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BOUNDARY POINTS, MINIMAL L2 INTEGRALS AND

CONCAVITY PROPERTY V—VECTOR BUNDLES

QI’AN GUAN, ZHITONG MI, AND ZHENG YUAN

Abstract. In this article, for singular hermitian metrics on holomorphic vec-
tor bundles, we consider minimal L2 integrals on sublevel sets of plurisubhar-
monic functions on weakly pseudoconvex Kähler manifolds related to modules
at boundary points of the sublevel sets, and establish a concavity property
of the minimal L2 integrals. As applications, we present a necessary condi-
tion for the concavity degenerating to linearity, a strong openness property of
the modules and a twisted version, an effectiveness result of the strong open-
ness property of the modules, and an optimal support function related to the
modules.

1. Introduction

The strong openness property of multiplier ideal sheaves [36] (Demailly’s strong
openness conjecture [14]: I(ϕ) = I+(ϕ) := ∪

ǫ>0
I((1+ ǫ)ϕ)) is an important feature

of multiplier ideal sheaves, which was called ”opened the door to new types of
approximation techniques” (see e.g. [36, 47, 44, 4, 5, 20, 8, 54, 39, 55, 56, 21,
45, 9]), where the multiplier ideal sheaf I(ϕ) was defined as the sheaf of germs of
holomorphic functions f such that |f |2e−ϕ is locally integrable (see e.g. [53, 48,
49, 16, 17, 14, 18, 46, 51, 52, 15, 40]), and ϕ is a plurisubharmonic function on a
complex manifold M (see [13]).

Guan-Zhou [36] proved the strong openness property (the 2-dimensional case was
proved by Jonsson-Mustaţă [42]). After that, using the strong openness property,
Guan-Zhou [37] proved a conjecture about volumes growth of the sublevel sets of
quasi-plurisubharmonic functions which was posed by Jonsson-Mustaţă (Conjecture
J-M for short, see [42]).

Considering the minimal L2 integrals on sublevel sets of a plurisubharmonic
function with respect to a module at a boundary point of the sublevel sets, Bao-
Guan-Yuan [2] (see also [29]) established a concavity property of the minimal L2

integrals, which deduces an approach to Conjecture J-M independent of the strong
openness property.

In this article, for singular hermitian metrics on holomorphic vector bundles,
we consider minimal L2 integrals on sublevel sets of plurisubharmonic functions
on weakly pseudoconvex Kähler manifolds related to modules at boundary points
of the sublevel sets, and obtain a concavity property of minimal L2 integrals. As
applications, we present a necessary condition for the concavity degenerating to
linearity, a strong openness property of the modules and a twisted version, an

Date: June 22, 2022.
2020 Mathematics Subject Classification. 32Q15, 32F10, 32U05, 32W05.
Key words and phrases. concavity, boundary points, singular hermitian metric, holomorphic

vector bundle.

1

http://arxiv.org/abs/2206.00443v2


2 QI’AN GUAN, ZHITONG MI, AND ZHENG YUAN

effectiveness result of the strong openness property of the modules, and an optimal
support function related to the modules.

1.1. Singular hermitian metrics on vector bundles. LetM be an n−dimensional
complex manifold. Let E be a rank r holomorphic vector bundle overM and Ē the
conjugate of E. Let h be a section of the vector bundle E∗ ⊗ Ē∗ with measurable
coefficients, such that h is an almost everywhere positive definite hermitian form
on E; we call such an h a measurable metric on E.

We would like to use the following definition for singular hermitian metrics on
vector bundles in this article which is a modified version of the definition in [7].

Definition 1.1. Let M , E and h be as above and Σ ⊂ M be a closed set of
measure zero. Let {Mj}+∞

j=1 be a sequence of relatively compact subsets of M such

that M1 ⋐ M2 ⋐ ... ⋐ Mj ⋐ Mj+1 ⋐ ... and ∪+∞
j=1Mj = M . Assume that for each

Mj, there exists a sequence of hermitian metrics {hj,s}+∞
s=1 on Mj of class C2 such

that
lim

s→+∞
hj,s = h point-wisely on Mj\Σ.

We call the collection of data (M,E,Σ,Mj , h, hj,s) a singular hermitian metric
(s.h.m. for short) on E.

Remark 1.2 (see [7]). Let M , E, Σ, h be as in Definition 1.1. Assume that there

exists a sequence of hermitian metrics h̃s of class C2 such that
lim

s→+∞
h̃s = h in the C2−topology on M\Σ.

The authors of [7] called such a collection of data (X,E,Σ, h, h̃s) a singular

hermitian metric on E. They called Θh(EX\Σ) the curvature of (X,E,Σ, h, h̃s) and
denoted it by Θh(E). Θh(E) has continuous coefficients and values in Hermh(E)
away from Σ; they denoted the a.e.-defined associated hermitian form on TX ⊗ E
by the same symbol Θh(E).

We use the following definition of singular version of Nakano positivity in this
article. Let ω be a hermitian metric on M , θ be a hermitian form on TM with
continuous coefficients and (M,E,Σ,Mj, h, hj,s) be a s.h.m in the sense of Definition
1.1.

Definition 1.3. Let things be as above. We write:

Θh(E) ≥sNak θ ⊗ IdE

if the following requirements are met.
For each Mj, there exist a sequence of continuous functions λj,s on Mj and a

continuous function λj on Mj subject to the following requirements:
(1.2.1) for any x ∈ Ω : |ex|hj,s ≤ |ex|hj,s+1 , for any s ∈ N and any ex ∈ Ex;
(1.2.2) Θhj,s(E) ≥Nak θ − λj,sω ⊗ IdE on Mj;
(1.2.3) λj,s → 0 a.e. on Mj;
(1.2.4) 0 ≤ λj,s ≤ λj on Mj, for any s.

We would also like to recall the following notation of singular version of Nakano
positivity in [7]. Let ω be a hermitian metric on M , θ̃ be a hermitian form on TM

with continuous coefficients and (X,E,Σ, h, h̃s) be a s.h.m in the sense of Remark
1.2.
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Remark 1.4 (see [7]). Let things be as above. In [7], the authors wrote

Θh(E) ≥sNak θ̃ ⊗ IdE

if the following requirements are met.
There exist a sequence of hermitian forms θ̃s on TM ⊗ E with continuous coef-

ficients, a sequence of continuous functions λ̃s on M and a continuous function λ̃
on M subject to the following requirements:

(1.2.1) for any x ∈ X : |ex|h̃s ≤ |ex|h̃s+1
, for any s ∈ N and any ex ∈ Ex;

(1.2.2) θ̃s ≥Nak θ̃ ⊗ IdE;

(1.2.3) Θh̃s(E) ≥Nak θ̃s − λ̃sω ⊗ IdE;

(1.2.4) θ̃s → Θh(E) a.e on M ;

(1.2.5) λ̃s → 0 a.e on M ;

(1.2.6) 0 ≤ λ̃s ≤ λ̃, for any s.

Remark 1.5. Let M be a weakly pseudoconvex Kähler manifold. Let ϕ be a
plurisubharmonic function on M . Using regularization of quasi-plurisubharmonic
function (see Theorem 9.11), we know that h := e−ϕ is a singular metric on
E := M × C in the sense of Definition 1.1 and h satisfies Θh(E) ≥sNak 0 in
the sense of Definition 1.3. We will prove Remark 1.5 in appendix (see Remark
9.13).

We recall the following definitions which can be referred to [7].

Definition 1.6 (see [7]). Let h be a measurable metric on E. Let I(h) be the
analytic sheaf of germs of holomorphic functions on M defined as follows:
I(h)x := {fx ∈ OX,x : |fxex|2h is integrable in some neighborhood of x, ∀ex ∈
O(E)x}.

Analogously, we define an analytic sheaf E(h) by setting:

E(h)x := {ex ∈ O(E)x : |ex|2h is integrable in some neighborhood of x}.

1.2. Main result: minimal L2 integrals and concavity property. Let M be
a complex manifold. Let X and Z be closed subsets of M . We call that a triple
(M,X,Z) satisfies condition (A), if the following two statements hold:
I. X is a closed subset of M and X is locally negligible with respect to L2

holomorphic functions; i.e., for any local coordinated neighborhood U ⊂M and for
any L2 holomorphic function f on U\X , there exists an L2 holomorphic function

f̃ on U such that f̃ |U\X = f with the same L2 norm;
II. Z is an analytic subset of M and M\(X ∪ Z) is a weakly pseudoconvex

Kähler manifold.
Let M be an n−dimensional complex manifold. Assume that (M,X,Z) satisfies

condition (A). LetKM be the canonical line bundle onM . Let dVM be a continuous
volume form on M . Let F 6≡ 0 be a holomorphic function on M . Let ψ be a
plurisubharmonic function on M . Let E be a holomorphic vector bundle on M

with rank r. Let ĥ be a smooth metric on E. Let h be a measurable metric on E.
Denote h̃ := he−ψ. Let (M,E,Σ,Mj, h̃, h̃j,s) be a singular metric on E. Assume
that Θh̃(E) ≥sNak 0.

Let (V, z) be a local coordinate near a point p of M and E|V is trivial. Let
g ∈ H0(V,O(KM ⊗E)) and g = ĝ⊗ e locally, where ĝ is a holomorphic (n, 0) form

on V and e is a local section of E on V . We define |g|2h0
|V =

√
−1

n2

g ∧ ḡ〈e, e〉h0 ,
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where h0 is any (smooth or singular) metric on E. Note that |g|2h0
|V is invariant

under the coordinate change and |g|2h0
is a globally defined (n, n) form on M .

Let T ∈ [−∞,+∞). Denote that

Ψ := min{ψ − 2 log |F |,−T }.
For any z ∈ M satisfying F (z) = 0, we set Ψ(z) = −T . Note that for any
t ≥ T , the holomorphic function F has no zero points on the set {Ψ < −t}. Hence
Ψ = ψ − 2 log |F | = ψ + 2 log | 1F | is a plurisubharmonic function on {Ψ < −t}.
Definition 1.7. We call that a positive measurable function c (so-called “gain”)

on (T,+∞) is in class P̃T,M,Ψ,h if the following two statements hold:
(1) c(t)e−t is decreasing with respect to t;
(2) For any t0 > T , there exists a closed subset E0 of M such that E0 ⊂ Z ∩

{Ψ(z) = −∞} and for any compact subset K ⊂ M\E0, |ex|2hc(−ψ) ≥ CK |ex|2ĥ for

any x ∈ K ∩ {Ψ < −t0}, where CK > 0 is a constant and ex ∈ Ex.

Let z0 be a point in M . Denote that J̃(E,Ψ)z0 := {f ∈ H0({Ψ < −t} ∩
V,O(E)}) : t ∈ R and V is a neighborhood of z0}. We define an equivalence relation

∽ on J̃(E,Ψ)z0 as follows: for any f, g ∈ J̃(Ψ)z0 , we call f ∽ g if f = g holds on

{Ψ < −t}∩V for some t≫ T and open neighborhood V ∋ z0. Denote J̃(E,Ψ)z0/ ∽

by J(E,Ψ)z0 , and denote the equivalence class including f ∈ J̃(E,Ψ)z0 by fz0 .
If z0 ∈ ∩t>T {Ψ < −t}, then J(E,Ψ)z0 = O(E)z0 (the stalk of the sheaf O(E) at

z0), and fz0 is the germ (f, z0) of holomorphic section f ofE. If z0 /∈ ∩t>T {Ψ < −t},
then J(E,Ψ)z0 is trivial.

Let fz0 , gz0 ∈ J(E,Ψ)z0 and (q, z0) ∈ OM,z0 . We define fz0+gz0 := (f+g)z0 and
(q, z0) ·fz0 := (qf)z0 . Note that (f +g)z0 and (qf)z0 (∈ J(E,Ψ)z0) are independent
of the choices of the representatives of f, g and q. Hence J(E,Ψ)z0 is an OM,z0-
module.

Let dVM be a continuous volume form on M . Recall that h is a measurable
metric on E. For fz0 ∈ J(E,Ψ)z0 and a ≥ 0, we call fz0 ∈ I

(
h, aΨ

)
z0

if there exist

t ≫ T and a neighborhood V of z0, such that
∫
{Ψ<−t}∩V |f |2he−aΨdVM < +∞.

Note that I
(
h, aΨ

)
z0

is an OM,z0-submodule of J(E,Ψ)z0 . If z0 ∈ ∩t>T {Ψ < −t},
then Iz0 = O(E)z0 , where Iz0 := I

(
ĥ1, 0Ψ

)
z0

and ĥ1 is a smooth metric on E.

Let Z0 be a subset of ∩t>T {Ψ < −t}. Let f be an E-valued holomorphic (n, 0)
form on {Ψ < −t0}∩V , where V ⊃ Z0 is an open subset of M and t0 ≥ T is a real
number. Let Jz0 be an OM,z0-submodule of J(E,Ψ)z0 such that I

(
h,Ψ

)
z0

⊂ Jz0 ,

where z0 ∈ Z0. Denote J := ∪z0∈Z0Jz0 . Denote the minimal L2 integral related
to J

inf

{∫

{Ψ<−t}
|f̃ |2hc(−Ψ) : f̃ ∈ H0({Ψ < −t},O(KM ⊗ E))

& (f̃ − f)z0 ∈ O(KM )z0 ⊗ Jz0 , for any z0 ∈ Z0

} (1.1)

by G(t; c,Ψ, h, J, f), where t ∈ [T,+∞), c is a nonnegative function on (T,+∞).
Without misunderstanding, we denote G(t; c,Ψ, h, J, f) by G(t) for simplicity. For
various c(t), we denote G(t; c,Ψ, h, J, f) by G(t; c) respectively for simplicity.

In this article, we obtain the following concavity property of G(t).
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Theorem 1.8. Let c ∈ P̃T,M,Ψ,h. If there exists t ∈ [T,+∞) satisfying that G(t) <

+∞, then G(h−1(r)) is concave with respect to r ∈ (
∫ T
T1
c(t)e−tdt,

∫ +∞
T1

c(t)e−tdt),

lim
t→T+0

G(t) = G(T ) and lim
t→+∞

G(t) = 0, where h(t) =
∫ t
T1
c(t1)e

−t1dt1 and T1 ∈
(T,+∞).

Remark 1.9. Let c ∈ P̃T,M,Ψ,h. If
∫ +∞
T1

c(t)e−tdt = +∞ and fz0 /∈ O(KM )z0 ⊗Jz0
for some z0 ∈ Z0, then G(t) = +∞ for any t ≥ T . Thus, when there ex-

ists t ∈ [T,+∞) satisfying that G(t) ∈ (0,+∞), we have
∫ +∞
T1

c(t)e−tdt < +∞
and G(ĥ−1(r)) is concave with respect to r ∈ (0,

∫ +∞
T

c(t)e−tdt), where ĥ(t) =∫ +∞
t

c(l)e−ldl.

For any t ≥ T , denote

H2(t; c, f) :=

{
f̃ :

∫

{Ψ<−t}
|f̃ |2hc(−Ψ) < +∞, f̃ ∈ H0({Ψ < −t},O(KM ⊗ E))

&(f̃ − f)z0 ∈ O(KM )z0 ⊗ Jz0 , for any z0 ∈ Z0

}
,

where f is an E-valued holomorphic (n, 0) form on {Ψ < −t0}∩V for some V ⊃ Z0

is an open subset of M and some t0 ≥ T and c(t) is a positive measurable function
on (T,+∞).

As a corollary of Theorem 1.8, we give a necessary condition for the concavity
property degenerating to linearity.

Corollary 1.10. Let c ∈ P̃T,M,Ψ,h. Assume that G(t) ∈ (0,+∞) for some t ≥
T , and G(ĥ−1(r)) is linear with respect to r ∈ [0,

∫ +∞
T

c(s)e−sds), where ĥ(t) =∫ +∞
t c(l)e−ldl.

Then there exists a unique E-valued holomorphic (n, 0) form F̃ on {Ψ < −T }
such that (F̃−f)z0 ∈ O(KM )z0⊗Jz0 holds for any z0 ∈ Z0, and G(t) =

∫
{Ψ<−t} |F̃ |2hc(−Ψ)

holds for any t ≥ T .
Furthermore

∫

{−t1≤Ψ<−t2}
|F̃ |2ha(−Ψ) =

G(T1; c)∫ +∞
T1

c(t)e−tdt

∫ t1

t2

a(t)e−tdt (1.2)

holds for any nonnegative measurable function a on (T,+∞), where T ≤ t2 < t1 ≤
+∞ and T1 ∈ (T,+∞).

Remark 1.11. If H2(t0; c̃, f) ⊂ H2(t0; c, f) for some t0 ≥ T , we have

G(t0; c̃) =

∫

{Ψ<−t0}
|F̃ |2hc̃(−Ψ) =

G(T1; c)∫ +∞
T1

c(t)e−tdt

∫ +∞

t0

c̃(s)e−sds, (1.3)

where c̃ is a nonnegative measurable function on (T,+∞) and T1 ∈ (T,+∞). Thus,

if H2(t; c̃) ⊂ H2(t; c) for any t > T , then G(ĥ−1(r); c̃) is linear with respect to

r ∈ [0,
∫ +∞
T

c(s)e−sds).

1.3. Applications. In this section, we give some applications of Theorem 1.8.



6 QI’AN GUAN, ZHITONG MI, AND ZHENG YUAN

1.3.1. Strong openness property of I(h, aΨ)z0 . In this section, we give an estimate of
|f |2h on sublevel sets of Ψ, which implies the strong openness property of I(h,Ψ)z0 .

LetM be an n−dimensional weakly pseudoconvex Kähler manifold, and let dVM
be a continuous volume form onM . LetKM be the canonical line bundle onM . Let
F 6≡ 0 be a holomorphic function on M . Let ψ be a plurisubharmonic function on
M . Let E be a holomorphic vector bundle onM with rank r. We call a measurable

metric ĥ on E has a positive locally lower bound if for any compact subset K of M ,

there exists a constant CK > 0 such that ĥ ≥ CKh1 on K, where h1 is a smooth
metric on E. Let h be a measurable metric on E satisfying that h has a positive
locally lower bound.

Denote that

Ψ := min{ψ − 2 log |F |, 0}.

Let z0 ∈ M . Recall that f̂z0 ∈ I(h, aΨ)z0 if and only if there exist t ≫ 0 and

a neighborhood V of z0 such that
∫
{Ψ<−t}∩V |f̂ |2he−aΨdVM < +∞, where a ≥ 0.

Denote that

I+(h, aΨ)z0 := ∪s>aI(h, sΨ)z0 .

Let f be an E-valued holomorphic (n, 0) form on {Ψ < −t0} such that fz0 ∈
O(KM )z0 ⊗ I(h, 0Ψ))z0. Denote that

afz0(Ψ;h) := sup{a ≥ 0 : fz0 ∈ (O(KM )⊗ I(h, 2aΨ))z0}.

Especially, afz0(Ψ;h) is the jumping number cfz0(ψ) (see [43]), when F ≡ 1, ψ(z0) =
−∞, E is the trivial line bundle and h ≡ 1.

Theorem 1.12. Assume that afz0(Ψ;h) < +∞ and Θh̃(E) ≥sNak 0, where h̃ :=

he−2afz0(Ψ;h)ψ. Then we have afz0(Ψ;h) > 0 and

1

r2

∫

{afz0(Ψ;h)Ψ<log r}
|f |2h ≥ G(0; c ≡ 1,Ψ, h, I+(h, 2a

f
z0(Ψ;h)Ψ)z0 , f) > 0

holds for any r ∈ (0, e−a
f
z0

(Ψ;h)t0 ], where the definition of G(0; c ≡ 1,Ψ, h, I+(h, 2a
f
z0(Ψ;h)Ψ)z0 , f)

can be found in Section 1.2.

Theorem 1.12 implies the following strong openness property of I(h, aΨ)z0 .

Corollary 1.13. I(h, aΨ)z0 = I+(h, aΨ)z0 holds for any a ≥ 0 satisfying Θhe−2aψ ≥sNak
0.

When E is the trivial line bundle and h = e−ϕ, where ϕ is a plurisubharmonic
function on M , Theorem 1.12 and Corollary 1.13 can be referred to [29].

Remark 1.14. Let F ≡ 1 and ψ(z0) = −∞. Note that z0 ∈ ∩t≥T {Ψ < −t}
and I(h, aΨ)z0 = E(he−aψ)z0 , then Corollary 1.13 is a vector bundle version of the
strong openness property of multiplier ideal sheaves [36].

1.3.2. Effectiveness of the strong openness property of I(h,Ψ)z0 . In this section, we
give an effectiveness result of the strong openness property of I(h,Ψ)z0 (Corollary
1.13). We follow the notations and assumptions in Section 1.3.1. Let f be an
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E-valued holomorphic (n, 0) form on {Ψ < 0}, and denote that

1

KΨ,f,h,a(z0)
:= inf

{∫

{Ψ<0}
|f̃ |2he−(1−a)Ψ : f̃ ∈ H0({Ψ < 0},O(KM ⊗ E))

& (f̃ − f)z0 ∈ O(KM )z0 ⊗ I+(h, 2a
f
z0(Ψ;h)Ψ)z0

}
,

where a ∈ (0,+∞).
We present the following effectiveness result of the strong openness property of

I(h,Ψ)z0 .

Theorem 1.15. Assume that Θh̃(E) ≥sNak 0, where h̃ := he−2afz0(Ψ,h)ψ. Let C1

and C2 be two positive constants. If there exists a > 0, such that
(1)

∫
{Ψ<0} |f |2he−Ψ ≤ C1;

(2) 1
KΨ,f,h,a(z0)

≥ C2.

Then for any q > 1 satisfying

θa(q) >
C1

C2
,

we have fz0 ∈ O(KM )z0 ⊗ I(h, qΨ)z0 , where θa(q) =
q+a−1
q−1 .

1.3.3. A twisted version of the strong openness property of I(h, aΨ)o. Let D ⊆ C
n

be a pseudoconvex domain containing the origin o, and let ψ be a plurisubharmonic
function on D. Let F 6≡ 0 be a holomorphic function on D. Denote that

Ψ := min{ψ − 2 log |F |, 0}.
For any z ∈ M satisfying F (z) = 0, we set Ψ(z) = 0. Let E be a holomorphic
vector bundle on D with rank r, and let h be a measurable metric on E satisfying
that h has a positive locally lower bound.

It is clear that the following two statements are equivalent:
(1) The strong openness property of I(h, aΨ)o (Corollary 1.13): I(h, aΨ)o =

I+(h, aΨ)o for any a ≥ 0 satisfying Θhe−aψ ≥sNak 0;
(2) fo 6∈ I(h, 2afo (Ψ;h)Ψ)o for any fo ∈ I(h, 0Ψ)o satisfying afo (Ψ;h) < +∞ and

Θ
he−a

f
o (Ψ;h)ψ

≥sNak 0.

We present a twisted version of the strong openness property of I(h, aΨ)o.

Theorem 1.16. Let a(t) be a positive measurable function on (−∞,+∞). If one
of the following conditions holds:

(1) a(t) is decreasing near +∞;
(2) a(t)et is increasing near +∞,
then the following two statements are equivalent:
(A) a(t) is not integrable near +∞;
(B) for any Ψ, h and fo ∈ I(h, 0Ψ)o satisfying a

f
o (Ψ;h) < +∞ and Θ

he−a
f
o (Ψ;h)ψ

≥sNak
0, we have

|f |2he−2afo (Ψ;h)Ψa(−2afo (Ψ;h)Ψ) 6∈ L1(U ∩ {Ψ < −t})
for any neighborhood U of o and any t > 0.

When E is the trivial line bundle, Theorem 1.16 can be referred to [29]. When
F ≡ 1, ψ(o) = −∞ and E is the trivial line bundle, Theorem 1.16 is a twisted
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version of the strong openness property of multiplier ideal sheaves (some related
results can be referred to [38], [6] and [34]).

1.3.4. An optimal support function related to I(h,Ψ). LetM be an n−dimensional
complex manifold. Let X and Z be closed subsets of M such that (M,X,Z)
satisfies condition (A). Let KM be the canonical line bundle on M . Let F 6≡ 0 be
a holomorphic function on M . Let ψ be a plurisubharmonic function on M . Let
E be a holomorphic vector bundle on M with rank r, and let h be a measurable
metric on E satisfying that Θhe−ψ ≥sNak 0 and h has a positive locally lower bound.

Denote that
Ψ := min{ψ − 2 log |F |, 0}

and Mt := {z ∈ M : −t ≤ Ψ(z) < 0}. Let Z0 be a subset of M , and let f be an
E-valued holomorphic (n, 0) form on {Ψ < 0}. Denote

inf

{∫

Mt

|f̃ |2h :f ∈ H0({Ψ < 0},O(KM ⊗ E))

& (f̃ − f)z0 ∈ O(KM )⊗ I(h,Ψ)z0 for any z0 ∈ Z0

}

by CΨ,f,h,t(Z0) for any t ≥ 0. When CΨ,f,h,t(Z0) = 0 or +∞, we set

∫
Mt

|f |2he−Ψ

CΨ,f,h,t(Z0)
=

+∞.

We obtain the following optimal support function of

∫
Mt

|f |2he−Ψ

CΨ,f,h,t(Z0)
.

Proposition 1.17. Assume that
∫
{Ψ<−l} |f |2h < +∞ holds for any l > 0. Then

the inequality ∫
Mt

|f |2he−Ψ

CΨ,f,h,t(Z0)
≥ t

1− e−t
(1.4)

holds for any t ≥ 0, where t
1−e−t is the optimal support function.

When E is the trivial line bundle and h ≡ 1, Proposition 1.17 can be referred to
[29].

Take M = ∆ ⊂ C, Z0 = o the origin of C, F ≡ 1 and ψ = 2 log |z|. Let E is the
trivial line bundle, h ≡ 1 and f ≡ dz. It is clear that

∫
M

|f |2h < +∞. By direct

calculations, we have CΨ,f,h,t(Z0) = 2π(1 − e−t) and
∫
Mt

|f |2he−Ψ = 2tπ. Then
∫
Mt

|f |2e−Ψ

Cf,Ψ,t(Z0)
= t

1−e−t , which shows the optimality of the support function t
1−e−t .

2. Preparations

2.1. L2 methods. Let X be an n−dimensional weakly pseudoconvex Kähler mani-
folds. Let ψ be a plurisubharmonic function onM . Let F be a holomorphic function
on X . We assume that F is not identically zero. Let E be a rank r holomorphic

vector bundle over X . Let ĥ be a smooth metric on E. Let (X,E,Σ,Mj, h, hj,s)
be a singular hermitian metric on E. Assume that Θh(E) ≥sNak 0.

Let δ be a positive integer. Let T be a real number. Denote

M̃ := max{ψ + T, 2 log |F |}
and

Ψ := min{ψ − 2 log |F |,−T }.
If F (z) = 0 for some z ∈M , we set Ψ(z) = −T .
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Let c(t) be a positive measurable function on [T,+∞) such that c(t)e−t is de-
creasing with respect t. We have the following lemma.

Lemma 2.1. Let B ∈ (0,+∞) and t0 > T be arbitrarily given. Let f be an
E-valued holomorphic (n, 0) form on {Ψ < −t0} such that

∫

{Ψ<−t0}∩K
|f |2

ĥ
< +∞, (2.1)

for any compact subset K ⊂ X, and∫

M

1

B
I{−t0−B<Ψ<−t0}|fF |2h < +∞. (2.2)

Then there exists an E-valued holomorphic (n, 0) form F̃ on X such that
∫

X

|F̃ − (1− bt0,B(Ψ))fF 1+δ|2hevt0,B(Ψ)−δM̃c(−vt0,B(Ψ))

≤
(
1

δ
c(T )e−T +

∫ t0+B

T

c(s)e−sds

)∫

X

1

B
I{−t0−B<Ψ<−t0}|fF |2h,

where bt0,B(t) =
∫ t
−∞

1
B I{−t0−B<s<−t0}ds, vt0,B(t) =

∫ t
−t0 bt0,B(s)ds− t0.

We would like to recall the following notations in section 1.2. Let M be an
n−dimensional complex manifold. Assume that (M,X,Z) satisfies condition (A).
Let KM be the canonical line bundle on M . Let dVM be a continuous volume form
on M . Let F 6≡ 0 be a holomorphic function on M . Let ψ be a plurisubharmonic

function on M . Let E be a holomorphic vector bundle on M with rank r. Let ĥ
be a smooth metric on E. Let h be a measurable metric on E. Denote h̃ := he−ψ.
Let (M,E,Σ,Mj , h̃, h̃j,s) be a singular metric on E. Assume that Θh̃(E) ≥sNak 0.

Let c(t) ∈ P̃T,M,Ψ,h.
Let T ∈ [−∞,+∞). Denote

Ψ := min{ψ − 2 log |F |,−T }.
If F (z) = 0 for some z ∈ M , we set Ψ(z) = −T . Let T1 > T be a real number.

Denote M̃ := max{ψ + T1, 2 log |F |}. Denote

Ψ1 := min{ψ − 2 log |F |,−T1}.
If F (z) = 0 for some z ∈M , we set Ψ1(z) = −T1.

It follows from Lemma 2.1 that we have the following lemma.

Lemma 2.2. Let (M,X,Z) satisfy condition (A). Let B ∈ (0,+∞) and t0 > T1 >
T be arbitrarily given. Let f be an E-valued holomorphic (n, 0) form on {Ψ < −t0}
such that ∫

{Ψ<−t0}
|f |2hc(−Ψ) < +∞, (2.3)

Then there exists an E-valued holomorphic (n, 0) form F̃ on M such that
∫

M

|F̃ − (1 − bt0,B(Ψ1))fF
1+δ|2

h̃
evt0,B(Ψ1)−δM̃c(−vt0,B(Ψ1))

≤
(
1

δ
c(T1)e

−T1 +

∫ t0+B

T1

c(t)e−tdt

)∫

M

1

B
I{−t0−B<Ψ1<−t0}|fF |

2
h̃,

(2.4)

where bt0,B(t) =
∫ t
−∞

1
B I{−t0−B<s<−t0}ds and vt0,B(t) =

∫ t
−t0 bt0,B(s)ds− t0.
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Proof. We note that {Ψ < −t0} = {Ψ1 < −t0} and Ψ1 = Ψ = ψ − 2 log |F | on
{Ψ < −t0}. It follows from inequality (2.3), h̃ = he−ψ and c(t)e−t is decreasing
with respect to t that

∫

M

1

B
I{−t0−B<Ψ1<−t0}|fF |

2
h̃ < +∞.

