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TOWARDS THE GENERALIZED RIEMANN HYPOTHESIS
USING ONLY ZEROS OF THE RIEMANN ZETA FUNCTION

WILLIAM BANKS

ABSTRACT. For any real By € [4,1), let GRH[S)] be the assertion that for
every Dirichlet character x and all zeros p = 8+ 47y of L(s, x), one has 8 < Sy
(in particular, GRH[%] is the Generalized Riemann Hypothesis). In this paper,
we show that the validity of GRH[-%] depends only on certain distributional
properties of the zeros of the Riemann zeta function ((s). No conditions are

imposed on the zeros of nonprincipal Dirichlet L-functions.
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1. INTRODUCTION AND STATEMENT OF RESULTS

The Riemann zeta function is a central object of study in analytic number
theory. In terms of the complex parameter s = o +it, the zeta function is defined
in the half-plane ¢ > 1 by two equivalent expressions:

()= = T =t

n>1 p prime

Riemann [6] showed that ((s) extends analytically to a meromorphic function
in the whole complex plane, its only singularity being a simple pole at s = 1.
Moreover, the zeta function satisfies a functional equation relating its values at
s and 1 — s." The Riemann Hypothesis (RH) asserts that if p = 3 + i7 is a zero
of ¢(s) with real part § > 0, then § = %
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More generally, for a Dirichlet character y mod ¢, the Dirichlet L-function
L(s,x) is defined for o > 1 by:

L(s,x) =Y x(nn™* = [] @ =xp~)™"
n>1 p prime
The function L(s, x) extends to a meromorphic function (which is entire if x is
nonprincipal), and when y is primitive it satisfies a simple functional equation
relating its values at s and 1—s; see, e.g., Bump [2, Chapter 1]. The Generalized
Riemann Hypothesis (GRH), which was perhaps first formulated by Piltz in 1884
(see Davenport [3]), asserts that if p = 8 + iy is a zero of L(s, x) with 8 > 0,
then § = %
For any principal character xo, mod ¢ one has

L(s,x0) = ¢(s) [ J(1 =p7),

plg

hence RH is equivalent to GRH for L(s, xo). On the other hand, for nonprincipal
characters x, no direct relationship between RH and GRH for L(s, ) has been
previously established. To establish such a connection, we study the following
weak form of the GRH for Dirichlet L-functions.

HypoTHESIs GRH[f]: Given By € [%,1), the inequality B < By holds for all
zeros p = [+ iy of an arbitrary Dirichlet L-function L(s,x).

Note that GRH[3] is equivalent to the assertion that GRH holds for all Dirichlet
L-functions. In the present paper, we show that hypothesis GRH[%] can be
reformulated entirely in terms of certain distributional properties of the zeros of
the Riemann zeta function.

To state our results, we introduce some notation. If 7' > 0 is not the ordinate
of a zero of the zeta function, then N(7') is used to denote the number of zeros
p =+ iy of {(s) in the rectangle 0 < < 1, 0 <y < T, and we define

S(T) = %arg((l/Q +iT).

If v > 0 is the ordinate of a zero, then we set
1 _ 1 _
N = ANO) +NGEE S0) = {807 + 507k
Using an explicit form of the well known relation (see, e.g., Montgomery and
Vaughan [5, Corollary 14.2])

N(T)zzlogz—zﬂtz—l—S(T)—l—O(T_l) (T > 0), (1.1)
2T 2r 27 8

one sees that the difference S(y*)—.S(v7) is an integer for every zero p = 5+ iy
of {(s) with v > 0. Extending the definition of S(T") appropriately, this also
holds for complex zeros with v < 0. Therefore, writing

e(u) = ™ (u € R),
we can unambiguously define

Z(p) = lim e(S(T)) (1.2)

T—y
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(the common value of the left and right limits) for every complex zero p of ((s).

Throughout the paper, C>°(R™) is the space of smooth functions f : RT — C
with compact support in RT. Let  and ¢ denote the Mobius and Euler functions,
respectively.

