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SOME IDENTITIES ON DEGENERATE HYPERHARMONIC NUMBERS

TAEKYUN KIM AND DAE SAN KIM

ABSTRACT. The aim of this paper is to investigate some properties, recurrence relations and identi-
ties involving degenerate hyperharmonic numbers, hyperharmonic numbers and degenerate harmonic
numbers. In particular, we derive an explicit expression of the degenerate hyperharmonic numbers in
terms of the degenerate harmonic numbers. This is a degenerate version of the corresponding identity
representing the hyperharmonic numbers in terms of harmonic numbers due to Conway and Guy.

1. INTRODUCTION

Recent explorations for various degenerate versions of quite a few special numbers and poly-
nomials have been fascinating and fruitful, which began with the pioneering work of Carlitz in
[2,3]. These quests for degenerat versons are not only limited to special polynomials and numbers
but also extended to some transcendental functions, like gamma functions (see [11]). Many dif-
ferent tools are used, which include generating functions, combinatorial methods, p-adic analysis,
umbral calculus, operator theory, differential equations, special functions, probability theory and
analytic number theory (see [8-10,12,14,16] and the references therein). It is also worth mentioning
that A-umbral calculus has been introduced in [8], which turns out to be more convenient than the
‘classical’ umbral calculus when dealing with degenerate Sheffer polynomials.

The aim of this paper is to investigate some properties, recurrence relations and identities involv-
ing degenerate hyperharmonic numbers, hyperharmonic numbers and degenerate harmonic num-
bers (see (6), @), (LI)). The novelty of this paper is the derivation of an explicit expression of the
degenerate hyperharmonic numbers in terms of the degenerate harmonic numbers (see Theorem 3).
This is a degenerate version of the corresponding identity representing the hyperharmonic numbers
in terms of harmonic numbers due to Conway and Guy (see (9).

The outline of this paper is as follows. In Section 1, we recall the degenerate exponentials and the
degenerate logarithms. We remind the reader of the harmonic numbers and their generating func-
tion, and of the degenerate harmonic numbers and their generating function. Then we recall the
hyperharmonic numbers due to Conway and Guy [5], its explicit expression in terms of harmonic
numbers and their generating function. Finally, we remind the reader of the recently introduced de-
generate hyperharmonic numbers, which are a degenerate version of the hyperharmonic numbers,
and of their generating function. Section 2 is the main result of this paper. We obtain an iden-
tity involving the degenerate hyperharmonic numbers and the hyperharmonic numbers in Theorem
2. It is obtained by taking higher order derivatives of the generating function of the degenerate
hyperharmonic numbers in (I2). Theorem 3 is a degenerate version of the explicit expression for
the hyperharmonic numbers (@), which is obtained from Theorem 2 and Lemma 1 about explicit
expressions of certain polynomials. In Section 3, we get an identity involving the degenerate hy-
perharmonic numbers and the degenerate zeta function.

2010 Mathematics Subject Classification. 11B83; 05A19.
Key words and phrases. degenerate hyperharmonic number; degenerate harmonic number; hyperharmonic number;
degenerate Hurwitz zeta function.
1


http://arxiv.org/abs/2205.10010v1

2 TAEKYUN KIM AND DAE SAN KIM

For any nonzero A € R, the degenerate exponential functions are defined by

(1) e ()= (1+A0)% = i " (see [2,8,9,10,13]),
where
(2) Xoa =1, (X)pr=x(x—=A4)---(x—=(n—=1)A), (n>1), (see[8,9,10]).

When x = 1, we use the notation e, (1) = ¢ ().
Let log, ¢ be the compositional inverse function of e, (¢) such that log; (e, (1)) = e, (log; (1)) =1.
It is called the degenerate logarithm and given by

I ),k 1
3) log, (1 Z ( )'” =

Note that lim log, (1+1) =log(1+1) and lim e, (1) = €.
A—0 A—0

(14+1)*=1), (see [6,7,9)).

>>|~

It is well known that the harmonic numbers are defined by

1 1 1
() Hy=0, H,=1 —|—5+§+---+—, (n>1), (see|[3,4,511,12]).
n
From (), we can derive the generating function of harmonic numbers given by
5 — —1 (1—1) Hyt",
5) T log( Z (see [3]).

Recently, the degenerate harmonic numbers are defined by
1A _
© Hin=0. Ha= 37 (}) 00 e, (eele),
k=1

Note that lim H,, , = H,,.
A—0

From (@) and (@), we can derive the generating function of the degenerate harmonic numbers
given by

(7) —%logl 1—1) Z H, 1", (see[6]).

