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Abstract

Topological data analysis (TDA) is a rising field in the intersection of math-
ematics, statistics, and computer science/data science. The cornerstone of TDA
is persistent homology, which produces a summary of topological information
called a persistence diagram. To utilize machine and deep learning methods on
persistence diagrams, These diagrams are further summarized by transforming
them into functions. In this paper we investigate the stability and injectivity of
a class of smooth, one-dimensional functional summaries called Gaussian persis-
tence curves.

1 Introduction

One of the main tools of topological data analysis (TDA) is persistent homology, which
measures how certain topological features of a data set appear and disappear at different
scales. This information can be stored and visualized in a concise format called a
persistence diagram.

Functional summaries play an important role in topological data analysis, as they
allow one to apply machine and deep learning techniques to analyze topological in-
formation contained in persistence diagrams. In [6] a new class of one-dimensional
smooth functional summaries was introduced called Gaussian persistence curves (GPC’s).
These functional summaries were built by combining (a slight variation of) the persis-
tence curve framework from [7] with the persistence surfaces construction from [1],
and they were used to study the texture classification of grey-scale images [6].

In this paper, we investigate the stability of GPC’s and the injectivity of both persis-
tence surfaces and GPC’s. Loosely speaking, stability refers to the property that small
changes in diagrams correspond to small changes in the resulting summaries and the
injectivity of a summary implies that the summary can distinguish between distinct dia-
grams. We show that unweighted GPC’s are stable (Theorem 3.3) and that, under mild
conditions, weighted GPC’s are both stable (Corollary 3.5 and Theorems 3.6 & 3.7)
and almost injective (Theorem 4.4). Furthermore we show that unweighted persistence
surfaces are injective (Theorem 4.3).

Other summaries in topological data analysis include persistence landscapes [4],
the persistent entropy summary function [2], persistence silhouettes [5], persistence
surfaces and persistence images [1]. We refer to [3] for a review of the properties and
applications of these summaries. All of these other summaries are known to be stable,
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but among them only the persistence landscapes are known to be injective. Note that
persistence landscapes can be viewed as a sequences of one-dimensional functions
and for any n > 1 injectivity will fail if only the first n terms of the sequences are
considered.

The outline of this paper is as follows. In Section 2 we introduce Gaussian per-
sistence curves and derive some basic properties and useful formulas. In Section 3
we apply these formulas to prove stability of unweighted GPC’s and certain weighted
GPC’s. Finally, in Section 4 we investigate the extent to which the functional sum-
maries produced by persistence surfaces and GPC’s are injective.

2 Gaussian Persistence Curves

Here we describe the construction of Gaussian persistence curves which can be viewed
as a combination of the persistence surfaces introduced in [ 1] and the persistence curve
framework from [7]. We refer to [8] for background on persistent homology and per-
sistence diagrams.

The input to our construction is a persistence diagram, by which we mean a finite
multi-set D of points in the plane which lie above the main diagonal y = x. Let 3 be
a symmetric, positive semi-definite 2 x 2 matrix. For a point i € R?, Let g, 5. be the
probability density function (PDF) of a bivariate normal distribution with mean g and
covariance matrix X. That is,

exp (—i(x— )T H(x -
gu,z(x): p( 2( 271.(;)3“?2 ( H))

Let k: R? — R be a function with x(b, b) = 0 for all b € R. We refer to any such « as
a weighting function.

Definition 2.1. [1] The persistence surface associated to the diagram D with weight s
is the function
pos(@y) = D k(b d)gp.a.s@,y).
(b,d)eD

In [1] the authors choose a grid on the plane, integrate the persistence surface over
each box in the grid, and then use these values to produce a vector summary of the
original diagram. Instead, we look at this surface from the perspective of the persis-
tence curve framework from [7]. This framework produces a function G: R — R such
that the value of G(t) depends on measuring some property of the diagram inside the
fundamental box Fy = {(z,y) | © < t,y > t}.