THEOREM 1.1. Assume RH. Suppose that for every function B € C>°(R") and
every rational number & :==m/q with 0 < m < q and (m,q) =1, the bound

7y 9/10+¢
S e (2 X)+—ZA B(n/X) 5 X (1.3)
p=5+iv
holds for any € > 0, where the sum on the left side runs over all complex zeros
p=1+iy of ((s), the quantity Z(p) is given by (1.2), and the implied constant
depends only on &, B, and . Then, the hypothesis GRH[I%] is true.

We reiterate that the hypotheses of Theorem 1.1 involve only properties of
the zeros of the Riemann zeta function. No conditions are imposed on the zeros
of nonprincipal Dirichlet L-functions.

We also have the following converse of Theorem 1.1.

THEOREM 1.2. Assume RH. If GRH[%] is true, then for every B € CZ(RY)
and every rational number £ := m/q with 0 < m < q and (m,q) = 1, the bound
(1.3) holds for any € > 0.

Throughout the paper, implied constants in the symbols <, O, etc., often
depend on various parameters (e.g., £, B, ¢) as indicated by the notation (e.g.,
see (1.3) above); these constants are independent of all other parameters.

2. APPROACH

Using the explicit formula and assuming RH, we show that a sum of the form

> A(n)e(—ng)B(n/X) (2.1)

n>1

with £ € RT and B € C°(R") is equal to

5 (L) =

p=g+iv

up to an error of at most O¢ 5(X%/19); see Theorem 4.1. To handle the integrals
that arise in our use of the explicit formula, we apply the method of the stationary
phase (however, some care is needed to obtain adequate and explicit estimates
for the error terms); see Lemma 3.4, which is the main workhorse for the proof
of Theorem 4.1.

Given the close relationship (under RH) between the sums (2.1) and (2.2),
the estimate (1.3) for rational numbers & := m/q allows us to deduce an equally
strong bound

> Am)x(n)B(n/X) < X0t (2.3)

7‘B78
n>1 a
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for any primitive Dirichlet character x modulo ¢ > 1; see the proof of Theo-
rem 1.1 in §5. Since B € C°(R") is arbitrary, GRH[}] holds for the function
L(s, x). Conversely, under GRH[-3], it follows that (2.3) holds for every prim-
itive character x mod ¢. This leads to similar estimates for the sums (2.1) and
(2.2); see the proof of Theorem 1.2 in §5.

3. INTEGRAL BOUNDS

Our aim in this section is to establish certain integral bounds that are needed
in the proof of Theorem 4.1 (see §4).
For each B € C*(R™), let X > 10 be a number large enough so that

1 ¢ X supp(B) := {Xu: u € supp(B)} (X > Xg).
The value of X3 is held fixed throughout the paper.

LEMMA 3.1. Let £ e RT, B € C°(RY), and X > Xg. Then

JR+ <1 B : )e(—uf)B(u/X) du §<B x- L

ud —u

Proof. Put
1

g(u) = (1 - u)B(u/X) (u € RY).
Then g and all of its derivatives are smooth and supported on the set X supp(B)
(note that B(u/X) = 0 for u € {0,+1} since B € C*(RT) and X > Xg).
In particular, ¢”(u) = 0 unless u =<¢ X, in which case one has ¢"(u) <g X =
Integrating by parts twice, we have (since g and ¢’ vanish at 0 and oco)
J e(—ué)g(u) du = J LQ@ ¢"(u) du < £*X? meas(X supp(B))
R+ R+ (_27TZ§)2 B ’

and the lemma follows. O

The next two technical lemmas are needed in the proof of Lemma 3.4 below.

LEMMA 3.2. Fiz uyg € RY, and let L,D : C(RT) — CX(RY) be the linear
operators defined by

(uo — u)
For any integer k > 0, let (DL)* and L(DL)* be the linear operators given by
[DL)F = DoLo---0oDoL  and  L[DL* = Lo[DL]"

k copies eac?lr of D and L

LF(u) = and  DF(u) = F'(u) (u € RY).

