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INVARIANT HYPERPLANE SECTIONS OF VECTOR
FIELDS ON THE PRODUCT OF SPHERES

JOJI BENNY AND SOUMEN SARKAR

ABSTRACT. Let Sp 4 be the hypersurface in R", where n = p+ ¢+ 1,
defined by the following;:

p+1 2 n
Sp,q 1= {(m,...,xn) ER™| (fo —a2> + Z a5 = 1}

i=1 j=p+2
where a > 1. We show that Sp, 4 is homeomorphic to the product S? x S7.
We classify all degree one and two polynomial vector fields on Sp 4. We
consider the polynomial vector field X = (Ru, ..., Rp+1, Rp+2, ..., Rn) in
RPF4T! which keeps Sp,q invariant. Then we study the number of certain
invariant algebraic subsets of Sy, for the vector field X if either p > 1
or qg>1.

1. INTRODUCTION

Let Ry,..., R, be polynomials in R[zy,...,z,]. Then the following sys-
tem of differential equations

dr;
(1.1) dﬁ = Ri(x1,...,2n)
for i =1,...,n is called a polynomial differential system in R™. The differ-
ential operator
0 )
' - i=1 ‘Oz

is called the vector field associated with the system (1.1). The degree of the
polynomial vector field in (1.2) is defined to be max{deg(R;)[i =1,...,n}.

When n = 2 in (1.1), this differential system has been studied since 1900
possibly because of the second part of the Hilbert sixteenth problem (see [6]
and some references therein).

An invariant algebraic set for (1.2) is a subset A C R™ such that A is the
zero set of some f(x1,x9,...,2,) € Rlx1,29,...,2,] and X' f = K f for some
K € R[xy,x9,...,x,]. Here the polynomial K is called the cofactor of f.
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In the case of the torus S x S', the maximum number of invariant merid-
ians and parallels are studied in [10] and [13]. Bounds on the number of
invariant hyperplanes and co-dimension one spheres for polynomial vector
fields in R™ are obtained in [9] and [2] respectively. In relation to the second
part of Hilbert’s sixteenth problem, the maximum number of algebraic limit
cycles of a polynomial vector field in R? as a function of its degree has been
studied in [11], [12], and [16]. The maximum number of straight lines that
are invariant for a vector field in the real plane as a function of its degree
has been studied in [1] and [15].

Inspired by the above works, we introduce an algebraic representation of
SP x S for any positive integers p,q and study the number of invariant
algebraic sets of a vector field on SP x S7. We are primarily interested in the
algebraic sets obtained by the intersection of SP x §9 with hyperplanes. We
classify all degree one and two polynomial vector fields on S}, ;. We obtain
an upper bound of the number of possible invariant algebraic sets that are
intersections of SP x S¢ with hyperplanes. Therefore, many other types of
invariant hypersurfaces in S? x S¢ remain to be explored.

The paper is organized as follows. In Section 2, we recall the definition
of the extactic algebraic polynomial associated to a vector subspace of the
ring of polynomials and the given vector field. We also state some basic
properties of the extactic polynomials.

In Section 3, we show that S, , with the subspace topology is homeomor-
phic to SP x S9. Then we classify all degree one and two polynomial vector
fields on .S, 4.

In Section 4, we define meridians and parallels on S, , analogously to their
definitions given in [10] for S x S'. We prove that meridians and parallels
are connected if p > 1 and ¢ > 1. We give an upper bound for the number
of invariant meridians and parallels in Theorem 4.3. We compute an upper
bound for the number of invariant meridians of degree one vector fields on
Spq- The bound for the degree one vector fields on S, , is attained. We
demonstrate that the bounds in Theorem 4.3 are close to being tight for the
cases p = 2,3 and deg(X) > 4.

In Section 5, we show that the maximum number of invariant meridians
on Sp4(=2 S x 8%) is 2(m — 1) where m is the degree of X on S; , and that
this bound can be reached. We also discuss invariant parallels on S, and
derive a bound on the number of invariant parallels. We show that there
exists a vector field on Sy , with rational first integral.

In Section 6, we show that the maximum number of invariant parallels for
X on S,1 = SP x St is 2(m — 2) where m = deg X. We also demonstrate
that this bound can be attained. We also make a remark on an upper bound
for the number of invariant meridians for X on S}, 1 and exhibit a vector field
on S, 1 with rational first integral.
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2. INVARIANT ALGEBRAIC SETS AND EXTACTIC POLYNOMIALS

In this section, we recall the concept of invariant algebraic sets and ex-
tactic polynomials for polynomial vector fields on R™ following [10]. Then
we discuss some basic properties of extactic polynomials.

Let S be a hypersurface in R™ defined by the zeroes of a non constant
polynomial h € Rlxy,x9,...,2z,]. We say that a vector field X of the form
(1.2) is defined on S if (Ry, Ra,...,Ry,) - Vh = 0 for all points on the hy-
persurface S. This is equivalent to saying that Xh = Kh for some poly-
nomial K € R[zy,x9,...,2,]. Because h(aj,as,...,a,) = 0 for all points
(a1, ag, ..., a,) on the hypersurface S. The hypersurface S is called a regular
hypersurface if Vh # 0 for all points on S. This hypersurface is called ir-
reducible if A is irreducible. The degree of an irreducible hypersurface S is
defined to be the degree of h.