In 1996, Conway and Guy introduced the hyperharmoinc numbers H,$’>, (n,r > 0), which are de-
fined by

®  HY =0 m” =L HY —H, B = Y HY, (r22), (see [3,5.11,14,16)).
n

By &), we get
, ~1
©) H£’=<"ff1 )(Hn+r1—Hr1>, (r>1),
log(1—1) &
(10) —%:ZHF;“, (see [5)).
n=1

In [12], Kim-Kim introduced the degenerate hyperharmonic numbers H,Er))t, (n>0,r > 1), which
are given by

(11) H) =0, HY=H,,, H)=YH" (r>2).
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From (I1J), we note that

o () ()

By (12)), we easily get

13 HY = gy G,

2. SOME IDENTITIES ON DEGENERATE HYPERHARMONIC NUMBERS

First, let us define the polynomial ¢,(1) € Q[A], (n > 0), with degg,(A) =n—1as

(14) (1—&><1— A )-.-<1— A >:1+7Lq,,(7t), (neN,reN).

r r+1 r+n—1

From (14)), we have

A A A
(15 (1_7><1_r+1>m<1_r+n—1>

= (=1 —r)(A—r— —r=2)-(A—-r—(n—
T A DA =) (A (=)
-1y

—1)" -1 [A—r
<A—r>n=ﬁm—r>n=%( )

x)o=1, (x)p=xx—=1)---(x—n+1), (n>1).
For n > 0, the Stirling numbers of the first kind are defined by

(r+n—1)!

where

(16) (x)n:zn:Sl(n,k)xk, (see [1—16]).
=0
By (16), we get
(1 :

17 r(r_i_l)m(r_’_n_])(l—r)(l—r—l) (A=r—n+1) nlga —r Slnl)

_ 1 5 n l_rl—kk: 1 k " [ )ik
_(_r)nlgosl( ’1)1;()(")( )R = )nkz‘ak Zsl z<k>
— 1 - kn ! n 1)k k
_1+(_r)nk;/1 £<k>sl( D (=1)
_ I ey (! " Ik I—k
_1+7L<(_r)nkgk E<k>sl( ) (=1) >
=14+Ag,(R)

From (13) and (7)), we note that

(18) 1+7an(),):((r:£)f) (A;F>, (n>1,r>1).

Therefore, by (18)), we obtain the following lemma.
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Then we have

From (12), we note that

d" [ logy(1-2)\ _d° & o,
“ =)

where k, r are positive integers.
Now, we observe that

d log; (1-2)\ (1—2)* r
@ GRS re e

r

= W{%logl(l —Z)—i-%—l()g/l(l —Z)}

S )]

Thus, by @20), we get

d log; (1-2)\ r 1 B r
@D d_z<‘ (-2 )‘(1—z>f+1{r toga ! Z)<1 A>}
From 1)), we have
(22)

() ()
(i (o) (1)
_ %(%_10&(1_1)(1—%)) +%<1—%> (rillogz(l—z)jtw%l)

_ (:(:f)rlzz{%Jr ril (1 - %) - (1 - %) (1 —rf:—1> log; (1 —z)}.

Thus, by 22), we get
d? ( 1og,1(1—z)>
a2\ T (1—=7r

_ (:(11‘)22{%+ rJlr] <1 —%) - (1 —%> <1 —ri—1>logl(1 —z)}.
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From (23)), we note that

& log(1-2) d? log; (1 —2)
24) dz3< (1—2)" ) ( ( (1—2)"

()
) (o
1 (r+3+)2<1 %) <1—ril>%%((1—z)l—1+1

)
_%{% H_%(l—%)—(l—%) (1—% 10g/1(1—2)}
SD-2) 1 ) Lt )
R L) () (- 4
A

+1
B (1 A (1 A o)

Thus, by @24), we get

YR
a2\ (12
(25) _ r(r(:r_l)z()rr:r32){%+ril (1—%) +r12<1_%> (1_ ril)

Continuing this process, we have

dz (1-2)

26) d_k<_10g/1(1—z)>:r(r+1)---(r+k—1)<;+zk: | 1‘—2<]_ L

(1 _ Z)r+k

k=1 004 (1 —
—r(r+1)---(r+k—1) <1—ril>l(1g/l_(i)r+i)'
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From Lemma 1 and (26]), we can derive the following equation.

d* [ log;(1—2)
&7 d_zk<_ (1—2)r )

_ r(r+1)---(r+k—1)<1 +Zk‘, 1

(1 —z)rtk r Srt+i-1

(1+M]1—1(M)>

—r(r41)---(r+k=1)(1 —i-/’LCIk(;L))k()]gl_(#j)

C(r+k=1 1 koo kogii(A)
o (r=1)! (1—z)r+k<zr+1—1+’l§r+l—1>

=1

_%(Hm(x))%

~ (r+k=1)! 1 k 1
 (r=1)! (1_Z)r+k<121,+l_1—loga(l—z)>

r+k—1)! 1 : kg 1(A
| (t—w) (12 <Z e “fk(“k’gl“—z))