Then for every F € C=(R*) and every integer k > 0 we have
(DL F(u) < max {[u —uo| ™", |u = uo| '},

LIDLIF () s mavx {Ju— ol ™, o — o] 1},

for all u € RY, u # uy.
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Proof. Let F € C°(R™) be fixed in what follows. For any integers A, B > 0 and
a real number C' > 0, let V(A, B, C') denote the set of functions G € C*(R™) of
the form R
u"F\"(u)
G(u) = Z Chyij 5
hyi,j>0 (1o — u)?

h<A<)
i+j=h+B

where the sum runs over nonnegative integers h, 4, j, and the coefficients ¢ ; ; are
complex numbers satisfying |cp,; ;| < C. If F is supported on the interval [a, b],
where 0 < a < b < oo, then the trivial bound

/ A (3) _ —J
|G(u)| < ) g Cmax{b ,1}0<123§B I3 (u)}AgrjngajiBw U (3.1)

holds for all G € V(A, B, (), where
A A+B
Chp={(hi,§):hi,j 20, h< AL, i+j=h+B} <h§%21ﬁl.
= ]:

Next, noting that

WO (4 W FO (g
LG(u) = Z ch,i,ji() = Z Ch—l,i,j—1A>

7 >0 (wo —u) ™ o (o —u)?
h<A<] h<A+1<j
i+j=h+B i+j=h+B
it follows that
L:V(A B,C)—=VA+1,B,0). (3.2)

Similarly, we write DG(u) = Gi(u) + G2(u) + G3(u), where the functions G; are
defined as follows. First, we have

hu=1F® (y uhFO (qy
Gl(u) = Z Ch,i,j—() = Z (h -+ 1)Ch+1,i,j( )

ug — u)d ug — u)d

h>1,4,j>0 (uo —u) hyij>0 0~ u)
h<A<; h+ 1A

i+j=h+B i+j=h+B¥1

Since the coefficients (h+1)cj41,,; do not exceed AC in absolute value, it is clear
that G; € V(A, B + 1, AC). Next, we have

th(i+1) U th(z) u
G2(u) = Z Ch,i,ji() = Z Ch,i+1,j(u7()-v
0

ug — u)? —u)l
i >0 (1o = u) h,j>0,i>1 )
<A< h<A<
i+j=h+B i+j=h+B+1
and clearly G5 € V(A, B+ 1,C). Finally, we have
Gwy= Y e W sy, )
iy e 2 o
h,i,520 h,i=0,52>1
h<AL) h<AL -1
i+j=h+B itj=htB+1

As the coefficients (j—1)cp, ; j—1 do not exceed (A+B)C' in absolute value, we have
Gs € V(A,B+1,(A+ B)C). Consequently, DG € V(A,B+1,(2A+ B+ 1)C),
and therefore

D:V(A B,C)— V(A B+1,(2A+ B+1)C). (3.3)
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Observe that F itself lies in V(0, 0, 1). Therefore, an inductive argument using
(3.2) and (3.3) shows that for every integer k£ > 0 we have

[DL)FF € V(k, k, k! - 3%) and  L[DL]*F € V(k+ 1,k k! - 3F).
Using (3.1), the result follows. O

LEMMA 3.3. For any positive number \, we have

—iA2
J e dy = — 4 J ey 2 dy € AN7L
R 2 R

(lul>A) (lul>A)

The next result is our primary tool; its proof is based on the well known
stationary phase method.

LEMMA 3.4. Let £ € RT, B € CP(RY), and X > Xg. Suppose B is supported
on the interval [a,b], where 0 < a < b < 0o. For any real number ~y # 0, consider
the integral Z(~y) defined by

I(7) = JW e(—u)B(u/ X )u~V2 du.

