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TROPICAL INVARIANTS FOR BINARY QUINTICS AND
REDUCTION TYPES OF PICARD CURVES

PAUL ALEXANDER HELMINCK, YASSINE EL MAAZOUZ, AND ENIS KAYA

Abstract. In this paper, we express the reduction types of Picard curves in terms
of tropical invariants associated to binary quintics. We also give a general framework
for tropical invariants associated to group actions on arbitrary varieties. The prob-
lem of finding tropical invariants for binary forms fits in this general framework by
mapping the space of binary forms to symmetrized versions of the Deligne–Mumford
compactification M0,n.

1. Introduction

Invariant theory studies quantities in geometry that are invariant under group actions.
This theory sparked many developments in commutative algebra, leading to the Hilbert
basis theorem and many other results. In this paper, we study invariants of binary forms
f(x, z) = a0x

n + a1x
n−1z + · · · + anz

n defined over an algebraically closed field K of
characteristic 0. The group in question is GL2(K) and it acts on these binary forms
through Möbius transformations ; that is

fσ(x, z) = f(ax+ bz, cx+ dz), for σ =

[

a b
c d

]

∈ GL2(K).

By mapping the coefficients ai of f to those of fσ, this then also gives an action of
GL2(K) on the ring A := K[a0, . . . , an]. The invariants for this action are homogeneous
polynomials H ∈ A such that for any σ ∈ GL2(K) one has Hσ = det(σ)kH for some
k ∈ Z. Similarly, we say that a homogeneous polynomial H ∈ A is SL2(K)-invariant
if Hσ = H for all σ ∈ SL2(K). Note that these two types of invariants are the same.
We will from now on restrict our attention to the G := SL2(K) action. By well-known
results from commutative algebra, the invariant polynomials form a finitely generated
subring AG of A, called the ring of invariants. There are algorithms that can explicitly
calculate the generators of this ring and a full list of generators is known for all binary
forms of degree n ≤ 10. These generators of the ring of invariants satisfy the pleasant
property that two separable binary forms lie in the same GL2(K)-orbit if and only if
their invariants define the same point in the weighted projective space associated to the
generators, where the weights are the degrees of the generators. This equivalence gives
a strong connection between geometry on the one hand and algebra on the other.
We now turn to the non-archimedean side of this story and consider a complete non-

archimedean algebraically closed field K of characteristic zero with non-trivial valuation
v : K∗ → R. Let f(x, z) be a separable binary form of degree n over K. The zeroes
of this form give a canonical metric tree on n leaves by connecting the corresponding
points in the Berkovich analytification of P1. There are only finitely many phylogenetic
types for any given degree n (see Figure 1 for the case n = 5), and the possible types
give a partition of the space of all non-archimedean binary forms of degree n. Since

1

http://arxiv.org/abs/2206.00420v3


2 PAUL ALEXANDER HELMINCK, YASSINE EL MAAZOUZ, AND ENIS KAYA

the tree is invariant under projective isomorphisms, this also partitions the space of all
invariants. A natural question now arises: what are the equations for these partitions?

Type I Type II Type III

Figure 1. The three types of unmarked phylogenetic trees with 5
leaves

There are two instances where we know the equations: n = 4 and n = 6. For n = 4
there are two tree types: a trivial one with four leaves connected to a single vertex
and a non-trivial one. We can distinguish between these two using the valuation of the
j-invariant of the quartic. Namely, a quartic has trivial tree type if and only if v(j) ≥ 0,
see [20, Chapter VII]. For n = 6, there are seven tree types and one can distinguish
between them using the valuations of Igusa invariants, see [14] and [10]. Our main goal
in this paper is to fill up this gap and find the invariants for binary quintics ; that is,
for n = 5.
For quintics, there are three tree types; see Figure 1. We wish to distinguish between

these tree types using the valuations of suitable invariants. To that end, we start with
a set of generators I4, I8, I12, I18 for the ring of invariants together with the discriminant
∆. The valuations of these invariants are not sufficient to determine the tree type of the
quintic, so we introduce a new invariant H , giving the set S = {I4, I8, I12, I18,∆, H}.
In our first theorem, we show that the valuations of these invariants determine the tree
type of a quintic. We call the valuations of these invariants the tropical invariants of
the quintic. For technical reasons, we assume for the remainder of this section that
the residue characteristic p of K is not equal to 2, 3, 11. Note however that Remark 33
explains how to deal with the case where p = 11.

Theorem 1 (Tree types of binary quintics). Let f be a separable binary quintic
over K. Then, the tree type of f is determined by the tropical invariants as follows:

(I) The tree is of Type I if and only if 8v(I)− deg(I)v(∆) ≥ 0 for all I ∈ S.
(II) The tree is of Type II if and only if v(∆)− 2v(I4) > 0 or 9v(∆)− 4v(I18) > 0,

and 12v(I)− deg(I)v(H) ≥ 0 for all I ∈ S.
(III) The tree is of Type III if and only if v(∆)− 2v(I4) > 0 and v(H)− 3v(I4) > 0.

Finding the equations for n = 4 and n = 6 is partially motivated by applications to
reduction types of hyperelliptic curves. For n = 5, the motivation comes from Picard
curves X , which are smooth plane quartics of the form

y3ℓ(x, z) = q(x, z),

where deg(ℓ(x, z)) = 1 and deg(q(x, z)) = 4. We are interested in obtaining the minimal
skeleton of the Berkovich analytification of such a curve, which codifies the different
possible semistable models for X , see [4, Section 4.16]. The results in [11] show that
this skeleton can be recovered from the marked tree type of the quintic f(x, z) = ℓ(x, z) ·
q(x, z). More precisely, this quintic has five distinct roots, giving a metric tree with
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five leaves, and the root of ℓ(x, z) gives the marking. We can assume by a projective
transformation that this marked point is ∞. There are exactly five marked tree types,
see Figure 2, giving rise to five reduction types of Picard curves. In terms of invariant
theory, the natural object to consider here is the binary (4, 1)-form (q(x, z), ℓ(x, z)).
These binary (4, 1)-forms similarly have a finitely generated ring of invariants and in
our second theorem we show that we can find a set of invariants for (4, 1)-forms that
distinguish between the five marked tree types. This set consists of the set S from
Theorem 1 together with a new set S ′ = {j2, j3, j5, j6, j9} of (4, 1)-invariants. As above,
we call the valuations of these invariants the tropical invariants of the (4, 1)-form.

∞

Type I

∞

Type II.1

∞

Type II.2

∞

Type III.1

∞

Type III.2

Figure 2. Tree types of binary (4, 1)-forms

Theorem 2 (Tree types of (4, 1)-forms). Let (q, ℓ) be a (4, 1)-form over K such that
the associated binary quintic f = q · ℓ is separable. The tree type of (q, ℓ) is determined
by the tropical invariants as follows:

(I) If f has tree Type I, then (q, ℓ) also has Type I.
(II) If f has tree Type II, then (q, ℓ) has Type II.1 (resp. Type II.2) if and only if

the quantity 5v(j2)− 2v(j5) is strictly positive (resp. zero).
(III) If f has tree Type III, then (q, ℓ) has Type III.1 (resp. Type III.2) if and only if

the quantity 5v(j2)− 2v(j5) is strictly positive (resp. zero).

To determine the skeleton of a Picard curve, we also need to know the associated
weights and edge lengths. The weights of the skeleton are completely determined by
Theorem 2, but the lengths are not. In our third theorem, we give formulas for the
edge lengths of a (4, 1)-form in terms of its tropical invariants. For trees of Type II
and Type III.2, we are able to give these in terms of invariants of quintics. For trees
of Type III.1, we express the marked edge lengths in terms of (4, 1)-invariants. This
difference is quite natural, since there is a natural symmetry on trees of Type III.2.

