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Stability in data-driven MPC: an inherent robustness perspective

Julian Berberich!, Johannes Kohler?, Matthias A. Miiller®, Frank Allgower!

Abstract—Data-driven model predictive control (DD-MPC)
based on Willems’ Fundamental Lemma has received much
attention in recent years, allowing to control systems directly
based on an implicit data-dependent system description. The
literature contains many successful practical applications as well
as theoretical results on closed-loop stability and robustness.
In this paper, we provide a tutorial introduction to DD-MPC
for unknown linear time-invariant (LTI) systems with focus on
(robust) closed-loop stability. We first address the scenario of
noise-free data, for which we present a DD-MPC scheme with
terminal equality constraints and derive closed-loop properties.
In case of noisy data, we introduce a simple yet powerful
approach to analyze robust stability of DD-MPC by combining
continuity of DD-MPC w.r.t. noise with inherent robustness of
model-based MPC, i.e., robustness of nominal MPC w.r.t. small
disturbances. Moreover, we discuss how the presented proof
technique allows to show closed-loop stability of a variety of
DD-MPC schemes with noisy data, as long as the corresponding
model-based MPC is inherently robust.

I. INTRODUCTION

Willems’ Fundamental Lemma [1] is a foundational result
from behavioral systems theory that allows to parametrize all
trajectories of a linear time-invariant (LTI) system based on
one data trajectory with persistently exciting input component.
This parametrization lends itself naturally to designing con-
trollers based directly on data, see [2] for an extensive survey.
One prominent application is the design of model predictive
control (MPC) schemes [3], which can handle general per-
formance criteria and input, state, or output constraints. Here,
the state-space model, which is commonly used to optimize
over predicted trajectories, is replaced by the implicit data-
driven system representation [4]], [S]]. This direct data-driven
control procedure has potential advantages if compared to
the more established, indirect procedure of first identifying
a model and then applying model-based MPC. In particular,
data-driven MPC (DD-MPC) is simple to implement in the
sense that no intermediate model identification is required
and it yields good empirical results in complex nonlinear
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Fig. 1. Main idea of the robust stability proof of DD-MPC.

control applications [6]—[8]. Furthermore, DD-MPC admits
strong theoretical guarantees in open [[9]-[12] and closed [13]-
[20] loop, even for noisy data or nonlinear systems, both
scenarios in which the theoretical analysis of identification-
based approaches is challenging.

In this paper, we provide a tutorial introduction to DD-MPC
based on the Fundamental Lemma [1]] with a focus on closed-
loop stability guarantees for both noise-free and noisy data.
We present a generic framework for the theoretical analysis
of robust DD-MPC schemes with noisy data which relies on
inherent robustness. A (model-based) nominal MPC scheme
is referred to as inherently robust if it is robust w.r.t. small
disturbances, without resorting to explicit robustifications as in
robust MPC [3l, Section 3.5]. Various works have studied inher-
ent robustness of nominal MPC with terminal constraints [21]]
and without terminal constraints [22, Theorem 7.26], see [23[]—
[25] for more general results.

Our theoretical analysis involves a two-step procedure, see
Figure First, we prove continuity of DD-MPC in the
sense that output measurement noise can be translated into an
additive input disturbance for the corresponding model-based
MPC scheme. Then, we employ inherent robustness properties
of the latter to prove practical stability of the original DD-MPC
scheme. Notably, the robust stability proof relies on the same
Lyapunov function used to prove stability of the model-based
MPC. The main advantage of our theoretical analysis is that
it directly generalizes to a wide range of DD-MPC schemes,
as long as the corresponding model-based MPC scheme is
inherently robust. The proof strategy in this paper originates
from and extends [[16], which shows stability guarantees of a
data-driven tracking MPC scheme for nonlinear systems.
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The paper is structured as follows. After introducing some
preliminaries in Section [l we analyze DD-MPC with noise-
free and noisy data in Sections [l and [V] respectively.
Section [V] concludes the paper.

Notation: We define I> as the set of nonnegative integers
and I}, as the set of integers in the interval [a,b]. We
writt A = AT = 0 if A is positive definite. For a set
of symmetric matrices {A4;}" ;, Amin(41,...,A4,) denotes
the smallest of all eigenvalues of the A;’s (and similarly for
Amax)- For a vector x € R™ and a matrix P > 0, we define
lz|lp = V2T Pz and ||z||2 = VaTx. We write Ko, for the
set of continuous functions 5 : R>g — R which are strictly
increasing, unbounded, and satisfy 3(0) = 0. For a sequence
{up}p =", we define the Hankel matrix

up U UN-L
U U2 N—L+1
Hp(u) =
uUr—-1 UL UN-1
as well as a window u[, ;) = [ug ... ub} . Further, we

write u = upg, 1) for the stacked vector containing all entries
of the sequence.

II. PRELIMINARIES

We consider an LTI system

1)

Trp+1 = Az, + Buy,
yr = Czp + Duy,

with state x; € R"”, input ux, € R™, and output y;, € RP, all at
time k € I>(. We make the standing assumption that (A, B) is
controllable and (A, C) is observable. Throughout the paper,
the matrices A, B, C, D, are unknown, but one input-output
data trajectory {u‘g, y,‘i fCV:_Ol of (L) is available, which is noise-
free (Section [ or noisy (Section [V). The corresponding
input component will be assumed to be persistently exciting
in the following (standard) sense [1].

