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Abstract
In 1974, Kundu showed that for even n if 7 = (dy, ..., d,) is a non-increasing degree
sequence such that Di(7) = (dy — k,...,d, — k) is graphic, then some realization of 7

has a k-factor. In 1978, Brualdi and then Busch et al. in 2012, conjectured that not
only is there a k-factor, but there is k-factor that can be partitioned into k& edge-disjoint
1-factors. Busch et al. showed that if K < 3,d; < 5§+ 1, or d,, > § + k — 2, then the
conjecture holds. Later, Seacrest extended this to £ < 5. We explore this conjecture
by first developing new tools that generalize edge-exchanges. With these new tools, we
can drop the assumption Dy(7) is graphic and show that if dg, —g,+x > d1 —dp +k—1,
then 7 has a realization with k& edge-disjoint 1-factors. From this we show that if
dy, > D=L or Dy(7) is graphic and di < max{n/2 +d, —k, (n + d,)/2}, then the
conjecture holds. With a different approach we show the conjecture holds when Dy(7)
is graphic and dyin(2 p(m)-1} > ["”’2’“—8] where m(m) = max{i : d; > i—1}. Forr < 2
Busch et al. and later Seacrest for r < 4 showed that if Dy (7) is graphic, then there is
a realization with a k-factor whose edges can be partitioned into a (k — r)-factor and
r edge-disjoint 1-factors. We improve this for any r < max{min{k,4}, %} As a
result, we can show that if Dy (7) is graphic, then there is a realization with at least
2L§J edge-disjoint 1-factors.

1 Introduction

For an undirected graph G = (V, E) with vertex set V' = {vy,...,v,} and edge set E, we let
(degg(v1), ..., dega(vy,)) denote a degree sequence of G. We say a sequence m = (dy, ..., d,)
is graphic if it is the degree sequence of some graph, and call that graph a realization of 7.
We let R(m) be the set of realizations of 7, and we let 7(G) be a degree sequence of a graph
G and shorten R(7w(G)) to R(G). We say a degree sequence (dy,...,d,) is non-increasing

3National Institute of Standards and Technology, Computer Security Division, Gaithersburg, MD;
james.shook@nist.gov.

40fficial Contribution of the National Institute of Standards and Technology; Not subject to copyright in
the United States.


http://arxiv.org/abs/2205.01645v1

if di > ... > d, and positive if d; > 1 for all 2. In this paper we will assume all degree
sequences are non-increasing and only consider graphs and realizations that have no loops
or multi-edges.

In 1974, Kundu [15], followed by Chen [§] in 1988 with a short proof, gave necessary
and sufficient conditions for a degree sequence to have a realization with a spanning near
regular subgraph. We call a spanning k-regular subgraph a k-factor. Since this paper is only
concerned with k-factors we present the regular case in Theorem [I]

Theorem 1 (Regular case of Kundu’s k-factor Theorem [I5]). Some realization of a degree
sequence (dy, . ..,d,) has a k-factor if and only if (dy — k, ... ,d, — k) is graphic.

For a sequence m = (dy,...,d,), we let Dy(m) denote the sequence (dy — k,...,d, — k)
and ™= (n—1—d,,...,n—1—d;). Busch, Ferrara, Hartke, Jacobson, Kaul, and West [7]
showed that if both 7 and Dy (w) are graphic, then for r < min{3, k}, there is a realization
of m with a k-factor that has r edge-disjoint 1-factors. Later, Seacrest [24] improved this
to r < min{4, k}. This naturally leads one to wonder how large can r be? Brualdi [6] and
Busch et al. [7], independently, conjectured that r = k.

Conjecture 1 ([6] and later in [7]). Some realization of a degree sequence (dy, ..., d,) with
even n has k edge-disjoint 1-factors if and only if (dy — k,...,d, — k) is graphic.

Conjecture [Il does not hold for every even order k-regular graph since for some natural
number t, the 2¢-regular graph that is the disjoint union of two complete graphs each with
2t 4+ 1 vertices does not have a 1-factor. However, finding 1-factors in k-regular graphs is
well studied [21], 22, 23], and we make use of some of those results here.

For k > 2[%] — 1, the well known 1-factorization conjecture (See [9] by Chetwynd and
Hilton) implies that every k-regular graph can be partitioned into k edge-disjoint 1-factors.
The same 2t-regular graph we mentioned before shows the lower bound on k is best possible.
In a fantastic paper Csaba et al. proved the 1-factorization conjecture for n sufficiently large.

Theorem 2 ([10]). There exists an ng € N such that the following holds. Let n,k € N be
such that n > ng is even and k > 2[%] — 1. Then every k-regular graph G on n vertices can
be decomposed into k edge-disjoint 1-factors.

A positive resolution of the the 1-factorization conjecture would prove Conjecture [ for
large k, and thanks to Csaba et al. we know Conjecture[Ilis true for large k and n sufficiently
large.

One may think increasing the edge-connectivity of k-regular graphs would produce many
edge-disjoint 1-factors. The classic example of this idea is by Berge [4] and expanded on in
[5, 14, 20, 25].

Theorem 3 ([4]). All even ordered (k — 1)-edge-connected k-regular graphs have a 1-factor.

For large k, we made use of Theorem Blin [26] to find a realization with a k-factor that
has many edge-disjoint 1-factors. However, this approach maybe limited since Mattiolo [1§]
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Figure 1: Ky 1 % [,

presented k-regular k-edge-connected graphs that cannot be partitioned into a 2-factor and
k — 2 1-factors.

Along with requiring the connectivity of a graph G and it’s complement G, Ando et al.
[1] showed that bounding the difference of the maximum degree and minimum degree of G
would yield a 1-factor in either G or G. Ignoring the connectivity requirement we are able to
show that bounding the difference d; — d,, for a non-increasing degree sequence (d; ..., d,)
can tell us if there is a realization with many edge-disjoint 1-factors.

Theorem 4. Let m = (dy,...,d,) be a non-increasing positive degree sequence with even n.
For a positive integer k < d,,, if

diy—dgp4+rx > dy —dp +k —1, (1)
then there is some G € R(w) that has k edge-disjoint 1-factors.

Note that, unlike Conjecture [I in Theorem [ we did not require Dy(7) to be graphic.
For kK = 1 and ¢t > 1, Theorem [ is best possible since the split graph (See Figure [I))
joining every vertex of a complete graph K;,; with every vertex of an independent set
Iy has a non-increasing degree sequence (dy,...,d,) such that d; = 2t + 1, d,, = t, and
dy—d,=t+1>dg_4,+1 =t yet does not have a 1-factor. However, for £ > 1 we think we
can do better. Our motivation for this comes from Corollary

Corollary 5. Let m = (dy,...,d,) be a non-increasing positive degree sequence with even n.
For k <d,, if
dd1—dn+1 >dy—d,+k—1, (2)

then there is some realization of © that has a k-factor.

Proof. Assume (2)) is true. The Corollary follows directly from Theorem 4] when & = 1. Let
t be the largest integer such that D,(7) = (q1, - - -, ¢n), where ¢; = d; —t, is graphic. Kundu’s
k-factor theorem implies that Dy (7) is not graphic, and therefore, no realization of D;(7)
has a 1-factor. This implies g4, —q,+1 < @1 — @n. Since ¢ — ¢, = di — d,,, we have along with
(@) that

ddl_dn"rl —t= Qgi—gn+1 < q1 — Qn = dy —d, < ddl_dn+1 - (k - 1)
Which can only be true if ¢t > k. O



Observe that if Conjecture [ is true, then Corollary [Blimplies there is a realization with &
edge-disjoint 1-factors. This naturally motivates Conjecture [2] as a interesting step towards
answering Conjecture [II

Conjecture 2. Let 7 = (dy,...,d,) be a non-increasing positive degree sequence with even
n. For a positive integer k < d,,, if

diy—dyy1 > dy —d, + k=1, (3)
then there is some G € R(w) that has k edge-disjoint 1-factors.
If we first insist Dy () is graphic, then we can use Theorem Ml to prove Theorem

Theorem 6. Let m = (dy,...,d,) be a non-increasing positive degree sequence with even n
such that Dy(m) is graphic. If

Ap1—(dy—dp k) <1 — (di = dn), (4)
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then m has a realization with k edge-disjoint 1-factors.