Theorem 3 (Edge lengths). The edge lengths of the trees in Theorem 2 are given by
the tropical invariants as follows:

(I) If f has Type I, then there are no non-trivial edges.
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(II) If f has Type II, then there is only one edge e1. Its length, both in the cases of
unmarked and marked trees, is given by

L(e1) = max

(

1

2
(v(∆)− 2v(I4)),

1

3
(2v(∆)− v(I18))

)

.

(III) If f has Type III, then there are two edges e1 and e2. Assume the length of e1
is less than or equal to that of e2. The unmarked edge lengths are given by

(1)
L(e1) = min

(

1

2

(

v(I18)−
9

2
v(I4)

)

,
1

4
(v(∆)− 2v(I4))

)

,

L(e2) = v(∆)− 2v(I4)− 2L(e1).

If (q, ℓ) has Type III.1, then we write e1 for the edge adjacent to the marked
point and e2 for the other edge. The edge lengths are then given by

L(e1) =
1

10
(5v(j2)− 2v(j5)),

L(e2) =
1

2
(v(∆)− 2v(I4))− L(e1).

For trees of Type III.2, they are as in (1).

Combining these theorems, we then immediately obtain a description of the reduction
types of Picard curves in terms of quintic and (4, 1)-invariants.

∞

3

Type I

∞

1

Type II.1

∞

1 2

Type II.2

∞

1

Type III.1

∞

1 1 1

Type III.2

Figure 3. Reduction types of Picard curves

Corollary 4 (Reduction types of Picard curves). The reduction type of the Pi-
card curve y3ℓ(x, z) = q(x, z) is completely determined by the tropical invariants of the
(4, 1)-form (q, ℓ). The tree types given in Figure 2 correspond to the reduction types in
Figure 3.

We thus obtain a description of the moduli space of tropical Picard curves in terms
of invariants of quintics and (4, 1)-forms. The work in [6] shows that these invariants in
fact give rise to Picard modular forms. This is completely analogous to the cases n = 4
and n = 6 mentioned above. For instance, for n = 4 we have the invariants c4 and c6
corresponding to Eisenstein modular forms for SL2(Z). The j-invariant is a rational
function in terms of these modular forms and the classical criterion an elliptic curve E
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has (potential) good reduction if and only if its j-invariant is non-negative expresses the
tropical moduli space in terms of these modular forms. For n = 6 the Igusa invariants
similarly give rise to modular forms (see [23, Section 6]) and the criteria given in [14]
and [10] again express the tropical moduli space in terms of modular forms. We view
our results as extensions of those for Picard curves.

1.1. Comparison with existing literature. The results obtained in this paper can
be seen as a natural continuation of [14] and [10]. In the first, criteria for the seven
reduction types of curves of genus two were given in terms of the Igusa invariants.
In [10], this result was extended to arbitrary complete non-archimedean fields and an
easier proof was given. This paper in turn was based on [11], where skeleta of general
superelliptic curves are studied. In the latter, it was shown that one can recover the
skeleton from tropicalizations of certain functions in the coefficients of f(x). The key
difference between this paper and the latter is that the functions we give here are
projective invariants of binary forms. This can be used to interpret the criteria in
terms of Picard modular forms, giving a stronger connection to various moduli spaces
in the literature.
We also define a general notion of a set of tropical invariants using tools from non-

archimedean geometry. A notion that seems distantly related to this one appears in
[13], where spherical varieties and invariant valuations are studied. We do not restrict
ourselves to spherical varieties, as we can phrase everything in terms of G-invariant
subsets of the analytification of an algebraic variety for some group G.
From a geometric point of view, our paper fits into the literature as follows. Suppose

that we have a group action on a variety that admits a geometric quotient. This
quotient admits many possible compactifications and for every compactification we
obtain a natural definition of a tropical invariant. For instance, for separable binary
forms we can compactify the space using either stable binary forms (see [17]) or the
symmetrized Deligne–Mumford compactification M 0,n/Sn. We are mostly interested in
the latter, since this has direct applications to reduction types of Picard curves. That
is, if we write N for the space of admissible Z/3Z-coverings with ramification signature
(4, 1), then there is a natural map N → M0,5/(S4×S1) sending a covering to its branch
locus and this map respects the boundary loci. Recent work by Cléry and van der Geer
[6] shows that this map can be used to connect (4, 1)-invariants to Picard modular
forms, mirroring the classical case of elliptic curves. It would be interesting to see how
tropical invariants of binary forms are connected to other moduli spaces.
In classical invariant theory, many important concepts such as Hilbert series and

generators of invariant rings can be computed explicitly using Gröbner bases. In tropical
geometry, Gröbner bases have similarly led to many explicit algorithms as well. This
analogy suggests the existence of an algorithm to compute tropical invariants using
Gröbner-theoretic methods. We leave an in-depth study of this topic for future work.

1.2. Outline. This paper is organized as follows. In Section 2, we review some back-
ground on invariant theory for binary forms and Picard curves. Section 3 introduces
and discusses the notion of tropical invariants. Finally, we prove our main results, and
in particular discuss the edge lengths (or thickness of singular points), in Section 4.
Finally we note that several results in this article were found or proved by symbolic
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computations. The codes and computations are made available at
(2)
https://mathrepo.mis.mpg.de/TropicalInvariantsPicardCurves/index.html.

Our code is implemented in SageMath [22].

1.3. Notation. Throughout this paper, unless explicitly stated otherwise, we will use
the following notation:

K – Complete, non-archimedean and algebraically closed
valued field of characteristic 0.

v – Non-trivial valuation on K.
R – The valuation ring of K.
m – The unique maximal ideal of R.
k – The residue field R/m.
p – The residue characteristic of K; that is p = char(k).

An – Affine space over K of dimension n.
Pn – Projective space over K of dimension n.
R – R ∪ {∞}.

In Section 4, we will require that p 6= 2, 3, 11.
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2. Background

In this section, we review the necessary background and preliminaries on invariant
theory for binary forms and (4, 1)-forms. We also recall some notions on Picard curves.

2.1. Invariant theory of binary forms. In recall some facts and results from invari-
ant theory of binary forms. For detailed treatments of invariant theory, we refer the
reader to [21, 7, 19]. Fix an algebraically closed field K such that char(K) = 0.

2.1.1. A group action on binary forms. Let n ≥ 0 be a fixed integer. Let A =
K[a0, . . . , an] be the polynomial ring in n + 1 variables. We view A as a graded ring
with the standard grading deg(ai) = 1. Let Vn be the A-submodule of A[x, z] consist-
ing of homogeneous polynomials in x and z of total degree n. The reductive group

https://mathrepo.mis.mpg.de/TropicalInvariantsPicardCurves/index.html
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G := SL2(K) acts (as a right action) on the A-module Vn as follows:

(3) gσ(x, z) := g(ax+ bz, cx + dz), for g ∈ Vn and σ =

[

a b
c d

]

∈ G.

Definition 5. [Universal binary form] We define the universal binary form f of
degree n over K as the binary form given by

f(x, z) = a0x
n + a1x

n−1z + · · ·+ anz
n ∈ Vn.

A binary form over K of degree n is obtained by specializing the coefficients to K.

We obtain an action of G on A by sending ai to the coefficient ci(f
σ) of xn−izi in fσ

for 0 ≤ i ≤ n. This means that G acts on A as follows:

(4) F σ(a0, . . . , an) := F (c0(f
σ), . . . , cn(f

σ)), for F ∈ A and σ ∈ G.

Example 6. When n = 2, from the definition

fσ(x, z) = f(ax+ bz, cx + dz), for σ =

[

a b
c d

]

∈ G

we get




c0(f
σ)

c1(f
σ)

c2(f
σ)



 =





a2 ac c2

2ab ad+ bc 2cd
b2 bd d2









a0
a1
a2



 .

We can then see how σ acts on the generators a0, a1, a2 of A = K[a0, a1, a2] and we have

aσ0 = a2a0+aca1+c
2a2, aσ1 = 2aba0+(ad+bc)a1+2cda2 and aσ2 = b2a0+bda1+d

2a2.