Put
_ 1+2a—+1+4a b 1420+ V14 4b Y (3.4)
* = 5 ) * = 5 ) * = ITEX :
Then, for v, & [ax, b the bound
I & X2 max {X72|y[ 7%, [y}
holds, whereas for 7, € [as,by] we have the estimate
. 7
T(~) = £-1/207 (ll 0 —)B X x-1/10y
(V) =¢ e(5-log5—+ 2 )B(1) + Ogs( )
Proof. Making the change of variables u — Xu, we have
I(v)=Xx" 2””’J e XMW g(u)du = X T (say), (3.5)
R+

where
o ~vlogu ~ B(u)
f(u) T _277-5“ + X g(U) T ul/2
Note that v, = v/(27£X) is the only real number for which f’(v,) = 0.
For any given A > 0, we write J = Jx + Jx with

Too i= J XMW g () du, T = J XMW g (1) du.
R+ R+
(lu=yx[>A) (Jlu—yx|<A)
We study J first. Let £ and D be the operators defined in Lemma 3.2 with
Uy = Y4, and put

i = [Dﬁ]kg and Jr == ,C['D,C]kg (k> 0).
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According to Lemma 3.2,
) 5 max {Ju—w o=} () (3.6)
Taking into account that f'(u) = 27éu~'(~, — u), we have

1 ; ~ 1 % u
Joo = 5 JW eZXf(“)f/(U) +go(u) du = _2m'§X Jw e/ )gl(u) du,

2m€
(lu=yx[>A) (lu=yx[>A)

where we have used integration by parts in the last step. Similarly, by induction
on k, we see that

1

Joo = amig X F

JW X W gy (u) du. (3.7)

(lu=7[>A)

The numbers a, and b, defined in (3.4) have the property that if v, & [a,, b,],
then |u — .| > |72 for all u € [a,b]. Hence, choosing A := |y,|'/? in the
case that 7, & [a,,b,], it follows that J, = J and J, = 0. Setting k := 4 and
combining (3.6) and (3.7), we derive the bound

J < (€X) ™ max {|7] 7% [l < max {(€X) 7%y 7%, 7Y}

In view of (3.5), we obtain the first statement of the lemma.
From now on, we assume that 7, € [a., b,]. We further assume that X is large
enough (depending on B) so that

A= X5 <min{1,27"%a,}. (3.8)

Write J = Jo + J, as before with this A. Setting k := 5 (say) and combining
(3.6) and (3.7), we derive the bound

Too §<§ Xt (3.9)

Turning to the estimate of 7, observe that the upper bound (3.8) implies
that the interval Qa = [y, — A, v, + A] lies entirely inside R*; in particular,

Ty = J XMW g (u) du.
Qa

Since 7, € [ay, b, (and thus, 7, <5 1), the estimate

AmE
" .

f (U) _ ug
holds uniformly for all u € Qa, hence by Taylor’s approximation we have

=¢

X IW) — GXUOITA @Y (] 4 1y (u))
for some complex function r; such that
r(u) §<<BX|u—fy*|3 (u € Qp).
We can also write

g(u) = g() + r2(u),
where r9 satisfies the bound

ro(u) §<<B lu — 7, (u € Qp).
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Therefore, since

'Y*"FA
J }rl(u)}du < XJ lu — 7 ? du < XA*,
Qa &8 Jy-a
Y +A
J |ro(u)| du < J lu — | du < A?,
QA £3B Ye—A

and A? < XA* = X3/° by (3.8), we derive the estimate

T = || U L () (gl00) + rafu) du
fa (3.10)

_ e—i’y,y*—l/2+i’YB(,y*)J e—wiﬁX—yjl(u——y*)Q du + O§7B(X_3/5)a
Qa

where in the last step we used the identities

Xf(v)=—v+vlogr,  f(w)=-2mn"  g(n) =7 *B(1).

