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Abstract. We study the zero exterior problem for the elliptic equation

∆α/2u− λu = f, x ∈ D ; u|Dc = 0

as well as for the parabolic equation

ut = ∆α/2u + f, t > 0, x ∈ D ; u(0, ·)|D = u0, u|[0,T ]×Dc = 0.

Here, α ∈ (0, 2), λ ≥ 0 and D is a C1,1 open set. We prove uniqueness and
existence of solutions in weighted Sobolev spaces, and obtain global Sobolev
and Hölder estimates of solutions and their arbitrary order derivatives. We
measure the Sobolev and Hölder regularities of solutions and their arbitrary
derivatives using a system of weights consisting of appropriate powers of the
distance to the boundary. The range of admissible powers of the distance to
the boundary is sharp.

1. Introduction

We study the elliptic equation
{

∆α/2u(x)− λu(x) = f(x), x ∈ D,

u(x) = 0, x ∈ Dc,
(1.1)

and the parabolic equation










∂tu(t, x) = ∆α/2u(t, x) + f(t, x), (t, x) ∈ (0, T )×D,

u(0, x) = u0(x), x ∈ D,

u(t, x) = 0, (t, x) ∈ [0, T ]×Dc,

(1.2)
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2 PDES WITH FRACTIONAL LAPLACIAN ON C1,1 OPEN SETS

where α ∈ (0, 2) and D is either a half space or a bounded C1,1 open set. The
fractional Laplacian ∆α/2u is defined as

∆α/2u(x) := cd lim
ε↓0

ˆ

|y|>ε

u(x+ y)− u(x)

|y|d+α
dy, (cd :=

2αΓ(d+α
2 )

πd/2|Γ(−α/2)| ).

In the probabilistic point of view, equations (1.2) and (1.1) are related to a
certain pure-jump process which is forced to assume undefined or killed state when
it leaves the open set D. The zero exterior condition describes that the influence of
the jump process vanishes or is ignored when the process is outside ofD. See Section
2 for detail. In fact, the equations are ill-posed if only zero-boundary condition is
assigned.

In this article we study equations (1.1) and (1.2) in the weighted Sobolev spaces
Hγ

p,θ(D) and Lp((0, T );H
γ
p,θ(D)), respectively. Here p > 1 and θ, γ ∈ R. For

instance, if γ = 0, 1, 2, · · · , then

‖u‖Hγ
p,θ

(D) =

(

γ
∑

k=0

ˆ

D

|ρkDku|pρθ−ddx

)1/p

,

where ρ(x) := dist(x, ∂D). In general, we use a unified way to define the spaces
Hγ

p,θ(D) for all γ ∈ R. The powers of ρ are used to control the behaviors of functions
near the boundary.

The main contribution of this article is to present weighted Sobolev regularity
of arbitrary nonnegative real order derivatives of solutions. To be more precise, for
elliptic equation (1.1) we prove for any γ ≥ 0 and p > 1,

‖u‖Hγ+α
p,θ−αp/2

(D) ≤ C‖f‖Hγ
p,θ+αp/2

(D) (1.3)

provided that θ ∈ (d− 1, d− 1+p). The admissible range of θ is sharp (cf. Remark
2.5). We also prove a parabolic version of (1.3) for parabolic equation (1.2). See
Theorems 2.9 and 2.10 for our full Sobolev regularity results of the elliptic and
parabolic equations. In particular, if γ = 0 then (1.3) implies

ˆ

D

(|ρ−α/2u|p + |ρα/2∆α/2u|p)ρθ−ddx ≤ C

ˆ

D

|ρα/2f |pρθ−ddx. (1.4)

Note that due to the presence of ρα/2 beside f in (1.4), the function f is allowed
to blow up near the boundary of D. Indeed, it can behave like ρ−α/2 near ∂D.

We also obtain global space-time Hölder estimates of arbitrary derivatives of
solutions (see Corollaries 2.16 and 2.17). One advantage of our results is that it
gives Hölder estimates of solutions even when the free terms are quite rough. For
instance, if α− d

p ≥ δ ∈ (0, 1), then for the elliptic equation we prove

|ρ θ
p−α

2 u|C(D) + |ρδ+ θ
p−α

2 u|Cδ(D) ≤ C‖ψα/2f‖Lp,θ(D). (1.5)

Now we give a description on the mostly related works below. Our focus lies in
the results on domains. Accordingly, regarding the results on the whole space R

d,
we only refer e.g. to [4, 6, 18, 29, 40] for Hölder estimates and [17, 28, 30, 31, 44, 45]
for Lp estimates.

First, we describe Höder estimates. As for elliptic equation (1.1), it was proved
in [47] that

f ∈ L∞(D) =⇒ u ∈ Cα/2(Rd), ρ−α/2u ∈ Cs(D)
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for some s > 0. Here, ρ(x) := dist(x, ∂D). Higher order estimate

|u|(−α/2)
β+α;D ≤ C

(

|u|Cα/2(Rd) + |f |(α/2)β;D

)

, β > 0

was also obtained in [47], where | · |(a)b denotes the interior Hölder norm (see e.g.
[23] or [32]). The result of [47] was generalized for elliptic equations with stable-like
operators in [3, 34, 49]. We also refer to [41, 50] for the local result of the type

f ∈ Cβ(D) =⇒ u ∈ Cβ+α
loc (D), β > 0

proved for non-local elliptic equations with singular kernels or general operators.
Also, see [12, 35, 48] for related works on non-linear elliptic equations. Now, we
discuss the results on parabolic equation (1.2). In [21], it was proved that if u0 ∈
L2(D) and f ∈ L∞((0, T )×D), then

u ∈ C
1−ε,α/2
t,x ((t0, T )×D), ρ−α/2u ∈ C

1
2− ε

α ,α2 −ε
t,x ((t0, T )×D) (1.6)

for any ε > 0 and t0 ∈ (0, T ). Note that this result is local with respect to the time
variable. For a global estimate, we refer to [53], which in particular proved

sup
t≤T

(

|u|(−θ)
α+γ;D + |∆α/2u|(α−θ)

γ;D

)

≤ C

(

|u0|(−θ)
α+γ;D + sup

t≤T
|f |(α−θ)

γ;D

)

(1.7)

for any θ ∈ (0, α/2) and γ ∈ (0, 1). This estimate does not give Hölder regularity
with respect to the time variable. As compared to (1.6) and (1.7), our results give
global Hölder regularity with respect to both time and spacial variables.

Next, we describe results in Lp spaces. The global summability results were
studied e.g. in [1, 42]. For instance, for elliptic equation (1.1), the inequality

‖u‖L dp
d−αp

(D) + ‖∆α/4u‖L dp
d−αp/2

(D) ≤ C‖f‖Lp(D), (1 < p < 2d/(d+ α)) (1.8)

was proved in [42]. We remark that (1.8) does not cover the full regularity of
solution, that is, estimate of ∆α/2u is not covered. There are also several interior
regularity results, such as those introduced in [7, 8, 16, 46]. For instance, the results

f ∈ Lp(D) =⇒ u ∈ Hα
p,loc(D), (1 < p <∞)

and

f ∈ Lp∗
(D) =⇒ u ∈ H

α/2
p,loc(D) (p > 2, p∗ := max{ pd

d+ pα/2
, 2}) (1.9)

were proved in [7] and [46] respectively. Note that p∗ < p since p > 2. We
also refer to [10, 20, 27] for results on Hilbert spaces. We finally refer to [24, 25]

for the regularity results in the µ-transmission spaces H
µ(s)
p (D), proved for the

equations with pseudo-differential operators satisfying the µ-transmission property.
In particular, it is proved that if f ∈ Lp(D), then elliptic problem (1.1) has a unique

solution u ∈ H
α/2(α)
p (D).

Our approach is different from those in the above mentioned articles and is based
on weighted Sobolev spaces. We summarize our results and their differences from
above mentioned results as follow.

• We prove the weighted Sobolev regularity result of solutions to both elliptic
and parabolic equations. For instance, for the elliptic equation we prove
(1.3), which is

‖u‖Hγ+α
p,θ−αp/2

(D) ≤ C‖f‖Hγ
p,θ+αp/2

(D), (1.10)
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for any p > 1, γ ≥ 0 and θ ∈ (d− 1, d− 1 + p).
• We emphasize that unlike in any of above mentioned articles, our results,
e.g. (1.10), are proved for any γ ≥ 0, despite that D is an only C1,1 open
set. This is possible because we use appropriate weighted Sobolev spaces.

• As can be seen from (1.4), regularity of ρ−α/2u near ∂D changes according
to θ. For instance, as θ ↓ d − 1, ρ−α/2u decays faster. Among the results
described above, the closest result to (1.4)(or (1.10)) can be found in [24,
25], which in particular show that if D is a bounded C∞ domain and

f ∈ Lp(D) then ρ−α/2u ∈ H
α/2
p (D). This result is close to (1.4) if θ =

d. Besides that θ can vary in the present article, we require the weaker
assumption ρα/2f ∈ Lp(D, ρ

θ−ddx).
• We use (1.10) to prove versions of (1.8) and (1.9) under weaker assumption
on f . See Remark 2.14 for a comparison of our results with those in [1, 42,
46].

• We also obtain global Hölder estimates for the elliptic and parabolic equa-
tions; the free terms can be quite irregular and unbounded. For instance,
in (1.5) we only require ρα/2f ∈ Lp,θ(D).

Now, we introduce the organization of this article. In Section 2, we introduce our
main results, Sobolev space theory and Hölder estimates of solutions. In Section 3,
we study the representation of solutions and estimate the zero-th order derivative
of solutions. In Section 4, we prove higher regularity of solutions, and we give the
proofs of main results in Section 5.

We finish the introduction with notations used in this article. We use “ := ” or
“ =: ” to denote a definition. N and Z denote the natural number system and the
integer number system, respectively. We denote N+ := N ∪ {0}, and as usual Rd

stands for the Euclidean space of points x = (x1, . . . , xd),

Br(x) = {y ∈ R
d : |x− y| < r}, R

d
+ = {(x1, . . . , xd) ∈ R : x1 > 0}.

For nonnegative functions f and g, we write f(x) ≈ g(x) if there exists a constant
C > 0, independent of x, such that C−1f(x) ≤ g(x) ≤ Cf(x). For multi-indices
β = (β1, · · · , βd), βi ∈ N+, and functions u(x) depending on x,

Diu(x) :=
∂u

∂xi
, Dβ

xu(x) := Dβd

d · · ·Dβ1

1 u(x).

We also use Dn
xu to denote the partial derivatives of order n ∈ N+ with respect to

the space variables. For an open set U ⊂ R
d, C(U) denotes the space of continuous

functions u in U such that |u|C(U) := supU |u(x)| <∞. C0(U) is the set of functions

in C(U) satisfying lim
|x|→∞

u(x) = 0 and lim
x→∂U

u(x) = 0. By C2
b (U) we denote the space

of functions whose derivatives of order up to 2 are in C(U). For an open set V ⊂ R
m,

where m ∈ N, by C∞
c (V ) we denote the space of infinitely differentiable functions

with compact support in V . For a Banach space F and δ ∈ (0, 1], Cδ(V ;F ) denotes
the space of F -valued continuous functions u on V such that

|u|Cδ(V ;F ) := |u|C(V ;F ) + [u]Cδ(V ;F )

:= sup
x∈V

|u(x)|F + sup
x,y∈V

|u(x)− u(y)|F
|x− y|δ <∞.
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Also, for p > 1 and a measure µ on V , Lp(V, µ;F ) denotes the set of F -valued
Lebesgue measurable functions u such that

‖u‖Lp(V,µ;F ) :=

(
ˆ

V

|u|pF dµ
)1/p

<∞.

We drop F and µ if F = R and µ is the Lebesgue measure. By D(U), where U
is an open set in R

d, we denote the space of all distributions on U , and for given
f ∈ D(U), the action of f on φ ∈ C∞

c (U) is denoted by

(f, φ)U := f(φ).

Finally, if we write C = C(a, b, · · · ), then this means that the constant C depends
only on a, b, · · · .

2. Main results

In subsection 2.1 we prove the uniqueness and existence results in a wide class
of function spaces, and we give the regularity of solutions in subsection 2.2.

Throughout this article, D is either a half space Rd
+ or a bounded C1,1 open set.

2.1. Uniqueness and existence. For suitable functions f defined on R
d (e.g.

f ∈ C2
b (R

d)), we define the fractional Laplacian ∆α/2f as

∆α/2f(x) := cd lim
ε↓0

ˆ

|y|>ε

f(x+ y)− f(x)

|y|d+α
dy, (2.1)

where cd =
2αΓ( d+α

2 )

πd/2|Γ(−α/2)| . Also, for functions f, g defined on E ⊂ R
d, we set

〈f, g〉E :=

ˆ

E

fg dx.

Definition 2.1. (i) (Parabolic problem) For given f ∈ L1,loc([0, T ]×D) and u0 ∈
L1,loc(D), we say that u is a (weak) solution to the problem











∂tu(t, x) = ∆α/2u(t, x) + f(t, x), (t, x) ∈ (0, T )×D,

u(0, x) = u0(x), x ∈ D,

u(t, x) = 0, (t, x) ∈ [0, T ]×Dc,

(2.2)

if (a) u = 0 a.e. in [0, T ]×Dc, (b) 〈u(t, ·), φ〉Rd and 〈u(t, ·),∆α/2φ〉Rd exist for any
t ≤ T and test function φ ∈ C∞

c (D), and (c) for any φ ∈ C∞
c (D) the equality

〈u(t, ·), φ〉Rd = 〈u0, φ〉D +

ˆ t

0

〈u(s, ·),∆α/2φ〉Rdds+

ˆ t

0

〈f(s, ·), φ〉Dds (2.3)

holds for all t ≤ T .
(ii) (Elliptic problem) Let λ ∈ [0,∞). For given f ∈ L1,loc(D), we say that u is

a (weak) solution to
{

∆α/2u(x)− λu(x) = f(x), x ∈ D,

u(x) = 0, x ∈ Dc,
(2.4)

if (a) u = 0 a.e. in Dc, (b) 〈u, φ〉Rd and 〈u,∆α/2φ〉Rd exist for any test function
φ ∈ C∞

c (D), and (c) for any φ ∈ C∞
c (D) we have

〈u,∆α/2φ〉Rd − λ〈u, φ〉Rd = 〈f, φ〉D. (2.5)
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It is clear if u(t, x) is a strong (or point-wise) solution to (2.2) and sufficiently
regular, then u becomes a weak solution in the sense of Definition 2.1.

For an explicit representation of weak solutions, we introduce some related
stochastic processes. Let X = (X)t≥0 be a rotationally symmetric α-stable d-
dimensional Lévy process defined on a probability space (Ω,F ,P), that is, Xt is a
Lévy process such that

Eeiξ·Xt = e−|ξ|αt, ∀ ξ ∈ R
d.

