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THE CMO-DIRICHLET PROBLEM FOR ELLIPTIC SYSTEMS IN THE
UPPER HALF-SPACE

MINGMING CAO

ABSTRACT. We prove that for any second-order, homogeneous, N x N elliptic system L with
constant complex coefficients in R"™, the Dirichlet problem in R’} with boundary data in
CMO(R™!,C") is well-posed under the assumption that du(z’,t) := |Vu(z)|* tdz'dt is a
strong vanishing Carleson measure in R} in some sense. This solves an open question posed
by Martell et al. [12]. The proof relies on a quantitative Fatou-type theorem, which not
only guarantees the existence of the pointwise nontangential boundary trace for smooth null-
solutions satisfying a strong vanishing Carleson measure condition, but also includes a Poisson
integral representation formula of solutions along with a characterization of CMO(R™ !, CV)
in terms of the traces of solutions of elliptic systems. Moreover, we are able to establish
the well-posedness of the Dirichlet problem in R’} for a system L as above in the case when
the boundary data belongs to XMO(R"~*, CV), which lines in between CMO(R"~*, C") and
VMO(R" ™, cN ). Analogously, we formulate a new brand of strong Carleson measure condi-
tions and a characterization of XMO(R™™ C") in terms of the traces of solutions of elliptic
systems.

1. INTRODUCTION

This paper is devoted to studying the Dirichlet problem for second-order elliptic systems
with complex coefficients in the upper half-space with data in CMO and XMO spaces. To be
more specific, we introduce some notation to elaborate on the actual setting.

Fix n,N € N with n > 2 and consider a second-order, homogeneous, constant complex
coefficients, N x N system

Lu = (a?‘,f@jakuﬁ)lgagv, (1.1)

when acting on a €2 vector-valued function u = (ug)i<p<n defined in an open subset of R™,
where a?f € C for every j,k € {1,...,n} and o, 8 € {1,..., N}. Here and elsewhere, we use
the convention of summation over repeated indices. We also assume that L is elliptic, in the

sense that there exists a constant kg > 0 such that the following Legendre-Hadamard condition
holds:

Re [a?;ijEkC_aCﬁ] > rol¢?|¢[* for every

€= (&)1<j<n €R™ and ¢ = ((a)i<a<n € CV.

(1.2)
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In the scalar case (i.e. N = 1), elliptic operators include the Laplacian A = " e 18] or, more
generally, operators of the form div(AV), where A = (ajr)1<jr<n € C"*" satisfies the scalar

version of (1.2), that is,

inf Re [arsﬁrﬁs] > 0,
gesn—1

where S"~! stands for the unit sphere in R”. Regarding the case N > 1, an example of an
elliptic system is the complex version of the Lamé system of elasticity in R"™, given by
L := pA + (X + p)Vdiv,
where the constants A, i € C (called Lamé moduli in the literature) satisfy
Repu >0 and Re(2u+ \) >0,
which are indeed equivalent to (1.2). While the Lamé system is symmetric, we stress that the
results in this paper require no symmetry for the systems involved.

We are interested in showing well-posedness for Dirichlet boundary value problems for L in
(1.1)—(1.2) in the upper half-space. With this purpose in mind, given n > 2, we denote the
upper half-space in R™ as

R% == {(z/,t) eR": 2’ e R""1 ¢t > 0}
We also identify the boundary OR with R"~! via 9R” > (2/,0) = 2’ € R"~!. The cone with
vertex at 2’ € R"~! and aperture x > 0 is given by

Lpo(2) ={(,t) e R} : |2’ — /| < Kt}

Given a vector-valued function v : R} — CY, we define its nontangential boundary trace
(whenever it is meaningful) as
Kk—n.t.
( ‘aR” )(a:') = lim u(y), o eR"L
Tk (z)3y—(2’,0)
and the nontangential maximal function of u as
Niu(z') == esssup{|u(y)| : y € Tx(z')}, 2’ e R

Let us introduce BMO(R"~!, C¥), the John-Nirenberg space of vector-valued functions of
bounded mean oscillations in R"~!, as the collection of CV-valued functions f = ( fa)i<a<n
with components in LL (R"!) satisfying

”f”BMO(R"*l,(CN ‘= sup ][ |f(a") = foldz' < oo,
QCRn 1
where f¢ denotes the average value of f on the cube @ C R"~L. In order to introduce significant
spaces of functions of vanishing mean oscillations, we let > (R"~!,C") denote the space of
all smooth CV-valued functions in R"~! with compact support. Define CMO(R"~!,C") as
the closure of €>°(R"~1,C") in BMO(R"!,C"). Additionally, the space CMO(R"~1 C") is
endowed with the norm of BMO(R"~1,C"). Setting
B (R, CN) = {f e ¢! R, CY)NBMOR™ L, C) : lim |Vf(z)| = o},

|| =00

B[R, CN) = {f e (R, cN) N BMO(R™,CV) ; Jim [0°f(2)| =0, Vo € N"},
T|—00

we define XMO(R"~1, C") as the closure of #°>°(R"~1,C") in BMO(R"~!,C¥), with the norm
of BMO(R"~!,C¥). We mention that the XMO space in the scalar-valued case was introduced
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in [16] to study the compactness of commutators. Moreover, following the proof in [15, 16],
one can prove that