Proof. Let ¢; = d; — k. We focus on D(7) and consider its complement Dy(7) = (4, ...,G,)
where G, =n — 1 — ¢,11-;- We have by () that

An+1—(q1—gn+k) = dn—i—l—(dl—dn-‘rk) —k <n-— (dl - dn) —k=n-1- (611 —Qn + k— 1)

From this we can show

G- thk=—1=qg—gu+tk—-1<n—1=Gur1-(q—gu+k) = Ty gtk = Tg,—7, +k*
Therefore, by Theorem [, Dy (7) has a realization with & edge-disjoint 1-factors. Thus, those
k edge-disjoint 1-factors can be added to a realization of Dy(7) to create a realization of 7
with k£ edge-disjoint 1-factors. O

Note that if Conjecture 2 holds, then ) can be improved to d,,—(4,—q,) < n — (di — dy).

For a non-increasing degree sequence 7, the modified Durfee number is defined as m(mw) =
max{i: d; > i—1}. The modified Durfee number has appeared in the literature many times
before and we will make use of it here.

Theorem 7. Let m = (dy,...,d,) be a non-increasing positive degree sequence with even n

such that Dy(m) is graphic. If ding 2 m(m) -1y > ["Jr?’;_g-‘ or ["Jr;’_k-‘ > dmax{%+1,n+2—m(m)}’

then 7 has a realization with k edge-disjoint 1-factors.

We used a different strategy in the proof of Theorem [ than we used in the proof of
Theorem [l and we suspect that the argument can bear more fruit. Currently, if Theorem [
does not hold, then m(7) < [2E2E=8] 4+ 1 or 2 + 1 < m(m) < £ + 6 when k = 6. We would
not be surprised if the proof could be modified to improve the bounds on m(7) or answer

the conjecture for k = 6.



In [7] the authors showed that if Dy (7) is graphic and d,, > §+k—2ord; < "TH, then some
realization of 7 has k edge-disjoint 1-factors. We have improved these bounds considerably.
Theorem M shows that if d,, > %, then Dy (7) is graphic and some realization of 7 has k
edge-disjoint 1-factors. If we first assume Dy (7) is graphic, then we can show

n n+d,
dlgmax{§+dn—k, B }

is sufficient. Theorem [0l shows that d; < ”gﬁ is enough, and the other inequality follows
from Theorem [4] after an application of Lemma [l

Lemma 1 (Proved by Li in [I6], but we use the form given by Barrus in [2]).

n+ 1, ifdm(ﬂ) = m(w) -1
n, otherwise.

mm+mﬁ:{

To see this, we first observe that Theorem [ says that if m(7) > d; — d,, + k, then

Conjecture [l holds. Let Dy(7) = (¢y,.-.,q,) where g; =n — 1 — d,41_; + k and assume by
contradiction that m(n) < dy —d,+k—1and m(Dy(7)) <q¢, —¢q,+k—1=dy—d,+k—1.

Since m(7T) < m(Dy(7)) < m(T) + k we have

n < m(m) +m(T) <m(r) +m(Dg(r)) < 2(dy —d,, + k—1).

This implies the contradiction

m(m) + m(Dg(7))

dy > 5

tdy— k125 +dy k41

Thus, either m(7) > dy — d, + k — 1 or m(Dy(7)) > g, — q,, + k — 1. Applying Theorem [
to either 7 or Dy(m) we can find a realization of 7 with k edge-disjoint 1-factors. Note that
we actually proved the stronger bound

m(m) + m(Dg (7))
2

dl < + dn —k+ 1a
and if Conjecture [2 is true then we can modify this argument to show Conjecture [I] holds
for dy — d,, < mOAmDem) _q
n — 2 .
When d,, > § + 2, Hartke and Seacrest [13] showed there is a realization with f(d,,n)
edge-disjoint 1-factors where

dn—2+\/n(2dn—n—4)J

) = | S

Our lower bound on d,, improves their bound when d,, — f(d,,n) > d; —d,,. Which is true for
the vast majority of possible d; for any given n and d,,. To see this, we can use the rough lower
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bound d,, > 2f(d,,n) and d,, > n/2+2 to show any d; < 3n/4+3 < 3d,/2 < 2d,, — f(d,,n)
will do.

We now turn to the weaker question of how many edge-disjoint 1-factors a k-factor in
some realization can have.

In [26] we expanded on a result of Edmonds [I2] that gave necessary and sufficient
conditions for when a degree sequence has a maximally edge-connected realization. One of
the things we showed is that if G is a simple graph with minimum degree two and has a
1-factor F', then there is a realization of R(G) that is maximally edge-connected with the
subgraph G — E(F'). This result can be used to require the realization given by Conjecture [I]
to be maximally edge-connected when d,, > 2. In the same paper we proved a more general
result that along with Theorem [B] we used to prove a partial result of Conjecture [II

Theorem 8 ([26]). Let m = (dy,...,d,) be a non-increasing degree sequence with even n
such that Dy(n) is graphic. Ifk > % +r—1ork >n—1—d,+2(r—1), then 7 has a
realization with a k-factor that has v edge-disjoint 1-factors.

If k> %1 + r — 1, then since d,, > k > W, Theorem [ is stronger than Theorem [
when k£ < 2r—1 and Theorem Rlwould be stronger for large k£ and n. Interestingly, Theorem 3]
is traditionally proved with a structure we rely on in this paper. So it maybe possible to
directly use the techniques in this paper to prove or even improve Theorem (8

Seacrest [24] showed that for » < min{4, k} there is a k-factor with r edge-disjoint 1-

factors. We are able to show there is a k-factor with at least L%J edge-disjoint 1-factors.

Theorem 9. Let m = (dy,...,d,) be a non-increasing positive degree sequence with even n.
For a positive integers k < d,,, if Dy(m) is graphic and

r < max { min{k, 4}, %},

then there is some G € R(w) that has a k-factor with r edge-disjoint 1-factors.

If some realization of (n — 1 —dy,...,n — 1 —d,) has a k'-factor then we can make use
of Petersen’s 2-factor theorem [19] to improve Theorem [ Recall that Petersen showed that
any 2r-regular graph can be partitioned into r 2-factors.

Theorem 10. Let m = (dy,...,d,) be a non-increasing positive degree sequence with even
n. For non-negative integers r < k < d, and k' <n —1—d; such that k" is even and r = k
mod 2, if Dy(m) and n’' = (di +K',...,d, + k') are graphic and

k+E + 3}

r < max { min{k, 4}, 3

then there is some G € R(w) that has a k-factor with r edge-disjoint 1-factors.

Proof. Note that Dy (7') = Dg(m). Since 7" and Dy (7’) are graphic and non-increasing
we have by Theorem [ that 7’ has a realization G with a (k + k’)-factor F' with an r-factor

6



Fy made up of r edge-disjoint 1-factors. Since k+ k' —r is even we can use Petersen’s 2-factor
theorem to split F'— E(Fp) in to %/_T 2-factors. We may then select k;" of those 2-factors
and add them to G — E(F) + E(Fp) to construct a realization of m with a k-factor that has

r edge-disjoint 1-factors. O

We can weaken our requirements even more by asking how many edge-disjoint 1-factors
can a realization of a graphic sequence 7 have if Dy () is graphic?

Seacrest [24] showed that if Dy(7) is graphic, then there is a realization of 7 with |£ | +2
edge-disjoint 1-factors. Seacrest did this by first finding a realization with a k-factor that
has r edge-disjoint 1-factors for some r = k£ mod 2. In particular, Seacrest used r = 3 when
k is odd and » = 4 when k is even. Seacrest then took the remaining part of the k-factor
and applied Petersen’s 2-factor theorem to split it into edge-disjoint 2-factors. Seacrest then
visited each 2-factor and performed multi-switches, which are defined similarly to the edge-
exchanges given in Section [3 of this paper, to construct at least one additional 1-factor while
leaving existing 1-factors and 2-factors intact. This process results in a realization with -
edge-disjoint 1-factors and possibly no k-factor. By Theorem [Q there is an r > L%J such that
k — r is even. This implies that if Dy(7) is graphic, then there is a realization of 7= with at

least .
ktr k+[5] 22“J

2 - 2 3
edge-disjoint 1-factors.

