the so-called

elementary separable potentials V,ii) can be explicitly constructed by the recursion formula [13]

V(l) = RZV(O)’ V(’L) = (Vl(z), ey V,,(LZ))T, V(O) = (0, ceey 0) _1)Ta

where
-¢1 1 0 0 0 0 0 -
n— 0 0 , Rl 1 0 O (3.14)
: 0 0 1 0 .0 :
—q, 0 0 0 0 0 1 —%

In Viete’s coordinates the metric Gg for m = 0 has the form

g 2¢itj—n—1 if t4+j>n+1,
(Goy? =4 HH ’
0 otherwise,

and the metrics for arbitrary m are given by G,,, = L™ Gy, where in Viete’s coordinates the special conformal
Killing tensor L has the matrix representation identical to R B.I4]) [12]. Moreover, the Killing tensors K,
forr=1,...,n, are given by

Gi—jtr—1 if i<j and r<j,
(Kr); = ~Gi—j+r—1 if ¢>35 and 7> j,

0 otherwise.

11



Notice that (Kl); = 6;
[ >n.
In Viete’s coordinates w in the Lax matrix (3.6]) is simply given by

For convenience, in the above definitions we set ¢qg = 1 and ¢; = 0 for [ < 0 or

u=\"+ qu)\”—k, (3.15)
k=1

and by simple calculation, involving the change of coordinates for the metric G,,, and observation that
n

0
Wi = Z(—l)k (;\IZpk, one finds (again) that v has the form
k=1

n n

v = f% Z[Z(Gm)klpl} P %u.

k=1 i=1
Finally w can be obtained from the formula [B7) or (3.8]).

4 Stackel representations of KdV stationary systems

The first Stéckel representation of the n-th KdV stationary system is given by the spectral curve (2.31),

)\2n+1 +c}\n + ZHk)\n—k — ,U/Qa (41)
k=1
which is a special case of the general case [BI]) with m = 0 and o(\) = A?"*1 + cA". In this case, the
Hamiltonians Hy, in the Viete’s coordinates (g, p) are given by

1 n n
Hy = 5p" KiGop + Vet Loy =1, n, (4.2)
The second representation is associated with the spectral curve (Z34)
N e Y HATR = a2, (4.3)
k=1

which is a special case of @) with m = 1 and o(A\) = A*" 4+ e\~L. In this case the Hamiltonians Hj are
= Sp K Gip + V) 40D, k=1 44
k—2p LG1p + P +Ck , =1,...,n. ()
The Lax representation (1)) of respective Hamiltonian flows (BI3) are generated by the Lax operator (80

or equivalently (BITa)) with the same, in both representations, @ term:

o=[3],= |5

u

u? }20

One obtains (@A) using the formula ([B.8]) for w and observing that, in this particular cases, only the term
with the highest degree in o(\) contributes to the form of Q.

The equivalence between the appropriate Stéckel representations and the representations (230) and
233) of n-th stationary KdV system (2.21)) is apparent on the level of Lax equations ([2.22]) (valid under
the respective constraints) and ([B5) if we make the following identifications:

LEVnJrl, Ukzvk, kzl,...,n,
and
u = P, uy = Py, k=1,...,n. (4.6)

The transformation between the jet coordinates on the respective leaves: M, . for m = 0 and /\;ln,g for
m = 1, of the representations (Z30) and (Z33) of n-th stationary KdV system and Vieéte’s coordinates
(g,p) is given, through the KdV co-symmetries ~;, as

n

1 1 _ .
q;i = 5’)’1', pi:iZ(Gml)U(’YJ—)I’ 1=1,...,n, (m:(),l), (47)

j=1
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where we make the identification ¢t; = . The transformation (41 is a direct consequence of comparison of
(BI7) with 7)) through (0] and the first Hamiltonian flow (3I3) on g: ¢ = G,,p. Notice that ¢; = 1u.
Obviously, one can obtain the transformation between jet coordinates and separation variables from (7]
using the change of coordinates (B.12).

Summing up the obtained results, we get the first part of Theorem [Il the remaining part is included in
Lemma

Example 6 The Stickel representation of the first KdV stationary system on Ma . (for n = 2) is generated

by the spectral curve
N 4+ e+ Hi\+ Hy = 2.