Definition 7. [Separable binary forms] A binary form is said to be separable if its
discriminant does not vanish.

Definition 8. [Invariants of binary forms] A homogeneous polynomial F ∈ A is
called G-invariant if

F σ = F for all σ ∈ G = SL2(K).

We denote the graded ring generated by all homogeneous G-invariant polynomials by
AG.

Remark 9. Notice that there is also an action of GL2(K) on A as in (4). Since K is
algebraically closed, a homogeneous polynomial F ∈ A is SL2-invariant if and only if
for any σ ∈ GL2 we have

F σ = det(σ)deg(F )F.

We say that a homogeneous polynomial F ∈ A is GL2-invariant if it satisfies the identity
above. This immediately implies that the ring of invariants for GL2 and SL2 are the
same. We will use these interchangeably.

Since G = SL2(K) is reductive, it is a well known fact from invariant theory that
the ring AG is finitely generated over K; see, for example, [7, Corollary 2.2.11]. To find
generators of AG we can use the notion of transvectants, or Überschiebung, which we
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explain briefly here. Let g ∈ Vm and h ∈ Vn with m ≥ n and let r be an integer with
0 ≤ r ≤ n. We define the bilinear map

〈·, ·〉r : Vm × Vn −→ Vm+n−2r, (g, h) 7→
r
∑

i=0

(−1)i
(

r

i

)

∂rg

∂r−ix ∂iz

∂rh

∂ix ∂r−iz
.

It turns out that this map is G-invariant, i.e.,

〈gσ, hσ〉r = 〈g, h〉r, for (g, h) ∈ Vm × Vn and σ ∈ G.

The quantity 〈g, h〉r is called the r-th transvectant of g and h. Notice that when
n = m = r, the transvectant 〈g, h〉r has degree 0 in x, z so 〈g, h〉r ∈ AG. A theorem
by Gordan [8] shows that one can obtain all invariants by taking (iterated if necessary)
transvectants of f , so this makes the set generators of AG explicit, at least in theory.
In practice, the generators have only been found for binary forms of degrees up to 10;
see [19, Chapter 1] or [7, Example 2.1.2].

Example 10. (1) For binary quadrics the invariant ring AG is generated by 〈f, f〉2,
which is equal to the discriminant of f .

(2) For binary cubics, the invariant ring is again generated by the discriminant

∆ = 〈〈f, f〉2, 〈f, f〉2〉2.

(3) For binary quartics n = 4, the invariant ring AG is generated by two algebraically
independent invariants I2 and I3 of degrees 2 and 3 respectively. In terms of
transvectants, they are given by

I2 = 〈f, f〉4 and I3 = 〈f, 〈f, f〉2〉4.

(4) For binary quintics, the invariant ring AG is generated by four generators I4, I8,
I12 and I18 of degrees 4, 8, 12 and 18, respectively. These are not algebraically
independent, as I218 can be expressed in terms of the other three. We refer the
reader to Section 2.1.2 for a more detailed exposition in this case.

2.1.2. Invariants of binary quintics. As discussed in Example 10, the ring of invariants
for quintic binary forms is generated by four elements I4, I8, I12 and I18 of degrees 4,
8, 12 and 18, respectively. Let f be the universal quintic

f(x, z) = a0x
5 + a1x

4z + a2x
3z2 + a3x

2z3 + a4xz
4 + a5z

5.

The four invariants I4, I8, I12 and I18 can be obtained by taking transvectants of f in
the following way:

(5)
I4 = 〈f 2, f 2〉10, I8 = 〈f 4, f 4〉20,

I12 = 〈f 6, f 6〉30, I18 = 〈〈f 5, f 6〉10, f
7〉35.

Note that these transvectants are different from the ones considered in [19, Section 4.4]1.
They still yield generators however, as one easily checks using the Poincaré series. The
discriminant ∆ of f can be expressed in terms of the previous invariants as

(6) ∆ = c0I
2
4 + c1I8

1The universal binary form used in the literature is of the shape f =
∑n

j=0

(

n

j

)

ajx
n−jzj . In this

paper we use f =
∑n

j=0
ajx

n−jzj, since in our field K some binomial coefficients
(

n

j

)

might have a

positive valuation. Since char(K) = 0, the invariant theory remains unchanged.
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where c0, c1 are the constants

c0 = −1/2746158938062848000000, c1 = 1/46987474647852089270599680000000.

Note that deg(∆) = 8.
In Section 3, we will assume thatK is a complete non-archimedean field and associate

a metric tree to a binary form over K. This tree is invariant under the action of GL2.
For quintics, there are three different types, see Figure 1. The invariants I4, I8, I12, I18
and the discriminant ∆ are however not enough to distinguish between the different
types, as we will see in Example 32. In order to distinguish tree types, we need to
introduce another invariant, which we call the H-invariant.

Definition 11. [H-invariant] The H-invariant of the quintic f = a0x
5+a1x

4z+ · · ·+
a5z

5 is defined as follows:

(7) H = βI12 − 396α3I34 ,

where α and β are given by

α = 2−17 · 3−7 · 5−3 · 7−1,

β = 2−50 · 3−27 · 5−14 · 7−7 · 11−4 · 13−3 · 17−1 · 19−1 · 23−1 · 29−1.

This invariant is of degree 12 and constructed to satisfy the following property:

H(0, 0, 1, 0, a4, a5) is equal to the discriminant of the cubic x3 + a4x+ a5.

The motivation behind creating this invariant is as follows. For binary quintics, there
are three unmarked tree types, see Figure 1. For the two non-trivial ones, we choose a
non-trivial vertex of valency two. By applying a projective linear transformation, we can
ensure that the roots are grouped as {∞, λ1} and {0, 1, λ2}, where v(λ1) < v(λ2) = 0.
After scaling the binary form so that the smallest valuation of its coefficients is zero,
the coefficients of x5 and x4z have positive valuation. This binary form hence reduces
to a cubic and the discriminant of this cubic distinguishes between the two remaining
types.

2.1.3. Invariants of (4, 1)-forms. Let B = K[b0, . . . , b4, c0, c1] be a polynomial ring. For
an integer n ≥ 0, we denote by Wn the space of homogeneous polynomials in B[x, z] of
degree n. Here, we are interested in (4, 1)-binary forms, which are the elements (q, ℓ)
of W4 ⊕W1. There is a natural group action of G = SL2(K) on (4, 1)-forms as follows

(q(x, z), ℓ(x, z))σ = (qσ(x, z), ℓσ(x, z)) = (q(σ(x, z)), ℓ(σ(x, z))).

Definition 12. [Universal (4, 1)-form] We define the universal (4, 1)-form (q, ℓ) as

q(x, z) = b0x
4 + b1x

3z + · · ·+ b4z
4 and ℓ(x, z) = c0x+ c1z.

The action of G on (q, ℓ) defines an action of G on B where σ ∈ G acts on B by
sending b0, . . . , b4, c0, c1 to the coefficients of (q, ℓ)σ. We denote by BG the ring of G-
invariant polynomials in B. This ring is again finitely generated since G is reductive.
It has 5 generators j2, j3, j5, j6 and j9 of respective degrees 2, 3, 5, 6 and 9, and they can
be obtained using transvectants as follows:

(8)

j2 = 〈q, q〉4, j3 = 〈〈q, q〉2, q〉4,

j5 = 〈q, ℓ4〉4, j6 = 〈〈q, q〉2, ℓ
4〉4,

j9 = 〈〈q, 〈q, q〉2〉1, ℓ
6〉6.
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We refer the reader to [19, Section 5.4.1] for more details.