As c(t) ∈ P̃T,M,Ψ,h, {Ψ < −t0} = {Ψ1 < −t0} and Ψ1 = Ψ on {Ψ < −t0},
there exists a closed subset E0 ⊂ Z ∩{Ψ = −∞} such that for any compact subset
K ⊂M\E0, |e|2hc(−Ψ) ≥ CK |e|2

ĥ
on K ∩ {Ψ1 < −t0}, where CK > 0 is a constant

and e is any E-valued holomorphic (n, 0) form on {Ψ1 < −t0}. It follows from
inequality (2.3) that we have

∫

K∩{Ψ1<−t0}
|f |2

ĥ
< +∞.

As (M,X,Z) satisfies condition (A),M\(Z∪X) is a weakly pseudoconvex Kähler
manifold. It follows from Lemma 2.1 that there exists an E-valued holomorphic
(n, 0) form F̃Z on M\(Z ∪X) such that

∫

M\(Z∪X)

|F̃Z − (1 − bt0,B(Ψ1))fF
1+δ|2

h̃
evt0,B(Ψ1)−δM̃c(−vt0,B(Ψ1))

≤
(
1

δ
c(T1)e

−T1 +

∫ t0+B

T1

c(s)e−sds

)∫

M

1

B
I{−t0−B<Ψ1<−t0}|fF |2h̃ < +∞.

For any z ∈ ((Z ∪X)\E0), there exists an open neighborhood Vz of z such that
Vz ⋐M\E0.

As (M,E,Σ,Mj , h̃, h̃j,s) is a singular metric on E and Θh̃(E) ≥sNak 0, there
exist a relatively compact subset Mj′ ⊂ M containing Vz and a C2 smooth met-

ric h̃j′,1 ≤ h̃ on Vz ⊂ Mj′ . Note that δM̃ is a plurisubharmonic function on

M . As c(t)e−t is decreasing with respect to t and vt0,B(Ψ1) ≥ −t0 − B
2 , we have

c(−vt0,B(Ψ1))e
vt0,B(Ψ1) ≥ c(t0+

B
2 )e

−t0−B
2 > 0. Denote C := inf

Vz
evt0,B(Ψ1)−δMc(−vt0,B(Ψ1)),

we know C > 0. On Vz, as both ĥ and h̃j′,1 are continuous, we have h̃j′,1 ≤ C̃ĥ for

some C̃ > 0. Then we have∫

Vz\(Z∪X)

|F̃Z |2h̃j′ ,1

≤2

∫

Vz\(Z∪X)

|F̃Z − (1 − bt0,B(Ψ1))fF
1+δ|2

h̃j′ ,1
+ 2

∫

Vz\(Z∪X)

|(1 − bt0,B(Ψ1))fF
1+δ|2

h̃j′ ,1

≤2

∫

Vz\(Z∪X)

|F̃Z − (1 − bt0,B(Ψ1))fF
1+δ|2

h̃
+ 2 sup

Vz

|F 1+δ|2
∫

{Ψ1<−t0}∩Vz
|f |2

h̃j′,1

≤ 2

C

(∫

M\(Z∪X)

|F̃Z − (1 − bt0,B(Ψ1))fF
1+δ|2

h̃
evt0,B(Ψ1)−δMc(−vt0,B(Ψ1))

)

+ C̃ sup
Vz

|F 1+δ|2
∫

{Ψ1<−t0}∩Vz
|f |2

ĥ

<+∞.

As Z ∪X is locally negligible with respect to L2 holomorphic function, we can
find an E-valued holomorphic extension F̃E0 of F̃Z fromM\(Z ∪X) to M\E0 such
that
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∫

M\E0

|F̃E0 − (1− bt0,B(Ψ1))fF
1+δ|2

h̃
evt0,B(Ψ1)−δM̃c(−vt0,B(Ψ1))

≤
(
1

δ
c(T1)e

−T1 +

∫ t0+B

T1

c(s)e−sds

)∫

M

1

B
I{−t0−B<Ψ1<−t0}|fF |2h̃.

Note that E0 ⊂ {Ψ = −∞} ⊂ {Ψ < −t0} and {Ψ < −t0} is open, then for
any z ∈ E0, there exists an open neighborhood Uz of z such that Uz ⋐ {Ψ <

−t0} = {Ψ1 < −t0}. As (M,E,Σ,Mj, h̃, h̃j,s) is a singular metric on E and
Θh̃(E) ≥sNak 0, there exist a relatively compact subset Mj′′ ⊂ M containing Uz
and a C2 smooth metric h̃j′′,1 ≤ h̃ on Uz ⊂ Mj′′ . As vt0,B(t) ≥ −t0 − B

2 , we have

c(−vt0,B(Ψ1))e
vt0,B(Ψ1) ≥ c(t0+

B
2 )e

−t0−B
2 > 0. Note that δM̃ is plurisubharmonic

on M . Thus we have∫

Uz\E0

|F̃E0 − (1 − bt0,B(Ψ))fF 1+δ|2
h̃j′′,1

≤
∫

Uz\E0

|F̃E0 − (1 − bt0,B(Ψ))fF 1+δ|2
h̃

≤ 1

C1

∫

Uz\E0

|F̃E0 − (1− bt0,B(Ψ1))fF
1+δ|2

h̃
evt0,B(Ψ1)−δM̃c(−vt0,B(Ψ1)) < +∞,

where C1 is some positive number.
As Uz ⋐ {Ψ < −t0}, we have
∫

Uz\E0

|(1− bt0,B(Ψ))fF 1+δ|2
h̃j′′,1

≤
(
sup
Uz

|F 1+δ|2
)∫

Uz

|f |2
h̃j′′,1

< +∞.

Hence we have ∫

Uz\E0

|F̃E0 |2h̃j′′ ,1 < +∞.

As E0 is contained in some analytic subset ofM , we can find a holomorphic exten-
sion F̃ of F̃E0 from M\E0 to M such that

∫

M

|F̃ − (1 − bt0,B(Ψ1))fF
1+δ|2

h̃
evt0,B(Ψ1)−δM̃c(−vt0,B(Ψ1))

≤
(
1

δ
c(T1)e

−T1 +

∫ t0+B

T1

c(t)e−tdt

)∫

M

1

B
I{−t0−B<Ψ1<−t0}|fF |2h̃.

(2.5)

Lemma 2.2 is proved. �

Let T ∈ [−∞,+∞). Let c(t) ∈ P̃T,M,Ψ.h. Following the notations in Lemma
2.2 and using the result of Lemma 2.2, we have the following lemma, which will be
used to prove Theorem 1.8.

Lemma 2.3. Let (M,X,Z) satisfy condition (A). Let B ∈ (0,+∞) and t0 > t1 >
T be arbitrarily given. Let f be a holomorphic (n, 0) form on {Ψ < −t0} such that

∫

{Ψ<−t0}
|f |2hc(−Ψ) < +∞, (2.6)

Then there exists an E-valued holomorphic (n, 0) form F̃ on {Ψ < −t1} such that
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∫

{Ψ<−t1}
|F̃ − (1− bt0,B(Ψ))f |2hevt0,B(Ψ)−Ψc(−vt0,B(Ψ))

≤
(∫ t0+B

t1

c(s)e−sds

)∫

M

1

B
I{−t0−B<Ψ<−t0}|f |2he−Ψ,

where bt0,B(t) =
∫ t
−∞

1
B I{−t0−B<s<−t0}ds, vt0,B(t) =

∫ t
−t0 bt0,B(s)ds− t0.

Proof of Lemma 2.3. Denote that

Ψ̃ := min{ψ − 2 log |F |,−t1}.
As t0 > t1 > T , we have {Ψ̃ < −t0} = {Ψ < −t0}. It follows from inequality

(2.6) and Lemma 2.2 that there exists an E-valued holomorphic (n, 0) form F̃δ on
M such that

∫

M

|F̃δ − (1− bt0,B(Ψ̃))fF 1+δ|2
h̃
evt0,B(Ψ̃)−δM̃c(−vt0,B(Ψ̃))

≤
(
1

δ
c(t1)e

−t1 +

∫ t0+B

t1

c(s)e−sds

)∫

M

1

B
I{−t0−B<Ψ̃<−t0}|fF |

2
h̃.

Note that on {Ψ < −t1}, we have Ψ = Ψ̃ = ψ − 2 log |F |. Hence
∫

{Ψ<−t1}
|F̃δ − (1 − bt0,B(Ψ))fF 1+δ|2

h̃
evt0,B(Ψ)−δM̃c(−vt0,B(Ψ))

=

∫

{Ψ<−t1}
|F̃δ − (1 − bt0,B(Ψ̃))fF 1+δ|2

h̃
evt0,B(Ψ̃)−δM̃c(−vt0,B(Ψ̃))

≤
∫

M

|F̃δ − (1− bt0,B(Ψ̃))fF 1+δ|2
h̃
evt0,B(Ψ̃)−δM̃c(−vt0,B(Ψ̃))

≤
(
1

δ
c(t1)e

−t1 +

∫ t0+B

t1

c(s)e−sds

)∫

M

1

B
I{−t0−B<Ψ̃<−t0}|fF |

2
h̃

=

(
1

δ
c(t1)e

−t1 +

∫ t0+B

t1

c(s)e−sds

)∫

M

1

B
I{−t0−B<Ψ<−t0}|fF |

2
h̃ < +∞.

(2.7)

Let Fδ := F̃δ
F δ be an E-valued holomorphic (n, 0) form on {Ψ < −t1}. Then it

follows from (2.7) that
∫

{Ψ<−t1}
|Fδ − (1− bt0,B(Ψ))fF |2

h̃
evt0,B(Ψ)c(−vt0,B(Ψ))

≤
(
1

δ
c(t1)e

−t1 +

∫ t0+B

t1

c(s)e−sds

)∫

M

1

B
I{−t0−B<Ψ<−t0}|fF |2h̃.

(2.8)

Note that evt0,B(Ψ)c(−vt0,B(Ψ)) ≥
(
c(t0 +

2
B )e−t0−

2
B

)
> 0. As c(t) ∈ P̃T,M,Ψ.h,

there exists a closed subset E0 of M such that E0 ⊂ Z ∩ {Ψ(z) = −∞} (where Z
is an analytic subset of M) and for any compact subset K ⊂M\E0, |ex|2hc(−Ψ) ≥
CK |ex|2ĥ for any x ∈ K ∩ {Ψ < −t0}, where CK > 0 is a constant and ex ∈ Ex. Let

K be any compact subset ofM\E0. As (M,E,Σ,Mj, h̃, h̃j,s) is a singular metric on
E and Θh̃(E) ≥sNak 0, there exist a relatively compact subsetMjK ⊂M containing
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K and a C2 smooth metric h̃jK ,1 ≤ h̃ on K ⊂MjK . It follows from inequality (2.8)
that we have

sup
δ

∫

{Ψ<−t1}∩K
|Fδ − (1− bt0,B(Ψ))fF |2

h̃jK,1
< +∞.

We also note that
∫

{Ψ<−t1}∩K
|(1− bt0,B(Ψ))fF |2

h̃jK,1
≤
(
sup
K

|F |2
)∫

{Ψ<−t0}∩K
|f |2

h̃jK,1
< +∞.

Then we know that

sup
δ

∫

{Ψ<−t1}∩K
|Fδ|2h̃jK,1 < +∞.

By Montel theorem and diagonal method, there exists a subsequence of {Fδ} (also

denoted by Fδ) compactly convergent to a holomorphic (n, 0) form F̃1 on {Ψ <
−t1}\E0. It follows from Fatou’s Lemma and inequality (2.8) that we have

∫

{Ψ<−t1}\E0

|F̃1 − (1− bt0,B(Ψ))fF |2
h̃
evt0,B(Ψ)c(−vt0,B(Ψ))

≤ lim inf
δ→+∞

∫

{Ψ<−t1}\E0

|Fδ − (1− bt0,B(Ψ))fF |2
h̃
evt0,B(Ψ)c(−vt0,B(Ψ))

≤ lim inf
δ→+∞

∫

{Ψ<−t1}
|Fδ − (1− bt0,B(Ψ))fF |2

h̃
evt0,B(Ψ)c(−vt0,B(Ψ))

≤ lim inf
δ→+∞

(
1

δ
c(t1)e

−t1 +

∫ t0+B

t1

c(s)e−sds

)∫

M

1

B
I{−t0−B<Ψ<−t0}|fF |

2
h̃

≤
(∫ t0+B

t1

c(s)e−sds

)∫

M

1

B
I{−t0−B<Ψ<−t0}|fF |2h̃.

(2.9)

Note that E0 ⊂ {Ψ = −∞} ⊂ {Ψ < −t1} and {Ψ < −t1} is open, then for any
z ∈ E0, there exists an open neighborhood Uz of z such that Uz ⋐ {Ψ < −t1}.
As (M,E,Σ,Mj , h̃, h̃j,s) is a singular metric on E and Θh̃(E) ≥sNak 0, there exist
a relatively compact subset Mj′′ ⊂ M containing Uz and a C2 smooth metric

h̃j′′,1 ≤ h̃ on Vz ⊂Mj′′ . As vt0,B(t) ≥ −t0 − B
2 , we have c(−vt0,B(Ψ1))e

vt0,B(Ψ1) ≥
c(t0 +

B
2 )e

−t0−B
2 > 0. Thus we have

∫

Uz\E0

|F̃1 − (1− bt0,B(Ψ))fF |2
h̃j′′ ,1

≤
∫

Uz\E0

|F̃1 − (1− bt0,B(Ψ))fF |2
h̃

≤ 1

C1

∫

Uz\E0

|F̃1 − (1 − bt0,B(Ψ))fF |2
h̃
evt0,B(Ψ)c(−vt0,B(Ψ)) < +∞,

where C1 is some positive number.
As Uz ⋐ {Ψ < −t1}, we have

∫

Uz\E0

|(1 − bt0,B(Ψ))fF |2
h̃j′′,1

≤
(
sup
Uz

|F |2
)∫

Uz

|f |2
h̃j′′,1

< +∞.
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Hence we have ∫

Uz\E0

|F̃1|2h̃j′′ ,1 < +∞.

As E0 is contained in some analytic subset ofM , we can find a holomorphic exten-
sion F̃0 of F̃1 from {Ψ < −t1}\E0 to {Ψ < −t1} such that

∫

{Ψ<−t1}
|F̃1 − (1− bt0,B(Ψ))fF |2

h̃
evt0,B(Ψ)c(−vt0,B(Ψ))

≤
(∫ t0+B

t1

c(s)e−sds

)∫

M

1

B
I{−t0−B<Ψ<−t0}|fF |2h̃.

(2.10)

Denote F̃ := F̃0

F . Note that h̃ = he−ψ and on {Ψ < −t1}, we have Ψ =
ψ − 2 log |F |. It follows from inequality (2.10) that we have

∫

{Ψ<−t1}
|F̃ − (1− bt0,B(Ψ))f |2hevt0,B(Ψ)−Ψc(−vt0,B(Ψ))

≤
(∫ t0+B

t1

c(s)e−sds

)∫

M

1

B
I{−t0−B<Ψ<−t0}|f |2he−Ψ.

Lemma 2.3 is proved.
�

2.2. Properties of OM,z0-module Jz0. In this section, we present some properties
of OM,z0-module Jz0 .

We recall the following property of closedness of holomorphic functions on a
neighborhood of o.

Lemma 2.4 (Closedness of Submodules, see [22]). Let N be a submodule of Oq
Cn,0,

1 ≤ q < +∞, let fj ∈ Oq
Cn

(U) be a sequence of q-tuples holomorphic in an open
neighborhood U of the origin. Assume that the fj converge uniformly in U towards
a q-tuple f ∈ Oq

Cn
(U), assume furthermore that all germs fj,0 belong to N . Then

f0 ∈ N .

We recall the following lemma which will be used in the proof of Lemma 2.9.

Lemma 2.5. Let M be a complex manifold. Let dVM be a continuous volume form
on M . Let S be an analytic subset of M . Let E be a holomorphic vector bundle on

M with rank r. Let ĥ be a smooth metric on E. Let h be a measurable metric on
E.

Let {gj}j=1,2,... be a sequence of nonnegative Lebesgue measurable functions on
M , which satisfies that gj are almost everywhere convergent to g on M when j →
+∞, where g is a nonnegative Lebesgue measurable function on M . Assume that
for any compact subset K of M\S, we have |ex|2hgj ≥ CK |ex|2ĥ for any x ∈ K and

any j ∈ Z+, where CK > 0 is a constant and ex is any section of Ex.
Let {Fj}j=1,2,... be a sequence of E-valued holomorphic (n, 0) forms on M . As-

sume that lim infj→+∞
∫
M

|Fj |2hgj ≤ C, where C is a positive constant. Then there
exists a subsequence {Fjl}l=1,2,..., which satisfies that {Fjl} is uniformly convergent
to an E-valued holomorphic (n, 0) form F on M on any compact subset of M when
l → +∞, such that ∫

M

|F |2hg ≤ C.
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Proof. Let (U ⊂⊂ M, θ) be a local trivialization of E, where E is a holomorphic
vector bundle on M . For any f = (f1, . . . , fr) ∈ H0(U,O(E)), denote |f |21 :=∑r
i=1 |fi|2. Then there exists a constant λ > 0 such that 1

λ |f |21 ≤ |f |2
ĥ
≤ λ|f |21

on U . Let K̃ be any compact subset of U and S̃ be an analytic subset of M . By
Local Parametrization Theorem (see [13]) and Maximum Principle, there exists a

compact subset K̃1 ⊂ U\S̃ such that

sup
z∈K̃

|f(z)|21 ≤ C̃1 sup
z∈K̃1

|f(z)|21.

Hence we have

sup
z∈K̃

|f(z)|2
ĥ
≤ λ sup

z∈K̃
|f(z)|21 ≤ λC̃1 sup

z∈K̃1

|f(z)|21 ≤ λ2C̃1 sup
z∈K̃1

|f(z)|2
ĥ
.

Recall that S is an analytic subset of M . By the argument above, for any compact
set K ⊂⊂M , there exists K1 ⊂M\S such that for any j ≥ 0, we have

sup
z∈K

|Fj(z)|2ĥ
dVM

≤ C1 sup
z∈K1

|Fj(z)|2ĥ
dVM

, (2.11)

where C1 > 0 (depends on K and ĥ) is a real number. Then there exists a compact
subset K2 ⊂M\S such that K1 ⊂ K2 and for any z ∈ K1 and j ≥ 0,

|Fj(z)|2ĥ
dVM

≤ C2

∫

K2

|Fj(z)|2ĥ ≤ C2

CK2

∫

K2

|Fj(z)|2hgj ≤
C2

CK2

C < +∞.

Hence we know that supK1

|Fj(z)|2ĥ
dVM

is uniformly bounded with respect to j. Then it

follows from inequality (2.11), Montel theorem and diagonal method that we have
a subsequence of {Fj} (still denoted by {Fj}) uniformly converges to an E-valued
holomorphic (n, 0) form F on any compact subset of M . It follows from Fatou’s
Lemma and lim infj→+∞

∫
M |Fj |2hgj ≤ C that we have

∫

M

|F |2hg ≤ lim inf
j→+∞

∫

M

|Fj |2hgj ≤ C.

Lemma 2.5 has been proved. �

Since the properties of Jz0 is local, we assume that D is a pseudoconvex domain
in Cn containing the origin o ∈ Cn. Let F be a holomorphic function on D. Let
f = (f1, f2, . . . , fr) be a holomorphic section ofD×Cr. Let ψ be a plurisubharmonic

function on D. Let h be a measurable metric on D × Cr. Denote h̃ := he−ψ. Let
(D,D × Cr,Σ, Dj , h̃, h̃j,s) be a singular metric on E := D × Cr which satisfies
Θh̃(E) ≥sNak 0. Let T ∈ [−∞,+∞). Denote

Ψ := min{ψ − 2 log |F |,−T }.
If F (z) = 0 for some z ∈M , we set Ψ(z) = −T . Let T1 > T be a real number.

Denote
M̃ := max{ψ + T, 2 log |F |},
ϕ1 := 2max{ψ + T1, 2 log |F |},

and
Ψ1 := min{ψ − 2 log |F |,−T1}.

If F (z) = 0 for some z ∈ M , we set Ψ1(z) = −T1. We also note that by definition
I(h,Ψ1)o = I(h,Ψ)o.
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Let c(t) be a positive measurable function on (T,+∞) such that c(t) ∈ P̃T,D,Ψ,h.
Let dVD be a continuous volume form on D. Denote that Ho := {fo ∈ J(E,Ψ)o :∫

{Ψ<−t}∩V0
|f |2hc(−Ψ)dVD < +∞ for some t > T and V0 is an open neighborhood of o}

andHo := {(F, o) ∈ Or
Cn,o :

∫
U0

|F |2he−ϕ1c(−Ψ1)dVD < +∞ for some open neighborhoodU0 of o}.
As c(t) ∈ P̃T,D,Ψ,h, c(t)e

−t is decreasing with respect to t and we have I(h,Ψ1)o =
I(h,Ψ)o ⊂ Ho. We also note that Ho is an submodule of Or

Cn,o.

Lemma 2.6. For any fo ∈ Ho, there exist a pseudoconvex domain D0 ⊂ D con-
taining o and a holomorphic section F̃ of D × Cr on D0 such that (F̃ , o) ∈ Ho

and ∫

{Ψ1<−t1}∩D0

|F̃ − fF 2|2he−ϕ1−Ψ1 < +∞,

for some t1 > T1.

Proof. It follows from fo ∈ Ho that there exist t0 > T1 > T and a pseudoconvex
domain D0 ⋐ D containing o such that

∫

{Ψ<−t0}∩D0

|f |2hc(−Ψ) < +∞. (2.12)

Then it follows from Lemma 2.2 that there exists a holomorphic section F̃ of D×Cr

on D0 such that
∫

D0

|F̃ − (1− bt0(Ψ1))fF
2|2
h̃
evt0 (Ψ1)−M̃c(−vt0(Ψ1))

≤
(
c(T1)e

−T1 +

∫ t0+1

T1

c(s)e−sds

)∫

D0

I{−t0−1<Ψ1<−t0}|fF |2h̃,
(2.13)

where bt0(t) =
∫ t
−∞ I{−t0−1<s<−t0}ds, vt0(t) =

∫ t
−t0 bt0(s)ds − t0. Note that h̃ =

he−ψ, ψ + M̃ = ϕ1 + Ψ1 and Ψ = Ψ1 = ψ − 2 log |F | on {Ψ < −t0}. Hence, by
(2.13), we have

∫

D0

|F̃ − (1 − bt0(Ψ1))fF
2|2he−ϕ1−Ψ1+vt0 (Ψ1)c(−vt0(Ψ1))

≤
(
c(T1)e

−T1 +

∫ t0+1

T1

c(s)e−sds

)∫

D0

I{−t0−1<Ψ1<−t0}|f |2he−Ψ1 .

Denote C := c(T1)e
−T1 +

∫ t0+B
T1

c(s)e−sds, we note that C is a positive number.

As vt0(t) > −t0 − 1, we have evt0(Ψ)c(−vt0(Ψ)) ≥ c(t0 + 1)e−(t0+1) > 0. As
bt0(t) ≡ 0 on (−∞,−t0 − 1), we have

∫

D0∩{Ψ1<−t0−1}
|F̃ − fF 2|2he−ϕ1−Ψ1

≤ 1

c(t0 + 1)e−(t0+1)

∫

D0

|F̃ − (1− bt0(Ψ1))fF
2|2he−ϕ1−Ψ1+vt0 (Ψ1)c(−vt0(Ψ1))

≤ C

c(t0 + 1)e−(t0+1)

∫

D0

I{−t0−1<Ψ1<−t0}|f |2he−Ψ1 < +∞.

(2.14)
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Note that on {Ψ1 < −t0}, |F |4e−ϕ1 = 1. As vt0(Ψ1) ≥ Ψ1, we have c(−vt0(Ψ1))e
vt0 (Ψ1) ≥

c(−Ψ1)e
−Ψ1 . Hence we have

∫

D0

|F̃ |2he−ϕ1c(−Ψ1)

≤2

∫

D0

|F̃ − (1− bt0(Ψ1))fF
2|2he−ϕ1c(−Ψ1)

+2

∫

D0

|(1− bt0(Ψ1))fF
2|2he−ϕ1c(−Ψ1)

≤2

∫

D0

|F̃ − (1− bt0(Ψ1))fF
2|2he−ϕ1−Ψ1+vt0 (Ψ1)c(−vt0(Ψ1))

+2

∫

D0∩{Ψ<−t0}
|f |2hc(−Ψ)

<+∞.

Hence we know that (F̃ , o) ∈ Ho. �

For any (F̃ , o) ∈ Ho and (F̃1, o) ∈ Ho such that
∫
D1∩{Ψ1<−t1} |F̃−fF

2|2he−ϕ1−Ψ1 <

+∞ and
∫
D1∩{Ψ1<−t1} |F̃1 − fF 2|2he−ϕ1−Ψ1 < +∞, for some open neighborhood

D1 of o and t1 > T1, we have
∫

D1∩{Ψ1<−t1}
|F̃1 − F̃ |2he−ϕ1−Ψ1 < +∞.

As (F̃ , o) ∈ Ho and (F̃1, o) ∈ Ho, there exists a neighborhood D2 of o such that
∫

D2

|F̃1 − F̃ |2he−ϕ1c(−Ψ1) < +∞. (2.15)

Note that we have c(−Ψ1)e
Ψ1 ≥ c(t1)e

−t1 on {Ψ ≥ −t1}. It follows from inequality
(2.15) that we have

∫

D2∩{Ψ≥−t1}
|F̃1 − F̃ |2he−ϕ1−Ψ1 < +∞.

Hence we have (F̃ − F̃1, o) ∈ E(he−ϕ1−Ψ1)o.

Thus it follows from Lemma 2.6 that there exists a map P̃ : Ho → Ho/E(he−ϕ1−Ψ1)o
given by

P̃ (fo) = [(F̃ , o)]

for any fo ∈ Ho, where (F̃ , o) satisfies (F̃ , o) ∈ Ho and
∫
D1∩{Ψ1<−t1} |F̃−fF

2|2he−ϕ1−Ψ1 <

+∞, for some t1 > T1 and some open neighborhood D1 of o, and [(F̃ , o)] is the

equivalence class of (F̃ , o) in Ho/E(he−ϕ1−Ψ1)o.

Proposition 2.7. P̃ is an OCn,o-module homomorphism and Ker(P̃ ) = I(h,Ψ1)o.

Proof. For any fo, go ∈ Ho. Denote that P̃ (fo) = [(F̃ , o)], P̃ (go) = [(G̃, o)] and

P̃ (fo + go) = [(H̃, o)].
Note that there exist an open neighborhood D1 of o and t > T1 such that∫

D1∩{Ψ1<−t} |F̃ − fF 2|2he−ϕ1−Ψ1 < +∞,
∫
D1∩{Ψ1<−t} |G̃ − gF 2|2he−ϕ1−Ψ1 < +∞,
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and
∫
D1∩{Ψ1<−t} |H̃ − (f + g)F 2|2he−ϕ1−Ψ1 < +∞. Hence we have

∫

D1∩{Ψ1<−t}
|H̃ − (F̃ + G̃)|2he−ϕ1−Ψ1 < +∞.

As (F̃ , o), (G̃, o) and (H̃, o) belong to Ho, there exists an open neighborhood D̃1 ⊂
D1 of o such that

∫
D̃1

|H̃ − (F̃ + G̃)|2he−ϕ1c(−Ψ1) < +∞. As c(t)e−t is decreasing

with respect to t, we have c(−Ψ1)e
Ψ1 ≥ c(t)e−t on {Ψ1 ≥ −t}. Hence we have

∫

D̃1∩{Ψ1≥−t}
|H̃−(F̃+G̃)|2he−ϕ1−Ψ1 ≤ 1

c(t)e−t

∫

D̃1∩{Ψ1≥−t}
|H̃−(F̃+G̃)|2he−ϕ1c(−Ψ1) < +∞.

Thus we have
∫
D̃1

|H̃ − (F̃ + G̃)|2he−ϕ1−Ψ1 < +∞, which implies that P̃ (fo+ go) =

P̃ (fo) + P̃ (go).

For any (q, o) ∈ OCn,o. Denote P̃ ((qf)o) = [(F̃q, o)]. Note that there exist an

open neighborhoodD2 of o and t > T1 such that
∫
D2∩{Ψ1<−t} |F̃q−(qf)F 2|2he−ϕ1−Ψ1 <

+∞. It follows from
∫
D2∩{Ψ1<−t} |F̃ − fF 2|2he−ϕ1−Ψ1 < +∞ and q is holomorphic

on D2 (shrink D2 if necessary) that
∫
D2∩{Ψ1<−t} |qF̃ − qfF 2|2he−ϕ1−Ψ1 < +∞.

Then we have ∫

D2∩{Ψ1<−t}
|F̃q − qF̃ |2he−ϕ1−Ψ1 < +∞.

Note that (qF̃ , o) and (F̃q, o) belong to Ho, we have
∫
D2

|F̃q − qF̃ |2he−ϕ1c(−Ψ1) <

+∞. As c(t)e−t is decreasing with respect to t, we have c(−Ψ1)e
Ψ1 ≥ c(t)e−t on

{Ψ1 ≥ −t}. Hence we have
∫

D2∩{Ψ1≥−t}
|F̃q−qF̃ |2he−ϕ1−Ψ1 ≤ 1

c(t)e−t

∫

D2∩{Ψ1≥−t}
|F̃q−qF̃ |2he−ϕ1c(−Ψ1) < +∞.

Thus we have
∫
D2

|F̃q−qF̃ |2he−ϕ1−Ψ1 < +∞, which implies that P̃ (qfo) = (q, o)P̃ (fo).

We have proved that P̃ is an OCn,o-module homomorphism.

Next, we prove Ker(P̃ ) = I(h,Ψ1)o.

If fo ∈ I(h,Ψ1)o. Denote P̃ (fo) = [(F̃ , o)]. It follows from Lemma 2.6 that

(F̃ , o) ∈ Ho and there exist an open neighborhood D3 of o and a real number
t1 > T1 such that

∫

{Ψ1<−t1}∩D3

|F̃ − fF 2|2he−ϕ1−Ψ1 < +∞.

