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THE CALDERON PROBLEM FOR SPACE-TIME FRACTIONAL PARABOLIC
OPERATORS WITH VARIABLE COEFFICIENTS

AGNID BANERJEE* AND SOUMEN SENAPATT*

ABSTRACT. We study an inverse problem for variable coefficient fractional parabolic operators of
the form (9, — div(A(z)Vy4))® +q(z,t) for s € (0,1) and show the unique recovery of ¢ from exterior
measured data. Similar to the fractional elliptic case, we use Runge type approximation argument
which is obtained via a global weak unique continuation property. The proof of such a unique
continuation result involves a new Carleman estimate for the associated variable coefficient extension
operator. In the latter part of the work, we prove analogous unique determination results for
fractional parabolic operators with drift.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let © be a domain in R™ and let 7" > 0. Let A(x) be a positive definite n x n matrix on Q with
Lipschitz coefficients. We denote by H = 9, — div(A(z)V,,) the parabolic operator in R™™! and for
s € (0,1), by H?® the fractional parabolic operator. In this article, we study two inverse problems
associated to this fractional parabolic operator, which we now proceed to describe precisely.

Let us denote the cylindrical domain 2 x (=7, T") by @) and the exterior domain €2, x (=7, T") by
Q. where Q, = R"\ Q0.
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2 A FRACTIONAL PARABOLIC INVERSE PROBLEM

Let the potential term g € L>°(Q). We consider the initial-exterior problem
(H* 4+ q(z,t))u=0, inQ

u(x,t) = f(x,t), in Q. (1.1)
u(z,t) =0, fort < —T.
We will assume that
0 is not a Dirichlet eigenvalue for (1.1). (1.2)
We define the nonlocal Dirichlet to Neumann (DN) map as follows
Ay ulg, — Houlg, (1.3)

Our first result is that one can recover the potential term ¢ in ) uniquely given the nonlocal DN
map.

Next we consider a fractional parabolic problem involving a first order term as well. For ¢ €
L>(Q) and b € L™ ((—T,T); Wl=5>°(Q)), we consider the initial-exterior problem

(H* + (b(x,t), V) + q(z,t)u=0, inQ

u(z, t) = f(x,t), in Q. (1.4)
u(x,t) =0, for t < —T.
As before, we assume that
0 is not a Dirichlet eigenvalue for (1.4). (1.5)
and define the nonlocal parabolic DN map
Ay gt ulg. = Hiulg, (1.6)

Our second result is that one can uniquely recover the coefficients b and ¢ from the data A;,.

We now give a brief survey of local and non-local versions of the Calderén inverse problem in
the elliptic and parabolic settings. Calderdn initiated the study in this direction in his fundamental
article [17], where he asked the question whether one can determine the conductivity of a medium
from boundary Dirichlet to Neumann data, and gave some partial answers. This work served as
the initial impetus for several deep and insightful works in the context of elliptic inverse problems;
see [52, 42, 3, 19, 34]. The problem of unique determination of the conductivity from boundary
Dirichlet to Neumann map is typically transformed to an inverse problem for the Schrodinger
equation, that is an equation of the type (—A + ¢), from the corresponding Dirichlet to Neumann
map. The method of complex geometric optics (CGO) solutions has served as a crucial ingredient
in the proofs of these inverse problems. This has proven versatile to be effective in the solution of
several inverse problems involving PDEs. It is not our intention to give a broad survey of exisiting
results in inverse problems for PDEs and for this reason we limit ourselves to those problems whose
fractional analogues we study in this paper. Analogous to the case of the Schrédinger equation,

n 2
an inverse problem for the magnetic Schrodinger equation, > (1 o 1 Wj) + q(x), was studied in
i=1

iz
[51] under a smallness assumption on the first order term W, and removing this assumption later
in [43]. However, in this situation, the inverse problem exhibits a phenomenon of gauge invariance,
that is, there is an obstruction to uniquely recovering the first order term from boundary Dirichlet
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to Neumann data. Inverse problems for parabolic equations have been studied extensively as well.
We refer to the following initial works in this context; [32, 7].

In recent years, study of inverse problems involving fractional powers of local operators has been
gaining significant attention. The work in this direction for the fractional Laplacian involving a
zeroth order term was initiated by [29]. The results in [29] were subsequently extended to variable
coefficient operators with smooth principal part in [28]. An inverse problem for the fractional
Laplacian with both zeroth and first order term was recently considered in [18]; see also [14] for a
related work. We should mention the important feature that unlike the local case, the phenomenon
of gauge invariance disappears in the nonlocal framework. Moving on to fractional analogoues of the
parabolic operator, an inverse problem for a fractional parabolic operator of the form (9;—A)*+¢q was
recently considered in [36]. Two related works with slightly different fractional parabolic operators
are [48, 38].

In this work, our main focus is the unique determination of the potential and the drift term from
the nonlocal DN map for more general operators of the type (0; —div(A(z)V))® where A is assumed
to be Lipschitz continuous. Our results therefore generalize those in [36] as well as those in the
elliptic case in [28] where, instead, smooth coefficients are considered.

1.1. Main results. We now proceed to give the main results of the article. Our first main result
concerns the unique determination of the potential q.

Theorem 1.1. Let T > 0 and Q C R",n > 1 be an open bounded set. Consider ¢;,q € L>®(Q)
and any two nonempty open sets in . say Wy and Wy such that

AQ1(f)|W2><(_T,T) - qu(f)|W2x(—T,T)’ for all f € C(C;O(Wl X (_T> T))
then g1 = g2 in Q.

We also uniquely recover the coefficients b, ¢ for (1.4) given the nonlocal DN map. The following
result below is the parabolic generalization of Theorem 1.1 in [18].

Theorem 1.2. Let T > 0 and Q C R",n > 1 be an open bounded Lipschitz set. Consider qi,qs €
L>(Q) and by, by € L* ((=T,T); W'=5>(Q)). We further choose two nonempty open sets from Q,
say Wy and Wy such that

Abh(h (f>|W2><(—T,T) - Abz,tn (f>|W2><(—T,T) ) fOl" all f € C(()X)(Wl X (—T, T))
then by = by, q1 = qo 1n Q.

The proofs of our main results, Theorem 1.1 and Theorem 1.2, crucially rely on a global weak
unique continuation property for H* (see Theorem 1.3 below), and substantial parts of this article
rest on proving this result. In the following result, for the fractional parabolic space H*(R™"!), we
refer to the definition in (2.12).

Theorem 1.3. Let T > 0 and U be a nontrivial open set in R, n > 1. For some u € H¥(R"™), if
u=Hu=0inU x (=T,T),
then w =0 in R" x (=T, T).

In an exactly analogous way as in [29], Theorem 1.3 is used to prove the Runge approximation
properties in Theorem 5.3 and Theorem 5.6 that is tailored for Theorem 1.1 and Theorem 1.2
respectively. This allows bypassing the method of complex geometric optics (CGO) solutions which
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is a crucial ingredient in the local case (see for instance [52]). Over here, it is worthwhile to mention
that that Runge approximation results were first obtained for (—A)® in [20]; see also [21].

Now regarding Theorem 1.3, we mention that in the case when A = I, such a result has been
established in [36, Proposition 5.6] as a consequence of the following weak unique continuation
property for the corresponding extension problem. We refer to Section 4 for the precise notations.

Before proceeding further, let us declare that we will denote 1 — 2s by a from now on. Notice
that a € (—1,1).

Theorem 1.4 (Weak unique continuation property). Let Uy be a weak solution to the following
extension problem
{divx(at‘}LHVUo) =22 ,0Uy in BY, X = (z,2,41)

1.7
limg, o+ 2241 Op1Up(2,0,t) = Up(2,0,t) =0 in By x (0,1). (1.7)

Then Uy = 0 in BT x (0,1).

Such a result has been derived in [36] by the following two steps.

Step 1: By means of repeated differentiation and a bootstrap argument, it is first shown that
the zero Cauchy data in (1.7) implies that Uy vanishes to infinite order in space and time at every
point (z,0,t) € By x (0,1).

Step 2: Then by means of a Carleman estimate for the constant coefficient operator in (1.7) that
the authors establish, it is shown that Uy = 0 in B x (0, 1).

Finally once Theorem 1.4 is proven in [36], it is applied to the solution U of the extension problem
(3.1) corresponding to Dirichlet data u (when A = I,,) using which one can assert that U vanishes
in Bf x (0,1). Then noting that U solves a uniformly parabolic PDE with real analytic coefficients
away from {x,.; = 0}, one can thus spread the zero set using the classical theory and thus conclude
that U =0 in R%™ x (0,1). Theorem 1.3 now follows since U = u at {z,,, = 0}.

It turns out that more recently in [12], it has been shown that solutions to a more general class
of equations modelled on (1.7) are real analytic in the space variable x which includes the extension
variable and therefore the use of the Carleman estimate in Step 2 above can be avoided. We also
mention that a certain variant of the weak unique continuation property in Theorem 1.4 is also
used to characterize singular points in the fractional heat obstacle problem in [10].

Similar to that in [36], in this work we derive Theorem 1.3 by obtaining an analogous weak unique
continuation property for extension problems of the type (4.45) where the matrix valued function A
satisfies the uniform ellipticity condition in (2.2) and the Lipschitz growth condition in (2.3). This
constitutes one of the key novelties of this work. This is done by means of a new Carleman estimate
that we establish for degenerate operators of the type (4.3). The estimate in Lemma 4.5 below can
be regarded as a generalization of the Carleman estimate for uniformly parabolic operators with
Lipschitz coefficients as in the fundamental works of Escauriaza, Fernandez and Vessella in [23, 22].
Such a generalization has required some very subtle adaptations of the ideas in [23, 22| for which
we refer to the discussion in Section 4 below. Inspired by ideas in the recent work [2], we combine
such an estimate with a monotonicity in time result as in Lemma 4.9 that we derive using which we
show the validity of a conditional doubling property for solutions to the extension problem. This
facilitates the use of blowup arguments which then reduces the weak unique continuation property
for (4.45) to that of the constant coefficient extension problem as in Theorem 1.4 above. We would
also like to mention that Theorem 3.1 is another central result in our work where we show that for
u € H*(R™), the solution U to the corresponding extension problem (3.1) belongs to the right
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energy space and moreover the weighted Neumann derivative can be interpreted as a limit in an
appropriate norm. Therefore weak type methods can be applied and this is finally extremely crucial
for the proof of the unique continuation result, Theorem 1.3 in Section 4. As the reader will see,
the proof of our main results rely on several non-trivial facts from analysis and PDE that in our
context beautifully combine.

In closing, we provide a brief account of unique continuation results in the nonlocal setting. For
nonlocal elliptic equations of the type (—A)*+V a strong unique continuation theorem was obtained
by Fall and Felli, see Theorem 1.3 in [24]. Their analysis combines the approach in [26], [27] with
the Caffarelli-Silvestre extension method in [16]. We also mention the interesting work of Ruland
[46], [47], where the Carleman method has been used, together with [16], to obtain results similar
to those in [24] but with weaker assumptions on the potential V. In the time dependent case, for
global solutions of

(0 — A)’u = Vu, (1.8)
a backward space-time strong unique continuation theorem was previously established in [11] with
appropriate assumptions on V. We also refer to [8] for some interesting results on the regularity
of the nodal sets of such solutions. The result in [11] represents the nonlocal counterpart of the
one first obtained by Poon in [45] for the local case s = 1. More recently, a space like strong
unique continuation result for local solutions to (1.8) has been obtained in [2] which constitutes
the nonlocal counterpart of the space-like strong unique continuation results in the aforementioned
works [23, 22]. It is to be noted that both the works [2] and [11] uses the extension problem for the
fractional heat operator that has been developed in [44] and [50] independently. When s = 1/2 the
extension problem was first introduced in [33] by Jones.

The article is organized as follows. We outline the background to define the nonlocal operator
‘H? and its domain in section 2. Also we discuss the mapping property of H* there. In section 3, we
derive some results on the extension problem for H® which will be followed by the well-posedness
of the initial-exterior problems for H* + ¢ and H® + (b, V.) + ¢. In section 4, we present the
unique continuation part where we first establish a Carleman estimate for the extended operator
and combine it with a blow-up analysis to deduce the weak unique continuation result mentioned
in Theorem 1.3. In section 5, we prove Runge appoximation properties and provide the unique
determination results for the inverse problems, Theorem 1.1 and Theorem 1.2.

Acknowledgement: Both the authors would like to thank Prof. Venkateswaran Krishnan for
various valuable comments and suggestions related to this work and for constant encouragement.

