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Expansivity and strong structural stability for

composition operators on Lp spaces

Martina Maiuriello

Abstract

In this note we investigate the two notions of expansivity and

strong structural stability for composition operators on Lp spaces,

1 ≤ p < ∞. Necessary and sufficient conditions for such operators to

be expansive are provided, both in the general and the dissipative case.

We also show that, in the dissipative setting, the shadowing property

implies the strong structural stability and we prove that these two no-

tions are equivalent under the extra hypothesis of positive expansivity.

1 Introduction

The notion of structural stability, which comes from the work of Andronov
and Pontrjagin [3], is one of the fundamentals in the theory of linear dy-
namical systems. In recent years, many questions in hyperbolic dynam-
ics, concerning relations between structural stability, expansivity, shadowing
property and hyperbolicity, have been deeply analyzed and, sometimes, com-
pletely answered. Taking a glance at some key results in this field, one may
observe that it is proved by Abdenur and Dı́az, in [2], that, for C1 diffeo-
morphisms on closed manifolds, in certain contexts, the shadowing prop-
erty implies hyperbolicity, and therefore structural stability. Pilyugin and
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Tikhomirov [18] showed that, for C1 diffeomorphisms of closed smooth man-
ifolds, structural stability is equivalent to Lipschitz shadowing property. In
[8], Bernardes and Messaoudi proved that all generalized hyperbolic opera-
tors are structurally stable. The same authors, in [9], showed, among other
results, that hyperbolicity is equivalent to expansivity plus shadowing and
that hyperbolicity implies expansivity, shadowing property and strong struc-
tural stability while, in general, each of the converses is false.
As it often happens in linear dynamics, many researchers have widely ana-
lyzed the above mentioned notions in the context of a special class of opera-
tors, the weighted shifts, and this is due to their versatility in the construc-
tion of examples in linear dynamics, in operator theory and its applications.
Therefore, in the last decades, many dynamical properties have been com-
pletely analyzed and characterized for such operators [4, 6, 9, 11], sometimes
even before the property in question was completely understood in more gen-
eral contexts. In particular, in [6] and [4], the authors contribute to this line
of research by providing characterizations of expansive and strongly struc-
turally stable weighted shifts, respectively. It turns out from the literature
that weighted shifts represent a good model for understanding the dynam-
ics of a natural class of operators: the composition operators on Lp spaces,
1 ≤ p < ∞. Although some dynamical properties have been fully under-
stood for composition operators [5, 7], unfortunately, many other notions
require the extra hypotheses of dissipativity and bounded distortion in order
to be characterized for such operators: this is the case, among others, of
generalized hyperbolicity and shadowing property [11, 13]. More is true: re-
cently, in [12], focusing on chaotic properties as well as hyperbolic properties
(such as shadowing, expansivity and generalized hyperbolicity), the authors
established that dissipative composition operators with bounded distortion
are shifts-like operators, in the sense that they behave similarly to weighted
shifts. On the other hand, up to now, no characterization of structural sta-
bility and strong structural stability is known for this large class of operators.

Motivated by these results, in this note, we provide a characterization of
various types of expansivity for composition operators, both in the general
and dissipative context. Moreover, we start the investigation of strong struc-
tural stability for these operators.
The note is organized as follows. In Section 2, the notation is fixed and
preliminary definitions and background results are recalled. In Section 3,
a characterization of expansive composition operators is stated and proved.
Section 4 is devoted to strongly structurally stable composition operators.
It is there proved that, in the dissipative setting, the shadowing property
implies the strong structural stability and that these two notions are equiva-
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lent under the extra hypothesis of positive expansivity. Anyway, the theory
concerning structural stability and strong structural stability, for these class
of operators, is far from being complete.

2 Preliminary Definitions and Results

Throughout the paper, N denotes the set of all positive integers and N0 =
N ∪ {0}; D and T are, respectively, the open unit disk and the unit circle in
the complex plane C. The space X is always assumed to be a complex Ba-
nach space, in which the unit sphere is denoted by SX = {x ∈ X : ‖x‖ = 1}.
In the sequel, unless otherwise stated, T denotes an invertible bounded lin-
ear operator from X to itself and, as usual, σ(T ) represents its spectrum.
Moreover, Cb(X) denotes the Banach space of all bounded continuous maps
φ : X → X endowed with the supremum norm ‖ · ‖∞.

Expansivity, Shadowing and Hyperbolicity

Definition 2.0.1. The operator T

• is (positively) expansive if for each x with ‖x‖ = 1, there exists n ∈ Z

(n ∈ N) such that ‖T nx‖ ≥ 2;

• is (positively) uniformly expansive if there exists n ∈ N such that, for
every x ∈ X with ‖x‖ = 1, ‖T nx‖ ≥ 2 or ‖T−nx‖ ≥ 2 (for every x ∈ X

with ‖x‖ = 1, ‖T nx‖ ≥ 2);

• has the shadowing property if, for each ǫ > 0, there exists δ > 0 such
that every sequence {xn}n∈Z with

‖Txn − xn+1‖ ≤ δ, for all n ∈ Z,

called δ−pseudotrajectory of T , is ǫ−shadowed by a real trajectory of
T , that is, there exists x ∈ X such that

‖T nx− xn‖ < ǫ, for all n ∈ Z;

• is hyperbolic if σ(T ) ∩ T = ∅;

• is generalized hyperbolic if X = M ⊕ N , where M and N are closed
subspaces of X with T (M) ⊆ M and T−1(N) ⊆ N , and σ(T|M ) ⊂ D

and σ(T−1
|N

) ⊂ D.
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We recall that in the above definition, in the cases of positive expansivity
and positive uniform expansivity, the operator T does not need to be invert-
ible. Relations between these notions have been widely investigated in the
literature (see, for instance, [6, 8, 9, 10, 15, 14, 17], and references therein).
In particular, it is known that hyperbolicity is equivalent to expansivity plus
shadowing property and that hyperbolicity implies shadowing property and
uniform expansivity, but the converse is false in general [9].