Definition 2.2. Let pp ,. be a persistence surface. The corresponding Gaussian per-
sistence curve is the function

GD,n(t) :/ PD,n(fan)dxdy-
Fy

If k(z,y) = 1 for all (z,y), then we drop ~ from the notation and denote the
corresponding surface and curve by pp(t) and Gp(t) respectively. We refer to this
curve as the unweighted Gaussian persistence curve on D.



We will always consider X to be fixed ahead of time and do not include it in the
notation for the curve Gp ,(¢). While the definition makes sense for more general X,
in this paper we fix X to be a multiple of the identity matrix by a scalar o2. This allows
us to split g,, s as

gz = (L= D)p (20
(o
where ¢ is the pdf of the standard normal distribution. This assumption allows one to
easily preform the integration over the fundamental box and obtain the CDF realiza-
tion of Gp () as

Goat) = 3 wnap(=)e =),

g g
(b,d)eD

Gaussian persistence curves fit into (a slight modification of) the persistence curve
framework from [7] in the following way. Let D be the set of all persistence diagrams,
U be the set of all functions ) : D xR3 — R with ¢)(D; z, z,t) = 0 forall (z,x) € R?
and D € D. Let R represent the set of functions on R. Let 7 be a set of operators
T'(S, f) that read in a multi-set S and real-valued function f and returns a scalar. Given
D eD,y € ¥,and T € T, the corresponding persistence curve is the function

Ppyr(t) :=T(F,¢(D;x,y,t)), t € R.

The function Pp , 7(t) is called a persistence curve on D with respect toypand T
In this notation, choosing ¢(D; z,y,t) = pp «(x,y) and T(f, S fs x,y)dzdy,
we obtainPp , 7(t) = Gp x(1).

We start with a few examples of Gaussian persistence curves, which are smooth
versions of persistence curves appearing in [7].

Example 2.3. When kp(b,d) = 1 for all (b, d), the resulting unweighted Gaussian
persistence curve can be viewed as a smooth version of the Betti curve from [7]. For
this reason we also refer to the unweighted Gaussian persistence curve Gp(t) as the
Gaussian Betti Curve.

Example 2.4. Let {p(z,y) := (y — 2) - xp(z,y) and let Loy = 3, g)ep £(b, d).
Define kp(z,y) = M The corresponding Gaussian persistence curve is a smooth
version of the life curve from [7] which we call the Gaussian Life Curve.

Example 2.5. Let mMgum = Y. gcp(b + d) and define rp(z,y) = L. The
corresponding Gaussian persistence curve is a smooth version of the midiife curve
from [7] which we call the Gaussian midlife Curve.

With this set up, generating new Gaussian persistence curves is only a matter of
selecting a covariance matrix X, which controls the smoothness of the curve and a
function x, which is a weighting function. For example, by using weight functions

such as entropy function (- . j);l; - log S, ;;Z -—) and multiplicative life func-

tion (%), we can obtain Gaussian versions of the life entropy and multiplicative life



persistence curves. In general, we can produce a Gaussian version of any function in
the persistence curve framework.

The next two lemmas will be used to compute the L!'-norm of a Gaussian persis-
tence curve. Their proofs are elementary exercises in Calculus.

Lemma 2.6. Givenb > 0 € R,

/_OO @(%)@(%)dt = % (1)

Proof. We will first prove the result for b = 0 and ¢ = 1. By integration by parts (by
letting u = ®(—t) and dv = ®(¢)dt), we obtain

/OO O(—t)D(t)dt = [tD(—t)D(t) + P(—1)p(t)]> + /OO to(t)®(t) + *(t)dt .

— 00 — 00

I

17

For I, by the elementary facts ®(¢) — 1 as ¢t — oo and L’Hopital’s rule, one can
evaluate that 7 = 0.
For the 11, we consider each integral separately. By [©],

we have that [ t®(a + bt)g(t)dt = ﬁgﬁ(ﬁ). Since in our case a = 0
andb =1,

|0t = o0 =5
By [9] again, we know that
1 >~ 1

/O; P2 (t)dt = mfb(\/ﬁt)}_oo =5

Thus, sum over them to obtain the desired result. To obtain the final result simply apply
the substitution, s = % then ds = %dt.