As fo ∈ I(h,Ψ1)o, shrink D3 and t1 if necessary, we have
∫

{Ψ1<−t1}∩D3

|F̃ |2he−ϕ1−Ψ1

≤2

∫

{Ψ1<−t1}∩D3

|F̃ − fF 2|2he−ϕ1−Ψ1 + 2

∫

{Ψ1<−t1}∩D3

|fF 2|2he−ϕ1−Ψ1

≤2

∫

{Ψ1<−t1}∩D3

|F̃ − fF 2|2he−ϕ1−Ψ1 + 2

∫

{Ψ1<−t1}∩D3

|f |2he−Ψ1

<+∞.

(2.16)
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As c(t)e−t is decreasing with respect to t, c(−Ψ1)e
Ψ1 ≥ C0 > 0 for some positive

number C0 on {Ψ1 ≥ −t1}. Then we have
∫

{Ψ1≥−t1}∩D3

|F̃ |2he−ϕ1−Ψ1 ≤ 1

C0

∫

{Ψ1≥−t1}∩D3

|F̃ |2he−ϕ1c(−Ψ1) < +∞. (2.17)

Combining inequality (2.16) and inequality (2.17), we know that F̃ ∈ E(he−ϕ1−Ψ1)o,

which means P̃ (fo) = 0 in Ho/E(he−ϕ1−Ψ1)o. Hence we know I(h,Ψ1)o ⊂ Ker(P̃ ).

If fo ∈ Ker(P̃ ), we know F̃ ∈ E(he−ϕ1−Ψ1)o. We can assume that F̃ satisfies∫
D4

|F̃ |2he−ϕ1−Ψ1 < +∞ for some open neighborhood D4 of o. Then we have
∫

{Ψ1<−t1}∩D4

|f |2he−Ψ1

=

∫

{Ψ1<−t1}∩D4

|fF 2|2he−ϕ1−Ψ1

≤
∫

{Ψ1<−t1}∩D4

|F̃ |2he−ϕ1−Ψ1 +

∫

{Ψ1<−t1}∩D4

|F̃ − fF 2|2he−ϕ1−Ψ1

<+∞.

(2.18)

By definition, we know fo ∈ I(h,Ψ1)o. Hence Ker(P̃ ) ⊂ I(h,Ψ1)o.

Ker(P̃ ) = I(h,Ψ1)o is proved. �

Now we can define anOCn,o-module homomorphism P : Ho/I(h,Ψ1)o → Ho/E(he−ϕ1−Ψ1)o
as follows,

P ([fo]) = P̃ (fo)

for any [fo] ∈ Ho/I(h,Ψ1)o, where fo ∈ Ho is any representative of [fo]. It follows
from Proposition 2.7 that P ([fo]) is independent of the choices of the representatives
of [fo].

Let (F̃ , o) ∈ Ho, i.e.
∫
U
|F̃ |2he−ϕ1c(−Ψ1) < +∞ for some neighborhood U of o.

Note that |F |4e−ϕ1 ≡ 1 on {Ψ1 < −T }. Hence we have
∫
U∩{Ψ1<−t} | F̃F 2 |2hc(−Ψ1) <

+∞ for some t > T , i.e. ( F̃F 2 )o ∈ Ho. And if (F̃ , o) ∈ E(he−ϕ1−Ψ1)o, it is easy

to verify that ( F̃F 2 )o ∈ I(h,Ψ1)o. Hence we have an OCn,o-module homomorphism

Q : Ho/E(he−ϕ1−Ψ1)o → Ho/I(h,Ψ1)o defined as follows,

Q([(F̃ , o)]) = [(
F̃

F 2
)o].

The above discussion shows that Q is independent of the choices of the repre-
sentatives of [(F̃ , o)] and hence Q is well defined.

Proposition 2.8. P : Ho/I(h,Ψ1)o → Ho/E(he−ϕ1−Ψ1)o is an OCn,o-module iso-
morphism and P−1 = Q.

Proof. It follows from Proposition 2.7 that we know P is injective.
Now we prove P is surjective.
For any [(F̃ , o)] inHo/E(he−ϕ1−Ψ1)o. Let (F̃ , o) be any representatives of [(F̃ , o)]

in Ho. Denote that [(f1)o] := [( F̃F 2 )o] = Q([(F̃ , o)]). Let (f1)o := ( F̃F 2 )o ∈ Ho be

the representative of [(f1)o]. Denote [(F̃1, o)] := P̃ ((f1)o) = P ([(f1)o]). By the

construction of P̃ , we know that (F̃1, o) ∈ Ho and
∫

D1∩{Ψ1<−t}
|F̃1 − f1F

2|2he−ϕ1−Ψ1 < +∞,
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where t > T and D1 is some neighborhood of o. Note that (f1)o := ( F̃F 2 )o. Hence
we have ∫

D1∩{Ψ1<−t}
|F̃1 − F̃ |2he−ϕ1−Ψ1 < +∞.

It follows from (F̃ , o) ∈ Ho and (F̃1, o) ∈ Ho that there exists a neighborhood
D2 ⊂ D1 of o such that ∫

D2

|F̃ − F̃1|2he−ϕ1c(−Ψ1) < +∞.

Note that on {Ψ1 ≥ −t}, we have c(−Ψ1)e
Ψ1 ≥ c(t)e−t > 0. Hence we have

∫

D2∩{Ψ1≥−t}
|F̃ − F̃1|2he−ϕ1−Ψ1 < +∞.

Thus we know that (F̃1−F̃ , o) ∈ E(he−ϕ1−Ψ1)o, i.e. [(F̃ , o)] = [(F̃1, o)] inHo/E(he−ϕ1−Ψ1)o.

Hence we have P ◦Q([(F̃ , o)]) = [(F̃ , o)], which implies that P is surjective.
We have proved that P : Ho/I(h,Ψ1)o → Ho/E(he−ϕ1−Ψ1)o is an OCn,o-module

isomorphism and P−1 = Q. �

The following lemma shows the closedness of submodules of Ho.
Recall that D is a pseudoconvex domain in Cn containing the origin o ∈ Cn, F

is a holomorphic function on D and f = (f1, f2, . . . , fr) be a holomorphic section of
E := D × Cr. Let ψ be a plurisubharmonic function on D. Let h be a measurable
metric on D × C

r and h̃ := he−ψ. Let (D,D × C
r,Σ, Dj, h̃, h̃j,s) be a singular

metric on E := D × Cr which satisfies Θh̃(E) ≥sNak 0. Let c(t) ∈ P̃T,D,Ψ,h.

Lemma 2.9. Let U0 ⋐ D be a Stein neighborhood of o. Let Jo be an OCn,o-
submodule of Ho such that I(h,Ψ)o ⊂ Jo. Assume that fo ∈ J(Ψ)o. Let {fj}j≥1 be
a sequence of E-valued holomorphic (n, 0) forms on U0 ∩ {Ψ < −tj} for any j ≥ 1,
where tj > T . Assume that t0 := limj→+∞ tj ∈ [T,+∞),

lim sup
j→+∞

∫

U0∩{Ψ<−tj}
|fj|2hc(−Ψ) ≤ C < +∞, (2.19)

and (fj−f)o ∈ Jo. Then there exists a subsequence of {fj}j≥1 compactly convergent
to an E-valued holomorphic (n, 0) form f0 on {Ψ < −t0} ∩ U0 which satisfies

∫

U0∩{Ψ<−t0}
|f0|2hc(−Ψ) ≤ C,

and (f0 − f)o ∈ Jo.

Proof. It follows from c(t) ∈ P̃T,D,Ψ,h that there exists an analytic subset Z of D
and for any compact subset K ⊂ D\Z, |ex|2hc(−ψ) ≥ CK |ex|2ĥ for any x ∈ K∩{Ψ <

−t0}, where CK > 0 is a constant and ex ∈ Ex.
It follows from inequality (2.19), Lemma 2.5 and diagonal method that there

exists a subsequence of {fj}j≥1 (also denoted by {fj}j≥1) compactly convergent to
an E-valued holomorphic (n, 0) form f0 on {Ψ < −t0}∩U0. It follows from Fatou’s
Lemma that∫

U0∩{Ψ<−t0}
|f0|2hc(−Ψ) ≤ lim inf

j→+∞

∫

U0∩{Ψ<−tj}
|fj |2hc(−Ψ) ≤ C.

Now we prove (f0 − f)o ∈ Jo. We firstly recall some constructions in Lemma
2.6.
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As t0 := limj→+∞ tj ∈ [T,+∞). We can assume that {tj}j≥0 is upper bounded
by some real number T1+1. Denote Ψ1 := min{ψ−2 log |F |,−T1}, and if F (z) = 0
for some z ∈M , we set Ψ1(z) = −T1. We note that

lim sup
j→+∞

∫

U0∩{Ψ<−T1−1}
|fj |2hc(−Ψ) ≤ C < +∞.

It follows from c(t) ∈ P̃T,D,Ψ,h and Lemma 2.2 that there exists an E-valued

holomorphic (n, 0) form F̃j on U0 such that
∫

U0

|F̃j − (1− b1(Ψ1))fjF
2|2he−ϕ1+v1(Ψ1)−Ψ1c(−v1(Ψ1))

≤
(
c(T1)e

−T1 +

∫ T1+2

T1

c(s)e−sds

)∫

U0

I{−T1−2<Ψ1<−T1−1}|fj |2he−Ψ1 ,

(2.20)

where b1(t) =
∫ t
−∞ I{−T1−2<s<−T1−1}ds, v1(t) =

∫ t
−T1−1

b1(s)ds− (T1 + 1). Denote

C1 := c(T1)e
−T1 +

∫ T1+1

T1
c(s)e−sds.

Note that v1(t) > −T1 − 2. We have ev1(Ψ1)c(−v1(Ψ)) ≥ c(T1 + 2)e−(T1+2) > 0.
As b1(t) ≡ 0 on (−∞,−T1 − 2), we have

∫

U0∩{Ψ<−T1−2}
|F̃j − fjF

2|2he−ϕ1−Ψ1

≤ 1

c(T1 + 2)e−(T1+2)

∫

U0

|F̃j − (1− b1(Ψ1))fjF
2|2he−ϕ1−Ψ1+v1(Ψ1)c(−vtj (Ψ1))

≤ C1

c(T1 + 2)e−(T1+2)

∫

U0

I{−T1−2<Ψ1<−T1−1}|fj|2he−Ψ1 < +∞.

(2.21)

Note that |F 2|2e−ϕ1 = 1 on {Ψ1 < −T1 − 1}. As vtj (Ψ1) ≥ Ψ1, we have

c(−vtj (Ψ1))e
vtj (Ψ1) ≥ c(−Ψ1)e

−Ψ1 . Hence we have
∫

U0

|F̃j |2he−ϕ1c(−Ψ1)

≤2

∫

U0

|F̃j − (1− b1(Ψ1))fjF
2|2he−ϕ1c(−Ψ1)

+2

∫

U0

|(1− b1(Ψ1))fjF
2|2he−ϕ1c(−Ψ1)

≤2

∫

U0

|F̃j − (1− b1(Ψ1))fjF
2|2he−ϕ1−Ψ1+v1(Ψ1)c(−v1(Ψ1))

+2

∫

U0∩{Ψ1<−T1−1}
|fj |2hc(−Ψ1)

<+∞.

(2.22)

Hence we know that (F̃j , o) ∈ Ho.

It follows from inequality (2.19), supj≥1

(∫
U0

I{−T1−2<Ψ<−T1−1}|fj |2he−Ψ
)
<

+∞ and inequality (2.22) that we actually have

sup
j

(∫

U0

|F̃j |2he−ϕ1c(−Ψ1)

)
< +∞. (2.23)
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Note that c(t)e−t is decreasing with respect to t and there exists an analytic subset
S of D and for any compact subset K ⊂ D\S, |ex|2hc(−ψ) ≥ CK |ex|2ĥ for any

x ∈ K ∩ {Ψ < −t0}, where CK > 0 is a constant and ex ∈ Ex.
Let K ⊂ U0\S ⊂ D\S be any compact set, then for any f being an E-valued

holomorphic (n, 0) form, we have

|fx|2he−ϕ1c(−Ψ1) ≥ C̃K |fx|2ĥ
for any x ∈ K ∩ {Ψ1 < −T1} and

|fx|2he−ϕ1c(−Ψ1) ≥ C1|fx|2he−ϕ1−Ψ1 = |fx|2h̃e
−δM̃ ≥ C1C2|fx|2ĥ

for any x ∈ K ∩ {Ψ1 ≥ −T1}, where CK , C1, C2 > 0 are constants. Hence

|fx|2he−ϕ1c(−Ψ1) ≥ min{C̃K , C1C2}|fx|2ĥ, (2.24)

for any x ∈ K ∩ {Ψ1 ≥ −T1}. It follows from inequality (2.23), inequality (2.24)

and Lemma 2.5 that there exists a subsequence of {F̃j}j≥1 (also denoted by {F̃j}j≥1)

compactly convergent to an E-valued holomorphic (n, 0) form F̃0 on U0 and
∫

U0

|F̃0|2he−ϕ1c(−Ψ1) ≤ lim inf
j→+∞

∫

U0

|F̃j |2he−ϕ1c(−Ψ1) < +∞. (2.25)

As fj converges to f0, it follows from Fatou’s Lemma and inequality (2.20) that
∫

U0

|F̃0 − (1− b1(Ψ))f0F
2|2he−ϕ1+v1(Ψ1)−Ψ1c(−v1(Ψ1))

≤ lim inf
j→+∞

∫

U0

|F̃j − (1− b1(Ψ))fjF
2|2he−ϕ1+v1(Ψ)−Ψc(−v1(Ψ1))

<+∞,

which implies that
∫

U0∩{Ψ<−T1−2}
|F̃0 − f0F

2|2he−ϕ1−Ψ1 < +∞. (2.26)

It follows from inequality (2.21), inequality (2.22), inequality (2.25), inequality
(2.26) and definition of P : Ho/I(h,Ψ1)o → Ho/E(he−ϕ1−Ψ1)o that for any j ≥ 0,
we have

P ([(fj)o]) = [(F̃j , o)].

Note that I(h,Ψ1)o = I(h,Ψ)o ⊂ Jo. As (fj − f)o ∈ Jo for any j ≥ 1, we have
(fj − f1)o ∈ Jo for any j ≥ 1. It follows from Proposition 2.8 that there exists a

submodule J̃ of Or
Cn,o such that E(he−ϕ1−Ψ1)o ⊂ J̃ ⊂ Ho and J̃/E(he−ϕ1−Ψ1)o =

Im(P |Jo/I(h,Ψ1)o). It follows from (fj − f1)o ∈ Jo and P ([(fj)o]) = [(Fj , o)] for any
j ≥ 1 that we have

(F̃j − F̃1) ∈ J̃ ,

for any j ≥ 1.
As F̃j compactly converges to F̃0, using Lemma 2.4, we obtain that (F̃0 −

F̃1, o) ∈ J̃ . Note that P is an OCn,o-module isomorphism and J̃/E(he−ϕ1−Ψ1)o =
Im(P |Jo/I(h,Ψ1)o). We have (f0 − f1)o ∈ Jo, which implies that (f0 − f)o ∈ Jo.

Lemma 2.9 is proved. �
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Let c ≡ 1, and note that Ho = I(h, 0Ψ)o and Ho = E(he−ϕ1)o. It is clear that
I(h, aΨ)o ⊂ I(h, a′Ψ)o for any 0 ≤ a′ < a < +∞. Denote that I+(h, aΨ)o :=
∪p>aI(h, pΨ)o is an OCn,o-submodule of Ho, where a ≥ 0.

Lemma 2.10. There exists a′ > a such that I(h, a′Ψ)o = I+(h, aΨ)o for any a ≥ 0.

Proof. The definition of I+(h, aΨ)o shows I(h, pΨ)o ⊂ I+(h, aΨ)o for any p > a. It
suffices to prove that there exists a′ > a such that I+(h, aΨ)o ⊂ I(h, a′Ψ)o.

Denote that ϕ̃1 := kϕ1 = 2max{kψ + kT, 2 log |F k|} and Ψ̃ := kΨ = min{kψ −
2 log |F k|,−kT }, where k > a is an integer. As he−ψ ≥sNak 0 and ψ is plurisub-
harmonic on M , it follows from Remark 1.5 that he−kψ ≥sNak 0. Proposition 2.8

shows that there exists an OCn,o-module isomorphism P from I(h, 0Ψ)o/I(h, Ψ̃)o →
E(he−ϕ1)o/E(he−ϕ̃1−Ψ̃)o, which implies that for any p ∈ (0, k), there exists an
OCn,o-submodule Kp of Or

Cn,o such that

P (I(h, pΨ)o/I(h, Ψ̃)o) = Kp/E(he−ϕ̃1−Ψ̃)o.

Denote that

L := ∪a<p<kKp

be an OCn,o-submodule Kp of Or
Cn,o. Hence P |I+(h,aΨ)o/I(h,Ψ̃)o

is an OCn,o-module

isomorphism from I+(h, aΨ)o/I(h, Ψ̃)o to L/E(he−ϕ̃1−Ψ̃)o. As OCn,o is a Noe-
therian ring (see [41]), we know that Or

Cn,o is a Noetherian OCn,o-module, which

implies that L is finitely generated. Thus, we have a finite set {(f1)o, . . . , (fm)o} ⊂
I+(h, aΨ)o, which satisfies that for any fo ∈ I+(h, aΨ)o, there exists (hj , o) ∈ OCn,o

for 1 ≤ j ≤ m such that

fo −
m∑

j=1

(hj , o) · (fj)o ∈ I(h, Ψ̃)o.

By the definition of I+(h, aΨ)o, there exists a
′ ∈ (a, k) such that {(f1)o, . . . , (fm)o} ⊂

I(h, a′Ψ)o. Note that I(h, Ψ̃)o = I(h, kΨ)o ⊂ I(h, a′Ψ)o. Then we obtain that
I+(h, aΨ)o ⊂ I(h, a′Ψ)o.

Thus, Lemma 2.10 holds. �

3. Properties of G(t)

Following the notations in Section 1.2, we present some properties of the function
G(t) in this section.

For any t ≥ T , denote

H2(t; c, f,H) :=

{
f̃ :

∫

{Ψ<−t}
|f̃ |2hc(−Ψ) < +∞, f̃ ∈ H0({Ψ < −t},O(KM ⊗ E))

&(f̃ − f)z0 ∈ O(KM )z0 ⊗ (Jz0 ∩Hz0), for any z0 ∈ Z0

}
,

where f is an E-valued holomorphic (n, 0) form on {Ψ < −t0}∩V for some V ⊃ Z0

is an open subset of M and some t0 ≥ T , c(t) is a positive measurable function on
(T,+∞) and Hz0 = {fo ∈ J(Ψ)o :

∫
{Ψ<−t}∩V0

|f |2e−ϕc(−Ψ) < +∞ for some t >

T0 and V0 is an open neighborhood of z0} (the definition of Hz0 can be referred to
Section 2.2).
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If G(t1; c,Ψ, ϕ, J, f) < +∞, then there exists an E-valued holomorphic (n, 0)

form f̃0 on {Ψ < −t1} such that (f̃0 − f)z0 ∈ O(KM )z0 ⊗ Jz0 , for any z0 ∈ Z0 and
∫

{Ψ<−t1}
|f̃0|2hc(−Ψ) < +∞.

Lemma 3.1. If G(t1; c,Ψ, ϕ, J, f) < +∞ for some t1 ≥ T , we have H2(t; c, f) =

H2(t; c, f̃0) = H2(t; c, f̃0, H) for any t ≥ T .

Proof. As (f̃0 − f)z0 ∈ O(KM )z0 ⊗ Jz0 , for any z0 ∈ Z0, we have H2(t; c, f) =

H2(t; c, f̃0) for any t ≥ T .

Now we prove H2(t; c, f̃0) = H2(t; c, f̃0, H) for any t ≥ T . It is obviously that

H2(t; c, f̃0) ⊃ H2(t; c, f̃0, H). We only need to show H2(t; c, f̃0) ⊂ H2(t; c, f̃0, H).

Let f̃1 ∈ H2(t2; c, f̃0) for some t2 ≥ T . As
∫
{Ψ<−t2} |f̃1|

2
hc(−Ψ) < +∞, denote

t = max{t1, t2}, we know that
∫

{Ψ<−t}
|f̃1 − f̃0|2hc(−Ψ) < +∞,

which implies that (f̃1 − f̃0)z0 ∈ O(KM )z0 ⊗ Hz0 , for any z0 ∈ Z0. Hence (f̃1 −
f̃0)z0 ∈ O(KM )z0⊗(Jz0∩Hz0), for any z0 ∈ Z0, which implies that f̃1 ∈ H2(t; c, f̃0, H).

Hence H2(t; c, f̃0) = H2(t; c, f̃0, H). �

Remark 3.2. If G(t1; c,Ψ, ϕ, J, f) < +∞ for some t1 ≥ T , we can always assume
that Jz0 is an OM,z0-submodule of Hz0 such that I

(
h,Ψ

)
z0

⊂ Jz0 , for any z0 ∈ Z0

in the definition of G(t; c,Ψ, h, J, f), where t ∈ [T,+∞).

Proof. If G(t1; c,Ψ, ϕ, J, f) < +∞ for some t1 ≥ T , it follows from Lemma 3.1 that

H2(t; c, f) = H2(t; c, f̃0) = H2(t; c, f̃0, H) for any t ≥ T . By definition, we have

G(t; c,Ψ, h, J, f) = G(t; c,Ψ, h, J, f̃0) = G(t; c,Ψ, h, J ∩H, f̃0).
Hence we can always assume that Jz0 is an OM,z0-submodule of Hz0 such that

I
(
h,Ψ

)
z0

⊂ Jz0 , for any z0 ∈ Z0. �

In the following discussion, we assume that Jz0 is an OM,z0-submodule of Hz0

such that I
(
h,Ψ

)
z0

⊂ Jz0 , for any z0 ∈ Z0.

Let c(t) ∈ P̃T,M,Ψ,h. The following lemma will be used to discuss the convergence
property of E-valued holomorphic forms on {Ψ < −t}.
Lemma 3.3. Let f be an E-valued holomorphic (n, 0) form on {Ψ < −t̂0} ∩ V ,
where V ⊃ Z0 is an open subset of M and t̂0 > T is a real number. For any
z0 ∈ Z0, let Jz0 be an OM,z0-submodule of Hz0 such that I

(
h,Ψ

)
z0

⊂ Jz0 .

Let {fj}j≥1 be a sequence of E-valued holomorphic (n, 0) forms on {Ψ < −tj}.
Assume that t0 := limj→+∞ tj ∈ [T,+∞),

lim sup
j→+∞

∫

{Ψ<−tj}
|fj|2hc(−Ψ) ≤ C < +∞, (3.1)

and (fj − f)z0 ∈ O(KM )z0 ⊗ Jz0 for any z0 ∈ Z0. Then there exists a subsequence
of {fj}j∈N+ compactly convergent to an E-valued holomorphic (n, 0) form f0 on
{Ψ < −t0} which satisfies

∫

{Ψ<−t0}
|f0|2hc(−Ψ) ≤ C,

and (f0 − f)z0 ∈ O(KM )z0 ⊗ Jz0 for any z0 ∈ Z0.
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Proof. It follows from c(t) ∈ P̃T,M,Ψ,h that there exists an analytic subset Z of D
and for any compact subset K ⊂ D\Z, |e|2hc(−ψ) ≥ CK |e|2

ĥ
on K ∩ {Ψ < −t0},

where CK > 0 is a constant and e is any E-valued holomorphic (n, 0) form. It
follows from inequality (3.1), Lemma 2.5 and diagonal method that there exists a
subsequence of {fj}j≥1 (also denoted by {fj}j≥1) compactly convergent to an E-
valued holomorphic (n, 0) form f0 on {Ψ < −t0}. It follows from Fatou’s Lemma
that ∫

{Ψ<−t0}
|f0|2hc(−Ψ) ≤ lim inf

j→+∞

∫

{Ψ<−tj}
|fj |2hc(−Ψ) ≤ C.

Next we prove (f0 − f)z0 ∈ O(KM )z0 ⊗ Jz0 for any z0 ∈ Z0.
Let z0 ∈ Z0 be a point. As lim sup

j→+∞

∫
{Ψ<−tj} |fj|

2
hc(−Ψ) ≤ C < +∞, there exists

an open Stein neighborhood Uz0 ⋐M of z0 such that

lim sup
j→+∞

∫

Uz0∩{Ψ<−tj}
|fj |2hc(−Ψ) ≤ C < +∞.

Note that we also have (fj − f)z0 ∈ Jz0 . It follows from Lemma 2.9 and the
uniqueness of limit function that (f0 − f)z0 ∈ O(KM )z0 ⊗ Jz0 for any z0 ∈ Z0.

Lemma 3.3 is proved. �

Lemma 3.4. Let t0 > T . The following two statements are equivalent,
(1) G(t0) = 0;
(2) fz0 ∈ O(KM )z0 ⊗ Jz0 , for any z0 ∈ Z0.

Proof. If fz0 ∈ O(KM )z0 ⊗ Jz0 , for any z0 ∈ Z0, then take f̃ ≡ 0 in the definition
of G(t) and we get G(t0) ≡ 0.

If G(t0) = 0, by definition, there exists a sequence of E-valued holomorphic (n, 0)
forms {fj}j∈Z+ on {Ψ < −t0} such that

lim
j→+∞

∫

{Ψ<−t0}
|fj |2hc(−Ψ) = 0, (3.2)

and (fj − f)z0 ∈ O(KM )z0 ⊗ Jz0 , for any z0 ∈ Z0 and j ≥ 1. It follows from
Lemma 3.3 that there exists a subsequence of {fj}j∈N+ compactly convergent to
an E-valued holomorphic (n, 0) form f0 on {Ψ < −t0} which satisfies

∫

{Ψ<−t0}
|f0|2hc(−Ψ) = 0

and (f0−f)z0 ∈ O(KM )z0⊗Jz0 for any z0 ∈ Z0. It follows from
∫
{Ψ<−t0} |f0|

2
hc(−Ψ) =

0 that we know f0 ≡ 0. Hence we have fz0 ∈ O(KM )z0 ⊗Jz0 for any z0 ∈ Z0. State-
ment (2) is proved. �

The following lemma shows the existence and uniqueness of the E-valued holo-
morphic (n, 0) form related to G(t).

Lemma 3.5. Assume that G(t) < +∞ for some t ∈ [T,+∞). Then there exists a
unique E-valued holomorphic (n, 0) form Ft on {Ψ < −t} satisfying

∫

{Ψ<−t}
|Ft|2hc(−Ψ) = G(t)

and (Ft − f) ∈ O(KM )z0 ⊗ Jz0 , for any z0 ∈ Z0.
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Furthermore, for any E-valued holomorphic (n, 0) form F̂ on {Ψ < −t} satisfy-
ing ∫

{Ψ<−t}
|F̂ |2hc(−Ψ) < +∞

and (F̂ − f) ∈ O(KM )z0 ⊗ Jz0 , for any z0 ∈ Z0. We have the following equality
∫

{Ψ<−t}
|Ft|2hc(−Ψ) +

∫

{Ψ<−t}
|F̂ − Ft|2hc(−Ψ)

=

∫

{Ψ<−t}
|F̂ |2hc(−Ψ).

(3.3)

Proof. We firstly show the existence of Ft. As G(t) < +∞, then there exists a
sequence of E-valued holomorphic (n, 0) forms {fj}j∈N+ on {Ψ < −t} such that

lim
j→+∞

∫

{Ψ<−t}
|fj|2hc(−Ψ) = G(t)

and (fj − f) ∈ O(KM )z0 ⊗ Jz0 , for any z0 ∈ Z0 and any j ≥ 1. It follows from
Lemma 3.3 that there exists a subsequence of {fj}j∈N+ compactly convergent to
an E-valued holomorphic (n, 0) form F on {Ψ < −t} which satisfies

∫

{Ψ<−t}
|F |2hc(−Ψ) ≤ G(t)

and (F − f)z0 ∈ O(KM )z0 ⊗Jz0 for any z0 ∈ Z0. By the definition of G(t), we have∫
{Ψ<−t} |F |2hc(−Ψ) = G(t). Then we obtain the existence of Ft(= F ).

We prove the uniqueness of Ft by contradiction: if not, there exist two different
holomorphic (n, 0) forms f1 and f2 on {Ψ < −t} satisfying

∫
{Ψ<−t} |f1|2hc(−Ψ) =∫

{Ψ<−t} |f2|2hc(−Ψ) = G(t), (f1 − f)z0 ∈ O(KM )z0 ⊗ Jz0 for any z0 ∈ Z0 and

(f2 − f)z0 ∈ O(KM )z0 ⊗ Jz0 for any z0 ∈ Z0. Note that
∫

{Ψ<−t}
|f1 + f2

2
|2hc(−Ψ) +

∫

{Ψ<−t}
|f1 − f2

2
|2hc(−Ψ)

=
1

2
(

∫

{Ψ<−t}
|f1|2hc(−Ψ) +

∫

{Ψ<−t}
|f1|2hc(−Ψ)) = G(t),

then we obtain that
∫

{Ψ<−t}
|f1 + f2

2
|2hc(−Ψ) < G(t)

and ( f1+f22 − f)z0 ∈ O(KM )z0 ⊗ Jz0 for any z0 ∈ Z0, which contradicts to the
definition of G(t).

Now we prove equality (3.3). Let q be an E-valued holomorphic (n, 0) form on
{Ψ < −t} such that

∫
{Ψ<−t} |q|2hc(−Ψ) < +∞ and q ∈ O(KM )z0 ⊗Jz0 for any z0 ∈

Z0. It is clear that for any complex number α, Ft+αq satisfying ((Ft +αq)− f) ∈
O(KM )z0⊗Jz0 for any z0 ∈ Z0 and

∫
{Ψ<−t} |Ft|2hc(−Ψ) ≤

∫
{Ψ<−t} |Ft+αq|2hc(−Ψ).

Note that
∫

{Ψ<−t}
|Ft + αq|2hc(−Ψ)−

∫

{ψ<−t}
|Ft|2hc(−Ψ) ≥ 0
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(By considering α → 0) implies

R

∫

{Ψ<−t}
〈Ft, q̄〉hc(−Ψ) = 0,

then we have ∫

{Ψ<−t}
|Ft + q|2hc(−Ψ) =

∫

{Ψ<−t}
(|Ft|2h + |q|2h)c(−Ψ).

Letting q = F̂ − Ft, we obtain equality (3.3). �

The following lemma shows the lower semicontinuity property of G(t).

Lemma 3.6. G(t) is decreasing with respect to t ∈ [T,+∞), such that lim
t→t0+0

G(t) =

G(t0) for any t0 ∈ [T,+∞), and if G(t) < +∞ for some t > T , then lim
t→+∞

G(t) = 0.