In order to study invariant algebraic sets on an algebraic hypersurface
S C R"™, one may use the idea of extactic algebraic polynomial. We briefly
recall this concept following [9]. Let W be a k-dimensional vector subspace
of R[xy1,z9,x3,...,xy,] with basis {vy,...,v;}. Then the extactic algebraic
polynomial of the vector field X associated to W is given by

1 V9 Vk
Ew (X) = det X(:Ul) X(:Uz) X(:vk) ,
Xk_i(vl) Xk_i(vg) Xk_i(vk)

where X7(v;) = X771(X(v;)) for i > 2. We note that the definition of
the extactic algebraic set is independent of the choice of basis of W, see
Section 2 of [10]. In this paper we will work with W mostly of the form
{x1,29,...,2n} or {1,217, 29,...,2,}.

We recall the definition of the algebraic multiplicity of an irreducible al-
gebraic set given by an irreducible polynomial f =0 from [14].

Definition 2.1. The hypersurface given by f = 0 with f € W has algebraic
multiplicity, or simply, multiplicity m for X if Ey (X) # 0 and (f)™ divides
Ew(X) and for m’ > m, (f)™ is not a factor of &y (X). It has no defined
algebraic multiplicity if Ew (X) = 0.

We note that, in this paper, we are interested in hypersurfaces with fi-
nite multiplicity which is accounted when we count the number of invariant
algebraic hypersurfaces.

We shall use the following proposition whose proof can be found in [9,
Proposition 1].

Proposition 2.2. Let X be a polynomial vector field on R” and W a
finite dimensional vector sub-space of R[z1, z9, ..., x,]| with dim(W) > 1. If
{f = 0} is an invariant algebraic set for the vector field X and f € W, then
f is a factor of &y (X).
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We recall that a function g is called a first integral of the system (1.2) if
Xg = 0. If g is a rational function then g is called a rational first integral.
If the differential system (1.1) has a first integral, then the system possesses
infinitely many invariant algebraic sets. A proof of this fact can be found
on page 102 of [7]. We quote the following result from [8].

Proposition 2.3. Let S be a regular algebraic hypersurface of degree
d in R"*!. The polynomial vector field X on S of degree m > 0 ad-

mits (’Zj:ln) - ("Zﬁzl_ d) -+ n invariant algebraic hypersurfaces irreducible in
Clx1, 22, -+ ,Zp41] if and only if X has a rational first integral.

3. DEGREE ONE AND DEGREE TWO VECTOR FIELDS ON SP x S4

In this section, we show that SP x S¢ is homeomorphic to the zero set of
a polynomial. Then we characterize degree one and degree two polynomial
vector fields on it. For the remainder of the paper, we fix n = p + ¢ + 1.

3.1. S x S9 as a hypersurface and its meridians and parallels. We
consider the following hypersurface in RPT9*! defined by the polynomial
identity
(3.1) (@i +as+-+ag —a®) +al st ag s+ +an =1,
where a > 1 . We denote this hypersurface by S, ,. We show that S, , is
homeomorphic to the product SP x S? of two spheres. Then we determine
when the vector field X' in (1.2) is defined on ) 4.

Let 0 <c<1 and x§+2+x§+3+'--+x%:c. Then

a3+ tan, =£/T—c+a
Let

1
Up = {(9617~~~7$p+1,$p+2,~~,90n)€R" Y et=at+vI=e, i, .al=c OSCSI}

and

p+1_2_ 2 n 2_
S af=at—V/1—c, i=pt2 TF=C, OSCSI}.

Observe that Uy and Us are homeomorphic to SP x DY9. They are identified
along their boundary SP x S97! via the identity map, where

Us := {(wl,...,rp+1,wp+2,~~-7$n)€R"

p+1 n
-1 2 2 2
SPx ST70 = (@1, .., Tpp1, Tpt2s ..., Ty) € R"| le = a“, Z ;=1
i=1 j=p+2
Thus
Spq=U1 |J U2 =87 xD? | SPxDIT= §° xS
SPxSa—1 SpxSa—1

Note that the product SP x S9=! in the above equation is a subset of
R", whereas the representation of SP x S9! as in (3.1) says SP x S9! is a
subset of R”™1. These two representations of SP x S9~1 are different in two
different ambient spaces.
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Writing out the condition for X’ to be invariant on the hypersurface .S, 4,
we get the following.

(3.2)
p+1 p+1 n p+1 n
B G5 (S 2
i=1 i=1 J=p+2 i=1 j=p+2
for some K € R[xq,...,x,]. One defines the degree vector of the vector field
X to be m := (mq, ma,...,my,) where m; = deg(R;) for i = 1,2,...,n.

Definition 3.1. (1) The intersection of S, , and the hyperplane
{zp;rll a;xz; = 0} where a; € R, for i = 1,...,p+ 1 is called a

(3
‘meridian’ on ), 4.
(2) The intersection of Sp 4 and the hyperplane {} 7_ ., a;z; —c =0}
for some ¢ € (0,1) where a; € R, for j = p+2,...,n is called a

‘parallel’ on S, 4.

