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LIOUVILLE-TYPE THEOREMS FOR STEADY SOLUTIONS TO THE
NAVIER-STOKES SYSTEM IN A SLAB

JEAHEANG BANG, CHANGFENG GUI, YUN WANG, AND CHUNJING XIE

ABSTRACT. Liouville-type theorems for the steady incompressible Navier-Stokes system are
investigated for solutions in a three-dimensional slab with either no-slip boundary conditions
or periodic boundary conditions. When the no-slip boundary conditions are prescribed, we
prove that any bounded solution is trivial if it is axisymmetric or ru” is bounded, and that
general three-dimensional solutions must be Poiseuille flows when the velocity is not big in
L°° space. When the periodic boundary conditions are imposed on the slab boundaries,
we prove that the bounded solutions must be constant vectors if either the swirl or radial
velocity is independent of the angular variable, or ru” decays to zero as r tends to infinity.
The proofs are based on the fundamental structure of the equations and energy estimates.
The key technique is to establish a Saint-Venant type estimate that characterizes the growth

of Dirichlet integral of nontrivial solutions.

1. INTRODUCTION AND MAIN RESULTS

It is well known that every bounded harmonic function on R™ is constant. This is the
classical Liouville theorem for Laplace equation. Such a kind of results was later generalized
to many other partial differential equations. It has played an important role in analyzing
singularity and classification of solutions for PDEs, etc. In this paper, we are interested in
the Liouville-type theorem for solutions of steady incompressible Navier-Stokes system,

o —Au+(u-V)u+ VP =0, in €,
1

V-u=0, in €,
where u = (u', u?, u?) is the velocity field, and 2 is the slab R? x [0, 1] with no-slip boundary
conditions
(2) u=0 at 3 =0 and 1,

or with the periodic boundary condition in x3. In the latter case, we may denote the domain
by R? x T and regard the flows as periodic flows in one direction.
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Note that the solutions of () in R? x T can also be regarded as solutions in the whole R3.
The existence of solutions for ({IJ) in an exterior domain {2 satisfying

(3) / |Vul|*dr < oo
Q

was studied by Leray in the pioneering work [18]. A solution to () in an exterior domain or
the whole space is called a D-solution if it satisfies ([B]). With the aid of the maximum principle
for the vorticity, a Liouville theorem for D-solutions of two-dimensional steady Navier-Stokes
system in the whole plane was established in [10]. A longstanding open problem is whether a
three-dimensional D-solution in an exterior domain with homogeneous boundary conditions
or in the whole space must equal to 0 when it tends to zero at far field (cf. [9]). When
Q) = R3, there are a lot of studies for this problem. It was proved in [9, Theorem X.9.5] that
the D-solution must be zero provided u € L%(Rg). There are quite a lot of progress along
this direction in recent years, one may refere to [4,[6L[15,21] and references therein.

The cylindrical coordinates are convenient to study the Navier-Stokes system. Here we
first introduce the cylindrical coordinates (r, 6, z) defined as follows

(4) x1 =1rcosl, xy=rsinf, and 3=z

And we write the components of the velocity w as follows: u = u"e, + u’ey + u”e, where
u”, u?, and u* are called radial, swirl, and axial velocity, respectively, with

e, = (cosf,sinh,0), ey = (—sinf, cosd,0), and e, = (0,0,1).

We sometimes use Cartesian coordinates (1, zo,x3) with (u!,u? u?) and, other times,

% w?). If no confusion arises, we may write

use cylindrical coordinates (7,0, z) with (u",u
x5 and z interchangeably to indicate the third coordinate. Likewise, we may use u® and v*
interchangeably to represent the third component of the velocity u.

0

A solution w is called an axisymmetric solution if all the components u”, u’, u* are inde-

pendent of #. In the cylindrical coordinates, the Navier-Stokes system ([I]) can be written

1 r
- (AT’,G,Z - ﬁ) u,
1
P = <Ar,€,z - _2> ugj
T

as
(

(wor+ a9+uzaz)u

<7”a —l-tag—i-uzaz) u?
<"8 +tag+uzaz W O.P = A gr,

8u + 89u —l—@uz—i——: ,
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where
Avg. =0+ %& + %83 + 2.

The Liouville-type theorems for axisymmetric D-solutions were established when the point-
wise behavior for the velocity field or vorticity is prescribed at far field, see [3,15,26] and
references therein.

As pointed out in [23], a strong version of Liouville-type theorems for the steady Navier-
Stokes system in the whole space was conjectured by Seregin and Sverak: whether the
solutions w € H} (R3) N L>*(R?) must be constant vectors. A significant result in [7,[8,14]
asserts that every bounded axisymmetric steady solution with type I singularity for Navier-
Stokes system is trivial. This Liouville-type theorem also holds for bounded two-dimensional
solutions for steady Navier-Stokes system in the whole plane. Furthermore, the analysis on
ancient solutions of Navier-Stokes system in [I7] asserts that the bounded axisymmetric
steady solution in R? x T must be zero if the swirl velocity also decays as r~! at far field.

Very recently, the flows in a slab were studied in [21[3]. It was proved that the smooth
solution u of equation ([]) must be 0 if u satisfies either the no-slip boundary conditions (2))
together with ([B]) or that w is axisymmtric, periodic in the axial direction, and satisfies (3]).
The results for the bounded periodic solutions were improved in [20] where both condition
@) and independence of @ for the swirl velocity u’ are needed. The Liouville-type theorem for
flows in a slab with both no-slip boundary conditions and periodic conditions was obtained
under refined conditions in [23].

In this paper, we focus on the Liouville-type theorem for flows in a slab. Our first result is
on the axisymmetric solutions of steady Navier-Stokes system in a slab with no-slip boundary
conditions.

Theorem 1.1. Let Q = R? x (0,1) and w be a smooth axisymmetric solution of the Navier-
Stokes system ([Il) with no-slip boundary conditions ([2)). Then w =0 if
either (a)

(6) lim R'E(R) =0
R—+o00

where
1

(7) E(R) = / / \Vu|?de,dxydrs,
0 J{z?+z3<R2}

or (b)

8 lim R sup |u(R,z)| =0.

© dm R sup (B, 2)

There are a few remarks in order.
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Remark 1.1. Theorem [11 implies that any nontrivial axisymmetric solution (if it exists)
to the homogeneous Navier-Stokes equations in a slab should grow at least linearly.

Remark 1.2. The proof of Theorem[11] also shows that if w is a nontrivial solution to the
homogeneous Stokes equations in R? x (0,1) with no-slip boundary conditions, then E(R)
must grow exponentially. This phenomenon is quite similar to that for Laplace equation in
a slab.

Next, we state our results on general three-dimensional flows in a slab with certain as-
ymptotic constraints.

Theorem 1.2. Let u be a smooth solution to the Navier-Stokes system () in Q = R*x (0,1)
with no-slip boundary conditions ([2)). Then there exists an absolute number o € (0,1) such
that w = 0 if one of the following conditions holds:

(a)
(9) lim R™"E(R) =0

R—+00
where E(R) is defined in (D),

(b) u satisfies for some B € [0, 5],

(10) lim 77 sup |u(r,0,2)| =0 and sup FIW(r,0,2)] < co.
=00 0€[0,2m) (r,0,2)€Q
z€[0,1]

Remark 1.3. A direct consequence of Theorem[I.3 is as follows. Let w be a smooth solution
to the Navier-Stokes system ({I) such that

1
/ |Vu|?dz < oco.
0 Jre

Then w = 0. This is exactly [3, Theorem 1.1], which asserts that a homogeneous D-Solution
to the steady incompressible Navier-Stokes system in a slab with no-slip boundary conditions
must be 0. Hence Theorem [1.4 improves the results obtained in [3, Theorem 1.1].

Remark 1.4. As long as there is a number 3 € [0, 5] such that the conditions ([IQ) are
satisfied, w must be 0. In particular, we have uw = 0 when both w and ru” are uniformly

bounded, where the conditions (IQ) are guaranteed by B = 5.