2. PRELIMINARIES

In this section we introduce the relevant notation and gather some auxiliary results that will be
useful in the rest of the paper. Generic points in R™ x R will be denoted by (xg, ty), (z,t), etc. For
an open set Q C R? x Ry, by C§°(€2) we mean the set of compactly supported smooth functions in
2. We will assume that the uniformly parabolic operator 0; —div(A(z)V,) in R" x R has a globally
defined fundamental solution p(x,2’,t) that satisfies for every x € R™ and t > 0

P(n,t) = / (a2 e = 1. (2.1)
We also assume that the matrix valued function A is uniformly elliptic, i.e.
AT < A <AL (2.2)
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for some A > 1 and satisfies the following Lipschitz boundedness assumption
|A(z) — A(y)| < Kz —y]. (2.3)

We start by introducing the following notion of evolutive semigroup
PruCe.t) = [ g mulyt—7) dy, for u e SEM) (2.4)
where p(z, z,t) is the heat kernel associated to the elliptic operator

£ div(A2)V). (2.5)

Note that, {P*},0 is a strongly continuous contractive semigroup satisfying || P u — ul| p2gn+1) =

O(1).

Definition 2.1. For s € (0,1) and u € S(R™™), we define H® based on the Balakrishnan formula
[49, Eq. (9.63) on pp. 285]) in the following way

s o dr
s — PH — _ 2.
Houat) = s [ (Pl = (o) 55 (2.
Next we denote by {F\} the spectral measures associated to £. More precisely, we let
L= —/ A dFE)y. (2.7)
0

Invoking such a spectral decomposition for the operator £ and by using Fourier transform in ¢
variable, we alternatively express H*u in Fourier terms. To do so, we first observe the following
representation of the heat semigroup { P, };>¢ in terms of spectral measures as well as an important
identity for gamma functions

oo . s 00 e—()\-‘ria)t -1 s
Pt:/(; (& dE)\’ and —mA TdT:()\+ZU) 5 )\>O,U€R (28)

We refer to Section 2 in [13] for a detailed account on this aspect. Now we consider the Fourier
transform in time variable to obtain from (2.4)

Fi (PHu) (&,0) = e 7P (Fou(-, 0)) ()

which results into the Fourier analogue of the definition (2.6)

F (H?u) (-,0) = _F(ls— 3 /000 7_11+8 /000 (e-O+iom — 1) dE\(Fu(-, 0)) dr

= / (A +i0)° dEN(Ful(-, 0))
0
Here we have crucially used the relations in (2.8). Consequently, we can write for u € S(R"™1)
17 (o) (s )ouey = [ 3+ oA Es(Ful )P, o € R
0

Keeping this in mind, we now define the appropriate function space which constitutes the domain
of H*® and associated norm.
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Definition 2.2. For s € (0,1), we define the space H**(R™1) to be the completion of S(R™™) with
respect to the norm

(e :( / / (1+ A+ o) d|[ B (Fuu >>||2da)1. (2.9)

It is worth noting that Dom(#) C Dom(H?).
More generally, we introduce the various function spaces that are needed in this set-up. Let O
be an open set in R"*!' and » € R. We define

H (R = {Completion of S(R™!) w.r.t the norm :

/R/ooo (1 x+ o) dl [ By(Ful-, o) da)m }
H(O) = {u|(9; weH" (R"H)} ) yr (O) = closure of Cg°(O) in H" (Rnﬂ) |

Also we define
||w| 20y = Inf{|[v||3r@nt1y - v]0 = u}. (2.10)

Now from resolution of the parabolic version of the Kato square root problem as in [4] and inter-
polation type arguments, we note that the following equivalence holds

HE (R™) = H(R™), s€(0,1), (2.11)
where H*(R™" ") is the parabolic fractional Sobolev space defined as

H (R (ue L2 : (|6 +ip) 2 Fopul€, p) € LP). (2.12)

We refer to [41, pages 6-7] for relevant details. Sometimes when the context is clear, the space-
time fourier transform F, ;u will be denoted by u. From now on in view of (2.11), we will identify
both the spaces H* and H* and furthermore for a closed set F in R"*! we let

H, = {u € H*(R"™) : supp(u) C E}. (2.13)

It is easily seen that Hj is a Hilbert space.
We now note that the adjoint operator H: is defined in terms of the spectral resolution in the
following manner

Fi(Hiu) (-, 0) = /OOO(A —i0)*dE\(Fu(-,0)), foru € S(R™).

For f,g € S(R™1), we observe from the properties of the spectral family of projection operators
{Ex}taso that

(Hf,g) = (M1 Hig) = (f Hog) = / / O\ + i0)* d(EyFu, Fyo) (-, o)do
= [If] Ho(RrH) - (2.14)

As an outcome of the inequality (2.14), we have the mapping property H?® : H*(R"™!) — H~—(R"!)
where H™® denotes the dual space.

Hs(Rn+1)||9|
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3. SOME DIRECT PROBLEMS

In this section, we study some direct problems related to the fractional operator H*. We start
with the discussion on the extension problem for #* . Then the well-posedness results for (1.1) and
(1.4) will be presented which mainly relies on the Lax-Milgram type arguments.

3.1. The extension problem for H°. Our objective here is to solve the extension problem for
H# with prescribed Dirichlet data v € H*(R"*). More specifically, we consider solution to the
following Dirichlet problem in R’}

{ﬁaU = 2?0,U — div (2*A(2)V,.U) =0, in R xR,, a=1-2s

3.1
Uz, t,0) = u(x,t), on R, (3:1)

by introducing a new variable z € R,. As it is well known by now, (3.1) represents the parabolic
counterpart of the Caffarelli-Silvestre extension problem as in [16] for H®. See [13, 15, 44, 50]. More
precisely, it has been shown in the cited works that if u € H?*, then we have in L*(R""!),

lim, o+ 2°9,U = H°. (3.2)

In our setting of the Calderon problem, it turns out that we need to deal with v € H?®. Therefore,
this requires generalizing the convergence in (3.2) with respect to a weaker norm for functions in
H® and this is the one of the main contents of Theorem 3.1 below. Such a result has already been
established in the case when A = I in [18, Proposition 4.2]. Moreover, we also show that the
extended function belongs to the right energy space so that weak type methods as in [11] can be
subsequently applied. This is finally relevant to the weak unique continuation result Theorem 1.3
that we prove in Section 4. In this regard, we now introduce the relevant energy space.

For an open set ¥ C R" x R, , we define the energy space £? (3; 2¢dxdtdz) which consists of
all those U € L? (3; 2*dzdtdz) such that V,U and 0,U € L? (3; 2%dxdtdz), endowed with the norm

de a
U] 212 (5;20dzdtdz) =) / 2 (|UP + VLU + [0.U)?) dedtdz.
EXR+

As mentioned above, we now state the central result of this subsection which concerns the various
convergence properties of the extended function in (3.1) (and its weighted Neumann derivative)
corresponding to u € H®. Theorem 3.1 below can be regarded as the variable coefficient analogue of
Proposition 4.2 in [18]. We crucially adapt some ideas from [13] in our proof of this result. However
unlike that in [13], since the convergence results are established in different norms, therefore our
proof has required some delicate reworking of the ideas in [13].

Theorem 3.1. Let s € (0,1) and u € H¥(R™). There exists a solution to (3.1) satisfying
i) lim U(-,-, 2z) = u in H}(R"),

z—0+
.. . 2—ar(8) a . S . —s n+1
Z’l) zli{él-i- mz 8ZU( y ,Z) =H’u in H (R ),

Z’LZ) HUHLLZ(]R”*lX(O M);zedzdtdz) M HU’

Proof. We first note that the solution to (3.1) is given by

Uz, t,2) / /n (z,y, T)u(y,t —7) dydr (3.3)

Hs Rn+1) .
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where
1 Zl=e 2
. T t).
21—(1:[‘(%) t%e p(z,y,t)

By taking the Fourier transform in time variable in (3.3), we have the expression

Pl (x,y,t) =

22

Zl_a X eTr .
R0 = gy [, e PR D)) d
2! r(lT) =
Ooe_ﬂ .
= g | St B GG om  64)

where we used the spectral representatlon of P; asin (2.8) in the last line. The relation (3.4) readily
implies
€ E — 10)T
Fie(U(-0,2) —u(-,0) 45 / / s (=TT —1)dr dEN(Fou)(-,0)  (3.5)

To show that U attains the prescrlbed data u at z = 0 in the H” sense, we recall the important
identity which can be found in [30, page 369]

[Tt a=s(?) N 36)

where R(5), R(y) > 0 and K, is the Bessel function of third kind. We notice that
o —(Aio)Z TN S A 2
/ e 46 [6_9_1]d9:2<2 )\“‘ZU) K8<Z\/m>_r(s)<z )\“‘ZU)
0

gl+s 2 2
— ot+s (zﬂ) - ((zﬂ) K, (zm) - 25_1F(s)> (3.7)
(A +io)z?

where we took = ="~ 7 =1,v = —s in (3.6) and used analytic continuation to the following
identity

/OO _% de /Oo e’ 2 ™ 25/00 s=1o-r( F( )C_2S for ¢ >0 (38)
e = g 5dp = p* e Pdp =T(s , for ) .
0 f1ts 0 (CZ)H P 0

p
Alternatively, extension of the identity (3.8) to complex parameters can also be justified by a contour

type integration in the complex plane. See for instance the proof of Theorem 1.1 in [13]. Using
(3.5) we have,

10, 2) = e, sy = / / T o) AIE(F (U 0,2) — ul- 0)|Pdo

z4s// (14—\)\4—1'0\%)2

RJO

_243// (1+|A+w|%)2|A+z'a|23
RJO

2
d|Ex(Fru)(-, 0)|[*do

2
4
Few —(A+io)T
il (e — 1) dr
o T

2

d|Ex(Fru)(-, 0)|*do,

22

00 6_(>\+i0)@ B
/0 W |:€ o _ 1} do
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where in the last line, we used a complex change of variable which can be justified by a contour
type integration. Now using (3.7) we find from above

10U,y 2) = e, ) sy
/ / 1+u+m|) (:v3Ti0) K. (:vATi0) = 27 T(s)| d|Bs(Fa)(-,0)]%do

jzg KL (€) — 27T (s)| /R/O (1

s [0 =2 TP [ [, 0, (i) A BFE e ()

€| >e

3)? || Ex(Fu) (-, o) do

Taking z — 0+ in (3.9), we notice that its second term converges to zero. We also use the fact that
E°K(€) is uniformly bounded for large £ which follows from the fact that for all large £

K ()] < Ce*

See for instance [37, (5.11.8)].
After that, we use

lim 2° K, (z) = 257 'T(s)

z—0

and let € approach to zero in (3.9) to conclude that the first integral in (3.9) goes to 0. This
establishes i).

We now turn our attention to ii), i.e. we show that lim, o %z“@ZU(-,-,z) = Hu in
H—*(R"™!). We first assume that v € S(R™™). In order to prove ii), we will make use of the
following identity holds which was observed in [13, (3.14)]

27T'(s) - 1 > L [P eflem (o)
T —s) 0. FU(- 0,y) = D) /0 (A +io) /0 Tde dE\(Fu)(-,0)  (3.10)

Also we have

R0 (o) = [ Ok i) B Fa o)

We also make use of the following identity which follows from (3.6) by taking § = Qtio)s? v =

4 )
lLv=1-s.

00 =0 ,—(\tio) i P
/ € Tyg=2 (Zi”“") Ko (Z\/)\ n w) . (3.11)
0

65 2
We thus find
279T(s)
“ . — “u) (- A2
F(l_S)ZOZEU(,U,z) Fi (Hu) (-, 0) (3.12)
28

= T =) /OOO (A +io)’ <<z N Tio ia)l_s Ky (z\/A + z'a) —271(1 — s)) dE\(Fu)(-, o).
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Now for any test function ¢ € H*(R"*1), using Cauchy-Schwarz inequality we find

27T
<AZ“82U(-, - z) — Hu, ¢>
F(l — S) H—s(Rn+1)7Hs(Rn+l)

// < ( F_(S)) aﬁy}—tU(',U,z)—E(’Hsu)(.’g)>7E)\¢>da
([ rereae (37 s o]
([ [ asnsiramora)

Hs (Rn+1) (/R /000(1 + |>\+io—\)—sd‘

Then using (3.12) and also by using properties of the projection operators { £y} we infer
279T(s)
INQREE)

(3.13)

5 1/2
da)

B, (% SOFU( 0, 2) — F (M) (- o—))

= ol

5 1/2
da) .

2*0,U(+, -, 2) — Hu

H-—s (RnJrl )

00 1/2
< sup \wl—sm_s(w)—z—sra—s)\(// |>\+ia|sd||EA(.7-"tu)(~,o—)||2)
R JO

|w|<e

00 1/2
+ sup \wl—%_s<w>—2—sr<1—s>\(/ | XA+ ABF )
RJO

|w|>e

Similarly as before, we first take z — 0+ and then let ¢ — 0 to assert that

— 0, asz— 0+, (3.14)
Hfs(Rnﬁ»l)

|2 0.0 - we

for u € S(R™*1).