We say that a meridian on S, 4 is invariant by the flow of the polynomial
vector field X on S, 4 if X(Efﬂ a;x;) = K(E?H a;x;) where a; € R for
i=1,...,p+ 1 and for some K € R[z1,...,Zpt1,ZTpt2, -, Tn).

Similarly, one can define an invariant parallel on S,,. We note that
these definitions generalize the definitions of the invariant meridians and
the invariant parallels on S' x S* of [10].

3.2. Degree one vector fields on S? x S9. Let

(33) RZ = Z cijxj + G0,
j=1

where ¢;; € R for all j andi=1,...,n.

Proposition 3.2. Let X = )", Ria%i be a degree one vector field defined
on Sy 4 where R;s are given by (3.3). Then the matrix (¢;;)p+1xp+1 is skew
symmetric and ¢;o = 0 for all i € {1,...,n}.

Proof. For this case, we see that K in (3.2) is a constant since the degree of
the expression on the left is four and the expression in brackets on the right
already has degree four.

In fact, K vanishes since there is a constant term on the right of (3.2),
but all terms on the left have degree at least one. So for linear vector fields,
(3.2) becomes

p+1 p+1 n
(3.4) 4 (Z l‘? — a2> (Z :EZRZ> + 2 Z l‘jRj =0.
i=1 i=1 J=p+2
Observe that in the expression for R;, ¢ = 1,...,p + 1, there can be no
xys for kK > p+ 1. Since if there was, then (3.4) will have terms of the form
4x?:njxk, k > p+ 1 which cannot be canceled out. Hence this will violate
(3.4). Similarly, R; cannot have any terms with x;s, where 1 < i < p+1
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(for j =p+2,...,n). By similar reasoning we get that c;o = djo = 0 for all
i and j.

Substituting R; from (3.3) in (3.4) and collecting coefficients of x;, for a
fixed ig, we have

p+1 p+1

(3.5) A0 a2 — a®){Riy + ) caigis} = 0.
1=1 s=1

Since R;, = Z?ii Cipj 5, then (3.5) becomes

p+1 p+1 p+1
2 2
4 E T;—a E CigjTj + E CsipZs ¢ = 0.
j=1 s=1

i=1
Re-indexing and gathering coefficients of x;, we get

(Cioj + Cjio) =0,

since there is a dense open subset of S, , with Zf;rll xf # a?. From this, we
see that the real matrix determined by {c;;} is skew-symmetric. (]

Remark 3.3. We see that every first degree vector field defined on S, ; has
a first integral by (3.4).

3.3. Degree two vector fields on SP x S?9. Assume that X = ZRia%i is
a degree two vector field. Then we have
(3.6) R; = Z BijkTjT) + Z Bijxj + Bios
J<k J

where (i, Bij, Bio belong to R for 4,5,k € {1,2,...,n} with j < k. Since
this vector field X satisfies (3.2), the polynomial K has to be linear, say
K =a1x1+aszs+- -+ apxy, + ag for some oy, ...,a, € R. We get ag = 0,
as there is no constant term on the left of (3.2).

Since R;s in (3.6) satisfy (3.2), equating the degree five terms and can-
celling Zf;rll z? we have

(3.7)

4|z E BijkT;Tr + T2 E BTk + -+ Tpi1 E Bp+1jkTiTi | =
i<k i<k i<k

(121 + gy + -+ + omw) (@f + 23 + -+ 22,).

Observe that in (3.7) there are no terms of the form x;xjxy, for i, j, k pairwise
distinct on the right hand side, therefore such terms must sum to zero on
the left hand side. This gives

4(Bij + Bjik + Brij) = 0,
when i,5,k € {1,...,p+1}. If one of 4,5,k isin {p+2,...,n}, say k, then
4(Bijk + Bjix) = 0.
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For the remaining terms, we have,
4Biii = oy and 4(Bi55 + Bjij) = ai

fori,j € {1,...,p+ 1}, and assuming without loss of generality that i < j.
We also have 4(B;ix) = oy, fori € {1,...,p+ 1} and k € {p+2,...,n}.

Observe that there cannot be terms of the form z;x;x; with any two of
i,j, k belonging to {p + 2,...,n}.

Notice that there are no degree four terms on the right hand side, this
implies

Aat 4+ Fap) (@ Y Bz + -+ apn Y Bprazy) = 0.
i J

This gives
(3.8) Bij + Bji =0

fori,je{l,...,p+1}.
Next, equating degree three terms gives

A@]+- + a2 ) (@1 B0+ -+ Tps1Bpri0)—

2
da” | x4 Z BijkxjT) + T2 Z BojkTiTr + -+ Tpi1 Z Bp+1jkTiT | +

j<k i<k J<k
2Tp12 E Bp+2jk®jTr + - + 2T, § BrjkTjTr =
i<k i<k

2

(x4 -+ + o) (—2a2(:131 + - +:EI2)+1) +:EI2)+2 + - +:E?L) .

We can rewrite this as, using (3.7),

Ala} + -+ 22 ) (@1 B0+ - + Tpi1Bpri0)+

2Tp 40 E Bpt2jkTiTy + - - + 21, E BrjkTijTr =
i<k i<k

2

(a1m1 + -+ anay) (—a (@] + - 4+ ahy)) F 2o+ +30).