We have shown that Dy (m) being graphic results in a realization of 7 with many edge-
disjoint 1-factors. Thus, it was reasonable to pose Conjecture [II We suspect answering the
conjecture for the £ = 6 case will either lead to a counter example or yield some new tools
for larger k. As it is, the conjecture has allowed us to study a generalization of the classic
edge-exchange, defined in Section [3] that we used heavily in our work. The idea has been
explored before by Seacrest in [24]. However, our presentation is different and our results
seem to be new and maybe of independent interest outside of this conjecture.

In Section 2] we present terminology and the Gallai-Edmonds Structure Theorem. In
Section [3 we present a generalization of the classic edge-exchange and prove lemmas that we
use extensively in our proofs. The proofs of our main results can be found in the rest of the
sections.

2 Terminology and Definitions

For notation and definitions not defined here in this paper we refer the reader to [11]. We
let K,, denote the complete graph on n vertices. We will denote G as the complement of a
graph G. We say a graph is trivial if it has a single vertex. For a graph G = (V, E) and
disjoint subsets X and Y of V' we let eq(X,Y) be the number of edges with one end in X
and the other in Y. For a matching M, if u € V(M), then we let wy,; denote that unique
neighbor of u in M. Moreover if U C V(M) we let Uy, = {Uy||Vu € U}.

Let G be a graph. We let o(G) be the number of odd components in G. For S C V(G)
we let defg(S) = o(G — S) — |S], and let def(G) = maxgcy(g) defe(S). The Berge-Tutte
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Figure 2: Edge-exchanges with length 2 and length 4, respectively.

Formula [3] says that if G has n vertices, then the maximum size of a matching in G is
3(n — def(G)). If every subgraph obtained by deleting one vertex from G has a 1-factor,
then we say G is factor-critical. If a matching in G covers all but one vertex, then we say
the matching is near-perfect.

In a graph G, the Gallai-Edmonds Decomposition of G is a partition of V(G) into three
sets A, C, and D such that D = V(G) — B where B is the set of vertices that are in every
maximum matching of G and B = AU C where A is the set of vertices of B with at least
one neighbor in D. The Gallai-Edmonds Structure Theorem (See [27] for a short proof and
history.) is an important tool for our work and we present it below before beginning our
proofs.

Theorem 11 (Gallai-Edmonds Structure Theorem). Let A,C,D be the sets in the Gallai-
Edmonds Decomposition of a graph G. Let G1,...,Gy be the components of G[D]. If M is
a maximum matching in G, then the following properties hold.

(I) M covers C' and matches A into distinct components of G[D].

(II) Each G; is factor-critical, and M restricts to a near-perfect matching on Gj.
(III) If ) # S C A, then Ng(S) has a vertez in at least |S|+ 1 of Gy,...,G.
(IV) def(A) = def(G) = k — |A|.

3 Edge-Exchanges

The standard operation for passing from one realization G of a degree sequence 7 to another
realization consists of exchanging two edges vxy and ziu from G with two edges xou and vy
from G. This operation, see the left side of Figure [, is commonly called an edge-exchange
or a 2-switch. However, we will need a more general form of edge-exchanges and we present
it from the perspective of an edge coloring of K,.

Consider an edge coloring of K, with natural numbers {1,...,t}. We let Hy,..., H,
denote the subgraphs of K, where H; is formed by all edges colored j. We say the colors of
edges vy an xou can be exchanged if there exists a natural number [ and a list of 2/ distinct
edges

(vZo, ToU, V1, T1U, . . ., VX1, Tj_1U)



such that z;u and vx;;; have the same color for all ¢ modulo [. Indeed if we exchange the
colors of vz; and x;u for all + modulo [, then we would create another edge coloring of K,
with color classes Hj, ..., H; such that H} € R(H;). The right hand side of Figure 2] shows,
as an example, the exchange (vxg, Tou, vry, T1u, VT2, Tou, vI3, x3u). We often just say two
edges can be exchanged when it is clear we mean exchanging their colors. If z;u and vz, are
not the same color for 7 < [—1, then we call the list a near exchange with length /. For a near
exchange or exchange L = (vxg, Tou, V1, T1U, . . ., 021, Ty_1u) we let X (L) = {xo,...,x1_1}.

The rest of this section focuses on exchanging edges where the first edge is in H;. However,
in later sections we will want to consider exchanges that start with an edge of Hj so it is
important to point out that all the results in this section still hold when every occurrence of
H, or Hy are swapped with each other.

Let L be a vxy and zou exchange. If for any H; there is at most one z; € X'(L) such that
vx; € E(H;), then we call L simplified.

Lemma 2. Let Hy, ..., H; be the subgraphs formed by coloring every edge of K, with some
integer in {1,...,t} such that H; is a spanning reqular graph for j > 3. For edges vz, €
E(Hy) and xou ¢ E(H,), if L is an exchange for vrg and xgu, then there exists a simplified
vxg and xou exchange L' with X(L') C X(L).

Proof. Let L = (vxg, xou, vry, 14U, . .., 021, ;_1u) be the shortest counter example. Thus,
there is a z; and a z; in X'(L) with j < ¢ such that both vz; and v, are in E(H;) for some
1. We have a contradiction since we can create the shorter exchange

L' = (g, mou, . . ., VL1, Tj_1U, VT, Tyl . . ., VL)1, T1—1U)
with X (L)) C X(L). 0

Lemma 3. Let Hy, ..., H; be the subgraphs formed by coloring every edge of K, with some
integer in {1,...,t} such that H; is a spanning reqular graph for j > 3. For edges vz, €
E(Hy) and xou ¢ E(Hy), if vrg and xou cannot be exchanged, then a longest near edge-
exchange using vxry and rou ends with an edge of Hs.

Proof. Let L = (vxg, Tou,vxy, T1, . .., 021, T;_1u) be a longest near edge-exchange. If
there is some z;u € E(Hy), then (vzo, zou,...,vz;,x;u) would be an edge-exchange since
vxg € E(Hy). Suppose z;_ju € E(H;) for some j > 3. Since H; is regular and u and v are
incident to the same number of edges of H; in {vxg, zou, ..., va;_1,z;_1u} there must be an
7 € Ny, (v) — X(L). However, (vzo, Zou, . .., vT_1, 11—1u, vy, 1ju) would be a longer near
edge-exchange contradicting our choice of [. O

Lemma 4. Let Hy, ..., H; be the subgraphs formed by coloring every edge of K, with some
integer in {1,...,t} such that H; is a spanning reqular graph for j > 3. For edges vz, €
E(Hy) and zou ¢ E(H,), if there is a y € Ng,(v) N Ny, (u) or ay € Ny,(v) — Ny, (u) and
ay" € Ng,(u) — Ny, (v) such that yu and vy’ have the same color, then vzy and xyu can be
exchanged.