Structural Stability and Strong Structural Stability

There are several versions of structural stability in the literature: here it is
considered the following one, originally given by Pugh in [19].

Definition 2.0.2. An invertible operator T on X is said to be structurally
stable if there exists ǫ > 0 such that T + φ is topologically conjugate to T

whenever φ ∈ Cb(X) is a Lipschitz map with ‖φ‖∞ ≤ ǫ and Lip(φ) ≤ ǫ.

The following stronger notion, introduced in [20], is obtained by requiring
extra properties on the conjugation between T and T + φ.

Definition 2.0.3. An invertible operator T on X is said to be strongly struc-
turally stable if for every γ > 0 there exists ǫ > 0 such that the following prop-
erty holds: for any Lipschitz map φ ∈ Cb(X) with ‖φ‖∞ ≤ ǫ and Lip(φ) ≤ ǫ,
there is a homeomorphism h : X → X such that h ◦ T = (T + φ) ◦ h and
‖h− I‖∞ ≤ γ, namely the homeomorphism h conjugating T and T + φ is
close to the identity operator.

The following result holds.

Theorem 2.0.4. [8, Theorem 1] Every generalized hyperbolic operator on a
Banach space is strongly structurally stable.

Relations between expansivity and structural stability are investigated in [9].

Theorem 2.0.5. [9, Theorem 6] Let T be an invertible operator on X. As-
sume that T is structurally stable. Then, the following hold:

(a) If T is expansive, then T is uniformly expansive.

(b) If T is positively expansive, then T is hyperbolic.

The basic relations between all the above mentioned notions are summa-
rized in the following diagram, in which, in general, none of the implications
can be reverted, as showed in [6, 15] and [9, Theorem 9].
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Uniform expansivity Expansivity

Hyperbolicity

Generalized hyperbolicity Shadowing property

Strong structural stability

Structural stability

2.1 Background Results for Weighted Shifts

Weighted shifts were introduced in [21].

Definition 2.1.1. Let X = ℓp(Z), 1 ≤ p < ∞ or X = c0(Z). Let w =
{wn}n∈Z be a bounded sequence of scalars, called weight sequence. Then, the
bilateral weighted backward shift Bw on X is defined by

Bw({xn}n∈Z) = {wn+1xn+1}n∈Z.

The boundedness of w = {wn}n∈Z is a necessary and sufficient condition for
Bw to be a well-defined bounded operator onX . A bilateral Bw is invertible if
and only if infn∈Z |wn| > 0. Many dynamical properties mentioned in Section
2 have been completely analyzed for such operators: characterizations of
expansivity and shadowing are proved, respectively, in [6, Theorem E] and
[9, Theorem 18]; hyperbolic and generalized hyperbolic weighted shifts are
characterized in [11, Theorem 2.4.5]. Recently, strong structural stability has
also been investigated, as the following result shows.

Theorem 2.1.2. [4, Theorem 1.2] Let X = ℓp(Z) (1 ≤ p < ∞) or X =
c0(Z). Let Bw be an invertible bilateral weighted backward shift. Then Bw

is strongly structurally stable if and only if one of the following conditions
holds:

a) lim
n→∞

(

sup
k∈Z

(
k+n
∏

j=k

|wj|)
1

n

)

< 1;

b) lim
n→∞

(

inf
k∈Z

(
k+n
∏

j=k

|wj|)
1

n

)

> 1;

c) lim
n→∞

(

sup
k∈N

(

−k
∏

j=−k−n

|wj|)
1

n

)

< 1 and lim
n→∞

(

inf
k∈N

(

k+n
∏

j=k

|wj|)
1

n

)

> 1.
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Corollary 2.1.3. [4, Corollary 1.3] Let X = ℓp(Z) (1 ≤ p < ∞) or X =
c0(Z). Let Bw be an invertible bilateral weighted backward shift. Then Bw is
strongly structurally stable if and only if it has the shadowing property.

Using the previous result together with [9, Theorem 1], it follows that,
for weighted shifts, hyperbolicity is equivalent to expansivity plus strong
structural stability.

2.2 Composition Operators

The setting, in which all the results of this note are proved, is fixed in the
following definition.

Definition 2.2.1. A composition dynamical system is a quintuple (X,B, µ, f, Tf)
where

(1) (X,B, µ) is a σ-finite measure space,

(2) f : X → X is an injective bimeasurable transformation, i.e., f(B) ∈ B
and f−1(B) ∈ B for every B ∈ B,

(3) there is c > 0 such that

µ(f−1(B)) ≤ cµ(B) for every B ∈ B, (⋆)

(4) Tf : Lp(X) → Lp(X), 1 ≤ p < ∞, is the composition operator induced
by f , i.e.,

Tf : ϕ 7→ ϕ ◦ f.