/_OO @(?)@(?)dt = /_OO B(—s)B(s)ods = %
O
Lemma 2.7.
/OO B(at + by)(@(at + by) — D(at + by))dt o)
VB [bi—bs bi—by . bi—bs bi—bs bi—by b —bs
- D2 B gy gl B gy
3)



Proof. Let s = u + (at + b3). Then ds = du.

/Oo ®(at + by)(P(at + bz) — @(at + bg))dt

at+bo
= / O (at + by) / o(s) dsdt
at+bs

at+bso

= / / D (at + b1)p(s) dsdt
at+bs

by —bs

= / / ®(at + by)p(at + bs + u) dudt

ba—b3
= / / O (at + b1)P(at + bz + u) dtdu.
0 —oo

To evaluate the integral, we recall that [~ ®(z + €)p(z) do = ®(%). Consider
another substitution: x = at + b3 + u, so dx = adt.

/OO @(at + b1)¢(at + b3 + u) dt

— 00

:/ <I>(x—u—b3+b1)¢(x)2 dac:é@(bl_b%).

Letv = bl_bT;_“ Then dv = \’/—%du. Finally, we obtain

b2 b3 o0
/ / O (at + b1)P(at + bz + u) dtdu
0 —00

ba—b3 _ _
:/ lolizbszuy g,
0 a \/5

b b
51 —52 b17b2

= [ 7 = vaea ‘f{ (o) + ¢(0)] 73,
—

S

NI

7—\/§ by —ba _ by — b2 by — ba by — b3 _ by — b3 by — b3
_a[\/iq)(\/iH(b(\/i)_x/i@(ﬁ)_gb(ﬁ)]
O

Proposition 2.8. Let Gp(t) be an unweighted Gaussian persistence curve on a dia-
gram D. Then

6ol = 3 J@-net Ve @

(b,d)eD



Proof.

o —b. . d—
IGoll: = / S o= et = ar )
- (bd)eD g g
/ Yoo _t)dt (6)
(b,d)eD g
Z/ t_b u)oht. @)
(b,d)eD g

By adding and subtracting ®(=2) + ®2(=2) and using the CDF property ®(—t) =
1 — ®(t) we obtain,

= > [Tt h v (ol e @

(bdyen’ = o o o o o
g g
—(bgwﬁﬂd—b) (\/_U)+\/_U¢(\/§a)_\/_E ©)
d—
- d—b +v2 } 10
Py (@- 0804 Ve D) (10
where (9) follows from Lemmas 2.6 and 2.7. O

Let Lp = 3 (. a)epy @ — b. We refer to L as the total lifespan of D. We also
define 6p = min(, g)ep d — b, thatis dp is the minimum lifespan of a point in D. We
note that by convention, min () = oo and ——5 = 0.

Corollary 2.9. For any persistence dlagram D,
Goil = 3 |@=0+ %] <1+ —Zoiin
(b,d)eD VT \/—517

Apply the same argument as above gives a bound for the weighted case as well. Let
MD,N = maX(byd)eD |:‘$(b, d)|

Corollary 2.10.
d—
160,011 = 3 ) a-ne )4 Va2
< k(b,d)| | (d—b) + - Mp L
3 wal|@-n+ Z] < 0+ Lo

As long as the diagram D is finite, then the Gaussian persistence curve given by
Definition 2.2 will be a Lipschitz function with respect to the input ¢t € R (see [60]). To-
gether with some mild assumptions on the weight functions , this implies that when-
ever there is is a process for randomly sampling persistence diagrams the associated



Gaussian persistence curves will satisfy a version of the central limit theorem. See
[6] for details, or [3] for more general results about statistical properties of functional
summaries.