Proof. Suppose vxy and zou cannot be exchanged. Let (vxg,zou,...,vx;_1,r_1u) be a
longest near exchange. By Lemma B x;_ju € E(H;), and thus, there is a smallest j such
that z;u € E(H,). However, we have a contradiction since

(vxo, Tou, . . ., VT;, TjU, VY, YU)
is an exchange when y € Ny, (v) N Ny, (u) and otherwise,
(vxo, Tou, . . ., VT4, TU, VY, Yu, vy, Y U)
is an exchange. O

Lemma 5. Let Hy, ..., H; be the subgraphs formed by coloring every edge of K, with some
integer in {1,...,t} such that H; is a spanning reqular graph for j > 3. For vertices u and

v, let X = {I(()l), . x(()‘X| } where X C Ny, (v) — Ng, (u). If
degu, (u) = degu, (v) — | Ny (u) N N, (0)] + [ X 0 N, (u)], ()

then there exists a set L = {LM ... LUXD} such that LV) € L is a UZE(()j) and :B(()j)u exchange

and
X(LYNX(LYD) =0

for j # 1.
Proof. Trivially, X((va{?, 29u)) = {a{’}. Thus, there exists a set {L®, ... LIXD} and an
1 < f <|X|, where

LU = (UZE(()j), :E(()j)u, v:vgj), :Egj)u, o ’sz({j)>_1’ :)sl((];))_lu)

is an exchange for 7 < f and a near exchange for 7 > f with
X(LOYNX(LYD) =0

for all 7 # j, such that
1 X

21X (6)

is maximized.
Let YV = U‘X| X(LY). Suppose there exists an s > f such that xl(fs))u € E(H,;) for

some 7 > 3. Since a:(] Ju and vxgi)l are the same color for all j and ¢t we know that for each

LU) 4 is incident with at least as many edges of H; than v. Since H; is regular and wu is

incident with one more edge of H; than v in L there must be an z; € Ny, (v) —Y. However,

(vx((f), ZL’(() T U:El( )1, xl(s)lu vxl(s), :)sl( )u) would be a longer near edge-exchange contradicting

the max1mahty of ([@). Thus, every a’,, u € E(Hs).

We can rewrite () so that

1) —1

degm,(v) 2 degp,(w) =[N, (u) N Ny ()| + [ X O Np, (w)| = [N, (1) = Ny (0) [+ [ X O N, (w))].
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Since Y N Ny, (u) N Ny, (v) = X N Ny, (u) we have that

Y N Ny,(u) C Ny, (u) — (Ng, (v) — X).
Furthermore, we have

X (LD) N Ny ()] = |2 (L) N N, (0)]

for j < f and ' .
X (LD) N Ny ()] = | X (LY) N N ()] + 1

for j > f. Therefore, there is an z; € Ny, (v) — Y since
degy,(v) > |Ng,(u) — Ng, (v)| + | X N Ny, (v)] > |Y N Ny, ()| > |Y N Ny, (v)].
However, we have a contradiction to ([]) since
(vzg, Tol, . . ., VTI_1, Tj_1U, VT, TjU)
would be a longer near exchange than L), O

Lemma 6. Let Hy,..., H; be the subgraphs formed by coloring every edge of K, with some
integer in {1,...,t} such that H; is a spanning regular graph for j > 3. For vertices u
and v, let X = {I(()l), : ..,iEé'XD} where X C Ny, (v) — Ny, (u) such that | X N Ny, (u)] <
|NH2(U> - NHQ(U>| If

| X = N (w)] + [N, (v) = Nogy (u)| > [Nay (w) = Ny (v) = Nay (0)]
then there exists a x )€ X such that vx ) and x(()j)u can be colored exchange.
Proof. Trivially, X ((vz{’, 2¥'u)) = {z{’}. Thus, there exists a set {L, ..., LIXD}, where

LY = (028, 290, 02 29, ,vx(fj)) . I((JJ)) )

is a near exchange for 1 < j < |X| with
X(LDYNX(LD) =0

for all 7 # j, such that
1 X

S 1(L) @

is maximized.
Let Y = U'X‘ X(LW). Suppose there exists an s such that x( S))u € E(H;) for some

¢ > 3. Since x§ )y and vy +)1 are the same color for all j and ¢ we know that for each

LU) 4 is incident with at least as many edges of H; than v. Since H; is regular and u is
incident with one more edge of H; than v in L there must be an x; € Ny, (v) —Y. However,
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(s 2u, vl 2w, vl 2Pu) would be a longer near edge-exchange contradicting

the maximality of (@). Thus, every z, ,u € E(Hs).
If there is an x; € Np,(v) — Np,(u) not in Y, then

1 @ 1 (1) 1) 1)
(vxg s g w0y T U, VT T U VT, TV

is a longer near exchange that contradicts (). Thus, Ng,(v) — Ng,(u) C Y.

Given a z € (X — Ny, (u)) U (N, (v) — Ng,(u)) there is an L®) and a j such that a:js) = z.
Thus, there is a smallest f > 1 such that x§i2 s € Nu,(u). By the minimality of f we know
that :L"g?f ¢ Np,(v). If :L"g?f € Ny, (v), then

(vx((]s), x(()s)u, vxgs), xgs)u, e ng-?f_l)

would be an exchange. This implies that 2!*,_, € N i, (u)—Ng, (v)—Ng, (v). We may further

J+f-1
note that 2%, ¢ (X — N, () U (N, (v) — Nig, (w)) for any 1 <4 < f since va'®); € Ny, (v)
or SL’E?Z € Npg,(v) which implies I§?i_1 € Npg,(u). Thus, we have the contradiction

(X = Nz (u)) U (Ni, (v) = N (u))| < [Ny (1) = Ny () = Nigy (0)]. N

4 Proof of Theorem /4

Proof. We will assume every G € R(w) has vertex set V' = {vy,...,v,} such that degg(v;) =
d;. Let r < k be the largest integer such that there is a realization of = with r edge-disjoint
1-factors. By contradiction we assume r < k — 1. Let G be the set of tuples of the form
(G, F,t) where G € R(w), F is an r-factor of G whose edges can be partitioned into r
1-factors, and vy ¢ V(M) for some maximum matching M of G — E(F).

(C1) We choose a (G, F,t) € G such that def(G — E(F)) is minimized, and
(C2) subject to|(C'1), we minimize ¢.

Let My,..., M, be a partition of E(F') into r edge-disjoint 1-factors. Furthermore, we
let M be a maximum matching of G — E(F") that misses v;. Let @ = {vq,...,v_1}.

Let H, = G — E(F) and Hy, = G, and note that Hy, Hy, Hs, ..., H,,, where H; = M;_,
for ¢ > 3 represent a coloring of the edges of K,,. Thus, any edge-exchange involving any H;
corresponds to a (G, F',t') € G.

Let A,C,D be a Gallai-Edmonds Decomposition of H;. We know that D is not empty
since our assumption is that H; does not have a matching. We let D’ C D be the largest
set such that for every u € D’ there is a matching M, in H; that misses both v and v; such
that E(M, — V(D)) = E(M — V(D')). We know D’ is not empty since M misses v; and
some other vertex. Let A C A be all vertices in A adjacent in H; to a vertex in D'

Claim 4.1. Ny, (u) CA' CQ forallu e D'

12



Proof. Suppose there is a v € Ny, (u) not in ). Consider a maximum matching M, of H;
that misses both u and v;. By Lemma[4lwe may exchange v,u and wv to find a (G', F',t') € G.
However, we have a contradiction since M, + {v;u} is a maximum matching in G’ — F’ that

violates |(C'1)} O

Claim 4.2. wy, € D' for every w € A’

Proof. Suppose there is a w € A’ such that wy, € D — D’. By definition of D', for any
u € Ny, (w)ND' there is a M, that misses u and v; such that E(M,—V (D)) = E(M -V (D’)).

However, since M' = M, — {wwy} + {wu} is a maximum matching that misses v; with
EM —V(D'U{wy})) = E(M —V(D'"U{wy})) we have that D' U {wy,} is a larger set
than D'. O

Claim ATl implies every component of H;[D’] is a single vertex. By Claim and |(I11)
we have that |D’| > |A’|. Therefore,

em (D', A) 2 |D'|(dn — 1) > |A|(dn —7)

and by the pigeon hole principle there is some vertex s € A’ adjacent in H; to at least
d, —r + 1 vertices in D’.

Claim 4.3. @ is complete in G to A’ U Ny, (v).

Proof. Suppose there is a w € @ and v € A" U Ny, (v;) that are not adjacent in G, and let
u € Ny, (v) N D'. By definition of D there is a maximum matching M, of H; that misses
u. By w and Wy, are in separate components of H;[D], and therefore, uwy, ¢ E(H,).
By Lemma [] and Lemma [2 there exists a simplified Wy, w and uwy, exchange that when
exchanged creates another (G', F”,t') € G with the matching M, — {wy,w} + {Wy,u} of

G’ — E(F') that violates [(C2) O

Since s € A” C @ we have by Claim A.3] that s is adjacent in G to every vertex in
Q — {s} U N, (v;). Thus,

|Q — {s}| < dega(s) — [N, (s) — Q| — [Nr(s) — Q)
< di = [N, (s) N (D" = {ve})| = [Nm, (s) N {vi} — [Np(s) — Q)
<dy = (dny =7 +1) = [Ng,(s) N {ve}| = [Np(s) — Q|
=dy—d,+1r—1—|Ng,(s) N {v}| — |[Nr(s) — Q.