Let

τD = τxD := inf{t ≥ 0 : x+Xt 6∈ D}
denote the first exit time of D by X . We add an element, called a cemetery point,
∂ /∈ R

d to R
d, and define the killed process of X upon D by

XD
t = XD,x

t :=

{

x+Xt t < τxD,

∂ t ≥ τxD.

The cemetery point ∂ is introduced to define f(∂) := 0 for any function f so that
f(XD

t ) = 0 if t ≥ τxD. Let pD(t, x, y) denote the transition density of XD, i.e., for
any Borel set B ⊂ R

d,

P(XD,x
t ∈ B) =

ˆ

B

pD(t, x, y)dy.

Recall ρ(x) = dist(x, ∂D). We denote Lp,θ(D) := Lp(D, ρ
θ−ddx) for any θ ∈ R

and p > 1. In other words, Lp,θ(D) is the set of functions u such that

‖u‖Lp,θ(D) :=

(
ˆ

D

|u|pρθ−ddx

)1/p

<∞.

For T <∞, we also define the space

Lp,θ(D,T ) := Lp((0, T );Lp,θ(D))

given with the norm

‖u‖Lp,θ(D,T ) =

(

ˆ T

0

ˆ

D

|u|pρθ−ddxdt

)1/p

.

Here are our uniqueness and existence results of the elliptic and parabolic equa-
tions. The proofs are given in Section 5.

Theorem 2.2 (Parabolic case). Let α ∈ (0, 2) and p ∈ (1,∞). Assume θ ∈
(d− 1, d− 1 + p), f ∈ Lp,θ+αp/2(D,T ) and u0 ∈ Lp,θ−αp/2+α(D).

(i) The function

u(t, x) :=

ˆ

D

pD(t, x, y)u0(y)dy +

ˆ t

0

ˆ

D

pD(t− s, x, y)f(s, y)dyds (2.6)

belongs to Lp,θ−αp/2(D,T ) ∩ {u = 0 on [0, T ] × Dc} and is the unique weak
solution to (2.2) in this function space.

(ii) For the solution u, we have

‖u‖Lp,θ−αp/2(D,T ) ≤ C(‖f‖Lp,θ+αp/2(D,T ) + ‖u0‖Lp,θ−αp/2+α(D)), (2.7)

where C is independent of u and T .
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Theorem 2.3 (Elliptic case). Let α ∈ (0, 2) and p ∈ (1,∞). Assume θ ∈ (d −
1, d− 1 + p) and f ∈ Lp,θ+αp/2(D).

(i) Let λ > 0 or D be bounded. Then, the function

u(x) = u(λ)(x) :=

ˆ

D

(
ˆ ∞

0

e−λtpD(t, x, y)dt

)

f(y)dy

belongs to Lp,θ−αp/2(D) ∩ {u = 0 on Dc} and is the unique weak solution to
(2.4) in this function space.

(ii) Let λ = 0 and D = R
d
+. Then, u

(1/n) converges weakly in Lp(R
d, ρθ−d−αp/2dx),

and the weak limit u is the unique solution to equation (2.4) in the function
space Lp,θ−αp/2(D) ∩ {u = 0 on Dc}.

(iii) For the solution u, we have

‖u‖Lp,θ−αp/2(D) ≤ C‖f‖Lp,θ+αp/2(D),

where C is independent of u and λ.

Remark 2.4. By definition of the norm in Lp,θ−αp/2(D,T ) and (2.7),

‖u‖p
Lp,θ−αp/2(D,T ) =

ˆ T

0

ˆ

D

|ρ−α/2u|pρθ−ddxdt <∞

provided that −1 < θ− d < −1+ p. This suggests that u vanishes at a certain rate
near the boundary of D. The detailed behaviors of solutions and their derivatives
will be handled in the following subsection.

Remark 2.5. The range θ ∈ (d − 1, d − 1 + p) in Theorems 2.2 and 2.3 is sharp.
We demonstrate this with a simple example for the elliptic problem. The parabolic
problem can be handled similarly.

Let D = B1(0) and f be a (non-zero) nonnegative function in C∞
c (D) so that

f ∈ Lp,θ(D) for any θ ∈ R.
1. First, we show θ > d− 1 is necessary. Denote

G0
D(x, y) :=

ˆ ∞

0

pD(t, x, y)dt and u(x) :=

ˆ

D

G0
D(x, y)f(y)dy.

Due to [13, Corollary 1.2], if y ∈ supp(f) and (r + 1)/2 < |x| < 1 where r :=
1−dist(supp(f), ∂D) > 0, then G0

D(x, y) ≈ ρ(x)α/2. Hence, for (r+1)/2 < |x| < 1,

u(x) ≈ ρ(x)α/2 = (1− |x|)α/2,

and consequently

‖u‖pLp,θ−αp/2(D) ≥ C

ˆ 1

(r+1)/2

(1− s)θ−dsd−1ds.

The right-hand side above is finite only if θ − d > −1. Therefore, the condition
θ − d > −1 is needed to have u ∈ Lp,θ−αp/2(D).

2. Next, we show θ < d− 1+ p is also necessary. Suppose Theorem 2.3 holds for
some θ ≥ d− 1 + p. Then,

∥

∥

∥

∥

ˆ

D

G0
D(·, y)g(y)dy

∥

∥

∥

∥

Lp,θ−αp/2(D)

≤ C‖g‖Lp,θ+αp/2
, ∀g ∈ Lp,θ+αp/2(D).
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Since G0
D(x, y) = G0

D(y, x) (see e.g. [15, Theorem 2.4]), by Hölder’s inequality,
∣

∣

∣

∣

ˆ

D

u(x)g(x)dx

∣

∣

∣

∣

=

∣

∣

∣

∣

ˆ

D

(
ˆ

D

G0
D(x, y)g(x)dx

)

f(y)dy

∣

∣

∣

∣

≤
∥

∥

∥

∥

ˆ

D

G0
D(·, y)g(y)dy

∥

∥

∥

∥

Lp,θ−αp/2(D)

‖f‖Lp′,θ′+αp′/2(D)

≤ C‖g‖Lp,θ+αp/2(D)‖f‖Lp′,θ′+αp′/2(D),

where 1/p+ 1/p′ = 1 and θ/p+ θ′/p′ = d. Since Lp′,θ′−αp′/2(D) is the dual space
of Lp,θ+αp/2(D) (cf. Lemma 2.7(iii)), this leads to

‖u‖Lp′,θ′−αp′/2(D) ≤ C‖f‖Lp′,θ′+αp′/2(D) <∞. (2.8)

Note that θ′ ≤ d− 1. As shown above, (2.8) is not possible, and therefore we get a
contradiction.

Remark 2.6. Since ∆α/2φ belongs to the dual space of Lp,θ−αp/2(D) for any
φ ∈ C∞

c (D) (cf. Lemma 4.4) and C∞
c (D) is dense in the dual space, we can replace

〈·, ·〉D and 〈·, ·〉Rd in (2.3) and (2.5) by (·, ·)D for the solutions in Theorems 2.2 and
2.3.

2.2. Regularity of solutions. In this subsection, we present Sobolev regularity
of solutions. We also obtain Hölder estimates of solutions based on a Sobolev
embedding theorem. In particular, we give asymptotic behaviors of solutions and
their ‘arbitrary’ order derivatives near the boundary of D.

To describe such results, we first recall Sobolev and Besov spaces on R
d. For

p ∈ (1,∞) and γ ∈ R, the Sobolev space Hγ
p = Hγ

p (R
d) is defined as the space of

all tempered distributions f on R
d satisfying

‖f‖Hγ
p
:= ‖(1−∆)γ/2f‖Lp <∞,

where

(1−∆)γ/2f(x) := F−1
[

(1 + | · |2)γ/2F [f ]
]

(x).

Here, F and F−1 denote the d-dimensional Fourier transform and the inverse
Fourier transform respectively, i.e.,

F [f ](ξ) :=

ˆ

Rd

e−iξ·xf(x)dx, F−1[f ](x) :=
1

(2π)d

ˆ

Rd

eiξ·xf(ξ)dξ.

As is well known, if γ ∈ N+, then we have

Hγ
p =W γ

p := {f : Dβ
xu ∈ Lp(R

d), |β| ≤ γ}.
For T ∈ (0,∞), define

H
γ
p(T ) := Lp((0, T );H

γ
p ), Lp(T ) := H

0
p(T ) = Lp((0, T );Lp).

Now we take a function Ψ whose Fourier transform F [Ψ] is infinitely differentiable,
supported in an annulus {ξ ∈ R

d : 1
2 ≤ |ξ| ≤ 2}, F [Ψ] ≥ 0 and

∑

j∈Z

F [Ψ](2−jξ) = 1, ∀ξ 6= 0.

For a tempered distribution f and j ∈ Z, define

∆jf(x) := F−1
[

F [Ψ](2−j·)F [f ]
]

(x), S0f(x) :=

0
∑

j=−∞
∆jf(x).
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The Besov space Bγ
p = Bγ

p (R
d), where p > 1, γ ∈ R, is defined as the space of all

tempered distributions f satisfying

‖f‖Bγ
p
:= ‖S0f‖Lp +





∞
∑

j=1

2γpj‖∆jf‖pLp





1/p

<∞.

It is well known (see e.g. [51, Remark 2.5.12/2]) that if γ = n + δ, where n ∈ N+

and δ ∈ (0, 1), then

‖f‖Bγ
p
≈ ‖f‖Hn

p
+





∑

|β|=n

ˆ

Rd

ˆ

Rd

|Dβ
xf(x+ y)−Dβ

xf(x)|p
|y|d+δp

dydx





1/p

. (2.9)

Moreover, for any p > 1, we have

Hγ2
p ⊂ Bγ1

p if γ1 < γ2. (2.10)

Next, we introduce weighted Sobolev and Besov spaces on D ⊂ R
d. Recall

ρ(x) = dist (x, ∂D) and Lp,θ(D) := Lp(D, ρ
θ−ddx). For any θ ∈ R and n ∈ N+,

define

Hn
p,θ(D) = {u : u, ρDxu, · · · , ρnDn

xu ∈ Lp,θ(D)}.
The norm in this space is defined as

‖u‖Hn
p,θ

(D) =
∑

|β|≤n

(
ˆ

D

|ρ|β|Dβ
xu(x)|pρθ−ddx

)1/p

. (2.11)

To generalize this space and define Hγ
p,θ(D) for any γ ∈ R, we proceed as follows.

We choose a sequence of nonnegative functions ζn ∈ C∞(D), n ∈ Z, having the
following properties:

(i) supp(ζn) ⊂ {x ∈ D : k1e
−n < ρ(x) < k2e

−n}, k2 > k1 > 0, (2.12)

(ii) sup
x∈Rd

|Dm
x ζn(x)| ≤ C(m)emn, ∀m ∈ N+ (2.13)

(iii)
∑

n∈Z

ζn(x) > c > 0, ∀x ∈ D. (2.14)

Such functions can be easily constructed by considering mollifications of indicator
functions of the sets of the type {x ∈ D : k3e

−n < ρ(x) < k4e
−n}. If the set

{x ∈ D : k1e
−n < ρ(x) < k2e

−n} is empty, we just take ζn = 0.
Now we define weighted Sobolev spaces Hγ

p,θ(D) and weighed Besov spaces

Bγ
p,θ(D) for any γ, θ ∈ R and p > 1. To understand these spaces, one needs to

notice that for any distribution u on D, ζ−nu becomes a distribution on R
d. Obvi-

ously, the action of ζ−nu on C∞
c (Rd) is defined as

(ζ−nu, φ)Rd = (u, ζ−nφ)D, φ ∈ C∞
c (Rd). (2.15)

By Hγ
p,θ(D) and Bγ

p,θ(D) we denote the sets of distributions u on D such that

‖u‖p
Hγ

p,θ(D)
:=
∑

n∈Z

enθ‖ζ−n(e
n·)u(en·)‖p

Hγ
p
<∞, (2.16)

and

‖u‖p
Bγ

p,θ(D)
:=
∑

n∈Z

enθ‖ζ−n(e
n·)u(en·)‖p

Bγ
p
<∞,
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respectively. The spaces Hγ
p,θ(D) and Bγ

p,θ(D) are independent of choice of {ζn}
(see e.g. [43, Proposition 2.2]). More precisely, if {ξn ∈ C∞(D) : n ∈ Z} satisfies
(2.12) and (2.13), then

∑

n∈Z

enθ‖ξ−n(e
n·)u(en·)‖p

Hγ
p
≤ C‖u‖p

Hγ
p,θ(D)

, (2.17)

and the reverse inequality of (2.17) also holds if {ξn} satisfies (2.14). The similar
statements hold in the space Bγ

p,θ(D) as well. Furthermore, if γ = n ∈ N+, then

the norms defined in (2.11) and (2.16) are equivalent (cf. [43, Proposition 2.2]).
Obviously, by (2.10), we have for any p > 1 and θ ∈ R,

Hγ2

p,θ(D) ⊂ Bγ1

p,θ(D) if γ1 < γ2. (2.18)

Furthermore, for an equivalent norm in Bγ
p,θ(D), we can apply (2.9) and prove the

following: if γ = n+ δ > 0, where n ∈ N+, δ ∈ (0, 1), and θ − d+ γp > −1, then

‖u‖Bγ
p,θ(D) ≈ ‖u‖Hn

p,θ(D) +





∑

|β|=n

ˆ

D

ˆ

D

ρθ−d+γp
x,y

|Dβu(x)−Dβu(y)|p
|x− y|d+δp

dydx





1/p

,

(2.19)
where ρx,y = ρ(x) ∧ ρ(y). The proof of (2.19) is left to the reader. Relation (2.19)
will not be used elsewhere in this article.

Next, we choose (cf. [32]) an infinitely differentiable function ψ in D such that
ψ ≈ ρ on D, and for any m ∈ N+

sup
D

|ρm(x)Dm+1
x ψ(x)| ≤ C(m) <∞.

For instance, one can take ψ(x) :=
∑

n∈Z
e−nζn(x).

Below we collect some other properties of the spaces Hγ
p,θ(D) and Bγ

p,θ(D). For

ν ∈ R, we write u ∈ ψ−νHγ
p,θ(D) (resp. u ∈ ψ−νBγ

p,θ(D)) if ψνu ∈ Hγ
p,θ(D) (resp.

ψνu ∈ Bγ
p,θ(D)).

Lemma 2.7. Let γ, θ ∈ R and p ∈ (1,∞).

(i) The space C∞
c (D) is dense in Hγ

p,θ(D) and Bγ
p,θ(D).

(ii) For δ ∈ R, Hγ
p,θ(D) = ψδHγ

p,θ+δp(D) and Bγ
p,θ(D) = ψδBγ

p,θ+δp(D). More-
over,

‖u‖Hγ
p,θ(D) ≈ ‖ψ−δu‖Hγ

p,θ+δp(D), ‖u‖Bγ
p,θ(D) ≈ ‖ψ−δu‖Bγ

p,θ+δp(D).

