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Expansivity and strong structural stability for
composition operators on L spaces

Martina Maiuriello

Abstract

In this note we investigate the two notions of expansivity and
strong structural stability for composition operators on LP spaces,
1 < p < 00. Necessary and sufficient conditions for such operators to
be expansive are provided, both in the general and the dissipative case.
We also show that, in the dissipative setting, the shadowing property
implies the strong structural stability and we prove that these two no-
tions are equivalent under the extra hypothesis of positive expansivity.

1 Introduction

The notion of structural stability, which comes from the work of Andronov
and Pontrjagin [3], is one of the fundamentals in the theory of linear dy-
namical systems. In recent years, many questions in hyperbolic dynam-
ics, concerning relations between structural stability, expansivity, shadowing
property and hyperbolicity, have been deeply analyzed and, sometimes, com-
pletely answered. Taking a glance at some key results in this field, one may
observe that it is proved by Abdenur and Diaz, in [2], that, for C*! diffeo-
morphisms on closed manifolds, in certain contexts, the shadowing prop-
erty implies hyperbolicity, and therefore structural stability. Pilyugin and
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Tikhomirov [18] showed that, for C! diffeomorphisms of closed smooth man-
ifolds, structural stability is equivalent to Lipschitz shadowing property. In
[8], Bernardes and Messaoudi proved that all generalized hyperbolic opera-
tors are structurally stable. The same authors, in [9], showed, among other
results, that hyperbolicity is equivalent to expansivity plus shadowing and
that hyperbolicity implies expansivity, shadowing property and strong struc-
tural stability while, in general, each of the converses is false.

As it often happens in linear dynamics, many researchers have widely ana-
lyzed the above mentioned notions in the context of a special class of opera-
tors, the weighted shifts, and this is due to their versatility in the construc-
tion of examples in linear dynamics, in operator theory and its applications.
Therefore, in the last decades, many dynamical properties have been com-
pletely analyzed and characterized for such operators [4, (6, 9, 11], sometimes
even before the property in question was completely understood in more gen-
eral contexts. In particular, in [6] and [4], the authors contribute to this line
of research by providing characterizations of expansive and strongly struc-
turally stable weighted shifts, respectively. It turns out from the literature
that weighted shifts represent a good model for understanding the dynam-
ics of a natural class of operators: the composition operators on LP spaces,
1 < p < oo. Although some dynamical properties have been fully under-
stood for composition operators [5], [7], unfortunately, many other notions
require the extra hypotheses of dissipativity and bounded distortion in order
to be characterized for such operators: this is the case, among others, of
generalized hyperbolicity and shadowing property [11], 13]. More is true: re-
cently, in [12], focusing on chaotic properties as well as hyperbolic properties
(such as shadowing, expansivity and generalized hyperbolicity), the authors
established that dissipative composition operators with bounded distortion
are shifts-like operators, in the sense that they behave similarly to weighted
shifts. On the other hand, up to now, no characterization of structural sta-
bility and strong structural stability is known for this large class of operators.

Motivated by these results, in this note, we provide a characterization of
various types of expansivity for composition operators, both in the general
and dissipative context. Moreover, we start the investigation of strong struc-
tural stability for these operators.

The note is organized as follows. In Section 2, the notation is fixed and
preliminary definitions and background results are recalled. In Section 3,
a characterization of expansive composition operators is stated and proved.
Section 4 is devoted to strongly structurally stable composition operators.
It is there proved that, in the dissipative setting, the shadowing property
implies the strong structural stability and that these two notions are equiva-



lent under the extra hypothesis of positive expansivity. Anyway, the theory
concerning structural stability and strong structural stability, for these class
of operators, is far from being complete.