Definition II.1. We say that {ug}kN;Ol is persistently exciting
of order L ifrank(HL(ud)) = mL.

We now introduce the Fundamental Lemma by [1]].

Theorem IL.1. [1]] Suppose {uk} e 0 is persistently exciting
of order L + n. Then, {uk,yk}k Yis a trajectory of @) if
and only if there exists o € RV~ h such that

i) = )
d o = .

Hp(y%) Yy
Theorem parametrizes all trajectories of the LTI sys-
tem (1), using only measured data and no explicit model
knowledge. The result is at the core of numerous recent data-
driven control approaches, see [2] for an overview, and will be
used to set up DD-MPC schemes in the present paper. Since

we only have access to input-output data, we (implicitly) work
with the extended, non-minimal state

(@)

.
&= [Ufnior) Yione—y] ERTFN ()

While Theorem as well as the definition of & require
knowledge of the system order n, the value n can be replaced
by an arbitrary upper bound.

III. DATA-DRIVEN MPC WITH NOISE-FREE DATA

Our control goal is stabilization of the origirﬂ of (1) while
satisfying pointwise-in-time constraints on the input and the
output, i.e.,, uy € U, yx € Y for all ¢ € > with closed sets
U CR™, Y C RP. To this end, we design a DD-MPC scheme
based on Theorem At time ¢ € I and for given initial
conditions {uy,yx}i_} ., we consider the following optimal
control problem

B leuk Nz + 70115 (4a)
u(t)| _ HL+n(Ud)}
s.t. |:§(t):| = |:HL+n(yd) a(t), (4b)
ﬁ[—n,—l](t)] _ |:u[t—n,t—1]:|
|:y[n,1] (t) Ylt—m,t—1]] (40)
ﬁk(t) e U, ﬂk(t) eY, ke ]I[O,L]v (4d)
u(t) =0, gp(t) =0, k € [jp_p 1. (4€)

As in standard (model-based) MPC [3]], Problem (@) minimizes
the deviation from the setpoint (u, y) = (0, 0) over the horizon
L > n, weighted by @, R > 0. The constraint ensures
that the input-output trajectory (@(t),y(t)) predicted at time
t is indeed a trajectory of (I), compare Theorem This
trajectory is of length L 4 n, since the first n components are
required to implicitly fix the initial conditions via the past
n input-output measurements in (@c). Finally, Problem (@)
contains input-output constraints as well as terminal
equality constraints for the extended state & in order to
ensure stability.

We write J; (&) for the optimal cost of Problem (@),
where ¢, is the extended state corresponding to {uy, yi }i_t .
see (B). Further, the optimal solution of Problem (@) at time ¢
is denoted by @*(t), §*(t), a*(t). On the other hand, closed-
loop variables at time ¢ are written as u;, y;, &. Problem @) is
used to implement an MPC scheme in a standard fashion [3|:
At time ¢, we measure {uy, yk}fg_:i_n, solve Problem (@), and
apply the first component of the optimal input, i.e., u; = a(t).

Let us state the main theoretical assumptions to derive
closed-loop stability guarantees.

Assumption IIL.1. The input {u‘g}kN;Ol generating the data is
persistently exciting of order L + 2n.

We assume persistence of excitation of order L + 2n,
although Theorem [[[.T] only requires L+n, since the trajectory
length in Problem (4) is L+n due to the initial conditions (@d).

Assumption IIL2. There exists ¢, > 0 such that J;(§) <
cull€]|3 for any € such that Problem is feasible.

Assuming a quadratic upper bound for J7 (&) is not re-
strictive and holds, e.g., for polytopic constraints [26]]. By

'Non-zero setpoints can be considered with straightforward modifications
and are omitted for brevity.



detectability of the state-space realization corresponding to &,
there exists an input-output-to-state stability (I0OSS) Lyapunov
function W (&) = ||¢|% for some P - 0 satisfying

W (1) = W(&) < —[1€lI3 + cross(luel + [lyellg) (5

for any feasible trajectory and a suitable cjoss > 0 [27]. In
the following theoretical analysis, we employ the Lyapunov
function candidate

V(O = Ti6) + — ©

Theorem IIL1. Suppose Assumptions and hold. If
Problem is feasible at time t = 0, then (i) it is feasible at
any t € I, (ii) the closed loop satisfies the constraints, i.e.,
u € U, yp €Y forall t € >0, and (iii) the origin £ = 0 is
exponentially stable for the resulting closed loop.

W (E).

Proof. We only provide a sketch of the proof and refer to [13]
for further details. Statements (i) and (ii) can be shown using
standard MPC arguments, i.e., shifting the previously optimal
solution to construct a candidate solution at the next time
step [3)]. Using this candidate, it is easy to show that

JE(&n) = JE (&) < —lluell % = Nyl )

From (@) and (7)), we infer
V(1) = V(&) < - 13- ®)
Together with the trivial lower bound V (£) > cml‘(;sf) €113
and the upper bound V(§) < (e, + “gjgs(f)) €13 (As-

sumption [[I1.2), this implies exponential stability via standard
Lyapunov methods. |

Theorem [[IL1] shows that the DD-MPC scheme defined via
Problem exponentially stabilizes the closed loop while
satisfying the input-output constraints. Since the Fundamental
Lemma (Theorem provides an exact parametrization
of input-output trajectories, the presented MPC scheme is
equivalent to a model-based one, allowing for analogous steps
in the stability proof [3]. The main technical challenge is that
the cost only involves the predicted input and output and
is, therefore, only positive semi-definite in the internal state
x. This necessitates the use of detectability properties via an
IOSS Lyapunov function, similar to model-based MPC with
positive semidefinite stage cost [28]].

