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Abstract: This study establishes consistency conditions and a general solution
for a coupled system that consists of five two-sided Sylvester-like tensor equations
in ten quaternion variables throughout the Einstein tensor product. Certain
specific cases are thus established. In a direct application, we investigate certain
necessary and sufficient conditions for the existence of an n-Hermitian solution
to five coupled two-sided Sylvester-like quaternion tensor equations. Finally, we

present an algorithm and a numerical example to validate the main result.
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1. Introduction

We introduce certain notations and definitions for convenience. Consider I7, ..., Ip; to be
positive integers for the positive integer M. An M order tensor D with entry D;, ;,, (1 <i; <
I;, i =1,..,M) is a multidimensional array with the subscripts i1, 2, ..ips [1,0-12]33H36]4T].
We utilize the notation that I(M) represents I; X I X ... x Ip;. The quaternion concept was
investigated by Hamilton in [19], and quaternion algebra can be considered a non-commutative
skew field. Let R and C be the fields of real numbers and complex numbers, respectively, and
let H be the quaternion algebra

H = {do + d1i + doj + d3k | i? = j2 = k? = ijk = —1, dy,d1,ds,d3 € R}.
Let H/M) be the set of the order M dimension I(M) tensors over the quaternion algebra H.

Tensors are the natural expansions of vectors and matrices. Tensor equations and computations
have applications in machine learning, signal processing, mechanics, physics, Markov processes,
control theory, numerical analysis, partial differential equations, and engineering problems [5l37].
Tensor decompositions, tensor eigenvalue, and non-negative tensors [33], [1], [I3] have implemen-
tations in signal processing, color image processing [28], quantum mechanics [7], quaternion ten-

sor computing [I5], Tterative algorithms for solving some tensor equations [I6HIS|B0H32L53L56].
Let A € HIMXJIN) and B € H/(N)XK(M) | then the Einstein tensor product [42] of tensors A
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and B is denoted by A sy B € HI(N)XKM) - where

(-’4 *N B)il--iNkl--k‘M = Z ail---ile---ijjl---ij1~~~kM'
Jr-Jn
The operation *xy is associative over the set of all quaternion tensors with qualified order.

Let 1 be a nonstandard involution of the quaternion algebra H (Definition 3.4.5 [38]). If
D € H™ ", then (D), is an n x m matrix over H obtained by applying 1) entrywise to the
transpose of D. let D be an n x n matrix over H. D is called a 9)-Hermitian matrix if (D), = D
(Definition 3.6.1 [38]). Took et al. [43] introduced an example of a 1)-Hermitian matrix called an
n-Hermitian matrix. For fixed n € {i,j,k}, A square matrix A is called an n-Hermitian matrix
if D" = D, where D" = —nD*n. An n-Hermitian matrix has applications in linear modeling
and statistical signal processing [43H46]. He [25] gave a generalization of an n-Hermitian matrix.
A square quaternion tensor D is called an n-Hermitian tensor if D = D7, where D" = —nD*n.
We [25] investigated the consistency conditions and the exact general solution formula for the
following two-sided quaternion tensor equations:

Ay sy Xy Br+ Ao kv Xa kg Bo

(1.1)
+Ag s« (C3 xn X3 kpr D3 4 Cy xn Xy %01 Do) *pq B = 1.

where A;, Bi, C;, Dj (i = 1,2, j = 3,4), and & are given quaternion tensors. A tensor
equation (1) has applications in the discretization of higher-dimension linear partial differential
equations, even including its generalizations [29]. Recently, Wang et al. [51] gave a proper
extension to the quaternion tensor equation (LI]). They established consistency conditions and
a general solution to the following coupled two-sided Sylvester-type quaternion system of tensor

equations in terms of the Moore—Penrose inverses for certain given tensors:

{ Aq sy X1 spr Br + Ao sy Wk Ba = & (12)

Az sy V1 oxpr Bs + Ay xy Wk By = Es.

This is based on the various uses of quaternions, rank characterizations of some matrix ex-
pressions, matrix decompositions, the coupled Sylvester-like quaternion systems of matrix equa-
tions [2H4L6L[8I14, 2024126127, 8940L47H50L52)54L5557], and the theoretical studies surrounding
Sylvester-like quaternion tensor equations. This paper investigates the consistency of and general

solution to the following coupled two-sided Sylvester-like quaternion system of tensor equations:

Fixn 21 %0 Ga = &y,
Ai xn X xpp By + Ci xn Vs *+0r D;
+Ci *n (Fi*N Zi *m Gi + Hixn Zig1 xm Ti) xm Bi = &,
Ha*xN Z4 %0 Ts = Es,

(1.3)

(i = 1,3), which gives us a proper generalization of both systems, (L1 and (L2). As a direct

conclusion, we derive certain necessary and sufficient conditions for the consistency of:

Fixn 21 %0 Ga = &y,
Fixn Z1xm G + Hioxn 2o v T1 = En,
Foxn Zaxn G2 + Ho kn Z3 % Jo = &y, (1.4)
F3xn Z3xp Gg + Ha xn Zy %y T3 = Es,

Hyxn Z4 %0 Ta = Es.
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As an implementation of ([4]), we obtain the consistency conditions for the existence of an
n-Hermitian solution to the following two-sided quaternion system of tensor equations:

(

Fa*N 21 %N .7:2* = &,
F1*N Z1 %N -7:{7* +H1*N 22 *N H?* =&,
Foxn Zoxn Fi 4+ Hoxn Zz 4 HY = &, (1.5)
F3xN Z3xN }";,7* +Hz *N Z4*N H§ = &3,

HaxN 24 *N ’HT =&s.

If we set C; = B; = Z in (L3]) where i = 1,3, we obtain the following Sylvester-like quaternion
system of tensor equations:

{ AixN Xy + Vixm Di + Fi xn Zi %0 Gi + Hi xn Zig1 xm Ti = &, (1.6)

Fuosn Z1 %0 Ga = Eay, Haxn Zaxpr Jo=E5 .

The remainder of this manuscript is described as follows. The concept of an n-Hermitian
quaternion tensor and the Moore—Penrose inverse for a general tensor are reminiscent of Section
2. Section 3 expresses the general solution to the two-sided Sylvester-type quaternion system of
tensor equations (L3]) when the solvability conditions are applicable. In Section 4, we provide
the necessary and sufficient conditions for the existence of a n-Hermitian solution to a system
([CH) as a system (4] application. We briefly summarize the key results in Section 5.

2. Preliminaries

Throughout this paper tensors are considered quaternion tensors. A tensor C € H! (N)xJ(N) ig

called an even-order tensor. An even-order tensor C € H/(N)*I(N) ig called an even-order square

tensor. Let ¢ € H, then € stands for the conjugate of ¢. A quaternion tensor C*= (Ejl--jlvlil--iN) S
HJ (M)XI(N) ) € HIN>JM) 1fC = C*,

calls the conjugate transpose of the tensor C= (¢, iy j1..jus

then C is called Hermitian tensor.

Definition 2.1. [/2] An even order square tensor C = (Ciy..irsiy..ins) € HI(M)XI(M) s cqlled a
diagonal tensor if ¢iy. iy, ..in 7 0 and all its entries are zero. A diagonal tensor is said to be a

unit tensor if ¢;, iniy..in = 1, which denotes by T.

Definition 2.2. [@/ Let C = (Ci1---iNj1---jM
The “row block tensor” of C and D is denoted by

(¢ p)em=an, (2.1)

) e HI(N)XJ(M)7 D=

= (diy..inky..kns) € I (N)xK(M)

where Ly = Js+ Kg, s =1,..., M define as

Cirintstngs 8 i1y € (1] X o X [Ty, Diodar € [R] X o % [ad],
(c D>‘ ‘ =9 diyinhodngs Af G1ein € (L] X o X [IN], liedar € Ty x o x Dy,
i1 ANl .
0, otherwise,

where I's = {Js +1,...,Js + Ks}, s = 1,...,M. For a given tensors A = (aj,. jyir..in) €
HIM)XIN) - B — (bky .. kepgin..in) € HEMXIN) — The ”column block tensor” of A and B is



denoted by

(«g) € HEADXI(N), (2.2)

where Ly = Js+ Kg, s =1,..., M define as

A Al dpinein s Zf ll...lM € [Jl] X ... X [JM], 11...AN € [Il] X o X [IN]a
< ) = bll---llvlil---iN7 Zf 1.y €Ty x oo x Ty, iy € [Il] X ..o X [IN],
li.dartrein 0, otherwise,

where g = {Js+ 1,....,Js + K5}, s=1,.... M.

Proposition 2.1. [/2] Let A € H!P)*EWN) gnd B € HEWN)*XI(M) - Thep

(1) (Axn B)" =By A*;
(2) Iy *n B =B, By Iyr = B, where Ty € HEWNXEWN) gnd Ty € HI DX M) gre ynits.

Proposition 2.2. [/2] Consider the tensors (.A B) and (g) given in (21 and 22). For

a given quaternion tensor G € I (N)xI(N)

(1) G*n (.A B) = (g sy A Gy B) € HIN)XL(M)

“ _[Cxn G L(M)xI(N)
(2) <D)*Ng_<D*Ng>EH ,

(3) (A B) *0 <ZC)> = Axp C+ By D € HIWN)XIN),

, we have that

HI(N)xJ(N)

Definition 2.3. [23] For a given quaternion tensor D & The Moore-Penrose

(NYxI(N)

inverse of D is the unique quaternion tensor X € H” satisfies the following axioms:

(1) 'D*NX*ND:D,

(2) X*ND*NX:X,

(3) (Dxn X)* =Dxy X,

which denotes by D. Furthermore, Rp and Lp denote the projections along D.

Proposition 2.3. [25] Let D € HIN)XIWN) - Thep

(1) ﬁ'D*N'DT :D*NED:O, RD*ND:DT *NR’D :0,

(2) (D) = (DY)*, (D7)T = (DT,

(3) (Lp)" =Rpw, (Rp)" = Lpn,

(4) (D* xy D)t = D« (D), (D xn D) = (D*)t x5 DI.