The Hamiltonians (£4) in Viéte’s coordinates (q,p) are
1
Hy = -p"Gop+ V{7 + V¥ = 2pips + q1pd — af — 3 + 363 + cqn,

D)
2 (4.8)
Hy = —p"K>Gop + V1(5) + CV1(2) =pT + (4; — q2)P5 + 2q1p1p2 — 43 a2 + 20105 + cqa,

2
0 1 1 0 0 1
Gog =2 , K= , Ky = .
0 (1 Q1) ! (0 1) ? (Q2 ih)

The related Lax operator (B8] has the form

where

e e 2
D2X — p1 — q1P2 A +(J1)\+(J2) (4.9)

L =
()\3 — N+ (G — @A —p3— @ + 2002+ ¢ paA+p1+ @pe

and the generating matrices [B.9) are

0 1 —po /\+q1)
U, = , Uy = . 4.10
! <A2q1 0) ? <A2q1A+q%2q2 po (4.10)

The respective Hamiltonian flows can be now obtained directly from the Hamiltonian equations BI13) or
equivalently Lax equations [B3B). Thus, the first Hamiltonian flow has the form

qQ 2p2
@ | _ 2p1 + 2q1p2 (4.11)
2 —p3 +4q¢f — 6g1g2 — ¢ '
2/, 2q2 — 3¢}
and the second one is given by

0 2p1 + 2q1p2

| _ 2(¢f — a2)p2 + 2a1p1 (4.12)

P —2q1p3 — 2p1p2 + 3¢iq2 — 263 | '

p2/ p3+ai —4qg —c

The transformation to the jet coordinates is given by (A1), thus

_1 1 _1 1 +32
(J1—2’Yl—2’u, q2_2’72—8uzz 8Ua
(4.13)
— L) — 2u(n)e = s + = — )=+
p1—4'72z 4u711—16u3z 4UUI, p2—4711—4uz

Substituting (LI3) to the first ([LI10) and the second flow [@I2) we obtain the equalities

uy, = (1), U, = (72)a, 73 +c=0,

which constitute the first representation of the 2-th stationary KdV system (2Z33). Substituting (I3) to
H3) and [EI0) one reconstructs the respective Lax matrices (Z14al) and 236). Substituting (E13) to (L))

one reconstructs the integrals of motion (237).

13



Example 7 The Stdckel representation of the second KdV stationary system on /\;1275 (for n

generated by the spectral curve
My et Ho\+ Hy = M2

Then, in Viete’s coordinates (q,p) we find the following Hamiltonians

H,y

1 _ z
§pTG1p VI vt = 2~ gop? 4+ ¢} — 2q10 + e
2

1 - &
Hz = §PTK2G1P + VY 4 e = —2gopips — o} + P — @ + L,

g2
1 0
=2
G (0 Q2>

and the Killing tensors are the same as in the previous example.

where

The related Lax operator and the generating matrices are given by

L:( —PiIA+ g2p2 A2+q1A+q2)
NN+ (F — )N+ (€—@3pdast pid— @2
and
0 1 —pP1 A+ q1
U, = . Up= .
! <A2q1 0) 2 <A2q1A+q%2q2 P )

The respective Hamiltonian flows are

q1 2p1
G2 _ —2q2p2
D1 -3¢ + 2qo

p2/ P3+2q1 + g5

and
q —2q2p2
qo _ —2q1q2p2 — 2q2p1
| 02p3 — 2q142 — g3 '

p2/ 2p1pa + P35 — ¢F + 2¢2 + gy
The transformation to the jet coordinates [T takes the form

11 11 3,
N =M = U P2 = 572 = gUax + Y

1 1 1(v2)e _  1usy + 6uuy
Pe= e = e P S e B

Substituting [@I9) to the first (II11) and the second flow [@IR) we obtain the equalities

1 1 .
un = (e U =()er 100)er — 7 (1) +ung +46=0,

2) is

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

which constitute the second representation of the 2-th stationary KdV system (238)). Substituting [@I9) to

@EI5), EI8) and @EI4) one reconstructs the respective Lax matrices [214al), (239) and the integrals of

motion (2Z41).

5 Miura map and bi-Hamiltonian representations of stationary

systems

We know that the Stéckel systems associated with the curves (@) and (£3]) are two different representations
of the same n-th stationary KdV system on leaves of two mutually transversal Hamiltonian foliations of the
stationary manifold M,,. These representations are non-equivalent unless we extend the considered phase
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space of each of these systems to the (2n + 1)-dimensional phase space M,, 2 M & R, where M now plays
the role of the respective leaf for both foliations. Consider thus the curve ([@II)

)\2n+1 + ZHk;)\nik — MQ’ (51)
k=0

on the phase space M,,, parameterized by the extended Viete’s coordinates (g, p, ¢). It leads to Hamiltoni-
ans ([@2)), Hy, = Hi(g,p, ¢), explicitly depending on the additional trivial integral of motion, Hy := c.

