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DEFORMATIONS OF MODIFIED r-MATRICES AND COHOMOLOGIES OF
RELATED ALGEBRAIC STRUCTURES

JUN JIANG AND YUNHE SHENG

ABsTrACT. Modified r-matrices are solutions of the modified classical Yang-Baxter equation, intro-
duced by Semenov-Tian-Shansky, and play important roles in mathematical physics. In this paper,
first we introduce a cohomology theory for modified r-matrices. Then we study three kinds of
deformations of modified 7-matrices using the established cohomology theory, including algebraic
deformations, geometric deformations and linear deformations. We give the differential graded Lie
algebra that governs algebraic deformations of modified r-matrices. For geometric deformations,
we prove the rigidity theorem and study when is a neighborhood of a modified r-matrix smooth in
the space of all modified r-matrix structures. In the study of trivial linear deformations, we intro-
duce the notion of a Nijenhuis element for a modified r-matrix. Finally, applications are given to
study deformations of complement of the diagonal Lie algebra and compatible Poisson structures.
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1. INTRODUCTION

In the seminal work [23], Semenov-Tian-Shansky showed that solutions of the modified clas-
sical Yang-Baxter equation, which we call modified r-matrices in this paper, play an important
role in studying solutions of Lax equations [P3, P3, Eq]. Furthermore, modified r-matrices are
intimately related to particular factorization problems in the corresponding Lie algebras and Lie
groups. This factorization problem was considered by Reshetikhin and Semenov-Tian-Shansky
in the framework of the enveloping algebra of a Lie algebra with a modified r-matrix to study
quantum integrable systems [P4]. Any modified r-matrix induces a post-Lie algebra [[I]l, and a
factorization theorem for group-like elements of the completion of the Lie enveloping algebra of a
post-Lie algebra was established by Ebrahimi-Fard, Mencattini and Munthe-Kaas in [, [[(]]. Re-
cently, the global factorization theorem for a Rota-Baxter Lie group was given in [[[J]. Moreover,
modified r-matrices are also useful for the construction of flat metrics and Frobenius manifolds
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[E7], and compatible Poisson structures [[[§]. Note that in the associative algebra context, such
objects are called modified Rota-Baxter algebras by Zhang, Gao and Guo [0, BT]].

A classical approach to study a mathematical structure is to associate to it invariants. Among
these, cohomology theories occupy a central position as they enable for example to control defor-
mations or extension problems. Note that the cohomology theory for a skew-symmetric classical
r-matrix was studied in [29] under the general framework of relative Rota-Baxter operators (also
called O-operators [[7]). The first purpose of this paper is to study the cohomology theory for a
modified r-matrix. In [PJ], Semenov-Tian-Shansky showed that a modified r-matrix R : ¢ — g
on a Lie algebra (g, [, -],) induces a new Lie algebra gg in which the Lie bracket [-, -] is given by

[x,y]r = [R(x),yl; + [x,R(Y)], VYx,y€g.

In [@], Bordemann showed that the induced Lie algebra gz represents on g. We use the cor-
responding Chevalley-Eilenberg cohomology [f]] of the Lie algebra gz with coeflicients in g to
define the cohomology of the modified r-matrix R. It is well known that there is a one-to-one
correspondence between modified r-matrix R and Rota-Baxter operator B of weight 1 via the re-
lation R = Id + 2B. The cohomology theory of the latter was given in [[[f] and the Van Est type
theorem was established. We also show that the cohomology of the modified r-matrix R = Id+2B
and the cohomology of the Rota-Baxter operator B are isomorphic.

The concept of a formal deformation of an algebraic structure began with the seminal work
of Gerstenhaber [[[3, [[4] for associative algebras. Nijenhuis and Richardson extended this study
to Lie algebras [20, E1]]. There is a well known slogan, often attributed to Deligne, Drinfeld
and Kontsevich: every reasonable deformation theory is controlled by a differential graded Lie
algebra, determined up to quasi-isomorphism. This slogan has been made into a rigorous theorem
by Lurie and Pridham [[[9, P7]]. It is also meaningful to deform maps compatible with given
algebraic structures. Recently, the deformation theory of morphisms was developed in [[J, [T}, [2],
the deformation theories of O-operators on Lie algebras and associative algebras were developed
in [29, Al. The second purpose of the paper is to study deformation theories of modified r-
matrices. We study three kinds of deformations of a modified r-matrix R:

o (algebraic deformations) first we consider algebraic deformation R + R’ for certain linear
map R’, and show that this kind of deformations are governed by a differential graded Lie
algebra. This fulfill the general slogan for the deformation theory proposed by Deligne,
Drinfeld and Kontsevich;

e (geometric deformations) then we consider smooth geometric deformation R, such that
Ry = R using the approach developed by Crainic, Schatz and Struchiner in [J]. We
show that the tangent space TxOrbg of the orbit Orby is the space of 2-coboundaries
B?(R). Consequently, the condition H*(R) = 0 will imply certain rigidity theorem, and
the condition H>(R) = 0 will imply the space of modified r-matrices on the Lie algebra g
is a manifold in a neighborhood of R. We also give the necessary and sufficient condition
on a 2-cocycle giving a geometric deformation using the Kuranishi map;

e (linear deformation) next we study linear deformation R + tR. In particular, trivial linear
deformations leads to the concept of Nijenhuis elements for a modified r-matrix. If x € g
is a Nijenhuis element, then ad, is a Nijenhuis operator on the Lie algebra gg.

Note that certain particular deformation of classical r-matrices are considered in [P§] in the study
of integrable infinite-dimensional systems.

The papers is organized as follows. In Section [], we define the cohomology of a modified
r-matrix R using the Chevalley-Eilenberg cohomology of the Lie algebra gz with coefficients



DEFORMATIONS OF MODIFIED r-MATRICES 3

in g. In Section [§, we construct a differential graded Lie algebra that governs algebraic defor-
mations of a modified r-matrix. In Section [, we study geometric deformations of a modified
r-matrix. In Section [§, we study linear deformations of a modified r-matrix. In Section fl, we
study deformations of complement of the diagonal Lie algebra and compatible Poisson structures
as applications.