(iii) (Duality) Let
1/p+ 1/p′ = 1, θ/p+ θ′/p′ = d.

Then, the dual spaces of Hγ
p,θ(D) and Bγ

p,θ(D) are H−γ
p′,θ′(D) and B−γ

p′,θ′(D),
respectively.

(iv) (Sobolev embedding) Let µ ≤ γ, 1 < p ≤ q and θ ≤ τ such that

µ− d/q ≤ γ − d/p, τ/q = θ/p.

Then, we have
‖u‖Hµ

q,τ (D) ≤ C‖u‖Hγ
p,θ(D).

(v) (Sobolev-Hölder embedding)
Let γ − d

p ≥ n+ δ for some n ∈ N+ and δ ∈ (0, 1). Then, for any k ≤ n,

|ψk+ θ
pDk

xu|C(D) + [ψn+ θ
p+δDn

xu]Cδ(D) ≤ C(d, γ, p, θ)‖u‖Hγ
p,θ(D).
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Proof. The proofs for Bγ
p,θ(D) are similar to those forHγ

p,θ(D), and we only consider

the claims for Hγ
p,θ(D). When D is a half space, the claims are proved by Krylov

in [37, Lemma 2.2, Theorem 2.5], and those are generalized by Lototsky in [43]
for arbitrary domains. Here, we remark that the results in [43] are still valid for
bounded C1,1 open sets. The lemma is proved.

�

Now we define solution spaces for the parabolic equation. For T ∈ (0,∞), denote

H
γ
p,θ(D,T ) := Lp((0, T );H

γ
p,θ(D)).

We write u ∈ H
γ
p,θ(D,T ) if u ∈ ψα/2

H
γ
p,θ(D,T ), u(0, ·) ∈ ψα/2−α/pB

γ−α/p
p,θ (D), and

there exists f ∈ ψ−α/2
H

γ−α
p,θ (D,T ) such that for any φ ∈ C∞

c (D)

(u(t, ·), φ)D = (u(0, ·), φ)D +

ˆ t

0

(f(s, ·), φ)Dds, ∀ t ≤ T.

In this case, we write ut := ∂tu := f . The norm in H
γ
p,θ(D,T ) is defined as

‖u‖Hγ
p,θ(D,T ) :=‖ψ−α/2u‖Hγ

p,θ(D,T ) + ‖ψα/2ut‖Hγ−α
p,θ (D,T ) (2.20)

+ ‖ψ−α/2+α/pu(0, ·)‖
B

γ−α/p
p,θ (D)

.

Remark 2.8. (i) The Banach space H
γ
p,θ(D,T ) is a modification of the corre-

sponding space defined for α = 2 (see e.g. [32] for C1 domains and [39] for a half
space). The completeness of this space for α ∈ (0, 2) can be proved by repeating
the argument in [39, Remark 3.8].

(ii) The same argument in [38, Remark 5.5] shows that C∞
c ([0, T ]×D) is dense

in H
γ
p,θ(D,T ).

The following two theorems address our Sobolev regularity results. The proofs
are given in Section 5.

Theorem 2.9 (Parabolic case). Let γ ∈ [0,∞), and assume f ∈ ψ−α/2
H

γ
p,θ(D,T )

and u0 ∈ ψα/2−α/pB
γ+α−α/p
p,θ (D). The unique solution u in Theorem 2.2 belongs to

H
γ+α
p,θ (D,T ), and for this solution we have

‖u‖
H

γ+α
p,θ (D,T ) ≤ C

(

‖ψα/2f‖Hγ
p,θ(D,T ) + ‖ψ−α/2+α/pu0‖Bγ+α−α/p

p,θ (D)

)

, (2.21)

where C depends only on d, p, α, γ, θ and D.

Theorem 2.10 (Elliptic case). Let γ, λ ∈ [0,∞) and assume f ∈ ψ−α/2Hγ
p,θ(D).

Then, the unique solution u in Theorem 2.3 belongs to ψα/2Hγ+α
p,θ (D), and for this

solution we have

λ‖ψα/2u‖Hγ
p,θ(D) + ‖ψ−α/2u‖Hγ+α

p,θ (D) ≤ C‖ψα/2f‖Hγ
p,θ(D), (2.22)

where C depends only on d, p, α, γ, θ and D. In particular, it is independent of λ.

Remark 2.11. (i) Let γ+α ≥ n, where n ∈ N+. Then, (2.11) and (2.22) certainly
yield

ˆ

D

(

|ρ−α/2u|p + |ρ1−α/2Du|p + · · ·+ |ρn−α/2Dnu|p
)

ρθ−ddx <∞.

(ii) The parabolic version of (i) also holds.
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(iii) Let Hγ
p,loc(D) denote the space of all distributions on D such that uη ∈ Hγ

p

for any η ∈ C∞
c (D). Then, due to the definition of Hγ

p,θ(D) (see (2.16)), one can

easily find that Hγ
p,θ(D) ⊂ Hγ

p,loc(D). Note that if D is bounded, then Lp(D) ⊂
Lp,d+αp/2(D). Thus, our result directly implies the ones in [7, 8, 16] when D is

a bounded C1,1 open set, while the latter ones cover a more general class of open
sets.

The following estimates are consequences of Lemma 2.7(iv).

Corollary 2.12. Let u be taken from Theorem 2.9 and

µ− d/q ≤ γ + α− d/p, τ/q = θ/p.

Then, we have

‖ψ−α/2u‖Lp((0,T );Hµ
q,τ (D)) ≤ C

(

‖ψα/2f‖Hγ
p,θ(D,T ) + ‖ψ−α/2+α/pu0‖Bγ+α−α/p

p,θ
(D)

)

.

Corollary 2.13. Let u be taken from Theorem 2.10 and

µ− d/q ≤ γ + α− d/p, τ/q = θ/p.

Then, we have
‖ψ−α/2u‖Hµ

q,τ (D) ≤ C‖ψα/2f‖Hγ
p,θ(D).

Remark 2.14. We compare Corollary 2.13 with the results in [1, 42, 46]. Below
we assume D is bounded.

(i) Let q ∈ (1,∞), p = max{2, dq
d+αq/2} and f ∈ Lp,d+αp/2(D). Then,

α

2
− d

q
≤ α− d

p
.

Thus, by Corollary 2.13 and Theorem 2.10,

‖ψ−α/2u‖
H

α/2
q,τ (D)

≤ C‖ψα/2f‖Lp,d(D),

where τ/q = d/p, which implies u ∈ H
α/2
q,loc(D). This is proved in [46] given that

f ∈ Lp(D) and q > 2 (instead of q > 1). Since Lp(D) ⊆ Lp,d+αp/2(D), our
result extends the one in [46], although [46] considered more general domains and
non-local equations.

(ii) Let α/2 ≤ β ≤ α and q ≥ p such that

β − d

q
≤ α− d

p
, q <

dp

d− 1
. (2.23)

In this case, pd/q ∈ (d− 1, d− 1+ p), which allows us to apply Corollaries 2.13 and
4.5(i) to get

‖ψβ−α/2∆β/2u‖Lq(D) = ‖ψβ−α/2∆β/2u‖Lq,d(D)

≤ C‖ψ−α/2u‖Hβ
q,d(D)

≤ C‖ψα/2f‖Lp,pd/q(D). (2.24)

According to [1, Theorem 1.4], if α/2 ≤ β < (1 ∧ α) and

β − d

q
< α− d

p
< β, (2.25)

then
‖ψβ−α/2∆β/2u‖Lq(D) ≤ C‖f‖Lp(D).
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Also, by [42, Theorem 24], if

α

2
− d

q
= α− d

p
, 1 < p <

2d

d+ α
, (2.26)

then it holds that

‖∆α/4u‖Lq(D) ≤ C‖f‖Lp(D).

One can note that (2.23), (2.25), and (2.26) are distinct conditions. Note that given
that α/2 ≤ β, we have Lp(D) ⊂ Lp,d+p(α/2+d/q)(D) for p, q ∈ (1,∞) satisfying
(2.23). Consequently, (2.24) allows a broader class of data f .

For Hölder regularity of the solution to the parabolic equation, we use the fol-
lowing parabolic embedding.

Proposition 2.15. Let α ∈ (0, 2), p ∈ (1,∞), and γ, θ ∈ R. Then, for any
1/p < ν ≤ 1,

∣

∣

∣ψα(ν−1/2) (u− u(0, ·))
∣

∣

∣

Cν−1/p([0,T ];Hγ+α−να
p,θ (D))

≤ C‖u‖
H

γ+α
p,θ (D,T ), (2.27)

where C depends only on d, ν, p, θ, α and T .

Proof. We repeat the argument in [39] which treats the case α = 2. Considering
u − u0 in place of u, we may assume u0 = 0. Let ut = f . By (2.16) and Lemma
2.7(ii),

∣

∣

∣ψα(ν−1/2)u
∣

∣

∣

p

Cν−1/p([0,T ];Hγ+α−να
p,θ (D))

≤ C
∑

n∈Z

en(θ+pα(ν−1/2))|u(·, en·)ζ−n(e
n·)|p

Cν−1/p([0,T ];Hγ+α−να
p )

. (2.28)

Denote vn(t, x) = u(t, enx)ζ−n(e
nx). Then, ∂tvn(t, x) = f(t, enx)ζ−n(e

nx). Thus,
by Lemma A.5 with a = e−npα/2,

enpα(ν−1/2)|u(·, en·)ζ−n(e
n·)|p

Cν−1/p([0,T ];Hγ+α−να
p )

≤ Ce−npα/2‖u(·, en·)ζ−n(e
n·)‖p

H
γ+α
p (T )

+ Cenpα/2‖f(·, en·)ζ−n(e
n·)‖p

H
γ
p (T )

.

Coming back to (2.28) and using (2.16),
∣

∣

∣ψα(ν−1/2)u
∣

∣

∣

p

Cν−1/p([0,T ];Hγ+α−να
p,θ (D))

≤ C‖ψ−α/2u‖p
H

γ+α
p,θ (D,T )

+ C‖ψα/2f‖p
H

γ
p,θ(D,T )

.

This and Lemma 2.7(ii) prove (2.27). �

Proposition 2.15 and Lemma 2.7(v) yield the following results.

Corollary 2.16. (Hölder regularity for parabolic equation) Let u be taken from
Theorem 2.9, 1/p < ν ≤ 1, and

γ + α− να− d

p
≥ n+ δ, n ∈ N+, δ ∈ (0, 1).
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Then,
n
∑

k=0

|ψk+ θ
p+α(ν− 1

2 )Dk
x(u− u(0, ·))|Cν−1/p([0,T ];C(D))

+ sup
t,s∈[0,T ]

[ψn+δ+ θ
p+α(ν− 1

2 )Dn
x(u(t, ·)− u(s, ·))]Cδ(D)

|t− s|ν−1/p
≤ C‖u‖

H
γ+α
p,θ (D,T ).

Corollary 2.17. (Hölder regularity for elliptic equation) Let u be taken from The-
orem 2.10 and

γ + α− d

p
≥ n+ δ, n ∈ N+, δ ∈ (0, 1).

Then,
n
∑

k=0

|ψk+ θ
p−α

2 Dk
xu|C(D) + [ψn+δ+ θ

p−α
2 Dn

xu]Cδ(D) ≤ C‖ψ−α/2u‖Hγ+α
p,θ (D).

Remark 2.18. Corollaries 2.16 and 2.17 give various Hölder estimates of solutions
and their arbitrary order derivatives. Below we elaborate some special cases. We
only consider γ = 0, 1, 2, · · · and θ = d. Note Lp,d(D) = Lp(D).

(i) Parabolic Hölder estimates when γ = 0. Let u0 = 0 for simplicity, and
assume ψα/2f ∈ ∩p>d/αLp,d(D,T ). Obviously this holds e.g. if D is bounded and

ψα/2f ∈ L∞([0, T ]×D). Taking ν ↑ 1 and p ↑ ∞, from Corollary 2.16 we get

sup
x∈D

|ψα/2−δ(x)u(·, x)|C1−ε([0,T ]) <∞

for any small δ, ε > 0. This gives maximal regularity with respect to time variable.
Now, we take p sufficiently large and ν sufficiently close to 1/p to get

sup
x∈D

|ψ−α/2+δ′(x)u(·, x)|Cε′ ([0,T ]) + sup
t∈[0,T ]

|ψα/2−δ′u(t, ·)|Cα−ε′ (D) <∞

for any small δ′, ε′ > 0. The second term above gives the maximal interior regularity
with respect to space variable, and the first one gives a decay rate near the boundary
of D. In particular,

sup
t∈[0,T ]

|u(t, x)| ≤ C(δ′)ψα/2−δ′(x), ∀δ′ > 0.

(ii) Elliptic Hölder estimates when γ = 0. Let ψα/2f ∈ ∩p>d/αLp,d(D). Taking
p sufficiently large, from Corollary 2.17 we get

|ψα/2u|Cα−ε(D) + |u|Cα/2−ε(D) + |ψ−α/2+δu|Cε(D) <∞ (2.29)

for any small δ, ε > 0. In [47], it is proved that if λ = 0 and f ∈ L∞(D), then

|u|Cα/2(D) + |ψ−α/2u|Cβ(D) <∞ (2.30)

for some β > 0. Thus, there is a slight gap between (2.29) and (2.30). However, our
result holds even when f blows up near the boundary since we assume (at most)
ψα/2f is bounded.

(iii) Higher order estimates. Let γ = n ∈ N. Then, the same arguments above
show that all the claims in (i)-(ii) also hold for ψDxu, ψ

2D2
xu, · · · , ψnDn

xu. That
is, the estimates hold if one replaces u by any of these functions. In particular, if
ψα/2f, ψα/2+1Dxf ∈ ∩p>d/αLp,d(D), then, together with (2.29), we also have

|ψ1+α/2Dxu|Cα−ε(D) + |ψDxu|Cα/2−ε(D) + |ψ1−α/2+δDxu|Cε(D) <∞
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for any small δ, ε > 0.

3. The zero-th order derivative estimates

In this section, we estimate the zero-th order derivative of the solutions to the
parabolic equation











∂tu(t, x) = ∆α/2u(t, x) + f(t, x), (t, x) ∈ (0, T )×D,

u(0, x) = u0(x), x ∈ D,

u(t, x) = 0, (t, x) ∈ [0, T ]×Dc.

(3.1)

as well as to the elliptic equation
{

∆α/2u(x)− λu(x) = f(x), x ∈ D,

u(x) = 0, x ∈ Dc.
(3.2)

3.1. Weak solutions for smooth data. Recall that X = (X)t≥0 is a rotationally
symmetric α-stable d-dimensional Lévy process. Let p(t, x) = pd(t, x) denote the
transition density function of X . Then, it is well known (e.g. [33, (3.6)]) that

pd(t, x) = (2π)−d

ˆ

Rd

eix·ξe−t|ξ|αdξ

≈ t−
d
α ∧ t

|x|d+α
≈ t

(t1/α + |x|)d+α
, ∀(t, x) ∈ (0,∞)× R

d.