Now let up — u in H* where uy’s are in S(R"™!). We denote by U, and U; the solutions to the
extension problem (3.1) corresponding to Dirichlet data uy and w; respectively. Then using (3.10)
and by an analogous argument as in (3.13) we find as k — oo

H%z“@z(Uk—U)(-,-,z) . (3.15)
S (/ / A+ i *d || B (Fu(ue — w)(- >>||2)1/2%o,

(since ux — w in H?).

Thus {z%0,Uy} is uniformly Cauchy in z as z — 07. This fact combined with (3.14) implies ii)
in a standard way.
Now we plan to demonstrate the energy estimate

U] z12®n+1 % (0,0);z0dadedy) S0 1|0 @nt1)- (3.16)
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We closely follow the arguments from [13] to establish (3.16). We will not be concerned with proving

U || 2 rn1 % (0,0):20dzdtdy) =ar || ]|ws 1)

wer as this is already covered in [13, (3.15)]. We first estimate the term

)]
M
‘ ) :/0 /Rz“”az‘EU(-’O’,y)H%Q(Rn)dUdZ‘

By using (3.10) and (3.11), we find that such a term equals

M 00 oo —0 —()\—i-w)z—
[l | [
0 RJO 0
M 00 1-s 2
:/ // 27\ + o | (zv)\—l—z'a) Ky (zx/)\+ia>
0 R JO

where [; is the integral over the region where [zv/A+io| < 1 and I, is the integral over the
complement. We first estimate [; as follows.

00 plAio| 2
I :// / 27N+ io|*
rJo Jo

00 [Aio| "2
=< sup }zl_sKl_S(z)F// / 227 e | N +io|*d| ExFuu(-, o) ||Ado
R Jo 0

|z[<1

0| d||ExFiul(-,0) ||2dadz

d|| ExFru(-, U)||2dadz =1, + I,

(Z\/m) TR (zm) 2 || ExFoul-, 0)|Pdodz

j // |)\+i0|5 d||E>\Eu(',U)||2dU j ||u||Hs(Rn+1). (317)
RJO

Likewise, Iy can be estimated as

I, :// / ) 27N + o |
A\ tio| 2

2
// (/ ‘Kl . (Z\/Hw)) dz) I\ + i d|| ExFou(-, 0)||*do
[Aio|™ 3

1 d
// / —zl)ﬂ-wlﬁiz1 |)\+i0|1+8 d||E>\Eu(',U)||2dO'
Atio| 3 A +io|z
= // (/ e ™ dm) |)\—|—i0"3 dHE)\-Ftu(-,a)szo' = HuHHs(RnH). (318)
R JO 1

where we have used the asymptotic |K;_¢(2)]* = O (e|"| ‘) for |z| > 1. See for instance [37, 5.11.10].
Combining (3.17) and (3.18), we obtain HZ%GZUHLQ(WHX(O ay = ||lu
term ||V, Ul 12(5;20dzdtaz)- For that, we note that from the resolution of the famous Kato square

root problem as in [5] and [6], we have for a smooth function f decaying rapidly at infinity in R™
that the following holds

(zm) TR (zm) 2 d||ExFoul-, 0)||?dodz

He(rnt+1). NOW we estimate the

1V fllp2qny = [1(=L£)"2 1 p2gan)- (3.19)
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Combining this with Plancherel theorem in the ¢ variable we find

|VoUl| L2(50dzdtaz) = ||Z%(_E)%ftU||L2(Rn+1X(O7M)) (using Plancherel theorem in the ¢ variable)

/ // SN A EsFEU (-, 0)|dods
.2 dr P
:/ // 248/ 6—Ee—(>\+za)r 1:7;
o JrJo 0 TS
2/ // )\zl+2s|)\+ia\2s/ e_(’e_(’\“”)@m

2
/ // Azlm2s A+ za) K (2\/)\ + ia)’ d||ExFu(-,0)||*dodz (using (3.6) with v = —s)
=Ji+ Jo,

d|ExFau(-, 0)|[*dodz

d|ExFu(-, 0)||*dodz

where J; is integration over the region where |zv/A+i0| < 1 and Jy is the integral over the
complement. We find

00 pAio] 3
rJo Jo

1
i~ 3
<sup\st |// / 272dz | A d||ExFul-, 0)||*do

l2|<1

oatio) K, (svisio)| d|EsFulo)|dods
(v3+io) £ (vA+io)

= // A +io|* I\ d|| ExFu(-, 0)||*do < ||| s (1. (3.20)
R JO
Likewise, J, is estimated in the following way.

Ja :/ /OO /OO ) Azl <2m>8K5 <Z\/m) }2d||E>\]-}u(-,a)||2dadz
I\ tio|~ 2

// (/A—i—w 3
/ / / et L) |\ it ) Byl o)|Pdo
[A+io| ™ 3 |)\+ZU|§
= // </ o dm) A+ o] d| ExFu(-, 0)[*do < ul
RJO 1

where we have again used the asymptotic |K,(2)]* = O (e‘;“‘) for |z| > 1. From the inequalities

(3.20) and (3.21), we conclude that ||V, U||r2@r+1x(0,m);20dzdtaz) = [|u]
proof of the theorem.

2
s (zv)\ + ia)‘ dz) M +io|*d|| ExFou(-, 0)||*dodz

Hs(RnJrl). (321)

Hs(rn+1). This finishes the

U

3.2. Fundamental solution of the extension problem. We now introduce the fundamental
solution G(Y, X, t) associated to the extended operator

L, =00, —div (20, A(z,t)V)
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X = (z,2,11),Y = (¥, Yns1) will denote generic points in R™ x R. Tt is to be noted that z,; will
play the role of extension variable z that was introduced in Subsection 3.1.
For a function f, we let

agn+1f = 1iInﬂUnJrl—>0+ x?z—l—lan—i-lf(x) $n+1)~ (322)
This limit is interpreted in H™* sense in Theorem 3.1 ( where z plays the role of z,1) but would
be eventually interpreted in the strong point wise sense in Section 4 once we have the regularity
result in Lemma 4.7.

We now recall that it was shown in [25] that given ¢ € C°(R™) the solution of the Cauchy
problem with Neumann condition

LU =0 in R x (0, 00)
U(X,0) = ¢(X), X e RUH (3.23)
oy U(x,0,t)=0 zeR" te(0,00)
is given by the formula
Z0o(V) LU = | S(X)GY, X 1)z, dX, (3.24)
RY
where
G(Y, X, t) = p(y, 2, t) Pa(Tns1, Ynt1;b), (3.25)
and where p(y, z,t) is the heat-kernel associated to (& div(A(z,t)V,)) as in (2.1) and p, is the
fundamental solution of the Bessel operator 97 . + - + 75 0s,,,,- Such a function p, is given by the
formula
a 7% + % n n 132 n n
pa(xn+layn+17 ) (2t) H +14ty - (%) 2 IGT71 (%)7 (3.26)

where I,,(z) the modified Bessel function of the first kind defined by the series

> (w/2)V+2k
: .2
;ijLl Tk+1+0) |lw| < oo, |argw| < w (3.27)
It follows from (2.1) that
/ 251 G(Y, X, t)dX = 1, (3.28)
R1+1
and also

P60 o 600, (3.29)

t—0t

We finally record the following Gaussian bounds for p(y,x,t) as in [1] which will be needed in
Section 4

1 _Nola—y? NO _le—yf?

We t p(y,[lf t) = t”/2 Not (330)
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3.3. The initial-exterior problem for #* + ¢(x,t). In this subsection, we discuss some well-
posedness results for the forward problem (1.1). More generally, we consider the presence of a
non-trivial source term in the PDE, i.e. we look for existence and uniqueness results of the problem
(H* +q(z,t)u=F, inQ:=Qx(=T,7)
u(z,t) = f(x,t), in Q. :=Q x (=T,T) (3.31)
u(z,t) =0, for t < —T,

where (2. denotes the complement of 2.
We consider the bilinear map B, (-, -) on H*(R"™!) x H*(R™*!) defined by

B, (f,g9) = (Hif, Hg) +/qu§.

It follows by an application of Cauchy-Schwartz inequality that

1By (f,9)] = ||fHH5(R"+1)Hg| Hs (Rn+1) - (3.32)

Akin to that in [18], it turns out that we need to study a time localized problem. Therefore to
this end, we introduce the notation

up(z,t) = u(z, t)x—rm(t) (3.33)

and note that, up € H¥(R™™') whenever v € H¥(R"*!). This follows from the fact that x_r7) is a
multiplier in the Sobolev space H?(R) for |y| < 1. See for instance [40, Theorem 11.4 in Chapter
1]. Thus we cast all the upcoming analysis for ur as we can only guarantee the uniqueness up
tot = T. Also it is to be noted that from the representation of H*® as in (2.6) it follows that
Hou(x,t) = H*(X(—oo,ru) (. t) for all t < T

Below we simply denote the distributional pairing (-, ~>([H%)*7H% by (-,-) where (]H%)* denotes the
dual space.

Definition 3.2. (Weak solutions) Consider S to be an open bounded set in R™ and T > 0. For F €
(]H%)* and f € H*(Q.), we say u € H*(R™1) to be a weak solution of (3.31) if v :=(u— f), € HE;
and

B, (u,0) = (F,¢), V¢ < H
or equivalently,
B, (1,6) = (F— (H' +4)f,0), V6 € HE,
Now, we state the well-posedness results of the initial-exterior problem (1.1).

Theorem 3.3. Let Q be an open bounded set in R™ and T > 0. Consider ¢ € L=(Q), f € H*(Q.)
and F € (]H%)* Then there exists a countable set of real numbers ¥ = {\;}1<i<oo Such that

A < X < A3 < ... — oo such that given X € R\ X, there exists a unique up € H*(R™) with
(u—f)r € HE for which

(H® + q(x,t) = Nur=F, inQ.

Moreover up satisfies ||up||msmnt1) = (HFH(IH%)* + |I£]

HS(Qe)) .
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Proof. We argue as in Theorem 3.2 in [18]. Let v := (u— f)r and F := F — (H* + q) f. We first
show the coercivity of the bilinear map B, (v, w) + u fQ vw, for p large enough. For w € ]H% and

p > ||min{q, 0}||ze(@), we notice that

Bq(w,QU)—l-,U/Q|w|2(x,t)dftdt: <H§w’H§w>+/Q(N+Q($,t)) |QU|2(:E,t) dadt (3.34)
:/R/OOO ()\_'_ig)sd||EA(‘Ftw)('vU)||2da_'__'_/Q(N+q<l’,t))‘w|2(x7t) dedt
:/R/OOO|)‘+i0\s(605(39)+iSin(Se))d||EA(ftw)(~,0’)||2d0+/62(u+q(x,t))|w\2(x7t) dudt

:/R/OOO|)\+ia‘sCOS(‘Se)dHE)‘(‘Ftw)(';U)sza_'_/Q(,U«"‘q(x,t))‘w|2(x7t) dadt,

where tan(f) = § and where we utilized that sin(sf) is an odd function in the last identity above.

Since A > 0, it is seen that 6 € (—7n/2,7/2) and thus for a fixed 0 < s < 1
cos(sf) > cos(sm/2) ey > 0. (3.35)
Using (3.35) along with (2.11) in (3.34) we obtain

B, (w,w) +M/Q \w|?(x, t)dzdt (3.36)

S| A El 2
t/ﬂw\lﬂzup} |w(§,p)|2d§d,ot/[R\\(—Ax)mw(.,a) do = |||l sy

L2(R")

where in the last inequality, we used Hardy-Littlewood-Sobolev inequality in = variable combined
with the fact w is compactly supported. Thus from (3.32) and (3.36) we conclude that the bilinear
form B, (v, w)+ p fQ vw is coercive and bounded. Thus by Lax-Milgram theorem, there is a unique

solution v = G“F € ]H% which satisfies

Bq(v,w)—i-u/vw:(f,w), Vw € H,.
Q

alongwith the bound

s =< N E s s .
““'Ha = ||F||(H5) (3.37)

From (3.37), we find ||ur|

source to solution map i.e G, : (H

e (1) = <||F||(]H%)* +If] Hs(Qe)). In particular, (3.37) implies that the

Q
the compact Sobolev embedding we deduce that

Gu: L*(Q) = L*(Q)
is a compact operator and therefore by the spectral theorem, there exists a countable set of eigen-

values of G, which are /\—iu with \; — co. This is evident from the following observation

)= HE, is continuous. Thus using (2.11), by an application of

Bq(v,w)—A/QUw: (F + (1 + \v,w)
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Also it is not hard to see ¥ := {A\}i<i<o € (—[min{q, 0}|[1(q),00). Finally, the Fredholm
alternative ensures the existence and uniqueness of the problem under consideration. 0

Remark: In view of Theorem 3.3, we could rephrase the eigenvalue condition (1.2) by saying
0 ¢ 3. It follows from the inequality (3.36) that for non-negative potentials i.e. when ¢ > 0 a.e. in
Q, we have ¥ C R;. The same assertion holds for small enough potentials i.e. when ||g[[z=(q) is
small.