2. COHOMOLOGIES OF MODIFIED /-MATRICES

In this section, we establish the cohomology theory of a modified r-matrix R using the Chevalley-
Eilenberg cohomology of the Lie algebra gz with coefficients in g.

Definition 2.1. ([Z3]) Let (g, [, -],) be a Lie algebra. A linearmap R : g — g is called a modified
r-matrix if it is a solution of the following modified classical Yang-Baxter equation:

ey [R(x), Ry = R([R(x), ylg + [x,ROD]e) = [x,¥ls, Vx,y €.

Definition 2.2. Let R and R’ be modified r-matrices on a Lie algebra (g, [+, -],). A homomorphism
from R to R’ is a Lie algebra homomorphism ¢ : ¢ — g such that

(poR:R’ogp_

Remark 2.3. The notion of a modified Rota-Baxter operator of weight —1 on an associative
algebra was introduced in [J]. More precisely, it is a linear map P : A — A on an associative
algebra (A, -») satisfying

P(u) -4 Pv) = P(P(u) - gv+u-4, PWV))—u-4v, VYu,veA.

It is straightforward to see that if a linear map P : A — A is a modified Rota-Baxter operator
of weight —1 on an associative algebra (A, -4), then P is a modified r-matrix on the Lie algebra
(A, [-,-1a), where [-, -14 is the commutator Lie bracket.

Remark 2.4. Let R : ¢ — g be a linear map on a Lie algebra (g, [-,],). Under the condition
R? = 1d, the following structures are equivalent:

e R is a modified r-matrix;

e R is a Nijenhuis operator;

e R is a product structure;

e There is a vector space direct sum decomposition § = g ® o, of g into subalgebras g, and
a2 such that R is given by

R(x,u) = (x,—u), Vxe€g;,ucag,.

Let (g, [, ]) be a Lie algebra and R be a modified r-matrix. Semenov-Tian-Shansky showed
that (g, [+, -]z) is a Lie algebra which plays important roles in the study of integrable systems [23],
where

(2) [x,ylr = [R(x),yl; + [x,R())];, Yx,y€g.

Recall that a matched pair of Lie algebras consists of Lie algebras (g, [, ‘1), (b, [, ]y), a repre-
sentation p : g — gl(h) of g on f) and a representation o : h — gl(g) of h on g, such that some
compatibility conditions are satisfied. Bordemann further showed that the induced Lie algebra gg
represents on g which leads to a matched pair of Lie algebras ((g, [+, -15), (g, [, -1z)) [[]. Here we
give a direct proof to be self-contained.
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Proposition 2.5. Let R be a modified r-matrix on a Lie algebra (g, [, ],). Define a linear map
p:g — alg) by
3 p(x)y = [R(x),yly = R([x, y]), Vx,y€aq.

Then p is a representation of the Lie algebra (g, [+, -1z) on the vector space g.
Proof. For all x,y,z € g, by () and (), we have

[o(x), p(V)]z

= p(x)p(y)z - p(y)p(x)z

= p)([R(Y), zlg — R([y, z]y)) — pO([R(x), z]g — R([x, z],))

= [R(x), [R(y), 4]y — [R(x), R([y, z])]g — R([x, [R(Y), z]g)g) + R([x, R([y, z])]q)
—[R(y), [R(x), z]gly + [R(Y), R([x, z])]q + R([y, [R(x), z]g1s) — R([y, R([x, z]¢)],)

= [[R(x), Ry, 2)g = R(IR(X), [y, 2l4]s) — R([x, [R(Y), 2]g]y) + [x, [y, 2]glg
+R([R(), [x, 2]glo) — [y» [x, 2lo]q + R([y, [R(x), z]g]s)

= [[R(x), Ry, 2l + [[x, Y]y, 2lg = R(IIR(X), y]gs 2]g) — R([[x, ROy, 2]o)s

and

p([x, ylr)z
= p([R(x), yls + [x, R(V)]y)z
= [R([R(x),yls + [x, ROV)]y) zlg — R([[R(x), y]g + [x, RV, 2]g)
= [[R(x), ROqs zlg + [[x, Y1y, 2]g = R(IR(x), ylgs 2lg) — R([[x, R(Y)]g, 2]o)-
Thus we have p([x, ylr) = [p(x), p(¥)], which means that p is a representation of (g, [+, -]z) on the
vector space g. O

Let d’éE : Hom(A¥g, 9) — Hom(A**!g, g) be the corresponding Chevalley-Eilenberg cobound-
ary operator of the Lie algebra (g, [+, -]g) with coeflicients in the representation (g, p). More pre-
cisely, for all f € Hom(Afg, g) and xy,- - - , X341 € g, we have

“4) deef(xr, -y Xpar)

k+1

= DD ) X
i=1

+ E (_1)l+jf([xi’xj]R’ Xiy o 9xAi"“ ’fj"“ ,Xk+1)
i<j
k+1

= D DR, fOr, - e )],
i=1

k+1

(5) = Y DR, fOr, - e X))
i=1

# (D ARG, X1 + [ RO X1, B, 8, Xi).
i<j
Now, we define the cohomology of a modified r-matrix R : ¢ — g. Define the space of 0-
cochains C°(R) to be 0 and define the space of 1-cochains C!(R) to be g. For n > 2, define the
space of n-cochains C"(R) by C"(R) = Hom(A" g, g).
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Definition 2.6. Let (g, [, ],) be a Lie algebra and R be a modified r-matrix. The cohomology of
the cochain complex (®15C'(R), d¥;) is defined to be the cohomology for the modified r-matrix
R.