It is well-known that (⋆) guarantees that Tf is a bounded linear operator.
Moreover, if f is surjective and (⋆) holds with f−1 replaced by f , then Tf−1

is a well-defined bounded linear operator and T−1
f = Tf−1 . For a detailed

exposition on composition operators, see [22]. As it turns out from the liter-
ature, studying a dynamical property in the general context of composition
operators is sometimes complicated. For instance, properties like shadowing,
generalized hyperbolicity, chaos and frequent hypercyclicity are character-
ized, up to now, for composition operators with additional conditions: the
dissipativity and the bounded distortion.
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2.3 Dissipativity and Bounded Distortion

From now on, the measurable space (X,B, µ) is always assumed to be σ-finite.
We recall that the transformation f : X → X is said to be non-singular if
“for each B ∈ B, µ(f−1(B)) = 0 if and only if µ(B) = 0”. Below, only the
relevant definitions needed in the sequel are given. The reader interested in
the topic may refer to [1, 11, 16] for more details and an exhaustive exposition
on how they naturally arise from the Hopf Decomposition Theorem.

Definition 2.3.1. Let (X,B, µ) be a measure space and f : X → X be an
invertible non-singular transformation. A measurable set W ⊂ X is called a
wandering set (for f) if the sets {f−n(W )}n∈Z are pairwise disjoint.

Definition 2.3.2. Let (X,B, µ) be a measure space and f : X → X be
invertible and non-singular. The quadruple (X,B, µ, f) is called

• a dissipative system generated by W , if X = ∪̇k∈Zf
k(W ) for some

W ∈ B with 0 < µ(W ) < ∞ (the symbol ∪̇ denotes pairwise disjoint
union);

• a dissipative system, of bounded distortion, generated by W , if there
exists K > 0 such that

1

K
µ(fk(W ))µ(B) ≤ µ(fk(B))µ(W ) ≤ Kµ(fk(W ))µ(B), (♦)

for all k ∈ Z and B ∈ B(W ), where B(W ) = {B ∩W,B ∈ B}.

Definition 2.3.3. A composition dynamical system (X,B, µ, f, Tf) is called

• dissipative composition dynamical system, generated byW , if (X,B, µ, f)
is a dissipative system generated by W ;

• dissipative composition dynamical system, of bounded distortion, gen-
erated by W , if (X,B, µ, f) is a dissipative system of bounded distor-
tion, generated by W .

In the sequel, the following result is needed.

Proposition 2.3.4. [11, Proposition 2.6.5] Let (X,B, µ, f) be a dissipative
system of bounded distortion generated by W . Then, there is a constant
H > 0 such that, for all B ∈ B(W ) with µ(B) > 0 and for each s, t ∈ Z,

1

H

µ(f t+s(W ))

µ(f s(W ))
≤

µ(f t+s(B))

µ(f s(B))
≤ H

µ(f t+s(W ))

µ(f s(W ))
. (♦♦)
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3 Expansivity for Composition Operators

From now on, B+ = {B ∈ B : 0 < µ(B) < ∞}.

Theorem E. Let (X,B, µ, f, Tf) be a composition dynamical system. The
following statements hold.

(1) Tf is positively expansive if and only if for each B ∈ B with positive
measure,

sup
n∈N

µ(f−n(B)) = ∞.

(2) Tf is expansive if and only if for each B ∈ B with positive measure,

sup
n∈Z

µ(f−n(B)) = ∞.

(3) Tf is uniformly positively expansive if and only if

lim
n→∞

µ(f−n(B))

µ(B)
= ∞

uniformly with respect to B ∈ B+.

(4) Tf is uniformly expansive if and only if B+ can be splitted as B+ =
B+
A ∪ B+

C where

lim
n→∞

µ(fn(B))

µ(B)
= ∞, uniformly on B+

A,

lim
n→∞

µ(f−n(B))

µ(B)
= ∞, uniformly on B+

C .

Proof. The proof of (1) is obtained replacing Z by N in the proof of (2).

(2). Assume Tf expansive, i.e., using statement c) of [6, Proposition 19],

sup
n∈Z

‖T n
f ϕ‖p = ∞, for each ϕ ∈ Lp(X) \ {0}.

Let B ∈ B with µ(B) > 0, and take ϕ = χB. Note that, for every n ∈ Z,

‖T n
f ϕ‖

p
p = ‖ϕ ◦ fn‖pp =

∫

X

|ϕ ◦ fn|pdµ =

∫

X

|χB|
p ◦ fndµ = µ(f−n(B)),
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implying sup
n∈Z

µ(f−n(B)) = ∞, and hence the thesis.

Conversely, assume sup
n∈Z

µ(f−n(B)) = ∞ for each B ∈ B with µ(B) > 0. Let

ϕ ∈ Lp(X) \ {0}. Then, there exists δ > 0 such that the set B′ = {x ∈ X :
|ϕ(x)| > δ} has positive measure. For each n ∈ Z,

‖T n
f ϕ‖

p
p =

∫

X

|ϕ ◦ fn|pdµ ≥

∫

f−n(B′)

|ϕ ◦ fn|pdµ ≥ δpµ(f−n(B′)),

implying sup
n∈Z

‖T n
f ϕ‖p = ∞. By the arbitrariness of ϕ ∈ Lp(X) \ {0} and ap-

plying statement c) of [6, Proposition 19], it follows that Tf is expansive.

(3). Assume Tf uniformly positively expansive, i.e., by b) of [6, Proposi-
tion 19],

lim
n→∞

‖T n
f ϕ‖p = ∞, uniformly on SLp(X)

where we recall that SLp(X) = {ϕ ∈ Lp(X) : ‖ϕ‖p = 1}. For each B ∈ B+,

take ϕ = χB

µ(B)
1
p
and note that, for each n ∈ N,

‖T n
f ϕ‖

p
p =

∫

X

|ϕ ◦ fn|pdµ =

∫

X

|χB|
p

µ(B)
◦ fndµ =

µ(f−n(B))

µ(B)
.

As ϕ ∈ SLp(X), this implies

lim
n→∞

µ(f−n(B))

µ(B)
= ∞, uniformly on the sets B ∈ B+.