Lemma 2.4. [25] Let A; € HIMNXJI(N) - Ay € HINXGWN) B, ¢ HEKM)XLM) B, ¢ FH(M)xL(M)
C3 € HENIXQN) "¢, ¢ HENIXT(N) Dy ¢ HSMXK(M) D, ¢ HPODXKM) gng &) e HINIXL(M)



be given. Set

My =R, #nx Az, Ni = Baysar Lp,, St = Az sy Lagy, A1 = My #y Cs,
Ay = My #n Ca, By = D3 %a1 By #ar L, Bo = Dy *ar By %11 L,
M\l ZRA *N-/ZQ; /\71 :@2 *M ﬁgl, §1 222 *N E/ql, g1 =R, *n &1 xm LBy,
&1 =E1 — Az xy (C3 *n X3 %11 D3 + Cy xxy Wkar D) %1 By

Then the following statements are equivalent:

(1) (1)) is solvable.
(2)
Ry #*n Ray #n €1 =0, & xp L, *m Lyy =0, R, *8 &1 %m L, =0,

Ry, *N Rz, *~ & = 0, &1 xm Ly *um Ly, =0,

R./‘T1 * N é\l *Nf £l§2 = 0, RA*Q * N 51 *Nf Egl =0.
In that case, the general solution to (1)) can be expressed as follows:

X1:AJ{*N&*MBI*AJ{*NAz*NMJ{*N&*MBI*AJ{*N&*NA;
#xnE1 s NlT snr Ba s BI - AI *n St kN U ¥ Ran *m Ba * BI
+La, *n Uy +Us *p1 Ra,,

Xy :MJ{ *N‘él *MB;ﬁLSI N S1 *N.A; *NS*M./VY#LEMI *Nﬁ,sl
*NUL + Lag, *8 Ua * 00 Ry +Us 31 Ry,

Xg:.zzq*Né\l*MB\{*JZ‘\{*NA}*NMI*NEl*MB\{*qu*Ngl*N-A\rQ
NEL *M NlT s Ba s BI — AJ{ *N S1#N Us kn Ry *m Ba * BI
+Lz *nUs +Us *m R,

X4:/\//T{*N§1*M8\r2+3\1t*Ngl*Ndzt\g*Né\*MﬁfﬁLﬁﬂl *N Lg,
*nUL + Lgg #8 Uz s Ryg, +Us Ry,

where U, U (i =1,5) are arbitrary tensors with suitable orders.
In case of Ay = By =7 and A1 = By = 0, we have the following special case of (L)

C3 *n X3 #01 D3 + Caxn Xy xpr Dy = &,
which is solvable if and only if

R-K/l\l *N Res #8 E1 =10, &1 %y Lo, *p1 LJ\A/I =0,

RCg XN 51 XN £D4 = 0, RC4 XN 51 XM £D3 =0.
In that case, the general solution can be expressed as follows:

X3 :C§ *n &1 *MD;E,*C; *NC4*NMJ{ *N &1 *MDgfcg*Nﬁ *NCZ
NEL * M Nf *0r Dy x0r D;T, ngf *N S1kN Uz *p Ry, *m Da*m D§
+Lc, *N Uy +Us x11 R,

X4 :M\I *Ngl *MDI—FS\I *Ngl >|<NC;1r *Ngl *Mﬁf—f—ﬁﬁl *N£§1

snUL + L #n Uz s R, +Us 0 R,



3. The consistency conditions and the general Solution to (1.4)

In the following Theorem, we provide consistency conditions and general solution of a coupled
Two-sided Sylvester-like quaternion system of tensor equations (L3]).

Theorem 3.1. Consider the quaternion system of tensor equations (L3]), where

.F4 c HI(N)XJ(N)7 g4 c HL(M)XK(M) 7_[ c HI(N)XQ j4 c HS(M)XK(M)

£, € HIMWXEM) o c gI(NV)xKM) - g ¢ EINIXI(N) - g ¢ (V)< QN)
Ay € HIWXP(N) g c FODXKM) g GOMXKM) . o FrHM)xK (M)
Cy € HINIXAWN) ¢y ¢ FIMXBIN) ¢ FIINXCN) - ¢ FlM)xK (M),

D, GHL(M)XK(M) Dy GHL(M)XK(M) ) GHA(N)XJ(N) Ty € HBWXP(N),
Fy € HOWXIWN) g LODXEM) g c RODXGM) G, o FLIM)xH(M)

7_[1 c HA(N)XP( 7_[2 c HB(N)XJ( , HS c HC(N)XQ(N , \71 c HQ(M)XF(M)7

Ty € HEMD (M . T e HS(M)xH(M ), & GHI(N)XK(M), (1=1,3).

are given tensors over H. Set

& =& — Cixn (Fisn Zivar Gi — Hi*n Zia #a Ji) *m Bi, (3.1a)
M; =Ry, #n Ciy Ni =Dj*nm Ly, Si =Ci*n Lpm,, A = M =y Fi, (3.1b)
Ci = My *n Hi, Bi = Gi*u Bi*ar Lo, Dy = T #a1 By *ar L, M; =Rz *N Ci, (3.1c)
Ni=Djixum Ly, Si=Ciwn Ly, & =Ra, #n Exu Lo, (i =1,3), (3.1d)
An = |L L4 D—Rg4 Ay = Al «n 81, Biy = Re sar Dy %y Bl (3.1e)
11 = |LFy Al P = —Rg’ 11 = A *N o1, P11 = Lig *M L1 *M By, -1€
1
511—A1 xy &1 *M Al *NC1 *NMl *N51 *MB A *y S) *NC s &1 (3.1f)
*MJ\GT sar D) *Mglt .7:4 *N€4*Mg4a .
Ryl ~ _
Agp = [ﬁm —L, *N ﬁgJ, Dy = [—R;] Agr = Lz, Baz = Ry, (3.1g)
3
522_,/\/13>|g\7€3>|<MDT S *N83*N63*N53*MN3 HZ*N&*MJI, (3.1h)
Ay = Ra; *N Aii, Bn‘ = Byi *ur Lp,;, Eii =Ra, *~ &i *m Lp,, (1=1,2), (3.1i)
— — — . '
A= {—ﬁfql *N Lg, £j2]7 Ay = {—ﬁf% *N Lg, L‘@J, Fi1=A) xn Sa, (3.1j)
N S e S -
Bi=| P, Ba=| P, Fa=Alsn S5, Gi = Doy Bl Go=Ds*y Bl, (3.1k)
R R
2 3
H, =ﬁj\71, J1=Ryg, Ho= Ly, Jo=Rg,, (3.11)
3 Ml*Ngl*MD S*NSl*N(Zl*NE*MNT—i-AQ*NEQ*M@ A;*Né\g (31111)
>|<N./\/lJr *Ngg*MB —./42 *NSQ *NCZ *NEQ *MN2 *M'DQ >|<]\/[l;)’\t27 ’



32:—M\g*Ngz*Mﬁg—Q*Ngz*zvé;*N(‘?*MJ\A/QT%-«@*N%*M@—«@*N@

~ ~ ~ N ~ 3.2a
*NM:L,*N(SB*MB\;E—-'zl\g*NS?;*N@*NE?;*MNg*MDB*MB\:L (3.22)

Fii =Ry *n Fi, Gii = Gi*m L, Hii = Ry, *n Hi, Tu=Ti*m Ly, (3.2b)
Eii = Ry, *n Ei*ur Ly, Mii =Rz, +8 Hiiy Nii = Tii+m Ly, Sii = Hii#n Lyg,,,  (3.2¢)
A= Lz, —~Lagy v Ls,,| Bi=| 9% | Fi=Flan Su, (3.2d)
B 711
51 = RNU *M 711 *M EL’ ﬁl = ﬁﬂzz’ 71 = Rﬁzz’ (3'26)
§1 = 7'-11 *N 311 *M 511 - ?11 *N ﬂn *N ML *N 311 *M 511 - 7'-11 *N 311 *N ﬁL
snE11 #ar N1 #ar Ta1 %01 Gy — My #i E22 %01 T oy — S N S %N Hog (3.2f)
*NE22 * N NEQ
Fi = R, *N F1, G =G1 #ur ﬁzl, Hy = R, *N Hy, Tu=J1%u ﬁzl, (3.2g)
&= R4 #n Erwar Lo, My = R= *n Hu, Nii= T *u ﬁg , (3.2h)
1 1 11 11
S =Hu *y Eﬁn’ A = {ﬁﬂu N Lg,, _ﬁjn} ; As = [ﬁjm L7, (3.21)
2y R?n 2y REA 23 "~ .
Bi = R~ |’ Bz = _Ri2 G = ﬁﬂnDl - RNU’ (3.2))
Bi1 Ga2
Co = Fog #n S22, Do = Rz, ¥m J22 %M Gho, (3.2k)

- =7 = =F

& = 'All *N é\11 *M 811 - Mil *N Ell *M 711 - 311 * N 311 * N ﬂL * NV 311 * L NL, (321)

52 = ?;2 *N 322 *M ?;z - ?;2 *N ﬂm *N ﬂ& *N 322 *M ?;2 - 7'-;2 *N 322 *N ﬁ12-2 (3 9 )
~ //\\T 211

~

_ _ _ _ =T
*xnE22 ¥ NEQ x0T 22 %M QEQ — Agg xn E22 *01 By,
~ ~ ~ :T p—
1= Egll _['?11} » Fo= [ﬁﬁn N £§11 _£522] P = Fuoen S (3.2n)
~ —= =t ~ Rﬁll ~ R? ~ ~
Ji = R./\:fn xp J11xm Gy G1 = e | Go = o yHe = ﬁﬁn’ Jo = Rﬁn’ (3.20)
Gi1 Dao
E1=Fu*n &1 xm Gy — Frp #8 Hirxn My xn E11xm G — F11 #8 S (3.2p)
sNHyp *N E11 % N1q *ar T11 % Giqp — CL *N E11 %M DJ{D
52 = C;Q XN 522 XM D;Q — Mll *N 511 XM \711 — 811 *N 811 *N 7‘[11 XN 511 Vi Nll? (32q)
Hi =Rz sn Hi, Hay =Rz *n Ha, J11 = J1#mr Lg,, Joz = To #u1 L3, (3.2r)
gll = R»/:'I *N gl *M E(jl’ 522 = sz *N gz *M E(jQ’ 'Z: ['7'711 _£7'~l22] ’ (3 2 )
- - ~ - - ~ - .48
B = [Rjn —ij] , €= 7-152 *xn o2 ¥\ jQTQ - 7'[11 *N E11 *m ~71T1-