3 Stability

Given persistence diagrams C' and D, a matching between C' and D is a bijection
v:CUA — DU A where A is the main diagonal in R? with each point assigned
infinite multiplicity. For a fixed matching « and (b, d) € C' U A, we denote (b, d) as
(Y, va)- We can compute the cost of a matching +y as

L(v) = > 1l d) = (18:70)

where the sum is over all points (b, d) € C'UA such that either (b, d) € C or (s, 74) €
D. We define the 1-Wasserstein distance 171 (C, D) between diagrams C' and D as
the infimum of this cost function over all . That is

Wh(C,D) = igfL(w).

Our next goal is to show that if diagrams C' and D are close with respect to the 1-
Wasserstein distance, then the corresponding unweighted Gaussian persistence curves
Gc(t) and Gp(t) are close with respect to the L' norm. In the general theory of
summaries of persistence diagrams, this phenomenon is called stability.

Lemma 3.1. Letd,d’,oc € R. Then

0o o _
[ p(55)-+(5)a-sa
oo o o

Proof. Consider that

Ll (5) = (50 L

t—d’

/ﬂ,: o(z)dz

dt




Substitute z = u + £=2. Then dz = du and
/ v )
o0 t _
_ / / é (u + —) dtdu  (12)
—00 JO (o

t—d’

/r; o(z)dz

dt (11

dtdu (13)

[UCIJ (u—l— ﬂ)] du (14)

:/ T edu=|d—d|. (15)
0

|t _bydy—t t—by.  dy—t
/ ‘(I)( Do) — o 2) P (=2 )‘dt§|b1—b2|+|d1—dz|. (16)
oo o o o o

/OO q)(t—bl)q)(dl —t)_q)(t—bg)q)(dg—t)dt‘

g g g g

o t—b dy —t t—0b do —t t—b t—d t—b
:/ B(——)B(———) — D(—2)B(Z—) + D(—)(—) — B(—)(
o o o o o o o o
o t—0b t—d t—d t—d t—b t—b
:/ O(—)[@(—2) = o(—)] + [1 — o(—2)][®(—— — &( 2))]dt‘-
o o o o o o o

Therefore, by Lemma 3.1 and 0 < ®(¢) < 1,
e t—ds t—dy e t—b t— by
< _ _
_1/00‘@( LN )dt—i—l/oo’fb( S e
<|dy —da| + b1 — bz
O

Before proceeding to the first stability result, we will fix some notation that will be
used in the remainder of this section. Recall that we defined 6p = min, qye p(d—10).
We will make the convention that when D = &, §p := infp(d — b) := oo. For two
diagrams C' and D, we further define d¢,. p = min{dc,dp,1}. Now, fix a minimal
cost matching y between two persistence diagrams C' and D. Let C’ be the points of
C' which match with points of D under -, and let D’ be the image of C’ under this



matching. Let E = (C'\ C') U (D \ D’), thatis E consists of the points of C' and D
which match to the main diagonal under y. We denote by G (t) the unweighted Gaus-
sian persistence curve on . We note that since -y has been assumed to be a minimal
cost matching, all points of E' are matched to their closest point on the main diagonal
under ~y. In particular, if (b, d) € FE, then the contribution that this point makes to the
cost of 7 is =2, Finally, we enumerate the points of C’ as {(b1,d1), ..., (bn,dn)}.
and denote the image of an enumerated point under +y as y(b;, d;) = (Vb,, Vd; )-

We can now proceed to prove our first stability result for the case of unweighted
Gaussian persistence curves.

Theorem 3.3. Let C and D be persistence diagrams and let G (t) and Gp (t) be their
unweighted Gaussian persistence curves. Then

|Ge(t) —Gp(t)|l < AW (C, D) (17

Where A = max {2, 2 (1 + m)}

Proof. We first consider the case when neither C' nor D are the empty diagram.

1Ge(t) = Gp(@)ll

g g g
0 = (b,d)EE

N
<> i = ya; | + 100 =, |+ |GE®) 1

m+<1+ﬁ) 3 (d-b)

(b,d)eE
g
2,214+ —— D
N <+\/E5C,D>}W1(O’ )

= AW (C, D).