To prove the converse, according to statement b) of [6, Proposition 19], it
will be shown that lim

n→∞
‖T n

f ϕ‖p = ∞ uniformly on SLp(X). It is enough to

prove it for simple functions in SLp(X) and then to use approximation. Let
M > 0. By hypothesis, in correspondence of M there exists n ∈ N such that
for each B ∈ B+,

µ(f−n(B))

µ(B)
> M, for each n ≥ n.

Let ϕ ∈ SLp(X) be a simple function, that is ϕ =
∑s

i=1 αiχBi
where αi ∈ C \

{0}, theBi’s are pairwise disjoint measurable sets, and ‖ϕ‖pp =
∑s

i=1 |αi|
pµ(Bi) =

1. Without loss of generality, assume Bi ∈ B+ for each i ∈ {1, ..., s}. For each

9



n ≥ n,

‖T n
f ϕ‖

p
p =

∫

X

|ϕ ◦ fn|pdµ =
s
∑

i=1

∫

X

|αi|
p|χBi

|p ◦ fndµ

=

s
∑

i=1

|αi|
pµ(f−n(Bi))

>

s
∑

i=1

|αi|
pMµ(Bi)

= M

s
∑

i=1

|αi|
pµ(Bi)

= M‖ϕ‖pp
= M.

This shows that, for every M > 0, there exists n ∈ N such that, for each
simple function ϕ ∈ SLp(X),

‖T n
f ϕ‖

p
p > M, for each n ≥ n,

i.e.,
lim
n→∞

‖T n
f ϕ‖p = ∞.

Now, let ϕ be an arbitrary element of SLp(X). Write ϕ = ϕ+ −ϕ−, where ϕ+

and ϕ− are the positive and the negative part of ϕ, respectively. Let {ϕ+
k }k∈N

and {ϕ−
k }k∈N be two non-decreasing sequences of simple functions, pointwise

converging to ϕ+ and ϕ−, respectively. Then, the sequence {ϕk}k∈N defined
as ϕk = ϕ+

k −ϕ−
k , pointwise converges to ϕ, and |ϕk| = |ϕ+

k −ϕ−
k | ≤ 2|ϕ|. By

the Lebesgue Dominated Convergence Theorem,

lim
k→∞

‖ϕk‖p = ‖ϕ‖p = 1,

and hence, there exists k0 ∈ N such that, for each k > k0,

‖ϕk‖p >
1

2
,

implying, for each k > k0, n ∈ N,

∥

∥

∥

∥

T n
f

ϕk

‖ϕk‖p

∥

∥

∥

∥

p

p

< 2p‖T n
f ϕk‖

p
p = 2p

∫

X

|ϕk◦f
n|pdµ ≤ 22p

∫

X

|ϕ◦fn|pdµ = 22p‖T n
f ϕ‖

p
p.
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Note that, for each k > k0,
ϕk

‖ϕk‖p
∈ SLp(X). By the first part of the proof and

defining Sk(ϕ) =
ϕk

‖ϕk‖p
, it follows that

lim
n→∞

∥

∥T n
f [Sk(ϕ)]

∥

∥

p
= ∞, uniformly on ϕ ∈ SLp(X) and k > k0,

and hence, from the above computations,

lim
n→∞

‖T n
f ϕ‖

p
p = ∞, uniformly on SLp(X),

meaning that Tf is uniformly positively expansive.

(4). Assume Tf uniformly expansive. By assertion d) of [6, Proposition
19], SLp(X) = A ∪ C, where

lim
n→∞

‖T n
f ϕ‖p = ∞ uniformly on A

and
lim
n→∞

‖T−n
f ϕ‖p = ∞ uniformly on C.

Clearly, this implies B+ = B+
A ∪ B+

C , where

B+
A =

{

B ∈ B+ :
χB

µ(B)
1

p

∈ A

}

and B+
C =

{

B ∈ B+ :
χB

µ(B)
1

p

∈ C

}

are such that

lim
n→∞

µ(fn(B))

µ(B)
= ∞ uniformly on B+

A

and

lim
n→∞

µ(f−n(B))

µ(B)
= ∞ uniformly on B+

C ,

i.e., the thesis holds.
To show the other direction in (4), it is sufficient to prove, using again d) of
[6, Proposition 19], the existence of A and C such that SLp(X) = A∪ C, with

lim
n→∞

‖T n
f ϕ‖p = ∞ uniformly on A

and
lim
n→∞

‖T−n
f ϕ‖p = ∞ uniformly on C.

Let M > 0. By hypothesis, there exists m ∈ N such that, for all functions of

type ϕ =
χB

µ(B)
1

p

, with B ∈ B+,

‖T n
f ϕ‖

p
p ≥ M or ‖T−n

f ϕ‖pp ≥ M ∀n ≥ m.

11



Next, the above conclusion is proved for any simple function ϕ ∈ SLp(X), and
then an approximation by simple functions will provide that it holds also for
an arbitrary ϕ ∈ SLp(X). Let S̃Lp(X) be the collection of simple functions in

SLp(X). First, we hence find two sets of simple functions in S̃Lp(X), denoted

Ã and C̃, such that one has S̃Lp(X) = Ã ∪ C̃, with

lim
n→∞

‖T n
f ϕ‖p = ∞ uniformly on Ã,

and
lim
n→∞

‖T−n
f ϕ‖p = ∞ uniformly on C̃.

By hypothesis, in correspondence of M > 0, there exists n ∈ N such that,
for each n ≥ n,

µ(fn(B))

µ(B)
> M, for each B ∈ B+

A,

and
µ(f−n(B))

µ(B)
> M, for each B ∈ B+

C .