Then the system (L3)) is consistent if and only if

RMZ- * N RA,’ XN 52 = O, 5@ XN ﬁBi * N ﬁM = O, RCZ- * N 5@ XN ﬁBi = O,

R

M\i *NR«Z,' *N& :O’ 5@ Vi ﬁgz Vi E/T/, :O’

szl\z *Ng'i*M ﬁﬁz :O’ ’Ra *Ng'i*M ﬁgz :O, (iz 1,3),

7—\),_7:4>I<]\7€4:07 54*M£g420, R'H4*N55:07 55*M£j4:0,
Re wn & =0, & L~ =0,
Ao *N Ckk kk *M B

R, *N Rz, *n Epk =0, Epk*m Lg,, *m L7, =0,

R-Tkk * N Ekk XL ﬁykk = 0, Rﬂkk * N Ekk X\ ﬁgkk = O, (k = 1,2),

JLHH *N R$11 ¥y E11 =0, E11%p 5511 * M ET/H =0,

— N Ci kg L= = — xn & ku L= =
7??11 N € Mﬁju 0, Rﬂu N €1 M£g11 0,

joj XN 5jj = O, gjj Vi ﬁﬁjj =0 (] = 1,2),

Rﬁ” *N gll =0, gll * A ,Cg” =0, RZ*N g*M ﬁg, (l = 1?2)’

Rj*Ng*MﬁgZO.

—
w w
S Ot

bad
\]

o

—~
_C«O
—
—_



Under these conditions, the general solution to system (L3l) can be expressed as follows:

Xz:AI*NS\Z*MBI_AI*NCZ*NMI*NS\Z*MBJ_AI*NSZ*NCZ*NS\Z

+u5i *MRBZ"
Vi = M sy &ispg DY + STy Sixn CF v & var N+ L, #iv Ls, xn Usg (3.16)
+Lpm; *N Ui %0 R, + Usi ¥ar Ry,
Zy = F} wn Exvar Gl + L7, #y Wh + Wa %y R, (3.17)
Zy=H} wn E *ar T + Loy, #n Wi+ Ws 50 R, (3.18)
ZQ = /(/1\11- XN (?:\1 XN ﬁ{ —|-3\1T*N 3\1 >kNé\1t *N é\l *M./i\/'lT +£./T/l\1 XN £§1 *NLAll (3 19)
+£//\/1\1 x Us * 1 R./\Afl + U3 * s 'Rﬁl,
or Zs Z@*Ngz*MB\TQ—@*N@*N@*N%*M@—@*N‘%*N@*N@
sarNg w01 Dy war BY — Al sy Sy 5x Vo Ry, *m D2 xpm B} + Lz, *N Vi (3.20)
+V5 XM RB\Q,
23 :./T/(\;*Ngg *Mﬁg—i-s\zf*]vgg *N@*Né\Q *Mﬁg—i_ﬁ//w\g *N£§2 XN ﬁl (3 21)

—{—ﬁﬂQ xn Vo 1 Ry, —|—173 xM Rp,,

or 33Z@*N%*M@,—@*N@*NW*N%*M@—-/Zl\;g*Ng?,*Né;,*Ng?,
saNg s Dy s By — A sy Sy v Ko s Ry, *m Ds nr B + Lz, *N K4 (3.22)
+Ks «m R, (i=1,3), where

Wy = [I 0] s [AL sy (E11 — Auy #n U #ag Bi1) — Vit #ar Din + Loy, #x Vo), (3.23)
Z:{\4 = |:0 I:| * N ['/Ul-l kN (511 — ,/21\11 XN Z;{\Q XN B\ll) - Vll *M Dll + E.All *N V22]; (324)
Wy = [Roay, *n (E11 — Ay #n Us %01 Bi1) % DI1 + A1 *n V11

7T 3.25
+Vs3 %01 Ry, ] *m [0] , (3.25)



Us = [Ray, #n (E11 — Avy #n Us %31 Bry) a1 DL + A1 *n Vi1
0

+Vs3 %01 Ry, ] *m 7

)

Wl = [I O} * N [.A12-2 * N (522 — ./Zl\22 kN ,/C\Q *M 5;22) — Vs 0 Doo + £A22 *N V55]7
K= [0 I} *N [AEQ s (Eaa — Agg *n Ko a1 Baa) — Viaa %11 Dag + L asy *N Vss),
W3 = [Ruag, *n (Eaa — Aza 5 Ko a1 Bag) %11 D§2 + Ao #n Vg
T
+Ve6 *M Ry *11 [O] ,
Ks = [Ras #n (E22 — Ang x5 Ko %41 Bag) a1 Dig + A2 *n Vs

)

0
+Ve6 *0 RDyy| *M [I

~ =T =~ =
Uy = Ayy xn E11 %0 Byg + Lo #n Vi + Vssxu Ry
11 11

o~
o~ ~

T = =
Ko = Agy xn Ea2 %01 Bag + ﬁj *N Vog + Wit *xm RE ;
22 22

o~

U = [I O] *n [AL*n (F1*n Vy a1 G+ Hy #n Us %01 T - &)
+Pu1*ar Bi+ L4, #5 Quil,

Vi= [0 I} wn [Ar #n (F1xn Vo #07 G1 + Hy x5 Us 17 T 1 ~&)
+P11 *01 By + E?ll N Q11],

ﬁ?, = [le * N (?1 kN 92 kM ?1 +ﬁ1 * NV ﬁg * g ?1__31)

T
0 )
§5 = [RZI *N (7:1 *N 172 *M ?1 +ﬂ1 * N Z:{\Q Vi 71__ 51)
0
Z )

smBy + Ay xy Pii+ Pas #ar Rg,) *m

*MEJ{ + Ay #ny P11+ Ps3 *r Rg,) *m

V= [I 0} s [A #n (Fo s Ko #ar Go + Ho #n Vo %ar T2 — E2)
+Pay #ar By + L4, #n Qa2),

Ky= [0 Z] sn [Az #n (Fa sy Ko %ar Go + Ho #n5 Vo %01 T2 — E2)
+Pay *ar Ba + L, #n Qa2],

Vs = Rz, *N (Fo #n Ko %01 Go + Ho #n5 Vo %1 7_2_— Es)

T

0 b

sarBb + Ag xn Pag + Qa3 #u1 Rg,) *m
KEJ = [RZQ * N (32 + Fo*N 162 *01r Go + Ha *N 92 *M 72)
0

*MEEJrﬁg *N Paz + Q33 %M Ry, | *um 7|

172 = 7':{1 *N 311 *M ?L - ?L *N ﬂn *N HL *N 311 *M ?L - ?L *N 311 *N QL

*NE1 *M -/T/’h 0 J11 ¥ M ?{1 - ?11 N S11 4N Paa *ur Ry, *m J1 *u ?{1

+Lz,, *N Pss + Peo *m Rg,, »

10

(3.26a)

(3.26b)

(3.26¢)

(3.26d)

(3.26¢)

(3.26f)

(3.26g)

(3.26h)

(3.261)

(3.26§)

(3.26k)

(3.261)

(3.26m)

(3.26m)

(3.260)

(3.26p)
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or 172 = ﬂig «n E22 ¥ 722 + 322 *n S22 %N ﬁlg *n a2 01 NEQ + ﬁmm

(3.26q)
*NLg,, *N Q77 + Lxg,, *N D55 *m Ryy,, + Qss *m Rz,
Pss = {0 I] *N [A1 *n (—a + F1 %N Paa*ar G1 + Hy #n Oss *ar 71)
— (3.26r)
TR #ar Br + L #n Ka2],
Q= [I 0} *n [AL *n (—?1 + F1 5 Pas a1 G1 + Hy #n Q55 %0 ?1)
_ (3.26s)
TR #ar Br + L #n Kaz],
Pos = [Ril * (—?1 + F1 %N Paa*ar G1 + Hi #n Oss *ar ?1)
B — 7] (3.26t)
By + Ay Kip + Kaz xur 7?7—31] RANE
Ogg = [le *N (—?1 + F1#n Pag xas G1 + Hi *n Q5 %1 71)
e — 0] (3.26u)
*p By + Ar iy K1+ Kz xm Rgl] M|z
Qu = [I 0} sy [A1 #n (€1 — C1 *n Paa #ar Di) + Waz +y By + Lz, *n Wasl, (3.26v)
Vo = [O Z} sy [A1 %y (€1 — C1 *n Pag #a1 D1) + Waz xy By + Lz, *N Wis], (3.26w)
I - S 7
Qo6 = [R 7, *N (&1 = C1 %N Paa %11 D1) *ur BI + Ay xny Wao + Waa xR | *umr ol (3.26x)
. - U 0
V88:[7?,j1 *N (51—01 *NP44 *MDI) *MBJ{—F.Al *NW22+W44 *MRgl]*M T s (3.26y)
Vog = [I 0} sy [Az %y (&3 — Co % Paa *ar Do) + Was x4y B + L 7, *N W), (3.262)
Prr = [0 I} s [Ag #iv (€2 — Co v Paa *as Do) + Ws xar By + L 1, x5 Wee), (3.27a)
. - I T
Wi = [RJZQ *N (E2 — Co *N Pas ¥ D2) *ur B; + Ao xny Whs + Wer s RgQ] * 7 , (3.27b)
U . U 0
Pgs = [RK2 xn (&2 — Co N Paa xp1 Da) *pr B; + Az xn Wss + Wit *1 RgQ] * 0 [Z , (3.27¢)
Paa = Cf} #n En1 #ar DY + Lz *n Wss+Wooxm R (3.27d)
Qs5 = Cly #n Exp a1 Dhy + Lo, #x5 Ti1 + Toz #11 R, (3.27¢)
Wigg = [I 0] s [F1xn (E1 — Hisn Kaasar 1) + Tz %ar Gr + Lz *N Taal, (3.27f)
Kss = [O I} s [F1xn (E1 — Ha#n Kag #ar 1) + Taz +u G1 + Lz *N Taal, (3.27g)
~ ~ ~ ~ ~ T
Wog = [Rz, *n (E1 — Hi*n Kaa xpr T1) *um Gl + Fr#n Tss + Tos *u R, | *m ol (3.27h)
~ ~ ~ ~ ~ 0 .
Kos = [Rz, #n (E1 — H#n Kaa+ar J1) #ar G + Fr#n Tas + Tos #ar R, %1 M E (3.271)
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K7 = [Z 0] s [Fo xn (E2 — Ha *n Kaa %11 Jo) + Tes %11 Ba + Lz, =N Trl, (3.27j)