Remark 1.5. The conditions in Case (b) of Theorem[1.3 also include another special case
that lim, o supy , [u(r, 6, 2)] = 0 and r'~2u" is uniformly bounded, where the conditions

(@A) are satisfied with 5 = 0.
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Remark 1.6. It should be interesting to get the optimal exponent o in (). From the proof
for Theorem[I.2, this optimal exponent should be related to the best constant for the Bogouvskii
map in Lemma 21

Remark 1.7. If w is only bounded, then the trivial solution w = 0 may not be the only
solution for Navier-Stokes system in a slab with no-slip boundary conditions. For example,
u = (z3(1 — x3), cox3(1 — x3),0) is also a bounded solution of () in a slab with no-slip
boundary conditions. These solutions are called Poiseuille flow in a layer. It is a conjecture
whether the bounded solution to the Navier-Stokes system must be a Poiseuille flow.

In fact, if w is not too big, we have the following Liouville-type theorem for general three-

dimensional flows in a slab.

Theorem 1.3. Let u be a smooth solution to the Navier-Stokes system (Il) in a slab R?x (0, 1)
with no-slip boundary conditions ([2)). Then w must be a Poiseuille flow of form (cix3(1 —

LU3), 02253(1 — 1’3), 0) Zf
(11) ]| o) < 7

Remark 1.8. The assumption on the upper bound of w in Theorem may not be opti-
mal. The current bound comes from the estimate ([[12)). It is still an open problem whether
Poiseuille flow is the unique bounded solution when ||[u|| =) is not small. When the domain
is a strip in R?, it relates to the resolution of the famous Leray problem for flows in infinitely
long nozzles, which is still a longstanding open problem. One may refer to [9[16,25] for more
discussion about this problem.

Remark 1.9. The proof of Theorem [I.3 shows that w must be a Poiseuille flow, i.e., u =
(crz3(1 — x3), car3(1l — x3),0), provided w is a bounded smooth solution to the homogeneous
Stokes equations in R? x [0,1]. Hence the Liouville-type theorem for the Stokes system in a
slab can be established even when the assumption () is removed.

Finally, we state our results on Liouville-type theorems for the steady Navier-Stokes system
in a slab with periodic boundary conditions.

Theorem 1.4. Let u be a bounded smooth solution to the Navier-Stokes system () in R*xT.
Then w must be a constant vector provided that one of the following conditions holds:
(a) ’
(b)
(c) ru” converges to 0, as r — +o0.
(d) [Je]l =) < 2m.

u? is azisymmetric, i.e., v’ is independent of 0;
u” 18 arisymmetric, i.e., u" is independent of 0;
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Furthermore, in all cases (a), (b), and (c), the only nonzero component of the velocity field
must be u*, i.e., the constant vector w must be of the form (0,0, c).

Remark 1.10. [t is clear that azisymmetric solutions satisfy the condition in case (a) of
Theorem [1.4. Therefore, any bounded azisymmetric solution periodic in the azial direction
must be of the form (0,0, c).

Here we illustrate the major methods of the paper. The key idea of this paper is to
establish various differential inequalities for the Dirichlet integral of w over a finite part (.
The idea dates back to the proof of Saint-Venant’s principle for solutions to equations of
elasticity in [I3|22]. This idea was also generalized to deal with linear elliptic equations
in [19] where the growth of Dirichlet integral for solutions was established. When adapting
the same idea to Stokes or Navier-Stokes system in a pipe, the presence of pressure term
causes serious difficulties. Inspired by the work [16], we develop a new form of the Bogovskii
map in Lemma 2] to estimate the pressure term in a careful and efficient way, utilizing
the structure of the Navier-Stokes equations. In particular, we make frequent use of the
improved estimates in ([I7). We would like to mention that the stream function can be used
to deal with axisymmetric flows, see [12]. However, it does not seem to work well with
general three-dimensional flows.

The organization for the rest of the paper is as follows. Some preliminary results on
Bogovskii map and differential inequalities are presented in Section 2l The proof of axisym-
metric solution in a slab with no-slip boundary conditions is given in Section [Bl In Section
[, we give the proof for Liouville-type theorem for general three-dimensional solutions in a
slab with no-slip boundary conditions. Finally, the Liouville-type theorem for the steady
Navier-Stokes system in a periodic slab is established in Section [G

2. PRELIMINARIES

In this section, we give some preliminaries. First, we introduce the following notations.
Define

Ly(Q) = {f: f e LP(Q), /Qfd:)::()}.
For any R > 2, denote D = (R — 1,R) x (0,1), Dp = (R — 1,R) x (0,27) x (0,1),

QOr = Brx (0, 1), and Og = (BR\BR—1> X (O, 1), where B = {(:L’l,LL’Q) cR?: LL’%—'—SL’% < R2}
For any & € R3, define B,(z) = {y € R® : |y — x| < r}. In the rest of the paper, ¢g(r)
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denotes the smooth cut-off function satisfying

1, r<R-—1,
(12) er(r)=<R—-r, R-1<r<R,
0, r> R.

Here we introduce the Bogovskii map, which gives a solution to the divergence equations.
The general form is due to Bogovskii [1, see also [9], Section II1.3] and [24, Section 2.8].

Lemma 2.1. Let Q be a bounded Lipschitz domain in R™ with n > 2. For any q € (1,00),
there is a linear map ® that maps a scalar function f € LL(Q) to a vector field V = ®f €
Wy 9(Q;R") satisfying

divV =/f and ||V||W01,q(9) < CEL DN fllLae)-

In particular, we have the following results.

(1) For any f € Li(Dg), the vector valued function V.= ®f € H}(Dg;R?) satisfies
OV"+0.V:=f inDg and |VV|2m < Clfllz2mm,

where V = (0, 0.) and C' is some constant independent of R.
(2) For any f € L*(Dg), the vector valued function V.= ®f € H}(Dg;R?) satisfies

OV + VP +0.V:=f inDr and ||[VV|2on) < C|lfllr2mn):

where V = (0, 0, 0,) and C' is some constant independent of R.

The constants in the estimates of parts (1) and (2) do not depend on R; indeed, for ®
given in Dg = D, we can define @y in Dp for general R as follows. For f € L2(Dg), it
holds that (7_gio0 f)(r,2) :== f(r—R+2,2) € L3(Dy) and V = ®(1_g. 90 f) € H}(Dy; R?).
Then (7p_20)V(r,z) =V (r+ R —2,z) € H}(Dr;R?) and we can define ®rf = 75,V

We will apply the Bogovskii map ® in a non-standard way. In a domain Opg, one can solve
the equation

(13) divV =f in Op
by utilizing the Bogovskii map ® in a standard way, which yields the estimate
(14) IVV 2205 < CR| fllz2(05)-

On the other hand, one can solve the same equation (I3]) with different estimates as follows.
Define a function g by g = rf(r, 0, z) in Dy and a vector field W = (W", WY W?) by

(15) Wr=rVr, W=V’ W?=rV* inDg
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Then using cylindrical coordinates, one can see that equation (3] is equivalent to the equa-
tion
owr  owe  ow*

(16) r + 90 + 92 =g ll’lDR.

Note equation (I3]) holds in O whereas equation (I6) holds in Dg. Applying the Bogovskii
map to solve the equation (I6) now yields an estimate of the gradient (0,, dy, d.)W in terms

of g, which, in turn, gives the following estimates:

1 1
H—%vz avr | <orR I lmon.
" 2og) N7 L2(OR)
(17) r z 1 0
10, 0)V || L20g) + 11(Or; 02)VZ || L2(0g) + ;89‘/ ) <O fllz20n);
L%(OR)

1(0r, 0:)V? | z2(05) < CRIIf|lz2(05)-

One can compare estimates (I7) to (I4]). All estimates in (7)) have constants with better
behavior with respect to R than (I4]) except the third one in (). We will use the Bogovskii
map P in this way rather than the standard way.

The second lemma is used to characterize the growth of functions which satisfy various
differential inequalities.

Lemma 2.2. Let ¢(t) be a nondecreasing nonnegative function and ty > 1 be a fived constant.
Suppose that ¢(t) is not identically zero.