IN

=1
N

2> " |I(biy di) = (., 7a:)
=1

IN

Here the second inequality follows from Lemma 3.2 and Corollary 2.9.
O

One might hope to remove terms depending on the diagram from A. However,
some term involving ¢, p will necessarily appear in this bound. To see this, suppose
D = C U E where FE consists of k points with total lifespan small when compared to
d¢- In other words suppose Ly < € and ¢ is sufficiently small. Further, note that the
optimal matching between diagrams C' and D matches all points of E to the diagonal.
Then W1 (C, D) = Lg < . However, one can see by way of Proposition 2.8 that
|IGe(t) — Gp(®)|l1 = |Ge(t)|1 > \U/’% For this reason it seems natural to consider
weights (b, d) which go to zero as b — d. E.g. one can take the lifespan function
k(b,d) = d —b.

We now consider the case where G¢ . (t) and Gp ., (t) are weighted Gaussian
persistence curves on diagrams C' and D. We will derive a bound for arbitrary weights




and then show how this bound can be improved by imposing restrictions on the weight
functions.

We keep the same notation as before, but in this case we also need to define the fol-
lowing notation for the weighting function. For each (b, d) € FE, define kg (b, d) to be
Iic(b, d) if (b, d) € Cortobe kp (b, d) if (b, d) € D.LetM¢ = maxp,dyeC |/€C (b, d)|
and define Mp, Mg, Mcs, and Mp: similarly. Let Mc p = max{M¢c, Mp}, and
M, = max@, gec’ [kc(b,d) — £p (6, Va)l-

Theorem 3.4.

1Gome(t) = Gp (D)1 < BWA(C, D) + My |G|y (18)
with B = max{2M¢,2Mp (1 + \/EgéE)}'
Proof. In order to simplify notation, let w; = kc(bi, d;), ui = Kp(Vb,,Ye,), Fi(t) =

D) (%) and Hy(t) = ®(72%)@(24=0). With this notation, the CDF real-
izations of G¢ ., (t) and Gp ., (t) are given by

N
Gore®) =Y Wk + Y nelbap(— e

g g
(b,d)eC\C"
N t—b _ d—t
Gorp(t) =Y wHi(t)+ Y kplb, d)o(—)2(—)
i=1 (b,d)eD\D’

Hence

HGC-,KC - GD,KD”l

N
e e t—0b,  d—t
i=1"Y 7 o0

(b,d)eE” ~ g

We consider each component of this sum separately. By Corollary 2.10 we have,

> [ st.ae e = [Gr s

g

(b,dyeE"” ~
g QME(d—b)
< Y (1+ )
(b,d)eE Vg 2

10



Now we consider Zf\;l 75 wiFy — uiHy| dt.

N o0
i=1Y 7

N 00
< Z/ |wiFi —w; H; +w; H; — ulHl| dt
i=1Y X

N 0o 00
SZwi/ |Fi—Hi|dt+|wl-—ui|/ |H(t)| dt
i=1 -0 —0o0
N

<2Me Y |(bidi) = (Yo, Ya)lloo + My |G lln
=1

Combining the above inequalities and letting B = max{2M¢,2Mg (1 + ﬁ) I

|Gcne — Gpowplli < BWi(C, D) + M, [|Gp||1.
O

One might hope to improve this bound by removing the additive term, M., |G p/||1.
However, we can show that without additional assumptions placed on the weighting
functions such an improvement is impossible. Indeed, suppose that C = {b,d}, D =
{b+1,d+ 1}, kc(b,d) =1land kp(b+ 1,d + 1) = u. Then for all d — b sufficiently
large, W1 (C, D) = 1 but

Gene = Gprpllh > (u—1)||Gpllx

In other words, ||G¢.xe — Gp.kp|l1 goes to infinity as either u or d — b goes to
infinity.