Tii = [0 I} s [Fo #n (E2 — Ho #n Kaa %11 To) + Too *ar B + Lz, =N Trl, (3.27k)
Ay S = T
Kss = [Rz, *n (E2 — Ha *N Kaa xm T2) *um G+ Fo #n To + Tss * Rg,) *m ol (3.271)
z S = 0
Too = [ng xN (E9 — Hao *n K *31 J2) *11 g;—i—fz *N Toe + T8 *Mm R(jg] %07 7| (3.27m)
Kag = ﬁil «n E11 M lel + Ly *N Wh + Wy 5y Rz (3.27n)
or Ky = 7@2 s E22 %11 .7;2 + Eﬁm s Wi+ W+ Rz, (3.270)
T33 = [I 0} sy [Axy € +We s B+ L z+n Wi, (3.27p)
Tss = [0 Z} sy [Axy € +We s B+ L g8 Wi, (3.27q)
~ St , . T
Tas = [Rz#n € #a B' + A sy We +Ws ur Rl % ol (3.27r)
~ o~ ) ) 0
Tos = [R g #n € #ar BN + Ay We + Ws sy Rl #1 | (3.27s)

Where ujl; Wk‘k;} ka‘? Wk; Pii7 Qii; ,Cll and 7dsS7 (Z — 1,—3’ ] = 1555 k = 1’6? s = 3?8) are
arbitrary quaternion tensors with appropriate sizes.

Proof. The system (LL3]) can divide to the following two-sided Sylvester-like tensor equations:

Arsn Xy #p Br+Crxn Yk D1+ Crxn (Firsn 214 Gi+Hixn 2% J1) xm B = &1, (3.28)
A Xoxpp Bo 4 Coxn Vo xar Do+ Coxn (Faxn Zo%ar Go + Hoxn Zz5ar Jo) ¥ Ba = E2, (3.29)
Az xn Xgxpg By +Csxn Vs km D3+ Caxn (Fs*n Z3%m Gs +Ha*xn Zaxm T3) *m By = €3, (3.30)

Fuxn Z1 %0 Ga = &y, (3.31)

Haxn Z4 %0 Ta = Es. (3.32)

The main idea is to implement the conditions of consistency to enable this group to have a
solution, and hence, we establish an expression of this solution. Applying Lemma 2.4}, we have
that the Sylvester-like tensor equation ([B.28]) is consistent if and only if
R/Vh XN R.Al XN 51 = 0, 51 XN £Bl XN £N1 = O, Rcl *N 51 XM EBl =0
R./T/l\l *NRA‘I *N51=O, 51 *Mﬁgl *Mﬁﬁlzo, (3.33)

R.Z1 kN 51 3V £61 =0, RCAl *Ngl * 07 £El = 0.
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In that case, the general solution can be expressed as

Xi = Al sy & war BY — Al sy Croew MY sy &g BY — AL sy S1xy CF v &1
*M./\/ljr XM 'Dl XM BJ{ - .AJ{ XN 81 XN Z/{Ql Vi R/\ﬁ XM D1 XM BJ{ + ﬁ.Al XN U41 (3.34&)
+u51 *M RBU

yl - MJ{ *N (le XN DJ{ +Sir XN 81 XN Cir XN Sl >I<]\4./\/’1Jr +£M1 *N ,Cgl *Null

(3.34D)
+Lam, *N U1 *0r Ry + Usy *ar R, -
21:ﬂ*Nc‘i*Mg{—ﬂm&wﬂim&wﬂ—ﬂ*Ngl*Nﬂ*Ngl
sneNT sas Drsr B] — A sy Sy Us Ryr, *m D1 spm B] + Lz *N Uy (3.34c)
+u5 *M Rgla
_ ot < Nt of < AT c ./VT - N 7
Zo=MyxnE kD + 8] xn S1xn Cp *n E * 1+EM1 *Nﬁsl * Up (3.34)

—i—ﬁﬂl s U *pp R/\Aﬁ + Us xpp Rﬁl’

where A, 1/3\1, 51, Dy, 51, ./\//Tl, Ni and S; given by ([B.ID)-(BId) whenever : = 1. It can follow
the same technique to determine the consistency conditions and the general solution to the
Sylvester-like quaternion tensor equation ([3:29]). So, we have that Eq.(3.29) is solvable if and
only if the conditions ([B.3])-(3.0) satisfy whenever ¢ = 2. In this case, the quaternion tensors Xs
and ) can be given by ([B.I5)-(BI6) whenever i = 2 and

32:-/zt\;*NgQ*M@—J@*N@*NM\g*NEZ*M@—J@*NS\Q*N@*NE’\Q
>|<]\/[,/\/-2Jr XN D2 *MB\QT_-'Z‘;*N 82 *N VQ XM RﬁQ XM D2 *M@‘i‘ﬁjQ *N V4 (3.35&)
+Vs *m Ry,

Z3:@*NEQ*M§$+3;*N§2*N@*NEZ*MJ(\/QT"i_ﬁM\Q *N£§2 *Nﬁl

~ ~ (3.35b)
+£f\/72 *n Vo 1 R/% + Vs 1 Rﬁ2,

where ./21\2, gg, CAQ, 752, 527 M\g, Ny and Sy given by (B.1D)-(B.1dl) whenever i = 2.
Similarly, we can provide that E.q. (.30) is solvable if and only if the conditions (3.3])-(B.5])

are satisfying whenever ¢ = 3. In this case, the quaternion tensors A3 and )3 can be given by

BI5)-B.I6]), whenever i = 3 and
Zs:«@*Ngs*M@,—«@*N@*N./\//\l;*Ngg*M@—,@*N‘/S\?)*N@*N%
*MJ\/';L ¥ D3 @ —.Zl\?f) *N Sz xn Ko xp Ry, *m D3 *MB\?E + Lz, *n Ka (3.36a)
+Ks *pr 7-\’,33,
Z4:M\;*N%*Mﬁg+§§ *N§3*N@*N§3*Mﬁ§+ﬁﬂ3 *NE§3 *N K1

~ ~ (3.36b)
+£,/T/1\3 x N Ko s R/\A/'g + K3 *pr Rﬁ:’)’

where As, Bs, C3, D3, &, ./\73, N and S; given by (BID)-(BId), whenever i = 3.

Tt follows from Lemma 241 that the necessary and sufficient conditions for the Sylvester-like
quaternion tensor equation ([B.3I)) and (B32) to be consistent are given by (B.6), respectively.
Consequently, the solutions to these two equations are expressed as

Z) = }j *N Eq *M Qi + Lr, *n Wi +Wa xy Rg,, (3.37a)
2y =M} wn & war T+ Loy 8 Wi+ Wa sy Ry, (3.37b)
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Let Z; in (334d) be equal to Z; in ([337al), and Z, in (3.360) be equal to Z; in (B.37h]). Then

we have the following equations:

A1 xn

~

4

+ {Wz 7/75} w31 D11 = En1 — Au1 *w Us a1 Buy, (3.38)

Wi

1

Ao *

+ [Ws 163} 01 Dag = Exo — Aga v Ko 0 Baa, (3.39)
Apply LemmalZ4 to Eq.([3.38]), we have that it is solvable if and only if there exists a quaternion
tensor Z:l} satisfies

-All XN Z/{Q XM 811 = 511. (3.40)
In that case, the general solution can be express as

Wi

g | = Al v (En1 — Any #v Us %01 Bit) — Vinsar D1t + Ly, #v Vo, (3.41)
4

[W2 Z;{\5] =Ry, *~ (11 — ./2{11 *N Z;[\Q * gll) *M DL + A1 *n Vi1 + Vs *ar Rpy,- (3.42)

By applying Proposition to equations ([B.41))-(B.42]), we can find expressions for quaternion
tensors Wi, Uy, W, and Us in ([B23)-(326a). In the same way, we have that Eq.(339) is solvable

if and only if there exists a quaternion tensor I/C\g satisfies

Ay Ko %y Bas = &, (3.43)
In that case, the general solution can be express as
Wy

el = A;Q sy (Ea2 — Ao #n Ko #as Baz) — Vaa %01 Dao + Loag, *N Vss, (3.44)
1

[Ws E3] = RAo *N (E22 — Agg sy Ko # 1 3\22) * 0 DEQ + A2 *n Vaa + V6 ¥M Rpa,- (3.45)

It can be utilized PropositionZ2 to equations (ZZ4)-(@4H), we can get quaternion tensors Wi,

K1, Wy and K3 in (26L)-([326d). Meanwhile, the quaternion tensor equations (340) and (Z43)
are solvable if and only if the conditions ([B.7]) are satisfying, respectively, for k£ = 1,2. In that

case, the general solution can be written as

~ = = =TI
Uy = Ay N E11 %0 By + ﬁ:fn *N Vrr + Vss *pr 7?,2%1, (3.46a)
~ =~ = =
Ko = Agg xn E22 %01 Bog + 5222 *N Vg + Wit *umr Rl%m' (3.46b)

Now, Z5 in (8.34d)) should be equal to Z5 in ([335al) and Z3 in (8.35h]) should be equal to Z3
in (B.36al), yields:

_ U U _ L . . . _

A sy | A0+ [z,{3 V5] kv By = —E1+ F1xn Vs G1 +Hay s U+ T, (3.47)
4

_ Vi P _ L . o . _

Ao sy | = | + [Vg IC5} xpp Bo = —E9 4+ Foxn Ko xar Go + Ho xn Vo ks Jo. (3.48)
4
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The system of tensor equations which consists of the two equations (.47 and ([3.48)) is consistent
if and only if there exists quaternion tensors Vs, Us, and Ko satisfy the following system:

711 *N 1/}2 M 611 +ﬂ11 XN Z;{\Q XM 711 = EH, (3.49)
Foz x5 Ko %11 Goo + Han #n Vo sar T2 = Ean, (3.50)

In utilizing Lemma[24] we have that the general solution to quaternion tensor equations (3.47])-

[B48) can be given by (3.26h])-([326d). The quaternion system of tensor equations (3.49)-(350)
is solvable if and only if Eq. ([8.49)) is solvable, Eq. ([B.50) is solvable, and the quaternion tensor

V, in 349) coincide with Vs, in B50). So, Eq. 349) and Eq. (350) are solvable if and only
if the conditions (B.8))-([3.9) are satisfying, respectively, for £ = 1,2. In this case, the general
solution can be express as
172 = 7];1 *n E11 %M ?L - ?L *n Hiy *n HL *n E11 %M ?L - 711 *n S11 %N ﬂil
snE11 ks N iy #ar Tt #ar Opy — Fag #8 S11 #n Pag a1 Ry, *m T 11 % Gl (3.51a)
+Lz,, *N Pss5 + Pes *m R, »
Uy = ML *n E11 %M 711 —|—§J{1 *N S11 %N gil *n E11 *M./T/'Jh + Lxq, (3.51D)
*N Lz, *N Qaa + Lyg,, *N Paa *m Ryp,, + Qe *m Rz, .
Ko = Fbg #n Eas #a1 Uy — Fovg N Haa 5 Mby % Ea %01 Gy — vy *N Saz % H
2 29 *N €22 *M Y992 29 *N 7122 *N 29 *N €22 *M Y992 29 *N ©22 *N 7199
*nE2 ¥ /VLZ sar T 22 M 522 - 722 N Saz *N Qs ¥ Rs, *M T 22 %M 522 (3.51c)
+L%,, *N Prr + Pss *m Rg,,
172 = M§2 xn Ea2 ¥ 7;2 + 3;2 *n Saz *N ﬁ£2 *n E22 %M N£2 + Eﬂ22

(3.51d)
*NLg,, *N Q77 + L3g,, *N D55 *m Ry, + Dss *m Rz,

By equating Vs in (F51a) with Vs, in Z5Ld), we have the following equation:

- P - = _ _
A *n [Q55 + [7366 Q88] sy Bt = —E1+ F1 %8 Paa #31 G1 + Hi *n Q55 % T 1, (3.52)

7

It follows from Lemma[Z4] that Eq.([352]) is solvable if and only if there exist quaternion tensors
Py and Qx5 satisty
F11 %N Paa s Gun + Hur #n Qs %0 T11 = €11, (3.53)

In utilizing Lemma 24, we have that the general solution to quaternion tensor equation (3.52])
can be given by (B.261)-([326ul). On applying Lemma 24 we have that Eq.([353]) is solvable if

and only if conditions (B.I0)-(B.I1)) satisfy. In that case, the general solution can be given by
= -
P44_‘F11 >kNgll *Mgll ./—"11 *NHll *NMII *Ngn *Mgll fll *N S11
*N%H *N 511 M Nll sar T 11 %0 gn fn sn S11 %N K %1 Ry, (3.54)
nd 11 %M g11 + Efu *N Kss + Kee * 1 REn’

Q55 = My *n E11 %0 T11 + S11 #v S11 %8 Hyp *n E11 % Npp + ﬁﬁu

(3.55)
>I<N£§H xn KCrr + ﬁﬁu x N KCua * 1 T\JT_fu + Ksg * s 7??11.
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Quaternion tensors I in (346a) and Ky in (B460) should coincide with U, in (B51D) and
Kg in ([B.51d), respectively. In that case, we have the following equations:

_ o) I _

Ai N [V44 + |:Q66 Vgg} xps By = &1 — C1 #N Paa 1 Dy, (3.56)
77

_ Voo - . s _

Ag N P + [Wn 7)88} xpr Ba = & — Co N Qss * s Do, (3.57)
77

Apply Lemma 24 to Eq. (3356) and Eq.[B.57). we have that (8.56]) and Eq.([3.57) are solvable
if and only if there are quaternion tensors P4 and Qs satisfy

Cr1 *N Pas #ar D11 = &1, (3.58)
Cas *n Qs5 *11 Doy = Eno, (3.59)

In that case, the general solution to ([B.56)-([3.57) can be given by ([B.26w)-(B.27d). Meanwhile,
the quaternion tensor equations (B.58]) and ([B.59) are solvable if and only if the conditions (3.12])

are satisfying, respectively, for j = 1,2. In that case, the general solution can be given by
Pas = C #n E11 #1 D + Ls  *Nn Was+Wag *nm R, (3.60)
Os5 = @2 v Ea %11 552 + L, *N T+ T2+ Rp,, - (3.61)

Quaternion tensors Py in ([3.54) and Qss in ([B.55]) should be equal to quaternion tensors Pyq in
B60) and Qs5 in (B.61)), respectively. Then we have the following system of tensor equations:

Foan [jg:: oo Kag] w10 61 = &~ Tl o Kua s (362
Fo %N [,72717 + {/Css 7'22] in1 Go = Eo — Ha 5y Kaa 41 Ja, (3.63)
Apply Lemma 24 to Eq.(3.62) and Eq.([3.63). Consequently, we have that
Hat sy Kag #ar J11 = gn, (3.64)
Hoo o Kt 31 Joo = E, (3.65)

In that case, the general solution to Equations ([3.62]) and ([3.63]) can be given by (3.271)-(B3.27ml).
Meanwhile, the quaternion system of tensor equations ([B.64)-(B3.65]) is solvable if and only if Eq.

B:64), Eq. [3:63) are solvable, and K44 in [B.64]) coincide with K44 in (B65). Eq. [8.64) and Eq.
([B65)) are solvable if and only if the conditions (B.I3]) are satisfying, respectively, for [ = 1,2. In
that case, the general solution to ([B.64]) and (3.63]) can be given by

Kaa = H} #n E11 %00 Ty + Ly snWa+ Wasy R, (3.66)
/C44=ﬁ;2 * N 522 3V zT2+£ﬁ22 * W4+W5 i Rjgg' (3.67)
Ultimately, equating K4y in (B.66]) by K4y in (B.67]), yield:
- I SO
Asn [ 2N+ [T Tos| i B=E. (3.68)
Ts5
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Apply Lemma 24 to Eq.([3.68]), we have that Eq.(B.68) is solvable if and only if condition (3.13])
satisfies. In that case the general solution can be given by (3-27p])-([B275). O

Algorithm 3.2. The general solution to the system of two-sided four coupled Sylvester-like
quaternion tensor equations (3] gives by the following:

(1) Imput the system of two-sided four coupled Sylvester-like quaternion tensor equations
([T3) with viable orders over H.

(2) Compute all quaternion tensors, which appeared in (B.1al)-(B.2s]).

(3) Check whether the Moore-Penrose inverses conditions in Theorem Bl are satisfied or
not. If not, return “The system (L3 is inconsistent”.

(4) Else compute the quaternion unknowns X;,Yi, Z;, where (i = 1,3) and (j = 1,4) by
BID)-62).

(5) Output the general solution of the system (L3)) is X;, Vi, Z

We give an example to illustrate Theorem Bl

Example 3.3. Consider the two-sided four coupled Sylvester-like quaternion system of tensor
equations (L3), where

Fa,51,1) = lg 0] Fals,:1,2) = Ll) ﬂ , Fa(s,52,1) = lg Ok]  Fa(s,52,2) = Ll) (1)]

00 2 0 00 0 3—j
n1,1) = = 2,1 = ,2,2) =
g4(aa ; ) l2 ‘| g4(aa ; ) |}) 2i‘|ag4(aa ; ) |}) k‘|ag4(aa ; ) 0 0 ]a
—-2j 2i 0 —4i 0 0
Ea(t,,1,1) = , E4(5,1,1,2) = , E4(5,,2,1) =
al ) lo —2j] a( ) [o 2i—6j] al ) lo 24k
6 — 2j -1-3j i j j k
(2,2 y Ha(, 1,1) = y Ha(y:1,2) = ,
4( ) l 0 2-sitej+k| ) [0 01 4( )= o 0]

H4(:,:,2,1)l(i) l(j Hal::,2 72)l21_i 8] VAGER® )L(i (1)] VACERS )[8 _zjl’