In this equation, we see that
2Bk = —a’ou,

forke{p+2,....,n}andie {1,...,p+ 1}. Now we have

(3.9) 4ﬁi0 = —a2Oéi
fori e {1,...,p+ 1}. If i, 5, k are distinct and all belong to {p + 2,...,n},
then
Bijk + Bjik + Brij = 0.
If one of i, j, k, say j, belongs to {1,...,p+ 1}, then
Bijk + Brji = 0.

In the remaining cases, we have
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(310) 2(,87,]] + /Bjij) = oy, and 25;; = .

Now equating degree two terms,

—4a® | Z Bij + -+ xpp1 Z Bpy1jTj | +
J J
2%p42 Z ,Bp+2jl'j + -+ 2z, Z,anxj =0.
J J
Then using (3.8), the above equation becomes
2xp+2 Z 5p+2jx]‘ + -+ 22, Z ana:j =0.
J J

This implies that B4 + By, = 0 when k,l € {p+2,...,n}.

Finally, equating degree one terms, we have

—4a*(x1810 + - + Tpr1Bpr10) + 2Tpr2Bpi20 + A 220 B0 =

(a* — D)(arzy + - + apzn).
This gives
(1 —a%) (a* —1)
Bio =2 2)
4a 2

when i € {q,...,p+ 1} and j € {p+2,...,n}. We see that this is a contra-
diction to (3.9), hence
(3.11) a; =0

forie{l,...,p+1}.
Summarizing these computations, we obtain the following characteriza-
tion.

a;, and Bjo = aj,

Proposition 3.4. Let X = ZRia%i be a degree two vector field on S, 4
where R;s are given by (3.6). Let i,j5,k € {1,...,p+ 1} and l,m,n €
{p+2,...,n}, all of them pairwise distinct. Then the co factor in (3.2) is
given by
K= (Clp+2xp+2 +- Oén$n)a
this means a1 = ag = -+ = apy1 = 0.
Also, the coefficients of degree two terms of R;s satisfy
/Bijk + /Bjik + /Bkij = 07 and Blmn + Bmln + Bnlm = 07
Biji+ Bju =0, and  Bijm + Bmj = 0,
4(Bizj + Bjij) = aiy  and  2(Bunm + Bmim) = au,
ABiii = i, 2By = —a’ay, and 2By = oy
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For the coefficients of degree one terms of R;s, we have

Bij + Bji =0, and Byn + Bpu = 0.
Moreover, the constant terms of R;s satisfy

(a' —1)

Bio =0, and B = 5

Qaj.

4. INVARIANT HYPERPLANES ON S? x S1

In this section, we are interested in the number of invariant algebraic
sets determined by the intersections of S, , and hypersurfaces determined
by polynomials of degree one. We compute an upper bound for the number
of invariant meridians and parallels on S, ;. We prove a result to compute
the number of invariant meridians of a degree one vector field on S, ,. We
show that a degree 2 vector field on S, , can have at most p many invariant
meridians. Then we discuss some vector fields with the number of invariant
meridians close to an upper bound. Let X = (Ry,..., R,) be a polynomial
vector field and deg(R;) = m;. Without loss of generality, we may assume
that mqy > mg > --- > mpy1 and that my0 > mpy3 > -+ > my,.

Proposition 4.1. Let S"! be the standard unit (n+1)-sphere in R"*2 and
H a hyperplane passing through the origin. Then S"*'NH is homeomorphic
to S™.

Proposition 4.2. On S, ,, with p,q > 2, the meridians and parallels are
path connected.

Proof. Let ‘;Dill a;x; = 0 be the hyperplane H, which determines a meridian

and
n
Z x? =a€l0,1].
Jj=p+2
Then (3.1) gives the following pair of spheres

p+1

Z$?:a2:|:\/1—a
i=1

unless @ = 1. By Proposition 4.1, the intersection of any of these spheres
with the hyperplane H is a (p — 1) dimensional sphere for each o € [0, 1).
Thus, by a similar argument as in the proof that S, ; is homeomorphic to
SPx S, one can show that S}, ;N H is homeomorphic to SP~1 % §9. Therefore
it is path connected since p,q > 1.

For the case of parallels, let Z;-l:p 42 bjz; = ¢ be the hyperplane Hy and

p+1

me —ad’=pe[-1,1].
i=1
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Then (3.1) can be written as
n
Y ai=1-p2€01]
J=p+2

By Proposition 4.1, the intersection of this sphere and Hy —cisa ¢ —1
dimensional sphere unless = +1. If 8 = 41, then this intersection is a
point. Therefore, the intersection S, , N Hy is homeomorphic to SP x Sa-1
if 8 # +£1 since smooth homotopies preserve transversality, see Section 6 in
[4, Chapter 1]. This is path connected since p,q > 1. O

Theorem 4.3. Suppose that the polynomial vector field X on R™ has finitely
many nmvariant algebraic hypersurfaces. If p,q > 2, then