(a) If ¢(t) satisfies

(18) (1) < CL (1) + Co [ (D)2 for any t > t,
then
(19) lim t3¢(t) > 0.

t—4o00

(b) If ¢(t) satisfies

(20) B(t) < Csd/(8) + Cot 2 [$ (D)) for any t > to,
then
(21) lim t*¢(t) > 0.

t—+o00

(c) If (ty) > 0 and there exist constants Cy > 1 and Cy > 0 such that ¢(t) satisfies

(22) o(t) < Citg/'(t) + Cot [¢/(1)]

(V[

for any t > tg,
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then for any fired 0 < o < —, one has
(23) o(t) > Ct*  for any t > to,
where C' = min {@t&a, ﬁ (a—Cl — 1) gg}
The proof for Case (a) of Lemma [22] can be found in [I6]. For readers’ convenience, we

give a short proof.

Proof. We prove the lemma case by case.
Step 1. Proof for Case (a). Assume that ¢(t;) > 0 for some ¢, > to. According to (I8]), it
holds that

(24) Cid (1) + Co[@ (D] > 6(t) > $(t) >0 for any ¢ > 1.

Hence there exists a positive constant «y such that

(25) &'(t) > ay for any t > t;.
Taking (25]) into (I8]) yields
(26) 6(t) < (Cra 2 + C) [F(D)]F  for any ¢ > t,

which implies (I9) finishes the proof for Case (a).
Step 2. Proof for Case (b). If ¢(t) satisties (20), as proved above, ¢(t) grows at least in
cubic order. Hence there exist a to >ty and a constant as, such that

(27) Cs¢/(t) + Cut ™2 [qb/(t)]% > apt®  for t >t

3

Hence for t > to, either Cy¢/(t) > %243 or Oyt ~3(¢/(t))? > %2> Therefore, there exists a
positive constant ag > 0 such that

(28) ¢(t) > asts for t >t
Hence one has
(29) B(t) < Cyag 8 [0/ (1)]F + Ot ™3 [¢/(1)]F < Cst~3 (¢ (1)]F,

which implies (2I)) and completes the proof for Case (b).
Step 3. Proof for Case (c). Note that Ct§ < 1¢(to). Hence there exists a § > 0 such that

o(t) > Ct*  for any t € [to, to+ 0).

Define
t =sup{s: ¢(r) > C7* for any 7 € (o, s)}.
Clearly, t >ty + > 1. Suppose that ¢t < co. Then one has ¢(t) = Ct°.
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2 2 .
If ¢/(f) > & (aLcl — 1) (g-;) , then there exists a 6 > 0 such that

1/ 1 ? ? B
' (t) > 1 <m — 1) (%) for any t € [t,t + ).
1 2

Hence for any t € (£, + 4), one has
' 1/1 2o !
/
= S = - L >
)=o)+ [ >0+ [ 1 (ot -1) (&) dsz o0+ [ acus

t t

=Ct* +/ Cads > Ct* +/ Cas*ds = Ct*.

£ £

This contradicts with thée deﬁn%tion of t.
If ¢/(f) < 1 (L — 1) (%) , then there exists a § > 0 such that

aCq
1 o\’ S
'(t — —1 — fi telt,t+9).
¢()<(aC’1 ) <C2) or any t € [t,t+0)
Thus for any ¢ € (£,7+ 0), one has

t' (1).

e+

o(t) <Cite! (1) + Cot(9/(1)) " < Cutd (1) + Gt (1 (a%*l B 1) % =

This implies
¢(t)

t
In—< > aln-=.

o(t) =t
Hence for any ¢ € (£,£+4), it holds that

o(t) > ¢(1) (%)a — O = O,

This also leads to a contradiction with the definition of . Therefore, ¢ = +00 and the proof

for Case (c) is completed.

The following lemma shows that the bounded solutions of Navier-Stokes system in a slab

with no-slip boundary conditions or periodic boundary conditions have bounded gradient.

Lemma 2.3. Let u be a bounded smooth solution to the Navier-Stokes system () in R? x

0,1) supplemented with no-slip boundary conditions or in R? x T. Then Vu, V?u, and VP
( Y

are also uniformly bounded.

Proof. The proof is divided into two steps.
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Step 1. interior reqularity. According to [9, Theorem IV.4.1, Theorem IV.4.4, and Remark
IV.4.2], it holds that for any = € R? x [é, g],

(30) ||VU||L4(B%(m)) < C||U||%8(B§g(m)) + C||U||L4(B%(ac)) <C.

Moreover, one has

(B1)  Vullwrae, @) < ClIVullie; @llulli=e s @) + Clullwris s @) < C.
(32) ||V2u||W1,4(B§g(m)) S CH’LL . VUHle‘l(B%(m)) + CH’UJHW2,4(B%(3})) S C

Step 2. boundary regularity. According to [9, Theorem IV.5.1, Theorem IV.5.3, and
Remark IV.5.2], it holds that

(33) [VullL1s; @2)n0) < CHU’H%S(B%(:D)OQ) + C||U||L4(B%(w)m) <, for anyzx € 00.

oo

Moreover, one has

(34) ||VUHWL4(B%(m)nQ> < C||VUHL4(B%(m)nQ>||u||Loo(B%(w)mQ> + CHU||W1»4(B%(m)nQ> <C.

(35) HV2’UJHW1,4(B% (x)NN) S CH’LL . VUHW174(B% (x)NQ) + CH’UJHWZA(B% (x)NN) S C

Combining ([B0)-(34) with Sobolev embedding inequality gives the uniform bound of Vu,
V2u, and hence the uniform bound of VP. The proof for Lemma is completed. O

3. AXISYMMETRIC SOLUTIONS WITH NO-SLIP BOUNDARY CONDITIONS

In this section, we deal with the axisymmtric solutions of the Navier-Stokes system in a
slab with no-slip boundary conditions. The benefit of the no-slip boundary conditions is
that Poincaré inequality

(36) [ell2(0r) < CllO-u| 20

holds, where C'is a universal constant. We will make use of this fact frequently. Furthermore,
the axisymmetry of w also plays an important role, since it leads t improved estimates for
the pressure term as indicated in (IT).

Proof of Theorem[11 . The proof is divided into three steps.

Step 1. Set up. Assume that w is a smooth solution to () in 2 = R? x (0,1) with no-slip
boundary conditions. Multiplying the first equation in (Il) by ¢r(r)u and integrating by
parts one obtains

1
(37) /|VU|2<PR=—/VQOR-VU-U+/—|u|2u-Vg0R+/Pu-Vng.
Q Q Q2 Q
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Note that

1 /R
(38) / Pu-Vor = 27T/ / Pu"rdrdz.
0 0 JRrR-1

Clearly, the last equation in () for axisymmetric solutions can be reduced to
Op(ru”) + 0. (ru*) = 0.

Hence for every fixed r > 0, one has
1 1
(39) &/ ru’ dz = —/ 0.(ru®)dz = 0.
0 0
Thus it holds that

1 1 (R
(40) / ru"dz =0 and / / ru” drdz = 0.
0 0 JRr-1

By virtue of Lemma 1], there exists a vector valued function Wy(r, z) € Hi(Dg; R?) satis-
fying

(41) OV + 0. Vg =ru”
and
1 T
42) 0¥kl + 10kl wn < Cllra i < CRHW 20,

Therefore, combining ([B8) and (4I]) one derives

1 (R 1 (R
(43) / PVyr-u= / / P (0, ¥ + 0.¥%) drdz = —/ / (0, PV, +0.PV%,) drdz.
Q 0o Jr-1 0o JrR-1

Since w is an axisymmetric solution of (H), the gradient (0, P, 0,P) of the pressure satisfies

0\2
(Urﬁr + uzaz)ur i (ur) + 87«P — (83 + %ar + 83 _ T%) UT,
(44)
(W0, + w0 " + O P = (a,? + %ar + ag) "
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Using (44)) and integration by parts one obtains

1 (R
/ 0, PV drdz
0 JR-1

1 R 1 1
= P+-0.+0— = | uV,drdz
0 Rt r r z 7,2 R
1 R (u9)2
(45) — / / [(ur&n + u®0,)u" — } U drdz
0 JR-1 r

1 R 1 R 1 1
=— / / (Opu" 0V + 0.u"0. V) drdz + / / (—ar — —2) u" U drdz
0 R—-1 0 r—1 \T r

1 R 0\2
~ / / {(urar oy — ) } U drdz
0 R—1

r

and

1 /R
/ 0.PVL drdz
0 JR-1
1 R 1 R 1
(46) = — / / (0,u*0, V% + 0.u*0, V%) drdz + / / -0 u" V' drdz
0 JRrR-1 o JrR—1T