Next, we extend the range of integration in the preceding integral to all of R
(with an acceptable error). Consider the integral

o [ emenner
R

(ugQn)

Making the change of variables u — cu + 7, where ¢ := /7,/(7€X), and
applying Lemma 3.3, we have

K=c J e du < AATN < XT3/,
R &B
(lu[>A/c)
Using this bound together with (3.10), it follows that
N — e—i%y*—l/2+i73(%(>J e—m‘gxﬁf;l(u—y*p du + O§B(X—3/5)'
R
Combining the previous bound with (3.9), we have
T = e My 2B, J o X m)? gy Oe.p(X73/%). (3.11)
R

The integral here can be explicitly evaluated:

—miE Xy (W) gy — e—im/4 |
(S U ==ec .
JR §X

Inserting this result into (3.11) and recalling (3.5), after some simplification we
find that

_ e—1/2—in (T l_l —1/10
T(7) = € e( 5 log 51 — 2)B(3) + Oga (X10),

and the proof is complete. O
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4. TWISTING THE VON MANGOLDT FUNCTION
THEOREM 4.1. Assume RH. Let { € RT, B € C“(R*), and X > Xg. Then

S A(n)e(—né) ( ) Z g1y ( 5X)+0 (X910,

n=1 p=j+iy

Proof. Our goal is to estimate
n
> Ame(—ng)B( ) = > Aln)e(n)
n=1 n>1

where p(u) = e(—u&)B(u/X). By the explicit formula (see, e.g., Iwaniec and
Kowalski [4, Exercise 5, p. 109]) we have

S Am)pn) = | (10— o) du—3"¢(p),  (41)
o T @ Dufur 1) :

n>1

where ¢ is the Mellin transform of ¢ given by

plo) = | el du.
R+
Using Lemma 3.1 to bound the integral in (4.1), we get that

> " A(n)g(n) ng )+ Ocs(X7H). (4.2)

n>1

Next, for any complex zero p = § + iy of ((s) we have

b(p) = j () B () X )u V7 du,

which is the integral Z(y) considered in Lemma 3.4. Defining a, ay, a, by, 7, as in
Lemma 3.4, it follows that

$° @) = S + Oen(X10), (4.3)
p=5+iv
where .
—1/2—iy ( 7 oe )B
p=1%+ivy
’Y*E[a*7b*]

Note that the error term in (4.3) is a consequence of the following bounds on the
sums that arise naturally in our application of Lemma 3.4:

1/2 2 —2 —4 1/2 —1/10 9/10

> XY max {X Y[ [y }<<X/ > oxY £<§)(/.
p=%+ivy p=3+ivy
Ve @lar,bs] Vo €lar,bs]

The condition “y, € [ay, b,]” in the above definition of ¥; is redundant (indeed,
we have a, < a < b < b, by (3.4), hence B(v,) = 0 if v, & [a,, b,]), and so we

can simply write
o 2 + Ty
Z & el g loe g T8 ) Plarex )
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Next, observe that (1.1) implies

T 7

(3 log 5+ <) = e(N(T) = S(T) + O(T™)) = e(S(T)) + O(T™")

provided that 7" > 0 is not the ordinate of a zero of ((s) (since N(T') € Z).
Taking the limit as 7" — v, we get that

v v 7 -1
log ——
(27T 0g 5+ 8) 2(p) +0(r7),
where (as in §1)

Z(p) = lim e(S(T)).

T—y

Thus, up to an acceptable error, we can replace ¥ in (4.3) with the quantity

Z ] gx)

p=5+iv

The theorem now follows by combining (4.2) and (4.3). O

5. PROOFS OF THEOREMS 1.1 AND 1.2

We begin by considering the GRH for individual Dirichlet L-functions. For
convenience, we formulate the following hypothesis.

HypoTHESIS GRH[fo, x]: Given By € [ ,1) and a Dirichlet character x, the
inequality 5 < By holds for all zeros p = 5 + iy of the L-function L(s, x).

Note that GRH[f] is true if and only if GRH|[5y, x| holds for all characters x.