Let ϕ ∈ S̃Lp(X), i.e., ϕ =
∑s

i=1 αiχBi
, where Bi are pairwise disjoint mea-

surable sets and ‖ϕ‖pp =
∑s

i=1 |αi|
pµ(Bi) = 1. Without loss of generality, let

Bi ∈ B+, for each i ∈ {1, ..., s}. Write ϕ = ϕB+

A

+ ϕB+

C

, where

ϕB+

A

=
∑

i∈{1,...,s}:Bi∈B
+

A

αiχBi

and
ϕB+

C

=
∑

i∈{1,...,s}:Bi∈B
+

C

αiχBi

As

‖ϕ‖pp =
s
∑

i=1

|αi|
pµ(Bi) = ‖ϕB+

A

‖pp + ‖ϕB+

C

‖pp = 1,

at least one of these two things must happen

(a) ‖ϕB+

A

‖pp ≥
1

2
; (b) ‖ϕB+

C

‖pp ≥
1

2
.

12



In case (a), for each n ≥ n,

‖T−n
f ϕ‖pp =

s
∑

i=1

|αi|
pµ(fn(Bi)) ≥

∑

i∈{1,...,s}:Bi∈B
+

A

|αi|
pµ(fn(Bi))

> M
∑

i∈{1,...,s}:Bi∈B
+

A

|αi|
pµ(Bi)

≥ M
1

2
.

In case (b), for each n ≥ n,

‖T n
f ϕ‖

p
p =

s
∑

i=1

|αi|
pµ(f−n(Bi)) ≥

∑

i∈{1,...,s}:Bi∈B
+

C

|αi|
pµ(f−n(Bi))

> M
∑

i∈{1,...,s}:Bi∈B
+

C

|αi|
pµ(Bi)

≥ M
1

2
.

From the above, it follows S̃Lp(X) = Ã ∪ C̃, where

Ã =

{

ϕ ∈ S̃Lp(X) : ‖ϕB+

A

‖pp ≥
1

2

}

and C̃ =

{

ϕ ∈ S̃Lp(X) : ‖ϕB+

C

‖pp ≥
1

2

}

.

Hence, the thesis is proved for S̃Lp(X), i.e., for simple maps in SLp(X).
Now, let ϕ be an arbitrary element of SLp(X). Proceeding as in part (3), write
ϕ = ϕ+ − ϕ−, where ϕ+ and ϕ− are the positive and the negative part of ϕ,
respectively. Let {ϕ+

k }k∈N and {ϕ−
k }k∈N be two non-decreasing sequences of

simple functions, converging pointwise to ϕ+ and ϕ−, respectively. Then, the
sequence {ϕk}k∈N defined as ϕk = ϕ+

k − ϕ−
k , pointwise converges to ϕ, and

|ϕk| = |ϕ+
k −ϕ−

k | ≤ 2|ϕ|. By the Lebesgue Dominated Convergence Theorem,

lim
k→∞

‖ϕk‖p = ‖ϕ‖p = 1,

and, hence, there exists k0 such that, for each k > k0, ‖ϕk‖p >
1
2
. Then, for

each k > k0, n ∈ N,

∥

∥

∥

∥

T n
f

ϕk

‖ϕk‖p

∥

∥

∥

∥

p

p

< 2p‖T n
f ϕk‖

p
p = 2p

∫

X

|ϕk◦f
n|pdµ ≤ 22p

∫

X

|ϕ◦fn|pdµ = 22p‖T n
f ϕ‖

p
p.
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At least one of these two sets of indexes must be infinite

I1(ϕ) =

{

k ∈ N :
ϕk

‖ϕk‖p
∈ Ã

}

; I2(ϕ) =

{

k ∈ N :
ϕk

‖ϕk‖p
∈ C̃

}

.

In case I1(ϕ) is infinite, there is an increasing sequence of integers {kj} such

that one has
{

ϕkj

‖ϕkj
‖p

}

⊆ Ã and, by the first part of the proof, for eachM > 0,

there exists n0 ∈ N such that
∥

∥

∥

∥

T−n
f

ϕkj

‖ϕkj‖p

∥

∥

∥

∥

p

p

>
M

2
, for each n > n0,

and then

‖T−n
f ϕ‖pp >

1

22p

∥

∥

∥

∥

T−n
f

ϕkj

‖ϕkj‖p

∥

∥

∥

∥

p

p

>
M

22p+1
, for each n > n0.

In case I2(ϕ) is infinite, there is an increasing sequence of integers {kj} such

that one has
{

ϕkj

‖ϕkj
‖p

}

⊆ C̃ and, by the first part of the proof, for each M > 0,

there exists n0 ∈ N such that
∥

∥

∥

∥

T n
f

ϕkj

‖ϕkj‖p

∥

∥

∥

∥

p

p

>
M

2
, for each n > n0,

and then

‖T n
f ϕ‖

p
p >

1

22p

∥

∥

∥

∥

T n
f

ϕkj

‖ϕkj‖p

∥

∥

∥

∥

p

p

>
M

22p+1
, for each n > n0.

Letting

A =
{

ϕ ∈ SLp(X) : #I2(ϕ) = ∞
}

and C =
{

ϕ ∈ SLp(X) : #I1(ϕ) = ∞
}

,

it follows that SLp(X) = A ∪ C, with

lim
n→∞

‖T n
f ϕ‖p = ∞ uniformly on A,

and
lim
n→∞

‖T−n
f ϕ‖p = ∞ uniformly on C,

and hence, the thesis.

