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SEMILINEAR CLANNISH ALGEBRAS

RAPHAEL BENNETT-TENNENHAUS AND WILLIAM CRAWLEY-BOEVEY

ABSTRACT. We define a class of associative algebras generalizing ‘clannish algebras’, as introduced by
the second author, but also incorporating semilinear structure, like a skew polynomial ring. Clannish
algebras generalize the well known ‘string algebras’ introduced by Butler and Ringel. Our main result
is the classification of finite-dimensional indecomposable modules for these new algebras.

1. INTRODUCTION

We define a class of associative algebras, which we call ‘semilinear clannish algebras’, generalizing
the ‘clannish algebras’ introduced by the second author in [9], but whose modules may also incorporate
semilinear structure. Recall that for an automorphism o of a division ring K, a map 0 : V. — W between
left K-modules is o-semilinear if (Av + X'v') = o(A)(v) + o(XN)0(v') for all v,v" € V and A\, X € K.
Clannish algebras generalize the well known ‘string algebras’ introduced by Butler and Ringel [6]. In
unpublished work [31], Ringel considered representations of the corresponding semilinear generalization
of string algebras.

Our main result is the classification of the finite-dimensional indecomposable modules for semilinear
clannish algebras, under suitable hypotheses. As a special case we recover results Ringel claimed for
semilinear string algebras. Recall that the finite-dimensional indecomposable modules for string algebras
are classified into two types, strings and bands, indexed by certain ‘words’, and in addition, the band
modules depend on the choice of an indecomposable module for a Laurent polynomial ring K [z, 2~ !]. For
clannish and semilinear clannish algebras there is also a classification into strings and bands, but each of
these classes divides into two subclasses, asymmetric and symmetric, and there are several replacements
for K[z, z71].

Let K be a division ring, let @ be a finite quiver and let o be a collection of automorphisms o, of K
indexed by the arrows a in Q. The semilinear path algebra Ko@) of Q over K is the left K-module with
basis the paths in @, including a trivial path e; for each vertex i, with multiplication twisted by the rule
that aA = 0,(M\)a for a an arrow and A € K. Tts modules correspond to semilinear representations of Q.

To define a semilinear clannish algebra, we fix a set S of loops in @, which we call special loops; other
arrows are called ordinary arrows. For each s € S we fix a monic quadratic element g (z) = 2% — B2 +7s
in the skew polynomial ring K[x;0,]. Let Z be a set of paths in @ of length at least 2, which will be
‘zero-relations’. We assume that no element of Z starts or ends with a special loop, or has one special
loop occurring twice consecutively. Let R = K,Q/I where I is the ideal generated by Z and elements
of the form s — 3,5 + vse; for each special loop s € S, say at vertex . We say that R is a semilinear
clannish algebra provided that the following conditions are satisfied.

(1) At most two arrows have tail at any vertex of Q.

(1) At most two arrows have head at any vertex of Q.

(2) For any ordinary arrow a, there is at most one arrow ¢ with ca a path not in Z.
(2') For any ordinary arrow a, there is at most one arrow ¢ with ac a path not in Z.

When K is commutative, so a field, and all automorphisms in o are trivial, this recovers the notion
of a clannish algebra [9]; when there are no special loops we call it a semilinear string algebra (Ringel
[31] also assumed that K is commutative); when all of these restrictions hold, one recovers the notion
of a string algebra (but without the finiteness conditions (3) and (3*) of [6l p. 157], so for example
corresponding to string algebras as defined in [I0] given by a finite quiver).

We say that a semilinear clannish algebra is
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(i) normally-bound if qs(x) is normal in K[x;05] for all s € S. Recall that an element of a ring is
normal if the left and right ideals that it generates are equal. By Lemma 1] it is equivalent
that os(Bs) = Bs and o4(vs) = s, and that S\ = 05(\)Bs and v\ = 02(A\)ys for all A € K;

(ii) of non-singular type if gs(x) is non-singular for all s € S. Here we say that a polynomial
p(z) € Klx;o0] is non-singular if it has a non-zero constant term. Thus the condition is that
¥s # 0;

(iii) of semisimple type if gs(x) is semisimple for all s € S. Here we say that a polynomial p(z) €
K[xz; 0] is semisimple if the factor ring K [x; o]/ (p(x)) is a semisimple artinian ring. By Lemma[2.3]
if ¢s(2) is normal, it is equivalent that it is not of the form (x —n)? with n € K and o(\)n = nA
for all A € K.

See Remark 2.5 for a discussion of the necessity of these conditions. In Section2.4lwe define the notion of a
‘word’, an equivalence relation on words, and sets of ‘strings’ and ‘bands’ which are unions of equivalence
classes of words. For each string or band w, in Sections EZ8HZTT] we define a ring R,, equipped with
a ring homomorphism K — R, and an R-R,-bimodule M (C,,), finitely generated and free as a right
R,,-module.

Main Theorem. Let R be a semilinear clannish algebra which is normally bound, of non-singular type
and of semisimple type. As w runs through representatives of the equivalence classes of strings and bands
and as V runs through a complete set of non-isomorphic indecomposable R,,-modules, finite-dimensional
over K, the modules M(C,) ®pg, V run through a complete set of non-isomorphic indecomposable
R-modules, finite-dimensional over K.

Under the stated conditions, if w is a string, then R,, is a semisimple artinian ring, and if w is a band,
then R, is a hereditary noetherian prime ring.

The classifications in [§] and [9] are proved using the so-called ‘functorial filtration method’, which
goes back to Gelfand and Ponomarev [19], essentially for modules for the string algebra Kz, y]/(zy) (for
a field K), and was adapted to the string algebra K{(x,y)/(z?, y?) by Ringel [30]. The method involves
certain functorially-defined subspace filtrations on a module built from linear relations. Compatibility
conditions are then checked between the filtrations and a list of indecomposables. These conditions form
[30, Lemma, p. 22], part (iii) of which is a ‘mapping property’. This property was verified in [9, FF4]
using certain ‘splitting lemmas’ written in terms of relations.

We adapt the method to our context by considering relations which are semilinear, the prototypical
example being the graph of a semilinear map. Additionally, certain subquotients of the functorial filtra-
tions discussed above are realised as factors of the functor Homp (M (C)y), —). By writing our splitting
lemmas in terms of this Hom-functor, we simplify the verification of the mapping property (see Lemma
%3]

To verify part (i) of [30, Lemma, p. 22|, the aforementioned subquotients are evaluated on each
member of the given list of indecomposables. For clannish algebras this used certain ‘orientation results’,
see for example [8, §4.1]. Here we both generalise and simplify these orientation results.

We now give some examples of semilinear clannish algebras; see §4] for more details. The special case
of string algebras, and especially so-called ‘gentle algebras’, has attracted much interest, see for example
[1, 2, 18], [26] 29] [34]. If K is a perfect field of characteristic p > 0, and o is its Frobenius automorphism,
then there is a semilinear string algebra whose modules are given by a K-vector space equipped with
a o-semilinear endomorphism F and a o~ !-semilinear endomorphism V, satisfying FV = VF = 0.
These are exactly Dieudonné modules annihilated by p. De Oliveira, Futorny, Klimchuk, Kovalenko and
Sergeichuk [I1] have studied semilinear representations of a quiver of finite or extended Dynkin type
A over C, such that the automorphism of C associated to an arrow is either the identity or complex
conjugation. This is a special case of a semilinear string algebra.

The clannish algebra K (a,e)/{a?, e — e) is studied in [8]; the classification of its finite-dimensional
modules is exactly the classification of an idempotent matrix and a square-zero matrix up to simultaneous
similarity. But the quadratic polynomial for the special loop e is g.(z) = 2% — z, which has constant
term zero, so, like [8, [], our theory does not apply to this algebra. However, as explained in [g], if the
field K has more than two elements, and p € K\ {0, 1}, then replacing the generator e by t = e — ul, we
obtain the relation (¢t 4+ u)(t + p — 1) = 0, giving a presentation of the algebra to which our theory does
apply; see also Remark [Z5(ii). So-called ‘skewed-gentle algebras’, see [I7], are a special class of clannish
algebras, analogous to gentle algebras. Another example of a clannish algebra is R{a, t)/{(a?,t% + 1), the
free product over R of the ring of dual numbers R[a]/{a?) and the field of complex numbers C. Here t is a
special loop with ¢;(z) = 2 + 1, which is irreducible over R, and hence this algebra is not covered by the
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classification in [9]. It was mentioned there that the results may remain true for irreducible quadratics,
provided that the splitting lemma held true. In this paper we prove that splitting does hold, so this
example is covered by our present theory.

Another example of a semilinear clannish algebra is the ring R whose modules are given by a C-vector
space equipped with conjugate-linear endomorphisms a and ¢, satisfying a®> = 0 and ¢t> = —1. This is a
semilinear clannish algebra with K = C, but because of the conjugate-linear endomorphisms, C is not
central. However, it is an algebra in the usual sense over R, and can be presented as

R =R(i,a,t)/{i* + 1,a% t* + 1, ai + ia, ti + it).

In fact R = My (R[z,y]/{x?+y?)), so our classification implicitly gives a classification of finite-dimensional
indecomposable modules for Rz, y]/(x? + y2).

One difference with [9], is that that paper does not contain an explicit list of indecomposable modules
for clannish algebras; rather, it explains how to convert the classification problem into a certain type
of matrix problem called a ‘clan’, and then gives a classification of representations of clans. In this
paper, on the other hand, we give a classification of the indecomposable modules for semilinear clannish
algebras directly, along the lines followed in [8] for an idempotent and a square zero matrix, avoiding
matrix problems. This is perhaps more convenient in applications. Going in the reverse direction, one
can easily define the notion of a ‘semilinear clan’ and obtain the classification of its indecomposable
representations from those of a suitable semilinear clannish algebra, using the discussion in [9] §2.5].

2. PRELIMINARIES

2.1. Semilinear path algebras. Let K be a division ring and let ¢ be an automorphism of K. If V is
a left K-module, we write ,V for its restriction via 0. We call it a twist of V. Clearly a o-semilinear map
V' — W is the same thing as a K-module homomorphism V — ,W. Note that a collection of elements
of V is a K-basis of V' if and only if it is a K-basis of ,V, so V and its twists have the same dimension.

Recall that a K-ring is a ring R equipped with a ring homomorphism K — R; we identify K with
its image in R. Let Q = (Qo, @1, h,t) be a finite quiver, where Q¢ and Qi are the sets of vertices and
arrows, and h,t : Q1 — Qo give the head and tail of each arrow. Let o = (04)qcq, be a collection of
automorphisms of K. The semilinear path algebra K,Q is the K-ring generated by elements e; (i € Qo)
and arrows a € ()1 subject to the relations

eiej = € (l - ‘7) Z er=1, epaa=a, aeyy =a, eX=Ne;, aX=o0q(Na
0 G#4): 25,

for i,7 € Qo, a € Q1 and \ € K. Equivalently, K,Q is the tensor ring over the ring S = K0 of the

S-S-bimodule
@ Th(a) KUaWt(a)

ac€@Q
where m; is the projection from S to the ith copy of K, and the notation means that K is considered as
a left S-module by restriction via mj,(4) and as a right S-module by restriction via 047 (q)-

For any path p we define an automorphism o, of K as follows. For a trivial path e; it is the identity,
for an arrow a it is o, and for a path a; ...a,, with each a; an arrow, it is oq, ...0,, . It follows that
K5Q is the left K-module with basis the paths in @, where e; corresponds to the trivial path at vertex
i, and the multiplication satisfies

Ap - pug = Aop(p)pg (A, p € K, paths p,q in Q).

The category of left modules for K,Q is equivalent to the category of semilinear representations of Q.
Here a semilinear representation of @ is a tuple V' = (V;,V,) consisting of a left K-module V; for each
i € Qo, and a o,-semilinear map V, : V; — V; for each arrow a : i — j; and a morphism 6 : V' — W of
semilinear representations is a tuple 8 = (6;) consisting of a K-linear map 6 : V; — W; for each vertex
i € Qo, satisfying 0p,4)Va = Vaby(q) for each arrow a € Q1. To a KsQ-module M corresponds the
representation V' consisting of the K-modules V; = e; M for i € Qq, with the map V, for a € Q1 given
by the action of a.

As an example, note that the semilinear path algebra for the quiver with one vertex, a loop x and
o, = o is the skew polynomial ring K|z; o] with A = o(A\)x. Note that semilinear representations of
a quiver are nothing new: they are a special case of representations of a species [16], §7.4] (but without
the nilpotence condition, hence without the need to complete the tensor algebra) or of a realization of a
valued graph [13].



2.2. Quadratic polynomials. Let o be an automorphism of the division ring K, and let R = K|z; 0]
be the skew polynomial ring. Recall that we say that a polynomial is non-singular if its constant term
is non-zero, and that an element r in R is said to be normal in R if rR = Rr.

Lemma 2.1. A monic quadratic polynomial q(z) = 2? — fr + v in R = K[z;0] (with 8,7 € K) is
(i) mormal in R if and only if o(B8) = 3, o(y) =, and o(\)B = BA and o*(A\)y =\ for all A € K;
and
(ii) central in R if and only if in addition 0% = 1.

Proof. (i) If the conditions hold then g(z)z = zq(x) and q(x)\ = 0%(\)q(z) for A € K, so q(x) is normal.
Thus suppose that g(x) is normal. We must have ¢(z)x = p(z)g(x) for some polynomial p(x), which
by degree arguments must be of the form a + bz. The term in 3 gives b = 1 and the constant term
gives ay = 0. The other terms give 8 = o(f) —a and v = o(y) — af. Now o(f) =  and o(y) = v
because either a = 0 or, if @ # 0, then v = 0, so also a8 = 0, so 8 = 0. For A € K we must also have
q(z)A = r(z)g(x) for some polynomial r(z), which by degree arguments must be a constant polynomial,
and the term in 22 gives 7(x) = o%(\). It follows that YA = o%(\)y and Bo(\) = 0?()\)B, which gives
the claim.

(ii) Clear. O

Take the automorphism o (of order 4) of the quarternions H = R & Ri & Rj & Rk which conjugates
by 1+ i. Then x? + 2i is normal but not central in H[z; o). For later purposes we note the following.
Corollary 2.2. For q(x) = 22 — Bz + v in K[x; 0] the following statements are equivalent.

i) The polynomial q(x) is normal (respectively, central) in K|x;o].

ii) For any ¢ € Aut(K), 22 — ¢(B)x + ¢(7) is normal (respectively, central) in K|x;pop™1].
If additionally q(x) is non-singular, then (i) and (ii) are equivalent to saying ¢'(z) = x®> —y~ 1Bz +~~
is normal (respectively, central) in K|x;o~1].
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Proof. That (ii) implies (i) is trivial by taking ¢ to be the identity on K. That (i) implies (ii) follows
from considering the extension of ¢ to a ring isomorphism K|[z;0] — K|x;¢pod~1] which sends Az? to
#(\)xt. Now we assume q(x) is non-singular and that (i) holds. Applying o' to the equations from
Lemma [27] yields equations which show that ¢’(z) is normal (respectively, central), also by Lemma 211
The reverse implication follows by symmetry since the polynomial ¢’ is non-singular. (I

The next result characterises when the quotient S = K{z; 0]/(g(z)) by a normal monic quadratic ¢(z)
is a semisimple artinian ring.

Lemma 2.3. Let q(z) = 2% — Bz + v be normal in R = K|x;0], and let S = R/{q(x)). Ezactly one of
the following four cases occurs.

(1) g(x) only factors trivially (through a constant polynomial) in R, and S is a division ring;

(2) q(z) = (x —n)(x — p) for n,p € K with a(XN)n # n\ for some X € K, and S = M(D) for some
division ring D;

(3) q(z) = (x —n)(x — p) for distinct n,p € K with c(A\)n =nX for all X € K, and S =2 K x K;

(4) q(x) = (x —n)? for n € K with c(A\)n = n\ for all A\ € K, and S is not a semisimple ring.

Proof. Any f(z) in R can be written uniquely as p(z)g(x) + r(z) for some p(x),r(z) € R with r(z) of
degree < 1, so 1 and x give a basis for S as a left or right K-module, and hence S is artinian.

Suppose ¢(x) only factorizes trivially. Then S is a domain, for if a product of linear polynomials is
zero in S, then the product must be a scalar multiple of ¢(x), and hence ¢(x) factorizes. It follows that
S is a division ring, so we have case (1).

Thus we may suppose that g(x) factorizes non-trivially, so g(z) = f(z)g(z) for f(x) = a1z + ag
and g(x) = bix + by where a;,b; € K for i = 0,1 and a1 # 0 # b;. Equating coefficients of 22 gives
a10(by) = 1 and hence g(x) = (z — n)(x — ) where 7 = —agby and p = —by *bg. Clearly exactly one of
(2),(3),(4) holds.

From ¢(x) = (x — n)(x — u) we obtain that 8 = n+ o(p) and v = nu. Since ¢(x) is normal, we have
B =0c(B) =c(u) +a(n). Also yu = o2(u)y, so nu? = o%(u)nu. Now considering the cases u = 0 and
w # 0 separately, we deduce that nu = o?(u)n. It follows that q¢(z) = (z — o?(u))(z — 7).

We have R(z—p) = (R(z—n)+K)(z—p) = (q(x))+ K (z—p) and R(z—n) = (R(z—0?(u))+K)(z—n) =
(q(z)) + K(xz —n), so they define left ideals I and J of S of dimension 1 over K. If o(A\)n = nA for all
A€ K, then K(z —n) = (x —n)K, so

R(x —n) = {(q(x)) + K(z —n) = (g=)) + (z —n)K = (z —n)((zr — )R+ K) = (z —n)R



so J is a two-sided ideal in S.

In case (4), J is a non-trivial nilpotent two-sided ideal in S, so S is not semisimple. In case (3) I and
J are distinct left ideals in S, so S = I & J. Moreover J is also a two-sided ideal. Thus S is semisimple,
but not simple, so it must be isomorphic to K x K. In case (2) we have J # JA~! since JA~! corresponds
to

Rz —mA™! = (g(x)) + K(z =A™ = (q(2)) + K(z — o(N)nA™).

So S = J® JAL, a direct sum of isomorphic simple left ideals, so S = My(D) for some division ring
D. O

For example let K be (commutative, and) a Galois field extension of some subfield F', of degree 2, and
let q(z) = 2% — v with v # 0. Here S & M(F) if and only if v = o(a)a for some a € K, and otherwise
S is a division ring, see for example [22] Theorem 1.3.16]. The following fact is trivial, but nonetheless
important.