Denote the set of n-cocycles by Z"(R), the set of n-coboundaries by B"(R) and the n-th coho-
mology group by

H"(R) =Z"(R)/B"(R), n=>0.
It is obvious that x € g is closed if and only if
ad,oR=Road,,
and f € Hom(g, g) is closed if and only if

(6) [R(x), f(N]y = R([x, fN]y) = [RG), f(0)]g + R(Dy, f(0]g) = f(IRX), y]g + [x, ROY)],),

for all x,y € g.
At the end of this section, we recall the cohomology theory of Rota-Baxter operators given in
[[d], and establish its relation with the cohomology theory of modified r-matrices.

Definition 2.7. Let (g, [+, 1y) be a Lie algebra. A linear map B : ¢ — g is called a Rota-Baxter
operator of weight 1 if

[B(x), By)lg = B(B(x), yl; + [x, BOW]y + Ax, 1), Vx,y€q.
The following result is well known.

Proposition 2.8. Let g be a Lie algebra and B € gl(g). The linear map 1d + 2B is a modified
r-matrix on g if and only if B is a Rota-Baxter operator of weight 1 on g.

Let B be a Rota-Baxter operator of weight 1 on a Lie algebra g. Consider the cochain complex
(&5 C(B),dE;), where C'(B) = g and C*(B) = Hom(A*'g, g) for k > 2, and dZ_ is defined by

B
dCEf(ul, Cr L Upel)
k+1

= D EDBAL iy ), uly)
i=1

k+1

# DB, flun, -ty ),
i=1

# D B, ujly = DB,y + [ty g g, -+ iy iy i),

i<j

where f € C**'(B)and u; € g,1 <i <k + 1.
It was proved in [[[d] that (dgE)2 = 0. The cohomology of the cochain complex (&, Ck(B), dgE)
is defined to be the cohomology of the Rota-Baxter operator B.

Theorem 2.9. With the above notations, we have
dge = 2dce.

Consequently, for k > 1, the k-th cohomology group H*(B) of a Rota-Baxter operator B is iso-
morphic with the k-th cohomology group H*(R) of the modified r-matrix R = 1d + 2B.
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Proof. For k > 1, define linear maps ®; : C¥(B) — C*(R) by @, = 2¥2Id. Then the following
diagram is commutative:

A e e dce
0 —> g —— Hom(g, g) — --- — Hom(A*g,q) —— - -
iId Idl Zk‘lldl
dR dR R dR

d
OﬁgiHom(g,g)i...iHom(/\kg,g)L...

In fact, for any f € Hom(A*g, ), x; € g,1 <i <k + 1, we have

d’éE((Dkf)(xl, C Xkr1)
k+1

= Zk_l( Z(_l)i+l([xi9 f(xl’ ) )/C\i’ T, xk+l)]g
i=1

+2[B(xi)’ f(xl’ T, )/C\i’ ) xk+1)]g)
k+1

- Z(_l)i+1[xi’ f(xl’ Tt xAh T xk+1)]g
i=1

k+1

= > DB, fxr, e E e X))
i=1

+ § (_1)i+j2f([xi,xj]g7 Xiy o ’-)/C\i"“ ’fj7“' ,Xk+1)
i<j
+ § (_1)1+J2f([B(xl)’x]]g + [-xis B(xj)]g,xl,"' ax\i"" a-fj"“ a-xk+l))
i<j
k+1

= 2D B, Frise s o)l = B, fa1, o, B X))
i=1

+ Z(_I)H—Jf([B(xl)’ x}]g + [-xi’ B(x])]g + [-xis -xj]g, X1ty xAh T -f]9 T -xk+1))
i<j
= O (dEef)(xn, -, Xer1)s
which implies that d’éE = ngE and H*(B) = H*(R), k > 1. O
Example 2.10. Consider the Lie algebra g = sl(n, R). It is well known that the Cartan subalgebra
of sl(n,R) is H = span{E;; — E;11;41|1 < i < n— 1}. Denote the Borel subalgebra of sl(n, R) by
B(sl(n,R)). Itis well known that B(sl(n,R)) = H®span{E;;|i < j}. Thus sl(n,R) = B(sl(n,R))®A
as vector spaces, where A = span{E;;|i > j}. Define a linear map R : sl(n,R) — sl(n,R) by

Rx+u)=x—-u, VYxeB(sl(n,R)),ucA.
By Remark .4, we obtain that R is a modified r-matrix on the Lie algebra sl(n, R). Assume that
a = x + u € sl(n,R) where x € B(sl(n,R)) and u € A, such that df_a = 0, that is
dgea(y) = [R().al = R([y,a]) =0, ¥y € sl(n,R).

e Forany y € A, [R(Y),a] — R([y, a]) = O implies that x € H.
e For any y € B(sl(n,R)), [R(y), a] — R([y,a]) = 0 implies that u = 0.

Thus df-a = 0 if and only if a € H. Therefore, H'(R) = R""".
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Example 2.11. Consider the Lie algebra g = sl(2, R), where the Lie bracket is given by [e, f] =
h,[h,e] = 2e and [h, f] = —2f with respect to the basis {e, f,h}. Then R : sl(2,R) — sl(2,R)
defined by

1 0 O
R(e,f,h):(e,f,h)(o -1 0],

0 0 1
I ha hs
is a modified r-matrix. Let T =| fo; tn ta |:sl(2,R) — sl(2,R) satisfy d’éET = 0. Then we
131 Iy I3
obtain
0 = [e,T(NI+L[f.T(]—R(e, T +R(f,T(e))),
0 = [e,T(W]—[h,T(e)] - R([e, T(h)]) + R([h, T(e)]) + 4T (e)
and

0=-[f, T(W] - [, T(f)] = RS, T(W)]) + R([h, T(f)].
Thus we have #1; = 151 = 133 = 0 and 12, = 113 = 0. By Example P10, we have B*(R) = Imdl’éE ~

ker%ge _HIL(RU:R'ThuSH(R)_R'

3. ALGEBRAIC DEFORMATIONS OF MODIFIED 7-MATRICES

In this section, we construct a differential graded Lie algebra that governs algebraic deforma-
tions of a modified r-matrix.