Remark 3.0.1. Note that the statement (2) of the previous theorem remains
true if one replaces “for every B ∈ B with positive measure” with “for every
B ∈ B+”, i.e., statement (2) can be rewritten as “ Tf is expansive if and only
if for every B ∈ B+, supn∈Z µ(f

−n(B)) = ∞”.
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The following conditions hold in the specific setting of dissipativity with
bounded distortion, and they will be used in the sequel.

Theorem ED. Let (X,B, µ, f, Tf ) be a dissipative composition dynamical
system of bounded distortion, generated by W . Then, the following hold.

(1) Tf is positively expansive if and only if sup
n∈N

µ(f−n(W )) = ∞.

(2) Tf is expansive if and only if sup
n∈Z

µ(fn(W )) = ∞.

(3) Tf is uniformly positively expansive if and only if lim
n→∞

µ(f−n(W )) = ∞.

(4) Tf is uniformly expansive if and only if one of the following conditions
holds:

lim
n→∞

inf
k∈Z

(

µ(fk+n(W ))

µ(fk(W ))

)

= ∞ UE1

lim
n→∞

inf
k∈Z

(

µ(fk−n(W ))

µ(fk(W ))

)

= ∞ UE2

lim
n→∞

inf
k∈N

(

µ(fk+n(W ))

µ(fk(W ))

)

= ∞ & lim
n→∞

inf
k∈−N0

(

µ(fk−n(W ))

µ(fk(W ))

)

= ∞

UE3

Proof. The proof of (1) is skipped as it follows from the proof of (2), by
replacing the set Z with N.

(2). By (2) of Theorem E and Remark 3.0.1, the following equivalence
has to be proved

“∀B ∈ B+, sup
n∈Z

µ(f−n(B)) = ∞ ⇔ sup
n∈Z

µ(f−n(W )) = ∞”.

The implication “ ⇒ ” is obvious. To show the other one, let B ∈ B+.
Hence, there exists n0 ∈ Z such that µ(B ∩ fn0(W )) > 0. Take A :=
f−n0(B ∩ fn0(W )) = f−n0(B) ∩ W . Then, A ∈ B(W ), µ(A) > 0 and, by
applying the bounded distortion property, given by Condition (♦) on page
6, it follows that

sup
n∈Z

µ(f−n(A)) ≥
1

K

µ(A)

µ(W )
sup
n∈Z

µ(f−n(W )) = ∞

and, hence,
sup
n∈Z

µ(f−n(B)) ≥ sup
n∈Z

µ(f−n(A)) = ∞.

15



Therefore, the thesis holds.

(3). By (3) of Theorem E, it has to be showed that

lim
n→∞

µ(f−n(B))

µ(B)
= ∞ uniform. w.r.t. B ∈ B+ ⇔ lim

n→∞
µ(f−n(W )) = ∞

where we recall that B+ = {B ∈ B : 0 < µ(B) < ∞}. The implication “ ⇒ ”
is obvious. To see the converse, assume lim

n→∞
µ(f−n(W )) = ∞ and fix B ∈ B+.

As in the proof of (2), there exists n0 ∈ Z such that B ∩ fn0(W ) ∈ B+. Let
A = f−n0(B ∩ fn0(W )) = f−n0(B) ∩W . Then, A ∈ B(W ), 0 < µ(A) < ∞,
and by using the bounded distortion property, given by Condition (♦) on
page 6, one obtains

µ(f−n(A))

µ(A)
≥

1

K

µ(f−n(W ))

µ(W )
, for each n ∈ Z,

where K is the bounded distortion constant. Hence, for every n ∈ Z,

µ(f−n−n0(B)) ≥ µ(f−n(A)) ≥
1

K

µ(f−n(W ))

µ(W )
µ(A)

implying

lim
n→∞

µ(f−n−n0(B)) ≥
1

Kµ(W )
lim
n→∞

µ(f−n(W )) = ∞.

By the arbitrariness of B ∈ B+ and writing m = n + n0, it follows that

lim
m→∞

µ(f−m(B))

µ(B)
= ∞, uniformly w.r.t. B ∈ B+,

showing, by (3) of Theorem E, that Tf is uniformly positively expansive.

(4). Assume Tf uniformly expansive. By (4) of Theorem E, B+ can be
splitted as B+ = B+

A ∪ B+
C , where

lim
n→∞

µ(fn(B))

µ(B)
= ∞ uniformly on B+

A

and

lim
n→∞

µ(f−n(B))

µ(B)
= ∞ uniformly on B+

C .
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Let

I =
{

k ∈ Z : fk(W ) ∈ B+
A

}

and J =
{

k ∈ Z : fk(W ) ∈ B+
C

}

.

Then,

lim
n→∞

inf
k∈I

(

µ(fk+n(W ))

µ(fk(W ))

)

= ∞

and

lim
n→∞

inf
k∈J

(

µ(fk−n(W ))

µ(fk(W ))

)

= ∞.

Now, if J = ∅, then Condition UE1 holds and, if I = ∅, then Condition UE2
holds. On the other hand, if I and J are both non-empty, then there exist i
and j in Z such that

[i,+∞[∩Z ⊆ I and ]−∞, j] ∩ Z ⊆ J,

so that Condition UE3 is satisfied.
Next, the reverse implication is proved, i.e., it is showed that each of Condi-
tions UE1, UE2 or UE3 implies the uniform expansivity of Tf . To this aim,
fix B ∈ B+. As the system is dissipative, one can write

B =
˙⋃

k∈Z

Bk where Bk = B ∩ fk(W ).

As the system is of bounded distortion, Condition (♦♦) on page 6 holds, i.e.,
there exists a constant H > 0 such that, for each k and n ∈ Z,

1

H

µ(fk+n(W ))

µ(fk(W ))
µ(Bk) ≤ µ(fn(Bk)) ≤ H

µ(fk+n(W ))

µ(fk(W ))
µ(Bk).