Lemma 2.4. If q(x) = 2* — Bz + v € R = K|x;0], then z is invertible in S = R/{q(x)) if and only if
v # 0, that is, g(x) is non-singular. In this case, in the quotient S we have

zl=7"18-~7"12 and z=p—~z" L

2.3. Semilinear clannish algebras. Given K, @), a collection o of automorphisms of K, a set S of
special loops, quadratic polynomials gs(z) = 22 — Bsz + vs € K|x;04] for each s € S, and a set Z of
zero relations, the notion of a semilinear clannish algebra R = K,Q/I is defined in the introduction.
It is naturally a K-ring, and when we speak of finite-dimensional R-modules, we mean left R-modules
that are finite-dimensional as a left K-module. It is an algebra in the more usual sense over the field of
elements in the centre of K which are invariant under all .

Remark 2.5. For our main theorem we impose three conditions on the quadratic polynomials gs(z) =
22 — Bsz + 75 € K[1;04] associated to special loops s € S.

(i) Normality is a sensible condition to impose, for otherwise K [x;05]/{(¢s(x)) has dimension < 1 over
K, so if s is a loop at vertex i, then s acts as a scalar on e; M for any R-module M.

(ii) We assume that gs(x) is non-singular, that is, v, # 0. This is needed for our functorial filtration
approach, but we conjecture that the condition is not necessary. For example, using a classification for
matrix problems due to Bondarenko [4] rather than the functorial filtration method, Hansper [2I] has
shown that an analogue of our main theorem holds for clannish algebras in which all special loops have
polynomial 22 — z. Note that if the centre of K has at least three elements, then one can change the
generators to ensure that the polynomials g (z) are non-singular. Namely, suppose that s is a special loop
at vertex i with ¢s(x) = 2% — B,x normal. If B; = 0 we can consider s as an ordinary loop. Otherwise,
we can make a change of variable s’ = s — ufse; with p # 0,1 in the centre of K. Then by Lemma 2]
we have s’\ = o4()\)s’ for A € K, and (s')? — bs’ + ce; = 0, where qu (y) = y*> — by + ¢ € K[y; 04 is
normal, with b = B — 05(1ufs) — ufs and ¢ = (u — 1)uB2 # 0.

(iii) We assume that gs(z) is semisimple, meaning that Kx;o5]/{gs(z)) is a semisimple artinian ring.
If not, then, assuming that ¢s(z) is normal, by Lemma we have qs(z) = (x — n)? with n\ = o5(\)n
for all A € K. Then with the change of variable y = x — 1 the polynomial becomes y? = 0, and we can
consider s as an ordinary loop.

Next we consider a special type of semilinear clannish algebra. Instead of classifying its finite-
dimensional modules, our main theorem uses the indecomposable modules for algebras of this form
to parameterize modules associated to a symmetric band for any other semilinear clannish algebra. Here
we show that these special semilinear clannish algebras are hereditary noetherian prime rings. We point
the reader to the survey [27] by Levy on modules over hereditary noetherian prime rings.

Let p and 7 be automorphisms of K, let r(x) € K|[z;p] and p(y) € K[y;7] be normal monic non-
singular quadratics, and let the factor rings be ' = K|[xz;p|/(r(x)) and S” = Kly; 7]/ {p(y)). We write
S = 8" %k §”, the free product (or coproduct) of S” and S” over K (see for example the end of [7, §4]).

Theorem 2.6. The algebra S defined above is isomorphic as a K-ring to the semilinear clannish algebra
given over K by a quiver with one vertex and two special loops x,y, with g = p, 0y =T, gz(x) = r(z)
and gy(y) = p(y). The alternating monomials in x and y give a basis for S as a left or right K-module,
and S is a prime noetherian ring.
If additionally S’ and S" are semisimple, then S is hereditary.
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Proof. Let R be the semilinear clannish algebra. By construction there are ring homomorphisms from
S" and S” to R giving a commutative square with the maps from K. One easily checks that these maps
satisfy the universal property of the free product.

That the alternating monomials give a basis follows from [3] Proposition 4.1] (or Theorem 222 below).
Since zA = p(A)x and yA = 7(A\)y for A € K, any product of non-zero elements of K and copies of x and
y can be written in the form Am with 0 # A € K and m a monomial in x and y. Moreover, the quadratic
relations mean that any monomial which is not alternating can be written as a linear combination of
monomials of smaller degree, hence by induction as a linear combination of alternating monomials of
smaller degree.

To show that S is prime, it suffices to show that if a,a’ are non-zero elements of S then aba’ # 0 for
some b € S. Now a can be written in the form a = Am+c where m is an alternating monomial, 0 # A € K,
and c is a linear combination of monomials of smaller degree than m, and possibly also another alternating
monomial of the same degree as m, but with x and y exchanged. Similarly ' = X'm’ + ¢/. Choose a
non-trivial monomial b such that mbm’ is alternating. Then aba’ = pmbm’ + d where 0 # p € K and d
is a linear combination of monomials of smaller degree than mbm’, and possibly also a non-alternating
monomial of the same degree as mbm’, but that too is a linear combination of monomials of smaller
degree. Thus aba’ # 0.

Since x and y are units in S by Lemma[2.4] and since xy\ = p(7(\))ay, there is a ring homomorphism
from T = K|z, 271 pr] to S sending z to zy. Writing yz as a linear combination of (zy)~!, x, y and 1,
it follows that S is generated as a left or right T-module by 1. 2 and y. Now T is noetherian by [28]
Theorem 1.4.5], hence so is S. Finally, if S” and S” are semisimple, they have global dimension 0, so S
is hereditary by [3, Corollary 2.5]. O

We remark that another way to study S = S’ xx S” when S’ and S” are semisimple, is to use that
M>(S) is a universal localization of the hereditary artinian ring

s’ g QK S
0 SI/ .

See [33, Theorem 4.10]. Note that if K is finite-dimensional over a central subfield k¥ which is fixed by p
and 7 then S is a classical hereditary order. Namely, the ring K[z, z~; pr| appearing in the proof above
is module-finite over k[z, z71], hence so is S, so it is a classical hereditary order by [32].

2.4. Words and strings and bands. We consider ‘words’ composed of the following types of letters:

(i) An ordinary direct letter is a symbol of the form a with a an ordinary arrow in Q;
(i) An ordinary inverse letter is a symbol of the form a~! with a an ordinary arrow in Q;
(iii) A x-letter is a symbol of the form s* with s a special loop in Q.

We define the head and tail (in Qo) of any of these letters as follows. The head and tail of a direct letter
are the head and tail of the corresponding arrow, the head and tail of an inverse letter are the tail and
head, respectively, of the corresponding arrow, and the head and tail of a *-letter are the head and tail
of the special loop. The inverse of a letter is defined by (a=!)~! = @ and (s*)~! = s*, so inversion swaps
the head and tail of a letter.

Because of the conditions defining a semilinear clannish algebra, we can and do choose a sign +1 for
each letter, such that if distinct letters z,y have the same head and sign, then {z,y} = {a~!, b} for some
zero relation ab defining the algebra (in particular, the arrows a and b are both ordinary).

Let I be a subset of Z of one of the following types: {0,...,n} with n > 0 or N = {0,1,...} or
—-N={0,-1,...} or Z. Wewrite I' ={i el |i—1¢€TI}. A word w indexed by I is determined
by letters w; for all i € I’ vertices v;(w) € Qg for i € I, and a sign e = +1, subject to the following
conditions:

(i) The head of w; is v;—1(w) and the tail of w; is v;(w).
(ii) If w; and w;41 are consecutive letters, then w; ! and w; 41 have opposite signs. (In particular this
implies that w; and w;11 cannot be inverses of each other, or both equal to the same x-letter.)
(iii) If 1 € I’ then the sign of w; is e. If 0 € I’ then the sign of wy ' is —e.

A word is finite of length n if I = {0,1,...,n}, and otherwise infinite. We denote by 1, . the trivial
word of length 0 with vo(1s,c) = £ and sign e. Any other word is uniquely determined by the sequence of
letters, and so we write w = wyws ... w, (if I ={0,1,...,n}), w=wiwy... (if I =N), w=...w_qjwo
(if I=-N)orw=...w_qwoluywsy... (if I =7Z).



The inverse w™! of a word w is obtained by inverting the letters and reversing their order. In
particular we define the inverse of a Z-indexed word by (w™!); = (w—;)~!. (Warning: this differs from
the convention in [10]). For words of length zero, we define (1,,.)~! = 1 _..

The nth shift of a Z-indexed word w is given by w[n] = ... wy|wp41 ..., s0 w[n]; = wp4;. The shift
operation is defined on words with other indexing sets, but has no effect. We say that a word w is
periodic if it is Z-indexed and w = w(n| for some n > 0, in which case the minimal such n is the period.

Definition 2.7. We say that two words u,w are equivalent if u = w[n] or u = (w=1)[n] for some n € Z.
This defines an equivalence relation on the set of words.

By a word with head ¢ we mean a finite or N-indexed word w with vo(w) = £. We define the product
uw of words v and w by concatenating the sequences of letters, provided that «~! and w have the same
head and opposite signs. Thus 1,1, = 1¢. If ©v is —N-indexed and w is N-indexed, then the product
of w and w is vw = ... u_juglwiws . . ..

If w=w; ... w, is a finite word where w and w™! have the same head and opposite signs, there is an
N-indexed word w™ = wy ... wpwy ... Wy, ... and a periodic word Cw™ = ... wy ... wy|wy ... Wy ....

If w is an I-indexed word and ¢ € I, there are words w<; = ... w;—jw; and Ws; = Wi+1Wiy2 ..., With
appropriate conventions if either of these has length 0, so that w[i] = w<;ws;.

Definition 2.8. Given a non-trivial path p = a; ... a,, we obtain a sequence of letters p* = aj ...a}, on
replacing any special loop s by the corresponding -letter s* (but leaving ordinary arrows unchanged).
A word w is relation-admissible if w and w~! do not contain, as a subword of consecutive letters, a
sequence of letters of the form r* where r is one of the zero relations defining the algebra.

Definition 2.9. We say that an I-indexed word w is right-end-admissible if either I is not bounded
above, or it is bounded above and there is no special loop s with ws* a word. A word w is end-admissible
if w and w~?! are right-end-admissible. For example if w is Z-indexed this is automatic.

Definition 2.10. By a string we mean a finite end-admissible relation-admissible word. A string w
is symmetric if w = w~! and otherwise it is asymmetric. By a band we mean a relation-admissible
Z-indexed word w which is periodic, so w[n] = w for some n > 0. A band w is symmetric if w=! is equal
to some shift of w and otherwise it is asymmetric.

Lemma 2.11. An I-indexed word w is end-admissible if and only if for each i € I and each special loop
s at vi(w), eitheri € I' and w; = s* ori+ 1€ I’ and w41 = s*.

Proof. Clear. 0

Definition 2.12. Given a vertex £ € Qg and a sign e = +1, let H (¢, €) be the set of right-end-admissible
words w which are finite or N-indexed and have head ¢ and sign e. We define a total ordering on H (¢, ¢),
with w < w’ if and only if one of (a), (b) or (c¢) below holds.

(a) w = uyv and w’ = ur~'v’ where v is a finite word, x,y are ordinary arrows, and v, v’ are words.
(b) w = uyv and w’ = u where u is a finite word, y an ordinary arrow, and v a word.
(¢) w=wu and w’' = uz~'v’ where u is a finite word, 2 an ordinary arrow, and v a word.

Definition 2.13. Suppose w is an end-admissible word, say indexed by I. Let ¢ € I’ and suppose that
w; is a *-letter. It follows that the words (wgi_l)_l and ws; have the same head and sign, so they are
comparable. We say that i is a symmetry for w if (w<;—1)~" = w~;, that i is naturally direct for w if
(w<i—1)7 > w4, and that 4 is naturally inverse for w if (w<;—1)~" < ws,.

Lemma 2.14. (i) A finite end-admissible word w has a symmetry if and only if w = w=. In this
case w is of the form us*u™!, for some s € S and finite word u. The unique symmetry for w is
n + 1, where n is the length of u.

(ii) A periodic word w has a symmetry if and only if w™! is equal to some shift of w. In this case
there exist s,t € S and words u,v of lengths p,r respectively, such that the period of w is 2p+2r+t
and such that w has the form

covsto T st o T e T st o T i T = 0 (usto T T R w) >,
The symmetries of w are the translates of —p and r 4+ 1 by multiples of the period of w.

Proof. (i) If w = w™! then w must have odd length, for if it has length 2n, then (w,)~! = w, 11, contrary
to the definition of a word. If it has length 2n + 1, then (w,41)™! = wn11, so it is a *-letter, say s*,
n + 1 is a symmetry and w has the stated form.



(ii) Note first that if w=! = w[j] then j is even, for if j = 2k + 1 then (wg)™! = (w™1)_ = w[j]x =
W1, which is impossible. Now if j = 2i, then w™! = w[j] if and only if w[i]~! = w[i], or equivalently i
is a symmetry for w.

The isometries of Z are the maps k +— ck+d with ¢ = +1 and d € Z. Those preserving w, in the sense
that wekt+q = wy, include translations 74(k) = k + d with d a multiple of the period of w and reflections
pi(k) = 2i — k for i a symmetry. So they form an infinite dihedral group, see for example [35, p. 32].

This group can be generated by the reflections associated to adjacent symmetries, say —p and r + 1
with p,r > 0. Then p,41p—p = Topt2r+2, SO w has period 2p + 2r + 2. It follows that w has the stated
form. O

2.5. Walks and the canonically associated walk. By definition a walk C is given by the same data
as a word, except now the allowed letters C; are of the form

(i) a direct letter is a symbol of the form a with a an arrow in @, either ordinary or special,
(ii) an inverse letter is a symbol of the form a~! with a an arrow in Q, either ordinary or special,

with the requirement that one obtains a word, denoted C*, when one replaces any letter of the form s
or s~!, where s is a special loop, by the corresponding *-letter s*.

A walk C is said to be I-indexed, or trivial, or finite of length n, or infinite, respectively, provided the
same is true for the word C*. We define the sign of the letters s and s~! to be that of s* for any special
loop s. Hence for any I-indexed walk C' and any ¢ € I we have that C; and C} have the same sign, and
we let v;(C) = v;(C*). The head and sign of a finite or N-indexed walk C' are defined to be that of C*.

The inverse C~1 of a walk C is defined by inverting the letters of and reversing their order. Similarly,
following the definitions above which concerned words, we define: the nth shift of a walk; periodic walks
and their period; the product of walks C and D where C~! and D have the same head and opposite
signs; and the walks C<; and C; for any I-indexed walk C' and any ¢ € I.

Associated to a walk C there is a quiver Q¢ and a morphism of quivers f¢ : Q¢ — @ defined as
follows. The vertex set of Q¢ is the indexing set I for C, and the morphism fc sends i to v;(C). For
each i € I', if C; = a is a direct letter, then there is an arrow «; : ¢ — i — 1, while if C; = ™! is an
inverse letter, then there is an arrow a; : i — 1 — 4, and in both cases fc sends «; to a.

Example 2.15. Define @) by two loops a and s at a single vertex. Take the division ring K and the
automorphisms o,, 05 to be arbitrary, and relabel by o = o4 and 8 = o,. Define R by taking S = {s},
Z = {a®} and gs(x) to be any monic, non-singular, normal and semisimple quadratic in K[z;o]. In
this case we have R = K, (s,a)/(gs(s),a?). For this semilinear clannish algebra the words are given by
alternating sequences in (a or a~!) and s*, and such a word is right-end admissible if and only if it ends
in s*. Since Z only contains paths of length 2, all words (for this example of R) are relation-admissible.

Given the walk C' = s~ 'a~!s7la~ls lasas, the associated word is C* = s*a"'s*a " !'s*as*as* and
the quiver Q¢ is given as follows, where we label the arrows by their images under fc.

0 S 1 a 2 S 3 a 4 S 5 a 6 S 7 a 8 S 9

Definition 2.16. Let w be an end-admissible word, say I-indexed. Let C' be a walk such that C* = w.
We say that C is naturally oriented if C; = s whenever w; = s* and ¢ is naturally direct for w, and
C; = s~ ! whenever w; = s* and 4 is naturally inverse for w.

The canonically associated walk for w, denoted C,,, is the naturally oriented walk with (Cy)* = w,
such that if i is a symmetry for w, we have (Cy,); = s~!if i > 0 and (C,); = s if i <0.

If w is a finite end-admissible word, with w = w™!, then by Lemma 214l w is of the form u~!s*u for

some finite word u, and the canonically associated walk is of the form C,, = Ds~'D~! for some walk
D with D* = u. If w is a periodic word and w™! is equal to a shift of w, then w is of the form in
Lemma 274l and the canonically associated walk C,, has the form

..EsET'D™UD|EsT'E"'D % 'DEsT'E~'D 1t

for some walks D, E with D* = v and E* = v.
1.x . —1

For example, in Example 2T if w is the periodic word *°(a~'s*a~'s*as*as*)>, then we have D

trivial, E = a~!'s71a™1, t = s and Q¢,, is the following quiver.

S 5 & 4d 38 28 1808515283548 5868463758595 103118 -

The letters (Cy,); with ¢ a symmetry are shown in bold.
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2.6. The modules M (C).

Definition 2.17. If C is walk and the word C* is end-admissible, we define M (C) to be the R-module
with generators (b;);cr, where I is the indexing set for C, subject to the following relations.

(i) If i € I then esb; = b; where £ = v;(C).
(ii) If a : 4 — j is an arrow in Q¢ then ab; = b; where a = fo(a).
(iii) If a is an ordinary arrow in @, i € I, v;(C) = t(a), and no arrow in Q¢ with tail ¢ is sent to a
by fc, then ab; = 0.

Lemma 2.18. Suppose that C' is walk and that the word C* is end-admissible.

(i) If s is a special loop in Q, i € I, v;(C) =t(s), and no arrow in Q¢ with tail i is sent to s by fc,
then for some j € I there is an arrow j — 1 in Q¢ sent to s by fc, and sb; = Bsb; — 7sb;.
(ii) The module M(C) is spanned as a K-module by the elements (b;)icr.

Proof. (i) The arrow exists by Lemma [ZT1] since C* is end-admissible. Now the defining relations give
sb; = b;, so the quadratic relation for s gives sb; = 52bj = (Bss — %et(s))bj = fsb; — vsbj.