(1) the number of invariant meridians of X in S, 4 is at most

<§>(m1 - 1)+pz+:lmi+17

1=2

(2) the number of invariant parallels of X in Sy 4 is at most

q—1
q
<2> (Mmpt2 — 1) + Zmp+j+l-
i=1

Proof. For (1). An invariant meridian of X’ is given by the intersection of a

hyperplane of the form g := fill a;z; = 0 with S, ;. By Proposition 2.2, if
this hyperplane is invariant for the vector field X', then ;;;:11 a;x; is a factor

of the extactic polynomial

xr1 o e xp+1
Ry Ry . Ryi1
ten oy (X =det | KR X(R) e X
XP~HRy) XPNRy) - APTH(Rppa)
Since we have chosen degrees of Ry, ..., R,;1 in decreasing order, we see
that the term
(4.1) XP"HRpy1) - XP7%(R,)--- X(R3) - Ry - 1y

has the least degree in the polynomial 5{x1,x2,---,xp+1}(x)- Now the degree
of XY (Riy1) is (i — 1)(my — 1) + my4q for 1 <4 < p. Therefore,

D p+1
g7 (Ryir)- X7 2(Ry) - X(o) - Bo) = (B ) = 1)+ Y1

i=2

The number of invariant meridians cannot exceed the degree of the polyno-
mial in (4.1) since meridians are determined by linear homogeneous polyno-
mials in {z1,...,2p4+1}. This proves (1).



INVARIANT ALGEBRAIC SETS OF CERTAIN VECTOR FIELDS 11

For (2). In this case, the vector space W for &y (X) is generated by
{Zp42,...,2n,1}. Then the result follows using the same argument as in
the first case. O

4.1. Invariant Meridians for degree one vector fields on SP x S9.
In this subsection, we give a tight upper bound on the number of invariant
meridians for degree one vector fields on S), ;. For these vector fields, X =
> Riaixi where deg(R;) < 1 and at least one of them has degree one. Let

. . 1
X be invariant on Zf;rl a;x; = 0. So,

p+1 p+1

(4.2) Z a;R; = K’(Z a;;),
i=1 i=1

for some K’ € R[zy,...,Zpt1, Tpt2,--.,2n). We get that K’ of (4.2) is a
constant since the left hand side has degree one and the term in the brackets
on the right has degree one.

Further substituting for R; from (3.3) in (4.2), we get

p+1 p+1 p+1
E a; E CijTj = K’ E asTs | .
i=1 j=1 s=1

This can be written as

p+1 p+1 p+1
g E aicija:j:K' E asTs | -
s=1

i=1 j=1

Reindexing and equating coefficients of x;, we have

p+1
E _ /.
(4.3) aiCij; = K aj.
i=1
Thus, (a1,...,ap+1) is an eigenvector for the real matrix A := (¢i5)1<ij<p+1

with the eigenvalue K’. Since the matrix (¢;;) is skew symmetric by Propo-
sition 3.2, 0 is the only possible real eigenvalue (see Exercise 7.(g) in Section
6.6 of [3]). As a consequence, we get the following which helps to compute
the number of invariant meridians of a degree one vector field on ), 4.

Theorem 4.4. A degree one vector field defined on S, 4 can have at most as
many invariant meridians as there are linearly independent real eigenvectors
of the matriz A = (c¢ij)1<i j<p+1 formed by the coefficients of the polynomials
in the vector field X.

Remark 4.5. The real skew symmetric matrix A = (¢;;) is normal, that is,
it commutes with its adjoint (which, in this case, is the transpose). Hence by
the Spectral Theorem (Theorem 2.5.4 in page 101 of [5]) A is diagonalizable.
So if all eigenvalues of A are zero, A is the zero matrix. Hence A cannot
have all eigenvalues zero, since X is a non-zero vector field. Thus, we see
that a degree one vector field on Sy, can have at most (p — 1) invariant
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meridians. In fact, we can readily construct a vector field with (p — 1)
invariant meridians starting with a (p+ 1) x (p+ 1) skew-symmetric matrix
with (p — 1) eigenvalues zero.

Example 4.6. Let p =2 in S, 4. Then X = (—x2, 21 — x3,22) is a vector
field on S, 4. So

0 -1 0
A=(1 0 -1
0 1 0

Note that the eigenvalues of A are £1/—2,0. In this case, the unique eigen-
vector is (1,0,1), and hence the corresponding invariant meridian is given
by {z1 + 23 = 0}. Further, we see that this matches with the bound in
Remark 4.5 which is 1 in this case.

4.2. General Case. Now we look at the case of vector fields of degree
greater than or equal to four.

Theorem 4.7. Assume m > 4. We have the following.

(1) There exists a vector field of degree m with 3m — 10 invariant merid-
tans counted with multiplicity when p = 2.

(2) There exists a vector field of degree m with 6m — 21 invariant merid-
ians when p = 3.

Proof. First we construct Rjs, when j € {p +2,...,n}, for the invariant
vector field X. Let R;s be given by

2
Rpra=x1(zp9 — V)H, Rpis = 217p127pi3H, Rpiy = 217p407p44H,

Rp+5 = $1$p+2$p+5H, Rp_|_6 = .’L‘l.’I,‘p+2.’I,’p+6H, e ,and, Rn = .’I,‘ll‘p_;,_gl‘nH
where H € Rz1, ..., Tpp1,Tpi2, ..., Tnl.
For (1): Let

3
D = (Z a;z;)" 2,
i—1

and

1 1 1
R1 = 5:174(117% — az)D, R2 - §JE43§‘1$2D and R3 = §:E4:E13§‘3D.