The invariants I4, I8, I12, I18,∆, H for binary quintics and the invariants j2, j3, j5, j6, j9
for (4, 1)-forms are polynomials with rational coefficients. Scaling these invariants, we
may assume that their coefficients are integer and are coprime; recall that char(K) = 0.
The reason behind this is that we are working with a valued field K in which integer
scalars might have a positive valuation. This justifies the following assumption:

Assumption 13. We scale all the invariants so that the greatest common divisor of
their coefficients is 1, and we do not change the notation. These scaled invariants are
computed in (2), and are the ones used in our results.

Write B4,1 = B for the coefficient ring corresponding to (4, 1)-forms and B5 for
the coefficient ring corresponding to quintics. The universal (4, 1)-form (q, ℓ) gives a
canonical quintic f = q · ℓ. From this, we obtain an injective ring homomorphism

B5 → B4,1.

This ring homomorphism is G = SL2(K)-equivariant, so we obtain an induced injective
ring homomorphism

BG
5 → BG

4,1

of invariants. We identify BG
5 with its image, so that we have an inclusion BG

5 ⊂ BG
4,1.

The generators from Section 2.1.2 can then be expressed in terms of the ji explicitly as
follows:

(9)

I4 =
2

3
j2j6 −

1

2
j3j5,

I8 =
14

9
j22j

2
6 +

22

27
j32j

2
5 +

5

27
j23j

2
5 −

14

9
j2j3j5j6,

I12 =
4400

243
j32j

3
6 −

11

243
j23j

3
6 −

242

9
j22j3j5j

2
6 +

2479

81
j42j

2
5j6 +

692

81
j2j

2
3j

2
5j6

+
7156

243
j32j3j

3
5 −

92

243
j33j

3
5 ,

I18 = −
625

729
j62j

3
5j9 −

512

729
j32j

2
3j

3
5j9 −

4

729
j32j3j

3
6j9 +

1

729
j33j

3
6j9 +

1

3
j42j3j

2
5j6j9

+
4

243
j52j5j

2
6j9 −

1

243
j22j

2
3j5j

2
6j9;

see the computations in (2). For ∆ and H , we use (6) and (7).
Finally, we summarize the invariants used in Theorems 1, 2 and 3, and their respective

degrees as follows:

Invariant I4 I8 I12 I18 ∆ H
Degree 4 8 12 18 8 12

Invariant j2 j3 j5 j6 j9
Degree 2 3 5 6 9

Table 1. Invariants of binary quintics (on the left) and (4,1)-forms (on
the right) together with their degrees.
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2.2. Picard curves. Let K denote a field of characteristic 0. A Picard curve X over
K is a smooth projective curve of genus 3 in P2 given by an equation of the form

y3ℓ(x, z) = q(x, z),

where q and ℓ are homogeneous polynomials of degrees 4 and 1 respectively in K[x, z].
Here the smoothness of X is equivalent to the separability of the quintic q(x, z) · ℓ(x, z).
For a Picard curve, the five distinct roots of this quintic are the branch points of the
Z/3Z-covering of P1 induced by the rational map

π : X P
1, [x : y : z] 7→ [x : z].

Either using the fact that X is smooth or an explicit computation, we find that it gives
a morphism, so that it is defined everywhere. The Galois group of π is G = Z/3Z and
it acts as follows on X . Let ζ ∈ K be a primitive third root of unity. There is then an
automorphism

α : [x : y : z] 7→ [x : ζy : z]

of order three and the quotient map X → X/〈α〉 = P
1 is π. For each of the five points

Pi in the zero set of the quintic q(x, z) · ℓ(x, z), there is a unique point Qi lying over Pi.
The four points Q1,. . . ,Q4 corresponding to the quartic q(x, z) differ from the remaining
point Q5 in the sense that α acts by ζ on the tangent spaces of Q1,. . . ,Q4 and as ζ2

on the tangent space of Q5. This gives a second, and equivalent, definition of a Picard
curve as a Z/3Z-covering of P1 branched over five points with a specified action of Z/3Z
on the tangent spaces of the ramification points; see [2]. This rigidification can also be
given in terms of differential forms, see [6, Section 5].

3. Tropical invariants for general group actions

In this section, we define the notion of a set of tropical invariants for general group
actions. The main underlying idea is that they separate orbits that have the same limit
points in some toric compactification. For binary forms, this gives us the notion of a
set of tropical invariants. For Picard curves, there are two interesting types of binary
forms: quintics and (4, 1)-forms. We will see in Section 4 that we can give a tropical
set of invariants for these forms.
We assume throughout this section that K is a complete, non-archimedean and al-

gebraically closed field K of characteristic 0 with valuation ring R and residue field
k.

3.1. Compactifications and tropicalizations. Let U be an irreducible variety over
K with Berkovich analytification Uan. We can define tropical separating sets for parti-
tions of subsets of Uan as follows.

Definition 14. [Separating set] Let Uan ⊃ S =
⊔

Si be a partition of a subset
S of Uan into disjoint subsets and let φ : U → X(∆) be an embedding of U into
a toric variety X(∆) with fan ∆. We say that φ is separating for the partition if
trop(φ(Si))∩ trop(φ(Sj)) = ∅ for i 6= j, where trop(·) is the natural tropicalization map
associated to the toric variety X(∆). If the embedding is given by the global sections of
a line bundle on U and φ is separating for a partition, then we call the sections a tropical
separating set for the partition. If the sections of the line bundle give a morphism to
X(∆) = P(a1, . . . , an), then we say that they are a projective tropical separating set.
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Example 15. If we take S = {P1} ∪ {P2} for two points P1, P2 ∈ Uan, then the proof
of [18, Theorem 1.1] shows that we can find an embedding that separates these points.

The partitions of Uan we are interested in are given using compactifications of U as
follows. Let X → Spec(R) be a proper flat R-scheme and let U → X be an open
immersion. Consider the reduction map

(10) red : Uan → Xs

as in [9, Section 4], where Xs is the special fiber of X . We now obtain a partition of
Uan by taking the inverse image under red(·) of a partition of Xs.

3.2. Tropical invariants. We start with the definition of tropical weighted projective
space.

Definition 16. [Tropical weighted projective space] Let (TAn)∗ = R
n
\

{(∞, . . . ,∞)}, the punctured tropical affine plane. For a fixed n-tuple of natural num-
bers (a1, . . . , an), we define an action of R on (TAn)∗ as follows:

λ⊙ (x1, . . . , xn) := (x1, . . . , xn) + λ · (a1, . . . , an).

The (set-theoretic) quotient of (TAn)∗ by this action is called the tropical weighted
projective space, and is denoted by TP(a1, . . . , an).

Now, let U/K be an irreducible variety and let G/K be a group scheme acting on U .
Suppose that there exists a geometric quotient V = U/G for U and G. The notion of a
tropical separating from Section 3.1 now allows us to define a set of tropical invariants.

Definition 17. [Tropical invariants] Let V an ⊃ S =
⊔

Si be a partition of a subset
S of V an. A set of tropical invariants for the partition is a tropical separating set for
the partition. If the tropical invariants give an embedding into a weighted projective
space P(a1, . . . , an), then we call this a set of tropical projective invariants. The image
of the tropicalization is the space TP(a1, . . . , an).

Since points of V an correspond to orbits in Uan, we find that a set of tropical invariants
separates a partition of a subset of Uan that is stable under the action of G.

Example 18. Consider the ring K[x, y]. The group S2 ≃ Z/2Z acts on K[x, y] by
x 7→ y and y → x. The invariant ring is K[xy, x+ y] and, on the level of schemes, the
map Spec(K[x, y]) → Spec(K[xy, x + y]) gives the geometric quotient. Consider the
standard embedding of A2 = Spec(K[x, y]) into P2. The group action then extends to
P2. The boundary is isomorphic to P1 and we decompose P2 into

S0 = {[x : y : z] | z 6= 0}, S1 = {[1 : 1 : 0]} and S2 = {[x : y : 0] | x 6= y}.