As µ(B) > 0, then there exists Bk with µ(Bk) > 0. Hence, for each n ∈ Z,

µ(fn(B)) =
∑

k∈Z

µ(fn(Bk))

≥
1

H

∑

k∈Z

µ(fk+n(W ))

µ(fk(W ))
µ(Bk)

≥
1

H
µ(B) inf

k∈Z

µ(fk+n(W ))

µ(fk(W ))
.

This implies that, if one of Conditions UE1, UE2 or UE3 holds, then

lim
n→∞

µ(fn(B))

µ(B)
= ∞ uniformly on B+

A
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and

lim
n→∞

µ(f−n(B))

µ(B)
= ∞ uniformly on B+

C

where B+ = B+
A ∪ B+

C with

B+
A = B+ ∩ (∪k≥0f

k(W )) = {B ∩ (∪k≥0f
k(W )) : B ∈ B+}

and
B+
C = B+ ∩

(

∪k<0f
k(W )

)

=
{

B ∩ (∪k<0f
k(W )) : B ∈ B+

}

.

4 Strong Structural Stability for Composi-

tion Operators

Proposition 4.0.1. Let (X,B, µ, f, Tf ) be a dissipative composition dynam-
ical system of bounded distortion, generated by W . If the following condition
holds

lim
n→∞

sup
k∈N0

(

µ(fk(W ))

µ(fk+n(W ))

)

1

n

< 1 & lim
n→∞

inf
k∈−N0

(

µ(fk−n(W ))

µ(fk(W ))

)

1

n

> 1,

then the operator Tf is not structurally stable and, hence, not even strongly
structurally stable.

Proof. By the second inequality in the hypothesis, there exists n0 ∈ N and
l > 1 such that

inf
k∈−N0

(

µ(fk−n(W ))

µ(fk(W ))

)

1

n

≥ l > 1, for each n ≥ n0. (♥)

This implies, taking k = 0,

µ(f−n(W ))

µ(W )
≥ inf

k∈−N0

µ(fk(W ))

µ(fk−n(W ))
≥ ln, for each n ≥ n0

and hence supn∈N µ(f
−n(W )) ≥ supn∈[n0,∞) µ(f

−n(W )) = ∞, i.e., by point
(1) of Theorem ED, Tf is positively expansive. Moreover, from (♥) it follows
that

sup
k∈−N0

(

µ(fk−n(W ))

µ(fk(W ))

)

1

n

≥ inf
k∈−N0

(

µ(fk−n(W ))

µ(fk(W ))

)

1

n

≥ l > 1, for each n ≥ n0,

18



implying

lim
n→∞

sup
k∈Z

(

µ(fk−n(W ))

µ(fk(W ))

)

1

n

≥ lim
n→∞

sup
k∈−N0

(

µ(fk−n(W ))

µ(fk(W ))

)

1

n

> 1. (♥♥)

Now, the first inequality in the hypothesis gives that there exists m0 ∈ N

and 0 < t < 1 such that

sup
k∈N0

(

µ(fk(W ))

µ(fk+n(W ))

)

1

n

≤ t < 1, for each n ≥ m0. (◦)

This implies that, for each n ≥ m0,

inf
k∈Z

(

µ(fk(W ))

µ(fk+n(W ))

)

1

n

≤ inf
k∈N0

(

µ(fk(W ))

µ(fk+n(W ))

)

1

n

≤ sup
k∈N0

(

µ(fk(W ))

µ(fk+n(W ))

)

1

n

≤ t < 1

implying,

lim
n→∞

inf
k∈Z

(

µ(fk(W ))

µ(fk+n(W ))

)

1

n

≤ lim
n→∞

inf
k∈N0

(

µ(fk(W ))

µ(fk+n(W ))

)

1

n

< 1. (◦◦)

From (◦◦) and (♥♥) it follows that none of Conditions HC,HD,GH of [11,
Corollary SC] holds, precisely: (◦◦) implies that the second half of Condition
GH (and hence Condition HD) does not hold, while (♥♥) implies that the
first half of Condition GH and Condition HC do not hold. This means that
Tf does not have the shadowing property and, therefore, it is not hyperbolic.
As Tf is positively expansive but not hyperbolic, then, using (b) of Theorem
2.0.5, it follows that Tf is not structurally stable and, therefore, not even
strongly structurally stable.

Theorem SC1. Let (X,B, µ, f, Tf) be a dissipative composition dynamical
system of bounded distortion, generated by W . If one of the following condi-
tions holds:

lim
n→∞

sup
k∈Z

(

µ(fk(W ))

µ(fk+n(W ))

)

1

n

< 1 HC

lim
n→∞

inf
k∈Z

(

µ(fk(W ))

µ(fk+n(W ))

)

1

n

> 1 HD

lim
n→∞

sup
k∈−N0

(

µ(fk−n(W ))

µ(fk(W ))

)

1

n

< 1 & lim
n→∞

inf
k∈N0

(

µ(fk(W ))

µ(fk+n(W ))

)

1

n

> 1 GH

then the operator Tf is strongly structurally stable.
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Proof. Assume that one of ConditionsHC,HD or GH holds. Note that, using
[11, Theorem SS], if Condition HC, HD holds, then Tf is hyperbolic and,
hence, generalized hyperbolic; if Condition GH holds, then Tf is generalized
hyperbolic. The thesis follows by applying Theorem 2.0.4.

Corollary SC2. Let (X,B, µ, f, Tf) be a dissipative composition dynami-
cal system of bounded distortion, generated by W . If the operator Tf has
the shadowing property or, equivalently, is generalized hyperbolic, then it is
strongly structurally stable.