Similarly, one can prove the well-posedness results for the adjoint equation to (1.1) which is the
future-exterior problem

(M3 + qle, ) =0, in Q= Qx (-T,T)

u(z,t) = f(x,t), in Q. :=Q x (=1,7) (3.38)

u*(z,t) =0, fort > T.
The analysis here would be identical to that of initial-exterior problem (1.1) and we could have
similar well-posedness result here also. Moreover we observe that if we let

w(z,t) = u(x, —t)
then
(Hiu)(z,t) = (H*a)(x, —t). (3.39)

Moreover from (1.2) and Fredholm alternative it follows that

0 is not a Dirichlet eigenvalue for the adjoint problem (3.38). (3.40)

3.4. The initial-exterior problem for H* + (b(z,t),V.) + q(z,t). We will introduce the notion
of weak solutions for the problem (1.4). For the weak formulation, we define the corresponding
bilinear form as follows

Bualfg) = (HirHig)+ [

Q
where b € L ((=T,T); W'=5>(Q)) and ¢ € L>*(Q). Similar to that in [18], a Kato-Ponce type
inequality will be used to obtain the boundedness of the term fQ<b(x, t), Vof)g (see (3.42) below).
We now define the weak formulation of (3.31).

(b(,1), Vo f) g+/qu§,

Definition 3.4. Let Q) be a Lipschitz domain in R", s > % and T" > 0. For F € (]H%)* and
f€H (Q.), we say that u € H*(R™1) is a weak solution of (3.31) if v:=(u— f), € HE and

Byg (u,¢) = (F,¢), Vo€ Hy
or equivalently,
By (v,0) = (F = (H*+ (b, Va) +4)f,¢), Vo € Hy.
Now, we state and prove the well-posedness result for (1.4).

Theorem 3.5. Let Q be a Lipschitz domain inR", s > £ and T > 0. Assumeb € L= ((=T,T); W'=*>=(Q)),
qg € L*(Q),f € H(Q.) and F € (]I-]%)* Then there exists a countable set of real numbers
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Y= {Aiti<icoo with Ay < Xy < A3 < ... — 00 such that whenever A € R\ X, there exists a
unique solution solution ur € H*(R™1) satisfying

( <( 7)7 >+q(x,t)—>\)uT:F, iIlQ,
ur(z,t) = f(x,t), for (z,t) € Q..

HS(Q@)) :

such that ||up|ms@nt1) =2 (HFH(H%)* + [ f]

Proof. 1t suffices to show the boundedness of By, and the coercivity of By4(w,w) + p [, [w]? for
large enough p and then one can argue similarly as in the proof of Theorem 3.3. For boundedness,
we need to show

[B,q (1, )] < |l

Hs(Rn+1) H’U| Hs(Rn+1).

Now as before, we have

= ||ul

Hs(Rn+1) ||U| Hs(Rn+1) .

'(”Hsu,?-[iv)%—/ quu
Q

Thus it suffices to show that

Hs(RnJrl)H’U| Hs(RnJrl) (341)

‘ /Q w(z, 1) (b, 1), Vav) dxdt‘ < |

In order to establish (3.41), we argue as in [18]. We first choose B € L> ((=T,T); W'=5>(R"))
with B = b a.e in @), such that

H B||Loo((_T7T);Wlfs,oo(Rn+1)) S CHb||Loo((_T’T)yW175,oo(Q))

and notice the following estimate for all t € (=7',T)

/u(x,t)(b(x,t),vxv(z,t» dz (3.42)
Q
< |B(, t)ul-, t)||m-s@n)|| Vav|
2 Bllzoo((—rrywi-sioo wny |, ) -5y |0 (-, 1)
=l ) s ey v (-5 2]

where we crucially used the assumption s > % and also employed the Kato-Ponce inequality in [31,
Theorem 1] to obtain

Hs—1 (Rn)

Hs(R")

Hs(R™)

| B, t)ul-, ) [ mny ~ Hjl‘s(B(~,t)u(-,t))HH(Rn)
=BG )| oo | T 50, )| n2mny 4+ | T 5B, )| ooy 1wl 2 @y
=Bl oo =y wi—seo @y 1w, E) ||ms@ny = ||ul-, 1)

Hs (Rn) .
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N

Here J := (Id — A,)
t variable to find

/Qu(z,t)(b(z,t),vxw dxdt‘ j/RHu(-,t)HHs(Rn)

1/2
= (/+ (1+151*) |fzu\2(£,t)d£dt) (/+ (1+1¢1*) |}"mv|2(£,t)d§dt)

= [lullas @ o]

. Now we use Cauchy-Schwarz inequality and the Plancherel theorem in the

(1)

mermydt

1/2

Hs (Rn+1) .

Next we head towards proving the coercivity of By (w,w) + u fQ |w|?. In this regard we observe
that

(Hiw, Hiw) + /Q wib, V,w) + /Q gl > coll fZugnss, — \ /Q wib, vx,tw>' — gl w22

As in (3.42), we observe that

'/ bew' [t 0

1/2 1/2
f(/ ()09 Fruf? <5,t>d§dt) (/ (1+\£\2S)Ifmw\2(£,t)d£dt)
Rn+1 Rn+1

(where (&) < /11 [€]?)

ms(rn)de

1—s 2s—1

2s 2 2s 9 2s
= ( /R 87wl (€,t)d§dt) ( /R L el (g,t)dgdt) I¥d

251
= wll psgny I

Hs (Rn+1)

ﬁs(Rn«kl) .

Now an application of Young’s inequality gives

He(Rn+1) T C’e||w]|%2(Q).

‘/ w(b, wa>‘ < ¢e|jw|
Q

Thus by choosing € small enough, we can conclude

Co
By q(w, w) > §Hw| ]%IS(R"H) - (Ce + Hq||L°°(Q)) HwH%?(Q)

Finally by choosing p > (C. + [|¢|1=(qg)), we find that the coercivity of the corresponding bilinear
form follows. As previously said, the rest of the proof remains the same as that for Theorem 3.3. [

Likewise, we have the well-posedness result for the adjoint problem defined in the following way

Hiu* — V, - (bu*) + q(z,)u* =0, inQ:=Qx (=T,7T)
u*(z,t) = f(x,t), in Q. :=Q x (-T,7)
u*(z,t) =0, fort > T.
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4. GLOBAL UNIQUE CONTINUATION PROPERTY

4.1. Carleman estimate. In this section, we prove the global weak unique continuation result
stated in Theorem 1.3. We follow the strategy in [2] by first establishing a conditional doubling
estimate for solutions to the extension problem and then we use a blowup argument to reduce
the problem to a weak unique continuation property for the homogeneous extension problem with
constant coefficients as in Theorem 1.4. Therefore, as a first step we prove a Carleman estimate
for the extended operator. Keeping in mind the possibility of other applications, we allow the
matrix coefficients to depend on both space and time variables in the Carleman estimate as stated
in Lemma 4.6 below.

Similar to that in Subsection 3.2, in this section, we remind the reader of the following notations.

(X,t) = (x,zp41,t), (Y, 8) = (Y, Yns1, s) will denote generic points in R” x R x R. For a given r > 0,

we will denote by B,(Y), the Euclidean ball in R™™! of radius r centered at Y and B,(y) “ e

(x,0) € B,.(Y)}. Likewise we let B (V) = B, (Y)N{X : 2,1 > 0}. When the center Y of B,.(Y)
is not explicitly indicated, then we are taking ¥ = 0. Similar agreement for the thick half-balls
B;J_ (ZL’Q, 0) .

For notational ease, VU and div U will respectively refer to the quantities VxU and divy U. The
partial derivative in ¢ will be denoted by 0,U and also at times by U;. The partial derivative 0,,U
will be denoted by U; and also by 0,;U.

We will assume that A(z,t) := (a;(z,t)),; be a (n+1) X (n+1) is a positive definite block matrix
valued function satisfying (2.2) with

A(O, 0) = ]In_H, a(nﬂ)i(x,t) = 5(n+1),~, Vi c {1, 2, L n + 1}, (4.1)
such that the following Lipschitz growth condition holds
|A(z, ) — Ay, )] < K(Jz —y[+ |t — s]). (4.2)

It follows from (4.2) that if we let B(X,t) = {b;;(x,t) }1<ij<n+1 = A(x,t) — L4, then
bij(z,t) = O(|z| +t) Vi,5 € {1,2,...,n+ 1} and bpy1yi(x,t) =0, Vi€ {1,2,...,n+ 1}.

Corresponding to A as in (4.1) above, we consider the following extended backward parabolic
operator

H = 2p 10+ div (28 Az, ) V) . (4.3)

For notational convenience, it will be easier to work with this backward extension operator in (4.3)
above. Similar to that in Subsection 3.2, it should be clear to the reader that z,., plays the role of
the extension variable z in Subsection 3.1.

In the proof of our Carleman estimate, we adapt the approach in the fundamental works [23] and
[22] to our setting of degenerate operators as in (4.3) and this has required some delicate adaptations.
It is to be mentioned that although our method is inspired by ideas in [23, 22|, nevertheless at a
technical level, our proof of the Carleman estimate somewhat differs from that in [23] even in the
case when a = 0. The proof of such an estimate in [23] relies on first establishing a generic Rellich
type identity with respect to appropriate Carleman weights in the Gaussian space ( see [23, Lemma
1]). This is then combined with a clever use of some logarithmic inequalities as stated in Lemma
4.2 below which is needed to absorb certain error terms that arises due to the perturbation of the
variable coefficient principal part. Differently from that in [23], in our proof we instead analyse the
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positivity property of the associated conjugate operator directly. Our method however also uses the
ODE satisfied by the Carleman weight given in Lemma 4.1 below in the same spirit as in [23, 22].
We are of the opinion that our proof revisits the approach in [23, 22] with a somewhat different
viewpoint which can possibly be of independent interest.

Before we state our main Carleman estimate, we first gather some relevant results from [23] that
are crucially needed in our context. The following result which is Lemma 4 in [23] is regarding
the existence of a suitable weight function ¢ which has the appropriate pseudo-convexity property
needed for the Carleman estimate.

Lemma 4.1. Let

Then the solution to the ordinary differential equation

d o O(At)
—_— 1 _ = — — / — 1
Zlog (1) = =7, 0(0) =0, 0'(0) = 1,
where A > 0, has the following properties when 0 < A\t < 1:

(1) te™ < o(t) <t,
(2) e <o'(t) <1,
(3) |00 log ]| + |0k[o log Z]| < 3N,

(4) |oon (Zollog 551) | < 3NV 201,
where N is some universal constant.

We also need the following real analysis lemma from [23]. See lemma 3.3 in [23].

Lemma 4.2. Given m > 0, 3C,, such that for ally > 0 and 0 < e < 1,
1 m
y"e TV < O, [e+ <log(—)) e_y} . (4.5)
€

Finally, we also need the following Hardy type inequality in the Gaussian space which can be
found in Lemma 2.2 in [2]. This can be regarded as the weighted analogue of Lemma 3 in [22].

Lemma 4.3 (Hardy type inequality). For all h € C(RE™) and b > 0 the following inequality
holds

X 2
/ x2+1h2u€—|X\2/4bdX < 2b/ xthL+1‘Vh|2e—\X|2/4bdX
R+ 8b R+

n+1l+a _
+#/Rn+l xZthe IX12/4b g %
+

We now state and prove our main Carleman estimate which constitutes the generalization of the
Carleman estimate in [22, Lemma 6] to degenerate operators of the type (4.3).

Theorem 4.4. Let H be the backward in time extension operator in (4.3) where A(z,t) is a matriz
valued function satisfying (4.1) and (4.2). Let w € C§° (]BTI x [0, %)) such that 05 w =0 on

Tn+1
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{2p41 = 0} where A = g for some § € (0,1). Then the following estimate holds for all large o and
0 sufficiently small

a2/ 2l 07 () w® G+ a/ 2l o' ) [V G (4.6)
R % [¢,00) Rn+1 [c,00)

= / L (A F Hw|? G+ o supt>c/ 2ty (W + V) dX
Rn+1 [C OO) - Rn+1

+

+072(c) {—c/ 28, [Vw(X,o)]? G(X,c) dX+a/
t=c

t=c

28 lw(X, o)’ G(X,e) dX}.

1x2

. . 1 1
Here o is as in Lemma 4.1, G(X,t) = We wand 0 <c < &

Proof. Let 6 be as in Lemma 4.1. For ¢ € [0, 55 ), we first make the preliminary observation that

O(\t
¥ > AY2473 (log 3)7 > V3 (log 3)? > A. (4.7)
Also, with a slight abuse of notation, we treat the quantity — (tc%,)/ as @ since the term t% is

positively bounded from both sides in view of Lemma 4.1. The solid integrals below will be taken
in R x [¢,00) where 0 < ¢ < % and we refrain from mentioning explicit limits in the rest of our
discussion.