This induces a partition

S0 ⊔ S1 ⊔ S2 = Spec(K[xy, x+ y])an

since the group action preserves the Si. We now note that the standard embedding

Spec(K[xy, x+ y]) = A
2 → P

2

is not tropically separating since char(K) 6= 2. If we however consider the embedding
into P3 given by {xy, x+ y, (x− y)2, 1}, then this does form a tropical set of invariants.

We will see many more examples of tropical invariants in Sections 3.3 and 3.4.
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3.3. Moduli of tropical curves. We now review moduli of stable curves of genus
zero. The functor M0,n : Sch → Sets from the category of schemes to the category of
sets, defined by

(11) M0,n(S) = {smooth curves C → S of genus zero with n marked points}/ ∼

for n ≥ 3 is representable by a scheme M0,n. Note that there are indeed no non-trivial
elements of Aut(P1) = PGL2 that fix three or more elements of P1. We refer to M0,n

as the moduli space of smooth n-marked curves of genus zero. There is a natural
compactification of this space, given by replacing smooth curves by stable curves in
(11). We denote the corresponding scheme by M 0,n. It is proper and flat over Spec(Z).
The boundary locus ∆ =M 0,n\M0,n corresponds to non-smooth stable curves.

The group Sn acts on the above moduli spaces by permuting the marked points. Since
Sn is finite and M0,n and M 0,n are quasi-projective, there exist geometric quotients

M0,n/Sn and M 0,n/Sn which fit into a commutative diagram

M0,n M 0,n

M0,n/Sn M 0,n/Sn

The scheme M 0,n/Sn is again proper over Z. The geometric points of M0,n/Sn (resp.
M0,n/Sn) can be identified with smooth (resp. stable) curves of genus 0 with n un-
ordered points.
We now describe their abstract tropicalizations as in [1, Section 4]. We start with the

original set-up without quotients. Consider phylogenetic trees with n marked leaves,
together with a length function ℓ on the non-leaves. These are the points of the tropical
moduli space M trop

0,n . It can be given the structure of a generalized cone complex as in
[1, Section 2]. It can also be given as the tropicalization of the Plücker map as in [15,
Theorem 6.4.12]. We obtain an abstract tropicalization map

trop :Man
0,n →M trop

0,n

by the following procedure. A point P ∈ Man
0,n can be represented by an L-valued point

of M0,n, and we use the natural map

(12) M0,n(L) →M 0,n(L) =M 0,n(RL)

to obtain a stable model X → Spec(RL) with special fiber Xs → Spec(kL). Here, L is
a complete valued field extension of K with valuation ring RL and residue field kL. Let
T be the marked dual intersection graph of Xs, together with the natural edge length
function ℓ induced from X . Note that there is a unique leaf for every marked point.
We set trop(P ) = (T, ℓ).

We can also express the tropicalization of a point inMan
0,n in terms of Berkovich skeleta

as in [4]. Namely, a point P ∈ Man
0,n corresponds to a marked curve (P1, (P1, ..., Pn)),

where Pi ∈ P1(L) are distinct L-valued points. The minimal skeleton Σ of this marked
curve as in [4, Section 2.6]2 is then a marked metric tree whose leaves correspond to
the points Pi. The underlying graph of this marked metric tree is the same as T and
it gives rise to these same edge length function ℓ. By abuse of notation, we will write

2In [4], these are referred to as punctured curves.
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Σ = (T, ℓ), where we either view (T, ℓ) as a marked finite graph with a length function,
or a marked metric tree.

Definition 19. Let P ∈ Man
0,n for n ≥ 3 with induced marked curve (P1, (P1, ..., Pn)).

We call Σ = (T, ℓ) the marked metric tree associated to P .

Remark 20. We note that the edge lengths of the marked metric tree Σ are independent
of the chosen representative of the isomorphism class corresponding to P . That is, if
we have an isomorphism of marked curves (P1, (P1, ..., Pn)) → (P1, (σ(P1), ..., σ(Pn))),
then this induces a morphism of marked metric trees Σ → σ(Σ) that is an isometry
outside the leaves. This, for instance, follows from the results in [4, Section 2].

Let P([n]) be the power set of [n] = {1, ..., n} and let Ξ ⊂ P([n]) be a partition.
We write SΞ ⊂ Sn for the subgroup of permutations that preserve Ξ. Note that SΞ is
isomorphic to a product of symmetry groups Sk for k ≤ n. We now define an action of
SΞ on M trop

0,n . We view an element of M trop
0,n as a metric tree Σ = (T, ℓ), together with

an injection i : {1, . . . , n} → L(T ), where L(T ) is the set of (infinite) leaves of T . By
permuting the leaves indexed by the partition Ξ, we obtain an action of SΞ on M trop

0,n ,
where the latter is viewed as an object in the category of generalized cone complexes.
We now note that categorical quotients in the category of generalized cone complex
exist since arbitrary finite colimits exist, see [1, Remark 2.6.1]. From this, we obtain
the following definition of M trop

0,n /SΞ.

Definition 21. Let Ξ ⊂ P([n]) be a partition of [n] = {1, ..., n} and consider the
induced action of SΞ onM trop

0,n . The space M trop
0,n /SΞ is the categorical quotient ofM trop

0,n

under the action of SΞ. A Ξ-tree-type is an equivalence class of a tree type in M trop
0,n

under the action of SΞ.

Example 22. Suppose that Ξ = {{1, ..., n}}. The corresponding moduli space
M trop

0,n /Sn parametrizes tropical trees with n unmarked points.

Example 23. There are three non-trivial marked tree types for n = 4, giving three
cones R≥0. The types with edge lengths zero are all identified, so we glue these cones to-
gether to obtainM trop

0,4 , which is a standard tropical line. The three cones are permuted

by S4, giving the quotient M trop
0,4 /S4 = R≥0.

Example 24. Let n = 5. Then, there are exactly three unmarked types: I, II and
III; they are depicted in Figure 1. Type III corresponds to a folded positive orthant of
dimension 2, since the automorphism group of the underlying graph is Z/2Z. Figure 4
represents the space M trop

0,5 /S5.
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Figure 4. The space M trop
0,5 /S5

Example 25. Suppose that Ξ = {{1, 2, ..., n−1}, {n}}. In this case, we will write SΞ =
Sn−1 for brevity. The corresponding tropical moduli space M trop

0,n /Sn−1 parametrizes
tropical trees with one marked point.
For instance, consider the case where n = 5 and Ξ = {{1, 2, ..., 4}, {5}}, giving rise

to an action of S4 on M
trop
0,5 . The quotient M trop

0,5 /S4 is the moduli space of phylogenetic
trees with 4 unmarked leaves and 1 marked leaf, see Figure 5. There are five different
corresponding phylogenetic tree types: I, II.1, II.2, III.1 and III.2; see Figure 2.

∞

∞ ∞

∞ ∞

Figure 5. The space M trop
0,5 /S4

In Figures 4 and 5, the (possibly folded) positive orthants are glued with respect to
degeneration of the corresponding tree types, which is shown in Figure 6. We refer to
[16, Section 2] and [5, Section 4] for more details.

For the symmetrized moduli space M0,n/SΞ, we can again introduce an abstract
tropicalization map as follows. Let Ξ ⊂ P[n] be a partition and let P be an L-valued
point ofMan

0,n/SΞ. This again gives a phylogenetic tree (T, ℓ) with a marking {1, ..., n} →
L(T ), but we identify two markings φ1, φ2 : {1, ..., n} → L(T ) if they are related by an
element of SΞ. This gives a map

(13) trop :Man
0,n/SΞ → M trop

0,n /SΞ.
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∞ ∞

∞∞

∞

Figure 6. Degenerations of trees

Remark 26. The map in (13) in particular gives a partition ofMan
0,n/SΞ by considering

the inverse images of the loci of Ξ-marked tree types. We will use this partition to obtain
a partition of the space of binary forms in Section 3.4. We note that the partition of
Man

0,n/SΞ is a special instance of the partitions we considered in Section 3.1 since the
construction in (12) gives the reduction map from (10).