1 [R
- / / (u" 0 + u*0,)u* V5 drdz
0 Jr-1

Step 2. Proof for Case (a) of Theorem[1]. Now we start to estimate the first two terms
on the right hand side of (37) and the terms on the right hand sides of (4H) and (46]). By
Poincaré inequality ([B6) and Sobolev embedding inequality, one derives

(47) [ For-Vuu] < ClT a0y el < CIValo,
and
1 2 ' f 3 3
—|ul|“u -V SCR/ / ul’ drdz < CR||(0,, 0.)ul||7-
v aterevesen [ [ 100, 02yl 0,

_1
<CRz ||V’U’H§/2(OR)'

By ([@2) and Poincaré inequality, one has

1 R
/0 /R 1(8TUT8T\IITR—|—aZUT8Z\IITR)deZ SCR_%HVUHL?(OR)HV\IIRHLQ(DR)

(49)
< CIVuliz0p
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1 (R
1 1
/ / (—& - —2) u' V' drdz
o JrR—1 \T r
Furthermore, it holds that

1 R (u9)2
/ / l(u’ﬁr +u*0,)u” — } U drdz
0 JR-1 r

<O )l gsony (198 o) + BN o ) 19 Rllzscony

and

<CRY|Vullrzop 1 ¥all2op)

(50)
<CR7Y|[VaulZ20,-

r z 3 r z 3 -1 =
<C||(u ’ug’u )||22(DR)||(U ,UQ,U )||12{1(DR) R 2||V’Uf||1;2(oR) : ||V‘I’R||L2(DR)
~ _1 1 .
<C|V,ul,u) | 2oy - B2Vl 20 - R0 || 12005
_1
<CR™2[|Vulljz0py-

Combining the estimates (49)-(51]) one arrives at

1 R
(52) /0 [ 0P ard:| < VUl + CRH VUl
Similarly, one has
1 R |
(53) /0 i 1aszy;drdz < ClIVulliz0,) + CR™ 2Vl 0,
Now it can be shown that
(54) / Vulfor < C|Vultso, + CRH IVl
Let

1
55 YR:/ Vau(r)|%p ( x2+x2)dxdxdx.
(55) (R)= | | IVu@)*er ( /ot + 3 ) dridosday

Note that for any three-dimensional function w, straightforward computations give

(56) Y(R):/O1 /0% (/OR_I\VuFrdr—i—/R}:|Vu|2(R—r)rdr) iz

and

(57) Y/(R) = /O Vul2dz,
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where the explicit form of pg in ([I2]) has been used. For the axisymmetric solutions, Y (R)
in (B can be reduced to

1/ pR-1 R
Y(R) = 277/ (/ [Vul?r dr +/ IVul*(R—7r)r dr) dz.
o \Jo R-1

Hence the estimate (54]) can be written as
Y(R) < CY'(R) + CR™% (Y'(R))? .

Then Case (a) of Theorem [[] follows from Lemma 2.2

Step 3. Proof for Case (b) of Theorem[11. We start from (37]) and need to estimate the
first two terms on the right hand side of (B7) and the terms on the right hand sides of ({43l
and ([6]) in a different way. Using Poincaré inequality yields

(58)

1
/ VQOR -Vu - u’ < C||u||L2(OR)Hvu||L2(OR) < CR:> HuHLoo(@R)HV’U,HLz(OR)
Q

and

1 1 R . ;
[ SluluVer| <RIl [ [ 1t ) drd:
Q 0 R—-1

(59) 1 R . ; %
< CRljulno,) / / (0 ) drds

1
< CR||ullfeop10:ull 20y < OR? [|ul[fo 0, I VUll2(0p)-

According to (42]), instead of ([49) and (B0), one has

1 R
/ / (D" 0, U, + Du 0, W) drd
0 R—1

< CH(ara aZ>UT||L2(DR) ||(8T7 8Z)‘“IITRHL2(DR)

(60)
_1 10, 1
SCOR™2||Vullzop) - R2|[u"|[12(05) < CR? ||| 0p) VUl 2(0p)
and
1 R
1 1
/ / <—0r - —2) u" W' drdz
0 JrR—1 \T r
(61) SCRY0:u" || 2o [Vl L2(0) + CRZ ([0 || 20 9 | 2205

_3 1 r _5 r 1 r
SCR™:||Vullp20p) - B2 ||u"|[20p) + CR™2[|0:u || 205 - B2 [[U"]|L2(0r)

_1
< CR™2|Jull o) VUl 12(0p)-
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Similarly, it holds that
1 R 02
/ / [(ur&, +u*0. )u" — M} U drdz
0o Jr-1

r

62 = r r — r
(62) < Olfull 0 |V |20 Wil 22 (0 + OR8] w0y [6]] 220 | Pl 20

1
<CR> ||u||2L°°(OR)||vu||L2(OR)-
Combining (60)-(62) one arrives at

1 /R
(63) /0 ; larP\If’,’%drdz < CR:2 (||U||Loo(oR) + ||U||2Loo(oR)) [Vl r20p)-
The similar computations show that
1 R
z 1
(64) /0 i 18ZP\IIR drdz| < OR? (||ullz=op) + [wl}eom) IVl 1205)-

Therefore, one has
1 1
(65) Y(R) < CRZ (|ull=og) + lulli=om) [Y'(R)]?,

where Y'(R) is defined in (B3).
Suppose u is not identically equal to zero and w satisfies (§]). For any small € > 0, there
exists a Ry(€) > 2 such that

|w||Le0p) < €R for any R > Ry(e).

Hence the inequality (G5) implies that

V) s
yp = C

If w is not equal to zero, according to Case (a) of Theorem [T Y (R) must be unbounded

(66)

as R — +o0. For every R sufficiently large, integrating (66l over [R, +00) one arrives at
1
Y(R)

Since € can be arbitrarily small, this implies (@) and leads to a contradiction with the

1 —2p—1
(67) > £(CR

assumption that w is not identically zero. Hence the proof of Theorem [[.1]is completed. [J

4. GENERAL 3D SOLUTIONS IN A SLAB WITH NO-SLIP BOUNDARY CONDITIONS

This section is devoted to the study for general solutions of the Navier-Stokes system ()
in a slab with no-slip boundary conditions. Since dy P does not have the same scaling as 0, P
and 0, P, this makes 0y P a troublesome term for the estimate, whereas it does not appear in
the axisymmetric setting. The key ideas to deal with other terms in general case are almost
the same as that for the axisymmetric case.
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Proof of Theorem[1.2. The proof contains three steps.
Step 1. Set up. Assume that w is a smooth solution to the Navier-Stokes system (). The
equality (B7) still holds. Instead of (B8], one has

1 27 R
(68) / Pu-Vyr = / / / Pu"rdrdfd:z.
0 o Jo Jr-1

It follows from the last equation in (Bl (divergence free equation) that for every fixed r > 0,
one has

1 2 1 21 1 2
(69) 0, / / ru” dfdz = —/ Opu® dhdz — / / 0. (ru*)dfdz = 0.
0o Jo o Jo 0o Jo

And then it holds that

1 2T 1 2T R
(70) / / ru”dfdz =0 and / / / ru” drdfdz = 0.
o Jo o Jo Jr-1

By virtue of Lemma B] there exists a vector valued function Wr(r,0,2) € H}(Dg;R?)
satisfying

(71) O, + 0p WY + 0.V% = ru”  in Dg
and
1
(72) 10- ¥Rl L2(pg) + 106 Rl L2Dp) + 10 R 2D < Cllru||L2pg) < CR2|[U"|| 2005

Combining (68) and (1)) one obtains

1 27 R
/ Pu-Vyr = / / / P (0, Y + 0,05 + 0.V%) drdfdz
73) Q 0 0 R-1
( 1 27 R
=— / / / (0, PUY + 0g PV + 0,PV%) drdfdz.
0 0 R—-1

Furthermore, it follows from the momentum equations in (B]) that one has

1 2n R
/ / 0, PV, drdfdz
o Jo JRr-1

1 27 R 1
0 Jo R-1 r
1 2w R 072
0 0 R—1 r T r r
1 2T R u@
- / / / <ur‘9f 0 uz@z) U, drdfdz,
0 Jo R-1 T