Note that we have the following equivalent expression for H

rut =k (0 avaG V) + ).

Tn41

Consider the conjugation
x|

w(X,t) =% (t)e & v(X,1).
We then note that

1x |2

wy = e st (aa(t)vt + ac® H(t)o! (t)v —

From (4.8) we find

div(A(z, 1) Vi) = d1v< o(1)e 5 Az, 1 )(vw{v))

4t
g X2 (X, A(z,t)Vv) (X, Az, t)X)  div(A(x,t) - X)
= o%(t)e st {le(A(z, t)Vu) + 5 + 672 + 1 v
Now we define the vector field
Z:=2t0,+ X - Az, 1)V (4.9)

and combine the preceding observations to deduce

_a X2 1 v(A X ,
o (e s Hw =z}, [div (A, 1)) + 5 Zv + (dw( (xi? ey %) ‘
(X, Az, H)X)  |X|? a
- ( 1642 s ) U g O]
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Using (4.1) and (4.2), we further note that the following relations hold for (X,¢) varying in a
compact set containing the origin

div(A(z, t)X) =n+ 1+ O(|X| +1), (X, Az, ) X) = | X|* + | X]PO(| X]| + 1), (4.10)
div(zy Az, t)X) = zp (div(A(z, 6)X) +a) =2, (n+1+a+O(|X|+1)). (4.11)
Next we consider the expression
2 ! _% ~
[t (1) (112)
o
= /x“ = o) div (A(z,t)Vv) + Zv + 8n+1v
ntl o 2t Tpil
div(A(z, ) X)) +a  ao’ (X, Az, )X) X2\ 717
+< I )T 162 sz )]

where g is to be chosen later. Then we estimate the integral (4.12) from below with an application
of the algebraic inequality

/P2+2/PQ§/(P+Q)2
where P and () are chosen as

a 2 _
P = Lot (ti/) Zv,
2 o

S

Q=ua t" (t%) de(A(x;é)X ) o - ) v+ div (A(z, t) Vo) + “f”“v
n+1
(X, Az, )X) —2X]°
16t2

To establish the Carleman estimate, we calculate all the terms coming from the cross product, i.e.
from [ PQ. We write

where

— div (A(z,t)Vv),

Jore(7)
()3

. /%ﬁ‘” (ta’)_ Zv ((X A t)X) \X|2) 5
Je(T)

16¢2 8t2

2 Zv a@nHv

2t Tnt1
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We start with the term Z;. We have

1
[t 21 div(A(z,t)X) +a ao’
I, = @ T — —Z
! /an (a) 2t U( 4t +a !
_/xa - to’ ‘%@ n+1+a+0(|X\+t)+a_o—’ ;
B il o 2t 4t o

1 1
n+l+a [, ot 2 _ (v? a [ . s (to\?  [V?
= 78 /zn—ﬂt p—2 <?> Z <5) + 5 /xn+1t K=2 <7) Z <?

1
which after employing the AM-GM inequality to the term [ ¢, ,¢7#7% (2Z) 2 Zv O(|X| + t)v can
be bounded from below in the following way

1 1
n+1l+a 0 auo [t 2 v? « 0 o [td"\2 v?
Il T /,’L’n+1t p=2 (7) Z (5) + 5 /xn—i-lt p=2 (7) Z (5) (413)
a —pu—2 to’ _% 2 0(1) a —u to’ _% |X‘2U2 2
—e [ ap qt — | Zv|* + — Tyt — 3 +0v7 ).

We remark here that e > 0 will be chosen in a way so that the term

1
to"\ 2
e [t (2] Czop

1
gets absorbed in 1 [ P?. We would also like to mention that the term X [ za ¢ (/)72 (‘XJ# + v?

A%

will be eventually estimated favourably by using the log-inequality stated in Lemma 4.2. See (4.37)-
(4.39) below. Therefore, we first engage our attention on the terms

1 1
n+1l+a 0 o [td'\ 2 v? a PP & T v?
S [ (T) 2 (5) ma g [ (5) 2 (5)

We choose 1 such that
divy (22 1t 72 Z(0,0)) = 0.
Note that Z(0,0) = X - Vx + 2t0,. This implies that

_n—1+a

5 (4.14)

0
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With such a choice of p, by integrating by parts and also by using (4.10) we then observe

n+l+a [, ., o[t i [

_ (n —|—116+ a) /:L’flﬂt_“_l

() (5 Leonx

Similarly we find

From (4.13), (4.15) and (4.16) it follows using Lemma 4.1 that the following inequality holds for all
a large

O\t
7, » a/zz+1t_“_l¥v2 - a/xi+1t_”_2|X|v2 —ac ! /t_ 28 v*(X, ) dX

1
to'\ 2
~e [t () iz

(4.17)

B\ 2
= Oé/xfl+1a_2a(t)¥ w2G—a/ 20 ()X | wPe —ao——2a(c)/ e
t=c

where all terms with sub-critical power in ¢ can be absorbed in « [ ¢

fH— 19()\15
+1
largeness of @ as observed in (4.7) above.

22002 by using the

Next we consider the term Z, which finally contributes the positive gradient terms in our Carleman
estimate. This is accomplished by a Rellich type argument. By integrating by parts and also by
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using d; v =0, we find

0 3 Zy P & o —3
I, = /ant a <7) 5 div (A(z,t)Vv) = /xn+1t # <7> ijZZI (aij(x,t)v)), v (4.18)
1 A
+ 3 /xzﬂt_”_l (7) (X, Az, t)Vv) div(A(z,t)Vo)
I 4 7 s u to'\ 2
= —/ant " <7) Z aijvjatvi—a/ n+11t K (7) Vpa1040
ij=1
[ P |
1 [t &
+ §/xn+lt ! 1(7) Z Xiaijv; (apqvq)p
,J,p,q=1
_1 —1 nt1
1 0 o [to\ 2 1 Lt T
= —§/$n+1t g <7> 9(Vv, AVv) +§/$n+1t g (7) Z:lvjvz'@taij
1,]=—
1
_[(to Zv a0 11V 1/ g [t 2
_ a 4—p (22 GOnt1V 2 a  4—p “ X,a;;0;
/xn+1 (U) o Tt 5 [ Tn1 pn ijzpq( @jV5) plipgVq
3 1

1 0 o ftd"\ 2 [to 1% to'\ 2
1 [t (1) () wvave - [arae () iwnav)

1 ')\ "2
e (‘Zé‘?) / 2%, (Vo, AV)(X, ¢) dX + O(1) /x;gHt—ﬂ Vol — 7, + K,
t=c

where

Jun

1 . to’\ 2
C = _5/ zl T 1 (7) Z (Xiaijvj)p Apgvq-

4,J,P,q

Using (4.10) and (4.11) we then obtain

1

o
K= _5 Tyt ! 7) (Xiaijv7)p apgvq (4.19)

1

2

4,3,0:4
_1
2

E (Xiaijvjp + 0ipaijvy + Xiaijpv5) apgvy

) ,7,0:4
1 a _N_l tO'/ _% 2
= —5 Z’n+1t ? |AVU| + ZXiUipaquq + Z X,-bijvjpapqvq + Z X,-aijvpvjapqvq
4,D,q 4,7,0:,q 4,7,0:q
L[ o [t , 1 1
=5 xy gt — |AVo|” + §X - V(AVov, Vo) + §<X’ B(X,t)V(AVwv, Vv))

O(|X])(AVw, Vv))
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Now by integrating by parts the integral —3 [a%,,t7# 1 X - V(AVwv, Vv), we obtain from above
that the following holds,

o

-1 N s
== 4 o /x;lz+1t_u_1 <t£) (AVv, Vv) +0(1) /xz+1t_“_1(\X| +1)|Vu)*.  (4.20)

where we also used that a;(X,t) = 0;; + b;;(X,¢). Since p = “=1*¢ from (4.18) and (4.20) we
obtain

3
1 to'\ "2 (to")’
Iz+I4=—1/fo+1t_“ (l) (l) <w,Avv>+0(1)/x;+1t—ﬂ—1(|X\+t>|vv|2 (4.21)

o o

1
1, [cd'(e)) 2 u
+ 3¢ K ( (0 ) /tzcan(Vv,AVv)(X, c) dX.
To express the above relation in terms of u, we first recall

X2 X

o= o5 (- T am

N/

3
We now consider the term —1 [ z2 #7# (1) 72 (1) (Vo, AVv). Using (4.22) and also (4.10) and
(4.11) we have

1 0 . [to
_Z/Emﬂu<;>

_3 ,
2 (to

(") v avy (123

’ X X 1x12
—2« o o — %
o (t) <Vw 4tw,A (Vw 4tw>>e

)
(1Y o (4w + KA L i wny)
)

Q

16t2 4t

o2 (t) <(Vw, AVw) — <7w

X,AX) L\
1622 c

/ /
<ta ) div (2., AX) w? et

[t 3 (o' B (X, AX) _1x2
_ a w27 s 2c N2 Tt
= /ant ( . ) ( . ) o (t) ((Vw,AVw> T ) e

A purely negative term in (4.23) above is

3
1 to'\ "2 [to")’ 2
- / 2l (i) (i) ()X, AX) w? e T (4.24)

o o
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This will be handled eventually after combining Z, with Z3 due to the presence of a similar term in
Zs. See (4.29) and (4.32) below. The boundary integral in (4.18) above, i.e. the term

lc—# co'(e)\
2 o(c)
can be treated in a similar fashion which finally results in
1, (co(c) ~3 u
3¢ a ( o0 ) t:can(Vv,AVv)(X, c) dX
1 ! 2 X, A(X 1 2
— §C—HO.—204(C> <CO’((§)) / n+1 <<Vw AV’UJ) < ) ( )> 2 4 n -+ +a'w2) 6_&
g(c t=c

16¢2 v 4c wax
2
+O(1) 162 (g) / 2 (X]+ Q) w? e 5E.

t=c

(ST

| amatveavoexo
t=c

[

Now a purely negative term in the above expression is

_1

**_—ic_“_%_zo‘c cole)) xs c w(X, ¢ e‘pif
I = @ (CE) 7 [ aatnaox) v e Fax @)

which will be taken care of by a similar term in (4.29). See also (4.33) below. Using (4.22) and also
by making use of the inequality (a + b)* < 2(a? 4 b%), we obtain

[t XV <2 [, e e R @Lx | Ve

(4.26)
1 a —pu—3 —2a 2
b [t o)X Pl
and
/zz+1t_“_lt|Vv|2 < 2/x3+1t_“0_2a(t)|Vw|26_4t (4.27)
1
+3 [t O Pl
Thus from (4.21)-(4.27) and also by using Lemma 4.1 we deduce the following estimate
7T 7T TH T - a 1—2a G(At) \V4 2G —2a a \V4 2G 4.98
otls—14y =Ly = [ 240 (t)T| w|” G+ co”*(c) - Ty |Vl (4.28)
0 smpel 2 | X[? | X|? Xy o . _IxP
—/ant nelg T2t <|X||Vw|2—l—Tw2+t—2w2 emw — ¢ e (e) t:C:)sn+1|X|w26 i

—0(1) / 28 20721 (| X |+ t) wle ot
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The only cross-product term from f P() which remains to be addressed is Z3. We have

1
(1’77 Zu [(X,AX) X
Ty= [a0, n(0) 20 (2R 1.2
3 /x““ <a) 2t< 162 stz )" (4.29)

1 o [(to! —2
=5 [ () T (xax) - 21x1) age

4 i/x;+1t—ﬂ—3 (ti/)_% (X, AX) = 2|X*) (X,AV(v?))

3 to"\ "2 1
IR [ (U)X AX) = 20X o (asing o= "

[NIES

to’

' (—)l((X,A(x,t)X>—2|X\2) v2+3—12/x;+1t—“—2 (—)_ (X, A X)v?

g

Now using

div (22, Az, )X) =n+1+a+ O(|X|+1) (4.30)
and also that ((X, AX) — 2|X*) O(|X|+t) = O(1) (| X|” + t|X]?),

we find

/

1
t -2
%ﬁ*“ / e (i) (X, AX) - 2[X[?) o (4.31)
g

D=

— 6_14 tr3 (t%) (X, AX) — 2| X|?) div (2, Az, 1) X) v°

1 0 s [t
= 3—2/xn+1t p=3 (—) (X, AX) — 2|1 X )

g

Nl

+O(1)/x;+1t—“—3\X|3v2 +O(1)/x;+1t—“—2\X|%2.