IV.

In this section, we extend the results of Section [I] to
the noisy case. To be precise, we assume that the data are
affected by output measurement noise ie we have access
to {ud, g1yt where g = yd + &f W1th ledllz < &
k € Ijg,n—1), for some € > 0. Slmllarly, the online output
measurements used to specify initial conditions (compare (4d))
are noisy, i.e., we measure Jr = yr + e with |legll2 < &,
ke ]120.

In Section we derive the main technical result trans-
lating noise in DD-MPC into an input disturbance for model-
based MPC. In Section we then combine this result with
inherent robustness of model-based MPC to prove closed-loop
(practical) stability.

DATA-DRIVEN MPC WITH NOISY DATA

A. Continuity of data-driven optimal control

In comparison to the noise-free setting (Section [MII), we
include the following additional assumption.

Assumption IV.1.
and Y = RP.

The set U is a convex, compact polytope

Output constraints require a constraint tightening, com-
pare [14], [19], and are omitted for simplicity. At time ¢ and
for a given set of (noisy) initial conditions {ux, 71 }5} . we
consider the optimization problem

L—1
(?fm(t S llax@®NF + 9@ + At a®)]3  (9a)
a(t),g(t) k=0
+ gTiHa'(t)H%
a(t) HL+n(ud)] R
st { j(t) + (t)] [HL+n<gd> ). ©o0)
Ul[—n,—1] (t):| |:u[t—n,t—l]:|
L/[ n,—1)(t) Ult—nyt—1]] )
Uk (t) =0, ge(t) =0, k € [[L_p 11}, (9d)
ﬂk(t) el ke H[O,L]- (9e)

In Problem (Q), the noise-free data yd and initial conditions
Y[t—n,t—1) appearing in Problem (4) have been replaced by
their noisy counterparts. To robustify against the noise, Prob-
lem (@) includes a slack variable 6(¢) which relaxes the
constraint due to the noisy output measurements. The
slack variable is regularized with parameters \,, 3, > 0 to
avoid a large prediction error. Additionally, &(t) is regularized
with parameters A, 8, > 0 in order to reduce the influence
of the noise on the prediction in (@B). We note that similar
modifications of DD-MPC to cope with noise were suggested
by [S], [9], [0}, [A3l], [17]. In case of noise-free data, i.e.,
for € — 0, Problem (@) reduces to the nominal one @).
Throughout this section, the optimization variables associated
to Problem () are written as &.(t), 6(t), @(t), 4(¢), whereas we
denote the optimization variables corresponding to Problem
by «a(t), @(t), g(t). In particular, we write &*(t), 6*(t), 4*(¢),
7*(t) for the optimal solution of Problem (9) at time ¢. Further,
we denote the corresponding (?timal cost by jz (ft), where

& = u[thn_’tfl] g[I,nyH]} is the noisy extended state,
compare (3).

Assumption IV.2. Problem @) satisfies a linear independence
constraint qualification (LICQ), i.e., the row entries of the
equality and active inequality constraints are linearly inde-
pendent. Moreover, B, + B, < 2.

Assuming an LICQ is common in linear-quadratic
MPC [26], and relaxing this assumption is an interesting
direction for future research. The condition 5, + (6, < 2 is
required for a technical argument in the proof and can be
satisfied by design. The following result shows that the output
measurement noise in Problem (9) translates into an input
disturbance for the nominal problem (). The statement as
well as the subsequent stability analysis rely on the Lyapunov
function V' (£) defined in (6), which is used to prove stability



in the nominal (equivalently, model-based) case, compare
Theorem [IIL.1

Theorem IV.1. Suppose Assumptions[[IL] and hold.
Then, for any V' > O, there exists By € Ko such that, if
V(&) <V then

[a"(t) = @* (®)ll2 < Bu(©)-

The proof can be found in the appendix and relies on
three steps: i) Bounding the optimal cost jz(ét) of the
robust problem (@) in terms of the optimal cost J7 (&) of
the nominal problem (@); ii) relating the minimizer of the
robust problem (@) to the minimizer of a perturbed version of
the nominal problem (4), where the perturbation vanishes for
€ — 0; and iii) relating the minimizer of the latter perturbed
problem to the unperturbed nominal problem (@) via sensitivity
analysis of quadratic programs.

Theorem shows that the difference between the op-
timal inputs @*(¢) and 4*(¢) generated by Problem and
Problem (9)), respectively, is bounded by the noise level. The
result extends [[16, Proposition 1] with the technical difference
that the considered nominal MPC problem (@) contains no
regularization of « in the cost and is, hence, equivalent to
a standard model-based MPC. According to Theorem
measurement noise in DD-MPC is equivalent to an input
disturbance for model-based MPC. Thus, if we can show that
Problem (@) is inherently robust w.r.t. input disturbances, then
we can conclude robustness of Problem (9) w.r.t. noisy data.
Following this idea, we prove (practical) stability of robust
DD-MPC in the next section.