CMOR™ !,y ¢ XMOR™!,cV) € VMO(R" !, CV) € BMO(R™ !, C¥), (1.3)
and a characterization of XMO(R"~!, CV):
XMO(R™™ 1, CV) is the closure of Z1(R"~!,CY) in BMO(R"!,C¥). (1.4)

Next, we turn to the Carleson measure conditions. Given a continuously differentiable
function v in R}, we set

1

1 // 2 / >2

U ny = sup — Vu(x)|*tdz'dt | ,
e = s (g [, e

where the supremum runs over all cubes @ in R"™! and Ty = Q x (0,4(Q)). Consider also
the following quantities:

1

f1(u) := lim sup <L// \Vu(a;)]Qtda:'dt>2,
r=0F QcRr-14(Q)<r Q| To

1

Bo(u) := lim sup (i// |Vu(:n)|2tdx'dt>2,
=0 QR -14(Q)>r Q) To

1
Bs(u) := lim sup <L// |Vu(x)|2td:n'dt>2,
T QR 1\Q(0,r) Q) To

Bi(u;Q) :=  lim <ﬁ //TQ |Vu(:z:)|2td:n/dt> 5, cube Q C R"™1,

lzg|—o0
We then define three kinds of spaces of functions related to vanishing Carleson measures:
AR = {u : lullegan) < o0, By (u) = 0},
Yo(RY) = {u: HU”C(Ri) < 00, B1(u) = B4(u; Q) = 0 for each cube Q C R"™1},
P5(RY) == {u: [Jullen) < 00, f1(u) = B2(u) = Bs(u) = 0}.

The LP-Dirichlet boundary value problem for L as in (1.1)—(1.2) in the upper half-space was
first studied by Martell et al. [10], in which the Poisson kernel, an N x N-valued function
described in detail in Theorem 2.1, plays a pivotal role. Additionally, they also proved the
well-posedness of Dirichlet problem with boundary data in Banach function spaces, or Hardy
spaces, or Morrey spaces. After that, the same authors [11] established the well-posedness of
the BMO-Dirichlet boundary value problem whenever du (2, t) := |Vu(x)|? t d2’dt is a Carleson
measure in R, that is, ||u||c(Rr+L ) < co. In a similar way, for the VMO-Dirichlet problem, it
requires that du(z’,t) := |Vu(x)|? t dz'dt is a vanishing Carleson measure in R, which means
u € 71(R%). Beyond that, Martell et al. [8] proved well-posedness results for the Dirichlet
problem in R’} with boundary data in generalized 6lder and Morrey-Campanato. Recently, by
means of Rubio de Francia extrapolation on weighted Banach function and modular spaces,
Cao, Marin, and Martell [3] showed the well-posedness of the Dirichlet problem for L with
the boundary data belonging to a general weighted Banach function spaces or a weighted
modular space. As a consequence, one can obtain that the Dirichlet problem for such systems
is well-posed for boundary data in Lebesgue spaces, variable exponent Lebesgue spaces, Lorentz
spaces, Orlicz spaces, as well as their weighted versions.
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We are now ready to state our first main theorem. It concerns the well-posedness of the
CMO-Dirichlet problem in the upper half-space for systems L as in (1.1).

Theorem 1.5. Let L be an N x N elliptic constant complex coefficient system as in (1.1)—(1.2).
Then the CMO-Dirichlet boundary value problem for L in R, namely

u € €= (R, CN),

Lu =0 RY, 1.6)
ue F(RY), .
u|g]§1 = f € CMO(R™,CN) a.e. on R* 1,
1s well-posed. Moreover, the unique solution is given by
u(x',t) == P« f(a)), (a',t) €RY, (1.7)

where PY denotes the Poisson kernel for L in R’ from Theorem 2.1, and satisfies the following
properties:

Sgg [u(-; e)llBMo@n-1,cv) < Cllullewsn), (1.8)
£

f € CMO(R",CY) if and only if u € ¥3(R™L), (1.9)
C7fllpmogn-1,cvy < lulle@n) < CllfllBmown-1,cv); (1.10)

where the constant C' = C(n, L) depends only on the dimension n and the ellipticity constant.

Our second main theorem considers the well-posedness of the XMO-Dirichlet problem in the
upper half-space for systems L as in (1.1).

Theorem 1.11. Let L be an N x N elliptic constant complex coefficient system as in (1.1)—
(1.2). Then the XMO-Dirichlet boundary value problem for L in R}, namely

u € € (R?,CN),

Lu=0mRY,
(1.12)
u € HRY),
u|gﬂgi = f € XMOR"},C") a.e. on R" 1,
1s well-posed. Moreover, the unique solution is given by
w(@'t) == Pl x f(2), (a',t) € RY, (1.13)

where PL denotes the Poisson kernel for L in R from Theorem 2.1, and satisfies the following
properties:

Slilg [u(-, e)llBmo@n-1,cv) < Cllullewn), (1.14)
£

f € XMO(R",CY) if and only if u € ¥5(R':), (1.15)
C7YIflpMogrn-1,cvy < lulle@n) < CllfllBmo®n-1,cv); (1.16)

where the constant C' = C(n, L) depends only on the dimension n and the ellipticity constant.