The equality above also implies that pd(t, ·) is a radial function and

pd(t, x) = t−
d
α pd(1, t

− 1
αx).

Denote

dx = dD,x :=

{

ρ(x) : x ∈ D,

0 : x 6∈ D.

The following lemma gives an upper bound of pD(t, x, y).

Lemma 3.1. For any x, y ∈ R
d,

pD(t, x, y) ≤















C
(

1 ∧ dα/2
x√
t

)

(

1 ∧ dα/2
y√
t

)

p(t, x− y) if D is a half space,

Ce−ct
(

1 ∧ dα/2
x√
t

)

(

1 ∧ dα/2
y√
t

)

p(t, x− y) if D is bounded.

Here, C, c > 0 depend only on d, α and D.

Proof. See [9, Theorem 5.8] for the case D = R
d
+. Let D be bounded. Then, by [9,

Theorem 4.5], there exist C, c, r > 0, depending only on α, d and D, such that for
any x, y ∈ D

pD(t, x, y) ≤ Ce−2ct

(

d
α/2
x√

t ∧ rα/2
∧ 1

)(

d
α/2
y√

t ∧ rα/2
∧ 1

)

p(t ∧ rα, x− y).

This actually implies the claim of the lemma. Indeed, the case t < rα is obvious,
and if t > rα then

p(rα, x− y) = r−dp(1, r−1(x− y)) ≤ r−dp(1, t−
1
α (x − y)) = r−dtd/αp(t, x− y).

This certainly proves the claim. The lemma is proved. �
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For x ∈ R
d, we use Ex and Px to denote the expectation and distribution of

x+X . For instance, Px(Xt ∈ A) := P(x +Xt ∈ A). Recall that f(∂) := 0 for any
function f , where ∂ is the cemetery point.

Now, we introduce the probabilistic representation of equation (3.1) for smooth
data.

Lemma 3.2. (i) Suppose u0 ∈ C∞
c (D) and f ∈ C∞

c ((0, T )×D). Then,

u(t, x) := Ex[u0(X
D
t )] +

ˆ t

0

Ex[f(s,X
D
t−s)]ds

=

ˆ

D

pD(t, x, y)u0(y)dy +

ˆ t

0

ˆ

D

pD(t− s, x, y)f(s, y)dyds

is a weak solution to (3.1) in the sense of Definition 2.1(i).
(ii) Let u ∈ C∞

c ([0, T ]×D). Then,

u(t, x) = Ex[u(0, X
D
t )] +

ˆ t

0

Ex[f(s,X
D
t−s)]ds, (3.3)

where f := ∂tu−∆α/2u.

Proof. (i) If u0 = 0, then it follows from [53, Lemma 8.4]. The general case is
handled similarly.

(ii) This follows from [53, Theorem 5.5]. We remark that [53, Theorem 5.5] is
proved only on bounded open sets, but the result holds even on a half space. Indeed,
let Dn ⊂ D = R

d
+ be a sequence of bounded C1,1 open sets such that Dn ↑ D and

supp(u(t, ·)) ⊂ Dn for all t ∈ [0, T ]. Since Dn is bounded, by [53, Theorem 5.5],

u(t, x) = Ex[u(0, X
Dn
t )] + Ex

[
ˆ t∧τDn

0

f(t− s,Xs)ds

]

,

where τDn is the first exit time of Dn by X , and XDn is the killed process of
X upon Dn (see Section 2). By following the proof of [53, Lemma 5.4], we have
τDn ↑ τD. This, since both u(0) and f are bounded, certainly yields (3.3). The
lemma is proved. �

Let {Tt}t≥0 and {TD
t }t≥0 be the transition semigroups of X and XD defined by

Ttf(x) := Ex[f(Xt)], TD
t f(x) := Ex[f(X

D
t )],

respectively. It is known (see e.g. [11, Example 1.3] and page 68 of [14]) that
{Tt}t≥0 and {TD

t }t≥0 are Feller semigroups. For instance, {TD
t }t≥0 is a family of

linear operators on L∞(D) such that
(i) for any f ∈ L∞(D),

TD
t T

D
s f = TD

t+sf,

(ii) for any f ∈ C0(D), TD
t f ∈ C0(D) and

lim
t→0

‖TD
t f − f‖L∞(D) = 0.

We also define infinitesimal generators A and AD by

Af(x) := lim
t↓0

Ttf(x)− f(x)

t
, ADf(x) := lim

t↓0

TD
t f(x)− f(x)

t

provided that the limits exist. It is well known (e.g. [5, Theorem 2.3]) if f ∈ C0(D)
and one of Af(x) and ADf(x) exists, then the other also exists and Af(x) =
ADf(x). Moreover if f ∈ C2

b (R
d), then Af(x) = ∆α/2f(x) (e.g. [5, Lemma 2.6]).
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Lemma 3.3. Assume u ∈ C0(D) and Au(x) exists for all x ∈ D. If u satisfies

Au − λu = 0 in D, λ > 0, (3.4)

then, u ≡ 0.

Proof. Assume sup
x∈D

u > 0. Since u ∈ C0(D), there exists x0 ∈ D such that

u(x0) = sup
x∈D

u(x).

By the definition of the infinitesimal generator,

Au(x0) = lim
t↓0

Ex0 [u(Xt)]− u(x0)

t
≤ 0.

Hence, (3.4) yields a contradiction. Using the similar argument for −u, we conclude
that u ≡ 0. The lemma is proved. �

For λ ≥ 0, we define the Green function

Gλ
D(x, y) :=

ˆ ∞

0

e−λtpD(t, x, y)dt.

By Lemma 3.1, Gλ
D(x, y) is well defined if x 6= y.

Lemma 3.4. Let D be a half space (resp. a bounded C1,1 open set) and λ > 0
(resp. λ ≥ 0). For f ∈ C(D), define

v(x) :=

ˆ

D

Gλ
D(x, y)f(y)dy. (3.5)

(i) v ∈ C0(D), Av(x) exists for all x ∈ D, and v is a strong(point-wise) solution
to

{

Av(x) − λv(x) = f(x), x ∈ D,

v(x) = 0, x ∈ Dc.
(3.6)

(ii) v is a weak solution to (3.2) in the sense of Definition 2.1(ii).
(iii) Let u ∈ C∞

c (D) and g := ∆α/2u− λu. Then,

u(x) =

ˆ

D

Gλ
D(x, y)g(y)dy. (3.7)

Proof. (i) The claim follows from [34, Lemma 3.6] if D is bounded and λ = 0. We
repeat its proof for the case λ > 0. First, we show v ∈ C0(D). By Lemma 3.1,
ˆ ∞

0

ˆ

D

e−λtpD(t, x, y)|f(y)|dydt ≤ C‖f‖L∞(D)

ˆ ∞

0

ˆ

Rd

e−λtp(t, x− y)dydt

= C‖f‖L∞(D)

ˆ ∞

0

e−λtdt <∞.

Thus, by Fubini’s theorem,

v(x) =

ˆ ∞

0

e−λtTD
t f(x)dt.

Since TD
t f ∈ C0(D) and ‖TD

t f‖L∞(D) ≤ ‖f‖L∞(D), the dominated convergence
theorem easily yields v ∈ C0(D).
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Since {TD
t }t≥0 is a Feller semigroup, for any x ∈ D,

ADv(x) := lim
t↓0

TD
t v(x) − v(x)

t
(provided that the limit exists)

= lim
t↓0

1

t

(

TD
t

ˆ ∞

0

e−λsTD
s f(x)ds−

ˆ ∞

0

e−λsTD
s f(x)ds

)

= lim
t↓0

1

t

(
ˆ ∞

0

e−λsTD
t+sf(x)ds−

ˆ ∞

0

e−λsTD
s f(x)ds

)

= lim
t↓0

1

t

(

eλt
ˆ ∞

t

e−λsTD
s f(x)ds−

ˆ ∞

0

e−λsTD
s f(x)ds

)

= lim
t↓0

eλt − 1

t

ˆ ∞

t

e−λsTD
s f(x)ds+ lim

t→0

1

t

(
ˆ t

0

e−λsTD
s f(x)ds

)

= λv(x) + f(x).

Since the limits exist, we conclude that ADv exists, ADv = Av, and v satisfies (3.6).
(ii) Let ϕ ∈ C∞

c (D). Since ‖TD
t ϕ‖L∞(D) ≤ ‖ϕ‖L∞(D),

lim
t→∞

e−λtTD
t ϕ = 0.

Since ϕ ∈ C∞
c (D), we can use the relation ∂tT

D
t ϕ = TD

t ∆α/2ϕ (see [53, Lemma
8.4]) to get

(v,∆α/2ϕ)Rd =

ˆ ∞

0

(e−λtTD
t f,∆

α/2ϕ)Ddt

=

ˆ ∞

0

(f, e−λtTD
t ∆α/2ϕ)Ddt

=

ˆ ∞

0

(f, e−λt∂tT
D
t ϕ)Ddt

= − lim
t→∞

(f, e−λtTD
t ϕ)D + (f, ϕ)D +

ˆ ∞

0

(f, λe−λtTD
t ϕ)Ddt

= (f, ϕ)D + λ(v, ϕ)D.

(iii) Note that f := ∆α/2u − λu ∈ C(D). Assume λ > 0 for the moment. Take
v(x) from (3.5). Then, since u ∈ C2

b (R
d), we have Au = ∆α/2u (e.g. [5, Lemma

2.6]), and therefore both u and v satisfy the equation Aw(x) − λw(x) = f(x) for
each x ∈ D. We conclude u = v due to Lemma 3.3. If λ = 0 and D is a bounded
C1,1 open set, then the uniqueness result in [34, Theorem 3.10] easily yields (3.7).
The lemma is proved. �

3.2. Estimates of zero-th order of solutions. Denote

T 0
Du0(t, x) :=

ˆ

D

pD(t, x, y)u0(y)dy,

TDf(t, x) :=
ˆ t

0

ˆ

D

pD(t− s, x, y)f(s, y)dyds,

Gλ
Df(x) :=

ˆ

D

Gλ
D(x, y)f(y)dy.
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In this subsection, we prove the operators

T 0
D : ψα/2−α/pLp,θ(D) → ψα/2

Lp,θ(D,T ),

TD : ψ−α/2
Lp,θ(D,T ) → ψα/2

Lp,θ(D,T ),

Gλ
D : ψ−α/2Lp,θ(D) → ψα/2Lp,θ(D)

are bounded. Our proofs highly depend on the following lemma, which is proved
in Lemma A.3.

Lemma 3.5. Let α ∈ (0, 2), γ0, γ1 ∈ R. Suppose that

− 2

α
< γ0, −2 < γ1 − γ0 ≤ 2 +

2

α
.

Then, for any (t, x) ∈ (0,∞)× R
d,

ˆ

D

p(t, x− y)
d
γ0α/2
y

(
√
t+ d

α/2
y )γ1

dy ≤ C(
√
t+ dα/2x )γ0−γ1 ,

where C = C(d, α, γ0, γ1, D).

We first consider the operator TD.

Lemma 3.6. Let α ∈ (0, 2) and p ∈ (1,∞). Suppose that

d− 1 < θ < d− 1 + p.

Then, there exists C = C(d, α, θ, p,D) such that for any f ∈ ψ−α/2
Lp,θ(D,T ),

‖ψ−α/2TDf‖Lp,θ(D,T ) ≤ C‖ψα/2f‖Lp,θ(D,T ).

Proof. By Lemma 2.7(ii) and (2.11), it suffices to show

ˆ T

0

ˆ

D

dµ−αp/2
x |TDf(t, x)|pdxdt ≤ C

ˆ T

0

ˆ

D

dµ+αp/2
x |f(t, x)|pdxdt, (3.8)

where µ := θ−d. For p′ = p/(p−1), since µ ∈ (−1, p−1), we can take β0 satisfying

2µ

pα
+ 1− 4

p
< β0 <

2µ

pα
+ 1 +

2

pα
(3.9)

and

−2(p− 1)

p
= − 2

p′
< β0 <

(

2 +
2

α

)

1

p′
=

(

2 +
2

α

)

p− 1

p
. (3.10)

Since 1− 2
p <

2µ
pα + 1 + 2

pα − 2
p and 2µ

pα + 1 < 2(p−1)
pα + 1, we can take constants β1

and β2 such that

1− 2

p
< β0 − β1 <

2µ

pα
+ 1 +

2

pα
− 2

p
(3.11)

and

2µ

pα
+ 1 < β0 + β2 <

2(p− 1)

pα
+ 1. (3.12)
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Let Rt,x :=
dα/2
x√

t+d
α/2
x

. By Lemma 3.1 and Hölder’s inequality,

|TDf(t, x)| ≤C
(
ˆ t

0

ˆ

D

p(t− s, x− y)d−αβ0p
′/2

y R
(1−β1)p

′

t−s,x R
(1−β2)p

′

t−s,y dyds

)1/p′

×
(
ˆ t

0

ˆ

D

p(t− s, x− y)dαβ0p/2
y Rβ1p

t−s,xR
β2p
t−s,y|f(s, y)|pdyds

)1/p

=:C × I(t, x) × II(t, x). (3.13)

By Lemma 3.5 with γ0 = (1− β2)p
′ − β0p

′ and γ1 = (1− β2)p
′, we have

ˆ

D

p(t− s, x− y)d−αβ0p
′/2

y R
(1−β2)p

′

t−s,y dy ≤ C(
√
t− s+ dα/2x )−β0p

′

.

Using this inequality and changing variables,

I(t, x)p
′ ≤ Cdα(1−β1)p

′/2
x

ˆ t

0

(
√
t− s+ dα/2x )−β0p

′−(1−β1)p
′

ds

≤ Cd−αβ0p
′/2

x

ˆ ∞

0

dαx (
√
s+ 1)−β0p

′−(1−β1)p
′

ds = Cdα−αβ0p
′/2

x . (3.14)

Therefore, due to (3.13), (3.14) and Fubini’s theorem,

ˆ T

0

ˆ

D

dµx|d−α/2
x TDf(t, x)|pdxdt ≤ C

ˆ T

0

ˆ

D

dµ+αp/2−α−αβ0p/2
x II(t, x)pdxdt

= C

ˆ T

0

ˆ

D

|f(s, y)|pdαβ0p/2
y (3.15)

×
(

ˆ T

s

ˆ

D

dµ+αp/2−α−αβ0p/2
x p(t− s, x− y)Rβ1p

t−s,xR
β2p
t−s,ydxdt

)

dyds.