Observe that the vector field X determined by the above choices for
Ry, Ry, R3 and Ry,...,R, is invariant on Sy, if we let H = D. To be
precise, for these R;s , X satisfies equation (3.2) with K = 2x;24. We shall
prove that the vector field X', defined by these R;s have Z?:l a;x; = 0 as
an invariant meridian with multiplicity 3m — 10 for X. The polynomial
Z?:l a;z; belongs to the vector space W := span{x1,z2,z3}. We note that
if Z?:l a;x; = 0 gives an invariant meridian for this vector field X, then
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Z;?’:l a;x; is a factor of the corresponding extactic polynomial

5w(X) = det X(ﬂlh) X(;2) X(;?&)
X2 (1) X%(22) XP(x3)

In our case, this is the following

i) T2 T3

(4.4) det %m(az% —a®)D %mazlng %$4$1$3D

g D>+ E  ¢D?>+hE g3D?+ h3E
where

3 3
E = X(D) = (m — 3)(2 ail‘i)m_4(z aixa(i)) -D
i=1 i=1
3 3
= (m=3)Q_ @)™ (> aime)
i=1 i=1
for some permutation o on {1,2,3}, and g;, h; € Rlz1,...,x3,24,...,2,] for
i € {1,2,3}. The third row consists of the terms like
1 1 1 1,

X(§:E4(x%—a2)D) = 5(:Ei—l)(JE%—a2)D2—|—53)1%‘421(33%—(12)D2+§334($1—CL2)E
which we have written as g1 D? + hy E. Since D? = (32_, a;x;)*" 5, in the
third row, one sees that ( f;rll a;x;)>™~" is a common factor of each term in
the third row of the matrix in (4.4). Also in the second row, D is a common

factor, hence

3
Ew(X)=D-E-N(v1,29,23,34) = () a;wy)™ Oh(w1, 29, 23, 34)
i=1
for some polynomials &’ and h in R[x1, 9, 23,24, . . ., z,]. Thus (1) is proved,

since (25’:1 a;z;) divides Ew (X) with multiplicity 3m — 10.
For (2): Let R := (Z?:l a;z;)™ 3 and
1 5 1 1 1
Rl = 5%5(371 —a )R, R2 = §x5x1x2R, R3 = §ZL‘5£L‘1ZL‘3R, and, R4 = §x5x1x4R.
Observe that (Z?:l a;z;) is a polynomial in W = span{xy, 2, x3, x4} and
the corresponding extactic polynomial is

X(x) X(e) X(es) Xew)
X2(l‘1) X2($2) X2(l‘3) X2($4)
X?’(l‘l) X3($2) Xg(l‘:;) X3($4)

5w(X) = det

In order to compute &y (X) in this case, let us first determine

4 4
T:=X(R) = (m—3))_a:)®™ () airo)),
=1 =1
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and

4 4
U= X(T) = (m—3)2m — 7)(O_ aiz)* (Y aimy)?
i=1 i=1

4 4
+2(m — 3)(2 aixi)?’m_lo(z aia;g/(i))
i=1 i=1

where o and ¢’ are some permutations on the set {1,2,3,4}. Then &y (X)
becomes

(4.5)
1 ) o 1 |
Les(2? —a®)R 55122 R sx5T1T3R 5T5X1T4 R
(X)) = det 29'0‘)(@1 a?) 2T5T1%2 2T5T1T3 2L5T1T4
Ew (%) = de fs1R? + g T f32R? + g32T fasR? + gs3T f3aR? + gauT

fuR® + guRT + hyU  foR3 + g1oRT + haoU  fi3R3 + gusRT + hasU  fiuR® + guRT + hyyU
where the fij, gik, hst € Rlx1, ..., 24, 5,...,2,) fori,l,s € {3,4} and j,k,t €
{1, 2,3, 4}.

Notice that R is a factor of each term of the second row, (Z?:l a;;)
y3m=11

2m—T7

is a factor of each term of the third row, and (Z?:l a;T; is a factor of
each term of the fourth row of the matrix in (4.5). Therefore, the extactic
polynomial can be written as

4
gW(X) = (Z aixi)ﬁm_21 : h($1,$2,$3,$4,$5)
i=1
for some h € Rxy,...,2q4,25] C Rlx1,...,24,25,...,2,]. This proves the

claim (2), since (Z?:l a;x;) divides Ey (X) with multiplicity 6m — 21. O

Remark 4.8. For p = 2 and p = 3, an upper bound given by Theorem 4.3
is 3m and 6m — 2 respectively.

Example 4.9. Suppose that the vector field X is given by
(4.6)

1 1 1
2 2
Ry = §l’p+2(l’1 —a”)G, Ry = §9€p+2$1$2G7 ooy Rpp1 = §$p+296135p+1G,
2
Rpio = ‘Tl(xp+2 —1)G, Rpis3 = 212p127p+3G, Rpra = 212p427p14G,
Ryys5 = 212p42%p15G, Rpye = 112p127p16G, -0 Ry = 21254127, G,
where G € R[z1,...,Zpt1,Tpr2, . ., Ty) is a polynomial of degree (deg X' —3).