(ii) From the defining relations and (i) we know that the generators of the algebra R send the elements

b; to K-linear combinations of the b;. Thus we get the result by semilinearity, using that pAb; = o, (\)pb;

O

for a path p in Q, see .11

Lemma 2.19. Suppose that C is walk and that the word C* is end-admissible. The collection (b;)icr is
a K-basis of M(C) if and only if the word C* is relation-admissible.

Proof. We can define a free K-module M’(C) with basis (b});e;r and use the relations in the definition
of M(C) and Lemma[ZTg(i) to turn M'(C) into a representation of the algebra K,Q/I’, where I’ is the
ideal generated by the quadratics s — 8,5 + Ysen(s) for each special loop s € S.

Now the b; are linearly independent over K if and only if M'(C) is annihilated by all the zero-relations
defining the algebra R. Namely, if the b; are linearly independent over K, then we can identify M (C')
and M'(C), and so M'(C) is annihilated by the zero-relations for R. Conversely, if M'(C) is annihilated
by all the zero-relations for the algebra R, then it becomes an R-module, and there is a homomorphism
M(C) — M'(C) sending each b; to b}, from which it follows that the b; are linearly independent over K.

By the choice of signs of letters, any path ab of length 2 where the letters ¢! and b have the same
sign must be a zero-relation. By the condition on signs in the definition of a word, the quiver Q¢ cannot
contain a path sent to ab by fc, and so the zero-relation ab is automatically satisfied by M'(C).

Let r be any other zero-relation occurring in the definition of R. We may suppose that no length 2
path as above occurs as a sub-path of r, for otherwise r automatically annihilates M’(C). Moreover, by
the definition of a semilinear clannish algebra, » does not involve the square of a special loop. It follows
that the sequence of letters r* is a word. Recall also that a zero-relation must not start or end with a
special loop. The result thus follows from the following assertion.

Let w=C". Let p=aj...a, be a path in @ with n > 1. Suppose that a, is an ordinary arrow and
that p does not have a special loop occurring twice in succession. If ¢ € I, then

(i) Ifi—n eI and p* = wi—p41 ... wi—1w;, then pb; is a non-zero scalar multiple of b;_, , plus, if a;
is a special loop s, a scalar multiple of b]_,, ;.
(ii) If i +n € I and p* = w;}!, ... w;}, then pb is a non-zero scalar multiple of b, ,, plus, if a; is a

special loop s, a scalar multiple of b, ;.

Conversely, if pb # 0 then one of these two cases must occur.

We prove (i) by induction on n. If n = 1 it is clear since there is an arrow in Q¢ with tail 7 sent to
ar by fc. Thus suppose n > 1. By induction as ... a,b] is a non-zero scalar multiple of b;_,,  ;, plus, if
az is a special loop s, a scalar multiple of b;_,  ,. Now in the latter case n > 3 and a3 is ordinary, so
Ci—n+3 is an ordinary direct letter. But then, since C;_, 12 = sil, in Q¢ there is no arrow with tail
i—mn+ 2 sent to a1 by fc, and hence a1b;_,,,, = 0. Thus pb; is a non-zero scalar multiple of a1b;_, 1,
and the claim follows.

Case (ii) is similar to case (i).

For the converse direction suppose that pb; # 0. If n = 1 then a; must be an ordinary arrow, and to
have a1b; # 0 there must be an arrow in Q¢ with tail i sent to a; by fc. The head is either i —1 or i+ 1,
giving (i) or (ii). Next suppose n > 1. By induction (i) or (ii) hold for the path as ... ay; without loss of
generality say (i) holds. Thus as...a,b; is a non-zero scalar multiple of b;_,, ,,, plus, if az is a special
loop s, a scalar multiple of b;_, ,,. In the latter case, by the discussion above we have aib;_, o, = 0.
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Thus we must have a1b;_, ., # 0. It follows that Q¢ must contain an arrow with tail i — n + 1 sent to
a1 by fe. This forces ¢ —n € I and w;—,41 = a1, as required. O

For a finite walk C = C...Cy, let ¢ = 0, ... 00, , where 0,1 = 0, ! for an inverse letter x71.

Definition 2.20. Let C be an end-admissible walk with index set I. For each i € I, we choose an
automorphism m; of K (depending also on C, but we suppress this), such that for any arrow ¢ — j in
Qc, say sent to an arrow a in Q) by fc, we have 7; = 04m;. These conditions uniquely determine the ;,
but for the free choice of one of them; for definiteness one could fix g to be the identity automorphism.

Lemma 2.21. There is a unique R-K-bimodule structure on M(C) with b\ = m;(\)b; for i € I and
AEK.

Proof. Let F be the free R-module with basis (b;);cs. For any automorphisms 7;, it has a unique R-K-
bimodule structure with the property that b;A = m;(A\)b; for i € I and A € K. Now the relations defining
M(C) define an R-submodule F’ of F with M (C) = F/F’, and the condition on the ; ensures that F’
is a sub-bimodule. For example, if ¢ — j is an arrow in Q¢, sent to a by fc, then ab, —b; € F’ and

(abi - bj))\ = aﬂ'i()\)bi - Fj()\)bj = O’a(ﬂ'i()\))abi - Fj()\)bj = Fj()\)(abi - bj) S F'.
Thus M(C) is an R-K-bimodule. The uniqueness property is clear (for the given left action of R). O

2.7. Bases for semilinear clannish algebras. Let R be a semilinear clannish algebra given over K
by a quiver ). We say that a path in @ is special-admissible if it doesn’t have the same special loop
occurring as consecutive arrows, that is, it is not of the form ps?q for some special loop s and paths p, g.

We say that a path is admissible if it is special-admissible and doesn’t factor through a zero relation,
so is not of the form prq with r a zero-relation. We can now use the modules M (C), and in particular
Lemma 219 to prove the following theorem.

Theorem 2.22. The admissible paths form a basis for R as a left or right K-module.

Proof. Using the semilinear property of the path algebra, it suffices to prove that the admissible paths
form a left K-basis. To see that they span R over K, note that the quadratic relations for special loops
show that any path which is not special-admissible is a linear combination in R of shorter paths, so by
induction the special-admissible paths span, and then the paths which factor through a zero-relation are
zero in R.

Now suppose there is a linear relation between admissible paths. Composing with a trivial path, it
follows that for some vertex £ there is a relation between admissible paths starting at £.

Let D and E be the unique longest possible walks consisting entirely of inverse letters, with head ¢
and signs 1 and —1, such that D* and E* are relation-admissible. These exist by the definition of a
semilinear clannish algebra. Then C' = D™!'E is a walk with C* relation-admissible. Also, since none
of the zero-relations starts or ends with a special loop, C* is end-admissible. Let I be the indexing set
for C and let i € I be the element with D! = C<; and E = Cs;. Then there is a 1-1 correspondence
between admissible paths starting at ¢ and elements of I, with i corresponding to the trivial path e,. But
now if a path p corresponds to vertex j, then pb; = b; in the module M (C'). Since the b; are K-linearly
independent by Lemma [ZT9] so are the admissible paths starting at £. (]

2.8. Parameterizing rings and bimodule structure. Let w be a string or band and let C), be the
canonically associated walk. There are four possible types for w, and in this and the following subsections,
we will in each case define a K-ring R,, and turn M (C,,) into an R-R,,-bimodule, finitely generated free
as a right R,-module, with basis b; for ¢ € J,,, where J,, is a subset of I, the indexing set for w.

In case w is an asymmetric string we define R,, = K and J,, = I. Then by Lemma 221 M(C,,) is
an R-R,-bimodule, and as a right R,-module, M (C,,) is free with basis b; (i € J,,) by Lemma 219

Example 2.23. We continue with the semilinear clannish algebra R = K, ¢(s,a)/{gs(s),a?) from Ex-

ample 2.5 Let w = s*as*as*, an asymmetric string whose canonically associated walk is C,, = sasas.
Choose 7; as in Definition [Z20] by setting 7y to be the identity, so that 7, = o~ !, m = 0~ 1oL,

ma=0""1o7, my=0"1o"10" 6 and 75 = o 10" lo" 9 Lo L.
Using the R-K-bimodule structure from Lemma 221 the R-module M (C\,) ® V = @, b; ® V may be
depicted by the following diagram, in which b; ® V' is identified with a copy of the twisted K-module

a1V, since \b; @ v =bim; (N @v=b;@m; '(\vforveV and A € K.

s a s a s
V O'V 0'9V UQUV S 0'90'9V S m9m90V
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2.9. Symmetric strings. Let w be a symmetric string which, by Lemma ET4(i), is of the form us*u~!

for some finite word u and special loop s. Let u have length k, say, so w has length n = 2k + 1.

Lemma 2.24. There is a unique way to turn M(Cy,) into an R-R,,-bimodule, such that

(i) Ry = K[x;7]/{q(z)) for 7 € Auwt(K) and q(x) = 2> — Bz +v € K[z; 7],
(i) the action of x satisfies b;x = b,—; fori <k, and
(iii) the action extends the R-K-bimodule structure of M(Cly,).

Namely, we need 7 = 7Tk_10’8ﬂ'k, 8= ﬂ'k_l(ﬁs), vy = ﬂ,c_l(%) and b;x = b8 — by_iy fori > k. As a right
R,-module, M (Cy,) is free with basis b; (i € Jy) for J, ={0,1,...,k}.

Note that as in the proof of Corollary 2 the map sending 37, Niz® to S°i 7 ' (\;)2? defines a
ring isomorphism K[z;0s] — K[z;7] which we also denote by 7 *. This map sends gs(z) to g(x), so
q(z) is normal, and R,, = K|[z;0,]/(qs(x)).

Proof. Let C = C; it is of the form Ds~'D~! for some walk D with D* = u. For i < k and A € K
we need b;(z)) = (biz)\. Now b;(x)) = bj(t(N)z) = m;(7(A))bix = 7;(7(N))bp—s, and (b;z)A = by_; A =
Tn—i(A)bp—i. Thus we need 7 = W;lﬂn_i. Note that this doesn’t depend on i, for if & : ¢ — j (4,5 < k) is
an arrow in Q¢ with fo(a) = a, then by symmetry a = fo (o) for an arrow o’ : n—j — n—i in Q¢, giving
m;j = oqm; and m,—; = 0,m,—; and hence 77]-_171'"_j = 7ri_17rn_i. In particular 7 = 7Tk_17Tk+1 = 7Tk_10’sﬂ'k,
which is the stated condition on 7.

We also need (sby)z = s(bxw). Now (sbg)x = by_kx = bpa? = b (Bz — ) = 71 (B)brx — T (7)br =
7k (B8)bn—r — T (7)bg. On the other hand s(byw) = sb,—r = s%bp = (Bss — Vs)bk = Bsbn_k — Vsbk,
corresponding to the conditions on 3 and ~.

For i < k we need b, _;x = bjz? = b;(Bx — ) = m(B)biz — biy = mn_i(B)bn_i — biy = bp_if — bi,
where we have used that § = 7(8) by normality, and 7 = ﬂ;lﬂn,i, s0 7;(8) = mn—i(B). This corresponds
to the condition on b;x for i > k.

Now if the stated conditions on 7, 8, and the action of z hold, we need to check that M (C) becomes
a right R,,-module and that the action commutes with the R-module structure.

To check that we have a right action of K[z;7] on M(C), we need to check bz = b;7(A)x for all
1€1=40,...,n} and A € K. If i < k this is straightforward, as m;7 = 7,—;. Now let ¢ > n — k, which
means 7, ; = m;7 L. By Lemma 1] since ¢(z) is normal in K|[x;7] we have 7=1(8) = 8, fu = 7(u)3
and yu = 72(u)y. Using that m,_;72 = m7 this altogether gives (b;z)u = m;(7(n))(b;z), which is
precisely the image of m;(7(u))b; = b;7(1) under z. Hence K[x;7] acts on the right. By construction
q(z) acts as zero, so M(C') becomes a right R,,-module.

To see that M(C) is an R-R,,-bimodule, as in Lemma [Z2T] it suffices to show that the action of z is
compatible with the relations defining M (C). For example if o : i — j is an arrow in Q¢ and a = fo(«),
there is a relation ab; = b;, and we need to check that a(b;x) = b;z. By the discussion above, the choice
of B and ~y ensures this holds for the arrow from k to k& + 1, so we may assume that i,j < k or i,j > k.
It suffices to check it for ¢, j < k, for then multiplying on the right by ! and using that b;z = b,_;, we
obtain a(b,_;z7t) = (ab,_;)x~!. Since z is a K-linear combination of 1 and =! in R,,, we deduce that
a(by,—;x) = (ab,—;)x. Now for any i < k we have Cp,_; 41 = Ci_l. Thus there is an arrown —i —n — j
in Qc, also sent to a by fc. Thus a(b;x) = ab,—; = bp—; = bz, as required.

Since b; = b,,—;x for i > n — k, and since the elements b; (j € I) span M (C) over K by Lemma 218
the elements b; (i € J,,) span M (C) over R,,. Likewise, by a straightforward application of Lemma [2.T9]
one can show the elements b; (i € J,,) are linearly independent over R,,, as required. (I

Example 2.25. Recall the semilinear clannish algebra R = K, ¢(s, a)/{(gs(s), a®) from Example2Z23 Let
w = s*a"'s*as*a"'s*as*, a symmetric string with C,, = s 'a"'s las 'a"'sas, k =4 andn = 9. Again
set o to be the identity, so that 71 = o, 73 = o, 73 = 000 and 74 = 00~ 1. Note 071 (gs(7)) = qs(2).
Let 7 = 7, 'omy = 00107 0000~ and q(x) = 7, (¢(x)) = 057107 (gs(z)). Let V be a left module
over Ry, = K[xz;7]/{q(x)).

As in Example 2223, but using Lemma 2.24] the R-module M (C,,) @ V = @, b; ® V may be depicted
by the following diagram, where b; ® V is identified with -1V and where the loop on the right encodes

the action of z on V.

14 — 0.—1V — U—la—lV — 0—19—10—1‘/ *0*10*10*10‘/ Ds:z
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2.10. Asymmetric bands. For an automorphism o of K we write K[z,r~!;0] for the skew Laurent
polynomial ring with 2\ = o(\)z. Since K is a division ring, K|[x,z71;0] is a principal left and right
ideal domain by [28, Theorem 1.4.5] (applied to this ring and its opposite, which is also a skew Laurent
polynomial ring).

Let w be an asymmetric band, so it is a periodic Z-indexed word, without inversion symmetry. Letting

it have period n, we have w = ®u> = ... uluu... for some word u of length n.

Lemma 2.26. There is a unique way to turn M(Cy,) into an R-R,,-bimodule, such that
(i) Ry = Klx,271;7] for 7 € Aut(K),
(ii) the action of x satisfies b;x = b;—,, for all i, and
(iii) the action extends the R-K-bimodule structure of M(Cly,).
Namely, we need 7 = w, 'ng. As a right Ry-module, M(C,,) is free with basis b; (i € Jy) for Jy, =
{0,1,...,n—1}.

Note that 7, tmp = Faldcﬂo, so Ry = K[z, 2715 0¢].

Proof. Since there is no inversion symmetry, the walk C = C,, is also periodic, of the form *° D where
D* = wu. For i € Z and A € K we must have (b;z)\ = b;(xA). Now (b;z)A = bi—p A = mi—n(A)bi—p
and b;(z)\) = bi(t(N)z) = 7 (T(\)bjx = m;(7(N\))bp—s. Thus we need 7(\) = m; 'm;_,,. Note that this
doesn’t depend on i since if an arrow ¢ — j in Q)¢ is sent to a under fo then by periodicity a can also
be written as the image under fo of an arrow i —n — j —n, so o,m = 7; and 0qMi—y, = Tj_pn, SO
17Tj_n = 7TZ-_17Tn_i. In particular 7, = 7, 7.

To show M(C') is an R-R,, bimodule it suffices to check a(b;z) = (ab;)x for any arrow a and any i € Z.
As in the proof of Lemma 2:24] this follows from straightforward case analysis, using that C' = C[n].

To see that the b; (i € J,,) give an Ry,-basis one may apply Lemma [ZT9] as in Lemma [2.24 O

Example 2.27. Recall R = K, (s,a)/{(gs(s),a*) from Example Let w = ©(s*as*as*a™!)>,
which is an asymmetric band with C,, = *°(sasasa™!)° and period 6. As in Example 225 we take 7o to
be the identity, and let 7 = 000000~ so that R, = K[z,2~;7]. Note a(A(bs ®v)) = by @ 2~ (TO(\)v).
By Lemma 2:26) M (C,,) ®g,, V may be depicted as follows.

T

s a s a s
|4 O'V aé‘v UHUV S aé‘aé‘v S o’@o’@o’v

2.11. Symmetric bands. By Lemma 214l any symmetric band has the form w = > (vs*v~tu=1t*u)>
for some s,t € S and words u, v of lengths p,r > 0 respectively. Then w has period 2n where n = p+r+1.

Lemma 2.28. There is a unique way to turn M(C.,) into an R-R,,-bimodule, such that

(i) Rw = R}, xk R with R, = K|[z;p]/{q:(x)) and R, = Kly;7]|/{q,(y)), where p,7 € Aut(K),

Go(x) = 2% — Bz +7 € K[z; p] and q,(y) = y* — py +n € K[y; 7],

(ii) the actions of x and y satisfy bix = bayp1—; for i <r and bjy =b_;_1_9p for i > —p, and

(iii) the action extends the R-K-bimodule structure of M(Cly,).
Namely, we need p = W;lasﬁr; T = W:;Utﬁfp; B = ﬂ;l(ﬂs>; Y= ﬂ;1(75>; H= W:;(ﬂt); n= W:;(’)’t),
bix = b;8 — bary1—yy for i > 1, and byy = bjpt —b_;_1_9pn for i < —p. As a right Ry,-module, M(C),, is
free with basis b; (i € Jy,) for Jy ={—p,...,1}.