Proof. It simply follows comparing Theorem SC1 with [11, Corollary SC].

Theorem W. Let (X,B, µ, f, Tf) be a dissipative composition dynamical sys-
tem of bounded distortion, generated by W . Consider the weighted backward
shift Bw on ℓp(Z) with weights

wk =

(

µ(fk−1(W ))

µ(fk(W ))

)

1

p

.

If Bw is strongly structurally stable, then so is Tf .

Proof. If Bw is strongly structurally stable, then one of conditions a), b), c) of
Theorem 2.1.3 holds. In particular, Bw has the shadowing property. Using

the fact that wk =
(

µ(fk−1(W ))
µ(fk(W ))

)
1

p

, and using [12, Theorem M], it follows that

Tf has the shadowing property and hence one of conditions HC, HD or GH
of Theorem SC1 holds. This implies the thesis.

Theorem C. Let (X,B, µ, f, Tf) be a dissipative composition dynamical sys-
tem of bounded distortion, generated byW . Assume that supn∈N µ(f

−n(W )) =
∞. Then Tf is strongly structurally stable if and only if it has the shadowing
property.

Proof. (⇐) If Tf has the shadowing property, then by Corollary SC2 it fol-
lows that Tf is strongly structurally stable.

(⇒) As Tf is strongly structurally stable, then it is structurally stable.
By hypothesis, supn∈N µ(f

−n(W )) = ∞, meaning, by Theorem ED, that Tf

is positively expansive. Hence, Theorem 2.0.5 implies Tf hyperbolic and then
the thesis.

Open Problem: Does the equivalence hold in Theorem SC1 (and hence
in Corollary SC2 and Theorem W)?

20



References

[1] J. Aaronson, An introduction to infinite ergodic theory, vol. 50 of
Mathematical Surveys and Monographs, American Mathematical Soci-
ety, Providence, RI, 1997.

[2] F. Abdenur and L. J. Dı́az, Pseudo-orbit shadowing in the C1 topol-
ogy, Discrete Contin. Dyn. Syst., 17 (2007), pp. 223–245.

[3] A. Andronov and L. Pontrjagin, Structurally stable systems, Dokl.
Akad. Nauk SSSR, 14 (1937), pp. 247–250.

[4] F. Bayart, Two problems on weighted shifts in linear dynamics, Proc.
Amer. Math. Soc., 149 (2021), pp. 5255–5266.

[5] F. Bayart, U. B. Darji, and B. Pires, Topological transitivity
and mixing of composition operators, J. Math. Anal. Appl., 465 (2018),
pp. 125–139.

[6] N. C. Bernardes, Jr., P. R. Cirilo, U. B. Darji, A. Messaoudi,

and E. R. Pujals, Expansivity and shadowing in linear dynamics, J.
Math. Anal. Appl., 461 (2018), pp. 796–816.

[7] N. C. Bernardes, Jr., U. B. Darji, and B. Pires, Li-Yorke chaos
for composition operators on Lp-spaces, Monatsh. Math., 191 (2020),
pp. 13–35.

[8] N. C. Bernardes, Jr. and A. Messaoudi, A generalized Grobman-
Hartman theorem, Proc. Amer. Math. Soc., 148 (2020), pp. 4351–4360.

[9] , Shadowing and structural stability for operators, Ergodic Theory
Dynam. Systems, 41 (2021), pp. 961–980.

[10] P. Cirilo, B. Gollobit, and E. Pujals, Dynamics of general-
ized hyperbolic linear operators, Adv. Math., 387 (2021), pp. Paper No.
107830, 37.

[11] E. D’Aniello, U. B. Darji, and M. Maiuriello, Generalized hy-
perbolicity and shadowing in Lp spaces, J. Differential Equations, 298
(2021), pp. 68–94.

[12] , Shifts like operators on Lp spaces, arXiv: 2107.12103, (2021).

21



[13] U. B. Darji and B. Pires, Chaos and frequent hypercyclicity for
composition operators, Proc. Edinb. Math. Soc. (2), 64 (2021), pp. 513–
531.

[14] M. Eisenberg, Expansive automorphisms of finite-dimensional vector
spaces, Fund. Math., 59 (1966), pp. 307–312.

[15] M. Eisenberg and J. H. Hedlund, Expansive automorphisms of
Banach spaces, Pacific J. Math., 34 (1970), pp. 647–656.

[16] U. Krengel, Ergodic theorems, vol. 6 of De Gruyter Studies in Math-
ematics, Walter de Gruyter & Co., Berlin, 1985. With a supplement by
Antoine Brunel.

[17] J. Ombach, The shadowing lemma in the linear case, Univ. Iagel. Acta
Math., (1994), pp. 69–74.

[18] S. Y. Pilyugin and S. Tikhomirov, Lipschitz shadowing implies
structural stability, Nonlinearity, 23 (2010), pp. 2509–2515.

[19] C. C. Pugh, On a theorem of P. Hartman, Amer. J. Math., 91 (1969),
pp. 363–367.

[20] J. W. Robbin, Topological conjugacy and structural stability for dis-
crete dynamical systems, Bull. Amer. Math. Soc., 78 (1972), pp. 923–952.

[21] S. Rolewicz, On orbits of elements, Studia Math., 32 (1969), pp. 17–
22.

[22] R. K. Singh and J. S. Manhas, Composition operators on function
spaces, vol. 179 of North-Holland Mathematics Studies, North-Holland
Publishing Co., Amsterdam, 1993.

M. Maiuriello,

Dipartimento di Matematica e Fisica,
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