2 Preliminary Definitions and Results

Throughout the paper, N denotes the set of all positive integers and Ny =
NU{0}; D and T are, respectively, the open unit disk and the unit circle in
the complex plane C. The space X is always assumed to be a complex Ba-
nach space, in which the unit sphere is denoted by Sx = {x € X : ||z|| = 1}.
In the sequel, unless otherwise stated, T" denotes an invertible bounded lin-
ear operator from X to itself and, as usual, o(T") represents its spectrum.
Moreover, C,(X) denotes the Banach space of all bounded continuous maps
¢ : X — X endowed with the supremum norm || - || .

Expansivity, Shadowing and Hyperbolicity
Definition 2.0.1. The operator T

e is (positively) expansive if for each x with ||x|| = 1, there exists n € Z
(n € N) such that ||T"z|| > 2;

e is (positively) uniformly expansive if there exists n € N such that, for
every x € X with ||z|| =1, ||T"x|| > 2 or [T "x|| > 2 (for everyx € X
with ||z|| = 1, ||T"x|| > 2);

e has the shadowing property if, for each € > 0, there exists 6 > 0 such
that every sequence {x, }nez with

||T'xn - :L‘n-i-l” S 57 f07" alln € Z7

called 6—pseudotrajectory of T, is e—shadowed by a real trajectory of
T, that is, there exists x € X such that

|T"x — ,|| <€, foralln € Z;

e is hyperbolic if o(T)N'T = 0;

e s generalized hyperbolic if X = M @& N, where M and N are closed
subspaces of X with T(M) C M and T"*(N) C N, and o(T},,) C D

and O(T‘_1) c D.
N



We recall that in the above definition, in the cases of positive expansivity
and positive uniform expansivity, the operator T does not need to be invert-
ible. Relations between these notions have been widely investigated in the
literature (see, for instance, [6, 8, O, 10, 15, [14] 17], and references therein).
In particular, it is known that hyperbolicity is equivalent to expansivity plus
shadowing property and that hyperbolicity implies shadowing property and
uniform expansivity, but the converse is false in general [9].

Structural Stability and Strong Structural Stability

There are several versions of structural stability in the literature: here it is
considered the following one, originally given by Pugh in [19].

Definition 2.0.2. An invertible operator T on X is said to be structurally
stable if there exists € > 0 such that T + ¢ s topologically conjugate to T
whenever ¢ € Cy(X) is a Lipschitz map with ||@||,, < € and Lip(¢) < e.

The following stronger notion, introduced in [20], is obtained by requiring
extra properties on the conjugation between 7' and 1"+ ¢.

Definition 2.0.3. An invertible operator T on X is said to be strongly struc-
turally stable if for every v > 0 there exists € > 0 such that the following prop-
erty holds: for any Lipschitz map ¢ € Cy(X) with ||¢|| < € and Lip(¢) <,
there is a homeomorphism h : X — X such that hoT = (T + ¢) o h and
|\h —=1I| < v, namely the homeomorphism h conjugating T and T + ¢ is
close to the identity operator.

The following result holds.

Theorem 2.0.4. [8, Theorem 1] Every generalized hyperbolic operator on a
Banach space is strongly structurally stable.

Relations between expansivity and structural stability are investigated in [9].

Theorem 2.0.5. [0, Theorem 6] Let T be an invertible operator on X. As-
sume that T is structurally stable. Then, the following hold:

(a) If T is expansive, then T is uniformly erpansive.
(b) If T is positively expansive, then T is hyperbolic.

The basic relations between all the above mentioned notions are summa-
rized in the following diagram, in which, in general, none of the implications
can be reverted, as showed in [0, 15] and [9, Theorem 9.



Uniform expansivity =————=> Expansivity

—

Hyperbolicity

Generalized hyperbolicity => Shadowing property
Y

Strong structural stability

4

Structural stability

2.1 Background Results for Weighted Shifts
Weighted shifts were introduced in [21].

Definition 2.1.1. Let X = ?(Z), 1 < p < 00 or X = ¢o(Z). Let w =
{wn }nez be a bounded sequence of scalars, called weight sequence. Then, the
bilateral weighted backward shift B, on X is defined by

By({Zn}nez) = {Wni1Tn i1 fnez.