Note that R,, is a free product as in Theorem As for symmetric strings, we have an isomorphism
K(z;05] — Klz; p] which sends Y1  \iz* to >oi . (\;)z, and sending ¢s(z) to gz(z), so ¢,(z) is

normal and R, = K[z;04]/{(¢gs(x)). Similarly g, (y) is normal in Kly; 7] and R], = K{z; 0¢]/{g:(x)).
Proof. Letting C = C,,, there are walks D, E such that D* = u, E* = v and
C=...EsE'D"%D|Es'E'D "% 'DEs~'E~'D 1t~ ...,

Now having an R-R,,-bimodule structure extending the given R-K-bimodule structure is equivalent to
having an R-R] -bimodule structure and an R- R/, -bimodule structure, both extending the R-K-bimodule
structure. Observe that Csy,._; = C’;l fori #r+1and C_;_9, = C[l for i # —p, so each of these
is similar to the case of a symmetric string, and hence the assertion follows from the considerations in
section
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By Theorem the alternating monomials in x and y give a K-basis of R,,, which we label here by

(‘ ey R—3,28-2,2-1,R0,71,%2,%3, - ) = ( - YTy, 7Y, Y, 1a$ay$a$yx7 v )a

where zg = 1. In this notation, an induction shows that for any i € J,, we have b;z; = by,4; for | even
and b;z; = byp+r—p—i for [ odd. It follows that the elements b; (i € J,,) give an R,-basis of M(C). O

Example 2.29. Let R be the semilinear clannish algebra K, ¢(s,a)/{gs(s),a?) from Example
Consider the symmetric band w = *®(s*as*a~'s*a~1s*a)> whose canonically associated walk is C,, =
®(sasa"ts ta"tsa)|(sas ta"ts7la"ls71a)>*. In the notation above Lemma 228 we have D = a,
E = sa, 7 = 2 and p = 1. Again take my to be the identity. Let p = o0~ to~t, 7 = 07100, q.(x) =
o0(gs(2)), qy(y) = 07" (gs(y))- Let V be a left module over Ry, = K[z; p]/{qz(2)) *x K[y: 7]/{ay(y)). By
Lemma 228 the module M (C,,) ®gr,, V may be depicted by

L o e

3. PROOF OF THE MAIN THEOREM

3.1. Semilinear Relations. Linear relations have already been considered, see for example [8, §2] and
[0 §4]. Let o be an automorphism of the division ring K, and let V and W be left K-modules. A
o-semilinear relation C : 'V — W is by definition a K-submodule of V & ,W, where ,W is the K-
module obtained from W by restriction via 0. Any o-semilinear map 6 : V' — W defines a o-semilinear
relation via its graph C = {(v,0(v)) | v € V}. Conversely, thinking of a o-semilinear relation C' as a
generalization of a mapping, we write w € Cv (and in diagrams we use C' to label an arrow v — w) to
mean that (v,w) € C. Thus if w € Cv and w' € Cv' then w +w' € C(v+ ') and o(A)w € C(\v) for
AEK.

Let C': V — W be a o-semilinear relation. If U is a subset of V, we define CU = |J,, o, Cu. Observe
that if U is a K-submodule of V, then CU is a K-submodule of W. We write C~! = {(w,v) : (v,w) € C};
it is a o~ !-semilinear relation from W to V. If D : U — V is a T-semilinear relation, then

CD ={(u,w) e U W | (u,v) € D and (v,w) € C for some v € V'}

is a or-semilinear relation U — W.
Let C be a o-semilinear relation on V, that is, of the form V — V. We define subsets C' C C” of V
by

C" = {v € V| there exists v, v1,--- € V such that v = vy and v; € Cv;41 for all i}, and
C' = {v € V| there exists vg, vy, -+ € V such that v = vy, v; € Cv;y1 for all i and v; = 0 for i > 0}.

Lemma 3.1. Let C be a o-semilinear relation on V. Then C',C" are K-submodules of V.
Furthermore if V is finite-dimensional over K then the following statements hold.
i) We have the equations C"" = C' +C" N (C~Y)" and (C~1)" = (C~Y) + C"n(C~H)".
ii) We have the inclusions C" N (C~1) C C" and C' N (C~H" C (C~1Y.

Proof. Let D = C~'. Fix v € C” and \ € K. By definition there exists vg, v, -- € V such that v = vy
and v; € Cv;yq for all i. Since C is o-semilinear we have (0~ !(u)viy1, pv;) € C for each i and each
p € K. Letting v} = o~ *(\)v; for all ¢ gives a sequence v, v{,-- € V such that vj = v and v} € Cvl,
for all 4. Hence C” is a K-subspace of V. Since v; = 0 implies v} = 0, C’ is also a K-subspace. We now
assume V is finite-dimensional, and so C” = C¢M, ¢’ = C%0, D" = D?*M and D’ = D0 for some d.

(i) Let v € C" with v, vy,--- € V as above. Since vg € D%y and DM = D?*? M there is a sequence
U—dy ..., U0, .. Ug €V where vg = ug and u; € Du,;_1 for —d < i < d. Note that ug € C¢M N DM =
C" N D". Taking the difference of vg,ug € C%uqg gives vo — ug € C*0 and hence v = ug + vy — ug which
lies in C' + C” N (C~1)"”. This gives the first equality; the second follows by replacing C' with C~1.

(ii) As above, by symmetry we can just prove the first inclusion. Let u € C” N (C~1), giving a
sequence u_g, ..., ug,...uq € V where u = ug and u; € Cu;41 for —d < i < d. Note uqg € D24y = Dd.
Taking the difference of ug,0 € C%ug gives ug € C%0 and hence u € C". O

Let q(x) € K[z; 0] be a monic quadratic polynomial, say q(x) = 22 — Bx +. Let X be a o-semilinear
relation on V. We say that X is g(z)-bound if w € Xv implies that Sw—~v € Xw. Written another way,
X is a g(x)-bound if and only if (v,w) € X implies (w, fw —yv) € X. See [9] §4]. For example if X is
the graph of a mapping 6, then it is ¢(x)-bound if and only if ¢(f) = 0. If ¢(z) is normal then, by Lemma
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21 X becomes a K[z;o]-module, with the action of = given by z(v,w) = (w, Bw — yv). Moreover, and
likewise, the element g(x) acts on X as zero, so X becomes a module for the quotient K|x;o]/(g(x)).

Lemma 3.2. Let q(x) = 22 — Bz + v € K[z;0] and let X be a o-semilinear relation on V.

(i) If q(z) is non-singular and normal, then X is q(z)-bound if and only if the o~ -semilinear relation
Xt is ¢'(y)-bound, where ¢'(y) = y?> —~y By + L.

(ii) If X is q(z)-bound and C : V — W is a T-semilinear relation, then the T~ 'oT-semilinear relation

CXC~1 on W is p(y)-bound, where p(y) = y> — 7(B)y + 7(7)-
Proof. (i) follows by combining Lemma 2] and Corollary 22 and (ii) is straightforward. O

Lemma 3.3. Let A € K with A # 0. Let u € Xw where X is a o-semilinear q(x)-bound relation on V.

(i) We have \u € X Y (pw + nu) for some p,n € K with p # 0.
(i) If q(z) is non-singular then we have pu € X ~1(Aw + nu) for some p,n € K with u # 0.

Proof. Let q(x) = 22 — Bz +~. For (i) let p = —yo=1(\),n = B, for (ii) let u = —y~Lo(N\),n = Bu. O

Lemma 3.4. Let X be a o-semilinear q(x)-bound relation on V. If U C W C V are K-submodules,
then

(i) UNXW CUNX'W, so in particular WNXW CWNX"'W, and
(i) WnNXU)+(UNXW)C WnX~U)+UnXw).

Equality holds in all of these inclusions if q(z) = x*> — Bx +~ € K|x; 0] is non-singular and normal.

Proof. Taking A\ = 1 in Lemma B3(i), part (i) is immediate. For (ii), note that by (i) it suffices to
show that WN XU C (WNX"U)+ UNX"'W). Solet we WnNXU. Now w € Xu, for some
u € U, so fpw —yu € Xw. By semilinearity, fw € X(o~*(8)u). Thus yu € X(c~(8)u — w). Thus
o (B)u—weWnNX1U. Now o1 (B)u € UNXIW, and hence w € (W NXU) +(UNX1W).
Now if q(x) is non-singular and normal, then the relation X ! is ¢/(y)-bound in the sense of Lemma
B2 and the same results applied to X ~! give the reverse inclusions. (I

Lemma 3.5. Let r(z) € K[z;p] and p(y) € K[y; 7| be monic, normal and non-singular quadratics. Let
X be a p-semilinear r(x)-bound relation, and Y a T-semilinear p(y)-bound relation, on V. Then we have

(3-1) (Y—lX—l)// I (X—ly—l)// _ (Y—lX—l)// N (XY)H _ (YX)” ) (X—ly—l)// _ (YX)// ) (XY)H

and
(Ylefl)/ N (Xflyfl)// — (Y—lX—l)/ N (XY)”,
(52) YX)nX Y Y =(¥X)nXy),
! (Ylefl)// N (Xflyfl)/ _ (YX)” N (Avalyfl)/7
Y IXH'n(XY) =(¥X) n(XY).

Furthermore if V' is finite-dimensional then the sets listed in (3.2) above are all equal, and they are equal
to

(33)  YIX YN XYY =X n XY = I XY n((XY) = (YX) N (XY).

Proof. Let W_ = (Y1X~ 1" and W, = (X 'Y ~1)” which means W, = X 'W_ and W_ =Y 1W,.
Since X and Y are semilinear relations bound by non-singular quadratics, by Lemma [3.4] we have that
the intersection W = W_ N W, is equal to both W_ N XW_ and W, N YW, . Assuming v € W gives
v € Xwv for some v; € W_ N X~'W_ = W, which gives v; € Yv, for some vo € Y 'W, "W, = W.
Repeating this argument defines a sequence v; € V' (i > 0) such that vy = v, v; € Yv;41 for i odd and
v; € Xv;4q for i even. Hence we have W C (XY)” and by symmetry this gives all of the equalities in
B.I.

Let U_ = (Y~'X 1Y which lies in W_, so U_ NW, C U_ N (XY)” by @J). This gives the first of
the eight inclusions required for [3:2]). The remaining inclusions follow by symmetry.

For the final claim consider the p7-semilinear relation C' = XY on V. By ([8.2)) we have that U_NW,. =
(C=1)Y'NC", which is contained in C’ by Lemma B3Il To see that C’ N (C~!) is contained in (X ~1Y 1)’
the proof of [8, §4.5, Lemma] may be adapted to our situation; see Lemma [B.3
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3.2. The functors C* and one-sided filtrations. Recall that R = K,Q/I. We consider (covariant)
functors from the category of R-modules (or finite-dimensional R-modules) to the category of K-modules.
Recall that if F is such a functor, then a subfunctor G is given by fixing a K-subspace G(M) of F(M) for
each R-module M, in such a way that F(0)(G(M)) C G(M’) for any homomorphism M — M’. Given
a vertex £ in @, the ¢-forgetful functor is the functor sending an R-module M to the K-module e,M (a
subfunctor of the forgetful functor sending M to M as a K-module).

Let M be an R-module. If a is an arrow in @, then the action of a defines a o,-semilinear mapping
€i(a)M — ep(a)M, which we also denote by a. Considering this as a relation e;,)M — epq) M, we have
the inverse relation a=! : en(a)M — eyq)M. Using products of relations, any finite walk C' induces a
oc-semilinear relation ey M — e, M where £ is the head of C and ¢ is the head of C~!. It is easy to see
that the assignments sending a module M to C 0 or C ey M define subfunctors of the ¢-forgetful functor.

Definition 3.6. Let C be a walk with C* € H(¢,¢). If M is an R-module, we define C* (M) as follows.
If C is a finite walk, say with C~! having head ¢, then

C (M) = Ca™'0 (if there is an arrow a with Ca™! a walk)
" | CesM (otherwise)

CheypyM  (if there is an arrow b with Cb a walk)

Cm (M) = {C 0 (otherwise).

If C' is an infinite walk, then
CT(M) = {x € e,M : there exist = x¢,r1,... such that z;_; € C;z; for all i},
C~ (M) = {x € egM : there exist x = g, 1, ... such that z;_1 € C;x; for all ¢ and z; = 0 for i > 0}.

We say that a walk D is special-direct if special loops only appear in it as direct letters, and special-
inverse if D™! is special-direct. Given a word w, we denote by D,, the special-direct walk with D = w
and by D}, the special-inverse walk with (D],)* = w. (Warning: this conflicts with the notation in [8].)

Lemma 3.7. Let ¢ be a vertex in Q, let e = +1, and let M be an R-module.
(i) If w € H(l,¢€) then Dy (M) C D} (M) C e,M.
(i) Ifw,z € H({,€) and w < z then D;(M) C D7 (M).
(i) Suppose M is finite-dimensional. If S is a non-empty subset of e, M with 0 ¢ S, then there is
some w € H(,€) such that S meets D} (M) and does not meet Dy (M).

Moreover the same statements hold for the special-inverse walks Dj,.

Proof. (i) Let C' = D,,. We can and do assume there exist arrows a, b such that Ca~! and Cb are walks.
Hence w is finite, say of length n. Let v’ = (Ca™!)* and u = (Cb)* which by assumption are both words.
Since w is end-admissible, @ and b must both be ordinary by Lemma ZTIl Since the letters u,_ ; = a” !
and u,41 = b have the same sign, ab is a zero-relation defining the algebra, and so C~ (M) C Ct(M).
(ii) See for example the lemma on [30] p. 23]. Taking z = w’ in Definition [Z12] for case (a) note that
a2y must be a zero-relation defining the algebra. The proof for cases (b) and (c) are straightforward.
(iii) Since M is finite-dimensional we have that, for any infinite walk C, C*(M) = C<,, M and
C~ (M) = C<,0 for some n > 0. From here one can follow the proof of [I0, Lemma 10.3]. O

3.3. Top and bottom functors. We continue to study functors from the category of R-modules to
the category of K-modules. Let C be an end-admissible walk C| say I-indexed. We have a functor
Te = Homp(M(C), —), where we use the right action of K on M(C).
Given any R-module M we define K-subspaces B (M) and Bg (M) of Tc (M) as follows.
BE(M) = {0 € Homp(M(C), M) | 6(b;) =0 for i < 0} if I is not bounded below,
© {6 € Homg(M(C), M) | 0(bo) € 1, (M)}  if C has head ¢, sign €, and
B_( ) _ {GEHOIDR(M(C),M) (
T 1 {0 € Homp (M (C), M) | 6(
We define Bo(M) = B (M) + Bo(M). Clearly Bf,, B; and Bc define subfunctors of T¢, and we
define Fo = T¢/Be. We normally consider Fo as a functor from the category of R-modules (or finite-
dimensional R-modules) to the category of K-modules. In view of the following lemma, if w is a string

or band, we may also consider F¢, as a functor to the category of R,-modules (or finite-dimensional
R,,-modules).

;) = 0 for i > 0} if T is not bounded above,

| O(b
|0(bn) € 1, _ (M)}  if C~" has head £, sign ¢ and n = max I.
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Lemma 3.8. Let w be a string or band with canonically associated walk C. Let M be an R-module.
If we consider Tc(M) = Homg(M (C), M) as a left Ry,-module using the right action of R,, on M(C),
then Bo(M) is an Ry,-submodule of Te(M).

Proof. Let C = C,,. Fixing 0 € Bo(M) and z € R,, we require that 20 € Bo(M). Without loss of
generality we can assume 6 € B (M). Note that for any w we have K C R,,. It is straightforward to
check that Bo(M) is a K-submodule of T (M). In particular, there is nothing more to prove when w is
an asymmetric string. We now consider the remaining cases for w.

(1) Let w be a symmetric string of length n, and so R, = KJz;0]/(q(z)) for some monic, normal
and non-singular quadratic ¢(x). It suffices to assume z = . Since box = by, it is trivial that 6(b,) =0
implies (26)(by) = 0, and likewise 6(b,,) € a(M) implies (26)(by) € a(M). Hence 26 € B (M).

For cases (2) and (3) w is a band, and so I = Z and there is some j € Z such that 0(b;) = 0 for all
i>7.

(2) If w is a asymmetric band then R,, = K|[x,2~'; 0] for some automorphism o of K. Since Be(M)
is a K-submodule it suffices to assume z = 27! or z = x. Assuming w has period n we have that
bizt! = bz, for all i, and so (z*10)(b;) = 0 for all i > j & n, which shows 210 € B (M).

(3) If w is a symmetric band then R, = R, xx R! where R = K|z;p]/(r(x)), Rl = Kly;7]/{p(y))
for some monic, normal and non-singular quadratics r(z), p(y). In particular, by Lemma 2.4t there exist
inverses 7! and y~! of x and y in R,; the element 2~! can be written as a K-linear combination of z
and 1; and the element y can be written as a K-linear combination of y~! and 1. Thus, since Bo (M) is
a K-submodule, it suffices to show z6,y710 € Bo(M).

By Lemma[Z T4l there are integers p,r > 0 such that b;y~" = b_;_1_9, for i < —1—pand b;x = b1
for ¢« < r. Letting h denote the minimum of —1 — p and —j — 1 — 2p, we have by construction that
(y~10)(b;) = 0 for all i < h, which shows that y~'0 € Bo(M). Similarly z0 € B (M). O

Let D, E be walks such that one of the words D*, E* lies in H(¢,1) and the other lies in H (¢, —1).
Hence the product D™'E is a walk. For such D and F we define functors Tp,e, Bp,rp and Fp g, from
the category of R-modules to that of K-modules, by
Tp, (M) = D*(M)NE*(M), Bp,s(M) = D*(M)NE~(M)+D~(M)NE*(M), Fpp=Tp.s/Bp.s.

Clearly Tp,g, Bp,r and Fp g are symmetric in D and E. Given an end-admissible walk C, say I-indexed,
and 7 € I, we define functors T ;, Be,; and F¢; of the same form, by

1

Tci="Tc., c<)-1» Bei=Beo., )1 Foi=Tci/Be,.

Given a functor F' from the category of R-modules to that of K-modules, and given an automorphism o
of K, we write ,F for the composition of F' with the functor of restriction by 0. We call it a twist of F.

Lemma 3.9. Let C be an end-admissible I-indexed walk and let i € I. For each R-module M let &py be
the map Tc(M) — M sending 0 to 6(b;). The following statements hold.
(i) & is a m;i-semilinear map, so a K-linear map To(M) — ;M.
(ii) The image of Epr is Toi(M).
The image of the restriction of Ear to Bo(M) is Bei(M).
iv) The kernel of Epr is contained in Bo(M).
(v) The maps Em define a natural transformation Te — =, 1c,;.
(vi) There is an induced natural isomorphism Fo — =, Fc ;.

Proof. Let D =Cs; and E = (Cgi)fl so that Tc; = Ip,g, Be,; = Bp,g and C = E~!'D. Suppose that
D is J-indexed and FE is H-indexed.

(i) For A € K we have (A0)(b;) = 0(b;\) = 0(m;(\)b;) = m;(N)60(b;).