Since s € @ we have that |Q| < dy —d, +r — |Ng, (s) N{v}| — | Nr(s) — Q|. However, since
|Q| =t — 1 we have by () that

dy = dig|+1 = day—dptr+1 = dgy—dpk = di —dp +k —12>dy —dy, + 1.

Suppose Ng,(s) N D' C Ny, (v;). Let X = {x} for some x € Ng,(s) N D'. We let M,
be a maximum matching in H; that misses both = and v,. Since degy, (v;) > di — d,, and
|Ng, (ve) N Ny, (s)| > d,, — 7+ 1, and | X N Np,(v)| = 1 we have that

degm, (8) — | N, (v)) "Ny, (8)| +| X NNy, (v)| < dy—r—(dy—r+1)+1 =dy—d, < degy,(vy).
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Therefore, by Lemma [Bl and Lemma [2] there exist a simplified v,z and xs exchange that
when exchanged creates another (G', F',t') € G such that M, is a matching of G’ — E(F").
However, this violates since M, + {vz} is a larger matching of G' — E(F”). Thus,
Ny, (s) N D' N Ng(v) # 0.

Let X = Ny, (s) N D'N Np(vy), and observe X = X — Ny, (v;) and Np(s) N Ny, (v;) =
Ny (0) — Niy(s) — Niy(s). 1 |X| + |Nigy(5) — Nagy(00)] > [Ne(s) 0 Nigy (w)], then’ by
Lemma [6] and Lemma ] for some x € X there exists a simplified v;& and xs exchange
that when exchanged creates another (G', F’;t') € G. Note that since the exchange was
simplified M — {sz} is a matching of G' — E(F"). If v ¢ V(M), then M + {vz} is a
matching of G’ — E(F’) that contradicts [[CL)] If z € V(M), then since T); € Q we have
that M — {2Zy} + {vr} is a matching of G’ — E(F”') that violates [[C2)] Thus, we are left
with the case

[Ne(s) N Nigy(0r)] 2 [X |+ [Niy(s) = Nay (i) 2 | X[+ [N, () 0 N (wr)]. (8)

From (8)) we have

|NF(s) = Nuy(ve)| = [Np(s) N Np(ve)| + [Np(s) N Ny (ve)|
> |Np(s) N Np(ve)| + [ X[ + [Np,y (s) N Np(vr)]
> [Np(s)| = [N, (s) N Np(v)| + [ X|
=7 — [N, (s) N Np(ve)| + | X]| (9)
Observe
[N, (s) = Ny (ve)| = [Nu (8) 0O Ne(ve)| 4+ | Nay (8) 0 Ny (v (10)
and
[Np,(s) O N, (ve)| + | X| > [(Npy (s) N D) — Ny (ve)| > dpy — 7+ 1. (11)
From (I0) and (II)) we have
[N, (s) = Ny (ve)| = [Nuy(s) NV Ne(ve)| + dn — 7+ 1 — | X]. (12)

Thus, combining (@) and (I2]) we have
[N, (5) = Nigy (o) + [Np(s) = Nay (0r)| = dn + 1. (13)
Since degpy, (v¢) > dy — d,, and Claim [4.1] says that Ny, (v;) € Ng(s) we can use (I3) to

show our final contradiction

dy > degg(s) > degn, (vi) + [Np, (s) = Nu, (1) | + [Np(s) = Np, (v1))]
>dy —d,+d, +1=d; +1. O
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5 Proof of Theorem [7

Proof. We assume every G € R(w) has vertex set V' = {vy,...,v,} such that dege(v;) = d;.
Suppose {%Mﬂ > dzyq. Since Dy () is graphic Kundu’s k-factor Theorem says 7 has a
realization with a k-factor. Moreover, by Theorem [ and Petersen’s 2-factor theorem 7 has
a realization with a k-factor whose edges can be partitioned into 1-factors and 2-factors. We
let 7 be the largest natural number such that k& + 7 is even and there is a G € R(7) with a
k-factor ' whose edges can be partitioned into graphs Fi, ..., F% such that F; is a 1-factor
when ¢ < r or a 2-factor when ¢ > r. By contradiction we assume r < k — 2. Note that for
1 > r every F; must have at least two odd cycles as components. Otherwise, we could split
F; into two 1-factors contradicting our choice of r.

We let (H, Hy, Hy, Hs, ..., H,) correspond to an edge coloring of K, with the natural
numbers {1, ..., ¢} such that H = K,, — E(H) and H; is the subgraph induced by the edges
colored i. We let G be the set of such tuples where H, € R(G — E(F)), Hy € R(G), and
H; € R(F;_5) for all 3 <i < g. We further consider the subset G' C G to be all tuples such
that the number of cycles in H, is minimized.

For the rest of this proof we will assume all color exchanges are simplified.

Claim 5.1. For (H,Hy,...,H;) € G', let A = ag...aja-100 and B = by...bp-1by be
distinct cycles of H,. For some a; and b; if L = {a;x0,z0bj, ..., a;x1—1,2-1b;} is a color
exchange, then X(L) N (V(A) UV(B)) = 0.

Proof. Suppose the claim is false and there is an edge a;z, of A and an edge z541b; of B.
After, performing the exchange we denote the resulting tuple as (H', Hy, ..., H}). Since L
is simplified a;zs and x,11b; are the only edges of H, exchanged. Without loss of generality
we assume Ts = ay and g1 = by with i =i+ 1 mod |A| and 7' = j + 1 mod |B|. With
this we can see ay ...aja-1a0. .. a:bjy ... bp_1by...bjay is a cycle in H; that combines the
vertices of A and B and leaves all other cycles alone. However, this implies the contradiction
that H, has fewer cycles than H,. O]

We choose an arbitrary (H, Hy,...,H;) € G'. We let f be the largest index such that
vpvy is an edge of H, with degy(vs) > degm(vy) and denote the cycle containing it by
A. Since H, does not have a 1-factor there is an odd cycle C that is distinct from A.
Furthermore, we know there is v; € V(C) with neighbors v; and v;" along C' in H, such that
degg(vy) < dega(v;"). We choose a v; such that ¢ is minimized, and by our choice of vy we
know that ¢ < f. There is an odd cycle D in H, that is not C. Like v; in C, D has vertices
vs, vF, and v such that degy, (v;) < degp,(vs) < degp,(v)). By our choice of vy we know
that either f = s or f < s.

By the minimally of our choice of f we know that {vsiq,...,v,} is an independent set in
H,. Thus, ey, ({vi,...,v5}, {vp41, ..., vn}) > 2(n— f). Note that v,, v (s), v, and v™ () are
adjacent in H, to vertices in {vy,...,vs}. We therefore, have eg, ({vi, ..., v}, {vps1, . 00 )) <

2f — {vs, v7(s), v, v ()} = 2(f — 2). Combining these two bounds and solving for f we
have that f > 7 + 1.