_ (r—lr—fIl v(ﬁ <n+r+k— 1> (Hk+r—1 —Hr_1>z"—k()1gl_(;):+i)>

(r+k—1 (& (n+r+k—1\ & g o log (1—2)
AT (r—1)! Z Zr+1—1 a(%) (1—z)+k )

+A

From the generating function of degenerate hyperharmonic numbers in (I2) and 7)), we obtain

d* [ log;(1-2)
@ ()

:%<i<n+r+k—1>)wﬂr H ) +2Hk+r )

n=0 n

(r+k—1)! > (n+r+k—1 q1_1(7t) . r k) n
R e 0) y o qh) L Yz

- n=0 n o+l n—=1

k—1 k—1 k—1 r
(T o e (7
k
| n+r+k—1\ (r+k—1 qi-1(A) r+k—=1\_k+r) | n
+/Ik2{< . ;7r+1—1+q"(l) PR LA




SOME IDENTITIES ON DEGENERATE HYPERHARMONIC NUMBERS

From (9) and (28)), we note that

d* log, (1 —2)
@ =)

—k‘2{<n+r+k )H]Er)+<r+k_l>Hk+r
k

| n+r+k—1\(r+k—1 qi-1(A) r+k—1 (k+r)

+M‘Z{< k ,22r+1—1 kWP,

Z{<n+r+k_1>H1§r)+ <r+l]i— 1>H$/1+r)
ndr+k—1\[r+k—1\ & q-1(A) r+k—1 &)\ | n
;L<< n >< k )gr—i—l—l + k qk(l)H"”l o

Therefore, by (I9) and (29)), we obtain the following theorem.

+

Theorem 2. For r,k € N, we have the following identity

n+k\ n+r+k—1 (r) r+k—1 (k+7)
< k )Hn+k7l:< n Hk + k HnJL

n+r+k—1\ (r+k—1 qi—1 r+k—1 (k+7)
() R (T i

where q,(A) is the polynomial of degeree n— 1 given by g, (1) = 1 ( L ()“_r) — 1>.

From Theorem 2 and Lemma 1, we have

30) <n+k> nik <n+r+k—1>H]£r)+<r+l;— 1>H,£,k/1+r)
ndr+k—1\ (r+k—1\ & 1 (=D A —r
() e (e () )
(”k‘l)( 57
_ - n,A
A AN
n+r+k—1 (,)+ n+r+k—1 r+k—1
Hy n k
1

k l ) k 1 l_r
_|__]k H(k+r)_
(; H_]) ,§r+z—1> ot )l

+

X
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Let us take » = 1 in (30). Then we have

n+k _(n+k n+k\ (&1 [/A—1 PR
o (= (1) () (G ) - 2)

n+k n+k A—1 (
e o o
n+k A—1
:< ) >ij1+(—1)"< ) )H,Ef‘;”.

Therefore, by (31)), we obtain the following theorem.

Theorem 3. For n,k € N, we have

k(=D <”+k

mA W n

) (Hoir — His)-
k

In Theorem 3, letting A — O gives the result in (9). Namely, we have

n+k
H£k+1):< \ )(HnJrk—Hk)-

This shows that Theorem 3 is a degenerate version of the expression in (9).

3. FURTHER REMARK

For Re(0) > 0, the degenerate Hurwitz zeta function is defined by Kim-Kim as

Gs.8)= Y A

L (n+ 5) (Re(s) > 1), (see[7]).

In particular, 8 = 1, §) (s) = {; (s,1) is called the degenerate zeta function. That is,

Cl(s) _ i (l)nzl,l

n=1 n

, (Re(s)>1), (seel[7]).
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CRG () ()
G ST, DR, T
=H‘(17rf;1)+Hl(’rl1);1H§’rll)(1)1,1+3im(H1(,r{1)+Hz(,rA_1) ) (1), 4
g W 0y g
o 1) v (Dipn— o 1) v (D
:I;H;Awk;%:;@%w;%
:;H&uk_n (1)]1;1,/1 —;H;E,ral)j:j (1)11’1—1171 +;H’£TA 1)]; (1)]1;1,/1
=L ) L “)jm“ + ;Hi& D (m)

w /H -l (1), oo B
n,A r—1 I-1,A r—1
Z < = (Dp1a +H,571 )Z T) = {1 (m) ZH,E,A )

n=1
4. CONCLUSION

In this paper, by using generating functions we investigated some properties, recurrence relations
and identities involving degenerate hyperharmonic numbers, hyperharmonic numbers and degener-
ate harmonic numbers. The degenerate hyperharmonic numbers were introduced as a degenerate
version of the hyperharmonic numbers which were introduced by Conway and Guy. In particular,
derived was a degenerate version of the explicit expression of hyperharmonic numbers in terms of
harmonic numbers, namely that of the degenerate hyperharmonic numbers in terms of the degener-
ate harmonic numbers.

It is one of our future projects to continue to study various degenerate versions of some special
polynomials and numbers and to find their applications to physics, science and engineering as well
as mathematics.
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