(10)

B. Closed-loop stability and robustness

Due to the terminal equality constraint (@€), a nominal MPC
scheme based on Problem () is in general not inherently
robust (or only locally). Therefore, we consider Problem (9))
in a multi-step implementation, compare [29], [30]: At time
t =ni, 1 € [>0, we measure §~t, solve Problem (@), and apply
ULt t4n—1] = ﬁf‘o_’nfl] (t) over the next n time steps.

We begin by showing that the nominal data-driven (equiva-
lently, model-based) MPC with terminal equality constraints is
inherently robust when applied in a multi-step (n-step) fashion.
To this end, we require the following (mild) assumption.

Assumption IV.3. We have 0 € int(U) and L > 2n.

Proposition IV.1. Suppose Assumptions [IL1 [IL2]
and [IV3| hold. Consider System controlled by an n-step
MPC scheme based on Problem @), where the input applied
to (@) is perturbed as

Y

Ul t4n—1] = Uo,n—1](t) + d[t,t4n—1]

for t =ni, i € I>o.

Then, there exists d > 0 such that, for any disturbance
{di}2y satisfying sup,er ||dell2 < d, if Problem @) is
feasible at initial time t = 0, then it is feasible at any time
t=ni, 1€ ]IZQ.

Furthermore, for any V > 0, there exist Jmax,él,éu > 0,
0 <cy <1, and B4 € Koo such that for all initial conditions

with V(&) <V, all d < duyay, and all times t = ni, i € I>0,
the closed loop satisfies

all&lls < V(&) < el
V(&tan) < evV (&) + Ba(d).

Proof. (i). Recursive feasibility: We prove recursive feasibil-
ity via a candidate solution that results from shifting the previ-
ously optimal solution and appending a deadbeat controller to
account for the input disturbance. At time ¢ +n, we define the
input candidate as @ (t +n) = uj,(t) for k € Ijp 1 —op—1]-
The initial conditions imply @, (t + n) = Ufniks
U(t + 1) = yrynir for I_, _yj. Thus, it only remains to
define uj (t + n) for k € Ijp_s, -1 as well as the output
candidate.

We write {7 (t +n)}E_;"" for the output trajectory that
results from applying the input {u}, ., (¢) é;gl ~! to System
with initial state x;i,. For time steps k € Ijg 1 _2,_1), We
choose the output candidate as §,.(t + n) = yx(t + n).
The only difference between (¢ + n) and g7, (t) is due
to the disturbance and thus, by the linear (hence, Lipschitz
continuous) system dynamics (), there exists cq,1 > 0 such
that

12)
13)

Gkt + 1) = Ty (®)l2 < cand (14)

for k € Ijo,,—pn—1)- The terminal equality constraints
imply 7;,,(t) = 0 for k € Ij;_2, 1—pn—1) and, therefore,
using (I4), we obtain

|76t + n)|l2 < cd71ci for k € 1, _on,1—n—1]-

Using additionally iy, (t) = 0 for k € Ij5_o, 1) as well
as the linear system dynamics (1), the norm of the internal state
corresponding to the trajectory (@' (¢t + n),y(t + n)) at time
L —2n is bounded by cd72J for some cq4,2 > 0. We now define
the input and output candidate over time steps k € [ o, 1]
using a deadbeat control argument: By controllability, there
exists an input-output trajectory {a} (t+n), g} (t+n) -7,
steering the system to (@) (t + n), g, (t +n)) = (0,0) for
k=L —mn,...,L—1 while satisfying

L—n—1

57 et 4+ n)[13 + gt + )l < casd
k=L—2n

for some cq .3 > 0. If d > 0 is sufficiently small, the input sat-
isfies the constraints ) (t+n) € U for k € I;;_y, 1) due
to 0 € int(U). Moreover, the constructed candidate satisfies
the terminal equality constraints (4€). Finally, a corresponding
candidate for o/ (t+n) satisfying @D) exists by Theorem [L.1}
(ii). Practical stability: The lower and upper bounds in (12)
are analogous to Theorem Using the above candidate
solution, it is straightforward to show that
n—1
Tt (Een) = T (&) < = (luerlfe + llyesslld) + Ba(d)
k=0
for a linear function 84 € K. Applying the IOSS property (3))
as well as the upper bound in (I12), we arrive at the decay
bound (I3). Using V(&) < V, this implies

V(&an) < eovV + Ba(d) <V, (15)



where the last inequality holds if dp,ay is sufficiently small.
Hence, Inequality holds recursively for all ¢ = ni, i €
I>0, which concludes the proof. |

Proposition shows that model-based multi-step MPC
with terminal equality constraints is robust w.r.t. (sufficiently
small) input disturbances. Specifically, the Lyapunov function
V used in the nominal stability proof (Theorem[[IL1) is a prac-
tical Lyapunov function [31] in the presence of disturbances.

We now consider the robust DD-MPC scheme based on
Problem (O) which is applied in a multi-step fashion as
described above. The following result combines Theorem [V.1]
and Proposition [V.1lto prove practical stability of the resulting
closed loop in the presence of noisy output measurements.