Similarly by using

(X, Az, ) X) — 2| X|? = —(X, A(z, ) X) + O(1)(| X|* + t| X *)
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we have
3

6i4/ ot 2< ) ’ <_) (X, A(z, 1) X) — 2|X|*) v* = I} (4.32)
(%) X PPv? +0(1 )/ N (%")'ﬁ

[t (1) < 21X o (4.3)

_'_O( n+1t pe2

and

(SIS

-5 (%)
=-I;" + O(1) C—H/

t=c

2 X[+ O(1) e / 2, X2,

t=c

where 7 and Z5* are as in (4.24) and (4.25) respectively. Thus using (4.31)-(4.33) in (4.29) combined
with the fact that (X, 4, X) = O(]X|?), we obtain

1

I; = 3—12/9:Z+1t_”_3 (’%‘l)_% ((X, AX) —2|X|* — —(X, AV((X, AX) — 2|X|2)>) v? (4.34)

/ !/
+O(1)/x3+1t_u_2|X‘2U2+O(1)/5Eg+1t_u_2 <tg) ‘X|3 2+ (1)/xi+1t—u—1 <ti) 2
o

—I§—I§*+O(1)/:c§§+1t‘“‘3\X|3vz+O(1) c_“_2/ 28 | X]P0* + 0(1) c_“_1/ 8 | X ]P0
t=c

t=c
Now using the largeness of ( ) and also the fact that
(X, AX) = 2|X]* = | X"+ 0(1) (IX ] + t[X]?),
(X, AV((X, AX) = 2|X ) = =2[X|* + O(1) (| X’ + t|X|?),
we find

1 0 aus [t
3—2/5€n+1t h (7)
12

2
:O(l)/xz+1t_“_2a_2a|X\2w2e_§—t +O(1)/ 2l e X Pwte

N

<<X, AX) — 2| X]? - %(X, AV((X, AX) — 2|X\2)>> v? (4.35)

Using (4.35) in (4.34) we thus deduce the following estimate

O(\t 2
I+ 1 + Iy :0(1)/xg+1a—2“ (t ) w?G + O(1 )/x;gﬂt—ﬂ 25720 X 2yt (4.36)

2
+0(1) / 28 02 X Pue T 4 O(1)0 2 (¢) ¢ / 0 X Pute i

t=c
+O(1)0‘2O‘(c)/ 8 w'G.
t=c

We now estimate all the error terms in (4.17), (4.28) and (4.36) above using the log inequality in
Lemma 4.2.
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Taking € = (A)2T#+2 and m = 1 in (4.5), we observe

2 X2 1/2 2 3 % 1 % 2
h=2| X e~ = 2th 3 (—' 4t| ) e~ < CrrTE [ ()etets 4 <2a +p+ 5) <10g E) e~ i

2a+N j2a —pu—3 1 % _1x?
<C| A Y+ atH e logﬂ e~

1 % 2
C <A2Q+Nt2a ) ()\t log E) t—“—%—f—t)

<C <A2“+Nt20‘ n @t—ﬂ—le—ﬁf) .

IN

Since o ~ t, it follows from the above inequality that the following estimate holds

1x |2

O(\t
a/xfl+1t_”_20_20‘|X|e_uw2 <C ()\2“+N/x2+1u2+5a/z2+1 ()

U_2O‘w2G) . (4.37)

Again by applying (4.5) with m = 3 and € = ()\t)zo‘ﬂ”% we obtain

3 3 3
: L IX[2\ 2 . . 2 1\?  xp
3 X Pe e = gr (—‘ 4t| ) e < O r3 ((At)%‘*“+3 + (a+u+ g) (10g _)\t) o )

<C (AQC‘*N 12 4 5 —H(jwt—“—le—ii)

and thus similarly as for (4.37), using (4.38) we deduce the following inequality

2
/$Z+1t_“_3a_2a\X|36_§_tw2 <C ()\20‘+N/:cfl+1w2 + 5a/x2+1@0_2aw2G) ) (4.39)

Also in an essentially similar way, we get

1x |2

G(\t
/x2+1t_u_10_2a(t)€_T|X‘ |Vw|2 =C <A2Q+N/x$z+1t‘vw‘2 +5/x3+1 (A1)

01_2Q|Vw|2G) .
(4.40)

Now we note that the other error terms such as O(1) [ 2%, 0~2?2y2G that shows up in (4.28)

and (4.36), da [ xz+1@0_2aw2G that shows up in (4.37) and (4.39) can be absorbed in the integral

o[t +1U‘2a@w2G in (4.17) provided ¢ is sufficiently small.

Likewise for small enough 8, the term & [ 2% "2 51-2¢|7w|2G in (4.40) can be absorbed in the

integral [ 22?2012 Vw|>G which appears in (4.28).
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We finally control the error term o=2*(c) [,__ 2%, @ |w|? G that appears in (4.36) in the following

way. We have

X 3
o) [ aaZh wr (a.41)
t=c c
—on) [ wa B kG [ w, Bl pe
By, t=c ¢ Bg, t=c c
—2a a |X 2 2 a2+ N a 2
< po (C) Lpt1 |'LU| G+ N%A LW (X> C)>
t=c c

t=c

where we used the estimate @G(X ,c)o(c)7?* < NN+ for 2 € B in the last line in the above

inequality. Finally the term po~2*(c) [,__ a2 H@ lw|? G is estimated by using the Hardy inequality

in Lemma 4.3 as follows

2
po2*(c) /t_ :EZH‘XT lw|* G < Cpo=2*(c) (/z2+1w2G—l—c/z‘fl+l|Vw|2G) : (4.42)

Now the term Cpo2*(c)e [ 22, |Vw|*G can be absorbed in the integral co™2*(c) [_, %4 V|’ G
in (4.28) provided p is small enough. Thus from (4.12), (4.17), (4.28), (4.36) and (4.37)-(4.42), we
finally deduce the following estimate

O(At O(At
a/ To ( )a_2a(t) w® G +/ RTe A () u|Vw|2 G (4.43)
R1+1X[c,oo) t R1+1X[c,oo) t
—2« —p,—a e to’ _% 17,12 da a 2 2
= o ()t e, te” | — |Hw|” + a“ sup;, 2ty (w4t Vw]?) dX
Rfrlx[c,oo) g Rrrrl

+ 072 (c) {—c/ 28 [Vw(X,e)]” G(X,c) dX +a/ 28 lw(X,o)]* G(X,c) dX}.
t=c

t=c

The desired estimate as claimed in (4.6) follows from (4.43) above by using (4.7), the fact that

A ~ « and also that
1
x2 (to'\ "2 ~
/ /U‘za(t)t_“x;ile_)i_t <—) |Hw|?
R1+1X[c,oo) o

~ / o TP (), Hwl? 6.
Ri+1><[c,oo)

Now by a translation in time, we find from Lemma 4.4 that the following estimate holds.

Lemma 4.5. Let H be as in (4.3) where A(z,t) satisfies (4.1). Let w € C° (]BTI x [0, %)) be such
that 0w =0 on {xny1 = 0} where X = 5 for 6 € (0,1) sufficiently small. Then the following

Tn+1



A FRACTIONAL PARABOLIC INVERSE PROBLEM 33

estimate holds for all large a

a2/ 2l 1072 (t) w? G+ a/ 2l o2 (t) [Vw]? G, (4.44)
R x[0,00)

R x[0,00)

= / ol (), [Hw|? G, + a® supt>0/ 2y (W + 1| Vwl?) dX
Rfrlx[o,oo) B

n+1
RJr

+07%(c) {—c/ 2%, [Vw(X,0)” G(X,¢) dX+a/ 2l lw(X,0)]* G(X,c) dX}.
=0

t=0
Here o.(t) = o(c+1), Go(X,t) = G(X,t+¢) and 0 < ¢ < 2.
4.2. Some basic regularity estimates for the extension problem. We now gather some

important qualitative properties of the solution to the extension problem (3.1). We first note that
it follows from Theorem 3.1 that the following result holds.

Lemma 4.6. Let U be the solution to the extension problem (3.1) corresponding to u € H*. Assume
that H*u =0 in By x (—1,0) in the sense of Defintion 3.2. Then U is a weak solution to

div(z?, A(x)VU) = 2%, Uy in B x (—1,0),
0¢ U=0 at {r,+1 = 0}.

Tn+1

(4.45)

We refer to Section 4 in [11] for the precise notion of weak solutions. See also [13].

Proof. Step 1: Let U denote the even reflection of U across {,41 = 0}. See (4.51) below. We claim
that

/) |Lﬁﬂ%v@ﬁv¢de{/ |21 |*Udpd X dt, (4.46)
By x(—1,0)

By x(—1,0)

for all ¢ € C°(B] x (—1,0)). We first let
Ig:/ | (YT, V)dX dt.
B1 x(—l,O)ﬂ{\xn+1\>e}
Then by using the equation satisfied by U in {|z,.1| > €} and divergence theorem, we find
L:/) |21 |*Udpd X dt + A, + B, (4.47)
By x(—1,0)Nn{|xn+1|>€}

where

N 4.48
B, = fan:_e |Tp41]% O, Uz, —€,t)p(, —€, t)d X dL. (4.48)

Using (ii) in Theorem 3.1, we now show that A., B — 0 as ¢ — 0. We only show it for A, as the
arguments for B, is analogous. Now A, can be rewritten as

{Ae - Tn41=€ x?H—lﬁanrl (j(l‘, S t)¢<$, € t)dth

Ae = _/ $Z+18xn+1U($a €, t)¢($,0,t)dth—/ x?z+1axn+1U(za €, t)(¢($,€,t)—¢($,O,t))dth
Tn+41=€ Tn+41=€

Using ii) in Theorem 3.1, the fact that H*u = 0 in By x (—1,0) and also that ¢(-,0,-) is smooth
and compactly supported, it follows that as e — 0

/ 28 10, Uz, e, 1) (2, 0,t)dX dt — 0.
Tp41=€
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Now by using Fundamental theorem of calculus in z,, 1, we can write

(P(x,e,t) — P(x,0,t) = eh(x, €, t).

where 1 is smooth and compactly supported. Thus using inequality (3.15), Plancherel theo-

rem and Cauchy-Schwartz inequality, we find that the term fan:e 2h 10, Uz, 6,1)(0(2, €6, ) —
¢(x,0,t))dXdt can be estimated in the following way

/ 20 00 T e 0)(0(a, 1) — (0, 8))dX dt (4.49)
Tp41=€

HS(R”+1) — O, (450)

< Celullmsn1y X supgpr [[¥(+ 0, )]

as € — 0. Thus we find also by using iii) in Theorem 3.1 that A, and likewise B, — 0 as ¢ — 0
which establishes the claim in (4.46).

Step 2(Conclusion): Now given that (4.46) holds, by a density argument as in [35, Corollary
1.7] and also by using iii) in Theorem 3.1, it is seen that (4.46) holds for all ¢ such that V¢, ¢, €
U

We now state the relevant regularity result for the extension problem which is Lemma 2.2 in [12].
We refer to [39, Chapter 4] for the relevant notion of parabolic Holder spaces H*T® that appears
below.

Lemma 4.7. Let U be a weak solution to (4.45) in Bf x (—1,0] where A satisfies (2.2) and (2.3)
or equivalently (4.1). Then the extended function U which is defined as

(j(x, Tpi1) = U(x, Tpyq) for x,1 >0 (4.51)

U(:E, Tpa1) = U(x, —xpy1) for x,q <0 '
solves

div(|xn+1|“A(x)VU) — \xn+1\“at0 =0 (4.52)

in By x (—1,0], and moreover U € H' (B x (—1/4,0]) for all « > 0. Moreover, the H'*®
norm in Byjs x (—1/4,0]) can be estimated by C [y ., g |2ns1|*U*dXdt where C' depends on the
dimension, the ellipticity and the Lipschitz character of A.

Moreover by arguing as in the proof of Lemma 5.5 in [11], we have the following result regarding
the integrability of the second derivatives.

Lemma 4.8. Let U be as in Lemma 4.7 above. Then we have that the following estimate holds,

/ S (VU + [V TUP 4 U + a8y V(e Ua )P SC [ o 07X
Bf/zx(—1/4,o])

]Bl ><(—1,0]
(4.53)
where C' has a similar dependence as in Lemma 4.7 above.
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As previously said, for notational purposes it will be convenient to work with the following
backward version of problem (3.2) in the cylinder B; x (0, 16]

2% 10U + div(z} A(z)VU) =0 in B} x [0,16),
U(z,0,t) = u(x,t) (4.54)
dp . U(z,0,t) =0 in By x [0, 16).

We note that the former can be transformed into the latter by changing t — —t.
We now introduce an assumption that will remain in force for the rest of the section up to the
proof of Theorem 1.3. When we work with a solution U of the problem (4.45) in B} x (—16, 0], we
will always assume that
/ 2% U(X,0)%dX > 0. (4.55)
B
As a consequence of such hypothesis the number
des St (—16.0 T U (X 1) ?d X dt

0
Jir 78 U(X, 0)2dX

(4.56)

will be well-defined. In the remainder of this work the symbol 6 will always mean the number
defined by (4.56).

We now state and prove the relevant monotonicity in time result which is analogous to Lemma
3.1in [2].