Now, again by Lemma 3.5 with γ0 = 2µ/α+ p− 2− β0p+ β1p and γ1 = β1p,

ˆ T

s

ˆ

D

dµ+αp/2−α−αβ0p/2
x p(t− s, x− y)Rβ1p

t−s,xR
β2p
t−s,ydxdt

≤ Cdαβ2p/2
y

ˆ T

s

(
√
t− s+ dα/2y )2µ/α+p−2−β0p−β2pdt

≤ Cdµ+αp/2−αβ0p/2
y

ˆ ∞

0

(
√
t+ 1)2µ/α+p−2−β0p−β2pdt ≤ Cdµ+αp/2−αβ0p/2

y . (3.16)

This and (3.15) yield (3.8), and the lemma is proved. �

Next, we consider the operator T 0
D defined for initial data.

Lemma 3.7. Let α ∈ (0, 2) and p ∈ (1,∞). Suppose that

d− 1 < θ < d− 1 + p+

(

α(p− 1) ∧ 3

2
αp

)

.

Then, there exists C = C(d, α, θ, p,D) such that for any u0 ∈ ψ−α/2+α/pLp,θ(D),

‖ψ−α/2T 0
Du0‖Lp,θ(D,T ) ≤ C‖ψ−α/2+α/pu0‖Lp,θ(D).
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Proof. As in the proof of Lemma 3.6, it is enough to prove
ˆ T

0

ˆ

D

dµ−αp/2
x |T 0

Du0(t, x)|pdxdt ≤ C

ˆ

D

dµ+α−αp/2
x |u0(x)|pdx,

where µ := θ − d. Since µ ∈ (−1, p− 1 + 3
2αp), we can choose β0 satisfying

2µ

pα
− 1− 2

p
< β0 <

2µ

pα
− 1 +

2

p
+

2

pα

and

−2(p− 1)

p
= − 2

p′
< β0 <

(

2 +
2

α

)

1

p′
=

(

2 +
2

α

)

p− 1

p
,

where p′ = p/(p− 1). Also, since 2µ
pα − 1+ 2

p <
2

p′α +1, we can choose β1 satisfying

2µ

pα
− 1 +

2

p
< β0 + β1 <

2

p′α
+ 1.

Let Rt,x :=
dα/2
x√

t+d
α/2
x

. By Lemma 3.1 and Hölder’s inequality,

|T 0
Du0(t, x)| ≤C

(
ˆ

D

p(t, x− y)d−αβ0p
′/2

y R
(1−β1)p

′

t,y dy

)1/p′

×
(
ˆ

D

p(t, x− y)dαβ0p/2
y Rp

t,xR
β1p
t,y |u0(y)|pdy

)1/p

=:C × I(t, x)× II(t, x),

By Lemma 3.5 with γ0 = (1− β1)p
′ − β0p

′ and γ1 = (1− β1)p
′, we have

I(t, x)p
′

=

ˆ

D

p(t, x− y)d−αβ0p
′/2

y R
(1−β1)p

′

t,y dy ≤ C(
√
t+ dα/2x )−β0p

′

Therefore, applying Fubini’s theorem,
ˆ T

0

ˆ

D

dµx |d−α/2
x T 0

Du0(t, x)|pdxdt

≤ C

ˆ T

0

ˆ

D

dµ−αp/2
x (

√
t+ dα/2x )−β0pII(t, x)pdxdt

≤ C

ˆ

D

|u0(y)|pdαβ0p/2
y K(T, y)dy, (3.17)

where

K(T, y) :=

ˆ T

0

Rβ1p
t,y

ˆ

D

p(t, x− y)dµ−αp/2
x (

√
t+ dα/2x )−β0pRp

t,xdxdt

=

ˆ T

0

Rβ1p
t,y

ˆ

D

p(t, x− y)dµx(
√
t+ dα/2x )−β0p−pdxdt.

By Lemma 3.5 with γ0 = 2µ/α and γ1 = β0p+ p,

K(T, y) ≤ C

ˆ T

0

Rβ1p
t,y (

√
t+ dα/2y )2µ/α−β0p−pdt

≤ Cdµ−αβ0p/2−αp/2+α
y

ˆ ∞

0

(
√
t+ 1)2µ/α−β0p−p−β1pdt

≤ Cdµ−αβ0p/2−αp/2+α
y .
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This with (3.17) proves the lemma. �

Finally, we consider the operator Gλ
D for elliptic equation (3.2).

Lemma 3.8. Let α ∈ (0, 2), p ∈ (1,∞) and θ ∈ (d− 1, d− 1 + p). Suppose that D
is a half space (resp. a bounded C1,1 open set) and λ > 0 (resp. λ ≥ 0). Then, for
any f ∈ ψ−α/2Lp,θ(D),

‖ψ−α/2Gλ
Df‖Lp,θ(D) ≤ C‖ψα/2f‖Lp,θ(D),

where C = C(d, p, α, θ,D) is independent of λ.

Proof. As before, we need to show
ˆ

D

dµ−αp/2
x |Gλ

Df(x)|pdx ≤ C

ˆ

D

dµ+αp/2
x |f(x)|pdx, (3.18)

where µ := θ − d. Take β0, β1 and β2 satisfying (3.9)-(3.12). Let Rt,x :=
dα/2
x√

t+d
α/2
x

.

By Lemma 3.1 and Hölder’s inequality,

|Gλ
Df(x)| ≤C

(
ˆ ∞

0

ˆ

D

p(t, x− y)d−αβ0p
′/2

y R
(1−β1)p

′

t,x R
(1−β2)p

′

t,y dydt

)1/p′

×
(
ˆ ∞

0

ˆ

D

p(t, x− y)dαβ0p/2
y Rβ1p

t,x R
β2p
t,y |f(y)|pdydt

)1/p

=:C × I(t, x) × II(t, x). (3.19)

Similar argument used to prove (3.14) yields

I(t, x)p
′ ≤ Cdα(1−β1)p

′/2
x

ˆ ∞

0

(
√
t+ dα/2x )−β0p

′−(1−β1)p
′

dt ≤ Cdα−αβ0p
′/2

x . (3.20)

Therefore, by (3.19), (3.20) and Fubini’s theorem,
ˆ

D

dµx |d−α/2
x Gλ

Df(x)|pdx

≤ C

ˆ

D

dµ+αp/2−α−αβ0p/2
x II(t, x)pdxdt

= C

ˆ

D

|f(y)|pdαβ0p/2
y

(

ˆ ∞

0

ˆ

D

dµ+αp/2−α−αβ0p/2
x p(t, x− y)Rβ1p

t,x R
β2p
t,y dxdt

)

dy.

As in (3.16), we get
ˆ ∞

0

ˆ

D

dµ+αp/2−α−αβ0p/2
x p(t, x− y)Rβ1p

t,x R
β2p
t,y dxdt

≤ Cdαβ2p/2
y

ˆ ∞

0

(
√
t+ dα/2y )2µ/α+p−2−β0p−β2pdt ≤ Cdµ+αp/2−αβ0p/2

y .

Thus, we prove (3.18) and the lemma. �

4. Higher order estimates

In this section, we prove that one can raise regularity of solutions as long as the
free terms are in appropriate function spaces.
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We first prepare some auxiliary results below. Let {ζn : n ∈ Z} be a collection of
functions satisfying (2.12)-(2.14) with (k1, k2) = (1, e2). We also take {ηn : n ∈ Z}
satisfying (2.12)-(2.14) with (k1, k2) = (e−2, e4) and

ηn = 1 on {x ∈ D : e−n−1 < ρ(x) < e−n+3}.
Consequently, ηn = 1 on the support of ζn and ζnηn = ζn.

Lemma 4.1. For any γ ∈ R, there exists a constant C = C(d, α, γ) such that for
u ∈ C∞

c (D) and n ∈ Z,
∥

∥

∥∆α/2
(

(uζ−nη−n)(e
n·)
)

− ζ−n(e
n·)∆α/2

(

(uη−n)(e
n·)
)∥

∥

∥

Hγ
p

≤ C

(

∥

∥

∥∆α/4
(

(uη−n)(e
n·)
)∥

∥

∥

Hγ
p

+ ‖u(en·)η−n(e
n·)‖Hγ

p

)

.

Proof. By (2.1),

∆α/2
(

(uζ−nη−n)(e
n·)
)

(x)− ζ−n(e
nx)∆α/2

(

(uη−n)(e
n·)
)

(x)

− u(enx)η−n(e
nx)∆α/2ζ−n(e

n·)(x) = C

ˆ

Rd

Hn(x, y)|y|−d−αdy, (4.1)

where

Hn(x, y) := [(uη−n)(e
n(x + y))− (uη−n)(e

nx)][ζ−n(e
n(x + y))− ζ−n(e

nx)].

In the virtue of (2.13), for any m ∈ N+,
∣

∣Dm
x

(

ζ−n(e
n(x + y))− ζ−n(e

nx)
)∣

∣ ≤ C(m)(1 ∧ |y|).
Thus, ζ−n(e

n(x + y)) − ζ−n(e
nx) becomes a point-wise multiplier in Hγ

p (see e.g.
[36, Lemma 5.2]), and therefore

‖Hn(·, y)‖Hγ
p
≤ C(1 ∧ |y|)‖(uη−n)(e

n(·+ y))− (uη−n)(e
n·)‖Hγ

p
.

By [52, Lemma 2.1], the above is bounded by

C
(

‖u(en·)η−n(e
n·)‖Hγ

p
∧ |y|α/2+1‖∆α/4

(

u(en·)η−n(e
n·)
)

‖Hγ
p

)

. (4.2)

By Minkowski’s inequality and (4.2),
∥

∥

∥

∥

ˆ

Rd

Hn(·, y)|y|−d−αdy

∥

∥

∥

∥

Hγ
p

≤ C‖∆α/4
(

u(en·)η−n(e
n·)
)

‖Hγ
p

ˆ

|y|≤1

|y|−d−α/2+1dy

+ C‖u(en·)η−n(e
n·)‖Hγ

p

ˆ

|y|>1

|y|−d−αdy

≤ C
(

‖∆α/4
(

(uη−n)(e
n·)
)

‖Hγ
p
+ ‖u(en·)η−n(e

n·)‖Hγ
p

)

. (4.3)

On the other hand, by (2.1) and (2.13),

|Dm
x ∆α/2(ζ−n(e

n·))(x)| ≤ C‖Dm+2
x ζ−n(e

n·)‖L∞

ˆ

|y|≤1

|y|−d−α+2dy

+ C‖Dm
x ζ−n(e

n·)‖L∞

ˆ

|y|>1

|y|−d−αdy ≤ C.
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Thus, again by [36, Lemma 5.2], we have

‖u(en·)η−n(e
n·)∆α/2(ζ−n(e

n·))‖Hγ
p
≤ C‖u(en·)η−n(e

n·)‖Hγ
p
. (4.4)

Combining (4.1), (4.3) and (4.4), we prove the lemma. �

Lemma 4.2. Let d− 1− αp/2 < θ < d− 1 + p+ αp/2. Then, for any γ ∈ R and
u ∈ C∞

c (D),

∑

n∈Z

en(θ−αp/2)
∥

∥

∥ζ−n(e
n·)∆α/2

(

[1− η−n(e
n·)]u(en·)

)∥

∥

∥

p

Hγ
p

≤ C‖ψ−α/2u‖pLp,θ(D).

(4.5)

where C = C(d, p, γ, α, θ,D).

Proof. It is certainly enough to prove (4.5) for only γ = m ∈ N+.
By the choice of {η−n : n ∈ Z}, we have ζn(x) = ζn(x)ηn(x) for all x, and

ζ−n(e
nx)(1 − η−n(e

n(x + y))) = 0 if |y| < δ0,

where δ0 := 1− e−1. Thus, by (2.1),

Fn(x) := ζ−n(e
nx)∆α/2

(

[1− η−n(e
n·)]u(en·)

)

(x)

= C

ˆ

|y|≥δ0

u(en(x+ y))ζ−n(e
nx)[1− η−n(e

n(x+ y))]|y|−d−αdy

= C

ˆ

|x−y|≥δ0

u(eny)
(

ζ−n(e
nx)[1 − η−n(e

ny)]|x− y|−d−α
)

dy. (4.6)

Denote

Bn := supp(ζ−n).

Then, since ζ−n(e
nx)(1 − η−n(e

ny)) = 0 for |x− y| < δ0, by (2.13), we have
∣

∣

∣Dx

(

ζ−n(e
nx)(1 − η−n(e

ny))|x − y|−d−α
)∣

∣

∣

≤ C1Bn(e
nx)|1 − η−n(e

ny)||x− y|−d−α

+ C|ζ−n(e
nx)(1 − η−n(e

ny))||x− y|−d−α−1

≤ C1Bn(e
nx)|1 − η−n(e

ny)||x− y|−d−α.

Similarly, for k ∈ N+,
∣

∣

∣Dk
x

(

ζ−n(e
nx)(1 − η−n(e

ny))|x− y|−d−α
)∣

∣

∣

≤ C(k)1Bn(e
nx)|1 − η−n(e

ny)||x− y|−d−α.

It follows from (4.6) for each k ∈ N+,

|Dk
xFn(x)| ≤ C(k)Hn(x), (4.7)

where

Hn(x) := 1Bn(e
nx)

ˆ

|x−y|≥δ0

|u(eny)| |1− η−n(e
ny)| |x− y|−d−αdy.
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Since ‖Fn‖Hm
p

≈∑k≤m ‖Dk
xFn‖Lp , from (4.7) we get

∑

n∈Z

en(θ−αp/2)‖ζ−n(e
n·)∆α/2

(

[1− η−n(e
n·)]u(en·)

)

‖pHm
p

≤ C
∑

n∈Z

en(θ−αp/2)‖Hn‖pLp
.

Therefore, to finish the proof of (4.5), we only need to show

∑

n∈Z

en(θ−αp/2)‖Hn‖pLp
≤ C‖ψ−α/2u‖pLp,θ(D). (4.8)

Case 1. Let d− 1 + αp/2 < θ < d− 1 + p+ αp/2. Observe that
ˆ

|y|≥δ0

|u(en(x+ y))(1 − η−n(e
n(x+ y)))||y|−d−αdy

≤
∞
∑

k=0

ˆ

2kδ0≤|y|<2k+1δ0

|u(en(x+ y))||y|−d−αdy

= C(d)enα
∞
∑

k=0

ˆ

2kenδ0≤|y|<2k+1enδ0

|u(enx+ y)||y|−d−αdy

≤ C
∞
∑

k=0

2−kα 1

end2kd

ˆ

2kenδ0≤|y|<2k+1enδ0

|u(enx+ y)|dy

≤ C

∞
∑

k=0

2−kα
Mu(enx) = CMu(enx),

where Mu is the maximal function of u defined by

Mu(x) = sup
x∈Br(z)

1

|Br(z)|

ˆ

Br(z)

|u(y)|dy.