Claim 5.2. {vpv]", vyv, v7 v, 50} © Useieq B(H:)-
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Proof. Note that degy(vy) < degn(vy) < degn(v) < degy(v;). If vy, is an edge of Hy,
then we have a contradiction to Claim [Bdlsince v; v, and vyv; can be exchanged. If vsv; is an
edge of Hy, then we have a contradiction to Claim [5.1] since oo and vy, can be exchanged.
Similar arguments prove the claim for vpv,", vy v/, and vy v;. O

Claim 5.3. Ny, (v:) € Ng(vy) N{vy, ..., v}

Proof. Let v; € Ng,(v;). Suppose v; € V(A). If i > t, then by Lemma [ we have a
contradiction to Claim [5.1] since v; v; and v,v; can be exchanged. Thus, f >t > 4. If v; €
N, (vy), then we can exchange the edges v;vy and vyv; to create a tuple (Hj,..., H;) € G'
such that H, = H, ;. However, we have a contradiction to Claim [5.] since oo and vsvy
can be exchanged with respect to this new tuple. Thus, v; C Ny (vg) N {vy,...,vs} when
v; € V(A)

Suppose v; ¢ V(A). If i > f, then we can exchange the edges vfv; and v,v; to create a
tuple (Hy,..., H;) € G’ such that H, = H;. However, we have a contradiction to Claim B.1]
since v; v, and v can be exchanged with respect to this new tuple. Thus, we are left with
the case i < f and v; € Np,(vy). Here we have a contradiction to Claim B.Il since vy vy and

vyv; can be exchanged. Thus, v; € Ny (vy) N{v1,...,vs} when v; ¢ V(A). O

Since both v, and vy are not in Ny, (v;) we have by Claim that |Ng, (v)| < f — 2.
For v; € {vy_4,..., f,}, this implies

qn_;’_l_i:n_l_di+k2n_1_|NH1(Ut)| Zn‘l—l_f

Thus, m(Di(7)) > n+2 — f and therefore, f > max{3 + 1,n +2 —m(Dy(7))}.
We now turn to finding a lower bound for dy.

Claim 5.4. If v;v; € E(H,) such that v; € N, (v;), then v; € Ny (vg) N{vy, ..., v}

Proof. Suppose v; ¢ Ng(vg) N{vy,...,vp}. We first assume v; ¢ V(C). By Claim 5.1 v,v;
and v;u; cannot be exchanged. Therefore, by Lemma[l j < ¢. If v; € Ny, (vs), then we can
exchange the edges v;vy and vyv; to create a tuple (Hy,..., H;) € G’ such that H, = H,.
However, we have a contradiction to Claim b.1] since v; vy and vyv; can be exchanged with
respect to this new tuple. Thus, v; € Ng(vy) N {vy,..., v}

We are left with the case v; € V(C). If i < f, then we can exchange the edges vsv; and
vyv; to create a tuple (Hy, ..., H}) € G’ such that H, = H]. However, we have a contradiction
to Claim [5.1] since vy vy and vy can be exchanged with respect to this new tuple. Thus,
i > f and therefore, j < f by the minimally of f. By Claim [5.1l we know that v;v; and v;vy
cannot be exchanged. Thus, by Lemmalblv; € Ny (vs). Thus, v; € Ng(ve)N{vy,...,vs}. O

We let W = Ny (vg) N{vy,...,vs}. By Claim 53 we know that Ny, (v;) € W, and we
know that v, is adjacent in H — E(H) to vy, vy, and v;". Thus,

dy = |Nu(vp)l = [Nay (0r) U {vp, v v d| 2 di — &+ 3.
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From Claim [5.4] we know that if v; € Ng,(v;), then Ny, (v;) € W. Thus,
er, (N (00), W) =2 2|Np, (vi)| = 2(n — 1 — dy).

On the other hand, v;” and v} are in W and each of them are adjacent in H, to at least one
vertex not in Np,(v;), and v, is adjacent in H, to two vertices not in N, (v;). Thus,

qu(NHg(Ut)>W) S 2|W| — 4.
Combining we have
2|W| —4 2 6Hq(NH2('Ut)a W) 2 2(71 —1- dt)

Solving for |W| we have

Since vy ¢ W we have that [W| < d; — 1. Therefore,
rnax{n—i—?—dt,dt—k—l—?)} < df

Letting n + 2 — d; = d; — k + 3 we have that max{n + 2 — d;, d; — k + 3} is minimized when
2d; — (n — 1) = k. Thus,

n+5—k
E
Using the lower bound on f we have the contradiction
n+5—k
’V 2 —‘ < df < dmax{%+1,n+2—m(Dk(7r))}'

We let [ = max{5 +1,n+2 —m(7)} and suppose

n+5—k _
[E2ETP

We have that g, =n—1—d,11-1+k > %‘E’_k—‘ . Solving for d,, ;11 and realizingn+1—1 =

min{%,m(m) — 1} we have the contradiction

n—|—5—k—‘ B F’L+3k‘—8_‘

dminﬂmw— < kE—1-—
{5.m(m-1} S+ [ 5 5

7 < n+5—k
q, 9

and by the first part of this theorem some realization of Dy(m) has k-edge-disjoint 1-factors.
Thus, some realization of 7 has k edge-disjoint 1-factors. O

Thus,
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6 Proof of theorem

Proof. Let G be the set of tuples of the form (G, F,r, Fy) where G € R(w), F' is a k-factor
of G, Fy is a spanning (k — r)-factor of F', and E(F — E(Fp)) can be partitioned into r
edge-disjoint 1-factors.

(C1) We choose a (G, F,r, Fy) € G such that r is maximized, and
(C2) subject to|(C'1)l we minimize def(Fp).

Let &' = k —r, and by contradiction we assume r < ]_%,-‘ . Let My, ..., M, be a partition
of E(F — E(F})) into r edge-disjoint 1-factors.

Let H, = G — E(F), H, = G, H; = Fy, and note that H,, Hy, Hs, ..., H,,5 where
H; = M;_5 for i > 4 represent a coloring of the edges of K,,. Thus, any exchange involving
any H; in K, corresponds to some (G', F',r', I{) € G.

Let A,C,D be a Gallai-Edmonds Decomposition of Fj. Since Fy does not have a 1-factor
we know that D is not empty. Let D = {D1,..., Dp|} be the components of Fy[D].

In [17] Lovéasz showed every non-trivial factor critical graph has an odd cycle. Since |(II)
says every non-trivial component in D is factor critical we know each one also has an odd
cycle. We let L; C V(D;) be the largest such set where for every u € L; there is an odd cycle
in D; with distinct edges uu™ and wu™ such that degg(u®) > degg(u) > dega(u™). We let
l; be the largest number of edge disjoint odd cycles in D;, and note that |L;| > ;.

Claim 6.1. Suppose u € V(D;) and x € V(D;) such that there exists a maximum matching
M of Fy that misses both v and z. If uy € E(Hy) for some y € Np,(z), then zv ¢ E(Hy)
for all v € Np, (u).

Proof. If there does exists such a v € Np,(u), then we may exchange the edges uv and zy
with the edges zv and uy of Hy to find a (G', F',r, F{) € G such that M + {ux} is a larger
matching in Fj that contradicts [(C2)| O

For u € V(D;) we let W*[u] be all v € Ng,[u] N V(D;) such that degg(u) < degg(v).
Similarly, we let W.”[u] be all v € Ng,[u] NV (D;) such that degs(v) < dega(u).

Claim 6.2. Suppose v, € V(D;) and u; € V(D;) such that there exists a maximum matching
M of Fy that misses both ve and uy. If degg(v1) > degg(ve) > degg(uy) > degg(uz) for

v € W;’ [v9] and ug € W, [uy], then none of {uyvy, uyva, ugvy, usve} are edges of Hy or Hs.

Proof. By contradiction suppose there is a vy € {v,v2} and a w; € {uy,us} such that
vsu; € E(Hy) U E(Hy). Since D; and D; are factor critical and M restricts to a near
perfect matching on D; and D; we can find a maximum matching M’ of F that misses
both vy and u;. If vsuy € E(Hy), then since degg(vi) > dega(ve) > dega(ui) > dege(ug)
and by Lemma [B] and Lemma [2] there exists a simplified vvy and v,u; edge-exchange that
when exchanged creates another (G', F',r, I}) € G with a larger matching M’ + {vsu,} that
contradicts If vsu; € E(H), then since degg(vi) > dega(ve) > dega(ur) > dega(uz)
and by Lemma [B] and Lemma [2] there exists a simplified ujus and v,u; edge-exchange that
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when exchanged creates another (G', F',r, I{}) € G with a larger matching M’ + {vsu,} that

contradicts |(C2)| O

Claim 6.3. Suppose u € L; and v € L; such that there exists a maximum matching M of
Fy that misses both u and v. If dega(u) > degg(v), then every vertex in W, [v] is adjacent
in F' — E(Fp) to every vertex in W, [u].