(74)
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1 27 R
/ / Op PV, drdfdz
o Jo R-1
27 R
= / / / [r(0,u°0, 0%, + 0.u’0.W%) + v~ pu’ 0y W] drddz
o Jo R-1
1 27 R 1 9
+ / / / {——UG —ufu + —aeur} \IJ% drd0dz
o Jo R—1 r r
1 27 R 1
- / / / r (u’”& + —u’0y + uzaz) u W drdfdz,
o Jo R-1 r

1 21 R
/ / 0. PV drdfdz
o Jo Jr-1
1 27 R 1
(76) = — / / / (&uz&,\lf% + 0.u*0, V% + ﬁﬁguzﬁglfﬁ) drdfdz
o Jo Jr-1

1 p2r pR o’ 1
- / / / (urﬁr + —0y +u*0, — —87,) u* W drdfdz.
0o Jo R—1 r r

Step 2. Proof for Case (a) of Theorem [.A. Now we estimate the first two terms on the
right hand side of ([B7) and the terms on the right hand sides of ([{4)—(T@). First, Poincaré
inequality and Sobolev embedding inequality lead to

(75)

and

(77) / Vo Vu- u\ < Nt tom |Vl o < Vel
and
1 1 27 R
—|ul?u - Vg SC’R/ / / lu|® drdfdz
92 R—1
(78) <CRH u"u u HL2(DR HVU u’,u HL2 (Dr)

< CR- R‘ZHUHEQ(OR) : RZHVUHE%O )
< CR||Vulizop-
Using ([72) one obtains

R—1
(79) < C(0r, 77" 0p, )" | 20 (O, By, 0:) Ul 120y
_1 Ly o
< CR™2||Vu| 120y - R2[JU || 12(0p)

SCHVUH%Q(OR)

1
(arufarxyg + O,V + T—zagu"agxyg) drdod:
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and

2
K 0, — —) u” + —Qagu"] U, drdfdz
R-1 r
1||(9u ||L2(DR + R- 2||U ||L2 (o) + R 1||7’ 100u6||L2(DR ) ||‘I’R||L2(DR)
SO(R_§ + R™ )HVUHLZ ©r) * 10=Yk L2y
<C(R™% + R79)||Va| 120, - BE " || 200
<CR7Vul a0y

(80)

By Holder inequality it can be shown that

< "0, + u989+u28) u W drdfdz

(81) R—1

<CH '’ )| s o) |0y, 77 0o, 02)u" | 20y [ W 260
It follows from Gagliardo-Nirenberg inequality and Poincaré inequality that
1"’ w2 o)

1 1
<O ) | Ea o I ) B

(SIS

1 _
(82) < ClO:(u" u’ )| Fapyy (10:(u” v )2y + IV (U7, 0’ w¥) |20

=

2

_1 1 _1 1
<CR | Vulliyo, (B 2IVulzon + B IVl )
< C[[Vu| 20
and

_ 1 r 1
(83) ¥ rllsr) < ClIVER| 2y < CR? [0 2005 < CR2 [V L2005
Putting ([82)-(83]) into (RI)) one derives

2

(84)

1
(UT& + ;u(’@g + uzﬁz) u U drdfdz| < CHVU||?£2(OR)-

R—1
Similarly, it follows from (82)-(83)) that

2w

2
Wy drdfdz| < CR™|u’|| s v’ | c2om | Pl o on)

rR-1 T
- 1
(85) SCR NIVl 2o - 110-6°] 2py) - B2 Vull 20,
<CR YVl 20 - R72|| VUl 200, - R2 ||Vl 200,
< R7Vulzo,-
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Combining the estimates ([9)-(83]) one obtains
R
2 3
87«P\II% d?”d@dz S CHVUHLZ(OR) + CHquLz(OR)

R-1
By making use of the estimates ([2) and (82)-(83) it can be shown that

(86)

27 R
/ / / (0.’ 0,9 + 0.u’0.9%,) + r~ ' 9gu’ WG] drdbdz
R—1
(87) < OR||(9,u”,0,u°, r=209u") || L2 () IV 0% | 12D )
< CR?||Vul| 120, - B2 [|u" || 1205
< CR||Vull720,

and

{——u + agu } \119 drdfdz

R-1

(88) 1||u91|L2<DR 00 | 2ry) 1% 2
<C (R-E [l z2(0m) + B3 V0l 20m ) - B2 220
<O Vul2(0p)-

Furthermore, one has

R
w0 drdfdz| <Cllu"|| s [’ |2 V%] 60

R—1
89 _1 L o
(&) <C|[Vullz0m - RV ul200) - B2l 200
<C|IVull720,

and

R

(rurﬁr +u’0y + ruzaz) ue\Ifﬁz drdfdz

R—1

(90)

<CRH(U u’, )| o) 1(0r, 77" 09, 0:)u” | 2o PRl 15 (D)
< CR|Vulljz0p
Combining the estimates (87)-(90) one arrives at

R
Op PVY, drdfdz
R-1

(91) < CRHVu||2L2(OR) + CRHVuHiz(OR).

Similarly, it can be proved that

1 2 R
/ / 0. PV% drdfdz
o Jo JRrR-1

(92)

< CHVU||2L2(OR) + CHV’U/H%Z(OR)-
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The above computations imply

(93) Y(R) < CiRY'(R) + CoR[Y'(R)]? .

21

It follows from Case (c) of Lemma that if Y(R) is not identically zero, then for any

a € (0, C%)v there exists a constant C' > 0 such that

Y(R) > CR".

Hence if lim, , (Y(R)R™®) = 0, then Y (R) must be identically zero. This implies that

Vu =0 and thus w = 0. Hence the proof for Case (a) of Theorem [[L2 is completed.

Step 3. Proof for Case (b) of Theorem[1.2. We estimate the first two terms on the right
hand side of (87) and the terms on the right hand sides of ([74)—(7@) in a different way. Using

Poincaré inequality and Sobolev embedding inequality we obtain

(94) /QWR Vu- “' < C|IVulc2oplull20n) < CRE[[tl|z=0n) | Vull 20n)
and

1, " 2
. Q§\u\ u - Vogr| <Clu ||L°°(OR)||U||L2(OR)

1,
S CRE[u"|| oo (o) || Lo (o) | VU | L2(0)-

By virtue of (72)), one has

2w

(&u’"@r\If% + 0,u"0, V', + %%uT’@g\If%) drdfdz
r

R-1
< C|[(0r, 7" Dy, 0:)U"|| L2 | (O, Do, 0=) W | L2y

T 1 T
< CVulzomllu'20p) < CR2 [0 || =0 VUl 20m)

and

[( X )u + agu } U drdfdz
R-1

(97) 1H8 U lz2p) + B2 20 + B 06w’ || 220 W3 22(0m)
gC(R 2+ B3|Vl 20 - 109 20

_ 1,
<CRVullzom Ul 1205 < CR™2 [[u" || L0Vl 12(05)-
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Furthermore, it holds that

< "0, + uag—l-ua) u" W' drdfdz

R—1
98
(%8) <CHUU%UMme@w”%,ﬁMWDMWMmmﬂ
< Oz op) VUl pzop [t || 2205 < CRE||U||L°°(OR)||UT||L°°(OR)||VU||L2(OR)
and
27 ;
o rdrdfdz| < CR_1||U||L°°(0R)||U ||L2(DR)||\I]§%HL2(DR)
(99)

< CR™Mul| (o) VUl r2i0m 1t || L20p)
_1 r
< OR™ 2|z o) 11" || Lo o) [ VU] L2 (04) -

Combining the estimates (96])-(@9) one arrives at

2w

1 T
(100) < OR2 (1 + [ull = om) 10 || L0 [Vl £2(05) -

0, PV, drdod:
R—1

Furthermore, straightforward computations lead to

27 R
/ / / (0,0’ 0,9 + 0.u’0.9%) + r~ ' 9gu’ V] drdfdz
R—-1

(101) < OR||(9,4°, 0., 1~ 205°) | 2y |V Vol 20
< CR||Vul 2o 6" | 205y < CRE[W || 1o (0m IV £2(05)
and
<——u + 8gu ) WY, drdfdz
R—1
102
(102) (IMWM%+W1WWMM)WJMM

< CHVUI|L2(oR>!IU’"IIL2<OR> < CR?| || (0| Vet 2201

By Holder inequality and ([2) one derives

R
uu? W, drdfdz
R-1

<Ol |z 48] 20 ) 19 Rl 22D p)

103 N r
(103) < CJu | o (om) | V|| 20 107 | 20

.
<CR2 [0 [ (0 IVttll20n)
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and

1 27 R
/ / / (TUT& +u’0, + Tuzﬁz) u‘g\lf(;2 drdfdz
o Jo Jr-1

(104) < CRwl| 010, 7™ 09, 0)0°|| 20 1| 22D

S OR||ul|peop VUl L20p) 14" || 22(0R)
3 .
< CR2||u| 0 |1u" || 2 (0 | VUl L2(0) -

Combining the estimates (I0T)-(I04]) one obtains

1 27 R
/ / Op PVY, drdfdz
0 0 R-1

Similarly, it can be proved that

1 2w R
/ / 0, PV, drdfdz
0 0 R—1

Collecting the above computations one has

1 3 r 1
(107)  Y(R) < C (Riullimion + B+ [ulimion) 0 =0 ) (V'(R)?