Let (g, [+, -];) be a Lie algebra. We consider the graded vector space C*(g) = &/} Hom(AXg, g).
Define a skew-symmetric bracket operation

[-,-1: Hom(A”g, g) x Hom(A%g, g) — Hom(A?"g, g)

by
(7) [[f’g]] (xl’ X2, ,xp+q)
= Z (—1)Gf([g(xcr(1), T, Xcr(q)), -xa'(q+1)]ga Xo(g+2)s """ » -xo'(p+q))
oeS(g,1,p—1)
_(_1)pq Z (_1)O—g([f(x0'(1)’ Tt x(r(p))’ x0'(p+1)]g’ Xo(p+2)s " " » xrf(p+q))
oeS(p,1,g-1)
+(—1)pq Z (—1)U[f(xa(1),"' a-xo'(p))’g(-xo'(p+l)a te ’xa'(p+q))]g,
oeS(p.q)

for all f € Hom(A?g, g), g € Hom(AYg, g).
Then we have the following theorem characterizing modified r-matrices.

Theorem 3.1. Let (g, [, ],) be a Lie algebra. Then (C*(g), [[-, 1) is a graded Lie algebra and its
Maurer-Cartan elements are precisely Rota-Baxter operators of weight 0.

Moreover, a linear map R € gl(g) is a modified r-matrix on the Lie algebra g if and only if R
satisfies the equation

@) [R,R] = 2n.

where denote |-, -], by .
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Proof. By [29, Corollary 6.1], (C*(g), [-, -1) is a graded Lie algebra.
For R € gl(g), we have
[R, R] (x,y) = 2(R([R(x), yl;) = R([R(Y), x]y) — [R(x), R))]), Vx,y€g.

By this equality, we can deduce that on the one hand R is a Rota-Baxter operator of weight O if
and only if [R,R] = 0, i.e. R is a Maurer-Cartan element. On the other hand, R is a modified
r-matrix on the Lie algebra g if and only if R satisfies (§). O

Proposition 3.2. Let R be a modified r-matrix on a Lie algebra (g, [-,1,). Then [R,R] is in the
center of the graded Lie algebra (C*(g), [[-, ‘1.

Proof. Denote the Lie bracket [-, -], by 7. Since R is a modified r-matrix on the Lie algebra g, we
have [R, R] = 2r via Theorem B_1]. For all f € Hom(Ag, g), by ([]), we have

”:271-9 f]] (-xla ) .Xk, -xk+l’ -xk+2)
= 2( Z (—1)""7r(7r(f(x(,(1), T, Xcr(k)), Xcr(k+1)), xo‘(k+2))
oeSk1,1)
- Z (=) F (AR (Xr(1)s Xor2))s Xor(3))s Xortays * * * s Xrhs2))
oeS(2,Lk-1)
+ Z (=D (A X 1)s Xo2))s f Kz » xo-(k+2))))
€S2,k
= O,
which implies that [R, R] is in the center of C*(g). O

We denote [R, -] by dg. Now we obtain the differential graded Lie algebra that governs alge-
braic deformations of a modified r-matrix.

Theorem 3.3. With the above notations, (C*(9), [, -1, dg) is a differential graded Lie algebra.
Furthermore, R + R’ is still a modified r-matrix on the Lie algebra (g, [-,],) if and only if R’ is
a Maurer-Cartan element of the differential graded Lie algebra (C*(g), [-, -1, dg).

Proof. 1t follows from the graded Jacobi identity that dg is a graded derivation on the graded Lie
algebra (C*(g), [, -1). By Proposition B.2, we have

dzf = [R.[R. f11 = [IR.RT, £ - [R. [R. 1.
which implies that
1
def = [R.IR, /11 = 5 [IR.R1. /] = 0.

Therefore, (C*(g), [, -1, dg) is a differential graded Lie algebra.
Let R’ be a linear map from g to g. Then R + R’ is a modified r-matrix if and only if

[R+R,R+R] =2n,
that is
0=[R.RT+ % [R.R] = deR + % [R.R].
Thus R + R’ is still a modified r-matrix on the Lie algebra (g, [, -],) if and only if R” is a Maurer-
Cartan element of the differential graded Lie algebra (C*(g), [, -1, dg). O

At the end of this section, we establish the relationship between the coboundary operator d’éE
and the differential dp.
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Proposition 3.4. Let R be a modified r-matrix on a Lie algebra (g, [+, ],). Then we have
dGe(H) = D" [R.f]. YfeHom(A""g.9).
Proof. For any f € Hom(A" 'g,g) and x;, 1 <i<n, by (1), we have
DR, ST G x)
= D0 DL CDTRAS oty s Kot Xounle)

oeS(n—-1,1)

—(—1)'1_1 Z (_1)Uf([R(-x(r(l)), -xa'(Z)]ga Xo@3)> """ » -xo'(n))
oeS(1,1,n-2)

DY DTRG0 f G Xow)]s)
oeS(l,n—-1)

n

= D EDTRAf G, K X)Xl

i=1
+ Z(_1)1+J(f([R(xl)? Xj]g, Xttty xAi’ ) fj’ T xn)

i<j

_f([R(-x])3 -xi]g’ X1y, X\ia T x\j’ T -xn))
+ ) DR, flxr, o R 5],
i=1

= dge(Nxr - x).
We finish the proof. O

4. GEOMETRIC DEFORMATIONS OF MODIFIED /'~-MATRICES

In this section, we study geometric deformations of modified r-matrices following the approach
developed by Crainic, Schatz and Struchiner. We show that the condition H*(R) = 0 will imply
certain rigidity theorem, and the condition H*(R) = 0 will imply the space of modified r-matrices
on the Lie algebra g is a manifold in a neighborhood of R. We also give the necessary and
sufficient condition on a 2-cocycle giving a geometric deformation using the Kuranishi map.