Proof. The claim follows from Claim since degg(u™) > dega(u) > degg(v) > dega(v™)
for every u™ € Wi[u] and v= € W [v]. O

Claim 6.4. Suppose u € L; and v € L; such that there exists a maximum matching M of Fj
that misses both u and v. If dega(u) > degg(v), then for any u* € W [u] and v~ € W} [v]
with {u,v} # {v™,ut} the edges uv~ and vu™ are in distinct H, for s > 3.

Proof. This follows from Claim and Claim 6.2 O

If there exists a z; € UDieD L; such that eg, (21, A) < [%J, then we choose such a z; so
that dega(21) is maximized. Otherwise, we choose a z; € D such that eg, (21, A) is minimized.
Without loss of generality we may assume z; € V(D;). We may also assume Dy € D is a
component with eg, (Ds, A) minimized such that there is a maximum matching M, of Fj
that misses both z; and some vertex in v € V(D,). If Dy is not trivial, then we choose a
29 € Lo. Otherwise, we let 25 be the only vertex in Dy. Since M, restricts to a near-perfect
matching on Dy we can use the fact that D, is factor critical to find a maximum matching
M of Fy that misses z; and 2.

We let D' C D be the largest set such that for every u € D’ there is a maximum matching
M, of Fy such that E(M,) — E(D') = E(M) — E(D’). Note that zo € D', and since every
component in D is factor critical and M restricts to a near matching on each of them we
may conclude that for D; € D, if V(D;) N D" # 0, then V(D;) C D’. We may assume
without loss of generality that D' = {D,,..., Dip|} are the set of components of Fy[D']
and ep, (D2, A) < ... < ep (D41, A). Let S = Ng,(D') N A. Suppose wy; ¢ D’ for some
w € S. Let v € Np(w) N D'. By the definition of D’ there is a maximum matching M,
of Fy that misses both z; and v such that ww,, € E(M,). This is a contradiction since
E(M, — {wy} + {wo}) — B(D'U{wy}) = B(M) — B(D' U {w}).

Let t be the largest integer such that eg, (Dy11,S) < k'. Since |D'| > |S|+ 1 by
we may conclude that eg (D2, S) < k', and therefore, ¢ > 1. Otherwise, we have the

contradiction
|D'|+1

HIS| > > ern(Di, 8) = K|D'| > K(|S| +1).
i=2
Furthermore, since Fy is k’-regular every such component in D’ must be non-trivial. Thus,
both D; and D have odd cycles, and therefore, by our choice of z; and 2z, we know that
z1 € Ly and 29 € Lo.
We pause here to recognize that applying Claim and Claim with z; and 2z, we
may conclude that r > 4. This proves this theorem and Conjecture [Il for k£ < 5.
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For the rest of the proof we will need a z; € Wy [z] such that dega(2;) < degs(2') for
every 2’ € Wi [z].

Claim 6.5. If ep (2, 4) < L%/J and there exists a D; € D' with a v € L; such that
dega(v) < dega(z), then for every vt € W[v] at least one of vz or v*2; is an edge of
F— BE(F).

Proof. Suppose there is a v € W [v] not adjacent in F — E(Fy) to 2 nor z;. If dega(z;) >
dega(v), then dega(v™) < dega(v) < dega(zy ) < dega(Z') < degg(z1) for every 2 € Wi [2]
and v~ € W, [v]. Thus, by Claim[6.2and Claim (.3]v must be adjacent in F'— E(Fp) to every
vertex in Wy [z1] and Wi [21]. However, this implies r > [£] + 1. If degg(v") < dega(21),
then degg(2) > degg(z1) > dega(vh) > degg(v) for every 27 € W' [2]. Thus, by Claim [6.2]
2z is adjacent in F'— E(Fp) to v™. We are left with the case degg(vt) > dega(z1) > dega(v) >
dega(zy ). Let M’ be a matching of Fy that misses both z; and v*. If z; v € E(H;), then
by Lemma [l and Lemma [ there exists a simplified vo™ and v*2z] edge-exchange that when
exchanged creates another (G', F’, r, Fj}) € G with a larger matching M’ + {v"2; } of Fj that
contradicts [(C2)] If z; vt € E(H,), then by Lemmal and Lemma 2 there exists a simplified
2127 and vtz] edge-exchange that when exchanged creates another (G', F',r, F}) € G with
a larger matching M’ + {v*z; } of F{ that contradicts|(C2)| O

We observe that

[S]+2 t+1
KIS| > en(Di,S) > K(IS|+1—1)+ Y en(D;, S).
i=2 1=2
Thus,
t+1
> en(Di,S) < K(t—1). (14)
=2

In the case t = 1 we have that ep,(Ds,S) = 0. Thus, ep,(z1,4) < || and degg(z2) <
dega(z1) by our choice of z;. By Claim 21 is adjacent in F' — E(F}p) to every vertex in
Wy [22] and 25 is adjacent in F' — E(Fp) to every vertex in W;"[z;]. By Claim all those

edges are in distinct 1-factors. Thus,

k/
Wil + W5 ] < Ny () 0 VDR W Gl < 7 < [ 5.

Since |WW;F(z1)] > 1 we have that

Neceolal VD) < [ 5] -1 (15)
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Since ep,(z2,5) = 0 we have by Claim and Claim that Ng[22] € Np_pm)(21) U
Nr_gr) (21 ). By Claim and (I3 we have the contradiction

7 > |Np_pm)(2z1) NV (Dy)|
> |Npy[2a]] = INp—p@m) (21) N Npy[2o]]

i (]
SHEN

Thus, we may assume t > 2.

For any D; € D" we let J; be a set of [; edges that can be removed from D; such that
the resulting graph is bipartite. Let X; and Y; be an independent vertex sets that partition
D; — E(J;). We may assume |X;| > |Y;| 4+ 1 since D; has an odd number of vertices. Since
each edge of J; is an odd cycle we know that no edge of J; is incident with both X; and Y;.
Let w; = |V (J;) N X;| and w} = |V (J;) NY;|. Thus,

k/|}/;|_2wz{_6F0(Y;> S) > 6F0(Xi>)/;) > k,|Xi|_2wi_eFo(Xi> S) > k/(|}/;|+1)_2wi_eFo(Xia S)
Since l; = w; + w, we have after some rearranging and reduction that
0 Z ]{3/ + 2(2’(1]2/ - lz) + €F0(Y2', S) - 6F0(Xi, S) Z ]{3/ — QZZ — 6F0(Xi, S)

Thus, we have

t+1 t+1 t+1
0 2 Z(k’, — 2[2 — 6F0(Xz'> S)) = k‘/t — 22[2 — ZeFo(Xi> S) (16)
=2 =2 =2

Letting [ < min{ls, ..., l;+1} we can further bound and rearrange (I0) so that

t+1

> en(Xi,S) > th' — 2tl. (17)

1=2

We may now use (IT) to bound ([I4]) from below.

t+1 t+1
Hit—1)>> en(Di,S) > er(X;,S) >kt —2tl.
=2 =2

Therefore, [ > ’—g—ﬂ

We let D" C {D,,...,Dyy1} be the largest set such for any D; € D" no vertex in V(D;)
is incident with [ edge-disjoint odd cycles. This implies |L;| > 2 for every such component.
Furthermore, since eg, (D;, S) < k' —1 for every D; € D" there must be a vertex in L; that is

adjacent in Fj to at most k'; L vertices in S and therefore, at least &' — L%J = [%w vertices
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in D;. Welet t' = |D”|. Suppose t' = 0. By the definition of L; for every D; € {Ds, ..., Di11}
any v; € L; has |W. [v]| > 1+ 1. Therefore, by Claim 21 is adjacent in F' — Fy to [ + 1
vertices in every component in {D,, ..., Dyy1}. However, this implies the contradiction

r2t(l+1)2t<[§—;—‘+1) > Vﬂ + ¢.