The proof of Theorem 1.5 relies on a quantitative Fatou-type theorem below, which states
the existence of the pointwise nontangential boundary trace for any smooth null-solution u
satisfying a Carleson measure condition, that is, v € #3(R" ). It also gives a Poisson integral
representation formula of the solution u.
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Theorem 1.17. Let L be an N x N elliptic system with constant complex coefficients as in
(1.1)~(1.2) and let PL be the Poisson kernel for L in R from Theorem 2.1. Then there exists
a constant C = C(n, L) € (1,00) such that

u € Ee(RT,CN), u|3[§1 exists a.e. in R"™Y, lies in CMO(R™ 1, CN),

Lu =0 in RY, — Qu(2/,t) = (PtL * (u|gﬂ£i))(x,) for all (2',t) € R, (1.18)
n — .T.

u € 75(R%), C M ulley) < Il uldzn lemogEn-1,cv) < Cllulleqs)-

Furthermore, the following characterization of CMO(R™™!, CN) holds:
n—1 Ny _ n.t. n n
CMO(R™,CV) = { uljgn :u € LMO(RY) N Y3(RY)}, (1.19)
where

LMO(RY) := {u € (R, C") : Lu =0 in RY, ||ulleqn) < oo}, (1.20)

Analogously, to show the uniqueness of Theorem 1.11, we present a Fatou-type theorem as
well.

Theorem 1.21. Let L be an N x N elliptic system with constant complex coefficients as in
(1.1)(1.2) and let P be the Poisson kernel for L in R? from Theorem 2.1. Then there exists
a constant C = C(n, L) € (1,00) such that

ue %OO(R?_,CN), u\gﬂgi exists a.e. in R"™Y, lies in XMO(R"™!,CV),
Lu=0 in RY, — u(2',t) = (PtL * (u]gﬂgi))(x’) for all (2,t) € R, (1.22)
u € %3(R%), C_1HU||C(R1) < U|gﬁ§'¢ [BMo@n—1,cvy < Cllullen)-

Furthermore, the following characterization of XMO(R™™, CN) holds:
XMO(R" ™, V) ={ mgﬁi :u € LMO(RY) N 7% (RY) }, (1.23)
where LMO(R?) is given in (1.20).

This paper is organized as follows. Section 2 collects useful background material and aux-
iliary results including the existence of the Poisson kernel and characterizations of CMO and
XMO spaces. The proofs of the existence in Theorems 1.5 and 1.11, for the CMO-Dirichlet
problem and the XMO-Dirichlet problem, are carried out in Section 3. Finally, Section 4 is
devoted to showing Theorems 1.17 and 1.21, which imply the uniqueness in the CMO-Dirichlet
problem and the XMO-Dirichlet problem, respectively.

2. PRELIMINARIES

For every elliptic system as in (1.1)—(1.2), there exists an associated Agmon-Douglis-Nirenberg
Poisson kernel in R} [1, 2|, see also [7, 14]. This, [10, Theorems 2.4 and 3.1], and [9, Theorem
1.1] (see also [10, Theorem 3.2]) allow us to formulate the following result:

Theorem 2.1. Let L be a second-order, homogeneous, constant complex coefficient, N x N
elliptic system in R"™ as in (1.1)~(1.2). Then there exists a matriz-valued function Pl =
(Pojfﬁ)lgaﬁgv :R* 1 — CNXN | called the Poisson kernel for L in R%, satisfying the following
properties:
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(a) There ezists C € (0,00) such that

c
L./ < / n—1
|P*(2))] < —(1 TR e R" . (2.2)
(b) The function PL is Lebesque measurable and
/]Rn1 PH(a") da' = Inxn, (2.3)

where Inxn denotes the N x N identity matriz. In particular, for every constant vector
C = (Cq)i<a<n € CN one has

/ Z (P,fg)t(a;’ —y)Csdy =C,, V(a/,t) €R]. (2.4)
R 1<p<n
(c) If one sets

KL t) .= PE()) =" " PR’ /t), V(2/,t) € RY, (2.5)

then the function K = (Kéﬁ satisfies (in the sense of distributions)

)i<as<n
LK,LB =0 in R}  forevery pe{l,...,N}, (2.6)

where K% = (K£6)1<Q<N is the B-th column in K*.

Moreover, P is unique in the class of CN*N -valued functions defined in R"! and
satisfying (a)—(c) above, and has the following additional properties:

(d) One has P € €°([R"™), and K¥ € ¢<(R% \ {0}). Consequently, (2.6) holds in a
pointwise sense.