Especially, G(t) is lower semicontinuous on [T,+∞).

Proof. By the definition of G(t), it is clear that G(t) is decreasing on [T,+∞).
If G(t) < +∞ for some t > T , by the dominated convergence theorem, we know
lim

t→+∞
G(t) = 0. It suffices to prove lim

t→t0+0
G(t) = G(t0) . We prove it by contra-

diction: if not, then lim
t→t0+0

G(t) < G(t0).

By using Lemma 3.5, for any t > t0, there exists a unique E-valued holomorphic
(n, 0) form Ft on {Ψ < −t} satisfying

∫
{Ψ<−t} |Ft|2hc(−Ψ) = G(t) and (Ft − f) ∈

O(KM )z0 ⊗ Jz0 for any z0 ∈ Z0. Note that G(t) is decreasing with respect to t.
We have

∫
{Ψ<−t} |Ft|2hc(−Ψ) ≤ lim

t→t0+0
G(t) for any t > t0. If lim

t→t0+0
G(t) = +∞,

the equality lim
t→t0+0

G(t) = G(t0) obviously holds, thus it suffices to prove the case

lim
t→t0+0

G(t) < +∞. It follows from
∫
{Ψ<−t} |Ft|2hc(−Ψ) ≤ lim

t→t0+0
G(t) < +∞ holds

for any t ∈ (t0, t1] (where t1 > t0 is a fixed number) and Lemma 3.3 that there
exists a subsequence of {Ft} (denoted by {Ftj}) compactly convergent to an E-

valued holomorphic (n, 0) form F̂t0 on {Ψ < −t0} satisfying
∫

{Ψ<−t0}
|F̂t0 |2hc(−Ψ) ≤ lim

t→t0+0
G(t) < +∞

and (F̂t0 − f)z0 ∈ O(KM )z0 ⊗ Jz0 for any z0 ∈ Z0.

Then we obtain that G(t0) ≤
∫
{Ψ<−t0} |F̂t0 |

2
hc(−Ψ) ≤ lim

t→t0+0
G(t), which con-

tradicts lim
t→t0+0

G(t) < G(t0). Thus we have lim
t→t0+0

G(t) = G(t0). �

We consider the derivatives of G(t) in the following lemma.

Lemma 3.7. Assume that G(t1) < +∞, where t1 ∈ (T,+∞). Then for any
t0 > t1, we have

G(t1)−G(t0)∫ t0
t1
c(t)e−tdt

≤ lim inf
B→0+0

G(t0)−G(t0 +B)
∫ t0+B
t0

c(t)e−tdt
,

i.e.

G(t0)−G(t1)∫ t0
T1
c(t)e−tdt−

∫ t1
T1
c(t)e−tdt

≥ lim sup
B→0+0

G(t0 +B)−G(t0)∫ t0+B
T1

c(t)e−tdt−
∫ t0
T1
c(t)e−tdt

.
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Proof. It follows from Lemma 3.6 that G(t) < +∞ for any t > t1. By Lemma
3.5, there exists an E-valued holomorphic (n, 0) form Ft0 on {Ψ < −t0}, such that
(Ft0 − f)z0 ∈ O(KM )z0 ⊗ Jz0 for any z0 ∈ Z0 and G(t0) =

∫
{Ψ<−t0} |Ft0 |

2
hc(−Ψ).

It suffices to consider that lim inf
B→0+0

G(t0)−G(t0+B)
∫ t0+B
t0

c(t)e−tdt
∈ [0,+∞) because of the de-

creasing property of G(t). Then there exists 1 ≥ Bj → 0 + 0 (as j → +∞) such
that

lim
j→+∞

G(t0)−G(t0 +Bj)∫ t0+Bj
t0

c(t)e−tdt
= lim inf

B→0+0

G(t0)−G(t0 +B)
∫ t0+B
t0

c(t)e−tdt
(3.4)

and {G(t0)−G(t0+Bj)
∫ t0+Bj
t0

c(t)e−tdt
}j∈N+ is bounded. As c(t)e−t is decreasing and positive on

(t,+∞), then

lim
j→+∞

G(t0)−G(t0 +Bj)∫ t0+Bj
t0

c(t)e−tdt
=

(
lim

j→+∞
G(t0)−G(t0 +Bj)

Bj

)

 1

lim
t→t0+0

c(t)e−t





=

(
lim

j→+∞
G(t0)−G(t0 +Bj)

Bj

)

 et0

lim
t→t0+0

c(t)



 .

(3.5)

Hence {G(t0)−G(t0+Bj)
Bj

}j∈N+ is uniformly bounded with respect to j.

As t ≤ vt0,j(t), the decreasing property of c(t)e−t shows that

e−Ψ+vt0,Bj (Ψ)c(−vt0,Bj (Ψ)) ≥ c(−Ψ).

It follows from Lemma 2.3 that, for any Bj , there exists an E-valued holomorphic

(n, 0) form F̃j on {Ψ < −t1} such that
∫

{Ψ<−t1}
|F̃j − (1− bt0,Bj (Ψ))Ft0 |2hc(−Ψ)

≤
∫

{Ψ<−t1}
|F̃j − (1− bt0,Bj (Ψ))Ft0 |2he−Ψ+vt0,Bj (Ψ)c(−vt0,Bj (Ψ))

≤
∫ t0+Bj

t1

c(t)e−tdt

∫

{Ψ<−t1}

1

Bj
I{−t0−Bj<Ψ<−t0}|Ft0 |2he−Ψ

≤
et0+Bj

∫ t0+Bj
t1

c(t)e−tdt

inf
t∈(t0,t0+Bj)

c(t)

∫

{Ψ<−t1}

1

Bj
I{−t0−Bj<Ψ<−t0}|Ft0 |2hc(−Ψ)

=
et0+Bj

∫ t0+Bj
t1

c(t)e−tdt

inf
t∈(t0,t0+Bj)

c(t)
×
(∫

{Ψ<−t1}

1

Bj
I{Ψ<−t0}|Ft0 |2hc(−Ψ)

−
∫

{Ψ<−t1}

1

Bj
I{Ψ<−t0−Bj}|Ft0 |2hc(−Ψ)

)

≤
et0+Bj

∫ t0+Bj
t1

c(t)e−tdt

inf
t∈(t0,t0+Bj)

c(t)
× G(t0)−G(t0 +Bj)

Bj
< +∞. (3.6)
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Note that bt0,Bj (t) = 0 for t ≤ −t0 − Bj, bt0,Bj (t) = 1 for t ≥ t0, vt0,Bj (t) >
−t0−Bj and c(t)e−t is decreasing with respect to t. It follows from inequality (3.6)
that (Fj − Ft0)z0 ∈ O(KM )z0 ⊗ I(h,Ψ)z0 ⊂ O(KM )z0 ⊗ Jz0 for any z0 ∈ Z0.

Note that

∫

{Ψ<−t1}
|F̃j |2hc(−Ψ)

≤2

∫

{Ψ<−t1}
|F̃j − (1− bt0,Bj (Ψ))Ft0 |2hc(−Ψ) + 2

∫

{Ψ<−t1}
|(1− bt0,Bj (Ψ))Ft0 |2hc(−Ψ)

≤2
et0+Bj

∫ t0+Bj
t1

c(t)e−tdt

inf
t∈(t0,t0+Bj)

c(t)
× G(t0)−G(t0 +Bj)

Bj
+ 2

∫

{Ψ<−t0}
|Ft0 |2hc(−Ψ).

(3.7)

We also note that Bj ≤ 1,
G(t0)−G(t0+Bj)

Bj
is uniformly bounded with respect to

j and G(t0) =
∫
{Ψ<−t0} |Ft0 |

2
hc(−Ψ). It follows from inequality (3.7) that we know

∫
{Ψ<−t1} |F̃j |

2e−ϕc(−Ψ) is uniformly bounded with respect to j.

It follows from Lemma 3.3 that there exists a subsequence of {F̃j}j∈N+ compactly

convergent to an E-valued holomorphic (n, 0) form F̃t1 on {Ψ < −t1} which satisfies

∫

{Ψ<−t1}
|F̃t1 |2hc(−Ψ) ≤ lim inf

j→+∞

∫

{Ψ<−t1}
|F̃j |2hc(−Ψ) < +∞,

and (F̃t1 − Ft0)z0 ∈ O(KM )z0 ⊗ Jz0 for any z0 ∈ Z0.
Note that limj→+∞ bt0,Bj (t) = I{t≥−t0} and

vt0(t) := lim
j→+∞

vt0,Bj (t) =

{− t0 if x < −t0,
t if x ≥ t0.

It follows from inequality (3.6) and Fatou’s lemma that

∫

{Ψ<−t0}
|F̃t1 − Ft0 |2hc(−Ψ) +

∫

{−t0≤Ψ<−t1}
|F̃t1 |2hc(−Ψ)

≤
∫

{Ψ<−t1}
|F̃t1 − I{Ψ<−t0}Ft0 |2he−Ψ+vt0(Ψ)c(−vt0(Ψ))

≤ lim inf
j→+∞

∫

{Ψ<−t1}
|F̃j − (1 − bt0,Bj (Ψ))Ft0 |2hc(−Ψ)

≤ lim inf
j→+∞

(
et0+Bj

∫ t0+Bj
t1

c(t)e−tdt

inf
t∈(t0,t0+Bj)

c(t)
× G(t0)−G(t0 +Bj)

Bj

)
. (3.8)

It follows from Lemma 3.5, equality (3.4), equality (3.5) and inequality (3.8)
that we have
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∫

{Ψ<−t1}
|F̃t1 |2hc(−Ψ)−

∫

{Ψ<−t0}
|Ft0 |2hc(−Ψ)

≤
∫

{Ψ<−t0}
|F̃t1 − Ft0 |2hc(−Ψ) +

∫

{−t0≤Ψ<−t1}
|F̃t1 |2hc(−Ψ)

≤
∫

{Ψ<−t1}
|F̃t1 − I{Ψ<−t0}Ft0 |2he−Ψ+vt0 (Ψ)c(−vt0(Ψ))

≤ lim inf
j→+∞

∫

{Ψ<−t1}
|F̃j − (1− bt0,Bj (Ψ))Ft0 |2hc(−Ψ)

≤ lim inf
j→+∞

(et0+Bj
∫ t0+Bj
t1

c(t)e−tdt

inf
t∈(t0,t0+Bj)

c(t)
× G(t0)−G(t0 +Bj)

Bj

)

≤
(∫ t0

t1

c(t)e−tdt

)
lim inf
B→0+0

G(t0)−G(t0 +B)
∫ t0+B
t0

c(t)e−tdt
.

(3.9)

Note that (F̃t1 − Ft0)z0 ∈ O(KM )z0 ⊗ Jz0 for any z0 ∈ Z0. It follows from the
definition of G(t) and inequality (3.9) that we have

G(t1)−G(t0)

≤
∫

{Ψ<−t1}
|F̃t1 |2hc(−Ψ)−

∫

{Ψ<−t0}
|Ft0 |2hc(−Ψ)

≤
∫

{Ψ<−t1}
|F̃t1 − I{Ψ<−t0}Ft0 |2hc(−Ψ)

≤
∫

{Ψ<−t1}
|F̃t1 − I{Ψ<−t0}Ft0 |2he−Ψ+vt0(Ψ)c(−vt0(Ψ))

≤
( ∫ t0

t1

c(t)e−tdt
)
lim inf
B→0+0

G(t0)−G(t0 +B)
∫ t0+B
t0

c(t)e−tdt
.

(3.10)

Lemma 3.7 is proved. �

The following property of concave functions will be used in the proof of Theorem
1.8.

Lemma 3.8 (see [24]). Let H(r) be a lower semicontinuous function on (0, R].
Then H(r) is concave if and only if

H(r1)−H(r2)

r1 − r2
≤ lim inf

r3→r2−0

H(r3)−H(r2)

r3 − r2

holds for any 0 < r2 < r1 ≤ R.

4. Proof of Theorem 1.8, Remark 1.9, Corollary 1.10 and Remark

1.11

We firstly prove Theorem 1.8.

Proof. We firstly show that if G(t0) < +∞ for some t0 > T , then G(t1) < +∞ for
any T < t1 < t0. As G(t0) < +∞, it follows from Lemma 3.5 that there exists an
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unique E-valued holomorphic (n, 0) form Ft0 on {Ψ < −t} satisfying
∫

{Ψ<−t0}
|Ft0 |2hc(−Ψ) = G(t0) < +∞

and (Ft0 − f)z0 ∈ O(KM )z0 ⊗ Jz0 , for any z0 ∈ Z0.
It follows from Lemma 2.3 that there exists an E-valued holomorphic (n, 0) form

F̃1 on {Ψ < −t1} such that

∫

{Ψ<−t1}
|F̃1 − (1− bt0,B(Ψ))Ft0 |2hevt0,B(Ψ)−Ψc(−vt0,B(Ψ))

≤(

∫ t0+B

t1

c(s)e−sds)

∫

M

1

B
I{−t0−B<Ψ<−t0}|Ft0 |2he−Ψ < +∞.

(4.1)

Note that bt0,B(t) = 0 on {Ψ < −t0 − B} and vt0,B(Ψ) > −t0 − B. We have

evt0,B(Ψ)c(−vt0,B(Ψ)) has a positive lower bound. It follows from inequality (4.1)

that we have (F̃1−Ft0)z0 ∈ O(KM )z0⊗I(h,Ψ)z0 ⊂ O(KM )z0⊗Jz0 for any z0 ∈ Z0,

which implies that (F̃1 − f)z0 ∈ O(KM )z0 ⊗ Jz0 , for any z0 ∈ Z0. As vt0,B(Ψ) ≥ Ψ
and c(t)e−t is decreasing with respect to t, it follows from inequality (4.1) that we
have ∫

{Ψ<−t1}
|F̃1 − (1− bt0,B(Ψ))Ft0 |2hc(−Ψ)

≤
∫

{Ψ<−t1}
|F̃1 − (1− bt0,B(Ψ))Ft0 |2hevt0,B(Ψ)−Ψc(−vt0,B(Ψ))

≤(

∫ t0+B

t1

c(s)e−sds)

∫

M

1

B
I{−t0−B<Ψ<−t0}|Ft0 |2he−Ψ < +∞.

(4.2)

Then we have∫

{Ψ<−t1}
|F̃1|2hc(−Ψ)

≤2

∫

{Ψ<−t1}
|F̃1 − (1− bt0,B(Ψ))Ft0 |2hc(−Ψ) + 2

∫

{Ψ<−t1}
|(1− bt0,B(Ψ))Ft0 |2hc(−Ψ)

≤2(

∫ t0+B

t1

c(s)e−sds)

∫

M

1

B
I{−t0−B<Ψ<−t0}|Ft0 |2he−Ψ + 2

∫

{Ψ<−t0}
|Ft0 |2hc(−Ψ)

<+∞.

(4.3)

Hence we have G(t1) ≤
∫
{Ψ<−t1} |F̃1|2hc(−Ψ) < +∞.

Now, it follows from Lemma 3.6, Lemma 3.7 and Lemma 3.8 that we know
G(h−1(r)) is concave with respect to r. It follows from Lemma 3.6 that lim

t→T+0
G(t) =

G(T ) and lim
t→+∞

G(t) = 0.

Theorem 1.8 is proved. �

Now we prove Remark 1.9.

Proof. Note that if there exists a positive decreasing concave function g(t) on
(a, b) ⊂ R and g(t) is not a constant function, then b < +∞.
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Assume that G(t0) < +∞ for some t0 ≥ T . As fz0 /∈ O(KM )z0 ⊗ Jz0 for some
z0 ∈ Z0, Lemma 3.4 shows that G(t0) ∈ (0,+∞). Following from Theorem 1.8 we

know G(h−1(r)) is concave with respect to r ∈ (
∫ T
T1
c(t)e−tdt,

∫ +∞
T1

c(t)e−tdt) and

G(h−1(r)) is not a constant function, therefore we obtain
∫ +∞
T1

c(t)e−tdt < +∞,

which contradicts to
∫ +∞
T1

c(t)e−tdt = +∞. Thus we have G(t) ≡ +∞.

When G(t2) ∈ (0,+∞) for some t2 ∈ [T,+∞), Lemma 3.4 shows that fz0 /∈
O(KM )z0 ⊗ Jz0 , for any z0 ∈ Z0. Combining the above discussion, we know∫ +∞
T1

c(t)e−tdt < +∞. Using Theorem 1.8, we obtain that G(ĥ−1(r)) is concave

with respect to r ∈ (0,
∫ +∞
T c(t)e−tdt), where ĥ(t) =

∫ +∞
t c(l)e−ldl.

Thus, Remark 1.9 holds. �

Now we prove Corollary 1.10.

Proof. As G(h−1(r)) is linear with respect to r ∈ [0,
∫ +∞
T

c(s)e−sds), we have

G(t) = G(T1)∫ +∞
T1

c(s)e−sds

∫ +∞
t

c(s)e−sds for any t ∈ [T,+∞) and T1 ∈ (T,+∞).

We follow the notation and the construction in Lemma 3.7. Let t0 > t1 > T be
given. It follows from G(h−1(r)) is linear with respect to r ∈ [0,

∫+∞
T c(s)e−sds)

that we know that all inequalities in (3.10) should be equalities, i.e., we have

G(t1)−G(t0)

=

∫

{Ψ<−t1}
|F̃t1 |2hc(−Ψ)−

∫

{Ψ<−t0}
|Ft0 |2hc(−Ψ)

=

∫

{Ψ<−t1}
|F̃t1 − I{Ψ<−t0}Ft0 |2hc(−Ψ)

=

∫

{Ψ<−t1}
|F̃t1 − I{Ψ<−t0}Ft0 |2he−Ψ+vt0(Ψ)c(−vt0(Ψ))

=
( ∫ t0

t1

c(t)e−tdt
)
lim inf
B→0+0

G(t0)−G(t0 +B)
∫ t0+B
t0

c(t)e−tdt
.

(4.4)

Note that G(t0) =
∫
{Ψ<−t0} |Ft0 |

2
hc(−Ψ). Equality (4.4) shows that G(t1) =

∫
{Ψ<−t1} |F̃t1 |

2
hc(−Ψ).

Note that on {Ψ ≥ −t0}, we have e−Ψ+vt0(Ψ)c(−vt0(Ψ)) = c(−Ψ). It follows
from

∫

{Ψ<−t1}
|F̃t1 − I{Ψ<−t0}Ft0 |2hc(−Ψ)

=

∫

{Ψ<−t1}
|F̃t1 − I{Ψ<−t0}Ft0 |2he−Ψ+vt0(Ψ)c(−vt0(Ψ))

that we have (note that vt0(Ψ) = −t0 on {Ψ < −t0})
∫

{Ψ<−t0}
|F̃t1 − Ft0 |2hc(−Ψ)

=

∫

{Ψ<−t0}
|F̃t1 − Ft0 |2he−Ψ−t0c(t0).

(4.5)
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As
∫ +∞
T

c(t)e−tdt < +∞ and c(t)e−t is decreasing with respect to t, we know that

there exists t2 > t0 such that c(t)e−t < c(t0)e
−t0 − ǫ for any t ≥ t2, where ǫ > 0 is

a constant. Then equality (4.5) implies that

ǫ

∫

{Ψ<−t2}
|F̃t1 − Ft0 |2he−Ψ

≤
∫

{Ψ<−t2}
|F̃t1 − Ft0 |2h(e−Ψ−t0c(t0)− c(−Ψ))

≤
∫

{Ψ<−t0}
|F̃t1 − Ft0 |2h(e−Ψ−t0c(t0)− c(−Ψ))

=0.

(4.6)

Note that for any relatively compact subset K ⊂ {Ψ < −t2}, |F̃t1 − Ft0 |2he−Ψ =

|(F̃t1 −Ft0)F |2he−ψ = |F̃t1F −Ft0F |2h̃ ≥ |F̃t1F −Ft0F |2h̃K,1 on K, and the integrand

in (4.6) is nonnegative, we must have F̃t1 |{Ψ<−t0} = Ft0 .
It follows from Lemma 3.5 that for any t > T , there exists an unique E-valued

holomorphic (n, 0) form Ft on {Ψ < −t} satisfying
∫

{Ψ<−t}
|Ft|2hc(−Ψ) = G(t)

and (Ft − f)z0 ∈ O(KM )z0 ⊗ Jz0 , for any z0 ∈ Z0. By the above discussion, we
know Ft = Ft′ on {Ψ < −max{t, t′}} for any t ∈ (T,+∞) and t′ ∈ (T,+∞). Hence
combining limt→T+0G(t) = G(T ), we obtain that there exists an unique E-valued

holomorphic (n, 0) form F̃ on {Ψ < −T } satisfying (F̃ − f)z0 ∈ O(KM )z0 ⊗ Jz0 for

any z0 ∈ Z0 and G(t) =
∫
{Ψ<−t} |F̃ |2hc(−Ψ) for any t ≥ T .

Secondly, we prove equality (1.2).
As a(t) is a nonnegative measurable function on (T,+∞), then there exists

a sequence of functions {
ni∑
j=1

aijIEij}i∈N+ (ni < +∞ for any i ∈ N+) satisfying

that
ni∑
j=1

aijIEij is increasing with respect to i and lim
i→+∞

ni∑
j=1

aijIEij = a(t) for any

t ∈ (T,+∞), where Eij is a Lebesgue measurable subset of (T,+∞) and aij ≥ 0 is
a constant for any i, j. It follows from Levi’s Theorem that it suffices to prove the
case that a(t) = IE(t), where E ⊂⊂ (T,+∞) is a Lebesgue measurable set.

Note that G(t) =
∫
{Ψ<−t} |F̃ |2hc(−Ψ) = G(T1)∫

+∞
T1

c(s)e−sds

∫ +∞
t c(s)e−sds where T1 ∈

(T,+∞), then
∫

{−t1≤Ψ<−t2}
|F̃ |2hc(−Ψ) =

G(T1)∫ +∞
T1

c(s)e−sds

∫ t1

t2

c(s)e−sds (4.7)

holds for any T ≤ t2 < t1 < +∞. It follows from the dominated convergence
theorem and equality (4.7) that

∫

{z∈M :−Ψ(z)∈N}
|F̃ |2h = 0 (4.8)

holds for any N ⊂⊂ (T,+∞) such that µ(N) = 0, where µ is the Lebesgue measure
on R.
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As c(t)e−t is decreasing on (T,+∞), there are at most countable points denoted
by {sj}j∈N+ such that c(t) is not continuous at sj . Then there is a decreasing
sequence of open sets {Uk}, such that {sj}j∈N+ ⊂ Uk ⊂ (T,+∞) for any k, and
lim

k→+∞
µ(Uk) = 0. Choosing any closed interval [t′2, t

′
1] ⊂ (T,+∞), then we have

∫

{−t′1≤Ψ<−t′2}
|F̃ |2h

=

∫

{z∈M :−Ψ(z)∈(t′2,t
′
1]\Uk}

|F̃ |2h +
∫

{z∈M :−Ψ(z)∈[t′2,t
′
1]∩Uk}

|F̃ |2h

= lim
n→+∞

n−1∑

i=0

∫

{z∈M :−Ψ(z)∈Ii,n\Uk}
|F̃ |2h +

∫

{z∈M :−Ψ(z)∈[t′2,t
′
1]∩Uk}

|F̃ |2h,

(4.9)

where Ii,n = (t′1 − (i + 1)αn, t
′
1 − iαn] and αn =

t′1−t′2
n . Note that

lim
n→+∞

n−1∑

i=0

∫

{z∈M :−Ψ(z)∈Ii,n\Uk}
|F̃ |2h

≤ lim sup
n→+∞

n−1∑

i=0

1

infIi,n\Uk c(t)

∫

{z∈M :−Ψ(z)∈Ii,n\Uk}
|F̃ |2hc(−Ψ).

(4.10)

It follows from equality (4.7) that inequality (4.10) becomes

lim
n→+∞

n−1∑

i=0

∫

{z∈M :−Ψ(z)∈Ii,n\Uk}
|F̃ |2h

≤ G(T1)∫ +∞
T1

c(s)e−sds
lim sup
n→+∞

n−1∑

i=0

1

infIi,n\Uk c(t)

∫

Ii,n\Uk
c(s)e−sds.

(4.11)

It is clear that c(t) is uniformly continuous and has positive lower bound and upper
bound on [t′2, t

′
1]\Uk. Then we have

lim sup
n→+∞

n−1∑

i=0

1

infIi,n\Uk c(t)

∫

Ii,n\Uk
c(s)e−sds

≤ lim sup
n→+∞

n−1∑

i=0

supIi,n\Uk c(t)

infIi,n\Uk c(t)

∫

Ii,n\Uk
e−sds

=

∫

(t′2,t
′
1]\Uk

e−sds.

(4.12)

Combining inequality (4.9), (4.11) and (4.12), we have
∫

{−t′1≤Ψ<−t′2}
|F̃ |2h

=

∫

{z∈M :−Ψ(z)∈(t′2,t
′
1]\Uk}

|F̃ |2h +
∫

{z∈M :−Ψ(z)∈[t′2,t
′
1]∩Uk}

|F̃ |2h

≤ G(T1)∫ +∞
T1

c(s)e−sds

∫

(t′2,t
′
1]\Uk

e−sds+

∫

{z∈M :−Ψ(z)∈[t′2,t
′
1]∩Uk}

|F̃ |2h.

(4.13)
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Let k → +∞, following from equality (4.8) and inequality (4.13), then we obtain
that

∫

{−t′1≤Ψ<−t′2}
|F̃ |2h ≤ G(T1)∫ +∞

T1
c(s)e−sds

∫ t′1

t′2

e−sds. (4.14)

Following from a similar discussion we can obtain that
∫

{−t′1≤Ψ<−t′2}
|F̃ |2h ≥ G(T1)∫ +∞

T1
c(s)e−sds

∫ t′1

t′2

e−sds.

Then combining inequality (4.14), we know
∫

{−t′1≤Ψ<−t′2}
|F̃ |2h =

G(T1)∫ +∞
T1

c(s)e−sds

∫ t′1

t′2

e−sds. (4.15)

Then it is clear that for any open set U ⊂ (T,+∞) and compact set V ⊂ (T,+∞),
∫

{z∈M ;−Ψ(z)∈U}
|F̃ |2h =

G(T1)∫ +∞
T1

c(s)e−sds

∫

U

e−sds,

and ∫

{z∈M ;−Ψ(z)∈V }
|F̃ |2h =

G(T1)∫ +∞
T1

c(s)e−sds

∫

V

e−sds.

As E ⊂⊂ (T,+∞), then E ∩ (t2, t1] is a Lebesgue measurable subset of (T + 1
n , n)

for some large n, where T ≤ t2 < t1 ≤ +∞. Then there exists a sequence of
compact sets {Vj} and a sequence of open subsets {V ′

j } satisfying V1 ⊂ . . . ⊂
Vj ⊂ Vj+1 ⊂ . . . ⊂ E ∩ (t2, t1] ⊂ . . . ⊂ V ′

j+1 ⊂ V ′
j ⊂ . . . ⊂ V ′

1 ⊂⊂ (T,+∞) and

lim
j→+∞

µ(V ′
j − Vj) = 0, where µ is the Lebesgue measure on R. Then we have

∫

{−t′1≤Ψ<−t′2}
|F̃ |2hIE(−Ψ) =

∫

z∈M :−Ψ(z)∈E∩(t2,t1]

|F̃ |2h

≤ lim inf
j→+∞

∫

{z∈M :−Ψ(z)∈V ′
j }

|F̃ |2h

≤ lim inf
j→+∞

G(T1)∫ +∞
T1

c(s)e−sds

∫

V ′
j

e−sds

≤ G(T1)∫ +∞
T1

c(s)e−sds

∫

E∩(t2,t1]

e−sds

=
G(T1)∫ +∞

T1
c(s)e−sds

∫ t1

t2

e−sIE(s)ds,

and ∫

{−t′1≤Ψ<−t′2}
|F̃ |2hIE(−Ψ) ≥ lim inf

j→+∞

∫

{z∈M :−Ψ(z)∈Vj}
|F̃ |2h

≥ lim inf
j→+∞

G(T1)∫ +∞
T1

c(s)e−sds

∫

Vj

e−sds

=
G(T1)∫ +∞

T1
c(s)e−sds

∫ t1

t2

e−sIE(s)ds,
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which implies that
∫

{−t′1≤Ψ<−t′2}
|F̃ |2hIE(−Ψ) =

G(T1)∫ +∞
T1

c(s)e−sds

∫ t1

t2

e−sIE(s)ds.

Hence we know that equality (1.2) holds.
Corollary 1.10 is proved. �

Now we prove Remark 1.11.

Proof of Remark 1.11. By the definition ofG(t; c̃), we haveG(t0; c̃) ≤
∫
{Ψ<−t0} |F̃ |

2
hc̃(−Ψ),

where F̃ is the holomorphic (n, 0) form on {Ψ < −T } such thatG(t) =
∫
{Ψ<−t} |F̃ |2hc(−Ψ)

for any t ≥ T . Hence we only consider the case G(t0; c̃) < +∞.
By the definition of G(t; c̃), we can choose an E-valued holomorphic (n, 0)

form Ft0,c̃ on {Ψ < −t0} satisfying (Ft0,c̃ − f)z0 ∈ O(KM )z0 ⊗ Jz0 , for any
z0 ∈ Z0 and

∫
{Ψ<−t0} |Ft0,c̃|

2
hc̃(−Ψ) < +∞. As H2(c̃, t0) ⊂ H2(c, t0), we have∫

{Ψ<−t0} |Ft0,c̃|
2
hc(−Ψ) < +∞. Using Lemma 3.5, we obtain that
∫

{Ψ<−t}
|Ft0,c̃|2hc(−Ψ) =

∫

{Ψ<−t}
|F̃ |2hc(−Ψ)

+

∫

{Ψ<−t}
|Ft0,c̃ − F̃ |2hc(−Ψ)

for any t ≥ t0, then∫

{−t3≤Ψ<−t4}
|Ft0,c̃|2hc(−Ψ) =

∫

{−t3≤Ψ<−t4}
|F̃ |2hc(−Ψ)

+

∫

{−t3≤Ψ<−t4}
|Ft0,c̃ − F̃ |2hc(−Ψ)

(4.16)

holds for any t3 > t4 ≥ t0. It follows from the dominated convergence theorem,
equality (4.16), (4.8) and c(t) > 0 for any t > T , that

∫

{z∈M :−Ψ(z)=t}
|Ft0,c̃|2h =

∫

{z∈M :−Ψ(z)=t}
|Ft0,c̃ − F̃ |2h (4.17)

holds for any t > t0.
Choosing any closed interval [t′4, t

′
3] ⊂ (t0,+∞) ⊂ (T,+∞). Note that c(t) is

uniformly continuous and have positive lower bound and upper bound on [t′4, t
′
3]\Uk,

where {Uk} is the decreasing sequence of open subsets of (T,+∞), such that c is
continuous on (T,+∞)\Uk and lim

k→+∞
µ(Uk) = 0. Take N = ∩+∞

k=1Uk. Note that

∫

{−t′3≤Ψ<−t′4}
|Ft0,c̃|2h

= lim
n→+∞

n−1∑

i=0

∫

{z∈M :−Ψ(z)∈Si,n\Uk}
|Ft0,c̃|2h +

∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]∩Uk}

|Ft0,c̃|2h

≤ lim sup
n→+∞

n−1∑

i=0

1

infSi,n c(t)

∫

{z∈M :−Ψ(z)∈Si,n\Uk}
|Ft0,c̃|2hc(−Ψ)

+

∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]∩Uk}

|Ft0,c̃|2h,

(4.18)
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where Si,n = (t′4 − (i + 1)αn, t
′
3 − iαn] and αn =

t′3−t′4
n . It follows from equality

(4.16),(4.17), (4.8) and the dominated convergence theorem that

∫

{z∈M :−Ψ(z)∈Si,n\Uk}
|Ft0,c̃|2hc(−Ψ)

=

∫

{z∈M :−Ψ(z)∈Si,n\Uk}
|F̃ |2hc(−Ψ) +

∫

{z∈M :−Ψ(z)∈Si,n\Uk}
|Ft0,c̃ − F̃ |2hc(−Ψ).