Definition 4.1. Let R be a modified r-matrix on a Lie algebra (g, [, -],). A geometric deformation

of R is a smooth one parameter family of modified r-matrices R, on the Lie algebra (g, -, -1,) such
that R() =R.

Definition 4.2. Two geometric deformations R, and R; of R are called equivalent if there exists a
smooth family of modified r-matrices isomorphism ¢, : R, — R] such that ¢y = 1d, where ¢, are
inner automorphisms of the Lie algebra g.

Let R, be a geometric deformation of R. Denote %hzoRt by Ry. Then there is the following
proposition.

Proposition 4.3. With the above notations, Ry is a 2-cocycle in C*(R). Moreover if R; and R, are
equivalent geometric deformations of R, then [Ry] = [R,] in H?*(R).

Proof. Since R, is a geometric deformation of R, for any x,y € g, we have

€)) [R(x), Ro)]y + [Ro(x), R,



10 JUN JIANG AND YUNHE SHENG
=0 R X), R y
dt ! ! ! ¥

d
= Elﬁo(Rt([Rt(X),y]g + [x, R()]y) — [x, 1)

= Ro([R(x), ]y + [x, R))]y) + R([Ro(x), y]g + [x, Ro(»)]y)-
Thus by (f) and (f]), we have df_(Ry) = 0.

Assume that ¢, is an isomorphism from R, to R}, that is

@(R(x) = Ri(p/(x)), Vxeg.

Denote 4|9, by ¢o. Then we have @o(R(x)) + Ro(x) = R(go(x)) + R)(x). Since ¢, are inner
automorphisms of the Lie algebra g, it follows that ¢, is an inner derivation of the Lie algebra g.
Thus there exists y € g such that ¢, = ad,. Therefore, we have

[y, R(0)]; + Ro(x) = R([y, x1,) + R}(x),
which implies Ry — R, = d¥_(y). Thus [Ro] = [R})] in H*(R). o

Next, we consider under which conditions does a cocycle f € Z*(R) determine a geometric
deformation R,. Define the Kuranishi map K : Z*(R) — H*(R) by

K(H) =I5/, VfeZXR).
Now we give a necessary condition of the above question. The sufficient condition need some
preparations and will be given at the end of this section.

Proposition 4.4. Assume that there exists a geometric deformation R, of R on a Lie algebra
(a, [, -1y) such that Ry = f € Z*(R), then K(f) = 0.

Proof. Consider the Taylor expansion of R, around ¢ = 0, then we have

2
R/(x) = R(x) + tf(x) + % g(x) + o(2).

Since [R/(x), R,(")]s = Ri([R,(x), Y]y + [x, R(Y)]y) = [x,y]; and f € Z*(R), we have

2
(10) %(d’éE<g)<x, Y) + 2L, Oy = 2F(LF (). Y]y + [, fG)])) + o(£*) = 0.
Thus by ([]) and ([0), we obtain [ £, f] = d§.g, which implies that K(f) = 0. m|

Let E 5 M be a vector bundle. Assume that there is a smooth action - : GX E — E of a
Lie group G on E preserving the zero-section Z : M — E. It follows that M inherits a G-action.
We also denote the action of Gon M by - : GX M — M. For all x € M, define a smooth map
iy : G — M by u,(g) = g-x. Denote the tangent map from g to 7, M by D(u,).,, where eg is the
unit of G.

Definition 4.5. ([[J]) A section s : M — E is called equivariant if s satisfies
s(g-x)=g-s(x), VgeG,xeM.

Denote the zero set of a section s : M — E by z(s) = {x € M|s(x) = 0}. A zero x € M of s is
called non-degenerate if the sequence

D(/‘x)e(; DV(S)x
g — T'M — E,

is exact, where DV(s), is the vertical derivative of s at x.
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Proposition 4.6. ([[]) Let s be an equivariant section of the vector bundle E 5 M and x be
a non-degenerate zero of s. Then there is an open neighborhood U of x and a smooth map
p : U — G such that for all m € U with s(m) = 0, one has p(m) - x = m. In particular, the orbit
of x under the action of G and the zero set of s coincide in an open neighborhood of x.

Proposition 4.7. ([f]]) Let E and F be vector bundles over a smooth manifold M. Let s € T'(E) be
a section and ¢ € I'(Hom(E, F)) be a vector bundle map such that ¢ o s = 0. Suppose that x € M
is s(x) = 0 such that
DY (s)x bx
T M — E,— F,

is exact. Then s7'(0) is locally a manifold around x of dimension dim ker(D"(s),.).

Denote the group whose elements are inner automorphisms of a Lie algebra g by InnAut(g).
Then its Lie algebra is the Lie algebra of inner derivations of g and denote it by InnDer(g). Define
an action of InnAut(g) on Hom(g, g) by

- : InnAut(g) x Hom(g, 9) — Hom(g,g), A-f=AfA"",

for all A € InnAut(g), f € Hom(g, g). Assume that R is a modified r-matrix on a Lie algebra g,
then the orbit Orbg = {A - R|A € InnAut(g)} of R is a manifold. Define a map ug : InnAut(g) —
Hom(g, g) by ug(A) = A - R. Then TxOrbyg is D(ug).,(InnDer(g)), where D(ug),,, 1s the tangent
map of uy at eg.

Proposition 4.8. With the above notations, TgOrbg is B*(R).

Proof. Since TgOrbg = D(ug).,(InnDer(g)), for any v € TxOrbg, there exists x € g such that

d
v = Ehzoexp(fﬂdx)'R

= %It:o(eXP(tadx)R exp(—fad,))

= ad,R — Rad,

= —dggx.
Thus we have TxOrbg = B*(R). m]
Theorem 4.9. Let R be a modified r-matrix on a Lie algebra (g, [, -1,). If H*(R) = 0, then there

exists an open neighborhood U C Hom(g, g) of R and a smooth map p : U — InnAut(g) such
that p(R") - R = R’ for every modified r-matrix R' € U.