(e) There holds K*(Ax) = A""KL(z) for all x € R and X\ > 0. In particular, for each
multi-index o € Ny there exists Co, € (0,00) with the property that
09K ()] < Cplz|="7101 va e RT\ {0}, (2.7)
(f) Assume that f = (fg)1<p<n : R"1 — CV is a Lebesgue measurable function such that
fE
————d . 2.
/Rnl 1+ [z'|? vl (28)

Then the function u(x',t) := PEx* f(z') for every (2',t) € R" is meaningfully defined via
an absolutely convergent integral, and for every aperture k > 0, satisfies

k—n.t.

u € %M(RZL_,CN), Lu=0 in R, u|aRn = f a.e. on R"71, (2.9)
+
and there is a constant C' € (0,00) such that
If(2))] < Neu(2') < C M f(2), for a.e. ' € R*L, (2.10)

Let us present a characterization of XMO(R"~!,C") and CMO(R"~!,C"). In the scalar-
valued case, the characterization of XMO(R"~!) was given in [15, Theorem 1.2] with p = 1.
Following the proof of [15, Theorem 1.2], one can show a more general result with exponent
p € [1,00) below.
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Proposition 2.11. Let1 < p < co. Then f € XMO(R"™, CN) if and only if f € BMO(R"~!,CV)
satisfies the following three conditions:

7 (f) := lim sup <][ |f(x fQ]pdx/>E =0,

r=0Qcrr-1(Q

v5(f;Q) : lim <][ If( fQ]pdy/> ’ =0, for each cube @ C R" L

IrQ\—>

It should be pointed out that the next result was first announced by Neri [13] without
proof, and explicitly shown by Uchiyama [17] for p = 1, by Deng et al. [5] for p = 2, and by
Ding and Mei [6] for 1 < p < co. Moreover, the three limiting conditions below are mutually
independent, see [4].

Proposition 2.12. Let1 < p < co. Then f € CMO(R™™!,CN) if and only if f € BMO(R"~*,C")

satisfies the following three conditions:

M(f) := lim sup (][ f(z fQ!pdfc'>p =0,

r—0 QCR" 1. g

o(f) = lim sup (f|f fQ|Pd:s'>5=o,

T—00 QCR" 1. Z(Q

v3(f) := lim sup <]é |f(a') — fQ|7"dx/>E = 0.

"0 QCRM1\Q(0,r)
3. THE EXISTENCE OF THE SOLUTION

The goal of this section is to show the existence of the solution. To this end, we present
some fundamental estimates.

Lemma 3.1. Fiz ¢ > 0 arbitrary. Then there exists a constant Cp . € (0,00) such that for
each function f € LIIOC(R"_I, CN) and each cube Q C R*™! with center a:’Q € R™1, there holds

7@ fiZ/)_‘mi;ﬁSn-1+e < ZT’“ ][ W)~ fuoldy.  (32)

Proof. Fix f € LIOC(R"_l, CV) and a cube Q € R"~! with center x’Q € R* 1. We compute

1f(y) — fal )
/R”1 (E( ) + |y’ — gj’Q|)n—1+€ dy
S Ly L)t oy

2k+1Q

]g £ — foldy +0(Q Zz—’“][ FW) — foldd.  (33)

Let us consider the second term. For any k € Ny and p € [1,00), we have

1 1 g
— P, )" < _ p.\7 e
<]§k+1Q |f fQ| dy> > <]§k+1Q |f f2k+1Q| dy> + ]zz:o |f23Q f2]+1Q|
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1 k
< — ray’ )" + ][ — fairiol dy
< <]iwrf fariigl y) ]Z:; o~ foraldy
1

k
p
S f = farm pdy’) : 3.4
which gives that

k+1

S 0l S35 L1500 ol
S 2—k€> AN ; du'
;( > ]élef(y) ol

k=j—1
S 2 1) - faldy (35
=0 rQ
Therefore, (3.2) follows at once from (3.3) and (3.5). O

Lemma 3.6. Let 0 : R} xR} — CNXN be a matriz-valued Lebesque measurable function, with
the property that there exist € € (0,00) and C € (0,00) such that

Ct
0(z',t;9)| < —————, V(a/,t) R}, Y eRVT, (3.7)
(2 — ¢/, t) 1T
and the cancellation condition holds:
/ 0(x' ;9 )dy =0 CV*N | V(' t) € RT. (3.8)
Rnfl

In relation to the kernel 6, one may then consider the integral operator © acting on arbitrary
function f € LY R da’ /(1 + |2'[" )N according to (the absolutely convergent integral)

O f(a',t) ¢=/ 02", ;) f(y)dy', (2',t) € RY. (3.9)
Rn—1
Then the following statements hold:

(a) If in addition assume that 0 satisfies

t€
V0l 58] < c

/ n / n—1
W’ V(a: 7t) € R-{-? y € R ) (310)

then
0 : LA R™,CY) = L* R, da/dt/t)N is bounded. (3.11)

(b) Under the assumption (3.11), there exists a constant C € (0,00) such that for every
fe YR da' /(1 + ]w’\”‘“’s))N and every cube Q@ C R"™1,

de’dt e " . !
(\Q!//TQ‘GJC o) > <Ck§2 (]ékQ’f(”f) farol da:). (3.12)

Proof. Tt suffices to show part (b) since part (a) is proved in [11, Proposition 3.2]. Let f €
LYR™ da’ /(1 + |2/["7179))N and Q C R"™! be a cube with the center z{,. The cancellation
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condition (3.8) enables us to write

Z Qdiﬂldt L B , leﬁ—/dt)%
<|Q|//TQ’@f )l ) <|Q|//TQ!@(J” fQ)@ )P == ) <I+IL  (3.13)

where
N B , 2dm’dt>5
= (o //TQ\G((f fallag) ' P ),

dx'dt
H_<\Q! //TQ ((F = fQ)Lan1Q) (@, )= ) |

To control I, we use the assumption (3.11) and (3.4) for k =1 and p = 2 to get

B “dy %< - 2dy’ % _ 24/ %
IS(]{QU fQ|dy> N<]£Q|f f2Q|dy> +<]£Q|f f4Q|dy>. (3.14)