(4.19)

As c(t) is uniformly continuous and have positive lower bound and upper bound on
[t′3, t

′
4]\Uk, combining equality (4.19), we have

lim sup
n→+∞

n−1∑

i=0

1

infSi,n\Uk c(t)

∫

{z∈M :−Ψ(z)∈Si,n\Uk}
|Ft0,c̃|2hc(−Ψ)

= lim sup
n→+∞

n−1∑

i=0

1

infSi,n\Uk c(t)
(

∫

{z∈M :−Ψ(z)∈Si,n\Uk}
|F̃ |2hc(−Ψ)

+

∫

{z∈M :−Ψ(z)∈Si,n\Uk}
|Ft0,c̃ − F̃ |2hc(−Ψ))

≤ lim sup
n→+∞

n−1∑

i=0

supSi,n\Uk c(t)

infSi,n\Uk c(t)
(

∫

{z∈M :−Ψ(z)∈Si,n\Uk}
|F̃ |2h

+

∫

{z∈M :−Ψ(z)∈Si,n\Uk}
|Ft0,c̃ − F̃ |2h)

=

∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]\Uk}

|F̃ |2h +
∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]\Uk}

|Ft0,c̃ − F̃ |2h.

(4.20)

If follows from inequality (4.18) and (4.20) that

∫

{−t′3≤Ψ<−t′4}
|Ft0,c̃|2h

≤
∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]\Uk}

|F̃ |2h +
∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]\Uk}

|Ft0,c̃ − F̃ |2h

+

∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]∩Uk}

|Ft0,c̃|2h.

(4.21)

It follows from Ft0,c̃ ∈ H2(c, t0) that
∫
{−t′3≤Ψ<−t′4}

|Ft0,c̃|2h < +∞. Let k → +∞,

by equality (4.8), inequality (4.21) and the dominated theorem, we have

∫

{−t′3≤Ψ<−t′4}
|Ft0,c̃|2e−ϕ

≤
∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]}

|F̃ |2h +
∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]\N}

|Ft0,c̃ − F̃ |2h

+

∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]∩N}

|Ft0,c̃|2h.

(4.22)
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By similar discussion, we also have that
∫

{−t′3≤Ψ<−t′4}
|Ft0,c̃|2h

≥
∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]}

|F̃ |2h +
∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]\N}

|Ft0,c̃ − F̃ |2h

+

∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]∩N}

|Ft0,c̃|2h.

then combining inequality (4.22), we have
∫

{−t′3≤Ψ<−t′4}
|Ft0,c̃|2h

=

∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]}

|F̃ |2h +
∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]\N}

|Ft0,c̃ − F̃ |2h

+

∫

{z∈M :−Ψ(z)∈(t′4,t
′
3]∩N}

|Ft0,c̃|2h.

(4.23)

Using equality (4.8), (4.17) and Levi’s Theorem, we have
∫

{z∈M :−Ψ(z)∈U}
|Ft0,c̃|2h

=

∫

{z∈M :−Ψ(z)∈U}
|F̃ |2h +

∫

{z∈M :−Ψ(z)∈U\N}
|Ft0,c̃ − F̃ |2h

+

∫

{z∈M :−Ψ(z)∈U∩N}
|Ft0,c̃|2h

(4.24)

holds for any open set U ⊂⊂ (t0,+∞), and
∫

{z∈M :−Ψ(z)∈V }
|Ft0,c̃|2h

=

∫

{z∈M :−Ψ(z)∈V }
|F̃ |2h +

∫

{z∈M :−Ψ(z)∈V \N}
|Ft0,c̃ − F̃ |2h

+

∫

{z∈M :−Ψ(z)∈V ∩N}
|Ft0,c̃|2h

(4.25)

holds for any compact set V ⊂ (t0,+∞). For any measurable set E ⊂⊂ (t0,+∞),
there exists a sequence of compact set {Vl}, such that Vl ⊂ Vl+1 ⊂ E for any l and
lim

l→+∞
µ(Vl) = µ(E), hence by equality (4.25), we have

∫

{Ψ<−t0}
|Ft0,c̃|2hIE(−Ψ) ≥ lim

l→+∞

∫

{Ψ<−t0}
|Ft0,c̃|2hIVj (−Ψ)

≥ lim
l→+∞

∫

{Ψ<−t0}
|F̃ |2hIVj (−Ψ)

=

∫

{Ψ<−t0}
|F̃ |2hIVj (−Ψ).

(4.26)

It is clear that for any t > t0, there exists a sequence of functions {∑ni
j=1 IEi,j}+∞

i=1

defined on (t,+∞), satisfying Ei,j ⊂⊂ (t,+∞),
∑ni+1

j=1 IEi+1,j (s) ≥ ∑ni
j=1 IEi,j (s)
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and lim
i→+∞

∑ni
j=1 IEi,j (s) = c̃(s) for any s > t. Combining Levi’s Theorem and

inequality (4.26), we have
∫

{Ψ<−t0}
|Ft0,c̃|2hc̃(−Ψ) ≥

∫

{Ψ<−t0}
|F̃ |2hc̃(−Ψ). (4.27)

By the definition of G(t0, c̃), we have G(t0, c̃) =
∫
{Ψ<−t0} |F̃ |

2
hc̃(−Ψ). Equality (1.3)

is proved.
�

5. Proofs of Theorem 1.12 and Corollary 1.13

In this section, we prove Theorem 1.12 and Corollary 1.13.

5.1. Proof of Theorem 1.12. Lemma 2.10 tells us that there exists p0 > 2afz0(Ψ;h)

such that I(h, p0Ψ)z0 = I+(h, 2a
f
z0(Ψ;h)Ψ)z0 . Following from the definition of

afz0(Ψ;h) and Lemma 3.4, we obtain that

G(0; c ≡ 1,Ψ, h, I+(h, 2a
f
z0(Ψ;h)Ψ)z0 , f) > 0. (5.1)

Without loss of generality, assume that there exists t > t0 such that
∫
{Ψ<−t} |f |2h <

+∞. Denote that t1 := inf{t ≥ t0 :
∫
{Ψ<−t} |f |2h < +∞}. Denote

inf

{∫

{pΨ<−t}
|f̃ |2h : f̃ ∈ H0({pΨ < −t},O(KM ⊗ E))

& (f̃ − f)z0 ∈ O(KM )z0 ⊗ I(h, pΨ)z0

}

by Gp(t), where t ∈ [0,+∞) and p > 2afz0(Ψ;h). Then we know that Gp(0) ≥
G(0; c ≡ 1,Ψ, h, I+(h, 2a

f
z0(Ψ;h)Ψ)z0 , f) for any p > 2afz0(Ψ;h). Note that

pΨ = min{pψ + (2⌈p⌉ − 2p) log |F | − 2 log |F ⌈p⌉|, 0},
where ⌈p⌉ = min{n ∈ Z : n ≥ p}, and

Gp(pt) ≤
∫

{Ψ<−t}
|f |2h < +∞

for any t > t1. Note that Θh̃(E) ≥sNak 0 and (p−2afz0(Ψ;h))ψ+(2⌈p⌉−2p) log |F | is
plurisubharmonic on M . Remark 1.5 implies that Θhe−(pψ+(2⌈p⌉−2p) log |F |)(E) ≥sNak
0. Note that h has a positive locally lower bound. Theorem 1.8 tells us that
Gp(− log r) is concave with respect to r ∈ (0, 1] and limt→+∞Gp(t) = 0, which
implies that

1

r21

∫

{pΨ<2 log r1}
|f |2h ≥ 1

r21
Gp(−2 log r1)

≥ Gp(0)

≥ G(0; c ≡ 1,Ψ, h, I+(h, 2a
f
z0(Ψ;h)Ψ)z0 , f),

(5.2)

where 0 < r1 ≤ e−
pt0
2 .
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We prove afz0(Ψ;h) > 0 by contradiction: if afz0(Ψ;h) = 0, as
∫
{Ψ<−t1−1} |f |2h <

+∞, it follows from the dominated convergence theorem and inequality (5.2) that

1

r21

∫

{Ψ=−∞}
|f |2h = lim

p→0+0

1

r21

∫

{pΨ<2 log r1}
|f |2h

≥ G(0; c ≡ 1,Ψ, h, I+(h, 2a
f
z0(Ψ;h)Ψ)z0 , f).

(5.3)

Note that µ({Ψ = −∞}) = µ({ψ = −∞}) = 0, where µ is the Lebesgue measure
on M . Inequality (5.3) implies that G(0; c ≡ 1,Ψ, h, I+(h, 2a

f
z0(Ψ;h)Ψ)z0 , f) = 0,

which contradicts inequality (5.1). Thus, we get that afz0(Ψ;h) > 0.

For any r2 ∈ (0, e−a
f
z0

(Ψ;h)t1), note that 2 log r2
p < −t1 for any p ∈ (2af0 (Ψ;h),− 2 log r2

t1
),

which implies that
∫
{pΨ<2 log r2} |f |

2
h < +∞ for any p ∈ (2af0(Ψ;h),− 2 log r2

t1
). Then

it follows from the dominated convergence theorem and inequality (5.2) that

1

r22

∫

{2af0 (Ψ;h)Ψ≤2 log r2}
|f |2h = lim

p→2af0 (Ψ;h)+0

1

r22

∫

{pΨ<2 log r2}
|f |2h

≥ G(0; c ≡ 1,Ψ, h, I+(h, 2a
f
z0(Ψ;h)Ψ)z0 , f).

(5.4)

For any r ∈ (0, e−a
f
z0

(Ψ;h)t0 ], if r > e−a
f
z0

(Ψ;h)t1 , we have
∫
{af0 (Ψ;h)Ψ<log r} |f |2h =

+∞ > G(0; c ≡ 1,Ψ, h, I+(h, 2a
f
z0(Ψ;h)Ψ)z0 , f), and if r ∈ (0, e−a

f
z0

(Ψ;h)t1 ], it

follows from {afz0(Ψ;h)Ψ < log r} = ∪0<r2<r{afz0(Ψ;h)Ψ < log r2} and inequality
(5.4) that

∫

{af0 (Ψ;h)Ψ<log r}
|f |2h = sup

r2∈(0,r)

∫

{2af0 (Ψ;h)Ψ≤2 log r2}
|f |2h

≥ sup
r2∈(0,r)

r22G(0; c ≡ 1,Ψ, h, I+(h, 2a
f
z0(Ψ;h)Ψ)z0 , f)

= r2G(0; c ≡ 1,Ψ, h, I+(h, 2a
f
z0(Ψ;h)Ψ)z0 , f).

Thus, Theorem 1.12 holds.

5.2. Proof of Corollary 1.13. It is clear that I+(h, aΨ)z0 ⊂ I(h, aΨ)z0 , hence it
suffices to prove that I(h, aΨ)z0 ⊂ I+(h, aΨ)z0 .

If there exists fz0 ∈ I(h, aΨ)z0 such that fz0 6∈ I+(h, aΨ)z0 , then a
f
z0(Ψ;h)z0 =

a
2 < +∞. Theorem 1.12 shows that a > 0. Without loss of generality, assume that

M = D is a domain in Cn and f ∈ H0({Ψ < −t0} ∩D,O(E)), where t0 > 0. For
any neighborhood U ⊂ D of z0, it follows from Proposition 1.12 that there exists
CU > 0 such that

1

r2

∫

{aΨ<2 log r}∩U
|f |2h ≥ CU (5.5)
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for any r ∈ (0, e−
at0
2 ]. For any t > at0, it follows from Fubini’s Theorem and

inequality (5.5) that

∫

{aΨ<−t}∩U
|f |2he−aΨ =

∫

{aΨ<−t}∩U

(
|f |2h

∫ e−aΨ

0

dl

)

=

∫ +∞

0

(∫

{l<e−aΨ}∩{aΨ<−t}∩U
|f |2h

)
dl

≥
∫ +∞

et

(∫

{aΨ<− log l}∩U
|f |2h

)
dl

≥CU
∫ +∞

et

1

l
dl

=+∞,

which contradicts fz0 ∈ I(h, aΨ)z0 . Thus, we have I(h, aΨ)z0\I+(h, aΨ)z0 = ∅ for
any a ≥ 0, which shows that I(h, aΨ)z0 = I+(h, aΨ)z0 for any a ≥ 0.

6. Proof of Theorem 1.15

In this section, we prove Theorem 1.15 by using Theorem 1.8.
For any Lebesgue measurable function c on (0,+∞) and any q′ > 2afz0(Ψ;h) ≥ 1,

denote that

Gc,q′(t) := inf

{∫

{q′Ψ<−t}
|f̃ |2hc(−q′Ψ) :(f̃ − f)z0 ∈ O(KM )z0 ⊗ I(h, q′Ψ)z0

& f̃ ∈ H0({q′Ψ < −t},O(KM ⊗ E))

}
.

Note that there exist a plurisubharmonic function ψ1 = q′ψ+(2k− 2q′) log |F | and
a holomorphic function F1 = F k on M such that

ψ1 − 2 log |F1| = q′(ψ − 2 log |F |)

on M , where k > q′ is a integer. Denote that Ψ1 := min{ψ1 − 2 log |F1|, 0} = q′Ψ
on M .

Firstly, we prove inequality
∫

{Ψ<− l
a
}
|f |2he−(1−a)Ψ ≥ e−

a−1+q′

a
l 1

KΨ,f,h,a(z0)
(6.1)

in two case a ∈ (0, 1] and a > 1, where l ≥ 0 and q′ > 2afz0(Ψ;h).

We prove inequality (6.1) for the case a ∈ (0, 1]. Let c1(t) = e
1−a
q′

t
on (0,+∞),

hence c1(t)e
−t is decreasing on (0,+∞) and c1(−q′Ψ) = e−(1−a)Ψ ≥ 1 on M . Note

that h has a positive locally lower bound. As Θh̃ ≥sNak 0 and ψ is plurisubharmonic,

where h̃ = he−2afz0(Ψ,h)ψ, then we have

Θhe−ψ1 ≥sNak 0.
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Theorem 1.8 (replace Ψ and c by Ψ1 and c1, respectively) shows that Gc1,q′(h
−1(r))

is concave with respect to r, where h(t) =
∫ +∞
t

c1(s)e
−sds. Note that

Gc1,q′(0) ≥
1

KΨ,f,h,a(z0)

for any q′ > 2afz0(Ψ;h). Hence we have

∫

{Ψ<− l
a
}
|f |2he−(1−a)Ψ ≥Gc1,q′

(
q′l

a

)

≥
∫ +∞
q′l
a

c1(s)e
−sds

∫ +∞
0

c1(s)e−sds
Gc1,q′(0)

≥e− a−1+q′

a
l 1

KΨ,f,h,a(z0)
.

We prove inequality (6.1) for the case a > 1. Take c̃m(t) = e
1−a
q′

t
on (0,m)

and c̃m(t) = e
1−a
q′

m
on (m,+∞), then c̃m(t) is a continuous function on (0,+∞)

and c1(t)e
−t is decreasing on (0,+∞), where m is any positive integer. Note that

c(t) ≥ e
1−a
q′

m
on (0,+∞) and h has a positive locally lower bound. Theorem 1.8

(replace Ψ and c by Ψ1 and c̃m, respectively) shows that Gc̃m,q′(h
−1
m (r)) is concave

with respect to r, where hm(t) =
∫ +∞
t c̃m(s)e−sds. Note that

Gc̃m,q′(0) ≥
1

KΨ,f,h,a(z0)

for any q′ > 2afz0(Ψ;h). Hence we have

∫

{Ψ<− l
a
}
|f |2hc̃m(−q′Ψ) ≥Gc̃m,q′

(
q′l

a

)

≥
∫ +∞
q′l
a

c̃m(s)e−sds
∫ +∞
0 c̃m(s)e−sds

Gc̃m,q′(0)

≥
∫ +∞
q′l
a

c̃m(s)e−sds
∫ +∞
0

c̃m(s)e−sds

1

KΨ,f,h,a(z0)
.

(6.2)

As
∫
{Ψ<0} |f |2he−Ψ ≤ C1 < +∞, it follows from c̃m(−q′Ψ) ≤ e−Ψ, the dominated

convergence theorem and inequality (6.2) that

∫

{Ψ<− l
a
}
|f |2he−(1−a)Ψ = lim

m→+∞

∫

{Ψ<− l
a
}
|f |2hc̃m(−q′Ψ)

≥ lim
m→+∞

∫ +∞
q′l
a

c̃m(s)e−sds
∫ +∞
0 c̃m(s)e−sds

1

KΨ,f,h,a(z0)

=e−
a−1+q′

a
l 1

KΨ,f,h,a(z0)
.
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Next, we complete the proof. Following from Fubini’s Theorem, we have
∫

{Ψ<0}
|f |2he−Ψ

=

∫

{Ψ<0}

(
|f |2he−Ψ+aΨ

∫ e−aΨ

0

ds

)

=

∫ +∞

0

(∫

{Ψ<0}∩{s<e−aΨ}
|f |2he−Ψ+aΨ

)
ds

=

∫ +∞

−∞

(∫

{Ψ<− l
a
}∩{Ψ<0}

|f |2he−Ψ+aΨ

)
eldl

=

∫

{Ψ<0}
|f |2he−Ψ+aΨ +

∫ +∞

0

(∫

{Ψ<− l
a
}
|f |2he−Ψ+aΨ

)
eldl.

Using inequality (6.1) and the definition of KΨ,f,h,a(z0), we obtain that
∫

{Ψ<0}
|f |2he−Ψ

=

∫

{Ψ<0}
|f |2he−Ψ+aΨ +

∫ +∞

0

(∫

{Ψ<− l
a
}
|f |2he−Ψ+aΨ

)
eldl

≥
(
1 +

∫ +∞

0

e−
−1+q′

a
ldl

)
1

KΨ,f,h,a(z0)

=
a+ q′ − 1

q′ − 1
· 1

KΨ,f,h,a(z0)

(6.3)

for any q′ > 2afz0(Ψ;h). Let q′ → 2afz0(Ψ;h), we get that inequality (6.3) also holds

when q′ = 2afz0(Ψ;h). Thus, if q > 1 satisfies

q + a− 1

q − 1
>
C1

C2
≥ KΨ,f,h,a(z0)

∫

{Ψ<0}
|f |2he−Ψ,

we have p < 2afz0(Ψ;h), i.e. fz0 ∈ O(KM )z0 ⊗ I(h, pΨ)z0 .

7. Proof of Theorem 1.16

In this section, we prove Theorem 1.16 by using Remark 1.9 and Theorem 1.12.
Firstly, we recall two basic lemmas, which will be used in the proof of Theorem
1.16.

Lemma 7.1 (see [34]). Let a(t) be a positive measurable function on (−∞,+∞),
such that a(t)et is increasing near +∞, and a(t) is not integrable near +∞. Then
there exists a positive measurable function ã(t) on (−∞,+∞) satisfying the follow-
ing statements:

(1) there exists T < +∞ such that ã(t) ≤ a(t) for any t > T ;
(2) ã(t)et is strictly increasing and continuous near +∞;
(3) ã(t) is not integrable near +∞.

Lemma 7.2 (see [38]). For any two measurable spaces (Xi, µi) and two measurable
functions gi on Xi respectively (i ∈ {1, 2}), if µ1({g1 ≥ s−1}) ≥ µ2({g2 ≥ s−1})
for any s ∈ (0, s0], then

∫
{g1≥s−1

0 } g1dµ1 ≥
∫
{g2≥s−1

0 } g2dµ2.
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Proof of Theorem 1.16. We prove Theorem 1.16 in two cases, that a(t) satisfies
condition (1) or condition (2).

Case (1). a(t) is decreasing near +∞.

Firstly, we prove (B) ⇒ (A). Consider F ≡ 1, f = (f1, f2, . . . , fr) = (1, 1, . . . , 1),
h ≡ 1 and ψ = log |z1| on the unit polydisc ∆n ⊂ Cn. Note that afo (log |z1|;h) = 1
and ∫

∆ns0

|f2
he

−2afo (log |z1|;h)Ψa(−2afo(log |z1|;h)Ψ)

=r

∫

∆ns0

a(−2 log |z1|)
1

|z1|2

=r(πs20)
n−1

∫

∆s0

a(−2 log |z1|)
1

|z1|2

=r(πs20)
n−12π

∫ s0

0

a(−2 log r)r−1dr

=r(πs20)
n−1π

∫ +∞

−2 log s0

a(t)dt

for s0 ∈ (0, 1), hence we obtain (B) ⇒ (A).
Then, we prove (A) ⇒ (B). Corollary 1.13 shows that fo 6∈ I(h, 2afo (Ψ;h)Ψ)o

and afo(Ψ;h) > 0. Now we assume that there exist t0 > 0 and a pseudoconvex do-

mainD0 ⊂ D containing o such that
∫
{Ψ<−t0}∩D0

|f |2he−2afo (Ψ;h)Ψa(−2afo(Ψ;h)Ψ) <

+∞ to get a contradiction. As fo ∈ I(h, 0Ψ)o, there exist t1 > t0 and a pseudo-
convex domain D1 ⊂ D0 containing o such that

∫
D1∩{Ψ<−t1} |f |

2
h < +∞. Set

c(t) = a(t)et + 1, then we have
∫

D1∩{Ψ<−t1}
|f |2hc(−2afo(Ψ;h)Ψ) < +∞. (7.1)

Without loss of generality, assume that a(t) is decreasing on (2afo(Ψ;h)t1,+∞).
Note that c(t)e−t = a(t)+e−t is decreasing on (2afo (Ψ;h)t1,+∞) and lim inft→+∞ c(t) >
0. As a(t) is not integrable near +∞, so is c(t)e−t. Note that there exist a plurisub-
harmonic function ψ1 = 2afo (Ψ;h)ψ + 2(k − afo (Ψ;h)) log |F | and a holomorphic
function F1 = F k on D1 such that

ψ1 − 2 log |F1| = 2afo(Ψ;h)(ψ − 2 log |F |)
onD1, where k > afo (Ψ;h) is a integer. Denote that Ψ1 := min{ψ1−2 log |F1|,−2afo(Ψ;h)t1}
onD1. Note that h has a positive locally lower bound, c(t) ≥ 1 on (2afo (Ψ;h)t1,+∞)
and Θhe−ψ1 ≥sNak 0. Using Remark 1.9 (replacing M , Ψ and T by D1, Ψ1 and
2afo(Ψ;h)t1 respectively), as fo 6∈ I(h, 2afo (Ψ;h)Ψ)o = I(h,Ψ1)o, then we have
G(2afo (Ψ;h)t1; c,Ψ1, h, I(Ψ1+ϕ)o, f) = +∞, which contradicts to inequality (7.1).
Thus, we obtain (A) ⇒ (B).

Case (2). a(t)et is increasing near +∞.

In this case, the proof of (B) ⇒ (A) is the same as the case (1), hence it suffices
to prove (A) ⇒ (B).
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Assume that statement (A) holds. Lemma 7.1 shows that there exists a positive
function ã(t) on (−∞,+∞) satisfying that: ã(t) ≤ a(t) near +∞; ã(t)et is strictly
increasing and continuous near +∞; ã(t) is not integrable near +∞. Thus, it
suffices to prove that for any Ψ, h and fo ∈ I(h, 0Ψ)o satisfying afo (Ψ;h) < +∞,

|f |2he−2afo (Ψ;h)Ψa(−2afo(Ψ;h)Ψ) 6∈ L1(U ∩ {Ψ < −t}) for any neighborhood U of o
and any t > 0.

Take any t0 ≫ 0 and any pseudoconvex domain D0 ⊂ D containing the origin o
such that f ∈ O(D0 ∩ {Ψ < −t0}). Let µ1(X) =

∫
X |f |2h, where X is a Lebesgue

measurable subset of D0∩{Ψ < −t0}, and let µ2 be the Lebeague measure on (0, 1].
Denote that Ys = {−2afo(Ψ;h)Ψ ≥ − log s}. Theorem 1.12 shows that there exists

a positive constant C such that µ1(Ys) ≥ Cs holds for any s ∈ (0, e−2afo(Ψ;h)t0 ].
Let g1 = ã(−2afo(Ψ;h)Ψ) exp(−2afo (Ψ;h)Ψ) and g2(x) = ã(− log x+logC)Cx−1.

As ã(t)e−t is strictly increasing near +∞, then g1 ≥ ã(− log s)s−1 on Ys implies
that

µ1({g1 ≥ ã(− log s)s−1}) ≥ µ1(Ys) ≥ Cs (7.2)

holds for any s > 0 small enough. As ã(t)et is strictly increasing near +∞, then

there exists s0 ∈ (0, e−2afo (Ψ)t0) such that

µ2({x ∈ (0, s0] : g2(x) ≥ ã(− log s)s−1}) = µ2({0 < x ≤ Cs}) = Cs (7.3)

for any s ∈ (0, s0]. As ã(− log s)s−1 converges to +∞ (when s→ 0+ 0) and ã(t) is
continuous near +∞, we obtain that

µ1({g1 ≥ s−1}) ≥ µ2({x ∈ (0, s0] : g2(x) ≥ s−1})
holds for any s > 0 small enough. Following from Lemma 7.2 and ã(t) is not

integrable near +∞, we obtain |f |2he−2afo (Ψ;h)Ψa(−2afo(Ψ;h)Ψ) 6∈ L1(U ∩ {Ψ <
−t}).

Thus, Theorem 1.16 holds. �

8. Proof of Proposition 1.17

In this section, we prove Proposition 1.17 by using Theorem 1.8.

Proof. Let

h(x) =

{
e
− 1

1−(x−1)2 if |x− 1| < 1
0 if |x− 1| ≥ 1

be a real function defined on R, and let gn(x) = n
(n+1)d

∫ nx
0 h(s)ds, where d =∫

R
h(s)ds. Note that h(x) ∈ C∞

0 (R) and h(x) ≥ 0 for any x ∈ R. Then we get that
gn(x) is increasing with respect to x, gn(x) ≤ gn+1(x) for any n ∈ N and x ∈ R, and
limn→+∞ gn(x) = I{s∈R:s>0}(x) for any x ∈ R. Setting cnt (x) = 1−gn(x− t), where
t is the given positive number in Proposition 1.17, it follows from the properties
of {gn(x)}n∈N that cnt (x) is decreasing with respect to x, cnt (x) ≥ cn+1

t (x) for any
n ∈ N and x ∈ R, and limn→+∞ cnt (x) = I{s∈R:s≤t}(x) for any x ∈ R.

Denote

inf

{∫

{Ψ<−t}
|f̃ |2hcnt (−Ψ) :f̃ ∈ H0({Ψ < −t},O(KM ⊗ E))

& (f̃ − f)z0 ∈ O(KM )z0 ⊗ I(h,Ψ)z0 for any z0 ∈ Z0

}
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by Gt,n(s). Note that Θhe−ψ ≥sNak 0, h has a positive locally lower bound and

cnt (x) ∈ [
1

n+ 1
, 1]

on (0,+∞). By using Theorem 1.8, we have
∫

{Ψ<−l}
|f |2hcnt (−Ψ) ≥ Gt,n(l) ≥

∫ +∞
l

cnt (s)e
−sds

∫ +∞
0

cnt (s)e
−sds

Gt,n(0) (8.1)

for any l > 0. Following from
∫
{Ψ<−l} |f |2h < +∞ for any l > 0, the properties of

{cnt }n∈N and the dominated convergence theorem, we obtain that

lim
n→+∞

∫

{Ψ<−l}
|f |2hcnt (−Ψ) =

∫

{−t≤Ψ<−l}
|f |2h. (8.2)

As cnt (x) ≥ I{s∈R:s≤t}(x) for any x > 0 and n ∈ N, then it follows from the
definitions of Gt,n(0) and CΨ,f,h,t(Z0) that

Gt,n(0) ≥ CΨ,f,h,t(Z0). (8.3)

Combining inequality (8.1), equality (8.2), and inequality (8.3), we obtain that
∫

{−t≤Ψ<−l}
|f |2h = lim

n→+∞

∫

{Ψ<−l}
|f |2hcnt (−Ψ)

≥ lim
n→+∞

∫ +∞
l cnt (s)e

−sds
∫ +∞
0 cnt (s)e

−sds
CΨ,f,h,t(Z0)

=
e−l − e−t

1− e−t
CΨ,f,h,t(Z0)

for any l ∈ (0, t). Following from the definition ofCΨ,f,h,t(Z0), we have
∫
{−t≤Ψ<0} |f |2h ≥

CΨ,f,h,t(Z0). Thus, we have
∫

{−t≤Ψ<−l}
|f |2h ≥ e−l − e−t

1− e−t
CΨ,f,h,t(Z0) (8.4)

for any l ∈ [0, t). Following from Fubini’s Theorem and inequality (8.4), we obtain
that
∫

Mt

|f |2he−Ψ =

∫

Mt

(
|f |2h

∫ e−Ψ

0

dr

)

=

∫ +∞

0

(∫

Mt∩{r<e−Ψ}
|f |2h

)
dr

=

∫ t

−∞

(∫

{−t≤Ψ<min{−l,0}}
|f |2h

)
eldl

=

∫ 0

−∞

(∫

{−t≤Ψ<min{−l,0}}
|f |2h

)
eldl +

∫ t

0

(∫

{−t≤Ψ<−l}
|f |2h

)
eldl

≥ CΨ,f,h,t(Z0)

(∫ 0

−∞
eldl +

∫ t

0

1− el−t

1− e−t
dl

)

=
t

1− e−t
CΨ,f,h,t(Z0).
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Then Proposition 1.17 has thus been proved. �

9. Appendix: Proof of Lemma 2.1

In this section, we prove Lemma 2.1.