To avoid this potentiality we will impose additional restrictions on the weighting
functions k¢ and xkp. Precisely, we will assume that there exists a constant K such
that for all (x,y) and (w, 2),

lko(x,y) — kp(w, 2)] < K|[(z,y) = (0, 2)]|oo-

This holds, for example, when ko = kp is K-lipschitz with respect to the L*>°
norm on R, Using the notation of the above proof we will have

‘ o0

N N
Do lwi =i <D K|(bi di) = (70,
i=1 i=1

We can then replace M., with KT, (C, D) in the above bound and thus obtain a
bound that does not depend on the matching ~.

Corollary 3.5. Suppose there exists a constant K such that for all (x,y) and (w, 2),

ko (z,y) — kp(w, 2)] < K[(2,y) — (W, 2)]l0o

11



Let
J = max{B, K|Gp/|1} = max{2Mc,2Mp (1 + —— ) , K||Gp/ |1}
VToE

g
< max{QMC, 2Mc.p <1 + ﬁTC,D) ;KHGDHl}.

Then,
[Gew(t) = Gp k()1 < JWL(C, D).

We now consider a few natural weight functions, starting with the lifespan function
£(b,d) = d — b. Note that ¢ is 1-lipschitz. We proceed as in the proof of the previous
theorem, but in this case we split F into disjoint subdiagrams E’ and E”" where E' =
{(bydye E|d—b>1}and E" = E\ E'.

3 ([@-b)d-b+ =)

(b,d)eEE ﬁ

= d-b)(d—b+-2)+ (d—b)(d—b+ -2)
(h%G:E’ VT (b,(i)zeE” a

< Mp+-Z ) (d—b)+ (d-b)(1+-2)
(h%G:E’ ( : ﬁ) (b,(i)zeE” a

o 20
< max{2 (ME+ﬁ),2+ﬁ}(Z (d—b)

b,d)eEE

Since each (b, d) € E contributes % to the cost of -y, we obtain

Theorem 3.6. Let G = max{2Mo, |Gorl|1,2 (Me + % ) .2+ 22} < max{2Mc, |Gplh, 2 (Mo + ) 2+
2—\/‘%} Then

[Ge.e(t) — Gpe(t)|l1 < GW1i(C, D).

We can remove the dependence of our bound on |G p |1 by normalizing the lifespan
functions. Recall that L is the total lifespan of the diagram D.
Recall that by Corollary 2.9

g
<1+ —— | Lp.
||GD|1_< +ﬁaD> b

It is also straightforward to check (see [7, Section 5.2]) that
|Le — Lp| < 2W4(C, D).

Define /p(b,d) = df—;b. We will assume that diagrams C' and D both have total

lifespan at least 1, and hence M¢c p < 1.

12



Theorem 3.7.
1Gc i) = Gp o, (Ol < PWA(C, D).

Where P = max{2,2 (ME + %) 2—1—\/_, 22 4+

\/_5D}

Proof. The 2M¢c = 2 term and the max{ ME" 1+ %} terms can be computed as

in the general weights theorem and the hfespan computation above (noting that 4=b g
always less then d — b)
We focus on the M, |G p-|| term in the theorem with general weights. this term

comes from bounding
E]w—u¢/ ()] dt

N

dl—bl Yd; — Vb; /OO
- — . H;(t)| dt
D S AL
N
di—b; di—b; di—b; . /
< — )| dt

di —bi Lp — Le

c D

Lp

-

@
Il
A

[m| Hy(t)]

N
4 oo
< — D H;(t)| dt
S pmen [ o
4
< —Wl(C D)|Gbl
<

<4+ \/§6D> W1 (C, D).

4 Injectivity

In this section we study the injectivity of the transformation from a persistence diagram
to either the persistence surface or the corresponding Gaussian persistence curve. By
injectivity here we mean that distinct diagrams produce distinct persistence surfaces or
curves. In general, this notion depends on the choice of weight functions, see example
4.5. However, we show the injectivity of unweighted persistence surfaces and (in most
cases) unweighted Gaussian persistence curves. We also conjecture that any weight
functions defined independently of the diagrams will produce injective persistence sur-
faces and curves.