The boundedness of w = {w, },ez is a necessary and sufficient condition for
B, to be a well-defined bounded operator on X. A bilateral B,, is invertible if
and only if inf,,c7 |w,| > 0. Many dynamical properties mentioned in Section
2 have been completely analyzed for such operators: characterizations of
expansivity and shadowing are proved, respectively, in [6, Theorem E] and
[9, Theorem 18]; hyperbolic and generalized hyperbolic weighted shifts are
characterized in [I1, Theorem 2.4.5]. Recently, strong structural stability has
also been investigated, as the following result shows.

Theorem 2.1.2. [, Theorem 1.2] Let X = (*(Z) (1 < p < o0) or X =
co(Z). Let B, be an invertible bilateral weighted backward shift. Then B,

is strongly structurally stable if and only if one of the following conditions
holds:
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Corollary 2.1.3. [/, Corollary 1.3] Let X = (P(Z) (1 < p < o) or X =
co(Z). Let By, be an invertible bilateral weighted backward shift. Then B,, is
strongly structurally stable if and only if it has the shadowing property.

Using the previous result together with [9 Theorem 1], it follows that,
for weighted shifts, hyperbolicity is equivalent to expansivity plus strong
structural stability.

2.2 Composition Operators

The setting, in which all the results of this note are proved, is fixed in the
following definition.

Definition 2.2.1. A composition dynamical system is a quintuple (X, B, i, f,T)
where

(1) (X, B, ) is a o-finite measure space,

(2) f: X — X is an injective bimeasurable transformation, i.e., f(B) € B
and f~Y(B) € B for every B € B,

(3) there is ¢ > 0 such that

u(f~(B)) < cu(B) for every B € B, (*)

(4) Ty : LP(X) — LP(X), 1 < p < o0, is the composition operator induced
by f, i.e.,
Ty:p— o f.

It is well-known that (&) guarantees that 7 is a bounded linear operator.
Moreover, if f is surjective and (@) holds with f~! replaced by f, then T}
is a well-defined bounded linear operator and T;' = T t-1. For a detailed
exposition on composition operators, see [22]. As it turns out from the liter-
ature, studying a dynamical property in the general context of composition
operators is sometimes complicated. For instance, properties like shadowing,
generalized hyperbolicity, chaos and frequent hypercyclicity are character-
ized, up to now, for composition operators with additional conditions: the
dissipativity and the bounded distortion.



2.3 Dissipativity and Bounded Distortion

From now on, the measurable space (X, B, i) is always assumed to be o-finite.
We recall that the transformation f : X — X is said to be non-singular if
“for each B € B, u(f~*(B)) = 0 if and only if u(B) = 0”. Below, only the
relevant definitions needed in the sequel are given. The reader interested in
the topic may refer to [I), 11} [16] for more details and an exhaustive exposition
on how they naturally arise from the Hopf Decomposition Theorem.

Definition 2.3.1. Let (X, B, u) be a measure space and f : X — X be an
invertible non-singular transformation. A measurable set W C X is called a
wandering set (for f) if the sets {f~"(W)}nez are pairwise disjoint.

Definition 2.3.2. Let (X,B,u) be a measure space and f : X — X be
invertible and non-singular. The quadruple (X, B, i, f) is called

e o dissipative system generated by W, if X = Upezf*(W) for some
W e B with 0 < u(W) < oo (the symbol U denotes pairwise disjoint
union);

e ¢ dissipative system, of bounded distortion, generated by W, if there
exists K > 0 such that

%u(f’“(W))u(B) < u(f5(B))u(W) < Ku(f*(W)u(B),  (0)

forallk € Z and B € B(W), where B(W) ={BnNW,B € B}.
Definition 2.3.3. A composition dynamical system (X, B, p, f,Ty) is called

e dissipative composition dynamical system, generated by W, if (X, B, i, f)
15 a dissipative system generated by W ;

e dissipative composition dynamical system, of bounded distortion, gen-
erated by W, if (X, B, u, f) is a dissipative system of bounded distor-
tion, generated by W'.