9.1. Some results used in the proof of Lemma 2.1. In this section, we do
some preparations for the proof of Lemma 2.1.

Let M be a complex manifold. Let ω be a continuous hermitian metric on M .
Let dVM be a continuous volume form on M . We denote by L2

p,q(M,ω, dVM ) the

spaces of L2 integrable (p, q) forms overM with respect to ω and dVM . It is known
that L2

p,q(M,ω, dVM ) is a Hilbert space.

Lemma 9.1. Let {un}+∞
n=1 be a sequence of (p, q) forms in L2

p,q(M,ω, dVM ) which

is weakly convergent to u. Let {vn}+∞
n=1 be a sequence of Lebesgue measurable real

functions on M which converges pointwisely to v. We assume that there exists a
constant C > 0 such that |vn| ≤ C for any n. Then {vnun}+∞

n=1 weakly converges to
vu in L2

p,q(M,ω, dVM ).

Proof. Let g ∈ L2
p,q(M,ω, dVM ). Consider

I = |〈vnun, g〉 − 〈vu, g〉|

= |
∫

M

(vnun, g)ωdVM −
∫

M

(vu, g)ωdVM |

≤ |
∫

M

(vnun − vun, g)ωdVM |+ |
∫

M

(vun − vu, g)ωdVM |

= |
∫

M

(un, vng − vg)ωdVM |+ |
∫

M

(un − u, vg)ωdVM |

≤ ||un|| · ||vng − vg||+ |
∫

M

(un − u, vg)ωdVM |.

Denote I1 := ||un|| · ||vng − vg|| and I2 := |
∫
M
(un − u, vg)ωdVM |. It follows from

{un}+∞
n=1 weakly converges to u that ||un|| is uniformly bounded with respect to n.

Note that |vn| is uniformly bounded with respect to n. We know that |v| < C and
then vg ∈ L2

p,q(M,ω, dVM ). Hence we have I2 → 0 as n → +∞. It follows from
Lebesgue dominated convergence theorem that we have limn→+∞ I1 = 0.

Hence limn→+∞ I = 0 and we know {vnun}+∞
n=1 weakly converges to vu in

L2
p,q(M,ω, dVM ). �

Lemma 9.2 (see [12]). Let Q be a Hermitian vector bundle on a Kähler manifold M
of dimension n with a Kähler metric ω. Assume that η, g > 0 are smooth functions
on M. Then for every form v ∈ D(M,∧n,qT ∗M ⊗Q) with compact support we have

∫

M

(η + g−1)|D′′∗v|2QdVM +

∫

M

η|D′′

v|2QdVM

≥
∫

M

〈[η
√
−1ΘQ −

√
−1∂∂̄η −

√
−1g∂η ∧ ∂̄η,Λω]v, v〉QdVM .

(9.1)

The following approximation result can be referred to [13]. Let (X,ω) be a her-
mitian manifold. Let Q be a holomorphic vector bundle on X and h be a hermitian
metric on Q. Denote D(M,∧n,qT ∗M ⊗Q) be the space of Q-valued smooth (n, q)
forms with compact support for any q ≥ 0. Let D′′ : L2(X,∧n,qT ∗M ⊗ Q) →
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L2(X,∧n,q+1T ∗M ⊗Q) be the extension of ∂̄-operator in the sense of distribution.
Let D′′∗ be the adjoint operator of D′′ in the Von-Neumann sense.

Lemma 9.3 (see [13]). Assume that (X,ω) is complete. Then D(M,∧n,•T ∗M⊗Q)
is dense in DomD′′, DomD′′∗ and DomD′′ ∩ DomD′′∗ respectively for the graph
norms

u→ ||u||+ ||D′′u||, u→ ||u||+ ||D′′∗u||, u→ ||u||+ ||D′′u||+ ||D′′∗u||.
Lemma 9.4 (Lemma 4.2 in [35]). Let Q be a Hermitian vector bundle on a Kähler
manifold M of dimension n with a Kähler metric ω. Let θ be a continuous (1,0)
form on M. Then we have

[
√
−1θ ∧ θ̄,Λω]α = θ̄ ∧ (αx(θ̄)♯), (9.2)

for any (n,1) form α with value in Q. Moreover, for any positive (1,1) form β, we
have [β,Λω] is semipositive.

We need the following propositions of positive definite hermitian matrices.
Let M := {M ∈Mn(C) : M is a positive definite hermitian matrix}. Note that

Mn(C) is an 2n2-dimensional real manifold. Then M is an n2-dimensional real
sub-manifold of Mn(C). Denote F : Mn(C) → Mn(C) by F (X) = X2 for any
X ∈Mn(C). Denote F |M : M → M. We have the following property of F |M.

Lemma 9.5. F |M : M → M is a smooth diffeomorphism.

Proof. It is easy to see that F |M : M → M is a smooth injection.
Let M ∈ M ⊂ Mn(C) be any positive definite hermitian matrix. Then M can

be viewed as a self-adjoint positive definite linear map on Cn. Then we can find
a unitary matrix P such that M = P−1M̃P , where M̃ = diag(λ1, λ2, . . . , λn) is a

diagonal matrix and all λi ∈ R>0. Denote Ñ := diag(
√
λ1,

√
λ2, . . . ,

√
λn). Then

we have M = P−1ÑPP−1ÑP = N2, where N := P−1ÑP is a positive definite
hermitian matrix. Then we haveM = N2. By the theory of positive linear operator,
we know that N is unique. Hence we know that F |M : M → M is surjective and
the inverse mapping (F |M)−1 : M → M of F |M exists.

Assume that X is a positive definite hermitian matrix. Let dFX be the tangent
map induced by F at point X ∈ Mn(C). Then for any matrix Y ∈ TX(Mn(C)) ∼=
Mn(C), dF (Y ) = limt→0

F (X+tY )−F (X)
t = XY + Y X . As X is a positive definite

hermitian matrix. We can find a unitary matrix Q such that X = Q−1X̃Q, where
X̃ is a diagonal matrix and denote Ỹ by the equation Y = Q−1Ỹ Q. Then XY +
Y X = 0 if and only if X̃Ỹ + Ỹ X̃ = 0. As X̃ is a diagonal matrix, we know that
X̃Ỹ + Ỹ X̃ = 0 if and only if Ỹ = 0 which implies that XY + Y X = 0 if and only
if Y = 0. Hence we know that dFX is non-degenerate at X when X is a positive
definite hermitian matrix. Hence we know that F−1 exists locally near X and F−1

is smooth.
By the uniqueness of inverse map, we know that (F |M)−1 = F−1|M, hence

(F |M)−1 is a smooth map from M → M. We have proved that F |M : M → M is
a smooth diffeomorphism. �

Remark 9.6. Let Ak = (akij) ∈Mn(C) and A = (aij) ∈Mn(C) be a family of n×n
positive definite hermitian matrices such that limk→+∞ Ak = A (which means for
any i, j ∈ {1, 2, . . . .n}, limk→+∞ akij = aij). Then there exists a unique family

of n × n positive definite hermitian matrices Bk = (bkij) and B = (bij) such that

B2
k = Ak and B2 = A. More over, we have limk→+∞Bk = B.
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Proof. Denote Bk := (F |M)−1(Ak) and B := (F |M)−1(A). Then we have the
existence and uniqueness of Bk and B. As limk→+∞ Ak = A, by the smoothness of
(F |M)−1, we know that limk→+∞Bk = B. Hence we have remark 9.6. �

Lemma 9.7. Let A and B be two n×n positive definite hermitian matrices. Then

there exists a unique matrix C with positive eigenvalue such that A = CBC
T

and

CB = BC
T
. The matrix C depends smoothly on A and B in M×M. Especially,

if limi→+∞Ai = A0 and limi→+∞Bi = B0, then we have limi→+∞ Ci = C0.

Proof. It follows from Remark 9.6 that there exists a unique positive definite her-
mitian matrix b such that B = b2 and the matrix b depends smoothly on B in

M. As b = b
T
, we know that b−1Ab−1 is a positive definite hermitian matrices.

It follows from Remark 9.6 that there exists a unique positive definite hermitian
matrix a such that b−1Ab−1 = a2 and we note that the matrix a depends smoothly
on A and B in M×M. Denote C := bab−1. Then C depends smoothly on A and

B in M×M. We note that all eigenvalues of C are positive and C
T
= b−1ab. We

have

CBC
T
= bab−1b2b−1ab = ba2b = A,

and

CB = bab−1b2 = bab = b2b−1ab = BC
T
.

Now we prove the uniqueness of C. Assume that there exists another C̃ satisfies

C̃BC̃
T
= A and C̃B = BC̃

T
. It follows from C̃B = BC̃

T
and B = b2 that we have

b−1C̃b = bC̃
T

b−1, which shows that b−1C̃b is a hermitian matrix. We note that

(b−1C̃b)2 = b−1C̃bbC̃
T
b−1 = b−1C̃BC̃

T
b−1 = b−1Ab−1.

By the uniqueness of a such that b−1Ab−1 = a2, we know that b−1C̃b = a and then
we have C = C̃ = bab−1.

If {Ai}+∞
i=0 and {Bi}+∞

i=0 satisfy limi→+∞ Ai = A0 and limi→+∞Bi = B0, then

we have Ci such that Ai = CiBCi
T
and CiB = BCi

T
, for any i ≥ 0. As Ci depends

smoothly onAi and Bi inM×M for any i ≥ 0, we know that limi→+∞ Ci = C0. �

Let X be an n−dimensional complex manifold and ω be a hermitian metric
on X . Let Q be a vector bundle on X with rank r. Let {hi}+∞

i=1 be a family of
C2 smooth hermitian metric on Q and h be a measurable metric on Q such that
limi→+∞ hi = h almost everywhere on X . We assume that {hi}+∞

i=1 and h satisfy
one of the following conditions,
(A) hi is increasingly convergent to h as i→ +∞;

(B) there exists a continuous metric ĥ on Q and a constant C > 0 such that for

any i ≥ 0, 1
C ĥ ≤ hi ≤ Cĥ and 1

C ĥ ≤ h ≤ Cĥ.

Denote Hi := L2(X,KX ⊗ Q, hi, dVω) and H := L2(X,KX ⊗ Q, h, dVω). Note
that H ⊂ Hi ⊂ H1 for any i ∈ Z>0.

Lemma 9.8. There exists a linear isomorphism Hi : Hi → H1 (and H : H → H1)

which preserves inner product, i.e., for any α, β ∈ Hi (or α̃, β̃ ∈ H),

〈α, β〉hi = 〈Hi(α), Hi(β)〉h1

(
and 〈α̃, β̃〉h = 〈H(α̃), H(β̃)〉h1

)
,

and satisfies H−1
i : H1 → Hi ⊂ H1 (and H−1 : H1 → H ⊂ H1) is self-adjoint.

Moreover, H−1
i (γ) converges to H−1(γ) point-wisely for any γ ∈ H1.
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Proof. We firstly consider the local case.
Let X = Ω ⊂ Cn be a bounded domain and Q = Ω × Cr. In the local case,

every metric hi (or h) on Q can be viewed as a positive definite hermitian matrix
hi =

(
hikl(x)

)
(or h =

(
hkl(x)

)
) where all {hikl(x)}rk,l=1 are C2 smooth functions on

Ω (all {hkl(x)}rk,l=1 are measurable functions on Ω). It follows from Lemma 9.7 that

there exists Ci (or C) such that hi = Cih1Ci
T

and Cih1 = h1Ci
T

(h = Ch1C
T

and Ch1 = h1C
T
). By Lemma 9.7, we also know that Ci :=

(
Cik,l(x)

)r
k,l=1

is

C2 smooth matrix functions, C :=
(
Ck,l(x)

)r
k,l=1

is measurable matrix function

and limi→+∞ Ci(x) = C(x) almost everywhere. Then for any measurable section
f = (f1, f2, . . . , fr) of Q = Ω×Cr, denote Hi(f) := (f1, f2, . . . , fr)Ci and H(f) :=
(f1, f2, . . . , fr)C. Then for any α, β ∈ Hi,

〈α, β〉hi = α(hirl)β̄
T = αCih1Ci

T
β̄T = 〈Hi(α), Hi(β)〉h1 ,

As Cih1 = h1Ci
T
, we know that H−1

i : H1 → Hi ⊂ H1 is self-adjoint. Similar

discussion shows that for any α̃, β̃ ∈ H,

〈α̃, β̃〉h = 〈H(α̃), H(β̃)〉h1 ,

and H−1 : H1 → H ⊂ H1 is self-adjoint.
It follows from limi→+∞ Ci = C that we know that H−1

i (f) converges to H−1(f)
almost everywhere on Ω for any measurable section f = (f1, f2, . . . , fr) of Q =
Ω× Cr. Ci and C are obviously linear isomorphisms. Hence in the local case, we
have found linear isomorphism satisfying all the requirements in Lemma 9.8.

Now we prove the existences of Hi and H in the global case. Let Uα and Uβ be
two open subsets of X such that Uα ∩ Uβ 6= ∅. Let Gαβ : Uα ∩ Uβ → GLr(C) be
the transition functions of Q. Then we know that the representative matrices of

metric Hα
i and Hβ

i under different basis are congruent, i.e. Hα
i = GTαβH

β
i Gαβ , for

all i ∈ Z≥0. On Uα, we have

Hα
i = Cαi H

α
1 (C

α
i

T
) and Cαi H

α
1 = Hα

1 (C
α
i

T
).

Similarly, on Uβ , we have

Hβ
i = Cβi H

β
1 (C

β
i

T

) and Cβi H
β
1 = Hβ

1 (C
β
i

T

).

On Uα ∩ Uβ , we have

GTαβH
β
i Gαβ = Hα

i

= Cαi H
α
1 (C

α
i

T
) = Cαi G

T
αβH

β
1Gαβ(C

α
i

T
).

(9.3)

On Uα ∩ Uβ , it follows from Cαi H
α
1 = Hα

1 (C
α
i

T
) that

Cαi G
T
αβH

β
1Gαβ = GTαβH

β
1Gαβ(C

α
i

T
) (9.4)

Denote Ĉα := (GTαβ)
−1Cαi G

T
αβ . Then we have Ĉα

T

= (Gαβ)Cαi
T
(Gαβ)

−1. It

follows from equalities (9.3), (9.4) that we have

Hβ
i = ĈαH

β
1 Ĉα

T

and Ĉα
T

Hβ
1 = Hβ

1 Ĉα
T

.
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It follows from the uniqueness of Cβi that we have Cβi = Ĉα := (GTαβ)
−1Cαi G

T
αβ ,

which shows that Hi(f) = (f1, . . . , fr)Ci can be defined globally. Similar discussion
shows that H(f) = (f1, . . . , fr)C can be defined globally.

Lemma 9.8 has been proved.
�

Let X , Q, {hi}+∞
i=1 and h be as in Lemma 9.8. Denote Pi := Hi → KerD′′

and P := H → KerD′′ be the orthogonal projections with respect to hi and h
respectively.

Lemma 9.9. For any sequence of Q-valued (n, 0)-forms {fi}+∞
i=1 which satisfies

fi ∈ Hi and ||fi||hi ≤ C1 for some constant C1 > 0, there exists a Q-valued
(n, 0)-form f0 ∈ H such that there exists a subsequence of {fi}+∞

i=1 (also denoted by
{fi}+∞

i=1 ) weakly converges to f0 in H1 and Pi(fi) weakly converges to P (f0) in H1.

Proof. Denote ai = Pi(fi) and bi := fi−Pi(fi). We note that bi ∈ (KerD′′)⊥i ⊂ Hi,
where (KerD′′)⊥i is the orthogonal complement space of KerD′′ in Hi with respect
to hi. It follows from ||fi||hi ≤ C1 that we have ||ai||hi ≤ C1 and ||bi||hi ≤ C1.
Denote

Fi := Hi(fi), Ai := Hi(ai) and Bi := Hi(bi).

Then we know that ||Ai||h1 = ||ai||hi ≤ C1 is uniformly bounded. Since the
closed unit ball of the Hilbert space is weakly compact, we can extract a subsequence
of {Ai}+∞

i=1 (still denoted by Ai) weakly convergent to some A0 in H1. For similar
reason, we know that {Bi}+∞

i=1 weakly converges to some B0 in H1 and {Fi}+∞
i=1

weakly converges to some F0 in H1.
Let β ∈ H1. When {hi}+∞

i=1 and h satisfy condition (A), it follows from dominated
convergence theorem,

||H−1(β)||h1 ≤ ||H−1(β)||h = ||β||h1 and ||H−1
i (β)||h1 ≤ ||H−1

i (β)||hi = ||β||h1 ,

that we have ||H−1
i (β)−H−1(β)||h1 → 0 as i→ +∞. When {hi}+∞

i=1 and h satisfy
condition (B), it follows from dominated convergence theorem,

||H−1(β)||h1 ≤ C2||H−1(β)||h = C2||β||h1 and ||H−1
i (β)||h1 ≤ C2||H−1

i (β)||hi = C2||β||h1 ,

that we have ||H−1
i (β) −H−1(β)||h1 → 0 as i→ +∞.

Then when {hi}+∞
i=1 and h satisfy condition (A) or (B), we have

lim
i→+∞

∫

X

〈ai, β〉h1dVω

= lim
i→+∞

∫

X

〈Hi(ai), H
−1
i (β)〉h1dVω

= lim
i→+∞

∫

X

〈Hi(ai), H
−1(β)〉h1dVω + lim

i→+∞

∫

X

〈Hi(ai), H
−1
i (β)−H−1(β)〉h1dVω

=

∫

X

〈A0, H
−1(β)〉h1dVω

=

∫

X

〈H−1(A0), β〉h1dVω,

where the first equality holds because of H−1
i is self-adjoint and the third equality

holds because of∫

M

〈Hi(ai), H
−1
i (β)−H−1(β)〉h1dVω ≤ ||Hi(ai)||h1 ||H−1

i (β)−H−1(β)||h1 ,
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||Hi(ai)||h1 = ||ai||hi ≤ C1, ||H−1
i (β) − H−1(β)||h1 → 0 as i → +∞. Denote

a0 := H−1(A0). Then a0 ∈ H ⊂ H1 and we know that ai weakly converges
to a0 in H1. It follows from D′′(ai) = 0 that we have D′′(a0) = 0. Denote
b0 := H−1(B0) ∈ H ⊂ H1 and f0 := H−1(F0) ∈ H ⊂ H1. Using similar discussion,
we know that bi weakly converges to b0 in H1 and fi weakly converges to f0 in H1.

It follows from the uniqueness of weak limit and fi = ai + bi that we have
f0 = a0 + b0 in H. Now we prove that b0 ∈ (KerD′′)⊥ ⊂ H, where (KerD′′)⊥ is the
orthogonal complement space of KerD′′ in H with respect to h. Let γ ∈ KerD′′ ⊂
H. We have

∫

X

〈b0, γ〉hdVω

=

∫

X

〈H(b0), H(γ)〉h1dVω

= lim
i→+∞

∫

X

〈Hi(bi), Hi(γ)〉h1dVω + lim
i→+∞

∫

X

〈Hi(bi), H(γ)−Hi(γ)〉h1dVω

≤ lim
i→+∞

∫

X

〈Hi(bi), Hi(γ)〉h1dVω + lim
i→+∞

||bi||hi ||H(γ)−Hi(γ)||h1

= lim
i→+∞

∫

X

〈bi, γ〉hidVω + lim
i→+∞

||bi||hi ||H(γ)−Hi(γ)||h1

(9.5)

When {hi}+∞
i=1 and h satisfy condition (A), it follows from dominated convergence

theorem and

||H(γ)||h1 = ||γ||h and ||Hi(γ)||h1 = ||γ||hi ≤ ||γ||h,
that we have ||H(γ) − Hi(γ)||h1 → 0 as i → +∞. When {hi}+∞

i=1 and h satisfy
condition (B), it follows from dominated convergence theorem and

||H(γ)||h1 = ||γ||h and ||Hi(γ)||h1 = ||γ||hi ≤ C2||γ||h,
that we have ||H(γ) − Hi(γ)||h1 → 0 as i → +∞. Note that ||bi||hi is uniformly
bounded with respect to i. It follows from above discussion, bi ∈ (KerD′′)⊥i and
inequality (9.5) that we have

∫

X

〈b0, γ〉hdVω = 0.

Hence we know b0 ∈ (KerD′′)⊥ ⊂ H. Hence we have P (f0) = a0 and we have
showed that ai = Pi(fi) weakly converges to a0 = P (f0) in H1.

Lemma 9.9 has been proved.
�

Lemma 9.10. Let (M,ω) be a complete Kähler manifold equipped with a (non-
necessarily complete) Kähler metric ω, and let (Q, h) be a hermitian vector bun-
dle over M . Assume that η and g are smooth bounded positive functions on M
such that η + g−1 is a smooth bounded positive function on M and let B :=
[η
√
−1ΘQ −

√
−1∂∂̄η −

√
−1g∂η ∧ ∂̄η,Λω]. Assume that λ ≥ 0 is a bounded

continuous functions on M such that B + λI is positive definite everywhere on
∧n,qT ∗M ⊗Q for some q ≥ 1. Then given a form v ∈ L2(M,∧n,qT ∗M ⊗Q) such

that D
′′

v = 0 and
∫
M
〈(B+λI)−1v, v〉Q,ωdVω < +∞, there exists an approximate so-

lution u ∈ L2(M,∧n,q−1T ∗M ⊗Q) and a correcting term τ ∈ L2(M,∧n,qT ∗M ⊗Q)
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such that D
′′

u + Ph(
√
λτ) = v, where Ph : L2(M,∧n,qT ∗M ⊗Q) → KerD′′ is the

orthogonal projection and
∫

M

(η + g−1)−1|u|2Q,ωdVω +

∫

M

|τ |2Q,ωdVω ≤
∫

M

〈(B + λI)−1v, v〉Q,ωdVω . (9.6)

Proof. Let ω̃ be a complete Kähler metric on M . Denote ωǫ = ω + ǫω̃, where ǫ ∈
[0, 1]. Then ωǫ is a complete Kähler metric on M for any ǫ > 0. For any Q-valued
smooth (n, q) form α with compact support, we have α = α1+α2 where α1 ∈ KerD′′

and α2 ∈ (KerD′′)⊥ = ImD′′∗ ⊂ KerD′′∗. It follows from α ∈ DomD′′ ∩ DomD′′∗

and α2 ∈ DomD′′∗ that we have α1 ∈ DomD′′∗. For similar reason, we know that
α2 ∈ DomD′′. Then it follows from Lemma 9.3 and η, g and η + g−1 are smooth
bounded positive functions on M that inequality (9.1) in Lemma 9.2 also holds for
α1 and α2. By using Cauchy-Schwarz inequality, inequality (9.1) and α2 ∈ KerD′′∗,
we have

|〈v, α〉|2ωǫ,h
=|〈v, α1〉|2ωǫ,h
≤
( ∫

M

〈(B + λI)−1v, v〉ωǫ,hdVωǫ
)( ∫

M

〈Bα1, α1〉ωǫ,hdVωǫ +
∫

M

〈λα1, α1〉ωǫ,hdVωǫ
)

=
( ∫

M

〈(B + λI)−1v, v〉ωǫ,hdVωǫ
)(
||(η + g−1)

1
2D′′∗α1||2ωǫ,h + ||

√
λα1||2ωǫ,h

)

=
( ∫

M

〈(B + λI)−1v, v〉ωǫ,hdVωǫ
)(
||(η + g−1)

1
2D′′∗α||2ωǫ,h + ||

√
λPωǫ,hα||2ωǫ,h

)
,

(9.7)

where Pωǫ,h : L2(M,∧n,qT ∗M ⊗Q,ωǫ, h) → KerD′′ is the projection map. Denote
H1,ǫ := L2(M,∧n,q−1T ∗M ⊗ Q,ωǫ, h) and H2,ǫ := L2(M,∧n,qT ∗M ⊗ Q,ωǫ, h).
Then it follows from Hahn-Banach theorem and inequality (9.7) that we have a
bounded linear map H1,ǫ ⊕H2,ǫ → C, which is an extension of the following linear
map (

(η + g−1)
1
2D′′∗α, Pωǫ,h(α)

)
→ 〈v, α〉ωǫ,h.

Then there exist ũǫ and τǫ such that

〈v, α〉ωǫ,h = 〈ũǫ, (η + g−1)
1
2D′′∗α〉ωǫ,h + 〈τǫ,

√
λPωǫ,h(α)〉ωǫ,h,

and

||ũǫ||ωǫ,h + ||τǫ||ωǫ,h ≤
∫

M

〈(B + λI)−1v, v〉ωǫ,hdVωǫ .

Denote uǫ := (η + g−1)
1
2 ũǫ, then we have

v = D′′uǫ + Pωǫ,h(
√
λτǫ) (9.8)

and

||(η + g−1)−
1
2uǫ||ωǫ,h + ||τǫ||ωǫ,h ≤

∫

M

〈(B + λI)−1v, v〉ωǫ,hdVωǫ . (9.9)

Note that
∫
M
〈(B + λI)−1v, v〉ωǫ,hdVωǫ ≤

∫
M
〈(B + λI)−1v, v〉ω,hdVω for any ǫ > 0.

Then we know that ||(η + g−1)−
1
2uǫ||ωǫ,h, ||τǫ||ωǫ,h and ||

√
λτǫ||ωǫ,h is uniformly

bounded with respect to ǫ.
Note that on any compact subsetK ⊂M , we have ω ≤ ωǫ ≤ ω1 ≤ CKω for some

CK > 0. It follows from ||(η+ g−1)−
1
2uǫ||ωǫ,h is uniformly bounded with respect to

ǫ and η+g−1 is a smooth bounded positive function on any compact subset K ofM
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that we know that uǫ weakly converges to some u0 in L
2(M,∧n,q−1T ∗M⊗Q, loc). It

follows from Lemma 9.1 that (η+g−1)−
1
2 uǫ weakly converges to some (η+g−1)−

1
2 u0

in L2(M,∧n,q−1T ∗M ⊗Q, loc). Let ǫ1 > 0 be given. Then we have
∫

K

||(η + g−1)
1
2u0||ωǫ1 ≤ lim inf

ǫ→0

∫

K

||(η + g−1)
1
2 uǫ||ωǫ1

≤ lim inf
ǫ→0

∫

K

||(η + g−1)
1
2 uǫ||ωǫ

≤ lim inf
ǫ→0

∫

M

||(η + g−1)
1
2uǫ||ωǫ .

(9.10)

It follows from Lemma 9.9 that we know that τǫ weakly converges to τ0 in H2,1,√
λτǫ weakly converges to τ̃0 in H2,1 and Pωǫ,h(

√
λτǫ) weakly converges to Pω,h(τ̃0)

inH2,1. Lemma 9.1 shows that
√
λτǫ weakly converges to

√
λτ0 inH2,1 and we know

that τ̃0 =
√
λτ0 in H2,1 since the weak limit is unique. Hence we have Pωǫ,h(

√
λτǫ)

weakly converges to Pω,h(
√
λτ0) in H2,1.

It follows from τǫ weakly converges to τ0 and Pωǫ,h(
√
λτǫ) weakly converges to

Pω,h(
√
λτ0) in H2,1 that we have τǫ weakly converges to τ0 in L2(M,∧n,qT ∗M ⊗

Q, loc) and Pωǫ,h(
√
λτǫ) weakly converges to Pω,h(

√
λτ0) in L2(M,∧n,qT ∗M ⊗

Q, loc). Let K be any compact subset of M . We have
∫

K

||τ0||ωǫ1 ≤ lim inf
ǫ→0

∫

K

||τǫ||ωǫ1

≤ lim inf
ǫ→0

∫

K

||τǫ||ωǫ

≤ lim inf
ǫ→0

∫

M

||τǫ||ωǫ .

(9.11)

Note that uǫ weakly converges to u0 in L
2(M,∧n,q−1T ∗M⊗Q, loc) and Pωǫ,h(

√
λτǫ)

weakly converges to Pω,h(
√
λτ0) in L

2(M,∧n,qT ∗M⊗Q, loc). Letting ǫ→ 0 in (9.8),
then we have

v = D′′u0 + Pω,h(
√
λτ0).

It follows from inequalities (9.9), (9.10) and (9.11) that we have
∫

K

||(η + g−1)
1
2u0||ωǫ1dVωǫ1 +

∫

K

||τ0||ωǫ1dVωǫ1

≤ lim inf
ǫ→0

( ∫

M

||(η + g−1)
1
2 uǫ||ωǫdVωǫ +

∫

M

||τǫ||ωǫdVωǫ
)

≤ lim inf
ǫ→0

∫

M

〈(B + λI)−1v, v〉ωǫ,hdVωǫ

≤
∫

M

〈(B + λI)−1v, v〉ω,hdVω .

(9.12)

When ǫ1 → 0 in (9.12), by monotone convergence theorem, we have
∫

K

||(η + g−1)
1
2u0||ω +

∫

K

||τ0||ω ≤
∫

M

〈(B + λI)−1v, v〉ω,hdVω .

As K is any compact subset of M , we have
∫

M

||(η + g−1)
1
2u0||ω +

∫

M

||τ0||ω ≤
∫

M

〈(B + λI)−1v, v〉ω,hdVω .
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Lemma 9.10 has been proved.
�

Lemma 9.11 (Theorem 6.1 in [11], see also Theorem 2.2 in [55]). Let (M,ω) be a
complex manifold equipped with a hermitian metric ω, and Ω ⊂⊂M be an open set.