Proof. Denote by M = Hom(g, g) and E = Hom(g, g) X Hom(A?g, g). Then E is a trivial vector
bundle over M with fiber Hom(AZ%g, g). Define an action of InnAut(g) on the manifold E by
:InnAut(@) X E — E, A-(f,a)=(AfA", AaoA™),

for (f,a) € E, A € InnAut(g), where Aa o A™!(x,y) = Aa(A~'x, A"ly) for any x,y € g. Define a
sections : M — E by

s(f)=(8(f), YfeM,
where S : Hom(g, 9) — Hom(AZg, g) is given by
SN y) = [F(x0), fW]g = FALF 0, vl + [x fFD]) + [x, y]gs
for all f € Hom(g, g), x,y € g. Then for any A € InnAut(g), f € M and x,y € g, we have

AS(f)oA™ (x,y)
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ALfA™ 0, FATY] = FUFAT ), A7y + [A™ X, fATY)]) + [A7 x5 A7)
[Af(A™" 20, Af(A7' )]s = AFAT (TAF(AT %), ylg + [ AF(AT D) + [x, ¥,
SAfAT)(x,Y).

Thus we have

A-s(f) = (AfATLAS(f)o AT = s(A- ),
which implies that s is an equivariant section.

Since R is a modified r-matrix on the Lie algebra g, it follows that R € z(s). Moreover, since E
is a trivial vector bundle, we have D'(s)g = D(S)g : TyM — Eg. For any g € Hom(g, g), x,y € g,

(1) D(S)r(g)(x,y)
d
= ElﬁoS (R+1g)(x,y)

d
= —|,=0([R(x) +18(x), R(y) + 18],

—(R + 12)(IR(x) + 1(x), Y]y + [x, ROY) + 18()]g) + [x, ¥,
= [8(0), R, + [R(x), gy — R([g(x), ¥]g + [x, 8W)]g) — &(R(x), ]y + [x, R(Y)],)
= dge@x.y).
By Proposition . and H*(R) = 0, we have that R is a non-degenerate zero of s. By Propo-

sition [£.6, there exists an open neighborhood U ¢ Hom(g, g) of R and a smooth map p : U —
InnAut(g) such that p(R) - R = R’ for every modified r-matrix R’ € U. |

Theorem 4.10. Let R be a modified r-matrix on a Lie algebra (g, [, ]1,). If H*(R) = 0, then the
space of modified matrices on the Lie algebra g is a manifold in a neighborhood of R, whose
dimension is dimZ>(R).

Proof. Denote by M = Hom(g, g), E = Hom(g, g)xHom(A%g, g) and F = Hom(g, g)xHom(A%g, g).
Then E and F are trivial vector bundles over M with fiber Hom(A%g, ) and Hom(A%g, g) respec-
tively. Define a smoothmap ¢ : E — F by

¢(f,@) = (f.[f.al), VfeM,aeHom(A%,g).

Thus ¢ is a vector bundle map.

Moreover, denote the Lie bracket [, -], by 7, define s(f) = n— % [/, f]- By Proposition B.7, we
know that r lies in the center, we have ¢o s(f) = (f, [f. 7]l - 3 [/, [/, f1]) = (., 0), which implies
¢ o s = 0. Moreover, denote ¢ : Egx — Fg by ¢(R,), then ¢ = dic. By ([I)) and H*(R) = 0, we

have that

D¥(s)r
TRM — ER —) FR

is exact. By Proposition [f.7], we obtain that the space of modified r-matrices on the Lie algebra g
is a manifold in a neighborhood of R, whose dimension is dimZ?(R). O

At the end of this section, we give the sufficient condition on a 2-cocycle to give a geometric
deformation. Recall that the necessary condition is given in Proposition [f.4] using the Kuranishi
map.

Corollary 4.11. With the above notations, if H*(R) = 0, then any f € Z*(R) gives rise to a
geometric deformation of R.
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Proof. Since R is a modified r-matrix and H*(R) = 0, we have that the space W of modified r-
matrices on the Lie algebra g is a manifold in a neighborhood of R, whose dimension is dimZ>(R).
Assume y(t) € W, by Proposition [.3, we have ¥(0) € Z*(R). Moreover, dimW = dimZ?(R), then
TxW = Z*(R). Thus any f € Z*(R) gives rise to a geometric deformation of R. O

5. LINEAR DEFORMATIONS OF MODIFIED 7'-MATRICES

In this section, we study linear deformations of a modified r-matrix using the established co-
homology theory. In particular, a trivial linear deformation leads to a Nijenhuis element for a
modified r-matrix R.

Definition S.1. Let R be a modified r-matrix on the Lie algebra (g, [-,-],) and R:g > gbhea
linear map. If there exists a positive number € € R such that R, = R+1R is still a modified r-matrix
on the Lie algebra (a,[-,],) for all t € (~€, €), we say that R generates a linear deformation of
the modified r-matrix R.

Definition 5.2. Let R : g — g be a modified r-matrix on g. Two linear deformations R} = R + R,
and R?* = R + tR, are said to be equivalent if there exists an x € g such that
¢, = 1d, + tad,,
satisfies the following conditions:
@) ey, zly) = e, e, Yy.z €0,
(i) Rf o ¢, = ¢, o R;.

Theorem 5.3. Let R : ¢ — g generate a linear deformation of the modified r-matrix R. Then R
is a 2-cocycle.

Let R! and R? be equivalent linear deformations of R generated by R, and R, respectively. Then
[Ri] = [Ry] in H*(R).

Proof. Since R, = R + fR is a modified r-matrix on the Lie algebra (g, [+, *]5), we have
[Ri(x), R\(M)]g = Ri([Ri(x), y]s + [x, RR(W)]e) — [x,¥]g,  VYx,y €.
Consider the coefficients of 7 and ¢ respectively, we have
(12) [R(x), R3], + [R(x), Ry,
= R([R(x),yl; + [x, Ry + R([R(x), ylg + [x, RW]y), VYx,y € g,
and
(13) [R(x), Ry = RARC), ¥y + [x, RO)1y).