In the sequel, the following result is needed.

Proposition 2.3.4. [T1, Proposition 2.6.5] Let (X, B, u, f) be a dissipative
system of bounded distortion generated by W. Then, there is a constant
H > 0 such that, for all B € B(W) with (B) > 0 and for each s,t € Z,

Lpf W) pFB)) (S OV))

" u(rv) = w(B) = arm) (00)




3 Expansivity for Composition Operators

From now on, BT ={B € B:0 < u(B) < oo}.

Theorem E. Let (X, B, u, f,Tf) be a composition dynamical system. The
following statements hold.

(1) Ty is positively expansive if and only if for each B € B with positive

measure,
sup u(f~"(B)) = o0

neN

(2) Ty is expansive if and only if for each B € B with positive measure,

sup pu(f~"(B)) = oo

ne”L
(3) Ty is uniformly positively expansive if and only if

o #UTB))
noo p(B)

uniformly with respect to B € BT .

(4) Ty is uniformly expansive if and only if BT can be splitted as BT =
B} U B} where

. pu(f"(B)) - +

lim ————— =00, uniformly on BY,

. pu(f7"(B)) : +
lim —————= =00, uniformly on B, .
noo  pu(B) ¢

Proof. The proof of (1) is obtained replacing Z by N in the proof of (2).
(2). Assume T expansive, i.e., using statement c) of [6, Proposition 19],

sup || 17 ¢, = 0o, for each ¢ € LP(X)\ {0}.
neZ
Let B € B with u(B) > 0, and take ¢ = xp. Note that, for every n € Z,

1720l = [l o 712 = / oo fPdu = / sl o fhdu = (" (B)).
X X



implying sup u(f~"(B)) = oo, and hence the thesis.
nez
Conversely, assume sup u(f"(B)) = oo for each B € B with u(B) > 0. Let

nez

p € LP(X)\ {0}. Then, there exists § > 0 such that the set B’ = {x € X :
|p(z)| > ¢} has positive measure. For each n € Z,

ITrell = / o flPdu > / o fPdu > P u(f(B)),
X f~n(B")

implying sup||Tf¢||, = co. By the arbitrariness of ¢ € LP(X) \ {0} and ap-
neZ
plying statement c) of [6 Proposition 19], it follows that T is expansive.
(3). Assume T uniformly positively expansive, i.e., by b) of [6] Proposi-

tion 19,
nlglolo |TF¢ll, = co, uniformly on Sz (x)

where we recall that Spe(x) = {¢ € LP(X) : ||¢ll, = 1}. For each B € BT,
take o = —X£- and note that, for each n € N,

w(B)?
Ix5[" u(f"(B))
T"s@”z/ sOOf"pdu:/ o ftdy=——75".
[Tl = [ Jeo IMPan= | i) W(B)
As ¢ € Spr(x), this implies
—n(p
lim wIB)) oo, uniformly on the sets B € BT.
noo u(B)

To prove the converse, according to statement b) of [0, Proposition 19], it
will be shown that nh_)Igo |TF¢ll, = oo uniformly on Sp»(x). It is enough to
prove it for simple functions in Sz»(x) and then to use approximation. Let

M > 0. By hypothesis, in correspondence of M there exists m € N such that
for each B € BT,

u(f"(B))
u(B)
Let ¢ € Spe(x) be a simple function, that is ¢ = >"7 | a;xp, where a; € C\

{0}, the B;’s are pairwise disjoint measurable sets, and [[p||b = >77_, |as|Pu(B;) =
1. Without loss of generality, assume B; € B for each i € {1, ..., s}. For each

> M, for each n > 7.



ITrlE = / o frbdy = 3 / Pl P o frdu
X — Jx
= Y Jeilul(f(B)
=1
> > [P Mu(B;)
=1

= MY e’ u(B)
i=1
Mllelly
= M.

This shows that, for every M > 0, there exists m € N such that, for each
simple function ¢ € Sis(x),

|TFllh > M,  for each n >,
i.e.,
. 0o
Tim (|75 ]|, = oo.