3.4. Trees and tropical binary forms. Let V = Vk1 ⊕ · · · ⊕ Vkr be the standard
SL2-module and write AG for the ring of invariants. We consider Proj(AG), where the
grading is induced by the degree of an invariant. We are interested in the affine open
U = D+(∆) for ∆ the discriminant. The set of L-valued points U(L) of U can be
identified with tuples of binary forms (f1, . . . , fr) over L without common zeros and up
to GL2-equivalence. Here deg(fi) = ki.
We now consider an L-valued point of U . This gives a set of binary forms (f1, . . . , fr)

over L. We write f =
∏r

i=1 fi for the resulting (k1 + · · · + kr)-binary form. Let Z(f)
and Z(fi) denote the zero sets of f and fi respectively, for 1 ≤ i ≤ r. Note that
Z(f) = ⊔r

i=1 Z(fi) gives a well-defined L-valued point of the moduli space M0,n/SΞ,
where n = k1+ · · ·+kr and Ξ = {{1, . . . , k1}, {k1+1, . . . , k1+k2}, . . . , {k1+ · · ·+kr−1+
1, . . . , n}}. Indeed, taking a different equivalent binary form changes the zero sets by
the action of GL2, so that the induced map

(

P
1,

r
⊔

i=1

Z(fi)

)

→

(

P
1,

r
⊔

i=1

Z(fσ
i )

)

is an isomorphism, which means that we obtain the same point in M0,n/SΞ.

Definition 27. [Metric tree of a binary form] Let f = (f1, . . . , fr) be a separable
binary form over a valued field L and consider a set of markings of the Z(fi). Let
{1, ..., n} → Z(f) be the induced marking of Z(f) with marked metric tree (T, ℓ),
see Definition 19. Then the metric tree associated to f is the image of (T, ℓ) in
M trop

0,n /SΞ under the map M trop
0,n → M trop

0,n /SΞ. For any σ ∈ GL2 with binary form

σ(f) = (σ(f1), ..., σ(fr)), the induced point of M trop
0,n /SΞ is the same.

The partition on the Berkovich analytification ofM0,n/SΞ given in Remark 26 induces
a partition of Uan. We use this as our definition of a tropical invariant of a binary form.
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Definition 28. [Tropical invariants of binary forms] A set of tropical invariants
of a set of binary forms of degree n is a tropical separating set for the partition of Uan

induced from the maps Uan → Man
0,n/SΞ → M trop

0,n /SΞ, see (13).

For a given set of invariants hi, we obtain a rational map U → P(a0, . . . , an), where
deg(hi) = ai. If the hi include a set of generators of the ring of invariants, then this is
automatically a morphism since the set of generators generate the nullcone. If the set
of generators is a projective tropical separating set, then we call this a set of projective
tropical invariants.

Example 29. For residue characteristics not equal to 2, the tropical invariants of a
binary quartic are given by c4, c6 and ∆; see [20, Chapter VII]. These are furthermore
weighted projective invariants, giving a tropicalization map to TP(4, 6, 12).

Example 30. For residue characteristics not equal to 2, the tropical invariants of a
binary sextic are given by the Igusa invariants from [10].

Example 31. In Section 4, we will show that the invariants introduced in the introduc-
tion form a set of tropical invariants for binary quintics and (4, 1)-forms. These then
also give the reduction types of Picard curves when the residue characteristic is not 3.

As promised in Section 2.1.2, we now show that the invariants I4, I8, I12, I18 and ∆
are not enough to distinguish between the unmarked trees of a quintic.

Example 32. Let K = C{{t}} be the field of Puiseux series over the complex numbers
with v(t) = 1. Consider the two quintics given by

f2 = xz(x − z)(x− t2z)(x− 2z),

f3 = xz(x − z)(x− tz)(x − (1 + 2t)z).

The tree of f2 is of Type II and the tree of f3 is of Type III. However, in both cases,
the tropical invariants are the same:

[v(I4) : v(I8) : v(I12) : v(I18) : v(∆)] = [0 : 0 : 0 : 2 : 4].

We thus see that we cannot distinguish between the two tree types using these invariants.
This also implies that we cannot distinguish the various reduction types of Picard curves
using these invariants. They are however enough to decide whether a tree is of Type I
or not.

The results in this paper show that there exists a set of projective tropical invariants
for quintics and (4, 1)-forms. In general, we conjecture that there exists a finite set of
projective tropical invariants for any set of binary forms. Moreover, there should be a
practical algorithm that can calculate these tropical invariants.

4. Proofs of the main results

In this final section, we prove the main results stated in the introduction, namely
Theorem 1, Theorem 2, Theorem 3 and Corollary 4. Some parts of the proofs rely on
computing the invariants explicitly. The computations are made available in (2).
Recall that our base field K is a non-archimedean, complete and algebraically closed

valued field of characteristic 0 with associated data (v, R,m, k). Moreover, the residue
characteristic p is different from 2, 3 and 11.
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Remark 33. If the residue characteristic of K is 11, then the second condition in
Theorem 1 does not characterize trees of Type II. In this case, to obtain condition for
Type II, we simply need to check that the conditions for Type I and Type III are not
satisfied.

4.1. Universal families. In this section, we explain the general idea of the proofs. We
begin by recalling the setup in Sections 3.3 and 3.4 in the case of binary quintics and
(4, 1)-forms.

Let f be a separable binary quintic or (4, 1)-form over K. The zero set Z(f) of
f consists of five points in P

1, which we also consider as points of the corresponding
Berkovich analytification P1,an. These are often called points of type 1 in the literature.
These five points define a natural metric tree Σf ⊂ P1,an that contains Z(f). If we
choose a marking {1, ..., 5} → Z(f), then this is the minimal Berkovich skeleton of the
marked curve (P1, P1, ..., P5) as defined in [4, Definition 4.20] in terms of semistable
vertex sets. If f = (f4, f1) is a (4, 1)-form, then we assume that the marking is chosen
so that P1, ..., P4 ∈ Z(f4).
The group GL2(K) acts on P1,an through Möbius transformations. The individual Σf

are not invariant under this action, since Z(f) is not invariant. The abstract marked
metric tree Σf however is invariant, up to suitable permutations of the markings. More
precisely, if f is a binary quintic, then we consider Σf as an element of the moduli space
M trop

0,5 /S5 of unmarked metric trees on five leaves, and if f = (f4, f1) is a (4, 1)-form,

then we consider Σf as an element of the moduli space M trop
0,5 /S4 of metric trees with

five leaves and one marked point. For every separable binary form in the same GL2-
orbit, this gives the same metric tree, so that we can associate an element ofM trop

0,5 /S5 or

M trop
0,5 /S4 to any GL2-equivalence class of separable binary quintics or (4, 1)-forms. Note

that if two separable binary forms lie in the same GL2-orbit, then they also have the
same projective invariants since a transformation σ scales an invariant I by det(σ)deg(I);
see Remark 9. To summarize, applying a transformation in GL2 to a binary quintic or
(4, 1)-form does not change

(1) the metric tree of the binary form,
(2) the projective invariants of the binary form.

For a given binary quintic or (4, 1)-form defined over a valued field, we can now apply
a projective transformation so that the resulting binary form is

(14) f(x, z) = xz(x− z)(x− λ1z)(x− λ2z).