(ii) Let 0 € Tc(M) and m = 0(b;). For each j € I let m;_; = 0(b;) so that m = my. From here it is
straightforward to see that Im(&x) C T, g(M).

We now prove Im(&ys) 2 Tp p(M), so let m € Tp g(M). Since m € DT (M) there is a sequence
m; € M (j € J) such that m = mgy, m; € Djmj;1 whenever j +1 € J and (if n = maxJ and
Da~' is a walk then am,, = 0). Likewise there is a sequence mj, € M (h € H) such that m = my,
mj, € Enymj,,, whenever h+1 € H and (if | = max H and Ec™! is a walk then cmj = 0). Now define 0
by setting 0(b;1;) = m; for all j € J and 0(b;—;,) = mj, for all h € H. It is straightforward to check that
O(abg) = af(bg) for any d € I and any arrow ¢ in Q). Hence 0 is R-linear, and so Im(§) 2 Tp g(M).

(iii) In the notation above, it is straightforward to see that m € Tp g(M) implies § € Bo(M).

Conversely, we claim § € B} (M) implies 6(b;) € E~(M) N DT (M). As above let m; = 6(b;1;) and
mj, = 6(bi—y) for all j € J and h € H. If I is unbounded below then H in unbounded above, in which
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case the sequence m(, m},... is eventually zero. If instead I is bounded below by 0, then H is bounded
above by i, and we have m} = 0(by). Note also that Fa is a walk if and only if a=*C' is a walk, in which
case 0(bo) € a(M) if and only if m; € a(M); and otherwise 0(bg) = 0 = m/.

Thus our claim holds. Hence, and by symmetry, £, sends elements of BE (M) to EF(M) N D*(M).

(iv) Let 6 : M(C) — M be an R-module homomorphism with 6(b;) = 0. Define K-module homomor-
phisms 64 : M(C) — M by setting 6+ (b;) = 6(b;) for £(i — j) < 0 and 0+(b;) =0 for £(¢ —j5) > 0. It
is straightforward to check that, since 6 is R-linear, so too is 6. It is trivial that 8 = 6_ + 6, and that
01 € Bg (M), and so together we have shown Ker(£pr) C Bo(M).

(v) Straightforward.

(vi) This follows from (ii), (iii), (iv) and (v). O

3.4. Orientation changes. We have defined various functors using a walk C. In this section we show
that sometimes they only depend on the underlying word C*. In order to study the functors, we evaluate
them on a fixed R-module M. Given two walks C, D with the same underlying I-indexed word w, and
1 € I, we write C ~; D to mean that Tc; = Tp,; and Be,; = Bp .

Definition 3.10. We adapt a notion from [8]. Let w be an I-indexed end-admissible word and let ¢ € I’
be such that w; is a *-letter. We define the norm ||i|| € NU {oco} of i by the rule that ||i|] > n if and
only if there are words x,y, z, with x of length n, such that (wgi_l)fl = zy and ws; = xz. Note that if
i is not a symmetry for w, then ||¢|| is finite.

Lemma 3.11. Let w be an I-indexed end-admissible word and suppose that i € I' is such that w; is a
x-letter and i is naturally inverse. For any j with 0 < j < ||i|| such that w,—; and w;t,; are *-letters,
either i + j is naturally direct with ||i + j|| < ||i||, or i — j is naturally direct with ||i — j|| < ||¢]].

Proof. Same as in the proof of [§, Lemma A]. O

Lemma 3.12. Let w be an I-indexed end-admissible word and let C and D be walks with C* = D* = w.
Let A={iel'|C; # D;}, let k € 1, and suppose the following hold.
(A1) Alli € A are naturally inverse for w;
(A2) For distinct i,j € A, we have |i — j| > ||| + ||7]] + 1;
(A3) Forie A and 0 < j < |i|, we have C;1; = C;_lj (or equivalently Dy ; = D;_lj);
(A4) There is noi € A withi <k <i+ ||i].
Then C ~y D, so Fo i, = Fp i, and hence Fc and Fp are isomorphic up to twist.

Proof. By symmetry it suffices to show inclusions T¢ (M) C Tp (M) and Be k(M) C Bp (M). This
gives Fo i, & Fp 1, and hence Fo and Fp are isomorphic up to twist by Lemma [3.91
Given m € T¢ (M), there is a tuple of elements (m;);er of M, such that

(1) mp =m,

(2) mi_1 € Cym; for all i € II,

(3) if I has a minimal element, necessarily 0, then mg € 1275(M) where C has head ¢ and sign e,

(4) and if I has a maximal element u, then m, € 17, __, (M), where C~' has head ¢’ and sign ¢'.
By the operation of ‘adding to the right’ we will construct new elements m/ € M satisfying the same
properties for the walk D. We take

m; =

, Aimy + pimg_1—; (i =d+ j for some d € A and 0 < j < ||d|)
Aim; (otherwise)

for suitable \;, u; € K with \; # 0.
Let d € A. Since d is naturally inverse for w, either

(L1) d — 1 — ||d]| is & minimal element of I, or
(L2) Cy_1_jay is an inverse letter, say o™,
and either
(R1) d+||d|| is a maximal element of I, or
(R2) Cyi14)a) is an inverse letter, say b~!.
Moreover at least one of (L2) and (R2) must be satisfied.
In case (L1), condition (3) gives mgy_1_jq € lz_ﬁ(M) where Cy_ 4 has head ¢ and sign e. This also
holds in case (L2), for then mg_;_jq € a(M). Now m/d+||d” = Xat||d|Md+||d|| + Hd+|d]|Md—1—|q||- In
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case (R1), condition (4) holds for the elements (m;) since mg_1_jq| € 1Z—e(M>' In case (R2), the same
property gives b(mg_i_|q) = 0, so that m'dJer” € Cd+1+||d”m'd+1+”d”.

Thus, to ensure (m}) satisfies conditions (1)—(4) for the walk D, we need to solve the following.

(a) >\k =1.

(b) For any i € I’ not of the form d + j with d € A and 0 < j < ||d|| we have m;_1 € C;m; and want
m}_, € Cym}, so want \i_1 = o¢, (\;).

(c) For any d € A we have mg_; € Cqmg, and Cq = s* for some special loop s. Using the non-
singular quadratic ¢s(z), given Ay we can find A\j_1, ptq, or given A\g—; we can find Ag, pg, such
that Ag_1mg_1 € Cd_l()\dmd + [tgmg—1), or equivalently m},_, € Dym/;. See Lemma [3.3

(d) For any ¢ € I’ of the form d 4+ j where d € A and 1 < j < ||d|| we have m;_; € C;m; and
Md—1—5 € C’d,jmd,j with Cd,j = C;l, SO Mg—j € Cimdflfj. ‘We want mg_l S sz; so want
i1 = o¢;(Ai) and pi1 = oc, (i)

This is straightforward, working away from k, both increasing and decreasing, to find the \;, and then
working away from each element of A to find the p;. Thus we can construct the tuple (m}) and hence
m € TDJC(M). Thus Tcﬁk(M) - TDJC(M).

Now recall that B¢ (M) = Bak(M) + Bg (M), where

Bl (M) = (C<i) ™)™ (M) N CL (M) and B (M) = ((C<x)™)F (M) N CZ(M).

The elements m € Bf (M) are those for which there is a tuple (m;) as above, with the boundary
(M) where C has
head ¢ and sign €, and if I has no minimal element, then m; = 0 for ¢ < 0. The elements m € Bak(M )
are those for which there is a tuple (m;) as above, with the boundary condition (4) replaced by (4') if
I has a maximal element w, then m, € 1,, __, (M), where C~! has head ¢ and sign €, and if T has no
maximal element, then m; = 0 for i > 0. 1

In both cases, the tuple (m}) which is constructed preserves the new boundary condition, so B¢ x (M) C
Bp (M). For example, if I is unbounded above and m; = 0 for all ¢ > ¢, then by (A3) there is an upper
bound on the set of d 4+ j with d € A, 0 < j <||d| and d — 5 < t. O

condition (3) replaced by (3') if I has a minimal element, necessarily 0, then mg € 1, __

Recall that if w is a word, we write D,, and D!, for corresponding special-direct and special-inverse
walks. Hence, for example, this means that D} = w and that every *-letter s* in w occurs as s in D,,.

Theorem 3.13. Let w be an I-indexed end-admissible word which is finite or periodic. Then the functors
Fp,, Fc, and Fp, are isomorphic up to twist, that is, there are automorphisms o,0’ of K such that
oFp, = Fo, = 5 Fp;, . Moreover there exists j € I such that either Dy, ~; Cy or D, ~; Cy.

Proof. We shall consider walks C' satisfying

() C* = w and for any ¢ € I’ with w; a *-letter, if 7 is not naturally inverse (so is naturally direct
or a symmetry), then C; is a direct letter.

(1) Suppose that w is a finite word of length n. By induction on the norm, using Lemma BI1] and using
Lemma BT2] with A a singleton set, we see that C' ~¢ D for C' and D satisfying ().

(1)(i) Suppose w has no symmetry. Then D,, and C,, satisfy (x), and we deduce that D,, ~¢ Cl.

We apply this to w™! to obtain (D! )~ = D,-1 ~g Cyp-1 = (Cy) ™1, and hence D!, ~,, C,.

(1)(ii) Suppose w has a symmetry, so w = w™!, so it is of the form us*u~"! for some word u. Now
(Cy)~! and D, satisfy (x), so Dy, ~¢ (Cy)~t. Suppose that C,, has head ¢ and sign e. By Corollary
and Lemma we can consider C,, as a p(y)-bound 7-semilinear relation for some monic, normal
and non-singular quadratic p(y) € K[y; 7]. Letting U =1, (M) and W = 1276(1\4), by Lemma [3.4] we
have

Toyo(M)=WNC,W =W N (Cyw) 'W =Tc,)-1,0(M), and
Be, o(M)=(WNC,U)+ UNC,W)=(Wn(Cyw) 'U)+ (UN(Cyw) 'W) = Bc,)-1,0(M).

Thus Cy, ~o (Cy) ™1, and hence D,, ~q C,.

Now apply the induction above to w~=!. The walks (D! )~! = D,-1 and (C,)~! satisfy (), so
(D!t ~¢ (Cy)™L. Thus D!, ~, Cy.

(2) Suppose that w is periodic. It follows that there is a bound on the norms of the i € I’ which are
naturally inverse. Consider walks C' satisfying (x). We show by induction on k that, if C' and D are
walks satisfying (x), and if C; = D; for all ¢ € I’ with ||i|] > k, then Fo and Fp are isomorphic up to
twist. By the inductive hypothesis, we may assume that C; = D; for i naturally inverse with ||i|| < k.
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Now the set A = {i | C; # D;} may fail property (A2) in Lemma B.I2] but if so, we can write it as a
finite disjoint union of subsets A; U...A,, which satisfy this property, and by induction it suffices to
show the result A being one of these subsets. Thus we may assume that A satisfies (A2).

By the inductive hypothesis and Lemma 11, we may suppose that (A3) holds. We now choose k
arbitrary so that (A4) holds. Then Lemma implies that Fo and Fp are isomorphic up to twist.

(2)(i) Suppose that w has no symmetries. Then C,, and D,, are of the specified form, so F¢, and
Fp, are isomorphic up to twist.

We apply this to w™t. The walks (D/)~! = D, -1 and C,,-1 = (C,,) ! satisfy (x), so give functors
which are isomorphic up to twist, and hence so are Fp, and Fg,,.

Now consider the words ws;, (w<;)~! for i € I. Since w is periodic, only finitely many such words
appear.

If there is j such that w-; is minimal amongst these words, then in any application of Lemma
in the induction above, the choice k = j satisfies property (A4). Namely, suppose that i € A, and
i < j <i+|il. Then w; is a *-letter, say s* and ws; = uws; and (w<;—1)"' = w(w<z;_j—1)"" for
some word u of length j —i. Now since 7 is naturally inverse, (w<;—1)™! < wsi, 80 (W<2i—j—1)7! < ws;,
contradicting minimality. Thus the induction shows that C' ~; D for any walks C, D satisfying (x). Thus
Dy ~j Cy.

If there is no such j as above, then there is j such that (w<;)~
deduce that D), ~; Cy.

(2)(ii) Now suppose that w has symmetries. Recall Lemma T4l Since w is periodic, it is of the form

1 1

is minimal. By considering w™", we

covstoT T st o T e st o e T L
Let uw have length p and v have length r. Then w is periodic with period 2p+2r+2. Using the periodicity
and the symmetry, any word of the form ws; or (w<;)~! with i € I is equal to one of this form with
—p < i < r. Thus there is —p < j < r such that either w~; or (w<;)~! is minimal amongst this set of
words. Then we can write uv = uv with @ of length p + j and v of length r — j, and w[j] is of the form
oSty M ans T T st et L
Now (Dy)[j] = Dy[j), and using the induction we obtain that Fip, ;) and Fc are isomorphic up to
twist, where C' is naturally oriented and of the form

...BEsET'D " YUD|EsE"'D " %DEsE~'D 't ..
where D* =% and E* = . Writing X = Es 'E~! and Y = D~'t71D we have
Teo= XY™ Nn(YX), Beo=((X"'YH)YnyX))+ (XY H" n(yXx)).

Now since —p < j < r we have (Cy)[j] = Cyi;1, and this is of the form

[4)>
. .EsET'D™UD|EsT'ET'D Y 'DEsT'ET'D 1t L.

SO
Tcwpo = XY)"' N(YX)", B,y = (XY)N(YX)")+(XY)" n(YX)).
Now we have C ~q (Cy)[j] by Lemmal[3.5] giving that Fo and F¢,)[; are isomorphic up to twist. Thus
Fip,); and Fc,,); are isomorphic up to twist, hence so are Fp, and Fg,,.
Also (D,,)[j] = D,,;)» and by considering w™', the induction shows that F(p, yj;j and Fer are isomor-
phic up to twist, where C’ is naturally oriented and of the form

EsT'ET'D Y 'DIEsT'ET'D ' DEsT'ET DT L
Then
Tero=XY)'n(Y XY Boo=((XY)NnY X H)+(XY)' n(Y1xh).

Now we have C" ~o (Cy)[j] by Lemma B.5, giving that For and Fi¢,); are isomorphic up to twist.
Thus Fip: ;) and Fc,,)[; are isomorphic up to twist, hence so are Fp, and Fg,,.

Next we want to show that D, ~; Cy, or D! ~; Cy. Recall that either w~; or (w<;)~! is minimal
amongst words of the form w~; or (w<;)~! with i € I.

Suppose that ws; is minimal. Then in any application of Lemma in the induction above, the
choice k = j satisfies property (A4). Thus the induction shows that C ~; D for any walks C,D
satisfying (). Thus (Dy)[j] ~o C where C is as above. Then, by the argument using Lemma [3.5] we
have C' ~q (Cw)[J], 50 (Dw)[J] ~0 (Cw)[j]. Thus Dy, ~; Cy.
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Suppose on the other hand that (w<;)~! is minimal. By considering w™!, the induction shows that

(D.,)[7] ~o C'" where C’ is as above, and another application of Lemma 3.5 gives C’ ~q (Cy,)[j]. Thus
(D)) ~o0 (Cw)[j], and hence D), ~; C,,. O
3.5. Splitting for asymmetric bands. In previous work, various splittings were developed for relations
or pairs of relations; see for example the second Corollary in [30, p. 21]. See also [8, p. 391], [9, Lemma
4.7] and [10, Lemma 4.6]. In this paper we formulate things differently, and prove splittings directly for
top and bottom functors. That is, if w is a string or band, C' is the canonically associated walk, and
M is an R-module, we prove that Bo(M) is a direct summand of Te(M) = Hompg(M(C), M) as an
R,,-module (recall Bo(M) is an R,-submodule of T¢(M) by Lemma BR). If w is a string then R,, is
semisimple artinian, so this is immediate. For w a band, see Lemmas and 3211

The assumptions made in Lemmas and Lemma 32T ensure Fo (M) is finite-dimensional over K.
For the proof we lift a K-basis of Fo(M) to Te (M) so that the K-span of these lifts is closed under the
action of R,,. To do so, in Remark [3.14] we discuss how finite-dimensional K|[z;c]-modules correspond
to matrices.

Let m,n € N. For mn # 0 write M, ,(K) for the set of matrices Q with m rows and n columns, whose
entry w;; in row ¢ and column j lies in K. Write O for the zero matrix. When m = n let M, »,(K) =
M, (K) and write I = (J;5) for the identity matrix. In case mn = 0 we write M, ,,(K) = {(—)m,n} With
the appropriate conventions to extend matrix multiplication M; ., (K) X My, n(K) — M, (K).

For any automorphism o of K we use the same symbol to denote the bijection on M,, ,,(K) defined
by o(Q) = (0(wij)). When m =n > 0 this is an automorphism of the ring M, (K).

Remark 3.14. Let ¢ be an automorphism of K. Consider the category whose objects are matrices

A € M,(K) (n € N), where a morphism from A to I' € M,,(K) is given by ® € M, ,,(K) with

A® = o(®)T, and where the composition of & and ¥ : T' —  is defined by ®¥. To each object

A € M, (K) one can make the set K™ = M ,,(K) into a K[z;c]-module using the formula 2 = o(Q)A

(Q € K™). Hence this category is equivalent to the category of finite-dimensional K[z;o]-modules.

i) Let w be an asymmetric band. Then R,, has the form K|[x,2~!;0]. Let V be a finite-dimensional
R,,-module. Suppose, under the above equivalence, that V corresponds to A considered as a
K|[z;0]-module, and to ® as a K[r~!;0!]-module. Then A is invertible with inverse o (®).

ii) Let w be a symmetric band. So, R, is the free product over K of two semisimple K-rings, each
of the form S = K|[z;0]/{q(x)) for q(x) = 2? — Bz + v normal and non-singular. Since g(z) is
normal, finite-dimensional S-modules correspond to matrices A with o(A)A — A 4+ ~I = O; see
Lemma 21l Since ¢(z) is non-singular, A has inverse y~!(8I — o(A)) in M,,(K); see Lemma 2.4l

Since S is semisimple, by Lemma 2.3 one of (1), (2) or (3) below holds.
(1) Assume ¢(z) is irreducible. Then S is a division ring, and as the unique simple considered
with basis given by 1 and z, it corresponds to

(07 ;) € My(K).

Suppose instead ¢(z) = (x —n)(z — p) for n,u € K. Hence the factors (x — n) and (x — p) of

q(z) each define a K-basis for left ideals I and J of S (each of dimension 1 over K).