In order to estimate II, we note that
ly' =2’ >~y —ap| 2 £(Q), foralla’ €@,y € R\ 4Q,
which together with (3.7) and (3.2) yields

) fQ’ /

1pn- t d

‘ ((f fQ) R 1\4Q LE /R" 140 t—|—|:E y|)n e @Y
) fQ| /

d
/ " +|y — i

2

t g Z 27" ]ikQ 1F() = Fargldy”
k=0

Then, this implies

0Q 1 o
ws ([ E(Qzat) Zz—“][ W) ~ ol

<Y ok ][ ~ faoldy
k=0 2
;
< 22 ’“( — fargl*dy > (3.15)
At this stage, we conclude (3.12) from (3.13)—(3.15). O

The following result states the existence of the solution of the CMO-Dirichlet problem (1.6)
and the XMO-Dirichlet problem (1.12), respectively.

Proposition 3.16. Let L be an N x N elliptic system with constant complex coefficients
as in (1.1)~(1.2) and let PL be the Poisson kernel for L in R from Theorem 2.1. Select
fe LY (R dx' /(1 + |2'|")N and set

u(@ 1) = PEx (@), (') € RL.
Then u is meaningfully defined via an absolutely convergent integral and satisfies

u€EPRLCY), Lu=0inR"}, and “’gﬂéiﬁ = f a.e. inR"L (3.17)
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In addition, the function u enjoyes the following properties:
feXMOMR",CY) = wuc%RY), (3.18)
feCMOR™,CY) = wue#RL). (3.19)
Proof. The estimate (3.17) is shown in [11, Proposition 3.1]. To prove (3.18), fix f € BMO(R"~!,C¥),
which along with [11, Proposition 3.1] gives that
|Vu(a’,t)|* dda’dt is a Carleson measure in R”;, (3.20)
that is, ||uHC(R1) < 0.

To proceed, write K(2/,t) = PF(2') for every (2/,t) € R”. From (2.4), we see that
/ VFPE( —y))dy =0, Vt>0,keN. (3.21)
Rn—1

Moving on, for each j € {1,...,n} and a, 8 € {1,..., N}, set
Hiﬁ(azl,t; y) = thKéﬁ(x' —y,t), 2,y eR"I t>0.
Observe that by (2.7) and (3.21),

; t
107 5(2 5 9)] = oK s(2' — o 1) S eI (3.22)
; t
V8@ ty)] < VK5 (2 — o' )] S @ =y O (3.23)
and
/R . Hiﬁ(m/,t; y)dy = /R ) tajKéﬁ(x' —y, t)dy =1t0; - Kéﬁ(y/,t)dy' =0. (3.24)

Writing (9 5 for the operator associated with the kernel 0 Y5 as in (3.9). Granted this, from
(3.22)7(3.24) all hypotheses in Lemma 3.6 are verified for the matrix integral operators ©7 :=
(Qiﬁ)lﬁa,BSN' In addition,

1 AR
(,Q‘ //TQ V(e b)| tdxdt)

1 3
@ //T [tV (PE « f)(x')|2tdx'dt>
Q

<|Q| //TQ {0, K )(:z:’)|2td:n’dt>%

( // o o dt>
‘Q’ Tq
We then deduce from this and (3.12) that

€L ' 1) %t da! é<Oo—’9< —k2/>é:.oo—k
(!Q\ //TQ'V“(x’t)'td”t) S22 ]nglf ol de')” =32 Q). (329

Now let us verify (3.18) and (3.19). Observe that

I
N

I VAN
[ M Il M

sup sup ax(Q) < | fllBMomn—1)- (3.26)
keNyg QCcRn—1
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Recall the definition of #3(R) and 73(R’). To get (3.18) and (3.19), by (3.25)—(3.26) and
Propositions 2.11 and 2.12, it suffices to show that for any fix k € Ny,

w(H=0 = lm s a(Q) =0, (3.27)
r=0 QR 1:4(Q)<r
72(f)=0 = lim sup ag(Q) =0, (3.28)
r—o0 QCR™1:4(Q)>r
Q) =0 = | li‘m ar(Q) =0, for each cube Q C R"!, (3.29)
TQ|—00
72(f) =7(f)=0 = lim sup  a(Q) = 0. (3.30)

"0 QCR1\Q(0,r)

Indeed, (3.27)—(3.29) hold trivially. To show (3.30), we fix r > 0 and Q@ C R*"*\ Q(0,7). The
fact v2(f) = v3(f) = 0 implies that for any given n > 0, there exists ro = r9(n) > 0 such that

1
2
sup <][ ]f(a;’)—er\zda;’> <, (3.31)
Q'CR"=1:4(Q")>r0 Q'
1
3
sw (1) - P ) < (3:32)
Q/CRn—l\Q(Oﬂdo) Q/

If £(Q) > 7o, then £(28Q) > ro and by (3.31)

w@< s (1) b)) <n

T QICR14(Q) >0

If £(Q) < 7o, we recall that Q € R"™ 1\ Q(0,7) and pick r > 281y sufficiently large so that
2kQ c R"1\ Q(0,7/2) C R\ Q(0,79). Thus, this and (3.32) imply

1

2

W@ < sup ( |f($')—fo|2d<E'> <n.
Q'CR»~1\Q(0,r0) Q'

Collecting these estimates, we have shown that given 1 > 0, there exists rg = rg(n) > 0 such
that for any r > 28+ 1pg,

sup  ap(Q) <.
QCR1\Q(0r)

That is, for any fixed k € N, (3.30) holds. This completes the proof. O

4. THE UNIQUENESS OF THE SOLUTION

In this section, we will prove the uniqueness of the solution, which will follow from Fatou-
type theorems 1.17 and 1.21.