Now, let ¢ be an arbitrary element of Sy»(x). Write p = o™ — ¢, where p*
and ¢~ are the positive and the negative part of ¢, respectively. Let {¢} }ren
and {¢; }ren be two non-decreasing sequences of simple functions, pointwise
converging to ¢ and ¢, respectively. Then, the sequence {¢y ren defined
as o = @} — ¢, , pointwise converges to ¢, and |px| = |of — i | < 2|¢|. By
the Lebesgue Dominated Convergence Theorem,

lim (el = el = 1

and hence, there exists ky € N such that, for each k > kg,

lkllp > 5
implying, for each k£ > kg, n € N,

p

M erll

< P TPt = 27 /X oo P < 2 /X pof"Pdu = 2| T}l

p
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Note that, for each k > kg, llngkllp € Spr(x)- By the first part of the proof and

defining Sk(¢) = IIf:llp’ it follows that

lim |77 [Sk(ap)]Hp = 00, uniformly on ¢ € Spr(x) and k > ko,

n—o0

and hence, from the above computations,

lim || T}p|l5 = oo, uniformly on Sps(x),
n—o0

meaning that 7' is uniformly positively expansive.

(4). Assume T uniformly expansive. By assertion d) of [6] Proposition
19], Spr(x) = AUC, where

lim [T} ¢l|, = oo uniformly on A
n—oo

and
lim [|7; "], = oo uniformly on C.
n—oo

Clearly, this implies B™ = B U B}, where

sz{BEB* : X—BleA} and Bg:{BeB+ : X—Bec}
u(B)r 1(B)

B =

are such that

. ,u(f"(B)) . +
lim ————% = oo uniformly on B
no (D) 4
e ((B)
.opf ) "
lim =————= = 0o uniformly on B/,
noo p(B) ‘

i.e., the thesis holds.
To show the other direction in (4), it is sufficient to prove, using again d) of
[6, Proposition 19}, the existence of A and C such that Sp»(x) = AUC, with

lim | T}¢l|, = oo uniformly on A
n—oo

and

lim [|T; "], = oo uniformly on C.
n—oo

Let M > 0. By hypothesis, there exists m € N such that, for all functions of
type ¢ = , with B € BT,

~—
SRl

(B
ITFellb > M or |T;"ellb>M ¥Yn>m.

11



Next, the above conclusion is proved for any simple function ¢ € Sr»(x), and
then an approximation by simple functions will provide that it holds also for
an arbitrary ¢ € Spr(x). Let S »(x) be the collection of simple functions in
Str(x). First, we hence find two sets of simple functions in S r(x), denoted
A and C, such that one has ng(X) = AUC, with

lim [T} ¢l|, = oo uniformly on A,
n—o0
and 3
lim [|7; "], = oo uniformly on C.
n—oo
By hypothesis, in correspondence of M > 0, there exists n € N such that,

for each n > m,
M(fn(B)) +
———= > M, for each B € B,
u(B) A

u(f(B))
1(B)
Let ¢ € SLP(X), ie., p = Zle ;XB,;, Where B; are pairwise disjoint mea-
surable sets and |¢[|p = >77 | [Pu(B;) = 1. Without loss of generality, let
B; € BT, for each i € {1, ..., s}. Write p = Pt + Pt where

and
> M, for each B € BZ.

908; = Z A X B,

i€{l,...,s}:B;€B}

(pBér = Z QiXB;

i€{l,....sh:B;eBE

and

lellp =D leal?(By) = s b + e b = 1,
i=1
at least one of these two things must happen

DO —

®) llew: 12>

DO | —

(@) sy I2 >

12



In case (a), for each n > 7,

Tl = il (B) =Y ladu((B)

i€{1,...,s}:B;€BY

> M > | [Pp(By)
i€{1,...,s}:B;€B]
1

M-—.
2

v

In case (b), for each n > 7,

17l =Y leu(f (B = X (s (B)

i€{1,...,s}:BieBY

> M > ;[P pa(By)
i€{1,...,sh: B eBY
1

M-—.
2

v

From the above, it follows SLp(X) = AUC, where

~ = 1 5 ~ 1
A= {@ € Sre(x) ||805j\||§ > 5} and C = {30 € Spr(x) ||<PBC+||§ > 5}-

Hence, the thesis is proved for SLP(X), i.e., for simple maps in Sr»(x).