Assume that T = T̃ +
√
−1
π ∂∂̄ϕ is a closed (1,1)-current on M , where T̃ is a smooth

real (1,1)-form and ϕ is a quasi-plurisubharmonic function. Let γ be a continuous
real (1,1)-form such that T ≥ γ. Suppose that the Chern curvature tensor of TM
satisfies

(
√
−1ΘTM +̟ ⊗ IdTM )(κ1 ⊗ κ2, κ1 ⊗ κ2) ≥ 0

∀κ1, κ2 ∈ TM with 〈κ1, κ2〉 = 0
(9.13)

for some continuous nonnegative (1,1)-form ̟ on M. Then there is a family of

closed (1,1)-currents Tζ,ρ = T̃ +
√
−1
π ∂∂̄ϕζ,ρ on M (ζ ∈ (0,+∞) and ρ ∈ (0, ρ1) for

some positive number ρ1) independent of γ, such that
(i) ϕζ,ρ is quasi-plurisubharmonic on a neighborhood of Ω̄, smooth on M\Eζ(T ),

increasing with respect to ζ and ρ on Ω and converges to ϕ on Ω as ρ→ 0.
(ii) Tζ,ρ ≥ γ − ζ̟ − δρω on Ω.
where Eζ(T ) := {x ∈M : v(T, x) ≥ ζ} (ζ > 0) is the ζ-upper level set of Lelong

numbers and {δρ} is an increasing family of positive numbers such that lim
ρ→0

δρ = 0.

Remark 9.12 (see Remark 2.1 in [55]). Lemma 9.11 is stated in [11] in the case
M is a compact complex manifold. The similar proof as in [11] shows that Lemma
9.11 on noncompact complex manifold still holds where the uniform estimate (i)
and (ii) are obtained only on a relatively compact subset Ω.

Remark 9.13. Let M be a weakly pseudoconvex Kähler manifold. Let ϕ be a
plurisubharmonic function on M . Then h := e−ϕ is a singular metric on E :=
M ×C in the sense of Definition 1.1 and h satisfies Θh(E) ≥sNak 0 in the sense of
Definition 1.3.

Proof. As M is weakly pseudoconvex, there exists a smooth plurisubharmonic ex-
haustion function P on M . Let Mj := {P < j} (k = 1, 2, ..., ). We choose P
such that M1 6= ∅. Then Mj satisfies M1 ⋐ M2 ⋐ ... ⋐ Mj ⋐ Mj+1 ⋐ ... and
∪nj=1Mj =M . Each Mj is weakly pseudoconvex Kähler manifold.

Let δ > 0 be a real number. Denote ϕl := max{ϕ,−l}+ δ
l . Note that ϕl+1−ϕl ≤

− 1
l(l+1) δ. We also note that ϕl is a plurisubharmonic function onM and v(T, x) = 0

for any x ∈M .

Let M =Mj+1, Ω =Mj, T =
√
−1
π ∂∂̄ψ , γ = 0 in Lemma 9.11, then there exists

a family of functions ϕj,l,ζ,ρ (ζ ∈ (0,+∞) and ρ ∈ (0, ρ1) for some positive ρ1) on
Mj+1 such that

(1) ϕj,l,ζ,ρ is a quasi-plurisubharmonic function on a neighborhood of Mj, smooth
on Mj+1, increasing with respect to ζ and ρ on Mj and converges to ϕl on Mj as
ρ→ 0,

(2)
√
−1
π ∂∂̄ϕj,l,ζ,ρ ≥ −ζ̟ − δρω on Mj ,

where {δρ} is an increasing family of positive numbers such that limρ→0 δρ = 0.

Let ρ = 1
m . Let δ̃m := δ 1

m
and ζ = δ̃m. Denote ϕj,l,m := ϕj,l,δ̃m, 1

m
. Then we

have a sequence of functions {ϕj,l,m} satisfying

(1’) ϕj,l,m is quasi-plurisubharmonic function on Mj, smooth on Mj+1, decreasing
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with respect to m and converges to ϕl on Mj as m→ +∞,

(2’)
√
−1
π ∂∂̄ϕj,l,m ≥ −δ̃m̟ − δ̃mω on Mj ,

where {δ̃m} is an decreasing family of positive numbers such that limm→+∞ δ̃m = 0.
As Mj is relatively compact in M , there exists a positive number b ≥ 1 such

that bω ≥ ̟ on Mj. Then condition (2’) becomes

(2”)
√
−1
π ∂∂̄ϕj,l,m ≥ −δ̃m̟ − δ̃mω ≥ −2bδ̃mω on Mj .

Now, for each l ≥ 1, we choose ml ∈ Z≥1 such that ϕj,l := ϕj,l,ml is decreasing
with respect to l and converges to ϕ when l → +∞. Note that Mj−1 ⊂⊂ Mj ⊂⊂
Mj+1. Let m1 be any positive integer. Now we assume that {m1,m2, . . . ,ml} has
been chosen. Now we choose ml+1.

Denote Ej,l+1,m := {x ∈Mj | ϕj,l+1,m(x)− ϕj,l,ml(x) < 0} and denote Ej,l+1 :=
{x ∈ Mj| ϕl+1(x) − ϕj,l,ml(x) < 0}. Note that ϕj,l+1,m and ϕj,l,ml is smooth on
Mj+1, we know that Ej,2,m is open subset of Mj for any m ≥ 1. As ϕj,l+1,m+1 ≤
ϕj,l+1,m on Mj and ϕl+1 < ϕl ≤ ϕj,l,ml , we have Ej,l+1,1 ⊂ Ej,l+1,2 ⊂ · · · ⊂
Ej,l+1,m ⊂ Ej,l+1,m+1 ⊂ · · · ⊂ Ej,l+1 = Mj for any m ≥ 1. Hence we know that

∪+∞
m=1Ej,l+1,m is an open cover of Mj and then an open cover of Mj−1. By the

relatively compactness of Mj−1, we know that there exists a positive integer ml+1

such that Mj−1 ⊂ Ej,l+1,ml+1
. Let ϕj,l+1 := ϕ2,l+1,ml+1

and we have ϕj,l+1 <
ϕj,l = ϕ1,l,ml on Mj−1.

Hence we can find a sequence of smooth plurisubharmonic functions ϕj,l :=
ϕj,l,ml on Mj−1 which is decreasing with respect to l and converges to ϕ when
l → +∞. We note that √

−1

π
∂∂̄ϕj,l ≥ −2bδ̃mlω

onMj−1. Then we know that (M,M ×C, ∅,Mj, e
−ϕ, e−ϕj,l) is a singular metric on

M × C and Θe−ϕ(E) ≥sNak 0. �

Lemma 9.14 (Theorem 1.5 in [10]). Let M be a Kähler manifold, and Z be an ana-
lytic subset of M. Assume that Ω is a relatively compact open subset of M possessing
a complete Kähler metric. Then Ω\Z carries a complete Kähler metric.

Lemma 9.15 (Lemma 6.9 in [10]). Let Ω be an open subset of Cn and Z be a
complex analytic subset of Ω. Assume that v is a (p,q-1)-form with L2

loc coefficients
and h is a (p,q)-form with L1

loc coefficients such that ∂̄v = h on Ω\Z (in the sense
of distribution theory). Then ∂̄v = h on Ω.

The following notations can be referred to [3].
Let X be a complex manifold. An upper semi-continuous function u : X →

[−∞,+∞) is quasi-plurisubharmonic if it is locally of the form u = ϕ+ g where ϕ
is plurisubharmonic and g is smooth. Let θ be a closed real (1, 1) form on X . By
Poincaré lemma, θ is locally of the form θ = ddcf for a smooth real-valued function
f which is called a local potential of θ. We call a quasi-plurisubharmonic function
u is θ-plurisubharmonic if θ + ddcu ≥ 0 in the sense of currents.

Lemma 9.16 (see [13], see also [3]). For arbitrary η = (η1, . . . , ηp) ∈ (0,+∞)p,
the function

Mη(t1, . . . , tp) =

∫

Rp

max{t1 + h1, . . . , tp + hp}
∏

1≤j≤p
θ(
hj
ηj

)dh1 . . . dhp

possesses the following properties:
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(1) Mη(t1, . . . , tp) is non decreasing in all variables, smooth and convex on Rp;
(2) max{t1, . . . , tp} ≤Mη(t1, . . . , tp) ≤ max{t1 + η1, . . . , tp + ηp};
(3) Mη(t1, . . . , tp) =Mη1,...,η̂j ,...,ηp(t1, . . . , t̂j , . . . , tp) if tj + ηj ≤ max

k 6=j
{tk − ηk};

(4) Mη(t1 + a, . . . , tp + a) =Mη(t1, . . . , tp) + a for any a ∈ R;
(5) if u1, . . . , up are plurisubharmonic functions, then u = Mη(u1, . . . , up) is

plurisubharmonic;
(6) if u1, . . . , up are θ-plurisubharmonic functions, then u = Mη(u1, . . . , up) is

θ-plurisubharmonic function.

Proof. The proof of (1)-(5) can be referred to [13] and the proof of (6) can be
referred to [3]. For the convenience of the readers, we recall the proof of (6).

Let f be a local potential of θ. We know f + ui is plurisubharmonic function.
It follows from (4) and (5) that Mη(u1 + f, . . . , up + f) = Mη(u1, . . . , up) + f is
plurisubharmonic. Hence u =Mη(u1, . . . , up) is θ-plurisubharmonic function. �

9.2. Proof of Lemma 2.1. Note that X\{F = 0} is a weakly pseudoconvex
Kähler manifold. The following remark shows that we can assume that F has no
zero points on M .

Remark 9.17. As (X,E,Σ, Xj , h, hs) is a singular hermitian metric on E and
Θh(E) ≥sNak 0. We know that for any compact subset K, there exist a relatively
compact subset XjK ⊂ X containing K and a C2 smooth hermitian metric hjK ,1
on XjK such that hjK ,1 ≤ h on K ⊂ XjK .

Assume that there exists a holomorphic E-valued (n, 0) form F̂ on X\{F = 0}
such that

∫

X\{F=0}
|F̂ − (1− bt0,B(Ψ))fF 1+δ|2hevt0,B(Ψ)−δM̃c(−vt0,B(Ψ))

≤
(
1

δ
c(T )e−T +

∫ t0+B

T

c(s)e−sds

)∫

X\{F=0}

1

B
I{−t0−B<Ψ<−t0}|fF |2h.

Let K be any compact subset of X. Both hjK ,1 and ĥ are C2 smooth hermitian

metrics on E, then there exists a constant cK > 0, such that hjK ,1 ≤ cK ĥ on K.

Note that Mk := infK e
vt0,B(Ψ)−δMc(−vt0,B(Ψ)) > 0 and hjK ,1 ≤ h. Then we have

∫

(X\{F=0})∩K
|F̂ |2hjK,1

≤2

∫

(X\{F=0})∩K
|F̂ − (1− bt0,B(Ψ))fF 1+δ|2hjK,1 + 2

∫

(X\{F=0})∩K
|(1− bt0,B(Ψ))fF 1+δ|2hjK,1

≤ 2

MK

∫

X\{F=0}
|F̂ − (1− bt0,B(Ψ))fF 1+δ|2hevt0,B(Ψ)−δM̃c(−vt0,B(Ψ))

+2

(
sup
K

|F 1+δ|2
)∫

{Ψ<−t0}∩K
|f |2

ĥ
< +∞.

(9.14)

As K is arbitrarily chosen, by Montel theorem and diagonal method, we know that

there exists a holomorphic E-valued (n, 0) form F̃ on X such that F̃ = F̂ on
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X\{F = 0}. And we have

∫

X

|F̂ − (1− bt0,B(Ψ))fF 1+δ|2hevt0,B(Ψ)−δM̃c(−vt0,B(Ψ))

≤
(
1

δ
c(T )e−T +

∫ t0+B

T

c(s)e−sds

)∫

X

1

B
I{−t0−B<Ψ<−t0}|fF |2h.

The following remark shows that we can assume that c(t) is a smooth function.

Remark 9.18. We firstly introduce the regularization process of c(t).
Let f(x) = 2I(− 1

2 ,
1
2 )

∗ ρ(x) be a smooth function on R, where ρ is the kernel of

convolution satisfying supp(ρ) ⊂ (− 1
3 ,

1
3 ) and ρ > 0.

Let gi(x) =

{
if(ix) if x ≤ 0
if(i2x) if x > 0

, then {gi}i∈N+ is a family of smooth func-

tions on R satisfying:
(1) supp(g) ⊂ [− 1

i ,
1
i ], gi(x) ≥ 0 for any x ∈ R,

(2)
∫ 0

− 1
i

gi(x)dx = 1,
∫ 1
i

0 gi(x)dx ≤ 1
i for any i ∈ N+.

Let h̃(t) be an extension of the function c(t)e−t from [T,+∞) to R such that

(1) h̃(t) = h(t) := c(t)e−t on [T,+∞);

(2) h̃(t) is decreasing with respect to t;

(3) limt→T−0 h̃(t) = c(T )e−T .
Denote ci(t) := et

∫
R
h̃(t + y)gi(y)dy. By the construction of convolution, we

know ci(t) ∈ C∞(−∞,+∞). For any t ≥ T , we have

ci(t)− c(t) ≥ et

(∫ 0

− 1
i

(h̃(t+ y)− h̃(t))gi(y)dy

)
≥ 0.

As h̃(t) is decreasing with respect to t, we know that ci(t)e
−t is also decreasing

with respect to t. Hence ci(t)e
−t is locally L1 integrable on R.

As h̃(t) is decreasing with respect to t, then set h̃−(t) = lim
s→t−0

h̃(s) ≥ h(t) for

any t ∈ R. Note that c−(t) := lim
s→t−0

h̃(s)et ≥ c(t) for any t ≥ T .

Now we prove lim
i→+∞

ci(t)e
−t = h̃−(t). In fact, we have

|ci(t)e−t − h̃−(t)| ≤
∫ 0

− 1
i

|h̃(t+ y)− h−(t)|gi(y)dy

+

∫ 1
i

0

h̃(t+ y)gi(y)dy.

(9.15)

For any ǫ > 0, there exists δ > 0 such that |h(t − δ) − h−(t)| < ǫ. Then ∃N > 0,
such that for any n > N , t ≥ t+ y > t− δ for all y ∈ [− 1

i , 0) and
1
i < ǫ. It follows

from (9.15) that

|ci(t)e−t − h̃−(t)| ≤ ǫ+ ǫh̃(t),

hence lim
i→+∞

ci(t)e
−t = h̃−(t) for any t ∈ R. Especially, we have lim

i→+∞
ci(T )e

−T =

h̃−(T ) = c(T )e−T .
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Assume that for each i, we have an E-valued holomorphic (n, 0) form F̃i on X
such that

∫

X

|F̃i − (1− bt0,B(Ψ))fF 1+δ|2hevt0,B(Ψ)−δM̃c(−vt0,B(Ψ))

≤(
1

δ
ci(T )e

−T +

∫ t0+B

T

ci(s)e
−sds)

∫

X

1

B
I{−t0−B<Ψ<−t0}|fF |2h,

(9.16)

By construction of ci(t), we have
∫ t0+B

T

ci(t1)e
−t1dt1

=

∫ t0+B

T

∫

R

h̃(t1 + y)gi(y)dydt1

=

∫

R

gi(y)

(∫ t0+B

T

h̃(t1 + y)dt1

)
dy

=

∫

R

gi(y)

(∫ t0+B+y

T+y

h̃(s)ds

)
dy

=

∫

R

gi(y)

(∫ t0+B

T

h̃(s)ds+

∫ t0+B+y

t0+B

h̃(s)ds−
∫ T+y

T

h̃(s)ds

)
dy,

(9.17)

then it follows from the construction of gi(t), h̃(t) is decreasing with respect to t,

inequality (9.17) and h̃(t) = c(t)e−t on [T,+∞) that we have

lim
i→+∞

∫ t0+B

T

ci(t1)e
−t1dt1 =

∫ t0+B

T

c(t1)e
−t1dt1. (9.18)

As (X,E,Σ, Xj, h, hs) is a singular hermitian metric on E and Θh(E) ≥sNak 0.
We know that for any compact subset K, there exist a relatively compact subset
MjK ⊂ M containing K and a C2 smooth hermitian metric hjK ,1 on MjK such
that hjK ,1 ≤ h on K ⊂MjK . For any compact subset K of M , we have

inf
i
inf
K
evt0,B(Ψ)−δM̃ci(−vt0,B(Ψ)) ≥ inf

K
evt0,B(Ψ)−δM̃c(−vt0,B(Ψ)),

then

sup
i

∫

K

|F̃i − (1− bt0,B(Ψ))fF 1+δ|2h < +∞.

Hence we have

sup
i

∫

K

|F̃i − (1− bt0,B(Ψ))fF 1+δ|2hjK,1 < +∞.

Note that there exists a constant CK > 0 such that hjK ,1 ≤ CK ĥ on K. We have
∫

K

|(1− bt0,B(Ψ))fF 1+δ|2hjK,1 ≤ CK(sup
K

|F 1+δ|2)
∫

K∩{Ψ<−t0}
|f |2

ĥ
< +∞,

then sup
i

∫
K
|F̃i|2hjK,1 < +∞, by Montel theorem and diagonal method, we know

that there exists a subsequence of {F̃i} (also denoted by {F̃i}), which is compactly
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convergent to an E-valued holomorphic (n, 0) form F̃ on X. Then it follows from
inequality (9.16) and Fatou’s Lemma that

∫

X

|F̃ − (1− bt0,B(Ψ))fF 1+δ|2hevt0,B(Ψ)−δM̃c(−vt0,B(Ψ))

≤
∫

X

|F̃ − (1− bt0,B(Ψ))fF 1+δ|2hevt0,B(Ψ)−δM̃c−(−vt0,B(Ψ))

≤ lim inf
i→+∞

∫

X

|F̃i − (1− bt0,B(Ψ))fF 1+δ|2hevt0,B(Ψ)−δM̃ci(−vt0,B(Ψ))

≤ lim inf
i→+∞

(
1

δ
ci(T )e

−T +

∫ t0+B

T

ci(s)e
−sds

)∫

X

1

B
I{−t0−B<Ψ<−t0}|fF |2h

=

(
1

δ
c(T )e−T +

∫ t0+B

T

c(s)e−sds

)∫

X

1

B
I{−t0−B<Ψ<−t0}|fF |2h.

In the following discussion, we assume that F has no zero points on X and c(t)
is smooth.

As X is weakly pseudoconvex, there exists a smooth plurisubharmonic exhaus-
tion function P on X . Let Xj := {P < j} (k = 1, 2, ..., ). We choose P such that
X1 6= ∅.

ThenXj satisfiesX1 ⋐ X2 ⋐ ... ⋐ Xj ⋐ Xj+1 ⋐ ... and ∪nj=1Xj = X . EachXj is
weakly pseudoconvex Kähler manifold with exhaustion plurisubharmonic function
Pj = 1/(j − P ).

We will fix j during our discussion until step 7.

Step 1: Regularization of Ψ.
We note that there must exists a continuous nonnegative (1, 1)-form ̟ on Xj+1

satisfying

(
√
−1ΘTM +̟ ⊗ IdTM )(κ1 ⊗ κ2, κ1 ⊗ κ2) ≥ 0,

for ∀κ1, κ2 ∈ TM on Mj+1.

Let M = Xj+1, Ω = Xj , T =
√
−1
π ∂∂̄ψ , γ = 0 in Lemma 9.11, then there exists

a family of functions ψζ,ρ (ζ ∈ (0,+∞) and ρ ∈ (0, ρ1) for some positive ρ1) on
Xj+1 such that

(1) ψζ,ρ is a quasi-plurisubharmonic function on a neighborhood of Xj , smooth on
Xj+1\Eζ(ψ), increasing with respect to ζ and ρ on Xj and converges to ψ on Xj

as ρ→ 0,

(2)
√
−1
π ∂∂̄ψζ,ρ ≥ −ζ̟ − δω on Xj ,

where Eζ(ψ) := {x ∈ X : v(ψ, x) ≥ ζ} is the upper-level set of Lelong number and
{δρ} is an increasing family of positive numbers such that limρ→0 δρ = 0.

Let ρ = 1
m . Let δ̃m := δ 1

m
and ζ = δ̃m. Denote ψm := ψδ̃m, 1

m
. Then we have a

sequence of functions {ψm} satisfying
(1’) ψm is quasi-plurisubharmonic function on Xj , smooth on Xj+1\Em(ψ), de-
creasing with respect to m and converges to ψ on Xj as m→ +∞,

(2’)
√
−1
π ∂∂̄ψm ≥ −δ̃m̟ − δ̃mω on Xj ,

where Em(ψ) = {x ∈ X : v(ψ, x) ≥ 1
m} is the upper level set of Lelong number and

{δ̃m} is an decreasing family of positive numbers such that limm→+∞ δ̃m = 0.
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As Xj is relatively compact in X , there exists a positive number b ≥ 1 such that
bω ≥ ̟ on Xj. Then condition (2’) becomes

(2”)
√
−1
π ∂∂̄ψm ≥ −δ̃m̟ − δ̃mω ≥ −2bδ̃mω on Xj .

Let ηm = { t0−T3m , t0−T3m } and we have the functionMηm(ψm+T, 2 log |F |). Denote

Mηm := Mηm(ψm + T, 2 log |F |) for simplicity. Note that ψm + T is a 2bδ̃mω-
plurisubharmonic function. As F is a holomorphic function, ω is a Kähler form
and bδ̃m > 0, we know that 2 log |F | is a 2bδ̃mω-plurisubharmonic function. It

follows from Lemma 9.16 that Mηm is a 2bδ̃mω-plurisubharmonic function, i.e.,
√
−1

π
∂∂̄Mηm ≥ −2πbδ̃mω.

Denote Ψm := ψm−Mηm(ψm+T, 2 log |F |). Then Ψm is smooth on Xj\Em. It
is easy to verify that when m → +∞, Ψm → Ψ. It follows from Lemma 9.16 that
we know

(1) if ψm + T ≤ 2 log |F | − 2(t0−T )
3m holds, we have Ψm = ψm − 2 log |F |;

(2) if ψm + T ≥ 2 log |F |+ 2(t0−T )
3m holds, we have Ψm = −T ;

(3) if 2 log |F |− 2(t0−T )
3m < ψm+T < 2 log |F |+ 2(t0−T )

3m holds, we have max{ψm+

T, 2 log |F |} ≤Mηm ≤ (ψm + T + t0−T
m ) and hence −T − t0−T

m ≤ Ψm ≤ −T .
Thus we have {Ψm < −t0} = {ψm − 2 log |F | < −t0} ⊂ {ψ − 2 log |F | < −t0} =

{Ψ < −t0}. We also note that Ψm ≤ −T on Mj+1.

Step 2: Recall some constructions.
To simplify our notations, we denote bt0,B(t) by b(t) and vt0,B(t) by v(t).
Let ǫ ∈ (0, 18B). Let {vǫ}ǫ∈(0,18B) be a family of smooth increasing convex

functions on R, such that:
(1) vǫ(t) = t for t ≥ −t0 − ǫ, vǫ(t) = constant for t < −t0 −B + ǫ;
(2) vǫ

′′(t) are convergence pointwisely to 1
B I(−t0−B,−t0),when ǫ → 0, and 0 ≤

vǫ
′′(t) ≤ 2

B I(−t0−B+ǫ,−t0−ǫ) for ant t ∈ R;
(3) vǫ

′(t) are convergence pointwisely to b(t) which is a continuous function on
R when ǫ→ 0 and 0 ≤ vǫ

′(t) ≤ 1 for any t ∈ R.
One can construct the family {vǫ}ǫ∈(0, 18B) by setting

vǫ(t) :=

∫ t

−∞
(

∫ t1

−∞
(

1

B − 4ǫ
I(−t0−B+2ǫ,−t0−2ǫ) ∗ ρ 1

4 ǫ
)(s)ds)dt1

−
∫ −t0

−∞
(

∫ t1

−∞
(

1

B − 4ǫ
I(−t0−B+2ǫ,−t0−2ǫ) ∗ ρ 1

4 ǫ
)(s)ds)dt1 − t0,

where ρ 1
4 ǫ

is the kernel of convolution satisfying supp(ρ 1
4 ǫ
) ⊂ (− 1

4ǫ,
1
4ǫ). Then it

follows that

vǫ
′′(t) =

1

B − 4ǫ
I(−t0−B+2ǫ,−t0−2ǫ) ∗ ρ 1

4 ǫ
(t),

and

vǫ
′(t) =

∫ t

−∞
(

1

B − 4ǫ
I(−t0−B+2ǫ,−t0−2ǫ) ∗ ρ 1

4 ǫ
)(s)ds.

Let η = s(−vǫ(Ψm)) and φ = u(−vǫ(Ψm)), where s ∈ C∞([T,+∞)) satisfies s ≥
1
δ and u ∈ C∞([T,+∞)), such that s′(t) 6= 0 for any t, u′′s−s′′ > 0 and s′−u′s = 1.
Let Φm = φ + δMηm . Recall that (X,E,Σ, Xj , h, hj,m′) is a singular hermitian

metric on E and Θh(E) ≥m′

Nak 0. Then there exists a sequence of hermitian metrics
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{hj,m′}nm′=1 on Xj of class C2 such that lim
m′→+∞

hj,m′ = h almost everywhere on

Xj and {hj,m′}nm′=1 satisfies the conditions of Definition 1.3. Since j is fixed until

the last step, we simply denote {hj,m′}+∞
m′=1 by hm′ and denote h̃ := hm′e−Φm .

Step 3: Solving ∂̄-equation with error term.
Set B = [η

√
−1Θh̃−

√
−1∂∂̄η⊗IdE−

√
−1g∂η∧∂̄η⊗IdE ,Λω], where g is a positive

function. We will determine g by calculations. On Xj\Em, direct calculation shows
that

∂∂̄η =− s′(−vǫ(Ψm))∂∂̄(vǫ(Ψm)) + s′′(−vǫ(Ψm))∂(vǫ(Ψm)) ∧ ∂̄(vǫ(Ψm)),

ηΘh̃ =η∂∂̄φ⊗ IdE + ηΘhm′ + η∂∂̄(δMηm)⊗ IdE

=su′′(−vǫ(Ψm))∂(vǫ(Ψm)) ∧ ∂̄(vǫ(Ψm))⊗ IdE − su′(−vǫ(Ψm))∂∂̄(vǫ(Ψm))⊗ IdE

+sΘhm′ + s∂∂̄(δMηm)⊗ IdE .

Hence

η
√
−1Θh̃ −

√
−1∂∂̄η ⊗ IdE −

√
−1g∂η ∧ ∂̄η ⊗ IdE

=sΘhm′ + s
√
−1∂∂̄(δMηm)⊗ IdE

+(s′ − su′)(v′ǫ(Ψm)
√
−1∂∂̄(Ψm) + v′′ǫ (ψm)

√
−1∂(Ψm) ∧ ∂̄(Ψm))⊗ IdE

+[(u′′s− s′′)− gs′2]
√
−1∂(vǫ(Ψm)) ∧ ∂̄(vǫ(Ψm))⊗ IdE ,

where we omit the term−vǫ(Ψm) in (s′−su′)(−vǫ(Ψm)) and [(u′′s−s′′)−gs′2](−vǫ(Ψm))
for simplicity.

Let g = u′′s−s′′
s′2 (−vǫ(Ψm)) and note that s′ − su′ = 1, 0 ≤ v′ǫ(Ψm) ≤ 1. Then

η
√
−1Θh̃ −

√
−1∂∂̄η ⊗ IdE −

√
−1g∂η ∧ ∂̄η ⊗ IdE

=s
√
−1Θhm′ + s

√
−1∂∂̄(δMηm)⊗ IdE

+ v′ǫ(Ψm)
√
−1∂∂̄(Ψm)⊗ IdE + v′′ǫ (ψm)

√
−1∂(Ψm) ∧ ∂̄(Ψm)⊗ IdE

=v′′ǫ (ψm)
√
−1∂(Ψm) ∧ ∂̄(Ψm)⊗ IdE + v′ǫ(Ψm)

√
−1∂∂̄(Ψm)⊗ IdE

+ s(
√
−1Θhm′ + λm′ω ⊗ IdE)− sλm′ω ⊗ IdE

+ s(
√
−1∂∂̄(δMηm) + 2πbδδ̃mω)⊗ IdE − 2πbsδδ̃mω ⊗ IdE

≥v′′ǫ (ψm)
√
−1∂(Ψm) ∧ ∂̄(Ψm)⊗ IdE + v′ǫ(Ψm)

√
−1∂∂̄(Ψm)⊗ IdE

+
1

δ
(
√
−1Θhm′ + λm′ω ⊗ IdE) +

1

δ
(
√
−1∂∂̄(δMηm) + 2πbδδ̃mω)⊗ IdE

− sλm′ω ⊗ IdE − 2πbsδδ̃mω ⊗ IdE .

(9.19)
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Note that

δv′ǫ(Ψm)
√
−1∂∂̄(Ψm)⊗ IdE + (

√
−1Θhm′ + λm′ω ⊗ IdE)

+ (
√
−1∂∂̄(δMηm) + 2πbδδ̃mω)⊗ IdE

=(1− v′ǫ(Ψm))(
√
−1Θhm′ + λm′ω ⊗ IdE +

√
−1∂∂̄(δMηm)⊗ IdE + 2πbδδ̃mω ⊗ IdE)

+ v′ǫ(Ψm)(
√
−1Θhm′ + λm′ω ⊗ IdE +

√
−1∂∂̄(δMηm)⊗ IdE + 2πbδδ̃mω ⊗ IdE)

+ v′ǫ(Ψm)(∂∂̄(δψm)⊗ IdE − ∂∂̄(δMηm)⊗ IdE)

=(1− v′ǫ(Ψm))(
√
−1Θhm′ + λm′ω ⊗ IdE +

√
−1∂∂̄(δMηm)⊗ IdE + 2πbδδ̃mω ⊗ IdE)

+ v′ǫ(Ψm)(
√
−1Θhm′ + λm′ω ⊗ IdE +

√
−1∂∂̄(δψm)⊗ IdE + 2πbδδ̃mω ⊗ IdE)

≥0.

(9.20)

It follows from inequality (9.19) and inequality (9.20) that

η
√
−1Θh̃ −

√
−1∂∂̄η ⊗ IdE −

√
−1g∂η ∧ ∂̄η ⊗ IdE

≥v′′ǫ (Ψm)
√
−1∂(Ψm) ∧ ∂̄(Ψm)⊗ IdE − 2πbsδδ̃mω ⊗ IdE − sλm′ω ⊗ IdE .

By the constructions of s(t), vǫ(t) and supm supXj Ψm ≤ −T , we have s(−vǫ(Ψm))
is uniformly bounded onXj with respect to ǫ andm. LetN1 be the uniformly upper
bound of s(−vǫ(Ψm)) on Xj . Then on Xj\Em, we have

η
√
−1Θh̃ −

√
−1∂∂̄η ⊗ IdE −

√
−1g∂η ∧ ∂̄η ⊗ IdE

≥v′′ǫ (Ψm)
√
−1∂(Ψm) ∧ ∂̄(Ψm)⊗ IdE − 2πbN1δδ̃mω ⊗ IdE −N1λm′ω ⊗ IdE .