Corollary IV.1. Suppose Assumptions and [IV1l-
V3 hold. Consider System (1) controlled by an n-step MPC
scheme based on Problem (9).

Then, for any V' > 0, there exist Emax, cv > 0, and By €
Koo such that, for all initial conditions with V(&) <V, all
€ < Emax, and all times t = ni, 1 € I>q, the closed loop
satisfies

V(&tan) < vV (&) + By (E).

Proof. Given V. > 0, consider 3q and dyay from Propo-
sition Choose &pax > 0 sufficiently small such that
Bu(Emax) < dmax With By as in Theorem[IV.1l Combining (I0)
and (13), we obtain (I8) with By := Bq o By. As in the proof
of Proposition we infer V(£,1,) < V such that this
argument can be applied recursively and (I6) holds for all
t=ni, 1€ ]IZQ. [l

(16)

Corollary proves closed-loop practical exponential sta-
bility under the data-driven multi-step MPC scheme based on
Problem (@). To be precise, (I2) together with (I6) implies

_ =
I3 < Zelloll3 + = 3= ibve)

=0

a7)

for any t = ni, © € I>o. Using cy < 1, this implies that &
converges exponentially to the neighborhood

=_ . 2 1 =

== {¢ 1€l < ooy v
of the origin, the size of which increases with the noise
level. Similarly, the size of the region of attraction V' depends
on the noise level &, i.e., for larger values of V a smaller
value for € needs to be selected in Corollary compare
the proof of Proposition It is also possible to prove
that the neighborhood = shrinks and V can be chosen
larger if the minimum singular value of the input data matrix
H L+n(ud) increases, compare [13]. Hence, the closed-loop
guarantees on practical stability of DD-MPC that are proven in
Corollary depend directly on the data quality. Analogous
to classical inherent robustness results [21]—[25], our results
only yield qualitative guarantees. In particular, the constants
in Corollary and the set Z: cannot be easily computed
without detailed model knowledge. Inferring these quantities
from data only is an interesting issue for future research.
Note that Corollary employs the Lyapunov function V'

corresponding to the nominal data-driven (i.e., model-based)
MPC scheme from Section [[Il in order to analyze the closed
loop of the robust DD-MPC scheme.

The presented theoretical analysis provides a generic proof
strategy which can be directly transferred to derive robust-
ness guarantees of various DD-MPC schemes, the main re-
quirement being that the corresponding model-based MPC
scheme is inherently robust. More precisely, the continuity
property stated in Theorem implies that noisy data can
be viewed as an input disturbance for model-based MPC.
The result remains true for different DD-MPC formulations
as long as the underlying optimization problem satisfies an
LICQ (Assumption [[V.2)), is strongly convex in the input, and
the constraints are polytopic. Furthermore, Proposition
shows that model-based multi-step MPC with terminal equality
constraints is inherently robust w.r.t. input disturbances. Anal-
ogous results hold for multi-step tracking MPC with terminal
equality constraints and an artifical setpoint [[16/ Appendix
D] as well as for standard (one-step) implementations of
MPC without terminal constraints [22, Theorem 7.26], MPC
with general terminal constraints and terminal cost [21], and
under more general assumptions [23]-[25]. Thus, our two-
step analysis implies practical stability of any robust DD-MPC
scheme for which Theorem and Proposition apply.

Stability and robustness of DD-MPC has also been shown
recently in [13] and [17] for MPC schemes with terminal
equality constraints and without any terminal constraints,
respectively. Deriving guarantees in the absence of terminal
constraints is particularly relevant since most existing appli-
cations of DD-MPC [6], [7] as well as many implementa-
tions of model-based MPC [32] omit terminal constraints.
The theoretical analysis in the present paper has significant
advantages over the ones from [13] and [17]: The frame-
work allows for seamless extensions into multiple directions,
whereas the analysis in [13] and [17] is tailored to the
specific problem setup and DD-MPC formulation. Moreover,
the overall analysis is substantially shorter. On the other hand,
the tailored approaches from [[13], [17] yield more insightful
and interpretable bounds related to system properties (e.g.,
controllability and observability), which can even be used to
construct a constraint tightening guaranteeing robust output
constraint satisfaction [14], [19]].

To summarize, the presented inherent robustness perspective
provides a unifying framework for the robust stability analysis
of DD-MPC in the presence of noisy data.

V. CONCLUSION

We provided a tutorial introduction to stability and robust-
ness of DD-MPC using an implicit prediction model based
on the Fundamental Lemma. In case of noise-free data, we
presented a stability proof based on a detectability condition to
address the positive semidefinite cost function. In the presence
of output measurement noise, we then proved that a modified
robust DD-MPC scheme is practically stable w.r.t. the noise
level. Our analysis consists of two steps: 1) translating noisy
data in DD-MPC into an input disturbance for model-based
MPC and 2) proving inherent robustness of the latter. The



presented exposition directly applies to a wide class of DD-
MPC schemes and, therefore, simplifies the transfer of model-
based MPC results to the recent field of DD-MPC.