By ([2), we deduce that R is a 2-cocycle of the modified r-matrix R.
If R} and R? are equivalent linear deformations of R, then there exists x € g such that

(Id, + fad,)(R + tR,)(u) = (R + tR,)(Id, + tad,)(u), Vu € g,
which implies
(14) Ri(u) = Ry(u) = [R(w), x]; — R([u, x];), Vu € g.

By ([[4)), we have
R\l - R\z = dgE)C,

where d8_ is given by (@). Thus [R;] = [R,] in H*(R). O
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Definition 5.4. A linear deformation of a modified r-matrix R generated by R is trivial if there
exists an x € g such that 1d + tad, is an isomorphism from R, = R + tR to R.

Definition 5.5. Let R be a modified r-matrix on a Lie algebra (g, [+, -1,). An element x € g is called
a Nijenhuis element associated to R if x satisfies

(15) [[)C, y]g’ [)C, Z]g]g = O,
(16) [-x’ [-x’ R(Y)]g]g [-x’ R([-x’ )’]g)]g,
forally,z € qg.

Let R generate a trivial linear deformation of a modified r-matrix R on a Lie algebra (g, [+, -1,)-
Then there exists x € g such that

(Id + rad)[y, zl,
Ry + t[x, yl,)
for all y, z € g. Therefore, we have
(6, Y]gs [, 2lgly = 0, [ RO, = 0, R(Ix,y]y) = [x, RY); + RO).
Thus a trivial linear deformation gives rise to a Nijenhuis element.

[y + t[x, ylg, 2 + t[x, 2]g]s,
(Id + rad,)(R(y) + tR(y)),

Theorem 5.6. Let R be a modified r-matrix on a Lie algebra g. Then for any Nijenhuis element
xX€g R =R+ tdIéEx is a trivial linear deformation of the modified r-matrix R.

Proof. Denote by R = df ceX. To show that R; is a linear deformation of R, it suffices to show
that (T7J) and ([3) hold. Note that (T7) means that R is closed, which holds naturally since now
R = dREx is exact. Thus, we need to verify that Equation ([3) holds. For any y, z € g, by ({]), we

obtain R(y) = [R(y), x], — R([y, x],). Moreover, by (), ([3) and ([d), it follows that
[R(Ly, xIa), R([z, €]yl
BB 1Ry, 1), 12 21y), + 113, 20 RUL2 61
= R(IR(Ly, x1y), [z, x14]) + R([Ly, x]y, R((z, x1,)],)
= R([IR(y x1y), 2l X1 (mm@ﬂ@ﬂm

[ |
+R([[y, R([z, xI3)]q, X
[ |

(EL:@ R([ R([y, xly), 2]y, X]g

+R([[y. R((z. 1)1 115) = R(Lx. [y, [x. R@)gla]s).
—[[R(y), x] Qs R([z, x]g)]g
= —[[RO). R((z. Xyl 21y = [RO). [x, R([z. x1))y]g
1l

D _{RGROY. 12 ¥la) s = (R, R(U2 1)10), 4],
[y [z, Xlalg. X]g — [RO), [, R([z, x1)]]

BAd 1 1 REROY, 2101 Ts — Rz RO, ¥1a10)s ¥1s — [RADy: R(Lz 21)10), 2],
[y, [z, Xgl Xl + [, X, [RD), R@)alals + (1%, [RO), xlgles R,

B e e R ROII, L D 21,0 + 11y [ 61
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—[R([z, [R(Y), x]4]s), XI5 — [R([y, R([z, x]g)]1s), x]g — [[x, R([x, ¥]4]s), R(2)]g

and

_[R([y’ x]g)’ [R(Z)’ -x] ]

@ [R([[R(2), ylg, xlg), xIg + [R([y, [R(2), x]g15), x]g + [R([z, R([y, xIg)]5), x]g
—[lz, [y, xIglg, x1g + [R(Z), [x, R([y, x])]g]s-
By ([3) and above equations, we have

[R), R(2)], - RURG), 2], + [, R@)]y)
= [[R(), xl4 = R(Ly, x]y), [R(2), x]y — R([z, x]y)],

~[R([[R®), x]y = R([y, x1y), 2]), X1 + RAR), x1y — R([y, x1), 2]y, x15)
~[R([y, [R(2), x]y — R([z, xIy)1y), x]g + Ry, [R(z), x], - R([z, x1)]gs X))
—[[RY), x1g, R([z, X191, + [R([y, x1o), R([z, x1)]; — [R([, x1), [R(2), x],]y
~[R([R®), x], = R(y, x1y), 2]), X1 + RAR), x1; — R([y, x1), 2]y, 1)
~[R([y, [R(2), x]q R([z, X191y, X1y + R([[y, [R(2), x]y = R([z, x]p)];, x15)

|—1r—||—1|—1

= 0.

Thus R, = R + td’éEx is a linear deformation of the modified r-matrix R. Since x € gis a
Nijenhuis element, we have (Id + rad,)[y,zl, = [y + #[x,y]s, 2 + t[x, 2];] and R o (Id + rad,) =
(Id + rad,) o (R + td’éEx). Thus for any Nijenhuis element x € g, R, = R + td’éEx is a trivial linear
deformation of the modified r-matrix R. O

At the end of this section, we consider the relation between linear deformations of modified
r-matrices and linear deformations of the induced Lie algebras. Recall that a skew-symmetric
bilinear map w : A’g — g generates a linear deformation of a Lie algebra (g, [-, d if [ -] =
[-,-]; + tw defines a Lie algebra structure on g for all 7 € (-, €).

Proposition 5.7. Let R generate a linear deformation of a modified r-matrix R on a Lie algebra
(0, [+, -14)- Then w defined by

w(x,y) = [R(x), ], + [x, ROy VX, y € g,

generates a linear deformation of the Lie algebra (g, |-, 1r) given by the modified r-matrix R,
which is exactly the one associated to the linear deformation of the modified r-matrix R.