Now, let ¢ be an arbitrary element of Sy»(x). Proceeding as in part (3), write
o =T — v, where ¢ and ¢~ are the positive and the negative part of ¢,
respectively. Let {¢} }ren and {¢; }ren be two non-decreasing sequences of
simple functions, converging pointwise to ¢t and ¢, respectively. Then, the
sequence {¢y tren defined as ¢, = ¢ — ¢, , pointwise converges to ¢, and
lok] = |ox — i | < 2|p|. By the Lebesgue Dominated Convergence Theorem,

Jim floell, = llell, =1,

and, hence, there exists ko such that, for each k > ko, ||¢xll, > % Then, for
each k > kg, n € N,

p

Mkl

< PTroul = 2 /X orof"Pdu < 2 /X (pof"Pdu = 27| THo|E.

p

13



At least one of these two sets of indexes must be infinite

b= {keN: e dhs b= kN i cc)

In case I(yp) is inﬁnite there is an increasing sequence of integers {k;} such
that one has { Ton ”p } C A and, by the first part of the proof, for each M > 0,
there exists ng € N such that

p
; M
HTf" Phy > —, for each n > ng,
Tl ” 2
and then
ok, P
HTJ;"‘PH% > 5% Tf—" i JH SIEEE for each n > ny.
killp 1l

In case I(¢p) is infinite, there is an increasing sequence of integers {k;} such
that one has { Tox ”p} C C and, by the first part of the proof, for each M > 0,
there exists ng € N such that

P
. M
H 7 L > —, for each n > ny,
Towllnll, ~ 2
and then
ok, ||
1T llh > o ———, for each n > ny.
/ Mowlpll, ~ 2
Letting

A={p € Smx): #hL(p) =} and C = {p € Six) : #L1(p) = 0},
it follows that Sr»(x) = AUC, with

lim ||77 ||, = oo uniformly on A,
n—o0

and
lim [|7; "], = oo uniformly on C,
n—oo

and hence, the thesis. O

Remark 3.0.1. Note that the statement (2) of the previous theorem remains
true if one replaces “for every B € B with positive measure” with “for every

B e B*7, i.e., statement (2) can be rewritten as “ Ty is expansive if and only
if for every B € B, sup,,c; p(f"(B)) = 00”.

14



The following conditions hold in the specific setting of dissipativity with
bounded distortion, and they will be used in the sequel.

Theorem ED. Let (X, B, p, f,Tf) be a dissipative composition dynamical
system of bounded distortion, generated by W. Then, the following hold.

(1) Ty is positively expansive if and only if sup pu(f~"(W)) = oo.
neN

(2) Ty is expansive if and only if sup pu(f"(W)) = oo.
nez
(3) Ty is uniformly positively expansive if and only if lim p(f~"(W)) = oo.
n—oo

(4) Ty is uniformly expansive if and only if one of the following conditions

holds:

o (RPN
,}L”éoéléi( u(FE W) )‘ uel
o ut (PN
,}meé( u(FF V) ) ue

tim ot (ML) =00 & Jim o (M) = o

Proof. The proof of (1) is skipped as it follows from the proof of (2), by
replacing the set Z with N.