[1]
[2

—

[3]

[4

=

[5]

[6]

[7

—

[8]

[9

—

[10]

[11]

[12]

[13]

[14]
[15]

[16]

(17]

(18]

[19]

[20]

[21]

[22]

(23]

[24]

REFERENCES

J. C. Willems, P. Rapisarda, I. Markovsky, and B. De Moor, “A note on
persistency of excitation,” Syst. Contr. Lett., vol. 54, pp. 325-329, 2005.
I. Markovsky and F. Dorfler, “Behavioral systems theory in data-driven
analysis, signal processing, and control,” Annual Reviews in Control,
vol. 52, pp. 42-64, 2021.

J. B. Rawlings, D. Q. Mayne, and M. M. Diehl, Model Predictive
Control: Theory, Computation, and Design. Nob Hill Pub, 2020, 3rd
printing.

H. Yang and S. Li, “A data-driven predictive controller design based on
reduced hankel matrix,” in Proc. Asian Control Conference, 2015, pp.
1-7.

J. Coulson, J. Lygeros, and F. Dorfler, “Data-enabled predictive control:
in the shallows of the DeePC,” in Proc. European Control Conf. (ECC),
2019, pp. 307-312.

L. Huang, J. Coulson, J. Lygeros, and F. Dorfler, “Data-enabled predic-
tive control for grid-connected power converters,” in Proc. 58th IEEE
Conf. Decision and Control (CDC), 2019, pp. 8130-8135.

E. Elokda, J. Coulson, J. Lygeros, and F. Dorfler, “Data-enabled pre-
dictive control for quadcopters,” Int. J. Robust and Nonlinear Control,
vol. 31, no. 18, pp. 8916-8936, 2021.

J. Berberich, J. Kohler, M. A. Miiller, and F. Allgéwer, “Data-driven
model predictive control: closed-loop guarantees and experimental re-
sults,” at-Automatisierungstechnik, vol. 69, no. 7, pp. 608-618, 2021.
J. Coulson, J. Lygeros, and F. Dorfler, “Distributionally robust chance
constrained data-enabled predictive control,” IEEE Trans. Automat.
Control, 2021, doi: 10.1109/TAC.2021.3097706.

L. Huang, J. Zhen, J. Lygeros, and F. Dorfler, “Robust data-enabled
predictive control: tractable formulations and performance guarantees,”
arXiv:2105.07199, 2021.

M. Yin, A. Iannelli, and R. S. Smith, “Maximum likelihood estimation
in data-driven modeling and control,” IEEE Trans. Automat. Control,
2021, doi: 10.1109/TAC.2021.3137788.

G. Pan, R. Ou, and T. Faulwasser, “On a stochastic fundamental lemma
and its use for data-driven MPC,” arXiv:2111.13636, 2021.

J. Berberich, J. Kohler, M. A. Miiller, and F. Allgéwer, “Data-driven
model predictive control with stability and robustness guarantees,” IEEE
Trans. Automat. Control, vol. 66, no. 4, pp. 1702-1717, 2021.

——, “Robust constraint satisfaction in data-driven MPC,” in Proc. 59th
IEEE Conf. Decision and Control (CDC), 2020, pp. 1260-1267.

——, “On the design of terminal ingredients for data-driven MPC,”
IFAC-PapersOnLine, vol. 54, no. 6, pp. 257-263, 2021.

“Linear tracking MPC for nonlinear systems part II:
the data-driven case,” IEEE Trans. Automat. Control, 2022, doi:
10.1109/TAC.2022.3166851, extended version on arXiv.

J. Bongard, J. Berberich, J. Kohler, and F. Allgéwer, “Robust stability
analysis of a simple data-driven model predictive control approach,”
IEEE Trans. Automat. Control, 2022, doi: 10.1109/TAC.2022.3163110.
P. Schmitz, T. Faulwasser, and K. Worthmann, “Willems’ fundamental
lemma for linear descriptor systems and its use for data-driven output-
feedback MPC,” IEEE Control Systems Lett., vol. 6, pp. 2443-2448,
2022.

C. Kloppelt, J. Berberich, F. Allgower, and M. A. Miiller, “A novel
constraint tightening approach for robust data-driven predictive control,”
arXiv:2203.07055, 2022.

M. Alsalti, V. G. Lopez, J. Berberich, F. Allgéwer, and M. A.
Miiller, “Data-based control of feedback linearizable systems,”
arXiv:2204.01148, 2022.

S. Yu, M. Reble, H. Chen, and F. Allgower, “Inherent robustness
properties of quasi-infinite horizon nonlinear model predictive control,”
Automatica, vol. 50, no. 9, pp. 2269-2280, 2014.

L. Griine and J. Pannek, Nonlinear Model Predictive Control. Springer,
2017.

D. Limé6n, T. Alamo, D. M. de la Pena, J. M. Bravo, A. Ferramosca,
and E. F. Camacho, “Input-to-state stability: a unifying framework for
robust model predictive control,” in Nonlinear Model Predictive Control:
Towards New Challenging Applications. Springer, 2009, vol. 384, pp.
1-26.

B. J. P. Roset, W. P. M. H. Heemels, M. Lazar, and H. Nijmeijer, “On
robustness of constrained discrete-time systems to state measurement
errors,” Automatica, vol. 44, no. 4, pp. 1161-1165, 2008.