Hence, for any E-valued (n, 1) form α, we have

〈(B + (2πbN1δδ̃m +N1λm′)IdE)α, α〉h̃
≥〈[v′′ǫ (Ψm)∂(Ψm) ∧ ∂̄(Ψm)⊗ IdE ,Λω]α, α〉h̃
=〈(v′′ǫ (Ψm)∂̄(Ψm) ∧ (αx(∂̄Ψm)♯)), α〉h̃.

(9.21)

It follows from Lemma 9.4 that B + (2πbN1δδ̃m + N1λm′)IdE is semi-positive.

Denote λ̃m′ := λm′ + 1
m′ , then B + (2πbN1δδ̃m +N1λ̃m′)IdE is positive. Using the

definition of contraction, Cauchy-Schwarz inequality and inequality (9.21), we have

|〈v′′ǫ (Ψm)∂̄Ψm ∧ γ, α̃〉h̃|2 =|〈v′′ǫ (Ψm)γ, α̃x(∂̄Ψm)
♯〉h̃|2

≤〈(v′′ǫ (Ψm)γ, γ)〉h̃(v′′ǫ (Ψm))|α̃x(∂̄Ψm)♯|2h̃
=〈(v′′ǫ (Ψm)γ, γ)〉h̃〈(v′′ǫ (Ψm))∂̄Ψm ∧ (α̃x(∂̄Ψm)

♯), α̃〉h̃
≤〈(v′′ǫ (Ψm)γ, γ)〉h̃〈(B + (2πbN1δδ̃m +N1λ̃m′)IdE)α̃, α̃)〉h̃

(9.22)

for any E-valued (n, 0) form γ and E-valued (n, 1) form α̃.
As fF 1+δ is holomorphic on {Ψ < −t0} and {Ψm < −t0 − ǫ} ⊂ {Ψm < −t0} ⊂

{Ψ < −t0}, then λ := ∂̄
(
(1−v′ǫ(Ψm))fF 1+δ

)
is well defined and smooth on Xj\Em.

Taking γ = fF 1+δ, α̃ = (B + (2πbN1δδ̃m + N1λ̃m′)IdE)
−1(∂̄v′ǫ(Ψm)) ∧ fF 1+δ.

Then it follows from inequality (9.22) that

〈(B + (2πbN1δδ̃m +N1λ̃m′)IdE)
−1λ, λ〉h̃ ≤ v′′ǫ (Ψm)|fF 1+δ|2

h̃
.
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Thus we have∫

Xj\Em
〈(B + (2πbN1δδ̃m +N1λ̃m′)IdE)

−1λ, λ〉h̃ ≤
∫

Xj\Em
v′′ǫ (Ψm)|fF 1+δ|2

h̃
.

Recall that h̃ = hm′e−Φm and Φm = φ+δMηm . As hm′ is C2 smooth, on Xj ⊂⊂
X , there exists a constant Cj,m′ > 0 such that C−1

j,m′ |ex|ĥ ≤ |ex|hm′ ≤ Cj,m′ |ex|ĥ,
for any ex ∈ Ex. Note that 0 ≤ v

′′

ǫ (t) ≤ 2
B I(−t0−B+ǫ,−t0−ǫ), e

−φ is smooth function
on Xj and δMηm ≥ δ2 log |F |. It follows from (2.1) that

∫

Xj\Em
v′′ǫ (Ψm)|fF 1+δ|2

h̃
≤ Cj,m′ sup

Xk

(|F |2e−φ)
∫

Xj∩{Ψ<−t0}
|f |2

ĥ
< +∞.

By Lemma 9.14, Xj\Em carries a complete Kähler metric. Then it follows from
Lemma 9.10 that there exists

um,m′,ǫ,j ∈ L2(Xj\Em,KX ⊗ E, hm′e−Φm),

hm,m′,ǫ,j ∈ L2(Xj\Em,∧n,1T ∗X ⊗ E, hm′e−Φm),

such that ∂̄um,m′,ǫ,j +Pm,m′

(√
2πbN1δδ̃m +N1λ̃m′hm,m′,ǫ,j

)
= λ holds on Xj\Em

where Pm,m′ : L2(Xj\Em,∧n,1T ∗X ⊗ E, hm′e−Φm) → KerD′′ is the orthogonal
projection, and

∫

Xj\Em

1

η + g−1
|um,m′,ǫ,j|2hm′

e−Φm +

∫

Xj\Em
|hm,m′,ǫ,j|2hm′

e−Φm

≤
∫

Xj\Em
〈(B + (2πbN1δ̃δm +N1λ̃

′
m)IdE)

−1λ, λ〉h̃

≤
∫

Xj\Em
v′′ǫ (Ψm)|fF 1+δ|2hm′

e−Φm < +∞.

Assume that we can choose η and φ such that (η+g−1)−1 = evǫ(Ψm)eφc(−vǫ(Ψm)).
Then we have

∫

Xj\Em
|um,m′,ǫ,j|2hm′

evǫ(Ψm)−δMηm c(−vǫ(Ψm)) +

∫

Xj\Em
|hm,m′,ǫ,j|2hm′

e−φ−δMηm

≤
∫

Xj\Em
v′′ǫ (Ψm)|fF 1+δ|2hm′

e−φ−δMηm < +∞.

(9.23)

By the construction of vǫ(t) and c(t)e
−t is decreasing with respect to t, we know

c(−vǫ(Ψm))evǫ(Ψm) has a positive lower bound on Xj ⋐ X . By the constructions of

vǫ(t) and u, we know e−φ = e−u(−vǫ(Ψm)) has a positive lower bound on Xj ⋐ X .
By the upper semi-continuity ofMηm , we know e−δMηm has a positive lower bound
on Xj ⋐ M . Note that hm′ is C2 smooth on Xj ⋐ X . Hence it follows from
inequality (9.23) that

um,m′,ǫ,j ∈ L2(Xj ,KM ⊗ E, hm′e−Φm),

hm,m′,ǫ,j ∈ L2(Xj ,∧n,1T ∗M ⊗ E, hm′e−Φm).

It follows from Lemma 9.15 that we know

D′′um,m′,ǫ,j + Pm,m′

(√
2πbN1δδ̃m +N1λ̃m′hm,m′,ǫ,j

)
= λ (9.24)
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holds on Xj . And we have
∫

Xj

|um,m′,ǫ,j|2hm′
evǫ(Ψm)−δMηm c(−vǫ(Ψm)) +

∫

Xj

|hm,m′,ǫ,j |2hm′
e−φ−δMηm

≤
∫

Xj

v′′ǫ (Ψm)|fF 1+δ|2hm′
e−φ−δMηm < +∞.

(9.25)

Step 4: Letting m→ +∞.
In the Step 4, we note that m′ is fixed.
Note that supm supXj e

−φ = supm supXj e
−u(−vǫ(Ψm)) < +∞ and e−δMηm ≤

e−δ2 log |F |. As {Ψm < −t0 − ǫ} ⊂ {Ψm < −t0} ⊂ {Ψ < −t0}, we have

v′′ǫ (Ψm)|fF 1+δ|2hm′
e−φ−δMηm ≤ 2

B
Cj,m′

(
sup
m

sup
Xj

e−φ
)(

sup
Xj

|F |2
)
I{Ψ<−t0}|f |2ĥ

holds on Mj. It follows from
∫
{Ψ<−t0}∩Mj

|f |2
ĥ
< +∞ and dominated convergence

theorem that

lim
m→+∞

∫

Xj

v′′ǫ (Ψm)|fF 1+δ|2hm′
e−φ−δMηm

=

∫

Xj

v′′ǫ (Ψ)|fF 1+δ|2hm′
e−u(−vǫ(Ψ))−δmax {ψ+T,2 log |F |}.

Note that infm infXj c(−vǫ(Ψm))e−vǫ(Ψm) > 0. It follows from Lemma 9.16

that Mηm ≤ max {ψm + T, 2 log |F |} + t0−T
3m ≤ max {ψm + T, 2 log |F |} + t0 − T ≤

max {ψ1 + T, 2 log |F |}+ t0−T . As ψ1 is a quasi-plurisubharmonic function on Xj,
we know max {ψ1 + T, 2 log |F |} is upper semi-continuous function on Xj . Hence

inf
m

inf
Xj
e−Mηm ≥ inf

Xj
e−max {ψ1+T,2 log |F |}−t0 > 0. (9.26)

Then it follows from inequality (9.25) that

sup
m

∫

Xj

|um,m′,ǫ,j|2hm′
< +∞.

Therefore the solutions um,m′,l,ǫ,j are uniformly bounded with respect to m in
L2(Xj ,KM , hm′). Since the closed unit ball of the Hilbert space is weakly compact,
we can extract a subsequence of {um,m′,ǫ,j} (also denoted by {um,m′,ǫ,j}) weakly
convergent to um′,ǫ,j in L

2(Xj ,KM , hm′) as m→ +∞.

Note that supm supMj
evǫ(Ψm)c(−vǫ(Ψm)) < +∞. AsMηm ≥ max{ψm+T, 2 log |F |} ≥

2 log |F | and F has no zero points onM , we have supm supMj
e−Mηm ≤ supMj

1
|F |2 <

+∞. Hence we know

sup
m

sup
Mj

evǫ(Ψm)c(−vǫ(Ψm))e−δMηm < +∞.

It follows from Lemma 9.1 that we know um,m′,ǫ,j

√
evǫ(Ψm1 )c(−vǫ(Ψm))e−δMηm

weakly converges to um′,ǫ,j

√
evǫ(Ψ)c(−vǫ(Ψ))e−δmax{ψ+T,2 log |F |} in L2(Xj ,KM , hm′)
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as m→ +∞ . Hence we have∫

Xj

|um′,ǫ,j|2hm′
evǫ(Ψ)−δmax{ψ+T,2 log |F |}c(−vǫ(Ψ))

≤ lim inf
m→+∞

∫

Xj

|um,m′,ǫ,j|2hm′
evǫ(Ψm)−δMηm c(−vǫ(Ψm))

≤ lim inf
m→+∞

∫

Xj

v′′ǫ (Ψm)|fF 1+δ|2hm′
e−u(−vǫ(Ψm))−δMηm

≤
∫

Xj

v′′ǫ (Ψ)|fF 1+δ|2hm′
e−u(−vǫ(Ψ))−δmax {ψ+T,2 log |F |} < +∞.

(9.27)

It follows from Lemma 9.9 that we know that hm,m′,ǫ,j weakly converges to hm′,ǫ,j

in L2(Xj ,∧n,1T ∗M ⊗E, hm′e−Φ1) and then
√
2πbN1δδ̃m +N1λ̃m′hm,m′,ǫ,j weakly

converges to
√
N1λ̃m′hm′,ǫ,j in L

2(Xj ,∧n,1T ∗M ⊗ E, hm′e−Φ1). Hence by Lemma

9.9 and the uniqueness of weak limit, we know that Pm,m′

(√
2πbN1δδ̃m +N1λ̃m′hm,m′,ǫ,j

)

weakly converges to Pm′

(√
N1λ̃m′hm′,ǫ,j

)
in L2(Xj ,∧n,1T ∗M ⊗ E, hm′e−Φ1).

It follows from infXj e
−Φ1 = infXj e

−u(−vǫ(Ψ1)) > 0 and inequality (9.26) that

we have hm,m′,ǫ,j weakly converges to hm′,ǫ,j in L2(Xj ,∧n,1T ∗M ⊗ E, hm′) and

Pm,m′

(√
2πbN1δδ̃m +N1λ̃m′hm,m′,ǫ,j

)
weakly converges to Pm′

(√
N1λ̃m′hm′,ǫ,j

)

in L2(Xj ,∧n,1T ∗M ⊗ E, hm′).

Note that supm supXj e
−u(−vǫ(Ψm)) < +∞ and supm supXj e

−Mηm ≤ supMj

1
|F |2 <

+∞. We know
sup
m

sup
Xj

e−u(−vǫ(Ψm))−δMηm < +∞.

It follows from Lemma 9.1 that we have hm,m′,l,ǫ,j

√
e−u(−vǫ(Ψm))−δMηm is weakly

convergent to hm′,l,ǫ,j

√
e−u(−vǫ(Ψ))−δmax {ψ+T,2 log |F |} in L2(Xj ,∧n,1T ∗M⊗E, hm′)

as m→ +∞. Hence we have

∫

Xj

|hm′,ǫ,j|2hm′
e−u(−vǫ(Ψ))−δmax {ψ+T,2 log |F |}

≤ lim inf
m→+∞

∫

Mj

|hm,m′,ǫ,j|2hm′
e−u(−vǫ(Ψm))−δMηm

≤ lim inf
m→+∞

∫

Xj

v′′ǫ (Ψm)|fF 1+δ|2hm′
e−u(−vǫ(Ψm))−δMηm

≤
∫

Xj

v′′ǫ (Ψ)|fF 1+δ|2hm′
e−u(−vǫ(Ψ))−δmax {ψ+T,2 log |F |} < +∞.

(9.28)

Letting m→ +∞ in (9.24), we have

D′′um′,ǫ,j + Pm′

(√
N1λ̃m′hm′,ǫ,j

)
= D′′ ((1− v′ǫ(Ψ))fF 1+δ

)
. (9.29)

Step 5: Letting m′ → +∞.
When Ψ < −t0−ǫ < −t0, we have ψ−2 log |F | < −T and then max {ψ + T, 2 log |F |} =

2 log |F |. Hence
∫

Xj

v′′ǫ (Ψ)|fF 1+δ|2hm′
e−u(−vǫ(Ψ))−δmax {ψ+T,2 log |F |} =

∫

Xj

v′′ǫ (Ψ)|fF |2hm′
e−u(−vǫ(Ψ)).
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Note that supXj (e
−u(−vǫ(Ψ))) < +∞, 0 ≤ vǫ

′′(t) ≤ 2
B I(−t0−B+ǫ,−t0−ǫ) and

|ex|hm′ ≤ |ex|hm′+1
≤ |ex|h for any m′ ∈ Z≥0. We have

v′′ǫ (Ψ)|fF |2hm′
e−u(−vǫ(Ψ)) ≤ sup

Xj

(e−u(−vǫ(Ψ)))
2

B
I{−t0−B+ǫ<Ψ<−t0−ǫ}|fF |2h. (9.30)

It follows from inequality (2.2) and dominated convergence theorem that we have

lim
m′→+∞

∫

Xj

v′′ǫ (Ψ)|fF |2hm′
e−u(−vǫ(Ψ))

=

∫

Xj

v′′ǫ (Ψ)|fF |2he−u(−vǫ(Ψ)) < +∞.

Let Cj := infXj e
vǫ(Ψ)−δmax{ψ+T,2 log |F |}c(−vǫ(Ψ)) be a real number and we note

that Cj > 0. Then it follows from Cj > 0, inequalities (9.27), (9.30) and (2.2) that
we have

sup
m′

∫

Xj

|um′,ǫ,j|2hm′
< +∞.

As |ex|hm′ ≤ |ex|hm′+1
for any m′ ∈ Z≥0, for any fixed i, we have

sup
m′

∫

Xj

|um′,ǫ,j|2hi < +∞.

Especially letting hi = h1, since the closed unit ball of the Hilbert space is weakly
compact, we can extract a subsequence um′′,ǫ,j weakly convergent to uǫ,j in L

2(Mj ,KM⊗
E, h1) as m

′′ → +∞. Note that

sup
Xj

evǫ(Ψ)−δmax{ψ+T,2 log |F |}c(−vǫ(Ψ)) ≤ sup
Xj

evǫ(Ψ)c(−vǫ(Ψ))

|F |2δ < +∞.

It follows from Lemma 9.1 that um′′,ǫ,j

√
evǫ(Ψ)c(−vǫ(Ψ))e−δmax{ψ+T,2 log |F |} weakly

converges to uǫ,j
√
evǫ(Ψ)c(−vǫ(Ψ))e−δmax{ψ+T,2 log |F |} in L2(Xj ,KX ⊗ E, h1) as

m′′ → +∞ .
For fixed i ∈ Z≥0, as h1 and hi are both C2 smooth hermitian metrics on

Xk and Xj ⊂⊂ X , we know that the two norms in L2(Xj ,KX ⊗ E, h1) and
L2(Xj ,KX ⊗ E, hi) are equivalent. Note that supm′′

∫
Xj

|um′′,ǫ,j|2hi < +∞. Hence

we know that um′′,ǫ,j

√
evǫ(Ψ)c(−vǫ(Ψ))e−δmax{ψ+T,2 log |F |} also weakly converges

to uǫ,j
√
evǫ(Ψ)c(−vǫ(Ψ))e−δmax{ψ+T,2 log |F |} in L2(Xj ,KX ⊗E, hi) as m

′′ → +∞.
Then we have

∫

Xj

|uǫ,j|2hievǫ(Ψ)−δmax{ψ+T,2 log |F |}c(−vǫ(Ψ))

≤ lim inf
m′′→+∞

∫

Xj

|um′′,ǫ,j|2hievǫ(Ψ)−δmax{ψ+T,2 log |F |}c(−vǫ(Ψ))

≤ lim inf
m′′→+∞

∫

Xj

v′′ǫ (Ψ)|fF 1+δ|2hm′′
e−u(−vǫ(Ψ))−δmax {ψ+T,2 log |F |}

≤
∫

Xj

v′′ǫ (Ψ)|fF |2he−u(−vǫ(Ψ)) < +∞.
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Letting i→ +∞, by monotone convergence theorem, we have
∫

Xj

|uǫ,j|2hevǫ(Ψ)−δmax{ψ+T,2 log |F |}c(−vǫ(Ψ)) ≤
∫

Xj

v′′ǫ (Ψ)|fF |2he−u(−vǫ(Ψ)) < +∞.

(9.31)

Let C̃j := infXj e
−u(−vǫ(Ψ))−δmax{ψ+T,2 log |F |} and note that C̃j is a positive

number. Then it follows from C̃j > 0, inequalities (9.28), (9.30) and (2.2) that we
have

sup
m′′

∫

Xj

|hm′′,ǫ,j|2hm′′
< +∞.

As |ex|hm′ ≤ |ex|hm′+1
for any m′ ∈ Z≥0, for h1, we have

sup
m′′

∫

Xj

|hm′′,ǫ,j|2h1
< +∞.

Since the closed unit ball of the Hilbert space is weakly compact, we can extract
a subsequence of {hm′′,ǫ,j} (also denote by hm′′,ǫ,j) weakly convergent to hǫ,j in

L2(Xj ,∧n,1T ∗M ⊗ E, h1) as m
′′ → +∞. As 0 ≤ λ̃m′′ ≤ λ+ 1 and Xj is relatively

compact in X , we know that

sup
m′′

∫

Xj

N1λ̃m′′ |hm′′,ǫ,j|2hm′′
< +∞.

It follows from Lemma 9.9 that we know that
√
N1λ̃m′′hm′′,ǫ,j weakly converges to

some h̃ǫ,j and Pm′

(√
N1λ̃m′hm′,ǫ,j

)
weakly converges to P

(
h̃ǫ,j
)
in L2(Xj ,∧n,1T ∗M⊗

E, h1).

It follows from 0 ≤ λ̃m′′ ≤ λ+ 1, Xj is relatively compact in X and Lemma 9.1

that we know
√
N1λ̃m′′hm′′,ǫ,j weakly convergent to 0 in L2(Xj ,∧n,1T ∗M ⊗E, h1).

It follows from the uniqueness of weak limit that we know h̃ǫ,j = 0. Then we have

Pm′

(√
N1λ̃m′hm′,ǫ,j

)
weakly converges to 0 = P

(
h̃ǫ,j
)
in L2(Xj ,∧n,1T ∗M ⊗E, h1)

Replace m′ by m′′ in (9.29) and let m′′ go to +∞, we have

D′′uǫ,j = D′′ ((1 − v′ǫ(Ψ))fF 1+δ
)
. (9.32)

Denote Fǫ,j := −uǫ,j + (1 − v′ǫ(Ψ))fF 1+δ. It follows from (9.32) and inequality
(9.31) that we know Fǫ,j is an E-valued holomorphic (n, 0) form on Xj and

∫

Xj

|Fǫ,j − (1− v′ǫ(Ψ))fF 1+δ|2hevǫ(Ψ)−δmax{ψ+T,2 log |F |}c(−vǫ(Ψ))

≤
∫

Xj

v′′ǫ (Ψ)|fF |2he−u(−vǫ(Ψ)) < +∞.

(9.33)

Step 6: Letting ǫ→ 0.
Note that supǫ supXj (e

−u(−vǫ(Ψ))) < +∞, 0 ≤ vǫ
′′(t) ≤ 2

B I(−t0−B+ǫ,−t0−ǫ). We
have

v′′ǫ (Ψ)|fF |2he−u(−vǫ(Ψ)) ≤ sup
ǫ

sup
Xj

(e−u(−vǫ(Ψ)))
2

B
I{−t0−B<Ψ<−t0}|fF |2h. (9.34)
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It follows from inequality (2.2) and dominated convergence theorem that we have

lim
ǫ→0

∫

Xj

v′′ǫ (Ψ)|fF |2he−u(−vǫ(Ψ))

=

∫

Xj

v′′(Ψ)|fF |2he−u(−v(Ψ))

≤
(
sup
Xj

e−u(−v(Ψ))

)∫

Xj

1

B
I{−t0−B<Ψ<−t0}|fF |2h.

Combining with

inf
ǫ
inf
Xj
evǫ(Ψ)−δmax{ψ+T,2 log |F |}c(−vǫ(Ψ)) > 0,

we have

sup
ǫ

∫

Xj

|Fǫ,j − (1− v′ǫ(Ψ))fF 1+δ|2h < +∞.

For any i ∈ Z≥0, as hi ≤ h, we have

sup
ǫ

∫

Xj

|Fǫ,j − (1− v′ǫ(Ψ))fF 1+δ|2hi < +∞.

For any fixed i ∈ Z≥0, note that Xj is compact and both hi and ĥ are C2 smooth

hermitian metrics on E, then there exists a constant ci > 0, such that hi ≤ ciĥ on
Xk. By (2.1), we have

sup
ǫ

∫

Xj

|(1 − v′ǫ(Ψ))fF 1+δ|2hi ≤ ci(sup
Xj

|F |2+2δ)

∫

Xj

I{Ψ<−t0}|f |2ĥ < +∞,

one can obtain that supǫ
∫
Xj

|Fǫ,j |2hi < +∞.

Especially, we know supǫ
∫
Xk

|Fǫ,j|2h1
< +∞. Note that h1 is a C2 hermitian

metric on E, Xj ⊂⊂ X and Fǫ,j is E-valued holomorphic (n, 0) form on Xj, there
exists a subsequence of {Fǫ, j}ǫ (also denoted by {Fǫ,j}ǫ) compactly convergent to
an E-valued holomorphic (n, 0) form Fj on Xj.

It follows from Fatou’s lemma that we have

∫

K

|Fj − (1− b(Ψ))fF 1+δ|2hiev(Ψ)−δmax{ψ+T,2 log |F |}c(−v(Ψ))

= lim inf
ǫ→0

∫

K

|Fǫ,j − (1− v′ǫ(Ψ))fF 1+δ|2hievǫ(Ψ)−δmax{ψ+T,2 log |F |}c(−vǫ(Ψ))

≤ lim sup
ǫ→0

∫

K

|Fǫ,j − (1− v′ǫ(Ψ))fF 1+δ|2hevǫ(Ψ)−δmax{ψ+T,2 log |F |}c(−vǫ(Ψ))

≤ lim sup
ǫ→0

∫

Xj

v′′ǫ (Ψ)|fF |2he−u(−vǫ(Ψ))

≤
(
sup
Xj

e−u(−v(Ψ))

)∫

Xj

1

B
I{−t0−B<Ψ<−t0}|fF |2h.

(9.35)
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Letting i → +∞ in inequality (9.35) and by monotone convergence Theorem, we
have

∫

K

|Fj − (1− b(Ψ))fF 1+δ|2hev(Ψ)−δmax{ψ+T,2 log |F |}c(−v(Ψ))

≤
(
sup
Xj

e−u(−v(Ψ))

)∫

Xj

1

B
I{−t0−B<Ψ<−t0}|fF |2h.

As K is any compact subset of Xj and by monotone convergence Theorem, we
know

∫

Xj

|Fj − (1− b(Ψ))fF 1+δ|2hev(Ψ)−δmax{ψ+T,2 log |F |}c(−v(Ψ))

≤
(
sup
Xj

e−u(−v(Ψ))

)∫

Xj

1

B
I{−t0−B<Ψ<−t0}|fF |2h.

(9.36)

Step 7: Letting j → +∞.
It is easy to see that

(
sup
Xj

e−u(−v(Ψ))

)∫

Xj

1

B
I{−t0−B<Ψ<−t0}|fF |2h

≤
(
sup
X
e−u(−v(Ψ))

)∫

X

1

B
I{−t0−B<Ψ<−t0}|fF |2h < +∞.

For fixed j, as ev(Ψ)−δmax{ψ+T,2 log |F |}c(−v(Ψ)) has a positive lower bound on
any Xj , we have for j1 > j,

sup
j1>j

∫

Xj

|Fj1 − (1− b(Ψ))fF 1+δ|2h < +∞.

For any i ∈ Z≥0, as hi ≤ h, we have

sup
j1>j

∫

Xj

|Fj1 − (1 − b(Ψ))fF 1+δ|2hi < +∞.

Note that Xj is compact and both hi and ĥ are C2 smooth hermitian metrics on

E, then there exists a constant ci > 0, such that hi ≤ ciĥ on Xk. By (2.1), we have

∫

Xj

|(1− b(Ψ))fF 1+δ|2hi ≤ ci(sup
Xj

|F |2+2δ)

∫

Xj

I{Ψ<−t0}|f |2ĥ < +∞,

one can obtain that supj1>j
∫
Xj

|Fj1 |2hi < +∞. Especially

sup
j1>j

∫

Xj

|Fj1 |2h1
< +∞.

By diagonal method, there exists a subsequence Fj′′ uniformly convergent on any

Xj to an E-valued holomorphic (n, 0)-form on X denoted by F̃ . It follows from
Fatou’s lemma that we have
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∫

Xj

|F̃ − (1− b(Ψ))fF 1+δ|2hiev(Ψ)−δmax{ψ+T,2 log |F |}c(−v(Ψ))

≤ lim inf
j′′→+∞

∫

Xj

|Fj′′ − (1− b(Ψ))fF 1+δ|2hiev(Ψ)−δmax{ψ+T,2 log |F |}c(−v(Ψ))

≤ lim sup
j′′→+∞

∫

Xj

|Fj′′ − (1− b(Ψ))fF 1+δ|2hev(Ψ)−δmax{ψ+T,2 log |F |}c(−v(Ψ))

≤ lim sup
j′′→+∞

∫

Xj′′

|Fj′′ − (1− b(Ψ))fF 1+δ|2hev(Ψ)−δmax{ψ+T,2 log |F |}c(−v(Ψ))

≤ lim sup
j′′→+∞

(
sup
Xj′′

e−u(−v(Ψ))

)∫

Xj′′

1

B
I{−t0−B<Ψ<−t0}|fF |2h

≤
(
sup
X
e−u(−v(Ψ))

)∫

X

1

B
I{−t0−B<Ψ<−t0}|fF |2h < +∞.

(9.37)

Letting i → +∞ in inequality (9.37), and by monotone convergence theorem, we
have

∫

Xj

|F̃ − (1− b(Ψ))fF 1+δ|2hev(Ψ)−δmax{ψ+T,2 log |F |}c(−v(Ψ))

≤
(
sup
X
e−u(−v(Ψ))

)∫

X

1

B
I{−t0−B<Ψ<−t0}|fF |2h < +∞.

(9.38)

Letting j → +∞ in inequality (9.38), and by monotone convergence theorem,
we have

∫

X

|F̃ − (1− b(Ψ))fF 1+δ|2hev(Ψ)−δmax{ψ+T,2 log |F |}c(−v(Ψ))

≤
(
sup
X
e−u(−v(Ψ))

)∫

X

1

B
I{−t0−B<Ψ<−t0}|fF |2h < +∞.

(9.39)

Step 9: ODE System.
Now we want to find η and φ such that (η + g−1) = e−vǫ(Ψm)e−φ 1

c(−vǫ(Ψm)) . As

η = s(−vǫ(Ψm)) and φ = u(−vǫ(Ψm)), we have (η+g−1)evǫ(Ψm)eφ =
(
(s+ s′2

u′′s−s′′ )e
−teu

)
◦

(−vǫ(Ψm)).

Summarizing the above discussion about s and u, we are naturally led to a
system of ODEs:

1)(s+
s′2

u′′s− s′′
)eu−t =

1

c(t)
,

2)s′ − su′ = 1,

(9.40)

when t ∈ (T,+∞).

We solve the ODE system (9.40) and get u(t) = − log(1δ c(T )e
−T+

∫ t
T
c(t1)e

−t1dt1)

and s(t) =
∫
t
T
( 1
δ
c(T )e−T+

∫ t2
T
c(t1)e

−t1dt1)dt2+
1
δ2
c(T )e−T

1
δ
c(T )e−T+

∫
t
T
c(t1)e−t1dt1

.

It follows that s ∈ C∞([T,+∞)) satisfies s ≥ 1
δ and u ∈ C∞([T,+∞)) satisfies

u′′s− s′′ > 0.
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As u(t) = − log(1δ c(T )e
−T +

∫ t
T
c(t1)e

−t1dt1) is decreasing with respect to t, then
it follows from −T ≥ v(t) ≥ max{t,−t0 −B0} ≥ −t0 −B0, for any t ≤ 0 that

sup
X
e−u(−v(Ψ)) ≤ sup

t∈[T,t0+B]

e−u(t) =
1

δ
c(T )e−T +

∫ t0+B

T

c(t1)e
−t1dt1. (9.41)

Combining with inequality (9.39), we have

∫

X

|F̃ − (1− b(Ψ))fF 1+δ|2hev(Ψ)−δmax{ψ+T,2 log |F |}c(−v(Ψ))

≤
(
1

δ
c(T )e−T +

∫ t0+B

T

c(t1)e
−t1dt1

)∫

X

1

B
I{−t0−B<Ψ<−t0}|fF |2h < +∞.

We get Lemma 2.1.
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