Therefore, Hn(x) ≤ C(1BnMu)(enx). Since en ≈ ρ on Bn, by the change of
variables,

∑

n∈Z

en(θ−αp/2)‖Hn‖pLp
≤ C

ˆ

D

|Mu(x)|pρ(x)θ−d−αp/2dx.

Due to [19, Theorem 1.1], the function ρθ−αp/2−d belongs to the class of Muck-
enhoupt Ap-weights, and therefore we can apply the Hardy-Littlewood Maximal
inequality ([22, Theorem 7.1.9]) to get

∑

n∈Z

en(θ−αp/2)‖Hn‖pLp
≤ C

ˆ

Rd

|u(x)|pρ(x)θ−d−αp/2dx.

This proves (4.8) if d− 1 + αp/2 < θ < d− 1 + p+ αp/2.

Case 2. Let d− 1 − αp/2 < θ < d + αp/2. Then, we can choose β ∈ (0, α) such
that

−1 < θ − d− αp/2 + βp ≤ 0.
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By (4.6) and Hölder’s inequality, for p′ := p/(p− 1),

Hn(x) ≤ 1Bn(e
nx)

(

ˆ

|x−y|≥δ0

|u(eny)(1− η−n(e
ny))|p

|x− y|d+βp
dy

)1/p

×
(

ˆ

|x−y|≥δ0

|x− y|−d−(α−β)p′

dy

)1/p′

≤ C1Bn(e
nx)

(

ˆ

|x−y|≥δ0

|u(eny)|p
|x− y|d+βp

dy

)1/p

. (4.9)

By the change of variables and Fubini’s theorem,

∑

n∈Z

en(θ−αp/2)‖Hn‖pLp

≤
∑

n∈Z

en(θ−αp/2)

ˆ

Rd

ˆ

|x−y|≥δ0

1Bn(e
nx)

|u(eny)|p
|x− y|d+βp

dydx

=

ˆ

Rd

[

∑

n∈Z

en(θ−d−αp/2+βp)

ˆ

|x−y|≥enδ0

1Bn(x)|x − y|−d−βpdx

]

|u(y)|pdy. (4.10)

In the virtue of (4.9) and (4.10), to prove (4.8), it suffices to show that for y ∈ D,

∑

n∈Z

en(θ−d−αp/2+βp)

ˆ

|x−y|≥enδ0

1Bn(x)|x − y|−d−βpdx ≤ Cdθ−d−αp/2
y . (4.11)

For fixed y ∈ D, we take n0 = n0(y) ∈ Z such that

en0+3 ≤ dy < en0+4.

If n ≤ n0 and x ∈ Bn, then en < dx < en+2 ≤ en0+2 < en0+3 ≤ dy, and
consequently |x− y| ≥ dy − dx ≥ Cen0 . Thus,

∑

n≤n0

en(θ−d−αp/2+βp)

ˆ

|x−y|≥Cen
1Bn(x)|x − y|−d−βpdx

≤ C

ˆ

|x−y|≥Cen0

∑

n≤n0

1Bn(x)
d
θ−d−αp/2+βp
x

|x− y|d+βp
dx

≤ C

ˆ

|x−y|≥Cen0 ,dx<dy

d
θ−d−αp/2+βp
x

|x− y|d+βp
dx

≤ Ce−n0βpdθ−d−αp/2+βp
y ≤ Cdθ−d−αp/2

y , (4.12)

whereC is independent of y. For the second inequality above, we used
∑

n≤n0

1Bn(x) ≤

C1dx<dy , and for the third inequality, we used Lemma A.4(ii) with ρ = Cen0 and
r = dy.
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Next, we handle the summation for n > n0. Since θ − αp/2− d < 0,
∑

n>n0

en(θ−d−αp/2+βp)

ˆ

|x−y|≥δ0en
1Bn(x)|x − y|−d−βpdx

≤ C
∑

n>n0

en(θ−d−αp/2+βp)

ˆ

|x−y|≥δ0en
|x− y|−d−βpdx

= C
∑

n>n0

en(θ−d−αp/2) = Cen0(θ−d−αp/2) ≤ Cdθ−d−αp/2
y . (4.13)

Combining (4.12) and (4.13), we obtain (4.11). Thus, (4.8) and the lemma are
proved. �

Lemma 4.3. Let d− 1− αp/2 < θ < d− 1 + p+ αp/2 and γ ∈ R. Then, for any
u ∈ C∞

c (D),
∑

n∈Z

en(θ−αp/2)
∥

∥

∥∆α/2
(

u(en·)ζ−n(e
n·)
)

− ζ−n(e
n·)∆α/2(u(en·))

∥

∥

∥

p

Hγ
p

≤ C‖ψ−α/2u‖p
H

0∨(γ+α/2)
p,θ (D)

, (4.14)

where C = C(d, p, α, θ, γ,D).

Proof. Recall η−nζ−n = ζ−n. Thus, by the triangle inequality,
∥

∥

∥
∆α/2

(

u(en·)ζ−n(e
n·)
)

− ζ−n(e
n·)∆α/2(u(en·))

∥

∥

∥

Hγ
p

≤
∥

∥

∥∆α/2
(

(uζ−nη−n)(e
n·)
)

− ζ−n(e
n·)∆α/2

(

(uη−n)(e
n·)
)∥

∥

∥

Hγ
p

+
∥

∥

∥ζ−n(e
n·)∆α/2

(

[1− η−n(e
n·)]u(en·)

)∥

∥

∥

Hγ
p

.

Also, note

‖u‖
H

γ+α/2
p

≈
(

‖u‖Hγ
p
+ ‖∆α/4u‖Hγ

p

)

.

Therefore, Lemma 4.1 and Lemma 4.2 easily lead to the claim of the lemma. �

Lemma 4.4. Let d − 1 − αp/2 < θ < d − 1 + p + αp/2, and γ ≥ −α. Then, for
any u ∈ C∞

c (D), we have ∆α/2u ∈ ψ−α/2Hγ
p,θ(D) and

‖ψα/2∆α/2u‖Hγ
p,θ(D) ≤ C‖ψ−α/2u‖Hγ+α

p,θ (D). (4.15)

Proof. By Lemma 2.7(ii) and the relation ∆α/2u(enx) = e−nα(∆α/2u(en·))(x),

‖ψα/2∆α/2u‖p
Hγ

p,θ
(D)

≤ C
∑

n

en(θ+αp/2)‖ζ−n(e
n·)∆α/2u(en·)‖p

Hγ
p

= C
∑

n

en(θ−αp/2)‖ζ−n(e
n·)∆α/2(u(en·))‖p

Hγ
p
.

By (4.14), the last term above is bounded by

C
∑

n∈Z

en(θ−αp/2)
∥

∥

∥∆α/2
(

u(en·)ζ−n(e
n·)
)∥

∥

∥

p

Hγ
p

+ C‖ψ−α/2u‖p
H

0∨(γ+α/2)
p,θ

(D)

≤ C‖ψ−α/2u‖p
Hγ+α

p,θ (D)
.

The lemma is proved. �
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By Lemma 4.4, for any γ0 ∈ R and φ ∈ C∞
c (D), ∆α/2φ belongs to the dual space

of Hγ0+α
p,θ−αp/2(D) (see Lemma 2.7(iii)). Therefore, for u ∈ ψα/2Hγ0+α

p,θ (D), we can

define ∆α/2u as a distribution on D by

(∆α/2u, φ)D := (u,∆α/2φ)D, φ ∈ C∞
c (D). (4.16)

Corollary 4.5. Let d− 1− αp/2 < θ < d− 1 + p+ αp/2.

(i) Let γ ∈ R, u ∈ ψα/2Hγ+α
p,θ (D), and ∆α/2u be defined as in (4.16). Then,

∆α/2u ∈ ψ−α/2Hγ
p,θ(D), and (4.15) holds.

(ii) If γ ≥ −α/2 and u ∈ H
γ+α/2
p,θ−αp/2(D), then the left-hand side of (4.14) makes

sense, and inequality (4.14) holds.

Proof. If γ ≥ 0, then (i) is a consequence of Lemma 4.4 and Lemma 2.7(i). If
γ < 0, then by Lemmas 4.4 and 2.7(iii),

|(∆α/2u, φ)D| ≤ C‖ψ−α/2u‖Hγ+α
p,θ (D)‖ψα/2∆α/2φ‖H−γ−α

p′,θ′
(D)

≤ C‖ψ−α/2u‖Hγ+α
p,θ (D)‖ψ−α/2φ‖H−γ

p′,θ′
(D),

where 1/p+ 1/p′ = 1 and θ/p + θ′/p′ = d. This implies ∆α/2 is a bounded linear

operator from ψα/2Hγ+α
p,θ (D) to ψ−α/2Hγ

p,θ(D). Thus, (i) is proved.

Next, we show (ii). The left-hand side of (4.14) makes sense due to (i) and
(2.15). Now, the claim of (ii) follows from Lemma 4.3 and Lemma 2.7(i). The
corollary is proved. �

Theorem 4.6 (Higher regularity for parabolic equation). Let 0 ≤ µ ≤ γ, and

θ ∈ (d − 1 − αp
2 , d − 1 + p + αp

2 ). Suppose that f ∈ ψ−α/2
H

γ−α
p,θ (D,T ), u0 ∈

ψα/2−α/pB
γ−α/p
p,θ (D), and u ∈ ψα/2

H
µ
p,θ(D,T ) ∩ {u = 0 on [0, T ] × Dc} is a weak

solution to (2.2). Then, u ∈ ψα/2
H

γ
p,θ(D,T ), and for this solution

‖ψ−α/2u‖Hγ
p,θ(D,T ) ≤ C

(

‖ψ−α/2+α/pu0‖Bγ−α/p
p,θ (D)

+ ‖ψα/2f‖
H

γ−α
p,θ (D,T ) + ‖ψ−α/2u‖Hµ

p,θ(D,T )

)

, (4.17)

where C = C(d, p, α, γ, µ, θ,D).

Proof. 1. We first note that it is enough to consider the case γ ≤ µ+α/2. Indeed,
if the claim holds for the case γ ≤ µ + α/2, then repeating the result with µ′ =
µ+ α/2, µ+ 2α/2, · · · in order, we prove the lemma when γ = µ + kα/2, k ∈ N+.
Now let γ = µ + kα/2 + c, where k ∈ N+ and c ∈ (0, α/2). Then, applying the
previous result with µ′ = µ+ kα/2, we prove the general case.

2. For each n ∈ Z, denote

un(t, x) := u(enαt, enx), fn(t, x) := f(enαt, enx), u0n(x) := u0(e
nx).

Then, un(·)ζ−n(e
n·) ∈ H

µ
p (e

−nαT ) and it is a weak solution (or solution in the sense
of distribution) to the equation

{

∂tvn(t, x) = ∆α/2vn(t, x) + Fn(t, x), (t, x) ∈ (0, e−nαT )× R
d

vn(0, x) = (u0n(·)ζ−n(e
n·))(x), x ∈ R

d
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where

Fn(t, x) = enα(fn(·, ·)ζ−n(e
n·))(t, x)

−
(

∆α/2(un(·, ·)ζ−n(e
n·))(t, x) − ζ−n(e

nx)∆α/2un(t, x)
)

=: enα(fn(·, ·)ζ−n(e
n·))(t, x) −Gn(t, x).

3. By Corollary 4.5(ii) with γ′ = µ− α/2, we have
∑

n∈Z

en(θ−αp/2)‖Gn(e
−nαt, ·)‖p

Hγ−α
p

≤ C
∑

n∈Z

en(θ−αp/2)‖Gn(e
−nαt, ·)‖p

H
µ−α/2
p

≤ C‖ψ−α/2u(t, ·)‖p
Hµ

p,θ(D)
. (4.18)

Therefore, due to f ∈ ψ−α/2
H

γ−α
p,θ (D,T ),

Fn ∈ H
γ−α
p (e−nαT ).

Thus, we apply [45, Theorem 1] to conclude unζ−n(e
n·) ∈ H

γ
p(e

−nαT ), and

‖∆α/2(u(·, en·)ζ−n(e
n·))‖p

H
γ−α
p (T )

= enα‖∆α/2(un(·, ·)ζ−n(e
n·))‖p

H
γ−α
p (e−nαT )

≤ Cenα‖ζ−n(e
n·)u0n(·)‖p

B
γ−α/p
p

+ Cenα‖Gn(·, ·)‖p
H

γ−α
p (e−nαT )

+ Cenα‖enαζ−n(e
n·)fn(·, ·)‖p

H
γ−α
p (e−nαT )

= Cenα‖ζ−n(e
n·)u0n(·)‖p

B
γ−α/p
p

+ C‖Gn(e
−nα·, ·)‖p

H
γ−α
p (T )

+ C‖enαζ−n(e
n·)f(·, en·)‖p

H
γ−α
p (T )

. (4.19)

By (4.18) and (4.19) (also see Lemma 2.7(ii)),
∑

n∈Z

en(θ−αp/2)‖∆α/2(u(·, en·)ζ−n(e
n·))‖p

H
γ−α
p (T )

≤ C
(

‖ψ−α/2+α/pu0‖p
B

γ−α/p
p,θ (D)

+‖ψα/2f‖p
H

γ−α
p,θ (D,T )

+ ‖ψ−α/2u‖p
H

µ
p,θ

(D,T )

)

. (4.20)

Therefore, (4.20), Lemma 2.7(ii), and the relation

‖u‖Hγ
p
≈
(

‖u‖Hγ−α
p

+ ‖∆α/2u‖Hγ−α
p

)

yield (4.17) for γ ≤ µ+ α/2. The theorem is proved. �

Theorem 4.7 (Higher regularity for elliptic equation). Let λ ≥ 0, 0 ≤ µ ≤ γ,

and θ ∈ (d − 1 − αp
2 , d − 1 + p + αp

2 ). Suppose that f ∈ ψ−α/2Hγ−α
p,θ (D), and

u ∈ ψα/2Hµ
p,θ(D) ∩ {u = 0 onDc} is a solution to (2.4), then, u ∈ ψα/2Hγ

p,θ(D),
and moreover

λ‖ψα/2u‖Hγ−α
p,θ (D) + ‖ψ−α/2u‖Hγ

p,θ(D)

≤ C
(

‖ψα/2f‖Hγ−α
p,θ (D) + ‖ψ−α/2u‖Hµ

p,θ(D)

)

,

where C = C(d, p, α, γ, µ, θ,D). In particular, C is independent of λ.
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Proof. We repeat the argument of the proof of Theorem 4.6. As before, we may
assume γ ≤ µ+ α/2.

Let n ∈ Z. Since u is a weak solution to (2.4), un(x) := u(enx) and fn(x) :=
f(enx) satisfy the following equation in weak sense;

∆α/2(un(·)ζ−n(e
n·))(x) − enαλ(un(·)ζ−n(e

n·))(x) = Fn(x), x ∈ R
d, (4.21)

where

Fn(x) = enαfn(x)ζ−n(e
nx) −Gn(x)

:= enαfn(x)ζ−n(e
nx) −

(

∆α/2(un(·)ζ−n(e
n·))(x) − ζ−n(e

nx)∆α/2un(x)
)

.