Therefore, ¢’ > 1, and by our choice of z; we have e, (21, A) < L%'J Therefore, for every

D; € D" we may identify a v; € L; that is adjacent in Fj to at least [%w vertices in D;.
By Claim 6.4 and Claim 6.5 Ngy[v;] € Np_gr)(21) U Np_gr) (2, ) for every v;. Thus,

K41
er—n(ry) (21, Ny [vi]) + er—pry) (21, N [vi]) 2 [Nry[vi]| > { 2 1 o

We now have

t

er—pm) (21, D) 2> er_puy (21, V(D) = I+ 1)t =)+ D er_pmy (21, Np[vi])
Jj=2 D;eD”

and

t
- _ kK +1
cr-sy (.0 2 3 er s V) 21000+ 3 (|55 41 crpin(ea Vfu) )
=2 D,eD”

Combining the two equations we have

2r > ep_pr) (21, D) + ep—pry) (21, D')

22(t—t’)l+(t—t’)+t’(V/;ﬂ +1)
zz(t—t')E—J+t-t'+t/<ﬁ/2+ﬂ+1). (18)

If ¢ > 2, then (I8) implies the contradiction r > [£52] +1. If ¢ = 1, then since ¢ > 2 we
have that 2(¢t —t') > ¢, and therefore, 2(t —t') ]_2’“—1;-‘ > t[’;—ﬂ > [%/-‘ Using this last inequality
in ([I8) we have our final contradiction

2r22<{%/—‘+1). O
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Excluding Edges
a graph F', with vertex set V', we let R(m, F') C R(w) be the set of all realizations whose

of edges include E(F). We have R(m) = R(w, ), and we write R(G, F) for R(n(G), F).
With a similar proof technique as Theorem [l we can fix a graph F' and ask when there

is a G € R(m, F') such that G — F has a 1-factor.

Theorem 12. Let 7 = (dy,...,d,) be a non-increasing positive degree sequence, and let F
be a subgraph of some realization of w. For r = A(F), If

day—dpt+2r+1 > di — dy, + 21, (19)

then there ezist a G € R(w, F') such that def(G — E(F)) < 1.
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Corollary 13. Let m = (dy,...,d,) be a non-increasing positive degree sequence with even
n. If

da,—d,+2r+1 > dy — dy, + 21,

then there is some realization of m that has r + 1 edge-disjoint 1-factors. Moreover, one of
those 1-factors can be chosen to be any 1-factor of any realization of .

Proof. Since
day—dp+2i+1 = day—dyy2r11 = dy — dy + 20 > dy — dy, + 20

for every ¢ < r the Corollary follows by induction using Theorem [I2] and starting with any
chosen 1-factor for i = 0. O

With essentially the same proof technique as Theorem [6] we have the following.

Corollary 14. Let m = (dy,...,d,) be a non-increasing positive degree sequence with even
n such that D,y (m) is graphic. If

dn+1—(d1—dn+2r+1) <n-— (dl —dy + 7”)7

then m has a realization that has r+1 edge-disjoint 1-factors. Moreover, one of those 1-factors
can be chosen to be any 1-factor of any realization of .

A.1 Proof of Theorem
Proof. We first carefully chose a realization of R(w, F').

(C1) We choose a G € R(m, F') such that def(G — E(F')) is minimized, and
(C2) subject to|(C'1)l we choose a maximum matching M of G — E(F) that maximizes

> degal).
)

¢V (M

Let H = G— E(F), and by contradiction we assume def(H) > 2. From (I9) we have d,, >
2r,and thus, n > di+1 > dy—d,+2r+1. Let A,C,D be a Gallai-Edmonds Decomposition of
H with Hy, ..., Hj, being the components of H[D]. Let Z = {2, ..., zaes(r) } be the vertices
in D not in M such that deg(z1) > ... > deg(zdet(sr))- By we may assume without loss
of generality that z; € V(H;) for i < def(H).

Let D' C D denote the largest set of vertices such for any u € D’ there exists some
maximum matching, denoted by M,, that avoids both u and z;. Since M avoids both z;
and zs we have zo € D'. Let u € V(H;) N D' and v € V(H;). Since H; is factor-critical
there is a near-perfect matching M’ of H; that avoids v. Since M, restricts to a near-perfect
matching of H; we can construct the maximum matching M, — E(M,[H;]) + E(M’) of H
to show that v € D’. Thus, D’ is the vertex union of a set .S of components of D. We let
A" = Ny(D')n A.
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We now show ey (H;, A) > d, — r for all H; € S. We choose an arbitrary H; € S, and
let T; C V(H;) denote the set of vertices adjacent in H to the fewest vertices in A. For
t > 1, if each vertex in T; is adjacent in H to t vertices in A, then for any u € T; we have
\V(H;)| > degg(u) —r—t+1>d, —r—t+1, and therefore,

en(V(H), A) > t|V(H)| > t(dy — 1 —t+1) > dy — 1

We now consider the case ey(T;, A) = 0. If some u € V(H;) is not adjacent to some
v € Ng(z), then z; must be adjacent in F' to every vertex in N, (u). Otherwise, we can
use some x € Ny, (u) not adjacent to z; to exchange the edges uz and zyv with the non-
edges uv and z;x to create a realization and matching M, + {z;z} that violates Let
w € T;. If uis adjacent in F' to 21, then then u can not be adjacent in F' to some vertex
v € Ng(z) since |Ng(z1)| > deg(z1) —r > r. However, this is a contradiction since z;
would be adjacent in F' to at least r + 1 vertices in Ng,[u]. Thus, every vertex in Ng,(u)
is adjacent to every vertex in Ny(z1). If u is also adjacent to every vertex in Ng(z1), then
since |Np,[u]| > d, — 7+ 1 > r+ 1 every vertex in Ny (z1) would be adjacent in H to at
least one vertex in Ng,[u|. Thus, ey (V(H;),A) > |Ng(z1)| > d, — r. If u is not adjacent to
some v € Ny(Z), then every vertex in Ny, (u) is adjacent to every vertex in Ny[z1]. Since
|INg[z1]| > dp — 7+ 1 > r + 1 every vertex in Ny, (u) is adjacent in H to some vertex in
AN NH(Zl) ThUS, 6H(V(Hi), NH(Zl) N A) Z |NH1(U)| 2 dn —T.

For w € D', if there is a w € Ng(u) N A" and Wy, ¢ D', then we have a contradiction
since M,, — {wwyy, } +{wu} would be a matching that misses z; and wyy,. Thus, no such w
exists and A’); C D'. Therefore, |S| > |A'y| + [{ Ha}| > | 4’| since Hy € S.

Since

en(DA) > > ey(H, A) > |S|(d, — 1) > |A|(d, — 1)
HieS
we have by the pigeon hole principle that some vertex s € A’ is adjacent to at least d,, —r+1
vertices in D’.

Suppose deg(z1) < dg,—q, +or+1, and let @ be the set of vertices in G with degree at least
dg, —d,+or+1. For every vertex in D we know there is a matching that avoids it. Therefore,
DNQ@Q =0 by . Thus, s is adjacent to at most dy — (d, —r+1) = d; — d,, +r — 1 vertices
in Q. Since |Q| > d; — d,, + 2r + 1 and with the possibility s € ) we may conclude that s
must not be adjacent to at least

‘Q_{S}_NG(S”Zdl_dn+27’+1—1—(d1—dn—|—7”—1>:r—|—1

vertices in ). Let P = Q — Ng(s), and choose some x € Ng(s) N D’. By definition of A
we have that P, € D UC, and therefore, by the definition of D and C' we know that x
is not adjacent in H to vertices in Py;,. Since |Py,| = |P| > d, — 7+ 1 > r + 1 there
must be a w € P such that w), is not adjacent to x. However, we may exchange the
edges xs and ww),, for the non-edges sw and zw,,, to create a realization and matching
M, — {wwy, } + {xwy, } that violates Thus, deg(z1) > dg,—a, +2r+1-

Since d, —r + 1 > r + 1 we have that z; is not adjacent in G to some = € Ng(s) N D'.
If s is not adjacent to some v € Ny(z1), then we may exchange the edges xs and zv with
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the non-edges sv and xz; to create a realization and matching M, + {xz;} that violates
(C1)} Thus, s must be adjacent in G to every vertex in Ng(z;). However, this implies the
contradiction

dega(s) > dn — 1 +deg(z1) =1 > dpy — 7+ dgy—g 2041 — 7 > di. O
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