Here, we send the marked point to ∞. By the discussion above, this does not change
the associated metric tree, nor the projective invariants. We now view the binary form
in (14) as being defined over the ring A0 = K[λ1, λ2]. The latter is the coordinate ring
of a two-dimensional affine space Y0 = A2

K over K. For specializations of the λi outside
the vanishing locus Z(∆λ) of ∆λ := λ1λ2(λ1 − 1)(λ2 − 1)(λ1 − λ2), we again obtain a
separable binary form. We write Y for this open subspace of Y0 and U for the space of
separable binary forms as in Section 3.4. We then have a natural map

Y → U

sending (λ1, λ2) to the separable binary quintic in (14). This map is surjective by
construction.
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We will write down parametrizations of the strata of Y an that correspond to the
different tree types in Uan. This will be done in terms of universal algebras. For each
tree type, we will give a free algebra A = R[ti, µi] with an injective map R[λ1, λ2] → A.
We will view this as an inclusion, so that λi ∈ A. Note that the binary form in (14)
automatically becomes a binary form over A through this map. Let RL be the valuation
ring of a valued field extension K ⊂ L. We then consider RL-valued points ψ : A→ RL

with v(ψ(ti)) > 0. Such an RL-valued point corresponds to a specific binary form of
the given type. We will also write v(ti) > 0 if ψ is understood. The universal algebras
are constructed in such a way that every separable binary form of the given type occurs
as an RL-valued point with v(ti) > 0.
To explicitly construct these universal families, we fix a tree type and write down the

implied conditions on the valuations of the λi. We then parametrize these conditions
using additional parameters ti and µi. Our choices for these universal families can be
found in Table 2; see Figure 7 for the corresponding trees.

Example 34. To give an example, let us explain the universal family for Type III.2 in
more detail. By assumption, we have the conditions

v(λ1) > 0 and v(λ2 − 1) > 0.

Note that we can assume by permuting the λi that v(λ1) ≤ v(λ2 − 1). To parametrize
the different edge lengths, we then write

λ1 = t1µ1 and λ2 = 1 + t2µ2.

Here we specialize the µi to elements with valuation zero and the ti to elements in R,
so that v(t1) = v(λ1) and v(t2) = v(λ2−1). In particular, note that the two non-trivial
edge lengths are given exactly by v(ti). By our assumption on the edge lengths, we
then have v(t1) ≤ v(t2).

Type λ1 λ2 Conditions

I µ1 µ2 µi 6= 0, 1 and µ1 6= µ2

II.1 t1µ1 t1µ2 v(t1) > 0, µi 6= 0 and µ1 6= µ2

II.2 t1µ1 µ2 v(t1) > 0, µi 6= 0 and µ2 6= 1

III.1 t1µ1 t1t2µ2 v(ti) > 0 and µi 6= 0

III.2 t1µ1 1 + t2µ2 v(ti) > 0, µi 6= 0 and v(t1) ≤ v(t2)

Table 2. The chosen universal families. The ti parametrize the
different edge lengths and the µi the different algebraic residue classes.
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Figure 7. Trees corresponding to the universal families in Table 2

In these universal algebras, we have various natural reduction maps. We will be
particularly interested in reducing elements modulo I = m + (t1, t2). Here we think of
the ti as elements of m whose valuations we can freely alter. In this vein, we will also
refer to working modulo I as working modulo m. For a given tree type with universal
algebra A, we can consider the universal binary form f from (14) as being defined over
A. The invariants of this binary form are thus elements of A.
In particular, we now see that for any specialization ψ : A → RL, we have that

ψ(I) ∈ RL. We write I ∈ A× if for every specialization ψ as above, we have that
v(ψ(I)) = 0.

4.2. Proof of Theorem 1. In this subsection, we prove Theorem 1. In the proofs,
we are free to choose the universal family of either II.1 or II.2, and similarly for III.1
and III.2. We do the necessity of the statement first and finish with the sufficiency in
Section 4.2.4.

4.2.1. Type I. Computing the reduction modulo m of the discriminant ∆, we obtain

∆ = λ
2

1 λ
2

2 (λ1 − 1)2 (λ2 − 1)2 (λ1 − λ2)
2.

So we deduce that v(∆) = 0, hence the condition 8v(I)− deg(I)v(∆) ≥ 0 is satisfied
for any I ∈ S.

4.2.2. Type II. Consider the universal family for Type II.1 in Table 2. We calculate the

invariants I ∈ S and find that they are divisible by t
degI/2
1 . The reduction of H/t

deg(H)/2
1

modulo m is

H/t
deg(H)/2
1 = −22µ2

1µ
2
2(µ1 − µ2)

2.

Since p 6= 2, 11, we find that the latter is non-zero. We thus obtain

v(H) = deg(H)v(t1)/2 = 6v(t1), and v(I) ≥ deg(I)v(t1)/2 for I ∈ S \ {H}.

Therefore,
12v(I)− deg(I)v(H) ≥ 0 for all I ∈ S.
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On the other hand, computing the reduction modulo m of I4/t
2
1 and I18/t

9
1, we find that

I4/t
2
1 = −2(µ2

1 − µ1µ2 + µ2
2),

I18/t91 = −µ2
1µ

2
2(µ1 − 2µ2)(µ1 + µ2)(2µ1 − µ2)(µ1 − µ2)

2.

It is not so hard to check that, since p 6= 3, the quantities I4/t21 and I18/t91 cannot be
simultaneously zero. We thus find that

v(I4) = 2v(t1) or v(I18) = 9v(t1).

Our computations give v(∆/t61) ≥ 0, so we deduce that v(∆) > 4v(t1) and thus

v(∆)− 2v(I4) > 0 or 9v(∆)− 4v(I18) > 0.

Combining these, we obtain the statement of the theorem.

4.2.3. Type III. Consider the universal family for Type III.2 in Table 2. We compute
the reduction of I4 modulo m to obtain

I4 = −2.

So, since p 6= 2, we deduce that v(I4) = 0. Computing ∆ and H , we obtain that ∆ is
divisible by t21t

2
2 and H = 0. So we deduce that

v(∆)− 2v(I4) > 0 and v(H)− 3v(I4) > 0.

4.2.4. Finishing the proof. Finally, we check sufficiency. Suppose that the condition in
(I) is satisfied. In particular,

8v(I4)− 4v(∆) ≥ 0 and 8v(I18)− 18v(∆) ≥ 0.

But these imply that

v(∆)− 2v(I4) ≤ 0 and 9v(∆)− 4v(I18) ≤ 0,

so the conditions in (II) and (III) can not be satisfied. Now suppose that the conditions
in (II) are satisfied. The condition

v(∆)− 2v(I4) > 0 or 9v(∆)− 4v(I18) > 0

gives
8v(I4)− deg(I4)v(∆) < 0 or 8v(I18)− deg(I18)v(∆) < 0,

and therefore, the condition in (I) can not be satisfied. On the other hand, the inequality
12v(I4)−4v(H) ≥ 0 implies v(H)−3v(I4) ≤ 0, which means that the conditions in (III)
can not be satisfied either. Finally, suppose that the conditions in (III) are satisfied.
Hence,

8v(I4)− deg(I4)v(∆) < 0 and 12v(I4)− deg(I4)v(H) < 0,

so that the conditions in (I) and (II) can not be satisfied. This finishes the proof.

4.3. Proof of Theorem 2. In this subsection, we prove Theorem 2. The strategy is
the same as in Section 4.2: we first calculate the invariants for each universal family
and show that the given inequalities hold. This gives the necessity of the conditions.
The sufficiency in this case is trivial, so this concludes the proof. We start with trees
of Type II.1 since the marking does not matter for trees of Type I.

4.3.1. Type II.1. We calculate j2 and find that it is divisible by t21. Computing the
reductions modulo m of j5 we obtain j5 = 1. We then deduce that 5v(j2)− 2v(j5) > 0.
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4.3.2. Type II.2. We calculate the reductions of j2 and j5 modulo m and find j2 = µ2
2

and j5 = 1. So we deduce that 5v(j2)− 2v(j5) = 0.

4.3.3. Type III.1. We find that j2 is divisible by t21. Calculating the reduction of j5
modulo m, we obtain j5 = 1. This implies 5v(j2)− 2v(j5) > 0.

4.3.4. Type III.2. We compute the reductions of j2 and j5 modulo m and find j2 = j5 =
1. This implies 5v(j2)− 2v(j5) = 0.