By Corollary 4.5(ii), we get Gn ∈ Hγ−α
p and

∑

n∈Z

en(θ−αp/2)‖Gn‖pHγ−α
p

≤ C
∑

n∈Z

en(θ−αp/2)‖Gn‖p
H

µ−α/2
p

≤ C‖ψ−α/2u‖p
Hµ

p,θ(D)
. (4.22)

This implies that Fn ∈ Hγ−α
p .

If λ = 0, then the equality (4.21) easily yields

‖∆α/2(un(·)ζ−n(e
n·))‖p

Hγ−α
p

= ‖Fn‖pHγ−α
p

≤ ‖enαfn(·)ζ−n(e
n·)‖p

Hγ−α
p

+ ‖Gn‖pHγ−α
p

. (4.23)

Next, let λ > 0. Then, by [44, Theorem 1] (or [17, Theorem 2.1]), we have
un(·)ζ−n(e

n·) ∈ Hγ−α
p and

enαpλp‖un(·)ζ−n(e
n·)‖p

Hγ−α
p

+ ‖∆α/2(un(·)ζ−n(e
n·))‖p

Hγ−α
p

≤ C‖Fn‖pHγ−α
p

≤ C
(

‖enαfn(·)ζ−n(e
n·)‖p

Hγ−α
p

+ ‖Gn‖pHγ−α
p

)

. (4.24)

We multiply by en(θ−αp/2) to (4.23) and (4.24), then take sum over n ∈ Z. Finally,
we use (4.22) and Lemma 2.7(ii) to finish the proof of the theorem. �

5. Proof of Theorems 2.2, 2.3, 2.9 and 2.10

We only need to prove Theorems 2.2 and 2.3. This is because Theorem 2.9
is a consequence of Theorems 2.2 and 4.6, and Theorem 2.10 is a consequence of
Theorems 2.3 and 4.7.

Proof of Theorem 2.2

1. Existence and estimate of solution.
First, assume u0 ∈ C∞

c (D) and f ∈ C∞
c ((0, T )×D). Then, by Lemma 3.2, the

function u defined in (2.6) becomes a weak solution to (2.2). Also, by Lemmas 3.6
and 3.7,

‖ψ−α/2u‖Lp,θ(D,T ) ≤ C
(

‖ψ−α/2+α/pu0‖Lp,θ(D) + ‖ψα/2f‖Lp,θ(D,T )

)

.

Now we fix γ ∈ (0, α/p). By (2.18), we have Lp,θ′(D) ⊂ B
γ−α/p
p,θ′ (D) for any θ′ ∈ R,

and therefore applying Theorem 4.6 with µ = 0, we conclude u ∈ ψα/2
H

γ
p,θ(D,T )

and

‖ψ−α/2u‖Hγ
p,θ(D,T ) ≤ C

(

‖ψ−α/2+α/pu0‖Lp,θ(D) + ‖ψα/2f‖Lp,θ(D,T )

)

.
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Using this and Corollary 4.5(i), we have ut = ∆α/2u + f ∈ ψ−α/2
H

γ−α
p,θ (D,T ),

u ∈ H
γ
p,θ(D,T ), and

‖u‖Hγ
p,θ(D,T ) ≤ C

(

‖ψ−α/2+α/pu0‖Lp,θ(D) + ‖ψα/2f‖Lp,θ(D,T )

)

. (5.1)

For general data, we take {u0n}n∈N ⊂ C∞
c (D) and {fn}n∈N ⊂ C∞

c ((0, T )×D)
such that

u0n → u0 in ψα/2−α/pB
γ−α/p
p,θ (D),

fn → f in ψ−α/2
H

γ
p,θ(D,T ).

Define un (resp. u) by (2.6) with u0n (resp. u0) and fn (resp. f). Then, by Lemmas
3.6 and 3.7, un converges to u in the space Lp,θ−αp/2(D,T ). Also, considering the
estimate (5.1) corresponding to un − um, we conclude un is a Cauchy sequence in
H

γ
p,θ(D,T ). Let v denote the limit of un in H

γ
p,θ(D,T ). Then, v = u (a.e.) and

therefore u (or its version) is in H
γ
p,θ(D,T ).

Now we prove that (2.3) holds for all t ≤ T . Since un is a solution to (2.2) in
the sense of Definition 2.1, taking n→ ∞ and using

‖ψ−α/2(un − u)‖Hγ
p,θ(D,T ) + ‖ψα/2(∆α/2un −∆α/2u)‖

H
γ−α
p,θ (D,T ) → 0,

we find that (2.3) holds for u almost everywhere on [0, T ]. By Theorem 2.15, we
know that (u(t)−u0, φ)D is a continuous in t, and therefore we conclude that (2.3)
holds for all t ≤ T . Thus, u becomes a weak solution. (2.7) also follows from the
estimates of un.

2. Uniqueness.
Let u ∈ ψα/2

Lp,θ(D,T ) ∩ {u = 0 on [0, T ]×Dc} be a weak solution to










∂tu(t, x) = ∆α/2u(t, x), (t, x) ∈ (0, T )×D,

u(0, x) = 0, x ∈ D,

u(t, x) = 0, (t, x) ∈ [0, T ]×Dc.

Then, by Theorem 4.6 with µ = 0 and γ > 0, we have u ∈ ψα/2
H

γ
p,θ(D,T ) for any

γ > 0. This and Corollary 4.5(i) imply u ∈ H
γ+α
p,θ (D,T ) for any γ ∈ R.

Now we take a sequence un ∈ C∞
c ([0, T ] × D) (cf. Remark 2.8(ii)) such that

un → u in H
γ+α
p,θ (D,T ). In particular, un → u, un(0, ·) → 0, and ∂tun → ∂tu in

their corresponding spaces. Define fn := ∂tun −∆α/2un, then un trivially satisfies

∂tun −∆α/2un = fn.

By Lemma 3.2(ii),

un(t, x) = Ex[un(0, X
D
t )] +

ˆ t

0

Ex[fn(s,X
D
t−s)]ds.

Also, by Lemmas 3.6 and 3.7 and Theorem 4.6,

‖ψ−α/2un‖Hγ+α
p,θ (D,T ) (5.2)

≤ C
(

‖ψα/p−α/2un(0, ·)‖Bγ+α−α/p
p,θ (D)

+ ‖ψα/2fn‖Hγ
p,θ(D,T )

)

.

By Corollary 4.5(i), we have ∆α/2un → ∆α/2u in ψ−α/2
H

γ
p,θ(D,T ), and therefore

fn = ∂tun −∆α/2un → ∂tu−∆α/2u = 0
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as n→ ∞ in the space ψ−α/2
H

γ
p,θ(D,T ). From (5.2), we conclude that u = 0. The

uniqueness is also proved.

Proof of Theorem 2.3

If λ > 0 or D is bounded, then it is enough to repeat the proof of Theorem 2.2.
During the proof, one only needs to replace results for parabolic equations by their
corresponding elliptic versions.

Therefore, we only consider the case when λ = 0 and D is a half space.
1. A priori estimate and uniqueness.
We first prove the a priori estimate

‖ψ−α/2u‖Hα
p,θ(D) ≤ C‖ψα/2f‖Lp,θ(D) (5.3)

holds given that u ∈ Lp,θ−αp/2(D) ∩ {u = 0 on Dc} is a weak solution to (2.4).

Note that by Theorem 4.7, we have u ∈ ψα/2Hα
p,θ(D). Assume u ∈ C∞

c (D) for
a moment. Then, for any λ > 0,

∆α/2u− λu = f − λu on D,

where f := ∆α/2u. Thus, applying (2.22) for λ > 0 and letting λ ↓ 0, we get
estimate (5.3) for λ = 0. For general case, we take un ∈ C∞

c (D) such that un → u
in ψα/2Hα

p,θ(D). Then, by Corollary 4.5(i), ∆α/2un → ∆α/2u = f in ψ−α/2Lp,θ(D).

Consequently, this leads to (5.3), which certainly implies

‖ψ−α/2u‖Lp,θ(D) ≤ C‖ψα/2f‖Lp,θ(D).

The uniqueness result of solution easily follows from this.

2. Weak convergence and existence.
Let un ∈ ψα/2Lp,θ(D) ∩ {u = 0 onDc} denote the solution to equation (2.4)

corresponding to λ = 1
n . Then, by (2.22), {un} is a bounded sequence in the

space Lp(R
d, ρθ−d−αp/2dx), and therefore there exists a subsequence {uni} which

converges weakly to some u ∈ Lp(R
d, ρθ−d−αp/2dx). Obviously, we have u = 0

(a.e.) on Dc. By Lemma 4.4, for any φ ∈ C∞
c (D), ∆α/2φ belongs to the dual space

of ψα/2Hα
p,θ(D). Therefore,

(uni , φ)Rd = (uni , φ)D → (u, φ)D = (u, φ)Rd

and
(uni ,∆

α/2φ)Rd = (uni ,∆
α/2φ)D → (u,∆α/2φ)D = (u,∆α/2φ)Rd ,

as ni → ∞. Thus, we conclude u is a weak solution to (2.4) in Lp,θ−αp/2(D) ∩
{u = 0 onDc}. Now we prove the weak convergence. The above argument shows
that any subsequence of un has a further subsequence which converges weakly in
Lp(R

d, ρθ−d−αp/2dx), and the limit becomes a solution to (2.4) in Lp,θ−αp/2(D) ∩
{u = 0 onDc}. Due to the uniqueness of solution proved above, we conclude that
this limit coincides with u. This proves the weak convergence, and the theorem is
proved.

Appendix A. Auxiliary results

Recall that p(t, x) = pd(t, x) is the transition density function of a rotationally
symmetric α-stable d-dimensional Lévy process. It is a radial function and

pd(t, x) ≈ t−
d
α ∧ t

|x|d+α
≈ t

(t1/α + |x|)d+α
, (A.1)
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and

pd(t, x) = t−
d
α pd(1, t

− 1
αx). (A.2)

If f is a radial function, then we put f(r) := f(x) if r = |x|.

Lemma A.1. (i) Let d ≥ 2 and f be a nonnegative radial function on R
d. Then,

for x1 6= 0,
ˆ

Rd−1

f(x1, x′)dx′ = C(d)|x1|d−1

ˆ ∞

0

f(|x1|(1 + s2)1/2)sd−2ds. (A.3)

(ii) Let d ≥ 2. For any t > 0 and x1 6= 0,
ˆ

Rd−1

pd(t, x
1, x′)dx′ ≈ p1(t, x

1), (A.4)

where the comparability relation depends only on d and α.

Proof. (i) By the change of variables,
ˆ

Rd−1

f(x1, x′)dx′ =

ˆ

Rd−1

f(x1, |x1|x′)|x1|d−1dx′

= |x1|d−1

ˆ

Rd−1

f(|x1|(1 + |x′|2)1/2)dx′

= C(d)|x1|d−1

ˆ ∞

0

f(|x1|(1 + s2)1/2)sd−2ds.

(ii) By (A.1) and (A.3), it suffices to prove that

ˆ ∞

0

t|x1|d−1sd−2

(t1/α + |x1|(1 + s2)1/2)d+α
ds ≈

(

t−
1
α ∧ t

|x1|1+α

)

. (A.5)

Let t|x1|−α ≤ 1, then

ˆ ∞

0

t|x1|d−1sd−2

(t1/α + |x1|(1 + s2)1/2)d+α
ds ≈

ˆ ∞

0

t|x1|d−1sd−2

(

|x1|(1 + s2)1/2
)d+α

ds

= C(d, α)
t

|x1|1+α
. (A.6)

Now let t|x1|−α ≥ 1. We put

ˆ ∞

0

t|x1|d−1sd−2

(t1/α + |x1|(1 + s2)1/2)d+α
ds =

ˆ t1/α|x1|−1

0

· · ·+
ˆ ∞

t1/α|x1|−1

· · · =: I + II.

Then,

I ≤ t−
d
α |x1|d−1

ˆ t1/α|x1|−1

0

sd−2ds = C(d, α)t−
1
α ,

II ≤ t|x1|−1−α

ˆ ∞

t1/α|x1|−1

sd−2

(1 + s2)
d+α
2

ds = C(α)t−
1
α .

Therefore, the left-hand side of (A.5) is controlled by the right-hand side. Due to
(A.6), to prove (A.5), we only need a proper lower bound of I. Let t|x1|−α ≥ 1.
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By the changing variables s = t1/α|x1|−1l,

I ≥
ˆ t1/α|x1|−1

0

t|x1|d−1sd−2

(t1/α + (t2/α + |x1|−2s2)1/2)d+α
ds

= t−
1
α

ˆ 1

0

ld−2

(1 + (1 + l2)1/2)d+α
dl = C(d, α)t−

1
α .

The lemma is proved. �

Lemma A.2. Let α ∈ (0, 2) and γ0, γ1 ∈ R. Suppose that

− 2

α
< γ0, −2 < γ1 − γ0 ≤ 2 +

2

α
. (A.7)

Then, for any (t, x) ∈ (0,∞)× R
d,

ˆ

Rd

p(t, x− y)
|y1|γ0α/2

(
√
t+ |y1|α/2)γ1

dy ≤ C(
√
t+ |x1|α/2)γ0−γ1 . (A.8)

where C = C(d, α, γ0, γ1).

Proof. It suffices to prove (A.8) when t = 1. Indeed, if it holds for t = 1, then by
(A.2),

ˆ

Rd

p(t, x− y)
|y1|γ0α/2

(
√
t+ |y1|α/2)γ1

dy

= Ct
γ0−γ1

2

ˆ

Rd

p(1, t−
1
αx− y)

|y1|γ0α/2

(1 + |y1|α/2)γ1
dy

≤ Ct
γ0−γ1

2 (1 + t−
1
2 |x1|α/2)γ0−γ1

= C(
√
t+ |x1|α/2)γ0−γ1 .

Thus, we may assume t = 1. By (A.4) and (A.1),

ˆ

Rd

pd(1, x− y)
|y1|γ0α/2

(1 + |y1|α/2)γ1
dy

≈
ˆ

R

(

1 ∧ 1

|x1 − y1|1+α

) |y1|γ0α/2

(1 + |y1|α/2)γ1
dy1 =: I(x1).

Thus, it only remains to show for x1 ∈ R,

I(x1) ≤ C(1 + |x1|α/2)γ0−γ1 . (A.9)

Case 1. Let |x1| ≤ 1. Put

I(x1) =

ˆ

|y1|≤2

· · · dy1 +
ˆ

|y1|>2

· · · dy1 =: I1(x
1) + I2(x

1).