Proof. It is obvious that

[x, Y1z, = [R(x), Y]y + [xX, RO)]y + H(IR(x), ¥], + [x, RD)]y) = [x, V] + tw(x, y).

Since [-, -]z, are Lie algebra structures, we have that w generates a linear deformation of the Lie
algebra (g, [+, -]z) given by the modified r-matrix R. O

The notion of a Nijenhuis operator on a Lie algebra (g, [+, -],) was given in [[]], which gives rise
to a trivial linear deformation of the Lie algebra (g, [+, -1,)-

Definition 5.8. ([[]]) Let (g, [+, -],) be a Lie algebra. A linear map N : ¢ — g is called Nijenhuis
operator if

[N(x), N0y = N(IN(), Y]y + [x, NO)Lg) = N*([x,y],),  Yx,y € g.

Theorem 5.9. Let x € g be a Nijenhuis element associated to a modified matrix R. Then ad, is a
Nijenhuis operator on the Lie algebra (g, [+, :]1r).
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Proof. For any x,y,z € g, by ([3) and (T4), we have
[ad,y, ad,z]r
= [R([x, yly), [x, z]g]g + [[x, y]gs R([x, 2]5)]g
= [[R([x, y]o), X]g> 2g + [, [R([x, y]o), 2dglg + [[x, R([x, 2)g)]g Y] + [, [0, R([x, 216) 6]
= =[x, [x, RO]el> 2dg + [x, [R(X, ¥1o)» 2lalg + [[x, [x, R(2)]a]gs Y] + [, [y, R([x, 216)]a]g
= =[x, [[x, ROy, 2lolg + [x, [R([x, ¥]g)s 2lglg + [, [[x, R(D)]g, yIala + [, [y, R([x, 2]g)]lg

and

ad,([ad,y, z]g + [y, ad,z]z) — ad>([y, z]x)
=[x, [R([x,1y), 2a]s + [, Y14, R, + [X, [ROY, [X, Z]glels
[x, [y, R([X, Z1)]ale — [, [, [R(), 2ol = [X, [X, [y, R(2)]g)gle-

Thus [ad,y, ad,z]z = ad,([ad,y, zlr + [y, ad,z]r) —adi([y, ZIr), which implies that ad, is a Nijenhuis
operator on the Lie algebra (g, [-, -]z)- O

6. APPLICATIONS

In this section, we give some applications of the above deformation theories, including defor-
mations of complement of the diagonal Lie algebra g, and compatible Poisson structures.

6.1. Deformations of complements. Let (g,[-,-],) be a Lie algebra, then we have a direct-
product Lie algebra structure [-, -] on g @ g, where
[(-xlayl)a (XZ’y2)]GB = ([-xl’-xZ]g’ [J’b)’z]g), v-xi’yi € g’l = 1, 2

Define the subspace gp by ga = {(x,x)[Vx € g} and the subspace g_» = {(x,—x)|Vx € g}. It
is obvious that g, is a Lie subalgebra of g @ g, while g_, is not a Lie subalgebra. To find a
complement of g, which is also a Lie subalgebra, it is natural to consider the graph of certain
linear map from g_, to ga. It is known that a complement of g, is isomorphic to a graph of a
linear map from g_, to ga. Let R € gl(g) be a linear map. Define a linear map R:g.n — aa by

R(x,-x) = (-R(x), -R(x)), Vx €.
Proposition 6.1. With the above notations, the graph Q(I?) = {Ru+ulu € g_p} is a Lie subalgebra
of (@ g, [, le) if and only if R is a modified r-matrix.
Proof. For all x,y € g, we have
[(=R(x), =R(x)) + (x, =x), (=R(y), —R(y)) + (v, =V)]e
= ([x, ylg [x%, y]g) + ([R(x), R(Y)]g, [R(x), R(Y)],)
+(=[R(x), ylg, [R(x), ¥]g) + (=[x, ROV, [x, R(Y)]y)
= ([x,yly + [R(x), ROD)]gs [x, y]g + [R(x), R(Y)])
+(=[R(x), yly — [x, ROy, [R(X), ylg + [x, R()]g)-
Thus G(R) is a Lie subalgebra if and only if
R([R(x), ylq + [x, R(Y)]y) = [x, y]g + [R(x), R(Y)]4,

i.e. R is a modified r-matrix. ]

Proposition 6.2. Let R be a modified r-matrix. Then (3, G(R)) is a matched pair of Lie algebras.
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Proof. 1t is obvious that g® g = go ® G(R) since g, N G(R) = 0. Then the conclusion follows
from the fact that both g, and G(R) are Lie subalgebras. O

Summarizing the above studies, we have the following conclusion.

Theorem 6.3. Let R, be a geometric deformation of a modified r-matrix R. Then G(R)) is a
deformation of the complement G(R). Moreover, (ax, G(R;)) are matched pairs of Lie algebras.

6.2. Compatible Poisson structures. A compatible Poisson structure consists of two Poisson
structures 7, 7’ on a manifold M such that 7 + 7’ is also a Poisson structure on the manifold M.

Let R be a modified r-matrix on a Lie algebra g. Then (g, [, -]g) is a Lie algebra and we denote
by (g%, {-, -}r) the corresponding linear Poisson manifold.

Proposition 6.4. Let R be a modified r-matrix on a Lie algebra g and R, = R + tR be a linear
deformation of R. For any t,t; € R, {-, -}er and {-, -}er are compatible Poisson structures on g*.

Proof. By the fact that R + %I@ is also a modified r-matrix on the Lie algebra g, we have

ht lzﬁ(x),y]g + [x, R(y) + d ; IZR’(Y)]),

which implies that [, -] Ry F [+, ] Ri) is also a Lie bracket on the Lie algebra g by ([). Thus, for any
h,th eR,{, '}er and {-, '}Rz are compatible Poisson structures on g*. O

[, Vg, + [% ¥le, = 2(R(x) +
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