0 0 0 3—-k i+2j—k 1+1i
:7:72,1 == ,, 7 ,5 :,:,17]‘ = b
Ja( ) lz—i gyj| Jin2 = [0 A R )= lii2i42-k o0
10i+2j —-2i+6j+k —2+i+4j+5k 1-2i+2j+k
65(:5:513 ) .J J 565(:5:5231): . ) ) 5
3+ 6i 0 9j + 3k 0
—2+4+11i+7j+ 6k —9i+ 9j i i —j
65(7:7252) . .J ! ;Al(:v:vlal): Al(aa 9 ): ) J )
1+ 7i+ 5j+ 5k 0 0 0 0 0
k -k 0 O 0 O 0 O
‘A :):)2’1 - ‘A ” ) - B ” ) - )B :’:’1)2 - 9
1( ) [0 0 ] 1(5,5,2,2) = [i L 1,5, 1,1) = L. - 1( ) [k k]
it j itk k itk 51 1
B b ’2)1 - B :"’ )2 - C 7 ) - C bR ’ - b
1( ) o o 1( ) o o 15,5, 1,1) o o 1(5,5,2,1) 0 o
2—-1 O 0 i k 2-k 0 O
Ci(:,:,1,2) = , C1(5,:,2,2 Di(:,:,1,1) = ,Di(:,:,1,2) = ,
1( ) [ 0 Zk] 1( ) [k O} 1(: ) L. 0 1( ) [0 3i1
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i 2 i 0 k 1 —1+i
Di(:,:,2,1) = , Di(:,:,2,2) = , Fi( 1,1 Fi(:,:,1,2) = ,
2, 1) [k M Di22) [O j] L) [O Zi] 1 12) [0 ;
0 1 0 0 i 2-—-1 0 1
‘F ):)271 = . )‘F ):)272 = . b ):)172 = H 77 )2 = b
i ) lo 11] i ) l2 21} Gi( ) L‘ 0] 16 ) L‘ 0]
0 0 i 2-j 0 k 0 j
))171 = . ) ):)271 = 7H :):)272 = . 77) = b)
Gi( = 1o i+j+k Gi( ) [k o] i ) [1 01 Ji651,1) [k 0
0 o0 ik 0 j o i o
-7 72,2 = . 7H ,:,17]‘ - ,,7 77, = . )
Gi( =10 irk| M ) lo gy L2 = lo k} A2 lo J]
i j—k 49 4+ 19i + 5j + 23k 3 — 10i — 3j — 14k
Hl(;:5271): ! ; 1(:7:7151): . . . . J. )
0 0 1+ 3i+2j ~12+6i+3j— 7k
1-i o 14— 44i —19j -2k —6 — i+ 16j
jl(.a:a272>: 51(55 72>: . .J . . J )
0 j 5—-5i—3j+ 3k 124 10i+ 7j + 3k
—2 —4i— 39j+ 82k -3 —-1+7j+27k 2 i
51(;:5271>: ' . .J+ 1:’— J+. 7-’42(:5:5171): ' )
3 15i5j — k 14— 2i — 14j — 4k 0 0
58 — 18i — 45j + 34k 14— 21i+ 11k 0 -5k
51(7:7252): 1. :]+ ' A2(55172): )
—4—10i—8j — 12k —2+22i—14j — 4k k
3 0 0 -6 —-i -7
A ,:,27]‘ = 7A :,:,272 = ,B :7:7]‘, - B ,,7 = )
5 0 j -8 kK 0
Ba(:,:,2,1) = , Bo(:,:,2,2) = , Co(s,:,1,1) = , Co(:,:,1,2) = ,
N M LT [T [0 k] S [9 )
7 0 2k O 8 O 00
Co(:,:,2,1) = , Co(:,:,2,2) = , Do(:,:,1,1) = , Do(:y:,1,2) = ,
2 ) lo 3j] 2 ) ls 0] 2 ) lo 3j1 2( ) l7 0]
9 i—-k i 0 0 0
Do(:,:,2,1) = , Do(:,:,2,2) = , Fo(i,: 1,1) = ,
2(12,1) [O K Do n2,9) [6 _k] 25 1,1) L i_k]
0 2i 0 k—j 0 -k
‘F ))271 = ‘F 77) - ) :):)171 = b
2( ) [k 0] 2(53,2,2) = [o j 1 Ga ) [2k 0]
1 0 0 5 21 O 0 i—k
-7'72,1 = . ) 7:72,2 = . /H ,, 71 = . 7H :,:,172 - .
Ga( ) [21 0] Ga( ) lo 331 2(: ) [ZJ 0} 2( A P
~i+j o0 0 3 i 0
H ,:,27]‘ - . /H 77 ,2 = . 77, . )
2( ) 0 o 2(: ) [3_1 ; , Jal: 1) = 0 2
0 0 —89 + 6491 — 668j + 5k —2 + 88i + 25j — 20k
j2('7-7251): . 752(:5:5171): . J. . .? B
0 2i —271 — 5231 — 241j+ 6k —33 — 94i+ 46j + 252k
3i O 146 + 329i — 635j — 147k 42 + 33j + 35k
Fo(52.2)= |7, |, E(51,2) = o S ,
—-j 0 108 — 95i — 860j + 77k —318 — 74i — 179j + 15k
131+ 821i — 879§ + 151k —20 + 105i + 27j — 25k 0 i—k
52(:a:a251): . . . . ) 3(:a:a171): . )
19 — 682i — 160j — 3k  —24 — 113i + 62j - 309k 0 j
166 + 368i — 705j + 192k 17+ 3i + 32j + 53k itj o
52(:3:7 ) ) . . . . aA3(:a:a1’2): . )
402 — 114i — 975j — 15k  —337 — 148i — 146j — 8k i—-25 0




0 0 i —k i 0 0 j
A:7:72,1: 7A:,:,272: 7B.,,7 = 7B ,,727 )
2= | i] 0(62,2) [O By L. O Byi2) [k 0]
kK i i 0 0 j 0 k
Bs(:,:,2,1 , B3(:,:,2,2) = , C3(:,:,1,1) = , C3(:,:,1,2) = ,
o D mean- ) - 2] e[
i+j O 0 0 0 i+k
G2 = P a2 = | 0 U Da = | T
0 k j+k i 0 j

0 0
D3(:7:7251): [. .‘| ) D3(:5:5272):
j—k i

k—i j 2 0
b 3 f3(:7:7151): ) )
0 0 3k 0

0 0 k O 0 j 0 i
]:3(2,2,271) = itk k‘| ) ]:3(:,:,2,2) = [21( 0‘| ) g3(:a:a171) = [2} 0] ) g3(:a:5172) = L,)i 0] )

i—-j o j+k O 0 i+
”27]‘ - ) 772’2 = H ” 71 - )
Gs( ) [0 —j] Gs( ) o x| HsC Il PO
i+j i j+k O i+j O
H :’:’27]‘ - H ” 72 ”7 = )
3( ) o o 3(: )= ; VEICRN ) kK o
0 0 4—Ti—2j+ 10k 9+ 2i+2j—9k
‘-73(:):)271): . . 753(:5:5171): . J. . J. )
-k —j 21 —4i—5j—13k —1-—5i+4j—4k
i+ —-31+20i—18j+12k —-17—-9i+4j+ 10k
Bn2,2) =" N &1,2) = C o ,
0o o —14 —13i+11j —22-22i+4j+ Tk
—10+4i+ 18j— 28k —5+5i+ 14— 10k 0 j
53(:3:325 ) . .J . . ) ]:2(55 ) )_ . ! ’
1+4i+23j— 11k 3i+ 20j + 10k 0 j—k
24 +15i+8j—6k 11+ 11i—7j—k k -2k
53(3:3251) . ! . . . jQ(aa ) )_ B
23 + 2j + 6k 27i — 7j + 6k 0 0
i-j o0 i—-k -k 0 j+k
Ds(:,:,1,2 , Fa(s, 1,2 Hs(:,:1,2) = ,
5(605,1,2) [k O FGa2) [O O] R
0 i+k -2 0
L 1,2) = , 551,2) =1, .
Ja( )=k | ) Lk 01

We now look at the system (L3l). Rendering of direct calculations

RMi *9 R.Ai *9 gl = O 5 *9 ﬁB- *9 [,N = O RC,' *9 gz *9 [’Bi = 0,
RA_*QR *25—0 E*QE *QE
R 3. *2 Ei %2 Lp =0, Rg *2 Ei *2 Lg =0, (Z = 1,3),
R_7:4 *9 54 = 0, 54 *9 £g4 = O, R’H4 *9 55 = 0, 55 *9 £j4 = O,
Re 49 &pk =0, Eppin L =0,
A *2 Ckk » Ckk *2 B
R, *2 Rz, *2€uk =0, Expx2 L, *2 L7, =0,
Rfkk *9 Ekk *9 £7kk = 0, Rﬂkk *9 Ekk *9 £§kk = O, (/{) = 1, 2),

Rﬁn *9 ’R?n *9 511 = O, 511 *9 ﬁan *9 [’ﬁn = 0,



20

R?ll *9 511 *9 ﬁ?n = O, Rﬁll *9 511 *9 £§11 = 07
joj *9 gjj =0, gjj *9 £ﬁjj =0 (] = 172)7
R?-Nlll *2 gll =0, gll *2 ‘C_C?” =0, RZ *9 g*Q ﬁg, (l = 1,2),
Rj*Q é7"‘2 ﬁgZO.

Consequently, in Theorem Bl all Moore-Penrose inverse conditions hold, and the system (L3])
is thus consistent. Moreover it is simple to show that the following structures satisfy the system:

2 0 0 2k 1+j 0
Zi(:,,1,1) = , Z1(5,:,1,2) = , Z1(5,:,2,1) = R
L T e il PR EEC DR _J]
2 i 3-k 0 0 0 0 0
Z4(:a:5151) - lo 0 P Z4(:a:5172) = [ 0 i P Z4(:a:5271) = [i j P Z4(:a:5272) = |j k‘| )
i-k 0 i—-k 0 1+i 0
Xi(:,1,1) = [ 0 0] , X5, 1,2) = o 0] , X 52,1) = 0 1i] )

0 0 o |0 i o I LU
lj j—k] ’ yl('7'7251)* [0 2j‘| ) yl(-;'a272)* [0 Zk‘| )

32(;,;,1,1):“; 0 ,32(,,1,2)—{’;1 , ,zg(,,2,1)=l(1) ? ,32(%5,2’2):[(1) ﬂ
yz(:,:,m)lg _13],322(:,:,1,2)[2 g],yz(i,,Q,l)[g _4],322(:,:,2,2)[221 ﬂ
Zs(:,:,1,1)=[;)i g], 3(,,1,2):[10k ;) ,zs(,,2,1)—[g zj 3(1,2,2,2):[5(’)1 ‘ﬂ,
Xg(:,:,l,l)[(; (1)]7953(37371,2) L(z ?]’ 5(552,1) = ﬂark ?]’Xg(”Q’Q) J;)k (1)1’
Yl L,1) = 8 i+i)+k Vy(n12) = if:j jfk L Va5 2,1) = “(r)k j-gk :

Z1(:,:,2,2) =

0 0 0 o0 i 0 0 2i
, X1(5,:,2,2) = , Xo(:,:,2,2) = , 552,2) = .
2+k 0] 1 ) [0 Zj] 2( ) [4 k] Vs ) lo 3j]

Remark 3.4. If we set C; = B; = 7 in ([L3)) where i = 1,3, we obtain the Sylvester-like
quaternion system of tensor equations (LQ)).

Remark 3.5. If we set A; = D; = 0 in (L8) where i = 1,3, we derive the Sylvester-like
quaternion system of tensor equations (L4)).

Remark 3.6. If we set G; = Fr = 0, J;, = 7-[;7* =0and & = 52?7* =0 in (L) where i = 1,3,

1
we investigate n-Hermitian solution for (L3).