We first show injectivity for unweighted persistence surfaces. Given two diagrams
C and D, this amounts to showing that the multi-set of means in the corresponding

13



surfaces is equal. We achieve this by setting up an infinite system of equations, which
can only be solved when the multi-sets of means are exactly equal. We will first give
some technical lemmas.

Lemma 4.1. Let A, B C R be finite sets of equal cardinality. Suppose

;¢(a@ a>:l;¢(x;b)'
S -3

acA beB

Then for every n € N,

Proof. Letn € N and suppose

Zgb(x;a)_bezj;b(x;b)'

acA

Multiplying by % 2% and integrating over R with respect to x gives

Z/Rw"é Z/ %\ dz (19)
3 Xn: <Z>a"’“ k-1 =" Z ( )b” Eok(k— 1)1 (20)

a€A k even beB k even

Here (20) follows from computing the n'"* moment of the normal distribution. We

will now prove that ), a™ = >, _p 0" for all n € N by induction. When n = 1
this follows immediately from equation (20) above. Now assume that ), , a™ =
> e 0™ forall m < n. Then again by equation (20) we have,

ZZ()"Mk—l)U=ZZ(>b"“k !

a€A k even beB k even
— (1) & n—k _ — (1) & n—k
SN LECERD SUEEED oY (ES RN oY
k even acA k even beB
Sar=yu
a€EA beB
where the last step follows by our inductive hypothesis. O

Lemma 4.2. Let A, B C R? be finite sets of equal cardinality. Suppose

> o) ()= 3 ()5

(a,b)eA
Then for any mi,ms € N,

Z ampm? = Z o™ g,

(a,b)eA (a,8)€B

14



Proof. Let mi, my € N and suppose

> (7)) = 3 o) (50

(a,b)eA (e,B)EB

Multiplying by 2™y and integrating over R with respect to x and y yields,

E el

(a,b)eA
(e,3)eB

Z Z <m1) mi1—k k 1)” f <n;2) bm27lo,l(l _ 1)”
(a, b)eAkeven l even

Zl)aml “k gk — 1)1 Z (W;2>Bm2—lal(l — 1. (22)

l even

(e, ﬁ)eB k even (

Now when m; = mo = 1, equation 22 yields
OIRTEND SRR

(avb)GA (Q,ﬁ)GB

We proceed by proving that the claim is true for all m; + my = n € N by strong
induction on n. The base case has been proven above so assume that the statement is
true for all m; +mo = j < n € N. Note that my — k +mgo — [ = j where j € N
and 7 < nforall k,! € 2N with £ < mj,l < my. Then the inductive hypothesis and

equation 22 yields
Z ampme — Z Q™ g
(a,b)eA (e,B)EB
as desired. O

Theorem 4.3. Let C and D be persistence diagrams and let pc and pp be the corre-
sponding unweighted persistence surfaces. If pc = pp, then C = D.

Proof. We will denote the points of C' by (b¢,d$) and analogously the points of D
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will be denoted (bP,d?). Assume that po = pp. We first note that [;, po = |C].
Thus, we must have |C| = |D|. We will assign N = |C|. Thus, we have

So(5E)e (55) -y () (55)

Integrating over R with respect to y and dividing by o yields

N e A N 2
o) =0 ()
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An application of Lemma 4.1 yields Zf\il(bzc)" = Zf\il(blp)" foralln € N. A
similar method yields vazl (d§)m = vazl (dP)™. Next, an application of Lemma 4.2
yields that for each mq, mo € N we have sz\il (bF)ma (dS ™2 = sz\il (bP)ym(gPym=,

Before proceeding we recall the following basic fact: suppose a1, ..., a;, are non-
negative real numbers and c;, ..., ¢, are positive real numbers such that a; > a; for all
1 < ¢ < k. Then there exists m € N such that

k—1
cpap > E cial’.
i=1

Now, label the points in C' such that blc < bzc .. < bjc\} and whenever bic = bic_H,
df < df,,. Label the points in D in the same way.