3 r
(105) < ORI(1+ a0 1" | (00 | V2t 20

1 r
(106) < OR2 (1 + |lufl o) [[u" || o) [ VUl 2(0r)-

where Y'(R) is defined in (B3)).
Suppose that there exist 3 € [0, §] and C' > 0 such that the conditions in (I0) hold. Then
for any € > 0, there exists a Ry(¢) > 2 such that

|| peon) < R and  ||Ju"|| (0 < CR™UTP72) for all R > Ry(e).

Therefore, inequality (I07) implies

(SIS

Y(R) < CeR="(Y'(R))? for all R > Ry(e).

We assume wu is not identically equal to zero. Then Y (R) > 0 for large R and it follows
that

1 Y’
— Rt « —_
Ce - Y?
Integrating it over an interval (R;, Rs) for large Ry, we obtain
1 —« —a 1 1
(R — R{") < —

—acC V(R Y (R
According to Part (a) of Theorem [[.2] as Ry — oo, it holds that Y(Ry) — oo. Hence

1
Y(Ry)

1
- Ro<
acC™ 1 —

Therefore,
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As € > 0 is chosen arbitrarily, by Part (a) of Theorem [[.2] it follows that w = 0, which is a
contradiction. Therefore, u is a constant and thus w = 0. This completes the proof of Case
(b) of Theorem O

Now we are in position to prove Theorem [[.3] where Lemma helps to guarantee the
uniform boundedness of gradient of velocity field.

Proof for Theorem [1.3. Assume that w is a smooth solution to the Navier-Stokes system ().
Taking the xz;-derivative(i = 1,2) of the first equation in () one obtains

(108) — A0y, u+ (Op,u-V)u+ (u-V)o,u+ Vo, P=0.

Multiplying the equation in (I08) by ¢g(r)0,,u and integrating over €2 one derives

/|V8xiu|2g03+/(V<pR-V8xiu)-8xiu+/(0xiu-V)u-0xiuapR

1
:—/(u-VapR)|8xiu|2+/8xiP8xiu-chR.
2 Jo Q

It follows from Poincaré inequality that

(110)

1
/(VSOR . vam/“/) . 8901'“/‘ < HvamiuHLz(OR)’|8ﬂﬁiu||L2(OR) < CR2 Hvamiu||L2(OR)’
Q
Integration by parts yields

(111) /(&cu -V)u - 0y upp = — / (O, V)0, u - wppr — /(&Eiu -Vgr)(u - 0,u).
Q Q Q

In fact, one has

/(@ciu'v)@xiwu% < IV Or,ur/0r| 120 |0, u/ @R || L2 || 0] Lo (0
Q

112 1
e < 10, /Bl 200y —110-00, 0B 520 [l

< IV, uv/@rlli2@) 1wl @),

where the Poincar’e inequality

1 1
10/ Prll12(0) < —10:(0,u/Pr)l|120) = —[10:00, 0/ Prl|12(0)
has been used to get the second inequality. Furthermore, it holds that

(113)

1
/Q(&cm : V@R)(u'amiU)‘ < 10w ull 20 10l L=(0r) < CRZ ([ Vs ullr20p).
where Lemma has been used to get the last inequality in (II3]). Similarly, one has

(114) /u - Vor|0.,ul?
Q

1
< llull (0w 1021l 205 < CR2 (Vs 1] L2(0p).
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Using the moment equation (the first equation in ({I)) one obtains

/&CiP@xiu-chR:/Au’ﬁxiu-Vng—/(u-Vui)ﬁxiu-VapR

(115) 2 ¢ ¢

= /(831 +8§2)ui8miu-VgoR—/8Zui828wiu~V<pR—/(u-Vui)amiu-VgoR.
Q Q Q

Consequently, one has

(116) /3xiP0xiu-V¢R < CR? (|Vo,,ull 200 + | VOuull20n) -
Q

Since ||u||=() < 7, it holds that

(117) / VO, ul’pr < CR? (| VO, ull 204 + | Vs ullr208) -
Q

Z(R :/ Vo, ul?* + |Vo,,ul® <\/x2+:c2) dz.
(R) Q(‘ | | ‘)@R 1 2

Hence the estimate (I17)) implies
(118) Z(R) < CR2Z'(R)?.

Define

Assume VO,,u and VJ,,u are not identically equal to zero. Then Z(R) > 0 for R > Ry
with Ry > 0, and one has
1 I
<) .
CR — Z(R)
Integrating it over (Ry, R) for large R, one arrives at
1 R 1 1 1
—In— < - + < .
C Ry Z(R)  Z(Ry) = Z(Ro)
This leads to a contradiction when R is sufficiently large. Therefore, VO,,u = VO,,u = 0.

Note that d,,u = d,,u = 0 at the boundary R? x {0,1}. Thus 0,,u = 9,,u = 0. Tt follows
from the divergence free property of w that d,,u® = 0. This, together with the no-slip

boundary conditions, yields that
u' = u'(xs), u? =u*(xs), and u® =0.
Hence Navier-Stokes system can be written as
O?u' + 0, P = 0?u* + 0,,P = 0,,P = 0.
Taking the homogeneous boundary condition of w into consideration one derives

u' = cyr3(1 — x3) and u? = cow3(1 —23)  for some ¢y, ¢y € R,

This completes the proof of Theorem L3 O
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5. LIOUVILLE TYPE THEOREM FOR FLOWS IN A PERIODIC SLAB

This section is devoted to the proof of Theorem [[L4l Before the detailed presentation for
the proof, let us introduce several lemmas which give some important properties for solutions
of Navier-Stokes system in R? x T. We first prove that the pressure is also periodic once the
solution w is uniformly bounded and periodic in one direction.

Lemma 5.1. Let u be a bounded smooth solution to the Navier-Stokes system () in R?* x T.
The pressure P is also a periodic function with respect to z.

Proof. Let Q(r,0,z) = P(r,0,z+ 1) — P(r,0, z). Since u is periodic with respect to z, one
has
VQ =VP(r,0,z+1)—VP(r,0,z) =0.
This implies that @) = @)y for some constant )y € R.
Integrating the third equation in (Bl) with respect to (6, z) on [0, 27] x [0, 1] and integration
by parts one obtains

1 2T
21Q0 = / 0.P(r,0,z)d0dz

27 2
(119) // (02uz+ 0u)d9dz—// T@u—(agu +0u)u dOdz
27
<0 + )/ 0u dfdz — (0 + )/ / uu® dfdz,
r o Jo

where the divergence free property of u (the last equation in () has been used to get the
last equality. Hence one has

1 2 1 2
(120) 7’/ / o,u” didz — 7‘/ / uu® dldz = 7'(@07"2 + Q1
0 J0 0o Jo

for some constant Q)1 € R.
Meanwhile, since u is bounded in R? x T, it follows from Lemma that Vu is also
bounded in R? x T. Hence there exists a constant C' > 0 such that

1 2 1 27
7’/ oyu® dfdz — 7’/ / u"u® didz
o Jo o Jo

Hence (Qy = 0. This implies that P is periodic with respect to z. O

< (COr.