Consider also the curve (£3)
n+1

A2y Z HN"F = N2, (5.2)
k=1
yielding the Hamiltonians (5.2)), Hy, = Hy(Q, P, ¢), explicitly depending on the additional trivial integral of
motion, H, 1 := ¢ These Hamiltonians are defined on the same extended phase space M,,, parameterized
this time by the extended Viete’s coordinates (Q, P,¢). Having established this notation, we can now
formulate the following lemma.

Lemma 8 The Hamiltonian equations BI3)) associated with the Stickel systems defined by the curves (5.1))
and (B2) are related by the Miura map on M,

qi:in iil,...,n
p1=—(Q1PL+ Q2P+ ...+ QuPy), pi = Pi_1, 1=2..,mn, (5.3)
¢c=Hi(Q,P,c)

and its inverse

Qi:qia Z.:L-'-an

. 1
Pi=piy1, i=1,.,n—1, Pn:7q_(p1+q1p2+'-'+Qn71pn); (5.4)

n

c= Hn(qapa C).

Proof. It is simple to observe that the curves (&) amd (52)) are related by the relations

A=A =\ (5.5)
and the following identification between Hamiltonians:

¢ = Ho(q,p,c) = Hi(Q, P,¢),
Hi(q,p,c) = Hi41(Q, P,¢), i=1,...,n—1, (5.6)
H,(q,p,c) = H,11(Q,P,¢) =¢.

Let us notice that the map (&3] translates immediately to the transformation between separation variables
and so the Viete’s ones too, where the coordinates on the configuration space are preserved, hence g = Q.
Now, the connection between coordinates on the extended phase space is consequence of (B.0) and the
equivalence ¢ = Q. Thus, from BI3) for k =1 we have

p=G;'GiP=R"P — P=G{'GoP = (R")Tp,

where R, given by ([BI4), is the matrix representation, valid only in Viete’s coordinates, of the special
conformal Killing tensor L [12]. Alternatively, the Miura map can be constructed through the respective
changes of coordinates from the separation variables to Viete’s coordinates ([B:12) using the relations (5.5).
]

The Miura map (B3), or equivalently its inverse (5.4)), represents the non-canonical transformation
between two sets (q,p,c) and (Q, P,¢) of canonical coordinates on the extended phase space M,. In
consequence both Stéckel representations are bi-Hamiltonian on M,, [§] and the Miura map transforms the
canonical Poisson structure in parametrization (Q, P, ¢) of one Stéckel system into non-canonical Poisson
structure in parametrization (g, p, ¢) of the second one.

15



Example 9 Consider again the case N = n = 2. The Miura map (B3) on the stationary manifold My has
the form:

q = Q1, g2 = Q2, p1=—Q1P1 — Q2P p2 = P,

C:Hl(vavé)EP127Q2P22+Q?72Q1Q2+é7 (57>

where Hy is given by ([{14). This yields the bi-Hamiltonian representation of Stickel systems, from Ezam-
pleld, on the extended phase space parametrized by (q1, g2, p1,P2,C):

WodCZO, 7T0dH1 :Wldc, 7T0dH2 :WldHl, 0:7T1dH2,

where my s a canonical Poisson tensor, with matriz representation:

0 0 1 0 0

0 0 0 1 0
m=|-1 0 0 0 0],

0 -1 0 0 0

0 0 0 0 0

and 1 is a non-canonical one, generated by the Miura map ([5.7), with matriz representation:

0 0 —q 1 2p2
0 0 —q2 0 2p1 + 2q1p2
m=| a 4 0 —p2 —p5 +4¢7 — 6q1ga — ¢ |,
-1 0 D2 0 242 — 3q3
—2ps  —2p1 —2qip2 p3 —4¢} +6qig2 + ¢ —2¢2 + 343 0

where in the last column naturally appear components of the Hamiltonian vector field (£11]).
The bi-Hamiltonian representation of Stickel systems from Ezample [7] can be constructed in a similar
fashion.

6 Conclusions and further research

In this article we have systematized the already existing knowledge about stationary KdV systems, but also
added new facts: we have shown explicit maps between the jet variables of each stationary KdV system
and separation coordinates (via Viete’s coordinates) of its two Stéckel representations on 2n-dimensional
phase space. These two non-equivalent Stéckel representations of the same stationary KdV system, when
considered on the extended (2n + 1)-dimensional phase space M,,, are connected by a Miura map, which
leads to bi-Hamiltonian formulation of the stationary KdV system, known from the literature. Thus, we
have proved that different Stéckel representations of stationary KdV systems are related with different
foliations of stationary manifolds M,,.

Based on results of this article, we will attempt to develop a similar theory for the coupled (N-field)
KdV hierarchy. This will be a topic of an upcoming article.
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