Suppose that some b{ # bP. Choosing k to be the largest such index, it follows
from above that that for all n > 1.

k k

S 00" = S0Py

i=1 i=1

Without loss of generality, we assume that b’ > bP. Since b? > bP | > ... > bP,
we can find an m such that

k k

D)™ = () > Y 6P

=1 i=1

which is a contradiction. Hence we have that bic = biD foralll << N.

Now suppose that for some k, d{ # dP. Again we choose k to be largest such
index and assume without loss of generality that dg > de . Now we choose m; such
that (bg)mldkc > (bP)™dP forall 1 < i < k. my exists since forall 1 < i < k,
either b = b2 > bP, or by = b = bP and d{ > dP > dP.

Given this m1, we can apply the above fact again to find ms such that

k k

D)™y = ()™ dg)™ > Y (0P dp)™

i=1 =1

which is another contradiction. Hence, we must have that dic = dZD foralll1 <i< N
which means we have shown that C' = D.
O

We prove a partial result for the unweighted Gaussian Persistence Curve.

Theorem 4.4. Let C and D be two persistence diagrams with maximum death values
d¢ .dP  and minimum birth values bC . bP . respectively. Suppose that either

max’ “'max min’ “min

dS . #db . orbC. #bP.  Then Go # Gp.

max min min*
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Proof. Let (by,d;) be a point of C' and (ba, d2) a point of D. We first show that if

dy > ds then,
D1k b2t
lim —2o (23)
S B (BT

We will proceed by cases. If by = by then with L’hospital’s rule we have,

da—t
= lim (b("):lim

(d2+d1 2t)(d1
t) t—o0 (b( = t) t—00

S22 0. (4)

o

Now if b3 < by we note that @(%) > O t;b2) for any sufficiently large value of ¢.
Applying this inequality to the limit we reduce back to the first case. Finally if b; > b
we have,

Dt )o (Lt D(l2) @l
m tb—do; = lim :Tb lim do; =0. (25)
t—o0 P( 1)@(%) t—00 (I)(%) t—00 q;(th)

Assume that dS,,,, > dP . and hence dS, . is larger then the death value of any
point of D. Let (b,dS,,,) be a point of C. Then

t—>b d—t t—>b d—t
> B(—)P(—) > B(—)P(—)
g g g g
Gp(t) . (bd)eD (b,d)eD
thm G (t) thm d < tl (t bc) (dc t)
—»00 C — 00 Z — 00 (I) — (I) maz
p ) (e (e
(b,d)eC

:th ()27)20

waep' (- L 5

Hence, for any sufficiently large value of ¢, Go(t) > Gp(t). A similar argument
applied when assuming distinct minimum birth values, one simply needs to look at the
limit as ¢ approaches negative infinity instead.

O

Obtaining a result for general surfaces or curves may prove to be challenging. The
next example shows that the injectivity of persistence surfaces (hence Gaussian persis-
tence curves) cannot be generalized to arbitrary weight functions.

Example 4.5. Let xp(b,d) = $=2. Take C' = {(b,d)} and D = {(b, d), (b, d)}. That
is, C' is a diagram with a single point and D is a diagram with two points both at the
same place as C. Then D # C but

pCno(@.y) =0 (I — b) ¢ (y — d)
() (520 (5) i
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Note that the weight function in the above example is a natural one to consider in
practice as it produced a strong stability result in the original persistence curve setting
and also performed well in computer experiments [7]. However, in this example at
least the failure of injectivity of the persistence surface is clearly tied to the fact that
different diagrams produce different weighting functions. We conjecture that this is the
only way for injectivity to fail.

Conjecture. Let k: R? — RT be a weighting function and let C' and D be persistence
diagrams. Suppose that pc . = pp,x. Then C = D.

Since pc ke = P,k implies that Go . = Gp .k p,» example 4.5 also shows that it
is possible for distinct diagrams to produce the same Gaussian persistence curve. How-
ever, as with persistence surfaces we conjecture that this cannot happen for weighting
functions which are independent of the diagrams.

Conjecture. Let k: R? — R* be a weighting function and let C' and D be persistence
diagrams. Suppose that G¢» = Gp,. Then C' = D.
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