Lemma 4.9. Let U be a solution of (4.54). Then there exists a constant N = N(n,a, A) > 2 such
that Nlog(NO) > 1, and for which the following inequality holds for 0 <t < 1/Nlog(N®)

N | ap UX,t)%dX > / 22, U(X,0)%dX.
By B

Proof. Let f = ¢U, where ¢ € C3°(By) is a spherically symmetric cutoff such that 0 < ¢ < 1 and
¢ =1 on By),. Since U solves (4.54) and ¢ is independent of ¢ and symmetric in x,41, it is easily
seen that the function f solves the problem

x84 fr + div(ze,  Vf) =228 (VU, Vo) + div(z?, Vo)U in B} x (—16,0],

f(2,0,t) = u(z,t)¢(x,0) (4.57)
e . flx,0,t) =0 in By x [0,16).

Again since ¢ is symmetric in x,,1, we have J,,1¢ = 0 on the thin set {z,.; = 0}. This fact
and the smoothness of ¢ imply that d’—; be bounded up to {y = 0}. Therefore we observe that the
following is true

{supp(Vcb) N{zn41 >0} CBS \ By, (4.58)

|diV(fE?L+1v¢)| < Cx?ri-l 133\]3;/2’

where for a set E/ we have denoted by 1 its indicator function.
We now fix a point Y € R’}FH and introduce the quantity

H(t) = / 10 F(X 87, X, 1)dX,
Riﬂ
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where G is as in (3.25). We note that for t > 0, G = G(Y, -) solves
div(zy V@) = x5, ,0,G. (4.59)

Before proceeding further, we remark that in the ensuing computations below, the formal differen-
tiation under the integral sign and the integration by parts can be justified by an approximation
argument by first considering the integrals in the region {x, 1 > €} and then by letting ¢ — 0 using
the regularity estimates in Lemma 4.7 and Lemma 4.8. Thus in view of this, By differentiating H’,
we observe using (4.59) that the following holds

H“O==?/ <ﬁﬂfﬁ9+l/xa$ﬂ&g (4.60)
R+

_ 9 /  FRG+ [ fdiv (et Al )VG)
R

+ R+t
=2 / VY ($Z+1ft + div ($?L+1A($a t) - Vf)) + 2/$Z+1g<vf> Az, )V f).

For Y € B, we now claim that the following estimate holds

I ;=2 / fG (28,1 fe +div (28 1 Az, t) - V) > —Ne_l/Nt/ 2t UPdXdt, (4.61)
B, x(—16,0]
for some universal N. We argue as in [2]. In order to establish (4.61), we need the following
asymptotics of Jo_1 which asserts that there exists C (a),c(a) > 0 such that

]anl(z) < C’(a)zanl if 0<z<c(a), Ianl(z) < Cla)z"Y2e* if 2> ¢(a). (4.62)

See for instance [37, formulas (5.7.1) and (5.11.8)]. We then write the integral on the left hand side
in (4.61) as I} + I?, where I} is integral on the set A = {X € R"™ | 2,119 11 > 2tc(a)} and I? is
the integral on the complement A, of A. We want to bound I; by appropriately bounding G from
above in each of the sets A and A.. In this respect it is important to note that in view of (4.57)
and (4.58), the integral in the definition of I; is actually performed in X € Bj \]B%g,f/2 and on such
set we have for every Y € B

1

SSIX-vi<s, (4.63)
Our objective is to prove that when Y € B, X € BJ \ B, and 0 < t < 1, the following bound

3/2
holds for some universal M > 0

G(Y,X,t) < e . (4.64)
To prove that (4.64) holds when X € AN (BJ \]B;ﬂ) we argue as follows. Since for X € A we have
fetidnil > ¢(a), by the second inequality in (4.62) we have
Tn+1Yn+1 Tn+1Yn+1 —1/2 Q”n+1?:n+1
Lis (T) < C(a) (7% ) e (4.65)

Consider first the case —1 < a < 0. Since for X € BJ and Y € BY we trivially have =¥ < 2

in such case we have (%)_a/2 < 27%/2¢%/2 Using this estimate and (4.65) in (3.26), we obtain

_ (yn+1*$n+1)2

Pa(Yni1, Tni1, 1) < C(a)t™ e =
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Combining this bound with (3.30) we infer that for Y € Bf and X € A

2
_ \x*y\z _ (Yn41—Tn41)

G, X, t)<Ct "2 e Mi T (4.66)

On the other hand if @ > 0, then we have (%)_a/2 < c(a)~*? for X € A. Using this
estimate and (4.65) in (3.26) we find

a4l (Unt1—Tni1)>

pa(yn+17$n+1,t) < C**(a)t 2 e a
Combining this bound with (3.30) we infer that for Y € Bf and X € A

2
ntldta _ le—yl?2  Wnt1—Tny1)

GY, X,t) <Ct "2 e Mt i . (4.67)
From (4.66) and (4.67) and (4.63) we conclude that when Y € Bf, X € AN (B; \ B;),) and

n+l+a
2

0 <t <1, the following bound holds for some universal C' > 0 and for [ = max{"TH,
G(Y,X,t) < Ctle .
From this inequality above, (4.64) immediately follows when X € AN (B; \B;/z). If instead

X e A.n (B \]B%;/z), keeping in mind that on the set A, we have =+l < ¢(a), by the first
inequality in (4.62) we obtain that for all a € (—1,1)

a—1

Tn+1Yn+1 Tn+1Yn+1\ 2
oy (Pt < ) (Testben)
Ty ) ST

Using this in (3.26) we find

2 2
a+l _ Ynt1tTh41 atl _ Wng1—ong1)?

Pa(Yn+1; Tny1, 1) < Cla)(2t)" 2 em < CP(a)t™ 2 e g

Combining this bound with (3.30) we again conclude that for Y € B, 0 < ¢t < 1 and X €
Ac N (B3 \ Bj),)

n+l+a 1

GY,X,t) <Ct™ 2 e ct.
Thus we find that (4.64) holds. Now using (4.64) in the definition of /; and also by using (4.57)
and (4.58) we finally obtain

Bl < Ceste [ an, (VUL+ 0 0]
BQ
We can now appeal to the L> bounds for U, VU, U, as in Lemma 4.7 to finally conclude that for
every Y € B and 0 < ¢ <1 the inequality (4.61) holds.
Using (4.61) in (4.60), we obtain

H'(t) > —Ne /M / z8  U*dXdt. (4.68)
B, x(—16,0]
Now from the approximation to identity property (3.29) it follows that
limy_,o+ H(t) = U(Y,0)% (4.69)
Using (4.69) in (4.68) we obtain
H(t) > U(Y,0)> — Ne YN / 28 U*dXdt. (4.70)
B, x(—16,0]
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Now by integrating (4.70) with respect to Y in B, exchanging the order of integration and using
(3.28) we obtain

/ 28 U(X,1)%dX 2/ 28 U(X,0)%dX — Ne_l/Nt/ 28, UPdXdt. (4.71)
B By B x(—16,0]

Note that in (4.71) above, we have renamed the variable Y as X. Now from the L* bound on U
as in Lemma 4.7 that the following estimate holds

/ 28 U(X,0)%dX < C / 2t UPdXdt. (4.72)
B+

| B x(—16,0]

Note that (4.72) in particular implies that § as defined in (4.56) is bounded from below away from
zero. Now if we let

1
t< ———— 4.
~ Nlog(2N6)’ (473)
then we find from the definition of  in (4.56) that
1
Ne l/Nt / 2l UPdXdt < = / 28 U(X,0)%dX. (4.74)
B, x(—16,0] 2 B
Using (4.74) in (4.71) we have
; / 20 U(X, 12X > / 20 U(X,0)%dX, (4.75)
By BY

for all t satisfying (4.73). Thus by letting 2N as our new N, we find that the conclusion of the
lemma follows. O

Now given the Carleman estimate in Lemma 4.5 and the monotonicity result in Lemma 4.9, using
Lemma 4.7 and the integrability of the second derivatives as in Lemma 4.8, one can now repeat the
arguments as in [22, pages 11- 13] ( see also [2]) to assert that the following conditional doubling
inequality holds under the assumption (4.55).

Theorem 4.10. Let U be a solution of (4.54) in B} x [0,16). There exists N > 2, depending on
n, a for which Nlog(NO) > 1 and such that:
(i) Forr <1/2, we have

/B | TanU(X, 074X < (NO)Y /B 2%, U(X,0)%dX.
Moreover forr < U\/W the following two inequalities hold:
(i)
/IBS+ < [0.47%) ry U(X, t)?dXdt < exp(N log(N6)log(N log(N6)))r? /IBS+ xZHU?(X’ 0)dX.
(iii) T
/]B+ o) 28 U(X,t)?dX dt < exp(N log(N0) log(Nlog(NQ)))/ 20 U(X, 1)*dXdt.

B, x[0,r2)
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4.3. Proof of Theorem 1.3. With Theorem 4.10 in hand, we now proceed with the proof of
Theorem 1.3 by means of blowup argument inspired by that in [2] and [11].

Proof of Theorem 1.3. Without loss of generality, we assume that A(0) = I and also that u € H?
solves H*u = 0 in By X (—16,0] and vanishes in By x (—16,0]. It suffices to show that for the
solution U to the extension problem (4.54) ( by changing ¢t — —t), we must have

U(X,0)=0, for every X € BT . (4.76)

Once (4.76) is proven, we then note that, away from the thin set {z,,,; = 0}, U solves a uniformly
parabolic PDE with Lipschitz coefficients and vanishes identically in the half-ball Bf. We can thus
appeal to [9, Theorem 1] to assert that U vanishes to infinite order both in space and time at
every (X,0) for X € Bf. At this point, we can use the strong unique continuation result in [23,
Theorem 1] to finally conclude that U(X,0) = 0 for X € Rt Letting ,,,; = 0, this implies
u(x,0) = U(x,0,0) =0 for z € R™. Similarly, we can show that u(-,¢) = 0 for all ¢ € (—16,0) and
thus Theorem 1.3 would follow.

Therefore we are left with establishing the claim in (4.76). We argue by contradiction and
assume that (4.76) is not true. Consequently, (4.55) does hold and therefore we can use the results
in Theorem 4.10. In particular from (i) in Theorem 4.10 it follows that [y 25, ,U(X,0)*dX > 0
for all 0 < r < 5. From this fact and the continuity of U up to the thin set {z,4; = 0} we deduce
that

/ xZHUdedt > 0, (4.77)
B x[0,r2)

for all 0 < r < 1/2. Moreover, the inequality (iii) in Theorem 4.10 holds, i.e. there exist ry and C
depending on # in (4.56) such that for all » < ry one has

/ 28 U%dXdt < C / zt U?dXdt. (4.78)
B x[0,r2) Bj/zx[o,r2/4)
From this doubling estimate we can derive in a standard manner the following inequality for all

T
7’§2

M
/ 20 UPdXdt > 20 U%dXdt,
B, x[0,r2)

IBS;rOX[O,rg)
where M = log, C. Letting Co = & [+ < [02) U%y*dX dt, and noting that Cy > 0 in view of (4.77),
ro X 1V5T0
we can rewrite the latter inequality as

/ U?y*dXdt > Cor™. (4.79)
B;T x[0,r2)

Let now 7; N\, 0 be a sequence such that r; < r, for every j € N, and define
U(r; X, r?t)

U(X, 1) = -
(T;jb+13+a f]B;rJ X[O,T’JQ-) x%_;’_ledth)

Note that thanks to (4.77) the functions U;’s are well defined. Furthermore, by a change of variable,
we note

/ xh (UZdXdt = 1. (4.80)
B x[0,1)
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Again by a change of variable and by using the doubling inequality (4.78), we have for all j

/ ah G UZdXdt > O (4.81)
Bf/Qx[0,1/4)

Moreover U; solves the following problem in BY x [0, 1)

div(z¢,  A(rjz)VU;) + 28 ,0,U; = 0,
0% Uj(x,0,t) =0.