Consider the hyperplane given by z; = ¢ where c¢ is a constant and —1 < ¢ <
1. We want to look at the invariant algebraic sets formed by the intersection
of these hyperplanes with S, ,. The number of connected components of
{z; — ¢} N S, 4 is one, since {z; —c} N S, 4 is homeomorphic to SP~1 x SY for
p > 2, ¢ > 2. In this case, the extactic polynomial is

1 xT; . ]
5{17%}(.)() = det <0 R7,> = R,.
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We see that the maximum possible number of these invariant hyperplanes
is m;(= deg R;). In particular, letting G = H;n:ll_?’(xl — ¢j) in the vector
field given by (4.6), and if we regard x; — 0 = x; also as one of the invariant
hyperplanes (z1 —a = 0 and x; +a = 0 if i = 1), we see that we have m; — 1
invariant algebraic sets of the form under consideration for this choice of the
vector field.

Similarly, one can do the computation for z; = ¢, when j € {p+2,...,n},
and an almost tight bound can be obtained.

5. INVARIANT ALGEBRAIC SETS ON S x S7

In this section, we give a tight upper bound for the number of invariant
hyperplanes of certain types for the vector fields on S* x S9. In section 3,
we showed that Sp, = St x S9.

If the meridians on 57, are invariant algebraic sets, then a;z1 + aso
divides the extactic polynomial

(5.1)

_ T €2 . r1 T2\ _
g{mlwa}(X) = det <X($1) X($2)> = det <R1 R2> = leQ xZRl.

If the parallels on S 4 are invariant algebraic sets, then 2?23 bjx;—c divides
the extactic polynomial

1 xg e xn
5{175[?37..-,1"”} = det : (; ) .. (Z )
0 Xq_l(azg) .. Xq_l(a;n)

Proposition 5.1. The numbers of connected components of the intersec-
tions {aijz1 + asxs = 0} N .S14 and {E?zg bjzj = c} NS4 are two and one
respectively.

Proof. For the case {a121 + asxze = 0} N S1 4, put o = —ai1x1/ag, if as # 0,

otherwise 1 = —asxs/a;. Then (3.1) may have the following form.
a’ -
(21(1+ =) —a®)?* + Zx? =1
That is

2
J
get a copy of S9!, Fixing the sign of x1, we see that when the expression

For a fixed value of z1, we have that Z;‘:?) % is a constant, which means we

1-— 2?23 x? is zero, the copies of S9~! corresponding to the plus and

minus signs inside the radical on the right hand side coincide. This implies
that they belong to the same component. The two different possible signs
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for x1 give two distinct components since 1 cannot be equal to zero since
a > 1. The argument for the case of (3_7_3bjz; = c) NSy 4 is similar to the
proof of the second part of Proposition 4.2. O

Theorem 5.2. Let X be a polynomial vector field of degree m on S1 4 such
that there are only finitely many invariant algebraic sets. Then we have the
following.

(1) There can be at most 2(m — 1) invariant meridians.

(2) There exists a polynomial vector field on Sy 4 with exactly 2(m — 1)
invariant meridians if (m — 1) > q.

Proof. For (1): Let 1 = rcosf, and x2 = rsinf where » > 0 and
0 € [0,2x]. With these choices of coordinates, the polynomial vector field
becomes

1
X = —(Ri(rcosf,rsinf,zs,--- ,x,)rcosf
r
+ Ry(rcosf,rsinf, xs, - - - ,xn)rsin9)8—
r
1
— —(Ri(rcosf,rsinf, a3, ,z,)rsind
”

— Ry(rcosf,rsinb, xs, -, x,)r cos 0)% + ZR2£
i=3 ¢

This implies that
(5.2) r1Ry — 29 Ry = r20 = (a:% + x%)@

Observe that the maximum degree of the left hand side of (5.2) is m + 1
and z? + 22 is irreducible over R. By Proposition 5.1, we know that the
intersection {ajx; + asx2} N Si,4 has two connected components. Hence
there can be at most 2(m — 1) invariant meridians on S; ;. This proves the
claim (1).

For (2): We consider the vector field X on S 4 given by

Ry =xi23- -2y — 220G, Ro = x913--- 20 + 211G,

and
2 n
R; = p (—a%x% +22) + Zazg — 1) T3 Tj1Tjq1 - Ty
s=3
for j =3,...,n. Taking

m—1

G = H (ai:El + bil‘Q),
i=1
one can see that G is a factor of &, ,,(X) of (5.1). We know that the

intersection {ajz1 + agxa} N S1 4 has two connected components. Therefore,
the number of invariant meridians for this vector field is 2(m; — 1). (|
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Remark 5.3. An upper bound for the number of invariant parallels for the
vector field X on S, can be given by a similar calculation as in Theorem

4.3 (2). This upper bound is (%) (mp42 — 1) + Zg;i Mptjti-
Example 5.4. Consider the vector field X = (Ry,... ,Rn) on S 4 given by

- e '_xl (a* —1)
Ry = 4 (SZ:;:ES)’ Ry = 1 (;xs)y i sz x1+ )+ 9 5

for i = 3,...,n. One can check that this vector field satisfies (3.1) with
cofactor K = (x3 + x4 + - -+ + x,). Notice that all meridians are invariant
for this vector field, that is

X(alznl + (IQJEQ) = K(aliﬂl + CLQJEQ)

with K = $(}0_; ). Hence by Proposition 2.3, X has a rational first
integral.