If |y1| ≤ 2, then by (A.7),

I1(x
1) ≤ C

ˆ

|y1|≤2

|y1|αγ0/2dy1 = C.
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If |y1| > 2, then |x1 − y1| ≥ |y1|/2. Thus, by (A.7),

I2(x
1) ≤ C

ˆ

|y1|>2

1

|x1 − y1|1+α

( |y1|α/2
1 + |y1|α/2

)γ1

|y1|α(γ0−γ1)/2dy1

≤ C

ˆ

|y1|>2

|y1|
α(γ0−γ1−2)

2 −1dy1 = C.

Therefore, I is bounded and (A.9) is proved for |x1| ≤ 1.

Case 2. Let |x1| > 1. Put

I(x1) =

ˆ

|y1|≥2|x1|
· · ·+

ˆ

|x1|/2<|y1|<2|x1|
· · ·+

ˆ

1/2<|y1|≤|x1|/2
· · ·+

ˆ

|y1|≤1/2

· · ·

=: J1(x
1) + J2(x

1) + J3(x
1) + J4(x

1).

First, we estimate J1. Note that if r > 1, then

1

2
≤ rα/2

1 + rα/2
≤ 1. (A.10)

For |y1| > 2|x1|, we have |y1| > 2. Thus, (A.7) and (A.10) yield

J1(x
1) ≤

ˆ

|y1|≥2|x1|

1

|x1 − y1|1+α

( |y1|α/2
1 + |y1|α/2

)γ1

|y1|
α(γ0−γ1)

2 dy1

≤ C

ˆ

|y1|≥2|x1|
|y1|

α(γ0−γ1−2)
2 −1dy1

= C|x1|
α(γ0−γ1−2)

2 ≤ C|x1|
α(γ0−γ1)

2 ≤ C(1 + |x1|α/2)γ0−γ1 . (A.11)

Secondly, we estimate J2. If |x1|/2 < |y1| < 2|x1|, then

1

2
≤ 1 + |y1|α/2

1 + |x1|α/2 ≤ 2,
1

3
≤ |y1|α/2

1 + |y1|α/2 ≤ 1.

Therefore, we have

J2(x
1) ≤ C(1 + |x1|α/2)γ0−γ1

ˆ

R

p1(1, x
1 − y1)dy1

= C(1 + |x1|α/2)γ0−γ1 . (A.12)

Next, we estimate J3. If 1/2 ≤ |y1| ≤ |x1|/2, then

1

3
≤ |y1|α/2

1 + |y1|α/2 ≤ 1, |x1 − y1| ≥ |x1|
2
.
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Hence, by (A.7) and (A.10),

J3(x
1) ≤

ˆ

1/2≤|y1|≤|x1|/2

1

|x1 − y1|1+α

( |y1|α/2
1 + |y1|α/2

)γ1

|y1|
α(γ0−γ1)

2 dy1

≤ C|x1|−1−α

ˆ

1/2≤|y1|≤|x1|/2
|y1|

α(γ0−γ1)

2 dy1

≤ C|x1|−1−α

ˆ

1/2≤|y1|≤|x1|/2
|y1|

α(γ0−γ1+2)
2 dy1

≤ C|x1|−1−α

ˆ

|y1|≤|x1|/2
|y1|

α(γ0−γ1+2)
2 dy1

= C|x1|
α(γ0−γ1)

2 ≤ C(1 + |x1|α/2)γ0−γ1 . (A.13)

Lastly, we estimate J4. If |y1| ≤ 1/2, then

2

3
≤ 1

1 + |y1|α/2 ≤ 1, |x1 − y1| ≥ |x1|
2
.

Therefore, by (A.7) and (A.10),

J4(x
1) ≤

ˆ

|y1|≤1/2

1

|x1 − y1|1+α

(

1

1 + |y1|α/2
)γ1

|y1|αγ0/2dy1

≤ C|x1|−1−α

ˆ

|y1|≤1

|y1|αγ0/2dy1

≤ C|x1|−1−α ≤ C(1 + |x1|α/2)−2/α−2 ≤ C(1 + |x1|α/2)γ0−γ1 .

Combining this with (A.11), (A.12) and (A.13), we prove (A.9) for |x1| > 1. The
lemma is proved. �

Lemma A.3. Let (A.7) hold for γ0, γ1 ∈ R. Then, for (t, x) ∈ (0,∞)× R
d,

ˆ

D

p(t, x− y)
d
γ0α/2
y

(
√
t+ d

α/2
y )γ1

dy ≤ C(
√
t+ dα/2x )γ0−γ1 ,

where C depends only on d, α, γ0, γ1 and D.

Proof. Note that it is enough to assume D is bounded. This is because if D is a
half space, the result follows from Lemma A.2.

For R > 0, denote DR := {x ∈ D : dx ≥ R}. Since D is bounded, one can find
x1, . . . , xn ∈ ∂D such that

D ⊂
(

n
⋃

i=1

(D ∩BR/3(xi))

)

∪DR/6.
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Therefore,
ˆ

D

p(t, x− y)
d
αγ0/2
y

(
√
t+ d

α/2
y )γ1

dy

≤
n
∑

i=1

ˆ

D∩BR/3(xi)

p(t, x− y)
d
αγ0/2
y

(
√
t+ d

α/2
y )γ1

dy

+

ˆ

DR/6

p(t, x− y)
d
αγ0/2
y

(
√
t+ d

α/2
y )γ1

dy

=:

n
∑

k=1

Ik(t, x) + II(t, x).

1. We estimate Ik(t, x) for fixed k ∈ {1, 2, · · · , n}.
First, assume x ∈ BR(xk) ∩ D. Then, (by reducing R if necessary) we can

consider a C1,1-bijective (flattening boundary) map Φ = (Φ1, · · · ,Φd) defined on
BR(xk) such that Φ(BR(xk)∩D) ⊂ R

d
+ and dz ≈ Φ1(z) on BR(xk)∩D. Then, one

can easily handle Ik using Lemma A.2.
Second, assume x ∈ D \ BR(xk). Since r → p(t, r) is nonincreasing, for any

y, z ∈ BR/3(xk), we have |z − y| ≤ 2R/3 < |x− y|, which implies

p(t, x− y) ≤ p(t, z − y).

If γ1 − γ0 ≥ 0, choosing z ∈ BR/3(xk)∩D such that dx ≤ C(D,R)dz and using the
result for the first case,

Ik(t, x) ≤
ˆ

D∩BR/3(xk)

p(t, z − y)
d
αγ0/2
y

(
√
t+ d

α/2
y )γ1

dy

≤ C(
√
t+ dα/2z )γ0−γ1 ≤ C(

√
t+ dα/2x )γ0−γ1 . (A.14)

If γ1 − γ0 < 0, by taking z ∈ BR/3(xk)∩D such that dz ≤ dx, we also have (A.14).

2. We estimate II(t, x).
We first consider the case x ∈ DR/12. For y ∈ DR/6, we have dx ≈ dy ≈ 1 and

(√
t+ d

α/2
y√

t+ d
α/2
x

)γ0−γ1

≤ C(diam(D), γ0, γ1, R, α),

Using this, we get

II ≤ C(
√
t+ dα/2x )γ0−γ1

ˆ

DR/6

p(t, x− y)

(

d
α/2
y√

t+ d
α/2
y

)γ0

dy.

Also, since dy ≈ 1 on y ∈ DR/6, it suffices to show that
ˆ

DR/6

p(t, x− y)

(

1√
t+ 1

)γ0

dy ≤ C. (A.15)

Since (A.15) is obvious if t ≤ 1 or γ0 ≥ 0. If t > 1 and γ0 < 0 , then by (A.1),
ˆ

DR/6

p(t, x− y)

(

1√
t+ 1

)γ0

dy ≤ C

ˆ

D

t−d/α−γ0/2dy ≤ C.

Therefore, (A.15) is proved.
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Next, we consider the case x ∈ D \DR/12. Since dy ≈ 1, we have

d
αγ0/2
y

(
√
t+ d

α/2
y )γ1

≈ 1

(
√
t+ 1)γ1

.

Also note that |x− y| > R/12 for y ∈ DR/6. Thus, by (A.1),

II ≤ C1t<1

ˆ

|x−y|≥R/12

t

|x− y|d+α
dy + C1t≥1t

−d/α−γ1/2

≤ C1t<1 + C1t≥1t
−γ0/2−d/αt(γ0−γ1)/2

≤ C1t<1 + C1t≥1t
(γ0−γ1)/2.

Thus if γ0 ≥ γ1, then by (A.7),

II ≤ Ct(γ0−γ1)/2 ≤ C(
√
t+ dα/2x )γ0−γ1 .

Now let γ0 < γ1. Then, 1t<1(
√
t + d

α/2
x ) is bounded above and t ≈ (t + d

α/2
x ) if

t > 1, we get

II ≤ C1t<1 + C1t≥1t
(γ0−γ1)/2 ≤ C(

√
t+ dα/2x )γ0−γ1

provided that γ0 < γ1. The lemma is proved. �

Next, we provide some results for the distance function dx.

Lemma A.4. Let D be a half space or a bounded C1,1 open set.

(i) Let x0 ∈ ∂D and r > 0. Then, for any λ > −1,

−
ˆ

Br(x0)

dλxdx ≤ C(d, λ,D)rλ. (A.16)

(ii) Let y ∈ D, r, ρ, κ1 > 0 and −1 < κ0 ≤ 0. Suppose that r ≤ cρ for some c > 0.
Then, there exists a constant C = C(d, κ1, κ0, c,D) such that

ˆ

Dρ(y)∩Dr

dκ0
x

|x− y|d+κ1
dx ≤ Cρ−κ1rκ0 ,

where Dρ(y) := {x ∈ D : |x− y| > ρ} and Dr := {x ∈ D : dx ≤ r}.

Proof. (i) The result is trivial if D is a half space. If D is a bounded C1,1 open
set, then ∂D is a (d − 1)-dimensional compact Lipschitz manifold. Thus, we have
(A.16) due to e.g. page 16 of [2].

(ii) 1. Let D be a half space.
Assume first d ≥ 2. By the change of variables and Fubini’s theorem,

ˆ

|x−y|>ρ,|x1|≤r

|x1|κ0

|x− y|d+κ1
dx

=

ˆ

|x1+y1|≤r

|x1 + y1|κ0

ˆ

Rd−1

|x|−d−κ11|x|>ρdx
′dx1

= C

ˆ

|x1+y1|≤r

|x1 + y1|κ0

|x1|1+κ1

ˆ ∞

0

sd−2

(1 + s2)(d+κ1)/2
1|x1|(1+s2)1/2>ρdsdx

1

= C

ˆ ∞

0

sd−2

(1 + s2)(d+κ1)/2
I(ρ, s, y1, r)ds, (A.17)
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where

I(ρ, s, y1, r) :=

ˆ

R

|x1|κ0

|x1 − y1|1+κ1
1|x1−y1|>(1+s2)−1/2ρ1|x1|≤rdx

1.

Take p0 = p0(κ0) > 1 satisfying −1 < p0κ0. Since −1 < κ0 ≤ 0 < κ1, by Hölder’s
inequality,

I(ρ, s, y1, r)

≤
(
ˆ

R

|x1|p0κ01|x1|≤rdx
1

)1/p0
(
ˆ

R

|x1|−p′

0−p′

0κ11|x1|>(1+s2)−1/2ρdx
1

)1/p′

0

≤ Crκ0+
1
p0 ρ

−1−κ1+
1
p′
0 (1 + s2)

(1+κ1−1/p′0)

2 , (A.18)

where p′0 = p0/(p0 − 1). Combining (A.17) and (A.18), we have

ˆ

|x−y|>ρ,|x1|≤r

|x1|κ0

|x− y|d+κ1
dx

≤ Cρ
−1−κ1+

1
p′0 rκ0+

1
p0

ˆ ∞

0

sd−2

(1 + s2)(d−1+1/p′

0)/2
ds

= Cρ
−1−κ1+

1
p′0 rκ0+

1
p0 ≤ Cρ−κ1rκ0 .

For d = 1, using (A.18), we get
ˆ

|x−y|>ρ,|x|≤r

|x|κ0

|x− y|1+κ1
dx = I(ρ, 0, y, r)

≤ Crκ0+
1
p0 ρ

−1−κ1+
1
p′0 ≤ Cρ−κ1rκ0 .

2. Let D be a bounded open set. We take x1, . . . , xn ∈ ∂D such that

Dr ⊂
n
⋃

i=1

B2r(xi).

Therefore, by (i),

ˆ

Dρ(y)∩Dr

dκ0
x

|x− y|d+κ1
dx ≤

n
∑

i=1

ˆ

Dρ(y)∩B2r(xi)

dκ0
x

|x− y|d+κ1
dx

≤ Cρ−d−κ1rd+κ0 ≤ Cρ−κ1rκ0 .

The lemma is proved. �

We write u ∈ Hγ+α
p (T ) if u ∈ H

γ+α
p (T ), u(0, ·) ∈ B

γ+α−α/p
p and there exists

f ∈ H
γ
p(T ) such that for any φ ∈ C∞

c (Rd),

(u(t, ·), φ)Rd = (u(0, ·), φ)Rd +

ˆ t

0

(f(s, ·), φ)Rdds, ∀ t ≤ T.

In this case, we write f = ut. The norm in Hγ+α
p (T ) is defined as

‖u‖Hγ+α
p (T ) := ‖u‖

H
γ+α
p (T ) + ‖ut‖Hγ

p(T ) + ‖u(0, ·)‖
B

γ+α−α/p
p

.
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Lemma A.5. Let p ∈ (1,∞), α ∈ (0, 2), γ ∈ R and 1/p < ν ≤ 1. For a > 0,
0 ≤ s ≤ t ≤ T and u ∈ Hγ+α

p (T ),

‖u(t)− u(s)‖Hγ+α−να
p

≤ C|t− s|ν−1/pa2ν−1
(

a‖u‖
H

γ+α
p (T ) + a−1‖ut‖Hγ

p(T )

)

, (A.19)

where C = C(α, p, ν). In particular, C is independent of T and a.

Proof. One can prove the lemma by following the proof of [39, Theorem 7.3], which
treats the case α = 2. First, we note that due to the isometry (1 − ∆)σ/2 :
Hγ

p → Hγ−σ
p , we only need to prove for any particular γ ∈ R, and therefore we

assume γ = να − α. Second, since C∞
c ([0, T ]× R

d) is dense in Hγ+α
p (T ), we may

further assume u ∈ C∞
c ([0, T ] × R

d). Third, due to the scaling argument used at
the beginning of the proof of [39, Theorem 7.3], it is enough to consider the case
a = T = 1.

Finally, to prove (A.19) for the case a = T = 1, we just need to repeat the proof
of [36, Theorem 7.2] word for word. Although [36, Theorem 7.2] handles the case
α = 2, its proof works also for α ∈ (0, 2) thanks to [26, Lemma A.2]. The lemma is
proved. �
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