(2). By (2) of Theorem [E]l and Remark B.0.1], the following equivalence
has to be proved

VB € BT, sup u(f"(B)) = oo & sup u(f (W) = 00"

neZ nez

The implication “ = 7 is obvious. To show the other one, let B € B*.
Hence, there exists ny € Z such that u(B N f(W)) > 0. Take A :=
fo(BN fro(W)) = f~(B)NW. Then, A € B(W), u(A) > 0 and, by
applying the bounded distortion property, given by Condition (¢) on page
6, it follows that

Sup n(f"(A) = %5(%/)) Sup p(f(W)) = o0

and, hence,
sup pu(f~"(B)) = sup pu(f"(A)) = .

nez ne”L

15



Therefore, the thesis holds.

(3). By (3) of Theorem [E] it has to be showed that

ey R
nh—>Holo B oo uniform. w.r.t. B € BT & nh_)rgo p(f(W)) =00

where we recall that Bt = {B € B: 0 < u(B) < co}. The implication “ ="
is obvious. To see the converse, assume nh—>nolo u(f~"(W)) =occand fix B € Bt.
As in the proof of (2), there exists ng € Z such that BN f™ (W) € BT. Let
A= fmBnfroW))=f"(B)NW. Then, A€ B(W), 0 < u(A) < oo,
and by using the bounded distortion property, given by Condition () on
page 6, one obtains

P A) 1)

> , for each n € Z,
1(A) K p(W)

where K is the bounded distortion constant. Hence, for every n € Z,

=) = ) = M
implying
Tim p(f(B)) > W Tim p(f (W) = oo.

By the arbitrariness of B € Bt and writing m = n + ng, it follows that

o B)

A B =00, uniformly w.r.t. B € BT,

showing, by (3) of Theorem [E] that T} is uniformly positively expansive.

(4). Assume T uniformly expansive. By (4) of Theorem [E] B can be
splitted as BT = B U B}, where

. M(fn(B)) . +
lim ——— =00 uniformly on B
neo (D) 4
" (" (B)
opl" .
lim ————** = oo uniformly on B .
n=oo pu(B) ¢

16



Let
I:{kEZ:fk(W)EBj} andJ:{keZ:fk(W)EB(}L}.

Then, .
()
ot () -

and
)
i ot () -

Now, if J = (), then Condition ¢/£1 holds and, if I = (), then Condition UE2
holds. On the other hand, if I and J are both non-empty, then there exist ¢
and j in Z such that

[i,+00[NZ C I and | — 00, j]NZ C J,

so that Condition UE3 is satisfied.

Next, the reverse implication is proved, i.e., it is showed that each of Condi-
tions UEL, UE2 or UES implies the uniform expansivity of Ty. To this aim,
fix B € BT. As the system is dissipative, one can write

B=|JB: where By=Bn "W).
keZ

As the system is of bounded distortion, Condition (¢<{) on page 6 holds, i.e.,
there exists a constant H > 0 such that, for each k and n € 7Z,

1 pr ) n pH )
T Rt T 1)

As pu(B) > 0, then there exists By with u(By) > 0. Hence, for each n € Z,

p(f"(B)) = u(f"(By))

k€EZ
L p(f (W)
2 u(fRW))

14(Bk).-

1(By,)

This implies that, if one of Conditions UEL, UE2 or UES holds, then
n(f"(B))

lim ————* = oo uniformly on B}
noo  p(B) 4
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and
o (B))
noo u(B)

where BT = Bj U BEL with

= oo uniformly on BZ

Bl =B N0 (Uso f* (W) = {B N (o f*(W)) : B € B}
and
Bér =BTn (Uk<ofk(W)) = {B N (Uk<0fk(W)) B e BJr} .
]

4 Strong Structural Stability for Composi-
tion Operators

Proposition 4.0.1. Let (X, B, i, f,T}) be a dissipative composition dynam-
ical system of bounded distortion, generated by W. If the following condition
holds

N L UORY m e (ML)
Jim sup (M(f’er”(W))) <& nL—ooke%o< mfk(vv))) b

then the operator T is not structurally stable and, hence, not even strongly
structurally stable.