Remark 5.1. In fact, the pressure of the Navier-Stokes system (0 in a periodic slab may
not be periodic when the velocity is periodic but not bounded. For example, u = r’e, is a
solution of Navier-Stokes equations in R? x T, however, the associated pressure P = 4z is
not pertodic with respect to z.
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The following lemma shows Liouville-type theorem for solutions of the Navier-Stokes sys-
tem in a periodic slab when the associated Dirichlet integral is finite.

Lemma 5.2. Let u be a bounded smooth solution to the Navier-Stokes system () in R* x T.
Then u = (0,0, ¢), provided that u’ is independent of @ and w has a finite Dirichlet integral
i the slab, i.e.,

(121) / |Vul? < +oo.
R2x(0,1)

Remark 5.2. In fact, the results in Lemma L2 have been obtained in [20]. Here we give a
different and simpler proof, which contains some of the key ingredients for the analysis on
general solutions whose Dirichlet integrals may not be finite.

Proof of Lemma[52.2. The proof contains two steps.
Step 1. Set up. Since w is a bounded smooth solution to (@) in R? x T, it follows from

Lemma [5.1] that the equality (B7) still holds.
Due to the divergence free property of w and the fact that u’ is independent of @, one has

1 1
&/ rquz:—/ 0.(ru*)dz=0, forall0<r<oo, 0<6<2r.
0 0

This implies

1 1
(122) / ru"dz =0 and / u"dz = 0.
0 0

It follows from (I22) and Lemma 2] that for every fixed 6 € [0, 27], there exists a vector
valued function Wpg(r, z) € H}(Dg; R?) satisfying

(123) O Wpo+ 0. Vg =r1u"

together with the estimate

(124) 10-®rollL2(pr) + [10:CrollL2(Dr) < Cliru||L2(pg),
where C'is independent of 6. It follows from (122) that

1
(125) / ropu” dz = 0.
0

Note that the Bogovskii map is a linear map ([9]). Hence there is a universal constant C' > 0
such that

(126) ||898,,lIIR79||L2(DR) + ||0902lI’R,9||L2(DR) S C||r89u’"||Lz(DR).
By Poincaré inequality, one has

(127) [u" | 2(05) < CllO-0" | 22(05)-
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This, together with (I24]) and (120), gives

1
(128) 10, ¥ rollL2Dg) + 10:WrollL2(Dr) < Cllru” |2 < CR2(|[ V| 20y
and
3
(129) (060 Wrollizion + 060 % nallieion < Clrond | 2 < CRE [Vl 2op).

Furthermore, it follows from Lemma 5.1l and (I23) that one has

1 2w R
/ Pu-Vpp = —/ / / P-ru”drdfdz
Q o Jo JR-1

1 2m R
(130) = - / / / P (0, Vg4 0.V ) drdfdz
0 0 R—-1

1 2 /R
= / / / (0, PV 4+ 0,PV% ) drdfdz.
o Jo Jr-1 ’ ’

Clearly, the right hand side of (I30) can be represented by equations (74]) and (@) with
(Vg ¥%) replaced by (U, Vg 4).

Step 2. Saint-Vernant type estimate. We estimate the first two terms on the right hand
side of ([37) and the right hand side of (I30). Using Holder inequality one obtains

/V@R-Vu-u
Q

It follows from (I27) that

1
| SluPuver
Q

By virtue of Poincaré inequality (I21) and the estimates (I28)-(129), one has

1 p2r (R
/ / / (Oru" 0 W', g + 0.u" 0.V ) drdfdz
o Jo Jra

1 1
(131) < CHVUHLQ(OR) - R>2 ||u||L°°(OR) < CR2 ||V’U,||L2((9R).

r 1 1
(132 < Ol 20 RE NI w0 < ORIVl 20y

(133)
<COR™3|Vaul| 20, - R || 12000 < CRE [V 20y
and
1 p2r rR o . . L . )
(134) /0 /0 /R—l ﬁﬁeu DgWh g drdfdz) <CR™2||Vul 120, - R2[|0su” || 2(05)

<C|Vulliz 0, < ClIVul20p),

where the last inequality is due to the assumption (I2I]). Furthermore, one has

1 27 R 1 1
/0 /0 /R—1 <;a’" - 7’_2) u \I]R,g drdfdz

1l 10, 1
<CRT'R™2||Vul 205 - R2[[u" | 205) < OR™2(| V|| 1205)

(135)
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1 p2r /R 0 0\2
/ / / [(urar + u—ag + u282> u — () ] U g drdfdz
o Jo Jr-1 r r ’

_1 _3 1,
< Cllullzmom (R HIVullizon + B 2 2o ) - Bl |20

and

(136)

1
S CR> ||V’LL||L2(OR).
Collecting the estimates (I33)-(I36) one derives

1 2 R
/ / 0, PV, , drdfdz
o Jo R—1 ’

Similarly, it holds that

1 r2r /R
/ / 0, PV o drdfdz
o Jo Jr-1 ’

Combining (I31))-(I32)) and (I37)-(I38) one arrives at
(139) Y(R) < CR:[Y'(R)]?

(137) < CR?|[Vul|12(0p)-

(138) < CR?|[Vu| 1200,

where Y (R) is defined in (BI). The same argument as that for the proof of Theorem

0

proves that Vu = 0. Thus w is a constant vector. Since u” is independent of #, one has

u = (0,0, c) for some constant c. O
Now we are ready for the proof of Theorem [L.4

Proof for Theorem[T.J]. Since u is a bounded smooth solution to () in R? x T, it follows
from Lemma [5.1] that the equality (37) still holds.

We divide the rest of proof into three steps.

Step 1. Proof for Case (a) of Theorem [1.J}] The proof is almost the same as that for
Lemma [5.2], except that

1 27 R 1
/ / / —8gu7’89\117’379 drdfdz SCR_%HVUHLQ(OR) : R%H(%UTHLz(OR)
0 Jo R—

72

(140)
<O VulZ20,):

The computations in the proof of Lemma imply

D=

(141) Y(R) < C1Y'(R) + CyR2 [Y'(R)]?
where Y(R) is defined in (B3]). Hence one has

—CyR2 4+ \/CIR + 4CY (R) N Y(R)
2C, ~ /CIR+4C\Y(R)

(142) Y'(R)]? >



30 JEAHEANG BANG, CHANGFENG GUI, YUN WANG, AND CHUNJING XIE

Suppose that Vu is not identically equal to zero. For R large enough, Y (R) > 0,
(143) [C3RY *(R) +4C,Y '(R)] Y'(R) > 1,

Let M be a large number satisfying M~1C3 < i. According to Lemma [5.2] there exists an
Ry > 2 such that Y (Ry) > M, otherwise Vu = 0. For every R > Ry, integrating (I43]) over
[R,2R], one gets

1 1

.2 — >
(144) 2R - (2 {Y(R) Y(2R)] HAC I e 2 R
Since Y (R) > M, it holds that
Y (2R) R
> — .
(145) YR _exp{801}

This implies the exponential growth of ||Vl 12, and leads to a contradiction to the
uniform boundedness of Vu, according to Lemma 23l Hence Vu = 0 and u = (0,0, ¢),
since u? is axisymmetric. The proof for Case (a) of Theorem [[4is completed.

Step 2. Proof for Case (b) of Theorem Using the divergence free property of u, one

has
1 27 1 27
8r/ / ru” dfdz = —/ / Ogu? + 0.(ru®)dfdz =0, forall 0 <r < oo.
o Jo o Jo

Since u" is independent of 6, it holds that

1 1 1o 1
(146) / ru” dz = — / / ru” dfdz =0 and / u"dz = 0.
0 21 Jo Jo 0

Hence we have Poincaré inequality (I27)). Furthermore, by virtue of Lemma 2] there exists
a vector valued function Wg(r, 2) € HJ(Dg; R?) satisfying the equation (#I]) and the estimate
([@2). Therefore, one has

1 R o 1 R o
/ Pu-Vog :/ / / Pu"rdfdrdz = / / / P (0, VY, + 0.V%) dfdrdz
Q o Jr-1Jo 0o Jr-1Jo

1 (R p2n
=— / / / (0, PV + 0,PV%) dOdrdz,
o Jr-1Jo

where the right hand side can be represented by (74)) and ([ZG)

Now let us start the estimate for the right hand side of ([B7). The first two terms on the
right hand side of ([B7]) can be estimated as the same as that in (I31) and (I32). Note that
we do not need to estimate the term appeared on the left hand side of ([I34]) since dpu” = 0.