In the following Section, we establish the consistency conditions and the general solution to
(C4). In a direct implementation, we investigate some necessary and sufficient conditions for

the existence of a common 7-Hermitian solution of ([LH]).



4. Some implementations of the central system (1.4)

Theorem 4.1. Consider the quaternion system of tensor equations (L)), where

]_‘4 c HI(N)XJ(N)’ g4 c HL(M)XK(M), H4 c HI(N)XQ(N)’ j4 c HS(M)XK(M),

£, € HIWIXEM) g o INXKM) - 7 o AN)XI(N) g o FhM)xF(M)

)

are given tensors over H. Set

Mi =R n iy Ny = Tisnr La,, Si=Hisn L, (1=T1,3),

Rg4

A = [ﬁa —ﬁfl], Dy1 = [—Rg
1

] , Ay = }-1T «n S1, Bi = Ry v J1*m QI,
Ein = Flan & xa G — Flan Hy vy MU sy €% G — Flan S1osn HY #1 &
*MJ\GT *r J1 kM QI - -7:1 *xN E4 *0r QL

RJ4
_RJS

522ZJ\//Tg*Ngg*Mj;+3§*N§3*NH§*N53*MN§_HZ*N55*M‘74T7

~

Agp = [ﬁm —Li, *N £§3] s Dag = [ ] A = L5, By = R,

~
~

Eii = R, *N Eii *m Lp

Aii = R, *N Aii, Bii = Bii xu L, ar (1=1,2),

A = [—ﬁﬂl *N Lg, E]:Qi| , Az = [—ﬁj% *N Lg, £.7:3:| , F1=F#n S,

_ R _ Rl = P _

B, = Tl By = 72 ,]:2:}';1 *N S3, g1=j2*Ngg, Go=T3 *Ngg,
Rg, Rg,

ﬁl :ﬁﬂl’ 71 :Rﬁl7 ﬁQ :ﬁ.M\Q’ 72 :R_//\?27
31:—m*Ngl*Mler—3\11-*]\73\1*]\[7'[{*Ngl*Mﬁf—f‘f;*Ngg*Mg;—f;
xNHo N -/T/f\; *n Eo ¥\ g;r - -7:; *xN So *N H; xn Eo ¥\ NQT *r T2 ¥ M g;,

2:—@*N(S‘Q*Mj;—3\21.*N‘/S\Q*N%;*N(SQ*MN\;I-"']:;.*N(S‘Q*MQ;—]:g
snHa ok M s Es xar G — Fb sy s HY v Es %00 Ni %01 T3 %01 G,

it = Rz, *N Fi, Gii = Gixum Lg,, Hio =Ry +n Hi, Tio = Ti*um Ly,

|

&d

™

|l

1= K?n _[’mm *N 5322] » B =

G = RJT/H *ar J11 %M 5117 Hy = Eﬂzz’ T = Rfvzz’

31 = 7'-11 *N 311 *M ?J{l - ?J{l kN ﬁn *N ﬂil *N 311 *M ?Il - ?11 *N 311 *N ﬂil

*Ngll *M NL kM 711 kM GL - ﬂ$2 *N 322 *M 732 - 332 *N 322 *N @2
rd vl
xnE92 %01 N oo

.%11 :Rj *N-%h 511 251 * L= ﬁn :Rj *Nﬁla ?11 :?1 * 0 £§7
1 1 1 1

21

(4.1a)

(4.1b)

(4.1¢c)

(4.1d)

(4.1e)
(4.1f)

(4.1g)
(4.1h)
(4.10)
(4.1j)
(4.1K)

(4.11)

it = Rz, *#N Ei % L, Mii = Rz, #~ Hiiy Nii = Tii #m Lg,,, Sii = Hii#n Ly, (4.1m)

(4.1n)

(4.10)
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§11 = le *N ?1 *M ﬁgl, ﬁn = 7?;11 *N ﬁn, T/n = 711 *M 55117 (4.1r)
S =Hi *n ﬁﬁn’ A = [Eﬂu N Ls,, _Eju] ; Az = {52@2 _EEQ] ) (4.1s)
~_R7H ~_R§ P T
B = R~ » Ba = 2,0 = [’MuDl - RNH’ (4'1t)
B —Rg
11 22
Cy = ?;2 sn Sp2, Dy = R, *M T22 %M @27 (4.1u)

- >4 = =

51 - All *N 511 XM Bll —ML XN 311 XN 711 —311-1 XN 311 XN ﬁil XN 311 Vi ./T/L, (41V)

& = ?;2 N E22 ¥ ?;2 - 7'-;2 *N Haz *N ﬂgz xn E22 %1 322 - ?;2 N S22 4y ﬂg2 (4.1w)
~ ~f AW

~

_ _ _ _ =~
*xnE92 ¥ J\/§2 *ar J22 %M ng — Agg xn E92 * 01 Boo,

- _ o _
Fi=[te, —£3,] Fo=|f, v L5, —La,]. F=Fuew i, (4.1x)
~ = :T ~ Rﬁll ~ 7?? ~ —
Ji =R v Tuxm G G = m | Go=| Ju | Hy=Lsz » Ja=Rg , (41y)
Gi1 Dao
s _F . F =t =t = = = =t =t =
51 = ‘7:11 *N 511 *M g11 - .7:11 *N Hil *N Mll * N 511 * 0 gll — ]:11 * N 811 (4 1Z)

sNHqq N E11 xar Nyp *ar T11 %0 G — CL *N E11 %M DJ{p

€y = Cy #n Exp %ar Dy — My #n Evv s T1y — Sy #n S11 iy Hyy #v &1 #u Ny, (4.2a)

Hiy = Rz *N Hi, Hao = Rz, *N Ha, Ji1 =T *u Ls, Ja2 = Tz #um1 Ls,, (4.2b)
gn =Rz *N 51 *m L3 522 =Rz *N 52 *am Lg, s A= Ly _ﬁﬁm] ; (4.2¢)
B= Rﬁu —ij] , £ = ﬁ; N §22 *M ngg — ﬁJ{l *N g~11 * M lel- (4.2d)
Then the system (L3)) is consistent if and only if
Ryp *N RF *n & =0, Exn Lg, xm L, =0, (4.3)
Ry *nE*m Ly, =0, Ry, *n & *m Lg, =0, (i =1,3), (4.4)
Rr, #nE1=0, Es*xpr Lg, =0, Ry, *8 E5 =0, Es*xpr L7, =0, (4.5)
R:Ikk *\ E\kk =0, g\kk *)f Eak =0, (4.6)
Riq,, *N Rz, *N Ekk =0, Exrxum Ly, *m Lyg,, =0, (4.7)
Rz, *N Erk *M Lz =0, Ry, *N Erk * M L =0, (k=1,2), (4.8)
Rﬁn * N R;ll * N ?11 =0, ?11 *0f Eal *0f Eﬁll =0, (4.9)
Rz *N S+ L= =0, Ry *n S *m Lz =0, (4.10)
Re #n €5 =0, Ejxu Ly =0 (j=1,2), (4.11)
Ry, *N gvll =0, Ev” *u Lg =0, Ri*n E xn Lz, (1=1,2), (4.12)

RN Exu L= 0. (4.13)
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Under these conditions, the general solution to system (L3l) can be expressed as follows:

Z = }j *N Eq *M Ql + Lr, *n Wi +Wa xy Rg,, (4.14)
2y = Hj; *N E *M ‘74T + Ly, 8 Wi+ Ws 50 Ry, (4.15)
Zy = M\i *N 51 *M .71T —i—gf *N 31 *N ’HI *n &1 *MJ\A/f +£/\71 *N £§1 *Nﬁl (4.16)
+£.K/l\1 *NUQ*MR/\A/—I—FU;J,*MRJN ’
or Z9 :]:;*N€2*Mg;_fg*NHQ*NM\g*N52*Mg;_fg*NS\Q*N'H;*NgQ
*MNQT *n T2 %M g; _‘7:; *N S2 *N Vo xp1 Ry, *m T2 *m g; + Lr, *n Vs (4.17)
+Vs *nm Rory,
Zg = Mb sy Evar Tj + 8) #n Sa s Hi #n Ea % N + L, *N Lg, #N Vi (4.18)

+L5, *N Vo R, + Vs #ar Ry,

or 33ng*N53*Mg§—f§*NH3*N/\//T§*N53*MQ§—fg*N§3*NH§*N53
srt NG s T #as G — F3 an Sy xn Ko s Rog, sr Ts a1 G4 + Lp, #x Ka (4.19)
+s5 *ar Rgss (sz)

Where the arbitrary tensors W;, 1725 ﬁj, Ki and Wy (j =1,3, i =1,5, k € {2,4,5}) can be
reduced by ([B.23])-([3:26q]).
Proof. See Remark [B4)-Remark ([B.5). O

Corollary 4.2. Consider the quaternion system of tensor equations (L)), where

Fye WMWXIN) gy c HINXQIN) g ¢ FIIMXIIN) - g ¢ I (N)xT(N)

)

are given tensors over H. Set

—

Mi =R, #n Hi, Ni = (M7, 8 =Hiwn L, (i =1,3) A = [cﬂ —cfl], (4.20a)

Rer | 2 _ft.. 8 B v .