Proof. By the second inequality in the hypothesis, there exists ny € N and
[ > 1 such that

i M ' or each n > n
2, By ) 21t ez ©

This implies, taking k = 0,

POV )
(W) = ke (o (W)

and hence sup,,ey 1(f " (W)) = SuD,efng 00) 1(f (W) = 00, i.e., by point
(1) of Theorem [ED] T is positively expansive. Moreover, from () it follows
that

pUSIVDNT L ()
¢ < u(fH(W)) ) Z’fe—fNo( u(fE(W))
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implying

e (PN )N
Fo (Smary) = B () > ©9)

Now, the first inequality in the hypothesis gives that there exists mg € N
and 0 <t < 1 such that

Su m ’ or eacn n m o
s (fpemgyy) <0< b Ereacin )

This implies that, for each n > my,

(M)i < (Mf < (mf

3=

3=

kez \ u( (W) )~ keNo \ u( fHn(W)) keNg \H(SEFH(W))
implying,
. M(fk<W)) " im in N(fk(W>> » 00
Lim inf (u(f’f*"(W))) < L (u(f’”"(%)) <t )

From (oo) and (©Q) it follows that none of Conditions HC, HD,GH of [11]
Corollary SC] holds, precisely: (co) implies that the second half of Condition
GH (and hence Condition HD) does not hold, while (QQ) implies that the
first half of Condition GH and Condition HC do not hold. This means that
T does not have the shadowing property and, therefore, it is not hyperbolic.
As T} is positively expansive but not hyperbolic, then, using (b) of Theorem
2.0.5] it follows that T is not structurally stable and, therefore, not even
strongly structurally stable. O

Theorem SC1. Let (X, B, u, f,Tf) be a dissipative composition dynamical
system of bounded distortion, generated by W. If one of the following condi-
tions holds:

() )

AT (M(f’“*"(W))> <! e

() )

J—Eiii’éli(mjfﬂn(W))) - P
()N ()
Ji%ki“‘éo( u(fwv))) <tE B (u(f’”"(W))) -

then the operator T} is strongly structurally stable.
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Proof. Assume that one of Conditions HC, HD or GH holds. Note that, using
[11, Theorem SS|, if Condition HC, HD holds, then T} is hyperbolic and,
hence, generalized hyperbolic; if Condition GH holds, then T} is generalized

hyperbolic. The thesis follows by applying Theorem 2.0.4.
U

Corollary SC2. Let (X,B,u, f,Tf) be a dissipative composition dynami-
cal system of bounded distortion, generated by W. If the operator Ty has
the shadowing property or, equivalently, is generalized hyperbolic, then it is
strongly structurally stable.

Proof. It simply follows comparing Theorem with [I1, Corollary SC].
U

Theorem W. Let (X, B, i, f,T) be a dissipative composition dynamical sys-
tem of bounded distortion, generated by W. Consider the weighted backward
shift B, on (P(Z) with weights

_ (M(f“(W))) g
Wi = & .
u( W)
If B, is strongly structurally stable, then so is Ty.

Proof. 1f B, is strongly structurally stable, then one of conditions a), b), ¢) of
Theorem holds. In particular, B, has the shadowing property. Using
1

the fact that wy, = (%) ’ , and using [12, Theorem M|, it follows that
Ty has the shadowing property and hence one of conditions HC, HD or GH
of Theorem [SCTl holds. This implies the thesis.

O

Theorem C. Let (X, B, i, f,Ty) be a dissipative composition dynamical sys-
tem of bounded distortion, generated by W. Assume that sup,,cy p(f"(W)) =
0o. Then Ty is strongly structurally stable if and only if it has the shadowing
property.

Proof. (<) If Ty has the shadowing property, then by Corollary it fol-
lows that T} is strongly structurally stable.

(=) As T is strongly structurally stable, then it is structurally stable.
By hypothesis, sup, ey p(f~"(W)) = 0o, meaning, by Theorem [ED] that T
is positively expansive. Hence, Theorem implies Ty hyperbolic and then
the thesis. O

Open Problem: Does the equivalence hold in Theorem (and hence
in Corollary SC2 and Theorem W)?
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