Lemma 4.1. Let L be an N x N elliptic system with constant complex coefficients as in (1.1)—
(1.2) and let PL be the Poisson kernel for L in R’ from Theorem 2.1, together with K" as in
(2.5). Set

o(z) := 0, K (' 1), 2/ eR™L
Then for any f € LY(R" Y, d2’ /(1 + |2'|"))N and for any cube Q C R"™!, one has

N & /1 o da'dt\ 2

where ®y(2') = t1="®(a' /t) for each (2/,t) € R™.
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Proof. Let f € LY R" !, da’/(1+ |2'["))N and Q C R"! be a cube. By duality, we have

<][|f—f@|2d$’>§= sup QI
Q

”9”L2(Q):1

/Q (f - fa)gda’

_1
= sup |Q|"2
”g”LQ(Q)Zl

|- g0

Q

In what follows, we fix g € L*(Q) with [|g]|12(g) = 1, and write h := (g — g)1¢. Then,
supph C @, [hllz2(q) < 2[l9llL2(q),  and /[Rl h(z')dz’ = 0.

To continue, we introduce the matrix-valued functions

(4.3)

(4.4)

(') = (—2'), CI;&E—I(.Z'/) =0 (=2), PM@):=(PHT (=), o/ eR",

g,e L
where for all 0 < a < b < o0,

’ N 1
Voola)i=4 [ vt T wer
a

Here and elsewhere we use the notation

N
ANX) =D AN, forall A= (Aa)i<a<n, A = (M))i<a<y € CV.

a=1

As shown in [11, eq. (4-91)], there holds

/R7L1 <f(.’1'/)7 h(.ﬁl'/)>d$/ = lim <f(.’1'/)7 \557571 * h(.ﬁl'/)>dx/

e—0t Rn—1

By definition, for every € > 0, we may write

/ ('), B 5 h(a')) da’ = / (W, o f(2'), h(a')) da’
R’!L*l R’!L*l

:/E / <<I>t*<1>t*f(x’),h(:n’)>dx’%
€ Rn—1

= /E / (@, % f(2'), Dy * h(z)) dm'%
€ R7—

1

< dt
_. / / (P ), H' ) da’ .
£ Rn—1 t
where
F(z' t):= &y % f(z') and H(2,t) := &, = h(z), (2,t) € R%.

Considering the last integral above, we control

[, 1o o=

o)

< ( I > I e ) P! )| G 1)

da'dt

= Jo+ Y T

k=1
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In order to analyze Jy, we observe that
Oy (x) =t (0, KDY (2 /t,1) = t (0, K1) (o', t) = to KL (2! t) = td, PE(2'), (4.8)
and by (3.21) with ¢t =1,

:</ 8KL3:1 >
Rn—1

Using these and (2.7), and setting 0(z, ;1) := ®y(z/ — y') for every (2, ) € R, we obtain

t
6(z" t53) = @y —2")| = K (y — 2’ )| S I

P I

t
A AN L / !
[Vy0(a' 1) = t|(Vy O K™) (Y — 2, t)| S @ — g

/Rnl 02’ t; ) dy = /Rnl <T>t(:17/ —y)dy = /Rnl 5(@/) dy' = 0. (4.11)

This verifies the assumptions (3.7), (3.8), and (3.10). If we define the matrix-valued integral
operator © as in (3.9), then (3.11) yields that

(4.10)

H=0:L*R"CN) - L*R",dr'dt/t)" is bounded. (4.12)

Accordingly, the Cauchy-Schwarz inequality, (4.12) and (4.4) imply

e ( //TQQ Pdaz’dt) < //:‘FQQ Pdm’dt)
( //TQQ |2da:’dt> < //n |2dx’dt>
<(J o et g (4.13)

To estimate Jj for k£ > 1, we claim that

t4(Q)
(2k(Q))+

Indeed, using the notation above, the last estimate in (4.4), and (4.10), we arrive that

|H(2',1)] < [Pl ), Y(@'st) € Torrig \ Torg- (4.14)

|H(a',1)| =

/Q(H(x’,t; y') —0(z' t;2))h(y) dy’

= sup [Vy0(z', ;)| |l 11 (o
y'eqQ
t

S s e M@

y'eQ

< Wuhup@
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whenever (2',t) € Tor+1 \ Torg and k > 1. Hence, the Cauchy-Schwarz inequality and (4.14)
immediately give

1 1
dx'dt\ 2 dx'dt\ 2
jkg< Il P, )P H 5] ) ( Il H(! 1) )
Tort19\Tokg t Tort19\Torg t
1
1 dx'dt\ 2
<2 Ml (— J[ s )
LR\ J2k+1Q) Tyirg ¢ t

1

1 dr'dt\ 2
§2_RQ§<7// o, % f(2)2 > 415
ot (g [, o 1P, (1.15)

As a consequence, the estimate (4.2) follows at one from (4.3)—(4.7), (4.13), and (4.15). O

Next, we study the boundary behavior of the vertical shifts of a smooth null-solution of L
which satisfies a Carleson measure condition in the upper half-space. Moreover, we prove that
each vertical shift of a such null-solution, denoted by u., has a Poisson integral representation
formula, but also the boundary trace of u. belongs to CMO or XMO uniformly, provided
u € #(R%) or u € #3(R%), respectively.