Tn+1

(4.82)

From (4.80) and the regularity estimates in Lemma 4.7 and Lemma 4.8 we infer that, possibly
passing to a subsequence which we continue to indicate with U;, we have U; — Uy in H 1+°‘(IB%;/ 4 X
[0,9/16)) up to {z,+1 = 0}. We infer in a standard way by a weak type argument that the blowup
limit Uy solves in B, x [0,9/16)

div(y*VU, *0,Uy =0
{ 1V(y V 0) +y tY0 ) (483)

9 Up(x,0,t) = 0.

Tn41

Since U(x,0,t) vanishes identically in By x [0, 16), it follows on account of uniform convergence of
Uj’s to Uy that Up(x,0,t) =0 in Byjs x [0,1/4). On the other hand, from the uniform convergence
of Uj’s in IB;’/Q x [0,1/4) and the non-degeneracy estimate (4.81) we also have

/ 2t UgdXdt > C (4.84)
B, x

Fox[0.1/4)

and thus Uy # 0 in IB;’/Q x [0,1/4). This violates the weak unique continuation property in Theorem

1.4. Therefore (4.76) must be true. Now in view of our discussion after (4.76), we find that the
conclusion of the theorem thus follows.
O

5. APPLICATIONS TO CALDERON INVERSE PROBLEMS

In this section, we obtain the unique recovery result of the potential ¢ as in the initial-exterior
problem (1.1) from the nonlocal DN map (1.3). We rigorously define the DN map introduced in
(1.3) and then derive an Alessandrini type identity in this context. This will be followed by the
Runge approximation result which will be a byproduct of unique continuation result Theorem 1.3.
This is similar to that in [29] and [18]. As previously mentioned in the introduction, such a Runge
type approximation argument allows to bypass the method of CGO solutions and this aspect is
quite specific to nonlocal problems. In this section, we closely follow the approach in [18]. We start
by defining the abstract trace space as follows

X = H* (R x [-T,T]) \ Hy,.

The norm in X is defined in an analogous way as (2.10). Before moving on to the definition of the
DN map, we would like to stress the fact that the solution u in (1.1) corresponding to f € H*(R™ ")
depends only on f|g, where Q. = €, x (=1,T) which can be seen as a consequence of uniqueness
and the weak formulation in Definition 3.2. To emphasize the dependence of the solution on the
data, we declare uy and u} to be the solutions of (1.1) and (3.38) respectively for the exterior value
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f. The following proposition below constitutes the rigorous definition of the DN map analogous to
Proposition 3.5 in [18]. This crucially relies on the well-posedness which is accounted by (1.2).

Proposition 5.1 (The DN map for H* + ¢q). Let s € (0,1), T > 0 and Q be a bounded open set in
R* n>1 and let Q = Q x (=T,T). Further assume q € L*(Q) satisfies the eigenvalue condition
(1.2). For f,g € H*(R" x [T, T)), we define

(Al f]; [gl)scexx = By(uy, g)-
Then Ay : X — X* is a bounded operator.

Proof. First we need to justify well-definedness of A,. For that, we consider f’ € [f] and ¢’ € [¢] or,

(Ag[f'], [9'])x*xx. In this regard, we notice
By(upig, 9+ 1) = By(usig, 9) = By(uy, 9)

where the above implications follow directly from the weak formulation of (1.1) and the fact that
us depends only on f|g,. Moreover from (3.32) we find

(A, [9])xsxx| < C f + llasex -1,y |9 + Y ll3es @ x-717)
where the constant C' > 0 is independent of the choices ¢, € ]H% This implies A,[f] € X* with
[Agllx—x+ < C. O
Following the natural pairing, we define the DN map for the adjoint problem (3.38) as
([f], Al = (Aq[f], [9])sxx. (5.1)

We also note that if u} € H*(R"*") solves (3.38) corresponding to the exterior data g € H*(Q.)
then we have

([f1, ALl s = By(f,uy) (5.2)

which follows from the variational formulation of the problems (1.1) and (3.38).
We now state and prove an Alessandrini type identity in our context which plays an essential role
in proving the uniqueness result.

Lemma 5.2 (Integral identity for H® + q). Let s € (0,1),T > 0 and Q be a bounded open set in
R™. Furthermore, let q1,q2 € L™(Q) be such that the eigenvalue condition (1.2) holds. Then for
f,g € H*(R™ x [-T,T)), we have

(Ags — D) 1], [0 = /Q (@1 — @)upic,

where uy solves the problem (1.1) for q = q1 associated to the exterior data f and v is a solution
to (3.38) when q = qo corresponding to exterior data g.

Proof. From the adjoint property (5.1), its characterization in (5.2) and also by using the fact that
uy € [f],u} € [g], we find

(Mg = Ago) [T, [gD e sx = (Aqu [, [9D)xexex = ([T, Aglg]) s
= Bth (uf7 u;) - BqQ (uf7 u;)

= /(Ch - Q2)ufu2-
Q



42 A FRACTIONAL PARABOLIC INVERSE PROBLEM

O

The final step in the uniqueness proof is the following density result where we crucially use the
weak unique continuation result Theorem 1.3. We remark here that the unique determination result
(1.1) only requires the density with respect to L? norm. But we eventually need the approximation
result in ]H% for recovering both the first and zeroth order perturbations in Theorem 1.2. With an
intent to omit a similar discussion for the (b, ¢) case, we present a general approximation result (in
]H% topology) for the case when b = 0.

Theorem 5.3 (Runge approximation for H® + ¢). Let s € (0,1) -0 and Q be a bounded open
set in R™. Consider W to be a bounded open set in R™, such that W = 0. Then the set

Dy(W) ={us = f; [eCF(Wx(=T,T))}

7>
an

s dense in ]H% where Q = Q x (=T1,T) and uy is the solution to (1.1) corresponding to f.

Proof. The proof is similar to that in [29] given the validity of Theorem 1.3. Invoking the Hahn-
Banach theorem, it suffices to show that there is no non-trivial F' € (]H%)* which satisfies

(Foup— f) =0, YfeC®(W x (=T,T)). (5.3)

In order to establish (5.3), we first construct ¢ € ]H% solving the adjoint problem

(M +q(x,t)o=F, inQ
¢(x,t) =0, in Q., and for t > T.

Then the weak formulation (3.38) together with (5.3) implies

0= (Fup— f) =By (us = f,9). (5.4)
Now using the weak formulation for us, we find that
B, (uf, ¢) =0, (5.5)
since ¢ = 0 in .. Therefore it follows that
B, (f, ) =0 (5.6)
forall f € Cg°(W x (=T,T)). Since f is supported in W x (=7",T"), thus from (5.6) we deduce that
Hip=0, ¢=0, inWx(=T,T). (5.7)

Now in view of the change of variable in (3.39), we can invoke Theorem 1.3 to conclude that ¢ = 0
in R"*! which then implies that /' = 0. This finishes the proof of the Theorem. 0

With the Runge type approximation result as in Theorem 5.3 in hand, we now proceed with the
proof of Theorem 1.1.

Proof of Theorem 1.1. Let us fix some ¢ € C5°(Q) and also let W5 and W5 be as in Theorem 1.1. We
also let ¢ € C§°(Q) such that ¢ = 1 on supp(¢). By virtue of Theorem 5.3, for k = 1,2 and j € N,
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there exists exterior values (for both the forward and adjoint problems) f;, € C5°(Wy x (=T,T))
for which

(H+q)ujn = (Hi+@)uj, =0, inQ,
ujr(z,t) = fia(x,t), and ujy(z,t) = f2(2,t), in Q,
ujrli<—r = 0, and u}o[;>r = 0,
ujr— fign=¢+rj1, Wiy — fia=1v+r)2,
such that

1751

Plugging these solutions into the Alessandrini type identity in Lemma 5.2 and by using
Ao ([FDlwox—rry = Daa([f51D Iy w71y @nd also that fj € C5°(W x (=T, T)), we obtain

]H%—>0asj—>oofork:1,2. (5.8)

/(q1 — q2)ujauy, dodt =0,  for j € N. (5.9)
Q
Now since f;, =0 in @, by letting j — oo and by using (5.8), we find that (5.9) reduces to
[ @ = a0 dade =
Q

Since this is valid for any ¢ € C5°(Q), we deduce that ¢; = ¢ in ). This finishes the proof of the
theorem. U

Now we prove Theorem 1.2. The rigorous definition of the DN map and derivation of related
integral identity along with Runge approximation result are exactly similar to the ones discussed
for the ¢ case. For this reason, we choose to skip the details and merely mention the statements in
this setting. The only part different from the previous discussion is the determination of b and ¢
simultaneously. To accomplish that, we follow the strategy in [18] by determining ¢ first and then
use it to recover the drift term b. Throughout we assume that (1.5) holds.

Proposition 5.4 (The DN map for H® + (b, V) + q). Let s € (%, 1) ,T >0 and Q be a bounded
Lipschitz open set in R™. Further assume that b € L™ ((=T,T); W1=5>(Q)), q € L*(Q). For
f,g € H3(R™ x [-T,T]), we define

(Noql 1 (90 = Bogluy, 9)-
Then Ay, : X — X* is well defined and is a bounded operator.

Lemma 5.5 (Integral identity for #* + (b,V,) +q). Let s € (3,1),7 > 0 and Q be a bounded
Lipschitz open set in R™. For q1,q € L>(Q), by, by € L™ ((=T,T); W=5°(Q)) and f,g € H*(R" x
[—T,T)), we have

(Aar — Do) 1), [0 = /

Q

Theorem 5.6 (Runge approximation for H® + (b, V,) + ¢). Let s € (3,1),T > 0 and Q be a
bounded Lipschitz open set in R™ and W be a bounded open set in R™, such that QN W = 0. Then

the set

((by = ba), Vyuy) uy + / (@1 — g2)usuy.
Q

Dyog(W) =A{us = f; f € G (W x (=T,T))}



44 A FRACTIONAL PARABOLIC INVERSE PROBLEM

18 dense in ]H%

Proof of Theorem 1.2. Let ¢,v € C3°(Q) be such that ¢» = 1 in supp(¢). Thanks to Theorem 5.6,
for k =1,2 and j € N, we can choose the exterior values f;; € C5°(W), x (=T1,T)) for the forward
and adjoint problems in a way so that

(H* + (b1, V) + @) g = (HS + (b, Vo) + o) wly =0, in @,
uji(x,t) = fi1(z,t), and u;z(:c’t) = fia(z,1), in Q.,
Uj1]i<—r =0 and u;2|t2T =0,
where
ujr— fia=v+rjand uj, — fjo =+ 1) (5.10)
with 7} € H and

75| HL 0asj— oo fork=1,2. (5.11)
Proceeding as before, using that Ay, g, [fjilly, « 77y = Mbsiae 1]y« (_7.1)» We find from the integral

identity Lemma 5.5 that the following holds

/((bl — ba), Vauj) uj, dedt + / (@1 — q2)ujuj, dodt = 0. (5.12)
Q Q

Now we analyze the term fQ<(bl —by), Vauja) ), dedt. Using (5.10) and the fact that Vi) =0 on
the support of ¢, we find

bl — b2 ,VIU]'J U;z = bl — b2 ,Vx’l“jﬂ ’f’j72 bl — bg ,Vx’l“j71 . .
A« ), V) A« ), Varsa) +A« ), Vars) & (5.13)

We show that both the integrals in (5.13) converges to zero as j — oo. Arguing as in (3.42), we
observe

'/ ((br = 02), Varjn) 72| =gl [l7y 2/l
Q
and similarly
[0 =8, 9u130) o] = sl ol
Q
Therefore using (5.11) we can conclude that
hm <(b1 - bg), un]'71> u;z = 0. (514)
j—o00 Q ’
Using (5.14) in (5.12) we deduce
lim [ (q1 — g2)ujau;, dzdt = 0. (5.15)

J]—00 Q

By following the proof of Theorem 1.1, we get that (5.15) reduces to

[ @~ a0 dadt =
Q
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Since ¢ € C°(Q) is arbitrary, we thus have ¢; = ¢ in Q.

We now uniquely determine the drift term. We first choose some ¢ € C§°(Q) and then fori = 1,2
and k € {1,2,....,n}, we choose ¢;; € C5°(Q) in such a way that

Go = ¢ and ¢y, = x;, on supp(Pa ). (5.16)

Thanks to Theorem 5.6, we can find fj’-fl e CP(W, x (=T,T)) for k € {1,2,..,n},j e NI =1,2 and

k

i1 u;kg } to the forward and adjoint problems associated to the exterior data f;’fl such

solutions {u
that

*,k
Uil - fj]'f1 = ¢1r+ T;?,la and Ujo — fjl'c,z = Qo + T§,27
where {75} satisfies the limiting condition in (5.11) as j — co. Now given k € {1,2,...,n}, using

the identity in Lemma 5.5 along with the fact that ¢; = ¢» in @), we have

0= /Q (b1 — Do), Vb ) up® = /Q (b1 — b2), Vi) due + /Q (b1 — b2), Vadii) 7%,

T / (b1 — ba), Virt ) o+ / (b1 — ba), V) 7%,
Q Q

k |]H% =0for/=1,2and k € {1,2,..,n}, we notice as before that

Jl

Using lim ||r
j—o00

lim | ((by — ba), Vat1 k) r;.iz = lim [ ((by — by), vmr;il) Gor = lim [ {(by — by), vwrjg r;fg =0

Jj—00 Q J—00 Q Jj—o0 Q
which then implies
/<(b1 — bg), qubl,k) ¢2,k dl‘dt = 0 (517)
Q
Now using (5.16) in (5.17) we find

/(b1 — by)k(z, t)p(x,t) dedt =0, for k € {1,2,..,n}.
Q
Since ¢ € C§°(Q) is arbitrary, we can thus infer that by = by in Q. O
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