(2) Assume o(\)n # nA for some X € K, which gives S = J&JA~!. Hence any simple S-module
is isomorphic to J, which corresponds to the matrix (77) € M(K).

(3) Assume n # pand o(A\)p =nforall A € K, and so S = I®J. Also, q(z) = (x—o*(p))(z—
1), so the matrices corresponding to I and J are given by (02 (u)) and (77) respectively.

In what follows we consider infinite sequences of matrices, say Qg (d € Z), whose entries are de-
noted dwij.
Lemma 3.15. Let w be an asymmetric band with canonically associated walk C. If To(M)/Bc(M) is
finite dimensional over K, then Bo(M) has a complement in Tc(M) as an Ry, = K[z, x~!; o]-submodule.
Proof. Let (h1,...,hy) be a K-basis for Fo(M) = Tc(M)/Bc(M). For each i = 1,...,n write zh; =
>0, Aighy and 2 hy = 375 ihy for some Aij, pi; € K. By Remark BI4(i) the matrices A = (\;;) and
® = (ipy;) satisfy A~! = (@) in M, (K). For each d € Z define matrices Qy = (“w;;) and Uy = (%1h;;)
by

) (d <0), o (AP44q) (d< -1),
Qg = AL (d = 0), and Wg;=< -1 (d = —1),
A 1o (Qa-1) (d>0), @) (d>—1).
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Now lift each h; to f; € To(M) and write o f; = g; + g + > A\ij f; for gii € Bg(M) For each ¢, j and
dlet 9z;; = dwij:cdgj_ + dwij:cdg;r. For any r € Z we have zdgj_ (br) = g; (br—dp), which is 0 for d > 0.
Similarly xdg;-r = 0 for d <« 0, and so for each ¢ we have dzz-j = 0 for all but finitely many j and d, so
>id d2;; defines an element of Bo(M). For each i let f] = fi + > id d2;;. This gives

ofl = Nifj =9 + 9+ (0’(d_1wzj) -> )\ikdwkj> alg; + (0’(‘1_1%) -3 Aik%kg‘) 2],
J 7,d k k
and so zf] = >, Aji f] for all j. O

Lemma [B.21] is analogous to Lemma B.I5 but we take w to be a symmetric band, and for our proof
we require the R-module M to be finite-dimensional.

3.6. Preliminaries for symmetric splitting. For Lemma 317 we fix solutions in M, (K) to a pair
of equations, each given by a monic, normal, non-singular and semisimple quadratic ¢(z) € K[z;o]. We
then define a sequence of matrices satisfying equations (B4)—(3.8]). Lemma 316 deals with (3.4).

Lemma 3.16. Let g(z) = 2* — Bz +~ be normal, non-singular and semisimple in K|x;0]. If A € M, (K)
and o(A)A — BA +~vI = O then there is a matriz E € My, (K) such that AZ + o(E)(c(A) — BI) = 1.

Proof. Write char(K) for the characteristic of K. Since ¢(z) is normal, by Lemma 2] we have that
BA=0c(\)B and YA = 0%(\)y for all A € K, and that 3 and v are fixed by o.

(i) Suppose either char(K) # 2 or 8 # 0. We firstly assert that there exists v, € K such that
ov) = v, o(() = ¢ ¢B—2vy =1, vB = 2¢ and vo?(\) = Av and (o(\) = X for all A € K. If
char(K) = 2 then 87to(A\) = \3~! and o(B37!) = B71, and it suffices let ( = 37! and v = 0.

Suppose instead char(K) # 2. We claim that 32 # 4. Otherwise setting n = %ﬁ gives v = n? which
means q(z) = (z — n)? where n\ = o(\)n for all A € K. By Lemma 23] this contradicts our assumption
that the quotient ring S = K|x;0]/(q(x)) is semisimple. Let o = 32 — 4, and so « # 0. Note that
BN = 0%(N\)B? and (49)\ = 402()\)y, and so altogether o(a) = a and a\ = 0?(\)a for all A € K.

It straightforward to check ¢ = Ba~! and v = 2o~ ! satisfy the asserted properties, and likewise
straightforward to check that & = vo(A) — (I satisfies AZ + o(E)(c(A) — BI) = 1.

(ii) Suppose instead char(K) = 2 and 3 = 0, meaning g(z) = 2? + 7. Since S = K|[z;0]/{q(x)) is
semisimple, according to Lemma there are three possibilities for ¢(z) corresponding to parts (1), (2)
and (3) of Remark B.I4l(ii). For (2) and (3) we have ¢(z) = (z —n)(z — p) for distinct u,n € K, which
gives n = o(p) since char(K) = 2 and 8 = 0. Since v # 0 we also have u # 0. Hence case (3) cannot
occur, for otherwise o(A\)n = nA for all A € K, and in particular o(u)(n — ) = 0, a contradiction.

Hence either (1) or (2) holds.

Recall the category of matrices considered in Remark 314l Since o(A)A + I = 0 we can consider A
as an object in a category equivalent to the category of finite-dimensional S-modules. Since either (1)
or (2) holds, any such module is isomorphic to a finite direct sum of copies of the unique simple.

Given ®,T',0 € M, (K) with ® invertible such that A = ¢(®)I'®~! and I'© + ¢(©)o (') = I, setting
E = ®O0(P!) gives AZ + 0(Z)o(A) = I. Hence it suffices to consider A up to isomorphism. In this
category of matrices, note that the direct sum of A € M,,(K) and I € M,,,(K) is given by forming a block
diagonal matrix Q = A®T € M,,1,,,(K). Hence if AE+0(E)o(A) =Tin M,(K) andTO+0(0)c(I") =1
in My, (K) then Q(E®0O) +0(E®0)c(Q) = I in M4 (K). Hence we can reduce to the case where A
is a simple object in this category of matrices, of which there is only one, up to isomorphism.

In case (1), the proof of the lemma now follows from the equation

(5 o) 8) o (0 a) (5 o) = (o )

In case (2), 0(A\)n # n\ for some A € K. Let a = o(\)n—nA, and since a # 0 we can consider £ = Aa~! #
0. Since o(n)n = v we have o(a)n = o(n)a which gives o(a~1n) =na~! and so 7€ + o(&)o(n) =1. O

Lemma 3.17. Let p,7,7,( be automorphisms of K. Let r(x) = 2% — Bx +~ and p(y) = y* — py +n be
normal, non-singular and semisimple in K|x; p] and Kly; 7] respectively.

If &, A € M, (K) satisfy p(®)® — O +~vI = O and 7(A)A — pA + nI = O then there is a collection
(O | k € N) of matrices Oy € M, (K) satisfying B4) and BA), BH), BI) and BI) for each k.
(34) 7(m(©0))(u — 7(A)) = —I + Ax(Oo),

(3.5) AT (O2p12) = pm(O2p42) + 7(7(O2k+1)),



(3.6) Am(O2k41) = —7(m(O2k+2))7,
(3.7) O((O2) = —p(C(O2%+1))7

(3-8) O¢(O2k+1) = p(C(O2k)) + BC(O2k41)-

Proof. By Remark BI4(ii) the matrices p(®) and 7(A) are units in the ring M, (K). Since we have
T(A)A — pA+nl = O, by Lemma [3T0] there is a matrix = € M, (K) such that AZ+7(Z)(7(A) —pl) = 1.
Setting ©g = 7~ 1(Z), [34) is automatic. Now suppose for some k that the matrix O has been defined.
Let Ogry1 = —C Hp 1 (®(Oax))y™ ). By Lemma 21 we have p(y) = « and so (7)) holds. Likewise
p2(A\)y =7\ for all A € K, and so applying p to [B.7) gives

p(®((O21)) = —p*(((O2r41))y = —7((O2141) = p(@)(® — BI)(O2k41)-

One yields (3.8) by multiplying by (p(®))~!. Now let O = —7 (77 (Am(O2k+1))n~1). By con-
struction (Z.6) holds, and using a similar argument to the one above, this gives (3.5]). O

We apply Lemma 318 in Lemma [3.19 to give a procedure for constructing R,,-submodules of T (M)
where w is a symmetric band.

Lemma 3.18. Let d,n > 0 be integers. Let Vp,...,V,_1 be K-modules, let A = (Xi;) and © = (p;;) be
invertible matrices in My(K) and let T, p and o, (1 < h <n—1) be automorphisms of K.
Suppose there exists vi* € Vi, for each h and each i =1,...,d such that the following statements hold.
(a) Each pair (v Z L Aijvd) lies in some T-semilinear relation Y : Vo — Vp.
(b) Each pair (vZ ,vzh 1) with 1 < h <n —1 lies in some op-semilinear relation Ay : Vi, — Vi_1.
(¢) Each pair (v}, ijl goijvyfl) lies in some p-semilinear relation X : V1 — V1.
Then, for each i =1,...,d there is a sequence (v} |1 € Z) such that (i)-(iv) below hold for any r € Z.
1) If r is even then v:"""h € Ahvim"'h"'l for each h, and if also =(r — 1) < 0 then vim_l € y*tlym,
i) If r is odd then UZ-T"JF"*h € Ahvir"Jr"*h*l for each h, and if also £r < 0 then vf”fl € X+,
Let oy = T and, for any non-zerol € Z, let

7 (I = Frn where 0 < r € Z is even),
o) — ptl (I =Frn where 0 < r € Z is odd),
Oh (l=h+rn wherer € Z is even and 1 < h <n —1),

o lh (l=h+rn wherer €Z is odd and 1 < h <n —1).

n

iit) If r <n—1 thenv 2" r+) = Z;l:l(o,«ﬂ oo On—1)(pij )V} (where oy, ... 0n—1 is the identity).

iv) If r > 0 then v, (Hl) Z;l:l(al . 0p) T H(Xij)vf (where oy ... 0 is the identity).
Proof. For each r € Z we define a matrix Q, = ("w;;) in My(K), as follows. For s > 0 consider the
equations

(s,b) Q= (01...06) 1 N)Q%((01...06n_1)" L (A) !

(5,8) Qsp1= (U(l—s)n cee Unfl)(q))Qlfk?((O—(l—s)n-‘rl . 'O—nfl)(q)))71
where we declare that (0,b) and (0,1) say that Qp = A and ©; = ® respectively. From here one can
define Q,. (r € Z) iteratively. Let 0 = 07 ...0,—1. We claim (r, j) below holds for any r € Z with r # 0, 1.

Qy107 Q) = p(ofl(Qr)Q,«jFl) (r > 2 and r even)
8 g @) = (o)1) (£r>1,r #1 and r odd)

We check (r, ) for > 2 even. The other cases are similar. Without loss of generality assume that n > 1.

Fort > 1let Uy = (6_4...00-1)(®)(01...0¢) 1 (A). For any s > 0 we have o_g, = o,,} which is p
for s odd and 7 for s even. In both cases W (1), is the image of W( 1), under this automorph1sm.

For s > 3 we have Q; = ¥(,_0),Qs—2(V(s_2)n—1) " by (s — 1,§) and (s — 2,b). For s = 3, since
U, 1 =0 1(Q2)® by (1,4), this gives the base case for an induction on r. Thus, assuming r > 4, taking
s=r—1,r,r+ 1 and applying the inductive hypothesis on r — 2 > 2 (which is even) gives

QrJrlo'il(Qr) = p(W(r—l)n—1071(9r72)9r73) (Uﬁl(Qr72)) \p(rl Dn— 10 (\Il(r 2)nQr 2\IJ(T 2)n— 1)

Using that 0~ (¥(,_9),,) = ¥(,_1)n—1 and that 0~ (¥ (,_9),—1) = p(¥(,_3)n_1), the induction follows.
Hence for the matrices Q, € M4(K) constructed above, we have shown the equations (r, ) hold. Let
Z Aijv§ and v} =2 gpijv;‘_l. Recall that an arrow from v € V to w € W labelled with a
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relation C' : V' — W means that w € Cv. For example, our assumptions (a), (b) and (c) may now be
summarised by

_ Y Aq _ An_1 — X
(abc) vt v? v} e ol

For each non-zero multiple m = rn of n (0 # r € Z), we consider a diagram depicting relations (as in
(abe) above). These diagrams split into one of two different types, depending on the parity of r = m/n.

_ X:(:l An_1 _ A _ Yj:l
(T, 1) . U;m 1 ,UZm n ,U;n-i-l . ,U;n-‘rn 2 1 ,U;n-‘rn 1 ,U;n-l-n (:l:T < 0 Odd)

1 y*! Aq o Ap_a 1 x*!
(r,2) s Tt o g2 fr gt SO e

(£r < 0 even)

Diagrams (abc), (r,1) and (r,2) together summarise the claims made in parts (i) and (ii) of the lemma.
By induction on |r| > 0 we shall construct the elements Uf with m — 1 <[ < m+n. We assert, for any
r € Z, that the elements vf fit into the corresponding diagram, and that the following equations hold.
(r 1) o™t = Cwye), ot = (gl (r < 0)
(rf) ot =3, (wivl ™), ot =30 (M wge T (> 0)
Once we prove our assertion, we shall prove (iii) and (iv). For the constructions we use induction on
|r] > 0. For the base case of the induction we must construct the appropriate diagrams to address the

case r = 1, so m = £n. Starting with the case m = —n, we let
e DGR coon-) T Owi)ol T, (1< h <n),
' Zj(ilwijvjin), (h:n+1)
The elements v;2, . ,v{”fl defined above satisfy the relations depicted in diagram (r, 1) when r = —1.
This follows by semilinearity and (1,b). Note also that (—1, ) is automatic.
This completes the case m = —n. For r = 1, so m = n, let
grh—1 _ J 2 ((@nni1 - on-1)("wij)oy "), (1 <h<n),
' =3, Cwivi"h), (h=n+1).

Similarly to the above, our assertion follows from semilinearity and (1, ).

This completes the base case. Now assume we have constructed v! fitting in diagrams (abe), (r,1)
and (r,2), and satisfying equations (r, ) and (r, 1), say for all r with —s < r < s for some s > 0. We
complete the inductive step firstly assuming s is odd, and then assuming s is even.

Let s > 0 be odd and m = (s + 1)n. We already have the v! with m —n — 1 <1 < m. Now let

mthot _ {zm o) T ), (1< h <)

' > wu ), (h=n+1).

By induction the v! with m —n — 1 <1 < m fit into (s, 1) and satisfy (s,1). As in the base case r = —1,
but instead using (s + 1,f), it is straightforward to check that the elements v} with I fit into (s + 1,2)
and satisfy (s 4+ 1,1). The case where m = (s + 1)n for s > 0 even is similar, but where Y is swapped
with X, and likewise 7 with p and (o7 ...0,_1)"! with 0,_p11...0,_1 for each h < n.

This concludes the inductive step in case s > 0. Suppose instead m = —(s+ 1)n for s > 0 odd. Then
let

m—h _ {Zj(ﬁ .. ah_1)_1(_5_1wij)v;7‘+h_1), (1<h<n)

> (T Rwgut T, (h=n+1).

As in the case m > 0, when m = —(s+ 1)n for » = s > 0 even, the proof is symmetric. The construction
of the sequences of elements v! is now complete, as are the proofs of (i) and (ii).

Define @, = (*¢;;) by ®; = (0¢...0n—1)(®) for each ¢t < 1. We now check (iii) holds. The proof
that (iv) holds is similar. We use induction on s > 0 where r = n — s. The case s < n — 1 follows by
construction. We assume (iii) holds for all » > n—s for some s. Let r =n—(s+1),s0 2n—(r+1) = n+s.

Consider firstly the case where s = gn for some integer ¢ > 0, so that n + s = (¢ + 1)n. We assume ¢
is even, since the case where ¢ is odd is similar. Now we have

-1 s _
0T = 30 (el ) = (S, T wi T o
by construction and the inductive assumption. Note Qqr1Pp_sy1 = Qi by (¢,4). Using the

formula for U,’fs*l, this completes the inductive step in this first case, where s € nZ.
23



The second case is when r = n — (s + 1) where instead s = gn + p for some integers ¢,p with
g >0and 1 < p < n—1. Without loss of generality we assume ¢ is odd. By (g,4) we have
(o1... ap)_l(Qq+1)(I)(1,q)n+p+1 =P _gyn—plor .. .0p) "1 (21-,). Combining everything so far (including
the definition of v;? above) with the inductive hypothesis completes the proof. O

3.7. Splitting for symmetric bands. The canonically associated walk of a symmetric band w is
Co=...EsE"'D"4D|Es'E~'D "+ 'DEs'E~'D~ 't ...
given by some s,t € S and some walks D, F of length p,r > 0 respectively. Recall also the free product

Ry = Klz; pl /(r(2)) *r K[y; 7]/ {P(Y)),

defined by p = 7, logm,, r(x) = 77 (gs(x)), T = W:;O’tﬂ'_p and p(y) = ﬂ:;(qt(y)). See Section 2111

By Theorem the ring R,, has a left or right K-basis given by the alternating words in x and y, all
of which are units in R,, by Lemma [Z4l In Lemmas [3.19] and [3.2T] we assume the above notation,
let C = C, and let M be some R-module. We consider the letters of the walks D and E as semilinear
relations for appropriate automorphisms of K.

Lemma 3.19. Let n > 0 and w be a symmetric band. In the notation above, suppose that for each
i=1,...,n thereis a sequence (md | d= —p, cooy) with md € M such that (a) and (b) below hold.

(a) For any i we have m¢ € Dpigraim™ when —p <d <0, and m§~* € Egm$ when 0 < d <.
(b) There exist matrices A= (Aij) and © = (v;;) in M, (K) such that

ot(MA = BiA+ I = O, tm; P = Zﬁ: Aigm; P and  oy(®)® — ;@ + vl = O, sm] = Z?,l Pijm;
Then for each i there is a sequence ( 4| de€Z)in M such that (m¢,m§~1) € Cq for all d, and such that
defining f; € To(M) by fi(bg) = m¢ for all d € 7 gives a left Ry, —submodule U=%" Kf of Tc(M).
Proof. Assumption (a) may be summarised by the diagram

m;? Dy DPr m? Er B m?

By assumption (b) and Remark[B.T4(ii) the matrices A and ® are invertible. Let A = DFE and n = p+r+1.
Let U m “P for each i and each integer h with 1 < h <n—1, and let oy = o¢, for each | € Z. Hence,

TE! (I + p = Fdn where 0 < d € Z is even),
pt! (I +p = Fdn where 0 < d € Z is odd),
oA, (l+p=h+dn whered € Zisevenand 1 < h <n—1),
0217 (l+p=h+dnwhered € Zisodd and 1 <h <n—1).