LEMMA 5.1. Fix 5y € [%, 1), and let x be a nonprincipal character of modulus q.
Then the following are equivalent:

(1) Hypothesis GRH[pBy, x| is true;
(73) For any function B € C"O(RJF), we have

> A(n)x(n)B(n/X) < XPote,

n>=1

Proof. Consider the intermediate bound
> An << XPote, (5.1)
n<X

The equivalence (i) <= (5.1) is standard and well known, and the implication
(5.1) = (#4) is immediate using partial summation. To prove (7i) = (5.1) one
uses a fixed test function B € C°(R™) such that 0 < B(u) < 1 for all u € R,
and B(u) =1 for all u € [1,1]. By (ii) we have

> An = Y Am)x(n)B(n/X) <) Aln)x n/X)<<X50+€

X/2<n<X X/2<n<X n>1

and then (5.1) follows by a standard dyadic argument. O
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LEMMA 5.2. Fiz fy € [3,1). Let & == m/q with 0 < m < q and (m,q) = 1. If
GRH[5y, x| holds for all nonpm'ncz’pal characters x mod q, then for any e > 0 we
have

3" Aln)e(—nm/q)B(n/X) = ZZA B(n/X) + Ocp(XPT)  (5.2)

n>1

Proof. Introducing an error of at most Og(X1/2), the sum on the left side of (5.2)
can be replaced by

> A(n)e(—nm/q)B(n/X) = Z (—am/q) Y A(n)B(n/X)

(a,9)= n=a mod ¢
1
LS etcan/a) Y 0 Y A )5X).
q (a,q9)=1 X mod ¢ n>=1

The contribution from the principal character x, is

1
) Z —am/q) ZA ZA B(n/X)

(a,q)=1 n=1 n>1

(the first sum is a Ramanujan sum), and by Lemma 5.1 (i) the total contribution
from all nonprincipal characters is at most Oy 5 .(X%F). O

We are now ready to prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Assume RH. Since RH is equivalent to GRH in the case of
principal characters, we can assume y is nonprincipal. Moreover, if y is induced
from a primitive character y, of conductor g, then L(s,y) and L(s, x,) have the
same zeros in the critical strip since

L(s,x) = L(s, x») [[(1 = x=(0)p™).
plq
P«
Hence, to prove Theorem 1.1 it suffices to show that GRH[%, x| holds for any
Dirichlet L-function attached to a primitive Dirichlet character y of modulus
q > 1. In this situation, the following identity is well known:

o) =X S el ez 63

m mod q

where the sum runs over any complete set of residue classes m mod ¢, and 7(x)
is the Gauss sum given by

T(x) = Y x(n)e(n/q):
n mod g
see, e.g., Bump [2, Chapter 1]. In particular, for every B € C°(R") we have

S A (B X) = XTVTO) S~ 0 S A ) (—nm ) B/ ).
q

n>1 0<m<gq n>1
(m,q)=1

(5.4)
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Combining (1.3) and Theorem 4.1, the estimate

n &€
> Ame(—nm/q)B( <) = —Fus(X) + Oy (X71F) (5.5)
n=1
holds uniformly for 0 < m < g with (m,q) = 1, where
Fa( 1la) S A)B(n/X).
olg) &
We insert (5.5) into (5.4). Since F, (X ) is independent of m, and

> X(m)=0

0<m<q
(m,q)=1
for the nonprincipal character y, we derive the bound
> Am)x()B(n/X) < X0t
q,B.e
n>1
Since B € C°(R™) is arbitrary, Lemma 5.1 shows that GRH|:F, x| is true, and
we are done. U

Proof of Theorem 1.2. Assume RH and GRH[-5]. For any B € C°(R*) and
£ :=m/q with 0 < m < ¢ and (m,q) = 1, we have by Theorem 4.1:

> Ame(-ne)B() == D0 & L)B (g ) + Oen(XY),

n=1 p=3+iv
and by Lemma 5.2:
> An 1B(n/X) = 1O > AM)B(n/X) + O (X/10F).
n>1 q) n>1
Combining these results, we obtain (1.3). O
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