(147)

All the other terms appeared in (74]) and (76) can be estimated in the exactly same way as
that in Step 2 of the proof for Lemma (52l Hence we arrive at (I39) with Y (R) defined in
(BH). As in the proof for Theorem [[3] we can show that Vu = 0. Thus u is a constant
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vector. Since u” is independent of #, one has u = (0,0, ¢) for some constant ¢. This finishes
the proof for Case (b) of Theorem [l

Step 3. Proof for Case (c¢) of Theorem[I.4 For steady solutions of Navier-Stokes system
in R? x T, following the same proof as that for (Q) one obtains

1 27 1 21 1 2m R
/ / ru” dfdz = 0, / / u" dfdz = 0, and / / / ru” drdfdz = 0.
0o Jo o Jo o Jo Jr-1

By Poincaré’s inequality, one has
10, 1 ,
(148)  |[u"l[r2(0n) < CR2||u"|[L2(pg) < CR2|[(Dr, g, 0:2)u"[| L2(pyy < CR|Vul[p2(0p)-

And there exists a vector valued function Wg(r,0,z) € Hj(Dg;R?) satisfying (T1)-(72).
Thus it holds that

1 27 R
/ Pu-Vpr= / / / Pu"rdrdfdz
Q o Jo JRr-1

(149) 1 2w R
= / / / (0, PV, + 9y PUY, + 0, PV%) drdfdz.
0 0 R—1

Clearly, we have the same equations (74)—(7G) to characterize the terms on the right hand
side of (I49)).

Now we are in position to estimate the first two terms on the right hand side of (7)) and
the terms on ([I49)) carefully. First, one has

1
(150) /(VSDR V) - U‘ < ClIVul 2 0p lullzi0p) < CR2([Vul| 204
Q
and
1 T T
(151) /Q§|u|2u-Vng < Cllullop Ul on) < CR[W || r=on)-

According to ([72)), one has

1 2 R 1
/ / / (arurarxpg + 00T, + —Qaguragxp;z) drdfdz
0o Jo R-1 r

(152)
< CR%||Vul| 20, - B2 |0 || 20, < CR? || Vta]| 2o [0 [ 2 (0)-
and
1 21 R
1 1 2
/ / / [(—& — —2) u” + —28qu} U drdfdz
(153) o Jo Jr-1L\T r r

_3 1, _1 -
< OR 3|Vl s0n - R0 |20 < CR™ 3Vl 20 1| e(on)-
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Furthermore, it holds that

2w

(ur&, + %ueag + uzﬁz) u" U, drdfdz

R—1
154 r 2 — r r
(154) < O\, 6, 1) | oo (o 1 (o728, D004 | 20 [ Vi 20

1 r
< CR2||Vul| 20 llu" | (o)

and

2w

(155) R drdfdz

< CR™MW? |} (o | Wil 220y < CR? | V]| 204,
R—-1

where the last inequality is a consequence of (I4g]). Combining the estimates (I52)-(I53])
one obtains

2T
(156) 0, PV, drdfdz

R—-1

1
S CR> ||V’U,||L2(@R).

It follows from (72) that one has

1 s R
/ / / [r(0,u’0, 9%, + 0.u’D, V%) + r~'Opu’ 9y Y] drdfdz
R-1

(157) < CR||(0u, 0., 1= 205")| 2, | VW% | 20
1 1
< CR2||Vullr20p) - B2 W[ L2(0p)

3 r
< CR? || Vu| 20|t || L (0n)

and

[——u + 89u } U, drdfdz
1

r

R—

(158) 1HUGHLZ (or) + 7 00" || 22 9% 2D
= (R_l||“0||L°°<OR> + R ||V“||L2<OR>> B2 [u" || 20
1
S CR2 HVUHLZ(OR)_

Furthermore, applying Poincaré inequality one derives

R
uu’ W, drdfdz
R-1

< Cllu" || oo o) 6”2 ) 1 RN 22 (D)

(159)
3 r
< COR2||Vu| 20 [t || Lo ©g)
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and

1 p2r oR
/ / / (ru’“@r +uldy + ruzﬁz) ue\If% drdfdz
o Jo Jr-1

< OR||(u" 1’ w”)l| oo 0y | (0r 77 09, 0:) 0 || 200 W 2001

(160)

3 r
< CR?>||Vul| 2o 1t | o) -

Combining the estimates (I57)-([I60) one gets

1 2 R
/ / Op PVY, drdfdz
0 0 R-1

Similarly, it can be proved that

1 r2r (R
/ / 0, PV drdfdz
o Jo JRr-1

Since ru” is bounded, one obtains that

(161) < CRZ||Vul| 20, (1 + RlJu"|| o 0g))-

(162) < CR?||Vu| 20p)-

(163) Y(R) < CLR| ||z (0 + C2RZ [Y'(R)]?

where Y (R) is defined in (55]). Suppose that Vu is not identically equal to zero, there exists
an Ry large enough, such that Y (Ry) > 0. Since ru” converges to zero, there exists some
Ry > Ry such that Y (Ry) > 2C\ R||u"|| 1=(0y) for every R > R; . Hence it holds that

Y(R) < 2C,R: [Y'(R)]?, R> Ry,

which leads to contradiction. Hence u = (0,0, ¢).

Step 4. Proof for Case (d) of Theorem[1.]} Assume that w is a bounded, smooth solution
to the Navier-Stokes system () in R* x T. Taking the ws-derivative of the momentum
equation,

(164) — A0, u+ (Opsu - V)u+ (u - V)0p,u+ VO, P =0.
Multiplying the equation ([I64]) by ¢r0,,u and integrating over €2, one has

/\V8x3u|2<p3+/V<pR-V@mgu-amgujL/(&BSu-V)u~8x3ugoR
0 0 0

1

= 5/9(11,-VQDR)|6x3u|2+/ﬂ@x3P8x3u-chR.

(165)

Since fol Opsuw dxg = 0, by virtue of Poincaré inequality and Lemma 2.3 one has

1
(166) < Vsl 0105l 2(0m) < CRIIVOL,ull 20

/ Vor-Vo,u-0,,u
Q
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and

(167) /(81,311, -V)u - Opyupr = —/(81,311, V)0t - wpr — /(Qmu -Vr)(u- 0y,u).
Q Q Q

Note that it holds that

/(&Egu-V)amgu-wa < |V Orun/0or| 2(0) | Oy ur/0r || L2(0) |0l L (@)
Q

1
(168) < |V ey /B 2060 5 192, /P 2o [ vt
1

< ol @) | VO u /Pl ),

where the Wirtinger inequality (cf. [I1l p. 185])

1
|02, ur/PR| L2(0) < o 102, u\/r| 2@

has been used. Furthermore, the straightforward computations yield and

1
169) | [ (@ Vior)(u-0,0)| < [0 ullsio [ulion < CRHIVOLulio
and
1
170) | [ - Voulonyul| < ulimon 100wl 0n < CRHIVO Ul

Finally, one has

(171) /aﬂﬂspgﬂﬁsu -Vppg| < H8903P||L2((912)’|8963uHL2((9R) < CRéHvaISUHLQ(OR)?
Q

where the last inequality is due to the fact that 0,, P is uniformly bounded.

Define X
20 = [ | [ 190, uPony/5t + ad)desdoida

If [|u||poo() < 27, one has
Z(R) < CR3Z'(R)>.

The same argument as that for the proof of Theorem 1.3 proves that VJ,,u = 0, and thus
O.,u is identically equal to a constant vector, which is indeed zero because fol Opsudxs = 0.
Hence, v must be independent of x3. Then it is straightforward to see that the pressure P
is also independent of x3, and thus the two-dimensional vector field (uq,uz) is a solution to
the stationary Navier-Stokes equations in R%. According to [I4, Theorem 5.1], the bounded
two-dimensional solution (u,us) must be a constant vector. Then by elliptic theory, one
can also show that us, which is bounded, is also a constant.

The proof of Theorem [[4] is completed. O
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