6. INVARIANT ALGEBRAIC SETS ON SP x S!

In this section, we study invariant meridians and parallels of the vector
fields defined on S? x S! for p > 2.

If a meridian in S ; is an invariant algebraic set, then z 1 a;x; divides
the extactic polynomial

x1 e Tp+1
X)) - X(zp)

(61) g{ml,...,xp+1}(x) = det : . :
XP(z1) - AP(zpia)

If a parallel in S}, 1 is an invariant algebraic set, then x,,2 — c divides the
extactic polynomial

- 1 Tp+2 _ Loapia) _
(6.2) g{l,l‘p+2}(X) = det <X(l) X(a:p+2)> = det <0 Rp+2> = Rpya.

Prop051t10n 6.1. The numbers of connected components of the intersec-
tions {> 77 _1 a;x; =0} NSp1 and {zp42 = ¢} NS, are one and two respec-
tively for |¢| < 1.

Proof. The argument for the case of { 1 a;x; = 0} NSy 1 is similar to the
proof of the first part of Proposition 4. 2
For the case of {xp2 =c} N Sp1, (3.1) becomes

p+1 p+1

Zx 24 =1or, ZZE =a’+1- 2

Since c is a fixed constant, this gives two different concentric spheres. There-
fore {zp4+2 = ¢} NS, 1 has two connected components, unless |c| > 1. O
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We note that by the arguments in the proof of Theorem 4.3 (1) we know
that the maximum number of invariant meridians is

<g>(m1—1)+§mi+l.

1=2

Proposition 6.2. Let X be a vector field on S, such that & has only
finitely many invariant algebraic sets. Then the maximum number of in-
variant parallels for X' is (m — 1) where m = deg X. Moreover, there is a
vector field on S, 1 with exactly (m — 1) invariant parallels in S, ;.

Proof. The vector field & is invariant on S, 1. So, by definition, we have

(6.3)

2

p+1 p+1 p+1
4 <Z mf - a2> (Z xiRi> + 20y 0Rp0 = K(T1,...,Tp41, Tpi2) (Z :Ef — a2> + :):ZH —11.
i=1 i=1

i=1

If xp40 —a; = 0 gives a parallel, then z,42 — a; is a factor of R,;o by
Proposition 2.2 and (6.2). Then R, must be of the form

¢
Ryio = [[(wpro — ai) - h(ar, .., mp11),
i=1
where 0 < ¢ < deg R,12 < m and h has no factor of the form z,,2 — a.
Suppose that £ = m. Then h is a constant, since deg Rj,2 < m. Now
putting 1 = 29 = -+ = 2,41 = 0 in (6.3), we have the following.

¢
2xp40 H(xp+2 —a;)-h=K(0,... ,O,xp+2)(:n?,+2 +at—1),

i=1
where a > 1. We see that the left hand side is non-zero. So, K(0,...,0,2,12)
is also non-zero. The polynomial (xf) 1o +a*—1) is irreducible over R, since
a > 1. But all factors in the left hand side have degree one. So, we arrive at
a contradiction. Thus, we have that ¢ < (m — 1) and the proof is complete
for the first part.

Now, consider the vector field X given by

p+1 2 2
<Zi:1 Ty —a )

RZ’ = Tp+2 1 H
(6.4) »
(S0 @) (@245 - 1)
Rp+2 - 2 H7

where R; € R[z1,22,...,2p41,Tps2] for i =1,...,p+ 1. Observe that X is
a vector field on Sy, 1. Let H := H?:l?’(prrg —¢;) for ¢; € R with |¢;| < 1.
Then from (6.2), we see that (xl% 1o — 1)H divides the extactic polynomial
E(1,2,.2}(X). Therefore, the vector field given by (6.4) has (m — 1) invariant
parallels in .S, 1. O
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We remark that there exists 2(m—3)+2 = 2(m—2) connected components
in this case, since each parallel has two connected components if —1 < a; < 1
by Proposition 6.1.

We note that when p = ¢, then S, 1 and Sy ; are homeomorphic. However,
their equations say that they are different algebraic subsets of RP*2.

Example 6.3. Consider the polynomial vector field determined by

1
1 z2 2 s a? a*—1
R, = inmpﬁ and Rpi9= p2+ — Z ?x? + %
i
fori =1,...,p+ 1. One can check that this vector field satisfies (6.3), with
the cofactor z,12. Hence X = (Ry,..., Rpy1) is a vector field on S, ;. Notice

that all meridians on S) 1 are invariant for this vector field, that is
X(arz1 + -+ apr1zp1) = K(a1w1 + -+ + app12pt1),
with K = %. Hence by Proposition 2.3, X has a rational first integral.
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