D11 = T\’,4 , A1 = .;El xn S1, B11 = Rﬁl * N 7‘[1 kN (.7:1 ) R (4.20b)
~R e

En = -7’:1T xN E1 N (f?*)T - -7'-1[ kN Hi*N -//\/T{ *xN &1 *N (f?*)T - -7'-1[ *N S

. - . . 4.20c
*NHJ{ *Ngl >|<N./\/-1Jr>|<]\/[/H717 * N (.7:{7 )T_FI*N€4*N (,/_'17 )T, ( )
Ry ~ Py
./422 = |:£7—[4 _E_//Vl\g * N £§3:| ) D22 — _R;n* s ./422 = ‘C.//Vl\;g’ 822 — RN3’ (420d)
3
gy = M xy Es (HIV + S sy Sy xny B sy E xn N — 1wy E5 5 (T (4.20¢)
3 *N €3 *N \7l3 3 *N O3 *N 713 *N €3 *N /Vg3 4N 5 *N \Jg ) .
Aii = Ra,, #n Aii, Bii = Bii*n Loy, Ei = Ra, *n i+ Lo, (i =1,2), (4.20f)
A= |-Lg v Ls Lr|, A= |-Lg, v Ls, Lr|, Fi=Fwd, (4.20g)
_ R | R+ | ~ _ .
B, = Hi , By = s ,Fo= ]:;)r *N S3, G1 = T2 *n (G )T, (4.20h)
R]__g* R]__g*

Go=Tasn (G )1, Ha =L, T1=Rg, Ha=Lz, T2=Rg, (4.20i)
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ng_M\J{ *Ngl * 7\ (H?*)T—S\{*N‘é\l *N’HJ{ *Né’l *N./i\/’lT—F]:;r *NEZ*N
(FIW = Flan Ho oy ME sy & xn (FY ) = FLay So vy HY #3 & (4.20j)
*NNT . j277* . (}-n*)T

E _—MQ*NEQ*N(Hn )T—S *NSQ*N/HQ*NSQ*NN +]:T*N52*N

(}-n )T - fT *N Hs N M3 *N E3 ¥ N (f" - }'T *N Sz kN 7—[3 xn E3 (4.20k)
]:zz - R.A XN ]:Za gzz — gz XN ‘CB s le = Rﬁz XN ﬁi, 7“ = 7@ XN 'Cgi’ (4201)
Eii = RZ, *N Ei*N Lz, M = Rz, *N Hiiy Nii = Tii *N L., Sii = Hii *N L34, (4.20m)
= = R, —= — —
A= [ﬁfll LRy, *N Egzz} , Br= Rgn ] » Fi= -7':{1 *N S11, (4.20n)
B 711
G = Ry *n T 11 %M ?L, Hi = L7, T = Rxz,,» (4.200)
§1 = ?J{l *N 311 *N 511 - ?11 *N ﬂn *N Mh *N 311 *M 511 - 7'-11 *N 311 *N ﬁll
sNE11 N Ny T 114 Goy — Moy #n Ea2 %01 Ty — Sy # Sz v Hg (4.20p)
*NEQZ *N N%Z
?11 = Rj *N ?1, 511 = 51 xn L=, ﬁn = Rj * N ﬁl, ?11 = 71 * N £§ , (4,20q)
1 1 1 1
&n = R, *N E1xn L3 M = Rz, *N Hit, Nuu =T *n L5 (4.20r)
Si=Hu *n ﬁﬁn’ A = [ﬁﬂu *N L3, —ﬁjn} ;A = [ﬁjm L7, (4.20s)
B, = et By = R, Ci=Lo D1 =R 4.20
T R e B R e Rt P (4.20t)
Bi1 Gao
Cy = —7_:22 #n Saz, Dy = R,y *N T2 %N ?EQ, (4.20u)

~ =T = = _ _ _ _ _ _ _ _

51 :All *Ngll XN Bll_M‘il—l *Ngll XN \711—1_811—1 *NSll *NH-Il-l *NEH *MN-Il-l; (420V)

5~2 = ?22 *n E22 ¥N 522 - ?;2 *N Hao *N ﬂlz *N 322 * ) ?;2 7'"22*1\/ (4.20w)
. . . o . - ~ ~t 20w
S22 *N H;2 *xn E92 *NNEQ xN J 22 %)M ggg ./422 xN E92 ¥ N 822,

} L Fo = [zﬁn sn L=

fl = £511 Si1 _£522:| 5 7121 - ?11 *N 311, (420){)

L
Fi1

~ = =t =~ Rp,, R? - _

Ji =Rz, *n Juxn G G = R , Go = 2 Ha =Lz Jo=Ryg » (4.20y)
911 Doo

51 fn N E11 ¥ gn Fi1*#n Hia *N My #n €11 %8 Gyy — Fup *N S11 (4.202)

*N7'l11 N En *NNH *N T *um QH Cl, sn &1 #1 DI,

Er = Cz2 *N a2 %M D22 - Mn sn E11 N j11 — 811 *8 S11xy Hyp *nv E11 xmr Ny, (4.21a)
Hiy = Rz *N Hi, Hoo = Rz, *N Ho, T = Ji *N Ls, Ja2 = Jo *N Ls, (4.21b)

£ = Rz *N E1 %N L £ = Rz, *N Ea %N Ls, A= |:£ﬁ11 —Eﬁm] , (4.21c)

B= [Rjn RJQQ] €= HQQ *N 522 *M j22 7'711 sy E11 *N jfl. (4.21d)
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Then the system (L3)) is consistent if and only if

Ry, *N Rr #n & =0, Rp, *n & xpr Ly =0, (i =1,3), (4.22)
R, sy €1=0, Ryt s € =0, Ry E}k — 0, Ep ks £z =0, (4.23)
Rmkk N R-Tkk *n Erk =0, Epk *M £§kk * )/ Ejvkk =0, (4.24)
Rz, *N Ekktar L7 =0, Ra *n Epkxur L, =0, (k=1,2), (4.25)
R, *N Rz *N E11 =0, & % L5 *m Ly =0, (4.26)
R *n Sk L= =0, R sy &1 *ur Lz =0, (4.27)
R #n €5 =0, Exn Ly =0 (j=1,2), Ry, *n En =0, (4.28)
gv” *07 E_C:” =0, Ri*n £y Lz, (1=1,2), R i *N E Lz=0. (4.29)

Under these conditions, the general solution to system (I3]) can be expressed as follows:
2z, = % (k= T.9), (4.30)

where

2y = Fl o Exvar (F)T + Lr, oy Wi+ Wa R gt (4.31)
z’4 = HY s Es xar (HI )T+ Ly, +5 Wi + W s Ry (4.32)
= M sy E ar (HT )T—i—S s Sy xy H oy & sy N + Lz *N Lg, Uy (4.33)

+Lg, sy Uy s R, +Us M Ry

or ZQ = .7:; XN 52 XN (]:g )T —.7:;[ * N 7‘[2 *N./\//Tg XN 52 * N (fg*)T —.7:;[ * N §2 * N ’H;
snEx v N sar HT sy (FIT — Fl sy So vy Vo *ar Ry, *m Hy *m (G ) (4.34)
+£]:2 XN V4+V5 Vi R]-‘27

Zg—MT*N52*N(7'[n )T+S *NSz*N%T*N&*MN + Lz, *n Lg *N91

4.35
+L5, *NVZ*MRN2+V3*MR (4.35)

'
or Z3 = f§ *N E3 x0m (f;;]*)T - _7:;[ *N H3z *N /\7§ *N E3 N (f;;]*)T - _7:;[ sy Sz *n H};
*Ngg XN N3 XN (7‘[” )*N (JT_'W )T — fg XN Sg *N ICQ XM R-/VS Vi Hg] XN (.Fg] )T (436)

+Lpy #N Ko+ Cs %0 an , (i=1,3).

Where the arbitrary tensors Wj, Vi, ﬁj, Ki and W, (j=1,3, i = 1,5, k € {2,4,5}) can be
reduced by B23)-([3:26q) under the definitions (L20a)-(AL21d).

Proof. Consider the following quaternion system of tensor equations:
Fusn Z1 %N .7:2* = &4,
Fixn Zi *n }-in* +Hi kN Zit1 *N 7'1? =&, (4.37)
Moy Zoxn HY =&,
where (i = 1,3). Suppose that the system (LH) is consistent. Claim that (21, 22, Z3, Z4) is a
solution to the quaternion system of tensor equations (LLT)), then it is evident that (Zl, Zo, Za, 24)
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= (21,22, 23, 24) is a solution to the system ([437). Conversely, if the system (£37) has a
solution (Zl, Zy, 23, 34). It is sufficient to show that

(4.38)

Zi 4 2T 2o 2N Za 42U Z, 4 2T
(21722723724):<121722273237424 )

is a solution to system (5. Clearly, the quaternion tensors Z;, (i = 1,4) are n-Hermitian
tensors. By Applying (£3]]) on the system (L) yields:

Fiin Evoy Fi = Fasn (%) N
1 . | . A\
= SFien Eran FY + 5 (Fosn Zoan 7 ) =
Similarly, it can be shown that
Hy N 24 %N HZ* = &s.
Moreover,

Fi*N Zi #N }—in* +Hi*N Zig1 *N 7'127

420\ it 2 *
= F; xN (%) sn Fil 4 Hixn <%> s H!

1 , * , *
=3 [E’ *N ZixN F; +Hikn Zig1*n H) ]

1 , n* , n* n* i
+§[E*NZ¢*N}} +7‘[i*NZi+1*N7‘[i] =&, (1=1,3).

Therefore, ({38 is a solution to the system ([LA]). Consequently, apply Theorem [£1] on the sys-
tem ([L37), we can establish the solvability conditions and the general solution to the quaternion

system ([LH). O

5. Conclusion

Having first established the necessary and sufficient conditions for the presence of a solution
to (L3), we, therefore, manifest an expression of its general solution. If A; = D; = 0 in (L0,
where (i = 1,3), we obtain the Sylvester-like quaternion system of tensor equations (L4]). As
an application of system (L4), we investigate an n-Hermitian solution to system (LH). We
also construct a numerical example to validate the system (L.3)). It is notable that the primary
conclusions of this study are particularly beneficial for the corresponding systems over the real
and complex number fields. These conclusions can also obtain the corresponding matrix equation
systems to (L3)-(TH).

All results are valid over an arbitrary division ring. As a direct consequence, the corresponding
systems of quaternion matrix equations to the systems (3], (L4), (LH), and (L&) can be

described by rank equalities and Moore-Penrose inverses of matrices whenever N = M = 1.
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In further future work, we infer the solvability constraints to the m-system of the matrix
equations

A1 X1By +CY1Dy + Cl(Gllel 4+ H1Z2J1)Bl =
Ay X5By + C2Yo Do + Co(GaZoFs + HoZ3J2) By = Ey

ApXnBp + CYn Dy + Co (G Z Fy + Hy Zy1J,) By, = B,

can be characterized by rank equalities and Moore-Penrose inverses of some known matrices
and hence, we can derive a formula of its general solution. Moreover, we intend to study that

system over an arbitrary regular ring.
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