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

M. J. Messina, S. E. Tuna, and A. R. Teel, “Discrete-time certainty
equivalence output feedback: allowing discontinuous control laws in-
cluding those from model predictive control,” Automatica, vol. 41, no. 4,
pp. 617-628, 2005.

A. Bemporad, M. Morari, V. Dua, and E. N. Pistikopoulos, “The explicit
linear quadratic regulator for constrained systems,” Automatica, vol. 38,
no. 1, pp. 3-20, 2002.

C. Cai and A. R. Teel, “Input—output-to-state stability for discrete-time
systems,” Automatica, vol. 44, no. 2, pp. 326-336, 2008.

G. Grimm, M. J. Messina, S. E. Tuna, and A. R. Teel, “Model predictive
control: for want of a local control Lyapunov function, all is not lost,”
IEEE Trans. Automat. Control, vol. 50, no. 5, pp. 546-558, 2005.

L. Griine and V. G. Palma, “Robustness of performance and stability
for multistep and updated multistep MPC schemes,” Discrete and
Continuous Dynamical Systems, vol. 35, no. 9, pp. 4385-4414, 2015.
K. Worthmann, M. W. Mehrez, G. K. I. Mann, R. G. Gosine, and
J. Pannek, “Interaction of open and closed loop control in MPC,”
Automatica, vol. 82, pp. 243-250, 2017.

L. Griine and M. Stieler, “Asymptotic stability and transient optimality
of economic MPC without terminal conditions,” J. Proc. Contr., vol. 24,
pp. 1187-1196, 2014.

D. Q. Mayne, “An apologia for stabilising terminal conditions in model
predictive control,” Int. J. Control, vol. 86, no. 11, pp. 2090-2095, 2013.
J. Kohler, M. A. Miiller, and F. Allgower, “A nonlinear tracking model
predictive control scheme for dynamic target signals,” Automatica, vol.
118, p. 109030, 2020.



APPENDIX: PROOF OF THEOREM [[V.1]

Proof. Parts of the following proof are adapted from the
proof of [[16, Proposition 1]. Parts (i), (ii).a, and (ii).b are
similar to [16, Proposition 1]. On the other hand, Part (ii).c
addresses the issue that, in contrast to [[16, Proposition 1], the
nominal / model-based MPC problem @) does not contain a
regularization of «(t) in the cost.

(i). Proof of cost bound

Since J; (&) < V(&) < V., Problem (@) is feasible. In the
following, we use the optimal solution of Problem (@) to define
a candidate solution for Problem (@). To this end, let

at) = a*(t), §t) = [;EL" ;(;])] (18)
Further, define
Hppn(ud) }
H« [H1( [ON ]) , (19)

where {x%}g:_ol is the state trajectory corresponding to
(ud, y%). Using Assumption [ILI] and [I, Corollary 2], H
has full row rank. We now choose

a0 =i, | 10,

where H_ is the Moore-Penrose inverse of H,y. Finally, the
slack variable is chosen as

(20)

() =Hrin(5")a(t) — (1) @21)
B, e Hato - |y
This implies
[6()3 < Cre? )] + Cae (22)

for some C7,Cy > 0. Exploiting that the above candidate is
feasible for Problem (9), we infer

Tk (& * — ~ AO’ ~
T (&) — T (&) < X8l |at))|3 + gllo(t)lli
20D, (22) .
< (el + X0 HEIGN )3 + |2-nl3)

+ N\ Co&* P, (23)

To bound the first term on the right-hand side, we use that,
by [[13 Equation (16)], there exists C3 > 0 satisfying

e—nll? < Csll& 13- (24)
Further, by [|a(t)]|3 = [|a*(t)[|3 < mv(ét) and V() >

C’“I‘(‘;Sf) ll€1|3, we infer
[a(®)13 + [1&ll3 < CaV (&)
for some C4 > 0. Combining (23)—(23), we obtain
Ti(&) STi (&) + (Cse™ + Coe® )V (&) + Cre® P
<Jr (&) + Ba(E) (26)

for some C; > 0, i € 5 7, where 81 € Koo ducto V(&) <V
and 2 — 8, > 0 due to Assumption [V.2]

(25)

(ii). Proof of (10)
(ii).a Bound on ||a*(t) — @(t)||2
Consider now the (auxiliary) optimization problem

L—1
min k()| + 17613 + Xag”[Ja(t)]I3
Ol(t),ﬁ(t),gj(t)];)H k( )HR Hyk( )”Q || ( )Hz
(272)
ﬂ(t) HL+n(ud):|
O R t 27b
§ [y(t) 4 01] {HL-i-n(yd) a(t), (27b)
Uf—n,—1] (t)} _ [ Ut —n,t—1] ] 27e
[g[—n —1]( ) Ylt—m,t—1] T 02] (27¢)
ur(t) € U, k € Ijp 1), (27d)
’U,k(t) =0, yk( ) =0, ke H[Lfn,Lfl]u (27¢)
where
O g% _ d A *
5= H - [0 (1) = Hyen(e")a (t)} -
02 Elt—n,t—1]

We denote the optimal solution of Problem 27) by a&(t), u(t),
4(t), and the optimal cost by .J1,. Since J} (&) < V(&) <V,
Problem (@) is feasible and thus, by Part (i) of the proof,
Problem (@) is feasible as well. The optimal solution of
Problem (9) is feasible for Problem (27), i.e.,

7 T (& /\0’ ~

Jo < Jp(&) — 5, llo @)1,
where the term involving 6*(t) is due to the fact that Prob-
lem (27) does not contain a slack variable in the cost (27a).