Lemma 4.16. Let L be an N x N elliptic system with constant complex coefficients as in
(1.1)~<(1.2) and let P* be the Poisson kernel for L in R from Theorem 2.1. Suppose that
u € € (R, CY) satisfies Lu= 0 in R and ||u|| < oco. For each e > 0, define

us(2',t) ;= w2’ t+¢) and f.(2') :=u(2',e), 2 €R™ t>0.
Then there exists a constant C € (0,00) such that for every e > 0 the following hold:
(a) One has u. € €*(RT,C"), Lu. =0 in RY, and [uellemn) < Cllullemn).-
(b) The Poisson integral representation holds:
us(2',t) = PtL * fo(2)) = (PtL * (u5|8R1))(x'), V(2',t) € R?.

(¢) The function f- belongs to €"(R" 1 CN) N &> R, CV)NBMO(R" L, CN) for each
n € (0,1), and
[ fellBMO@®n-1.c7) < Cllullewn)-
(d) If u € 1(RY), then
Eli%g |f = fellBMmo@n—1,cvy = 0.
(e) For each j =1,2,3, u € ¥;(R}) implies u. € ¥;(RY).
(£) If u € ¥5(R), then f- € XMO(R™!,CN).
(g) If u € ¥5(R7%), then f. € CMO(R™ !, CY).
Proof. Parts (a)—(d) are contained in [11]. To prove part (e), we assume that |Vu(z)|? dz'dt is

a Carleson measure in R}, that is, [Jullc@gn) < co. Fix a cube @ C R*" ! and e > 0. Let r > 0
be an arbitrary number. If £(Q) > ¢, a change of variables yields

1 / 2 / 1 Z(Q)_I—e / 2 /
— |Vue (', t)|“ tdx'dt < — |Vu(z', t)|* tdx'dt
|Q| TQ |Q| 3 Q
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\Vu(z', )| t da'dt, (4.17)
<5 I,

52(u) =0 = /82(11/5) =0. (4.18)
On the other hand, checking the proof of [11, Lemma 4.3], one gets

1
3
tiVu(z',t)| < <|Q 20) //T |Vu(y', s)|23dy'd8> ,

Q' 20)
for any (2/,t) € R, where Q(z,2t) denotes the cube in R"~! centered at 2’ with side-length
2t. This gives

1 1
—// |Vu€(x’,t)|2td:n’dt:—// V(e t+ ¢)[2 t dadt
Q| M1, Q| M1,

~|@|//TQ e <|@ oz ),

and furthermore, whenever ¢(Q) < min{r, e},

! // |Vue(z',t)|* td ’dt</m) ! < // Vu(y',s)|*sd d>
— U\ T X ~ u S S S
QI M, 0 (754‘5) QcR" '\ Q' J/T,, v Y

which implies that

1

2
[Vu(y', s)|* s dy’ ds) dx' dt,
Q(x’ 2t)

N<2r
1
N sup < - // \Vu(y', s) s dy ds) , (4.19)
Q'CRn—1; £(QN<L2r ’Q ThHr
which immediately implies
Bi(u) =0 = Bi(u:) =0, (4.20)
Bi(u) = B3(w;Q) =0 = P3(us;Q) = 0. (4.21)

To proceed, let @ C R*~1\ Q(0,7) and r > /ne. If £(Q) < &, then trivially £(Q) < r and
by (4.20),

1
L// Ve (2, 1) tda'dt < sup <i,// \Vu(y’,s)]zsdy’ds> 2, (4.22)
@l J/z, o' crn—10@)y<2r \Q'| J1,,
If £(Q) > r/+/n, then necessarily £(Q) > ¢, and by (4.17),

1
1 // Ve (a!, )2 tda'dt < sup <i // V(e ) td:z:’dt) " (423)
1Ql J/r, Q@ crr-1(Q)z2r/vm Q' T,
If e < £(Q) < r/y/n, then 2Q C R"~1\ Q(0,7/2) and by (4.17) again,

1
—// |Vue (2, t)|* tda'dt < sup ( // |Vu(z', t) |2tdx/dt> . (429)
|Q| Tqg Q'CR”— 1\Q (0,r/2) |Q | THr

With (4.22)—(4.24) in hand, we obtain
Pi(u) = Pa(u) = P3(u) =0 = f3(uc) = 0. (4.25)

Therefore, having established (4.18), (4.20), (4.21), and (4.25), we conclude that v € #;(R)
implies u. € 7;(R) for each j =1,2,3.
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Finally, let us turn to showing parts (f) and (g). Suppose that v € #;(R%}), j = 2,3. By
parts (c) and (e), there holds

foe 'R d' /(1 +2/[M)Y  and  ue € %(RY). (4.26)