4.4. Proof of Theorem 3. For trees of Type I, there is nothing to prove.

4.4.1. Type II. We assume that the quintic f has tree Type II and use the universal
family for Type II.1 in Table 2. Recall that the length L(e1) of the unique edge in the
tree in this case is simply the valuation of t1.
We compute the invariants ∆, I4 and I18, and find that ∆ ∈ t61A, I4 ∈ t21A and

I18 ∈ t91A, where A is the universal algebra in Section 4.1. Computing the reductions,
we see

∆/t61 = µ2
1 µ

2
2 (µ1 − µ2)

2,

I4/t21 = −2 (µ2
1 − µ1µ2 + µ2

2),

I18/t91 = −µ2
1 µ

2
2 (µ1 + µ2) (µ1 − 2µ2) (2µ1 − µ2) (µ1 − µ2)

2.

Notice that, since p 6= 3, the two quantities I4/t21 and I18/t91 cannot vanish simultane-
ously. So we obtain

v(∆) = 6v(t1) and ( v(I4) = 2v(t1) or v(I18) = 9v(t1) ) .

From this, we deduce that

v(t1) =
1

2
(v(∆)− 2v(I4)) or v(t1) =

1

3
(2v(∆)− v(I18)) ,

and the valuation of t1, the length of the unique non-trivial edge, is then the maximum
of these two quantities, i.e.,

L(e1) = max

(

1

2
(v(∆)− 2v(I4)) ,

1

3
(2v(∆)− v(I18))

)

.

4.4.2. Type III. Before we give the proof of Theorem 3 for trees of Type III, we shortly
discuss the various formulas occurring in that theorem. For a tree of Type III, we can
only recover the edge lengths from the quintic invariants up to a permutation of the
edges, see Example 24. A set of representatives of the edges here is given by (e1, e2)
with L(e1) ≤ L(e2). For trees of Type III.2, this symmetry continues to hold, so the
formulas do not change. For trees of Type III.1, there is no such symmetry, meaning
that we can single out the edge next to the marked point. See Section 4.4.3 for the
formulas in this case.
Now suppose that f has tree Type III. Recall that the lengths L(e1) and L(e2) of the

edges e1 and e2 are respectively v(t1) and v(t2). Computing the invariants ∆, I4 and
I18, we obtain3

∆ = t2
1
t2
2
µ2
1 µ

2
2 (t2µ2 + 1)2 (−t1µ1 + t2µ2 + 1)2 (t1µ1 − 1)2

3The bold-faced factors have positive valuation, the remaining factors have valuation 0.
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I18 = (µ1t1 − µ2t2)(µ1t1 + µ2t2)(−µ1t1 + µ2t2 + 2)(µ2
2t

2
2 − µ1t1 + 2µ2t2 + 1)

(µ2
2t

2
2 + µ1t1 − 1)(−2µ1µ2t1t2 + µ2

2t
2
2 − µ1t1 + 2µ2t2 + 1)(µ1µ2t1t2 − µ2t2 − 1)

(µ1µ2t1t2 + µ2t2 + 1)(µ1µ2t1t2 − µ1t1 + 1)(µ1µ2t1t2 + µ1t1 − 1)

(µ1µ2t1t2 + µ1t1 − 2µ2t2 − 1)(µ1µ2t1t2 + 2µ1t1 − µ2t2 − 1)(−µ2
1t

2
1 + µ2t2 + 1)

(−µ2
1t

2
1 + 2µ1µ2t1t2 + 2µ1t1 − µ2t2 − 1)(µ2

1t
2
1 − 2µ1t1 + µ2t2t2 + 1)

and I4 ∈ A with I4 = −2. So we deduce that

v(∆) = 2v(t1) + 2v(t2) and v(I4) = 0.

If v(t1) < v(t2), then we find v(I18) = 2v(t1) and this gives

L(e1) = v(t1) =
1

2

(

v(I18)−
9

2
v(I4)

)

.

If, on the other hand, v(t1) = v(t2), then we have

L(e1) = v(t1) =
1

4
(v(∆)− 2v(I4)) .

Therefore, in both cases, we obtain

L(e1) = v(t1) = min

(

1

2

(

v(I18)−
9

2
v(I4)

)

,
1

4
(v(∆)− 2v(I4))

)

.

The length of the second edge is v(t2) and can be computed using ∆ as

L(e2) = v(t2) =
1

2
(v(∆)− 2v(I4))− v(t1).

Hence we deduce that

L(e1) = min

(

1

2

(

v(I18)−
9

2
v(I4)

)

,
1

4
(v(∆)− 2v(I4))

)

,

L(e2) =
1

2
(v(∆)− 2v(I4))− L(e1).

4.4.3. Type III.1. Now let (q, ℓ) be a (4, 1)-form with tree Type III.1. Let e1 be the
edge adjacent to ∞ and e2 the second edge in the tree Type III.1, see Figure 2. Using
the universal family for Type III.1 and computing the invariants we find j2 ∈ t21A

×,
j5 = 1, ∆ ∈ t61t

2
2A and I4 ∈ t21A

× and

j2/t21 = µ2
1, ∆/(t61t

2
2) = µ4

1µ
2
2, and I4/t21 = −2µ2

1.

So we deduce that

L(e1) = v(t1) =
1

10
(5v(j2)− 2v(j5)),

and

L(e2) = v(t2) =
1

2
(v(∆)− 2v(I4))− L(e1).
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4.5. Proof of Corollary 4. We now recall from [11] how the reduction type of a Picard
curve y3ℓ(x, z) = q(x, z) can be recovered from the (4, 1)-marked tree of (q, ℓ). We refer
the reader to [11, Section 1.2] for the definition of the reduction type of a curve. We
note here that our assumption that K is algebraically closed is not restrictive. Namely,
if we are interested in the reduction type of a curve over a complete discretely valued
field K, then its reduction type is completely determined by the reduction type of the
base change over K, see [11, Remark 3.6]. Finally, we note that the notion of an edge
length used here is the same as the notion of thickness of the nodal point corresponding
to the edge in question, which is used in other sources.

Let X be a Picard curve over K. The branch locus B of the covering

X → P
1

given by [x : y : z] 7→ [x : z] is the zero locus of q · ℓ. The minimal skeleton of the
marked curve (P1,an, B) is then the (4, 1)-marked tree of (q, ℓ). By applying a projective
transformation, we can assume that the zero of ℓ is ∞.
For tame coverings, we have that the inverse image of a skeleton is a skeleton (see

[11, Theorem 3.1] or [12, Theorem 1.1]), so we obtain a map

Σ′ → Σ,

where Σ is the (4, 1)-marked tree and Σ′ is its inverse image under the morphism
of Berkovich analytifications Xan → P1,an. Consider the dehomogenized polynomial
q = q(x, 1). The criteria in [11, Section 3.1] allow us to reconstruct Σ′ explicitly in
terms of the piecewise-linear function −log|q| on P

1,an\B. This function can in turn be
obtained from potential theory. We then find that over an edge in Σ, there are three
edges if and only if the slope of −log|q| is divisible by three. If it is not divisible by
three, then the length of an edge has to be divided by three. That is, the expansion
factor de′/e in this case is three. This data is enough to determine the skeleton for
Picard curves, as the weights of the vertices are determined by the Riemann–Hurwitz
conditions. The resulting graphs can be found in Figure 3.

Proof of Corollary 4. By Theorem 2, the (4, 1)-marked tree type of (q, ℓ) is determined
by the tropical invariants. The edge lengths of the (4, 1)-marked tree type are then
given by Theorem 3. To obtain the edge lengths for the curve X , we use the formula

de′/eL(e
′) = L(e),

where de′/e is the expansion factor, see [3, Definition 2.4, Theorem 4.23]. �

References

[1] Abramovich, D., Caporaso, L., and Payne, S. The tropicalization of the moduli space of
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