On the other hand, a feasible solution for Problem (@) can be
defined via 4(t) = a(t), §(t) = (), &(t) = a(t), and

G(t) = 67 (t) + Hrin(e)(@(t) — a*(1)),

where we denote the corresponding cost by j’L By optimality,
we have Jj (&) < J;. Moreover, by definition, it holds that

(29)

(30)

7 7 Aa’ ~
T =J1 = Z-Ie@l3. (31)
From optimality, it follows that
A
& ()13 <55 (32)
e (d
o (el <o T8, (3)
Further, we have
X ~ T Ji (&)
2 _ 2 L
6l = 6013 < 1557 < Lo b

Problem (9) is strongly convex in 4, i.e., there exists Cu,c >0
such that

[a(t) — @ ()3 < cue(Jy = JE (&),

compare [33] Inequality (11)]. Together with @(t)
infer

(35)

= a(t), we

la*(t) — (e >||2 Dy — J1 (&)
( T 2o >||%)

D 22601 167 (1)1R).



Using (3Q) as well as
llall3 = [10ll5 < [la = blI5 + 2lla — bl2[|b]l2,
we infer
le®)3 = lla* @®)3
< Hpgn () (a(t) — 3
+ 2| Hpyn () (6 N ll2llo™ @) l2
@) og—Pa =2 g
TS CuE P J (€) + Cos T i (€)

for suitably defined Cg,Cy > 0. Thus, using 28) as well as
V(&) <V, we have

i (¢) -

a*(t))]
(t) — &

u(t)ll2 < B2(8), (36)

where
ﬁg(g) =
\/Cuc (0882 Ba— '6"+an€2(2 Ba— 5”)) (V-i-ﬁl(g))

Note that 85 € Ko due to 5, + 8, < 2.

(ii).b Bound on |a(t) — u'(¢)||2

It remains to derive a bound on ||a(t) — @*(¢)||2, which,
together with (36), will imply (I0). Feasibility of Problem (@)
implies feasibility of (Z7) with & = 0. We denote the optimal
input of Problem (27) with & = 0 by «/(¢). Similar to [16]
Proposition 1], we can use standard arguments from multi-
parametric quadratic programming [26] to infer

a(t) —u'(t)ll2 < Crollo|2

Ba

_ . _Bag _1—Ba
1(<€+82 +é 2)

(37
8.6.6
<

for some C'p,C7; > 0, where the last inequality also uses

JL(§t) JL(ft) + B1(8) < Cr2

for some C12 > 0 due to J; (&) <V and bounded &.

(ii).c Bound on |[u/(t) — @*(t)]|2

Finally, we derive a bound on ||u’(¢) — @*(¢)||2. Recall that
w*(t) is the optimal input of Problem (), whereas u'(t)
is the optimal input of Problem (@) when adding the term
Ao a(t)||? to the cost. Since, by assumption, U is a
polytope and Y = RP, Problem (@) (including the cost term
AaP|a(t)||2) can be transformed to the following generic
quadratic program

min||z|3 + &% |3 (382)
st. Ha =z, (38b)
Aqu = bequ Aineqz < bineq' (38C)

We write z*(£) for the optimal value z of Problem (38) de-
pending on &. In the following, we show that ||2* (&) — z*(0)]|2
can be bounded in terms of the noise level, which directly
implies an analogous bound on ||u'(t) — @*(¢)||2. Consider the
following quadratic program

min 2[5 + &% a3 (39)
st.a=Hz+ (I - H Hw (39b)
Ach = bcq; Aincqz < bincq; (39C)

where HT denotes the Moore-Penrose inverse of H. Prob-
lem (39) is equivalent to Problem (38)) since (39b) parametrizes
the solution space of (38H). We can eliminate this constraint
to arrive at

min||z||2 + &% |H 2 + (I — H'H)w|)3 (40a)
S.t. Acqz = bcq, Aincqz < bincq- (40b)
By orthogonality, we infer

|H 2+ (I - H' H)w|3 = [|H 2|3 + [|(I - H"H)wl|3.

Thus, the optimal solution of Problem @Q) satisfies (I —

HTH)w = 0 and, therefore, Problem (@0) is equivalent to
min z " (I + &% (H")THT) 2 (41a)
S.t. Aqu = beq, Aineqz < bineq- (41b)

Denoting the optimal cost of Problem (1)) for a given £ > 0
by S(&), it is not hard to see that

5(8) < (14 Cy38°
5(0) < 5(e)

*)S(0), (42)

(43)

for some C13 > 0 and any € > 0. Using strong convexity of
Problem (T, there exists C14 > 0 such that

[[2*() — 2*(0)[|3 <C14(S(€) — 5(0))
< 01401355QS(0)7

compare [33, Inequality (11)]. Applied to Problem @) with
S(0) = Ji (&) < V(&) <V, there exists Cy5 > 0 such that

/() — @ (t)]|2 < Ci5e'E. (44)

Combining (38), (37D, and (@), there exists B, € Koo
satisfying (I0) which concludes the proof. O
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