Thus, by Lemma I8 for each i there is a sequence m¢ (d € Z) such that: by parts (i) and (ii) we

have (mf, md~1) € Cy for all d; and by parts (iii) and (iv), for the automorphisms defined above we have
mf’”“fd = Zj(ad+1 . ozr)(gaij)m‘j (d<r) where @41 ..., is the identity, and
my T = Yoy cag) T Aij)m§  (d> —p)  where ay_, ..., is the identity.

That the formula f;(bg) = m¢ defines an R-module homomorphism M (C') — M follows from (the proof
of) Lemma B.9(ii). For the remaining statement in the lemma we assert that zf; = 3, 7 (pij) i
For any d € Z we have (3,7, (iz) fi)(ba) = 22, ma(m, (wi)) m$, and for any k > 0 we have

Cr k41 = C;rlkﬂ and SO Qp_jy1 = a;}kﬂ. Firstly let d < r. For simplicity assume d < r, and let

k=r—d>0.
Consider the composition of automorphisms given by ( = a,.— k+1 ap =

In this notation we have mq = (7, and mT‘HH'1 Z Cr ((pw) k Thus

Zﬂd Sﬁz] m *ZCk QOzj ml- k= ;+k+1 2T+1 (r=k) = fz( r— kSC): (Z'fz)(bd);

as required for the case d < r. Let us instead consider the case where d > r, and for simplicity (as above)
we assume that d > r + 1. Here we have d =r 4+ k + 1 for some k£ > 0. This gives

fi(bax) = ma(m 1 (Bs))m — marq1—a(m,; (s))m2r =,

Note that 7y = oglﬂd,l, Tg—1 = a;_lﬂd,g, and so on, through to w41 = oz;ilﬂ,«. Hence ©y =
1

-1 -1
T+k+1"'ar+2'

uka;_ilm where v, = a;l . a;_iQ. In particular, this gives mgm,~
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above yields fz(bdz) = v (Bs)m¢ — v (vs)mi ", By a similar argument to the one above, we have that

md = > vi(pij)m’; ~k_ Now applying v to as( )P — BsP 4+ 751 = O, our assertion follows.

A similar argument shows that yf; = > ; 71':117()\1']») f;, and the lemma follows. O

Lemma 3.20. Let w be a symmetric band with r(x) = 2% — Bx + ~ in the notation above Lemma [Z13.
Let (hi, ..., hy) be a K-basis for Fo(M) with xh; =3, @ijh; for eachi. The following statements hold.

1) Lifting h; to k; € Tc(M) gives xg; = Bg; — Zj o(pij)g; where g; = xk; — Zj @ijk; for each i.
i) There exist lifts fu,..., fo € Tc(M) of ha,... hn such that xf; =3 ; ¢ij f; for each i.

Proof. (i) Using that Tc(M) is a Ry,-module we have r(z)k; = 0 for all i. The matrix & = (¢;;) € M, (K)

satisifies p(®)® = P — vI by Remark B4l The claim follows by writing r(x)k; in terms of g; and k;.
(ii) By Lemma B.16 we have ®= + p(Z)(p(®) — 8I) = I for some = € M, (K). By part (i) it suffices

to let f; = k; + Zj &i;9; where E = (§;;) and each g; € Bo(M) is defined by ¢; = zk; — Zj ©ijk;. O

For the proof of Lemma B2 we apply Lemma B20(ii) directly. We then apply Lemma [B20(i)
indirectly, exchanging p, r(z) and ® = (p;;) with 7, p(y) and A = (\;;) respectively.

Lemma 3.21. Let w a symmetric band. If M is finite-dimensional over K then Bo(M) has a comple-
ment in To(M) as an Ry,-module.

Proof. The notation above Lemma [3.19 recalls: the form of the canonically associated walk C' in terms
of s,t € S and walks D, E of length p,r > 0; and the free product R,, over K in terms of automorphisms
p, T of K and monic, normal and non-singular quadratics

r(z) =2 — B+ € Klz;pl, ply)=y*—py+n€ Kly; |

where 8 =7 1(Bs), v =7, 1 (7s), 4 = W:;(ﬁt) and n = ﬂ:;(%).

Let (vi,...,vn) be a K-basis for Fo(M). For each i = 1,...,n we have zv; = }; ¢i;v; for some
vi; € K. By Remark B4 the matrix ® = (¢;;) is invertible, and satisfies p(®)® — f® + vI = O. By
Lemma [320(ii) we can choose lifts f1,..., fn € Tc(M) of v1,...,v, where zf; = Zj ©;; f; for each 1.

Now let yfi = >, Aijfj + gi for some g; € Bo(M) and some A = (\i;) € M, (K). As above, A is
invertible and satisfies 7(A)A — pA +nl = O, and yg; = pgi — > ; 7(Nij)g; by LemmaB:ZIl( ).

Let A = DE. For each i and each d with 0 < d < r+p, let f& = f;(ba—p) and g = gi(ba—p). Consider
the relations X = s ! and Y = A~'¢t71A on M. By definition, and then by Lemma B.5 we have that

g'" € Bo (M) = (XY)' N (YX) + (XY) N(YX) =(XY)N(YX)

since M is finite-dimensional. Let ¢ = 1+ p + r. Since ¢”*" lies in (XY)' N (Y X)", for each i there is a
sequence (h¢ | d € N) in M such that (a), (b) and (¢) below hold. For (b) and (c) we fix k € N.

(a) hd = g for all d < r + p, and h¢ = 0 for all but finitely many d > r + p.

(b) h2kq+d e Ay h2kq+d for 1 <d<gq-—1, and sh(2k+1)q ! h(2k+1)q

(c) h%‘”d € Ay h2kq+d Ufor g+1<d<2g—1, and th’ 204201 _ p2FF2e

For each integer d w1th 0<d<qg—1llet o4 =04, and deﬁne the automorphism (y of K by setting
(o to be the identity, and letting (4 = ad_l . 1 for d > 0. Considering the automorphisms m = 7 ;
and ¢ = 7, 1(,+r, by Lemma B.IT one yields a sequence (O | k € N) in M, (K) satisfying:

B2) 0:(00)(BeI — o4 (m—p(A)))) = —1 + m_,(A)Oy; and for each k € N,

B.5) 7p(A)O2kt2 = BiO2ir2 + 01 (O2k41);

B.8) 7 p(A)O2k41 = —0¢(O2k41)Ve;

B 7 (2)Cptr (O2k) = =05 (Cptr (O2641) )55 and

(BED ( )Cp+r(®2k+1) =0s (Cp+r (@%)) + BsCptr (@2k+1)-
Let O = (* w) for each k. For any d with 0 < d <71+ p let

fd n ZZ (Cd 2k9” h2kq+d ey (2k+19”)h (k+1)q (d+1))

which defines an element of M since h? =0 for d > 0 by (a). For 0 < d < p+r the relation Aq on M is
og-semilinear, and so (m?~?,m$?~1) € A4 by (b) and (c) above. We claim (i) and (i) below hold.

(i) smi = >, m(pig)mf, (i) tmy? = 37, mp(Nij)m; "
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Since sb,. = b2 we have s f/*" = >, (0ij ) fTF". For (i) we require s(m] — fF*7) = 37w (i) (m] —

PFT). Recall shg%ﬂ)q*1 = hEQkH)q for each 4,k by (b). By Corollary 22, r(z) is normal, so

S<p+r(2k+19ij)h?(k+1)q7q _ ﬁs§p+r(2k+19ij)h§-2k+l)q o Us(Cp-ﬁ-r(2k+19ij))75h§-2k+1)q71

by Lemma 21 Similarly sGpr (250;;) A2 TV = 0 (Goier (P035)h D7 by (b). Taking the sum over
j and k, (i) follows from a straightforward application of ([B7) and (B.8]).
Recall yf; = >, Xijfj + gi- Since th_, = b_py we have tf) = > ﬂ_p(Aij)ij +¢9. So, for (ii) we
require t(m;? — f9) + g0 = 3 7, (M) (m; P — f2). By (c) we have th2FH2e=1 — p20:+2)0 5,4 o
i i i l p 1 l J J

t(2(k+1)9ijh§(k+1)Q) _ ﬁt(Q(k-i-l)eijh?(k“rl)q) _ O,t(2(k+1)9ij),7th?(k+l)q71

by Lemma Il Recall that yg; = pug; — >, 7(Aji)gi. Note that for the case k = 0 we have that
hY = g9, and so using that tb_, = b_py one can show th = B:h) — 37, ¢ (7_p(Aj1))h). We also have

t(2k+19ijh5(k+l)q_1) =0 (2k+19ij)h?(k+1)q for any k by (c).
From here a straightforward application of ([B.4]) gives

— k k
t(m; P — flo) = fg? + Z Zﬁ—p(&'j)o%z gl0 + Zt(2k+29ijh5( +1)<Z) + Ut(2k+19ij)h5( +1)q
1 j j.k
Now (ii) follows from ([B.H) and ([B.6). Hence, by defining A’ = 7,(A) and & = 7_,(®P), we have
smi =3 ph;m’ and tm; ¥ = > Aj;m; ", The proof now follows from Lemma [3.19 O

3.8. Evaluation of functors on modules. Let w be an I-indexed string or a band and let € be a sign.
For each i € I exactly one of the words (w<;)™! or w; has sign e. Denote this word by w(i, ). Recall
Jw is a subset of T such that the elements b; (i € J,,) define a free right R,-module basis for M (C,,).

Lemma 3.22. Let w be a string or band. For any i € I there is some j € J,, and some unit z € Ry,
such that b; = bjz, w(i,1) = w(j,1) and w(i, —1) = w(j, —1).

Proof. If w is an asymmetric string then I = .J,, and there is nothing to prove. Choose the sign e such
that w(i,€) = ws; and w(i, —€) = (w<;)~!. The remainder of the proof is split into cases.

(i) Suppose w is a symmetric string, say w = us~!u~! for some {0,...,k}-indexed word u. Here
R, = K[z;0]/{q(z)) for a normal, non-singular and monic quadratic ¢(x). By Lemma [Z4] we have that
risaunit in R,. If i < klet j=dand 2z =1. If i > kthenn—i <n—k—1 =k, and we let
j=n—iand z = z. Since w = w™! we have (w<;)™! = wsp_; and w=; = (w<,—;)~ ' which means
w(n — i, +€) = w(i, +e).

(ii) Suppose w is an asymmetric band, say w = *u® for some {0,...,p}-indexed word u. Here
Ry, = K[z,x71;7]. Writing i = j + np for some integer n and some remainder j € {0,...,p — 1} = J,,
we now let z = 27", Since w = wpn] we have (w<;)™' = (w<;)~! and ws; = ws; which means
w(j, €) = w(i, xe).

(iii) Suppose w is a symmetric band. By Lemma ZI4 w = *®(vs*v~tu~1t*u)> for s,t € S and words
u, v of lengths p,r > 0 respectively, such that n = p + r + 1 where 2n is the period of w. Likewise we
have that the set of integers i with w[i] = (w[i])~! is the coset r + 1 + nZ = —p + nZ. Here we have
that R,, is the free product over K of semisimple quotients K|x; p]/(r(z)) and K[y;7]/(p(y)) by monic,
non-singular and normal quadratics r(z) and p(y). As in part (i), by Lemma 2] the variables x and y
define units in R,,.

Recall that by Theorem [2.0] the ring R,, has as a K-basis the alternating monomials in 2 and ¥, and
that J,, = {—p,...,r}. Recall the notation from the proof of Lemma [228 Here alternating monomials
z1 (1 € Z) in « and y were defined in such a way so that bz = bynp, for [ even and bz = biyyr—p—p for
[ odd. Write i = mn + k for some remainder k € {0,...,n — 1}. We now consider cases.

(iiia) Suppose k < r and m is even. Let j = k and z = z,,. By construction b; = b;z and j € J,,.
Since m is even we have w = w[mn] since w has period 2n, which gives w<; = w<; and ws; = ws;.

(iiib) Suppose k < r and m is odd. Let j = r—p—k and z = z,,. Since k < r we have j > —p, and since
k > 0 we have j < r, which means j € J,, and b; = b;z. Sincem—1lisevenandi = (m—1)n+n+r—p—j
we have ws; = Wsy4r—p—; since w has period 2n. Since w[—p] = (w[—p])~! we have wy_, = w_, , for
any d € Z. Considering the cases where d > n+7r—j+1 we have ws,4r—p—; = (W<;j_2,) "', which again
by periodicity is just (w<;)~!, which shows altogether that (w<;)™! = w~;. Similarly, (w<;)™! = ws;.

If k > r, the proof for m odd (respectively, even) is similar to (iiia) (respectively, (iiib)). O
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Given any word u € H (¢, €) we let I} (u) be the set of i € I such that v;(w) = ¢ and w(i,€) < u.

Lemma 3.23. Let w be an I-indexed string or band, let £ be a vertex and let € be a sign. Then for any
i € L5 (14,) we have b; € 1} _(M(Cl)).

Proof. Tt suffices to assume there is an ordinary arrow a with tail £ such that the sign of a~! is e, since
otherwise 1ZE(M(Cw)) = eyM(C,) and there is nothing to prove. Hence we have 1ZE(M(Cw)) =a~1(0)
for some such a. Since i € I,/ (1) either w(i,e) = 1y, or w(i,e) = cv for some arrow ¢ and some
ve HW,é€).

When w(i,€) = 1y, we have that either (i — 1 ¢ I and aC,, is a walk) or (i +1 ¢ I and C;la™!is a
walk), which means ab; = 0. When w(i, €) = cv there is some j € I with b; = cb;, and since a is ordinary
and the letters a~! and ¢ have sign ¢, ac must be a zero relation defining the algebra. (]

Given any word u € H (¢, €) we let I, (u) be the set of ¢ € I such that v;(w) = ¢ and w(i,€) < u.
Using similar arguments to those used in Lemma [3.23] we have the following.

Lemma 3.24. Let w be an I-indexed string or band, let £ be a vertex and let € be a sign. Then for any
Ry,-module V' we have 1, (M(Cy)®@V) C > b; ®V where the sum runs over all i € I, (1g,).

Lemma 3.25. Let w be an I-indexed string or a band and let u € H (¢, €) be a word of the form u = x*u’
for some word v’ € H({',€') and some letter x. Leti € I, (u').

i) Ifr=a¢S and ab; # 0 then ab; = by, for some h € {i —1,i+ 1} NI, (u).

it) If © = s € S then sb; = by, or (i € I, (u) and sb; = Bsb; —7sb) for some k € {i—1,i+1}NI, (u).

Proof. (i) Let C = C,, and L be the set of j € I (u’) such that w(j,—€¢) = a~!v for some *-word v.
For any j € I, (u') \ L we have w(j, —€¢') < 1y _o and so b; € 1}7_6,(M(C)) by Lemma 3231 Since
15 _.(M(C)) = a=*(0) we have that i € L. Define h € {i+1,i—1} by (h =i—1if w(i, =€) = (w<i)™")
and (h =i+ 1 if w(i,—€') = ws;). By construction this gives w(h,€) = aw(i,€’) < av’ = v and ab; = by,.

(ii) Since the sign of s* is € we cannot have that w(i,e) is trivial, for otherwise we would have
(w(i,€) = (w<;)~! and s*w is a word) or (w(i,€) = w~; and ws* is a word), in either case contradicting
Lemma 21T} Hence we have w(i,€) = yv for some letter y of sign €, which gives y = s*.

Define k € T and z € {s,s '} by (k =i —1and z = C;" if w(i,e) = (w<;)™") and (k =i + 1
and z = Ciyq if w(i,€) = ws;). Here we have w(k,€¢) = s*w(i, —¢) < s*u' = v and w(k,—¢) = v. If
z = 571 then sb; = by, as required. If instead z = s then v < w(i, —¢), sby, = b; and i,k € I} (u), since
s*v < s*w(i, —e€). O

Given any word u € H({,€), we let JX (u) = J, N I (u).

Lemma 3.26. Let w be an I-indexed string or a band, V be an R,-module and v € H({,€) where
u = x*u’ for some v’ € H(',€') and some letter x which is not of the form s~ for some s € S. Then,

x Z bi®r, V| C Z b; ®r, V.
1€ Jy (u') JE€EJw (u)
Proof. Suppose x = a for a ordinary. For each i € J_ (u') with ab; # 0 we have that ab; = by, for
some h € {i —1,i+ 1} NI, (u) by Lemma B25(i). By Lemma [B:22] this gives a(b; @ V) = b; ® V for
some j € J (u), since h € I, (u). Hence the inclusion holds in case z = a. Similarly one can show the
inclusion holds when x = s by applying Lemmas and B.25](ii).

It remains to consider x = a~! for a ordinary. Let L be the set of i € J,, with v;(w) = £. Let m lie
in the left hand side of the required inclusion, written as a sum m = Y b; ® z; over i € L where each
zi €V.

Let L’ be the set of h € J, (u) C L such that w(h,e) = a~!v for some word v € H(¢',¢'), and note
that for each such v we have v < u’. Let m’ be the sum of the terms b, ® z, as h runs through L'.

For each h € L' with w(h,¢) = a~'v for some v, if we let (k = h — 1 when w(h,€) = (w<p)™!) and
(k =h+1 when w(h,€) = wsp) then v = w(k,€') and ab, = by. This shows that for any h € L’ there
exists k € I, (u) such that ab, = by, and hence ab), ® V =b; ® V for some j € J (u) by Lemma 322

Let W = @b; ® V where the sum runs over ¢ € J (u'). The argument above shows that am’ € W,
and am € W by assumption. Using L” = J(u)\ L’ and L' = L\ J, (u) one may define elements
m”,m"” as above with m = m’ +m” + m'”. Noting that L” = J} (1) we have am” = 0 by Lemma
B:23] and hence am’” € W. By a straightforward application of Lemma [3.22) this means m'” = 0, as
required. (I
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Lemma 3.27. Let w be a string or a band, let w € H({,€) and let V' be an R,,-module. Then we have
D, (M(Cy) ®r, V) € Z bi ®r,, V.

Proof. Let D = D,, say J-indexed. By Lemma [3.24] we can assume J # {0}. Let u(n) = us, (n € J)
and V,, = Zie.};(u(n)) b; ® V. Then Dyp11Vpy1 €V, by Lemma 326 Let m € D= (M(C,) ® V). Let
[ be the length of u when J # N, and when J = N choose | > 0 with m € D<;(0). By Lemma [3:24] we
have m € D<;V;. Combining the inclusions D,,11V,+1 CV,, for eachn =0,...1 -1 gives m € V. O

3.9. Completion of the proof. Let (2 be a set of representatives of the equivalence classes of strings
and bands. If w is an end-admissible word, say I-indexed, let P, be the set of pairs {u, v} where u and v
are words with u~'v = w. Observe that u,v must have the same head and opposite signs. Equivalently

Py = {{(wi) " wsi} i€ I}
For w a string or band, recall there is an associated non-empty finite subset J,, of I.