In light of (4.2), (4.8), and part (b), this in turn implies

2 7. % = k 2dﬂj,dt
(f 15~ (ol ') N <|2k@|//T @04 £.(0") ) (1.27)
—k L* /2 / %
(i | LG rad'r )

1
(,2]%2‘ // |Vu(z',t ]2tdm'dt>
Ty

=: 22_kbk(Q)
k=1

M8 e

IA
ﬁ

Observe that

sup sup by(Q) 5 [l (4.28)
keN QcRn—1

Recall Propositions 2.11 and 2.12, and the definition of #3(R’} ) and #3(R’;). In order to obtain
(f) and (g), by (4.26)—(4.28), it suffices to show that for any fix k € Ny,

fi1(us) =0 = lim sup br(Q) =0, (4.29)
0 Qcr-LeQ)<r
Bo(ue) =0 = lim sup be(Q) =0, (4.30)
"0 QR 1:4(Q)>r
Bi(us;Q) =0 = ‘ li‘m br(Q) =0, for each cube Q C R"™! (4.31)
TQ|—00
Bo(us) = P3(u:) =0 == lim sup be(Q) = 0. (4.32)

"0 QR 1\Q(0,r)

Indeed, (4.29)—(4.31) hold trivially. To show (4.32), we fix r > 0 and Q C R"1\ Q(0,7). The
fact B2(us) = B3(u.) = 0 implies that for any given n > 0, there exists ro = ro(n) > 0 such
that

sup < - // |V (2, t)|* t do’ dt) <n, (4.33)
o'crr-1:4Q)>ro Q| M1,

3
sup <L,// ]Vua(a:’,t)]%dx'dt) <. (4.34)
Q'cr-1\Q(0,r0) \|Q' /1,

If £(Q) > 70, then £(2Q) > r¢ and by (4.33)

be(Q) < sup < - // |Vue (2! t)\2tdm'dt> <. (4.35)
Q'CR™=1:4(Q")>ro ‘Q ’ Tor
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If £(Q) < 79, we recall that @ € R™ '\ Q(0,7) and pick r > 2517 sufficiently large so that
2kQ c R" 1\ Q(0,7/2) € R\ Q(0,7g). Thus, this and (3.32) imply

1
br(Q) < sup (i/ // |Vue (', t)]? td:n'dt) i <. (4.36)
Q'cr-1\Q(0,r0) \|Q' M1,

Gathering (4.35) and (4.36), we conclude that given n > 0, there exists 7o = r¢(n) > 0 such
that for any r > 2F+1rg,

sup  bp(Q) <.
QCR1\Q(0r)

Therefore, for any fixed k € N, (4.32) holds. This completes the proof. d

Proof of Theorems 1.17 and 1.21. Let us first show Theorem 1.17. Assume that v €
LMO(R?Y) N #3(R%). By definition, it immediately implies that

\Vu(z',t)*t d'dt is a Carleson measure in R”, (4.37)
that is, ||UHC(R1) < 00, which together with [11, Theorem 1.2] yields that
fi= u|g]§1 exists a.e. in R"7!, and lies in BMO(R" ", C™).

Thus, to get (1.18), by definition and Proposition 2.12, it suffices to show
7 (f) = lim sup ]é |f(z) = foldx' =0, (4.38)

r—0t QCR™=1:4(Q)<r

Y2 (f) := lim sup ][ |f(z) — foldx' =0, (4.39)
"0 QCR14(Q)>r JQ

v3(f) := lim sup ][ |f(z") — foldx' = 0. (4.40)
T QR I\Q(0,r) / Q

To proceed, for each € > 0, define
ue(2',t) == u(2',t+¢e) and f.(2') :=u(2',e), 2’ €R" t>0.
Invoking Lemma 4.16 and (4.37), we get
Jim £z = fllsvon-1.cx) =0 and [ € CMO(R™ ', CV), Ve >o0. (4.41)

Note that for every cube Q € R*™1,
18- fold! < 1(£ = £ (7 = fdal ' + { |f. = (f)elds
Q Q Q

< 1f — Fllpstogn ov + ]é fe — (f)ol de,

which combining with the second estimate in (4.41) gives
v (f) < fe = fllBMo@n-1,cnvy,  VE>0, j=1,2,3.
Letting ¢ — 07 above and using the first estimate in (4.41), we conclude (4.38)—(4.40).
Let us turn to the proof of (1.19). Indeed, the left-to-right inclusion is contained in Propo-
sition 3.16, while the right-to-left inclusion is a consequence of (1.18).

Finally, the proof of Theorems 1.21 is the same as above, since the corresponding estimates
have been established in Proposition 3.16 and Lemma 4.16. O
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Finally, let us see how to conclude our main theorems 1.5 and 1.11 from Proposition 3.16,
Theorem 1.17, and Theorem 1.21.

Proof of Theorems 1.5 and 1.11. From Proposition 3.16, we see that the function u de-
fined in (1.7) solves the CMO-Dirichlet boundary value problem (1.6). The uniqueness is a
consequence of Theorem 1.17. The proof of Theorem 1.11 follows the same scheme. O
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