Lemma 3.28. Let w be an end-admissible word and e = £1.

(i) If w is not finite or periodic, then P, is infinite.
(ii) If w is a string or band, then |Py,| = |Jy|-.

Proof. (i) If w is I-indexed, then each i € I gives a pair {(w<;)™!,w=;}. Suppose P, is finite, but I is
infinite. Then infinitely many of the words (w<;)~! must have the same sign, and then at least two of the
corresponding pairs {(w<;) ™!, ws;} and {(w<;)7, ws;} must be equal. But then (w<;)™! = (w<;)™*
and ws; = w>;, so w is periodic.

(i) The elements in P, are exactly given by the pairs {(w<;) ™!, w=;} with i € J,,. O
Theorem 3.29. Let M, M’ be finite-dimensional R-modules and 6 : M — M’ an R-module homomor-
phism.

(i) We have

dimg M =Y | Jo| dimg Fo,, (M),
weN
and in particular Fe, (M) =0 for all but finitely many w € Q.
(i) If Fe, (0) is an isomorphism for all w € Q, then 6 is an isomorphism.

Proof. (i) Fix a sign € and a vertex £ in Q. For v € H({,¢) and v € H(¢, —¢), we define
Uno(M) = (D)~ (M) + Df (M) 0 (D) (M), Luo(M) = (D)~ (M) + Dy (M) 0 (D) (M).

These are the ‘upper’ and ‘lower’ functors in a ‘two-sided e-filtration’ of the forgetful functor at ¢, obtained
by refining the D, filtration against the D, filtration. By Lemma B.7 we have the following properties.

(@) Lu,u(M) C Uy (M),

(b) if (u,v) # (u',v") then either U, ,(M) C Ly (M) or Uy (M) C Ly, (M),

(c) if S is a non-empty subset of e,M with 0 ¢ S, then there is some pair (u,v) such that S meets
Uyv(M) and does not meet Ly, ,(M).

Namely, for (c), choose u such that S meets (D))" (M) but not (D))~ (M). Then the set S’ defined
by

§'=(D,)” (M) + (S (D))" (M)) = (D))~ (M) + §) N (D) (M)

is non-empty and doesn’t contain 0, so there is some v such that S" meets D} (M) but not D, (M). It
follows that S meets U, (M) but not L, ,(M).

Taking K-bases for the quotients Uy, (M )/ Ly, (M), lifting them to elements of e,M, and combining
them, properties (a)—(c) ensure that we obtain a basis for e,M. Thus

. . Uy w(M
dimg egM = (Z) dim g (TE]W;) .

Let w be an end-admissible word, say I-indexed, and let i € I. Let u = (w<;)~! and v = ws; and
suppose that u has head ¢ and sign €. Then the functors U,, , and L, ,, belong to the two-sided e filtration
of the forgetful functor at £, and by Zassenhaus’ Lemma and Lemma [3.9] we have isomorphisms

Uu,U/Lu7’L) = FD',U,7DU = FDwai = ﬂleDw'

28



Similarly the functors U, ,, and L, , belong to the two-sided (—e¢)-filtration of the forgetful functor at ¢
and
Upu/Low = Fp, p, = Fp, ;= 1 Fp: .

Considering the quotients Uy, /L., which arise in the e- and (—e)-filtrations of the forgetful functors
for all vertices £ in @, we find |P,| copies of twists of Fp, and |P,]| copies of twists of Fp, .

Now if w is not finite or periodic, then P, is infinite by Lemma B.28(i), so Fp, (M) = Fp, (M) = 0.
By Theorem B3] if w is finite or periodic and end-admissible then Fe, = Fp, = FD{U' If wis
end-admissible, and if z is an equivalent word, then it is easy to see that there is some o such that
FCZ = O'ch‘

Now as w runs through representatives of the equivalence classes of end-admissible words, the corre-
spondence mentioned above uses up all quotients in the two-sided e— and (—¢)-filtrations. Thus

dimg M = |P,| dimg Fe, (M)

where the sum is over end-admissible words w which are finite or periodic.

Next we show that Fo, = 0 if w is not relation-admissible. Suppose w contains r* for a relation r.
Then D,, contains 7, and so (Dy,)s; = 7E for some walk E and some i € I. But then ((D,)s;)*(M) =
rE*(M)=0,s0 Fp,;=0,s0 Fp, =0, so Fc, = 0. Similarly, if w contains (7*)~!, consider D/, .

The result follows, using the formula for dimx M above and Lemma [328(ii).

(ii) Suppose F,, (0) is an isomorphism for all w € 2. Then Fp,, (f) and Fp, (f) are isomorphisms for all
end-admissible words w. Thus (U, /Ly, )(6) is an isomorphism for all u,v. Now 6 is a monomorphism.
Namely, if 0 # m € e, M, then taking S = {m}, by property (c) there is some (u,v) with m inducing a
non-zero element of (U, /Ly,»)(M). But then 8(m) induces a non-zero element of (U, /Ly )(M'), so
6(m) # 0. Now by dimensions 6 is an isomorphism. O

Lemma 3.30. Let w be a string or band and V a finite-dimensional R,,-module.

(i) The natural map V — Fo,(M(Cy) ®r, V) is an isomorphism.
(ii) If z is a string or band which is not equivalent to w, then Fo_ (M(Cy) ®g, V) =0.

Proof. (i) Let M = M(C,) ® V. By Theorem there is an element j € I such that either
(a) TCw,j = TDw,j and BCw,j == BDw,ja or
(b) TCw,j = TD’(’JJ’j and BCw,j = BD{uvj'
In particular for a string we take j = 0 and we are in case (a). We deal with case (a). Case (b) is similar.
We have an R,-module homomorphism V' — Hompg(M(Cy), M) = Te, (M), sending v € V to 6,
defined by 60,(m) = m ® v for m € M(C,,). This induces a map V' — F¢, (M), and by Lemma it
suffices to show that the composition

V = Fe, (M) — Fe,, ;(M)

is an isomorphism. Now dimg M = |J,,|. dimg V, so Theorem gives dimg V' > dimg Fe,, ;(M).
Thus it suffices to prove that the composition is a monomorphism. Now the image of 8, under the
map T¢, (M) — ,Tc,, ;(M) considered in Lemma is 0,(b;) = b; ® v. Thus we need to show that
(bj (9 V) n BCw,j(M) =0.

For a string, with j = 0, we can compute the functor Bp,, ; on M and show that b;®VNBp,, ;(M) = 0.
Namely, if w is a string with head ¢ and sign €, then by LemmaB27 any element of Bp,, o(M) is a sum of
terms of the form b; ®v; with i € J,, such that w(i, —¢) < 1y,_ or w(i, €) < w. Since w(0, —€) = 14 _. and
w(0, €) = w, and since the b; with ¢ € J,, give an R,,-basis for M (C,), this means b; @ VNBp,, ;(M) = 0.

For a band, the walk (D,,)s; is of the form E* for some finite walk E. We think of E as a relation.
Then Bp, ; = E' N (E7Y + E' N (E~")” which is the same as E' N (E~!)” by Lemma since
dimg (M) < 0o. Moreover E' = ((Dy,)s;)” (M) satisfies E' Nb; ® V = 0 by Lemma 327 as above.

(ii) Follows from (i) by the dimension formula in Theorem [B.29(1). O

The following result is similar to [I0, Theorem 9.1].

Theorem 3.31. Let u be a string or a band. Let M = @ M (Cy) ®g,, Vi as w runs through a set W of
strings and bands, where each R.,-module V,, is finite-dimensional. Then for each w in W,, = {w € W |
w ~ u} there is an automorphism my, of K such that Fo,(M) = @ r,Vw as w runs through W,

Proof. Let C = C,. For any walk D with D* € H(/,¢), the functors D* commute with arbitrary

direct sums (see for example [I0, Lemma 6.1]). Hence, and by Lemma [3.9] the same is true for the

functor Fo = Fg . When w ~ u we have an automorphism m,, with F¢ = . Fc, . For each w € W let
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My = M(Cy)®r,, Vi By part (ii) of Lemma B30 we have that Fe (M) is the direct sum of the Fo (M)
with w ~ w. By part (i) we have that Fe, (M) = V,, and hence Fo(My) = », Vi for all w ~ w. O

Lemma 3.32. Given a string or band w and a finite-dimensional R-module M, there is an Ry -module
homomorphism v : M(Cy,) ®r,, Fo, (M) — M such that Fe, () is an isomorphism.

Proof. By LemmaBB.g, B¢, (M) is an R,-submodule of T, (M). The splitting property says that there
is an Ry,-complement V with T, (M) = Be,, (M) @ V. For w a string this property holds automatically,
since then R,, is a semisimple artinian ring. For w a band, see Lemmas and [3.2T]

Hence we can identify V as an R,,-module with F (M). The inclusion of V in T, (M) is an element
of Hompg, (V,Hompg(M(Cy), M)), so corresponds to an element v € Homg(M(C,) ®p, V,M). Now,
the composition of the following maps is the identity.

V = Homp(M(Cy), M(Cy) @r, V) = Ten (M(Cy) ®r, V) 220 T (M) = Fo (M) =V

So, the map T¢, (M (Cy) ®g, V) — Fec, (M) is onto, hence so is Feo, (v) : Fe,(M(Cy) ®r, V) —
Fe,, (M). Now it is an isomorphism by dimensions, using Lemma B30 O

The main theorem now follows from the lemma at the start of section 3 of [30], using the indexing
set ), the categories of finite-dimensional R-modules and of finite-dimensional R,-modules, and the
functors M (Cy) ®g, — and F¢, , and applying Theorem and Lemmas 330 and

4. EXAMPLES

4.1. Dynkin and extended Dynkin species of classical type. The indecomposable representations
of quivers of type A,, and A,, are well-known, but using the fact that the path algebras are string algebras,
it is sometimes useful to view them in terms of strings and bands. Using semilinear clannish algebras
one can do the same thing for Dynkin and extended Dynkin species of classical type.

For example the R-subalgebra

AR =mo
[@R=R==
Ao oo

R
0
R
C
of M4(C) is a hereditary algebra of type

s \ (1,2)

CDs3 e s o

7

in the sense of [13]. Let R be the semilinear clannish algebra with K = R, @ of shape
tG 1 —a,9_b .3 s

with all automorphisms in o trivial and with ¢ and s special where g;(z) = 2% — 1 and ¢s(z) = 2% + 1.
There is an isomorphism of R-algebras R — A given by

1000 00 0 0 00 0 0
L0100 L ]oo 0o L ]oo 0o
1 0000 ¢ 00 10| 000 0]
00 0 0 00 0 0 0001
1 0 00 000 0 00 0 0 00 0 0
s o -1 oo N RO b |00 00 L0000
0o 0 o0 of ¢ 1 10 0} 0000 ° 00 0 0
0 0 0 0 00 0 0 00 1 0 000 i
Another example: the R-subalgebra
R 0 0
B=|(cCc C o
H H



of M3(H), where H =R @ Ri & Rj @ Rk is the algebra of quaternions, is a hereditary algebra of type
BC, a2, . @2
in the sense of [13]. The R-subalgebra

R R 0 O
, IR R 0 0
B=lc cc o
H H H H
of M4(H) is Morita equivalent to B, since
0 0 0O
o100
““loo 1o
0 0 01

is an idempotent in B’ with B’eB’ = B’ and eB’e & B. Let R be the semilinear clannish algebra with
K = C, @ as in the first example, 0y = o5 the conjugation automorphism of C, o, = 05 = 1, s and ¢
special, ¢;(z) = 2 — 1 and ¢s(z) = 2% + 1. There is an R-algebra isomorphism R — B’ given by

0 -1 0 0 10 00 0 0 0 O 0 0 0O
i 1 0 00 o1 = 01 00 N 0 0 0 O €3 0 0 0O
0 0 ¢ 0}’ 00 0 0} 00 1 0}’ 0 0 0 0"
0 0 0 = 0 0 0O 0 0 0O 0 0 01
1 0 00 0 0 0O 0 0 0O 0 0 0O
PR 0 -1 0 0 PN 0 0 0O b 0 0 0O < 0 0 0O
0 0 0 0" 1 ¢ 0 0f° 0 00 0}” 0 0 0O
0 0 00 0 0 0O 0 010 0 0 0 j

As for types A, and A,, the classification of the indecomposables for these hereditary algebras is
already known, see [I3], but the examples are instructive, as they provide building blocks for the con-
struction of more complicated algebras.

4.2. Dedekind-like rings. If K is a field, then the prototypical string algebra K[z, y]/{zy) is a ‘Dedekind-
like’ ring whose unique singular maximal ideal is ‘strictly split’ in the sense of [24] Definition 10.1 and
Theorem and Definition 11.3].

On the other hand, if K/F is a field extension of degree 2, then the subring A = F + zK|[x] of
K|[z] is a Dedekind-like ring whose unique singular maximal ideal is ‘unsplit’. Writing K = F(w) where
w? = p+ qw with p,q € F, and setting y = wz, we have A = F[z,y]/(y? — qry — px?).

Suppose now that K/F is a separable extension. Then it is Galois, with group {1, 0}, where o(w) =
q — w. Let R be the semilinear clannish algebra given by the field K, the quiver with a single vertex
and loops a and t, with o, = 0y = o, t special with ¢;(z) = 22 — 1 and a ordinary with the zero relation
a? = 0. Thus R = F{(w,a,t)/I where I is given by the relations w? — qw —p = 0, a? = 0, t? = 1,
aw = (¢ — w)a, tw = (¢ — w)t. The F-algebra homomorphism R — M>(A) given by

_ 2
w 0 »p , a—> W wr , t— L g ,
1 ¢ T wT 0 -1

is easily seen to be an isomorphism. Thus by Morita equivalence, the classification of finite-dimensional
indecomposable modules for R gives a classification of finite-dimensional indecomposable modules for
A. Note that Klingler and Levy [23] have also given a classification of indecomposables for unsplit
Dedekind-like rings.

Noncommutative analogues of Dedekind-like rings have been studied by Drozd [I5] and with the name
‘nodal algebras’ by Burban and Drozd [B]; see also [36]. Assuming that the base field is algebraically
closed, Burban and Drozd classify modules, and more generally objects in the derived category, by
reducing to a Bondarenko matrix problem [4]. It would be interesting to explore examples for other
base fields using our semilinear clannish algebras (or ‘semilinear clans’, as mentioned at the end of the
introduction).
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4.3. Modular representations of the alternating group A4. Let k be a field of characteristic 2, not
containing a primitive cube root of unity, let K = k(w) where w? + w + 1 = 0, and let 0 € Auty(K) be
the automorphism with o(w) = w?. Since the group algebra kA, is self-injective, any finite-dimensional
indecomposable kA -module which is not projective is a module for the quotient A of kA4 by its socle,
and this is Morita equivalent to the semilinear clannish algebra R given by the field K and quiver

a
—
G125
b

with s special, 0, = 1, 0y = 0. = 05 = 0, qs(x) = 2? — 1, and zero-relations ab, ac, ba, cb, c>. Namely,
letting

0 0 wup wus w
r1 X2 0 0 U1
’_ zs x4 0 O Vg
A= { 0 0 xr1T X2 0
0 0 r3 T4 0
0 0 0 0 0 oy

and e = diag(1,1,0,0,1,1), then A’eA’ = A’ and eA’e = A by the description of A in [14, §2]. Writing
E;; for the elementary matrix with a 1 at position (4, j), we have a k-algebra isomorphism R — A’ given
by

€ Mo(K) | zi €k, y,ui,UhWEK}

oS o oow

w 0 0 0 0 O 00 0 0 0O
0 01 0 0 O 01 1 0 00
W 0 1.1 00 O < 0 01 0 0 O
0 0001 o0} 000 1 1 0}
0 00 1 1 O 00 00 1O0
000 0 0 w? 00 0 0 0O
€] — diag(l,0,0,0,0, 1), €9 d1ag(0, 1, 1, 1, 1,0), at— E26 +W2E36, b— E14 +W2E15, (s E16.

4.4. Algebras arising from surfaces with orbifold points of order 2. Triangulations of surfaces
lead to gentle algebras, which are a special case of string algebras. In the work of Geuenich and Labardini
[20], orbifold points of order 2 are also allowed, and this leads to new algebras involving field extensions.

For example if the relevant field extension is C/R and the triangulation includes a triangle which
contains two orbifold points, as in [20, Definition 5.2(2)], the building block for the algebra is given by
a species with potential, but it is isomorphic to the clannish R-algebra given by the quiver

G,

N,

with relations ab = 0, bc = 0, ca = 0 and s and ¢ special with polynomial 22 4+ 1. We are grateful to Jan
Geuenich and Daniel Labardini-Fragoso for help with this example.

4.5. Dieudonné modules. Let K be a perfect field of characteristic p > 0. The ring W(K) of Witt
vectors is a discrete valuation ring with maximal ideal (p) and residue field K. The Frobenius auto-
morphism o of K lifts to an automorphism & of W(K). A Dieudonné module is a W (K )-module M
equipped with a #-semilinear map F : M — M and a 6 !-semilinear map V : M — M satisfying
FV =VF =ply, see [12, V,§1,3.1]. Such modules appear in connection with the classification of finite
group schemes.

Clearly the Dieudonné modules annihilated by p are representations of a semilinear string algebra
over K given by the quiver with one vertex and ordinary loops V and F, with op = 0, oy = o~ ! and
VF=FV =0.

4.6. Existence of F-Crystals. To study the existence of F-crystals, Kottwitz and Rapoport [25] are
led to consider configurations of vector spaces and mappings which amount to representations of the
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semilinear string algebra R given by an algebraically closed field K of characteristic p > 0, the quiver
1 1 \%]
N
0
%o (\Jf/)o T>

(the ‘double’ of a quiver of type fln) with all automorphisms o, and oy, being integer powers (positive,
negative or zero) of the Frobenius automorphism, and with the zero relations v¢;¢; = 0 and ¢;¢; = 0.
Ringel [31] used the string and band classification of indecomposable representations of R to give a new
proof of Theorem 6.1 of [25], which states that if V' is a non-zero representation of R such all the vector
spaces V; have the same dimension, then V has a subrepresentation W such that all W; have dimension 1.
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