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FINAL STATE OBSERVABILITY ESTIMATES AND
COST-UNIFORM APPROXIMATE NULL-CONTROLLABILITY
FOR BI-CONTINUOUS SEMIGROUPS

KARSTEN KRUSE©/ AND CHRISTIAN SEIFERT

ABsTrACT. We consider final state observability estimates for bi-continuous
semigroups on Banach spaces, i.e. for every initial value, estimating the state
at a final time T > 0 by taking into account the orbit of the initial value
under the semigroup for t € [0,7], measured in a suitable norm. We state a
sufficient criterion based on an uncertainty relation and a dissipation estimate
and provide two examples of bi-continuous semigroups which share a final
state observability estimate, namely the Gaufs—Weierstraft semigroup and the
Ornstein—Uhlenbeck semigroup on the space of bounded continuous functions.
Moreover, we generalise the duality between cost-uniform approximate null-
controllability and final state observability estimates to the setting of locally
convex spaces for the case of bounded and continuous control functions, which
seems to be new even for the case of Banach spaces.

1. INTRODUCTION

Let X be a Banach space and (S;)¢»0 a semigroup on X, i.e. Sg =1 and Si,s =
S:Ss for all ¢,s > 0. Moreover, let Y be another Banach space and C € L(X;Y),
a so-called observation operator, and T > 0. Then (S;):»0 satisfies a final state
observability estimate w.r.t. some (Banach) space Z of functions on [0,7'] with
values in Y, if there exists Cops > 0 such that

| S| 5 < Cons | CSyz 5 (z € X).

Put differently, we can estimate the norm of the final state Spx by just taking
into account the observations C'S;x for t € [0,T]. Typical applications stem from
evolution equations on some function space over (a subset of) R?, where C is
a restriction operator to a suitable subset Q of R? (or of the subset of R? the
functions are defined on) such that we want to control the final state on all of R¢
by just measuring the evolution on the subset 2. Final state observability estimates
have been studied in various contexts due to its relation to null-controllability, see
e.g. @, E, @, , , , , , , ] and references therein.

Classically, the space Z is some L,-space with r € [1, oo] (when working in Hilbert
spaces, one usually chooses r = 2), and then the final state observability estimate
yields the form

1/r
Cobs (fy €Sl dt) if 7 € [1, 00),

(z e X).
Cobs €58 SUP¢e[0,17] ”CStl‘HY if 7 = oo,

|Sr] x <

Clearly, in order to formulate this final state observability estimate (i.e. to have a
well-defined right-hand side) we need some regularity of the semigroup. Indeed, we

Date: April 4, 2023.

2020 Mathematics Subject Classification. Primary 93C20, 93C25, 47N70, Secondary 47D06,
46A70.

Key words and phrases. final state observability estimate, bi-continuous semigroups, cost-
uniform approximate null-controllability, Saks space, mixed topology.

1


http://arxiv.org/abs/2206.00562v2
https://orcid.org/0000-0003-1864-4915
https://orcid.org/0000-0001-9182-8687

2 K. KRUSE AND C. SEIFERT

require measurability of ¢ = |C'Sz | for all € X. Of course, strong continuity of
(St)t=0 yields continuity of these maps and is therefore sufficient, but also weaker
regularities are suitable. In [1], dual semigroups of strongly continuous semigroups
were considered which yield sufficient regularity.

In this short note we aim at two types of results. First, we consider final state ob-
servability estimates for so-called bi-continuous semigroups, see e.g. |16, [17], which
are not strongly continuous for the norm-topology on X but only for a weaker
topology. Note that dual semigroups are a special case of bi-continuous ones when
considering the weak* topology. There are classical examples of bi-continuous semi-
groups such as the Gaufi-Weierstra semigroup on Cj(R?), the space of bounded
continuous functions (on RY), as well as the Ornstein-Uhlenbeck semigroup on
Cy(RY). Second, we relate cost-uniform approximate null-controllability of a con-
trol system sharing only weak continuity properties such as bi-continuity with a
final state observability estimate for the dual system, thus generalising the well-
known duality in Hilbert and Banach spaces |4, 16, 125, [29]. Since this demands
to work in Hausdorff locally convex spaces, we here focus on continuous control
functions which results in the space Z above being a space of vector measures.

The paper is organised as follows. In Section [2] we review bi-continuous semi-
groups and then turn to final-state observability estimates in Section [3] together
with two examples in Sectiondl Final state observability estimates are then related
with cost-uniform approximate null-controllability via duality, which we will exploit
in our context in Section

2. BI-CONTINUOUS SEMIGROUPS

In this short section we recall some notation and definitions from the theory of
bi-continuous semigroups that we need in subsequent sections. For a vector space
X over the field R or € with a Hausdorff locally convex topology 7x we denote by
(X,7x)" the topological linear dual space and just write X' := (X, 7x)" if (X,7x)
is a Banach space. We use the symbol L(X;Y) = L((X, | x); (Y, ]|y )) for the
space of continuous linear operators from a Banach space (X, |- ) to a Banach
space (Y, [-|y) and denote by ||, x,y the operator norm on £(X;Y). If X =Y,
we set L(X):=L(X;X).

Definition 2.1 (|5, I.3.2 Definition]). Let (X, |-|yx) be a normed space and 7x a
Hausdorff locally convex topology on X.

(a) The triple (X, ||y ,7x) is called a Saks space if (X,|-|y) is a Banach
space, Tx S 7)., and (X,7x)" is norming for X where 7|, denotes the
|| x-topology.

(b) The mized topology vx = (|| x,7x) is the finest linear topology on X
that coincides with 7x on || x-bounded sets and such that 7x € yx <7 -

The mixed topology is actually Hausdorff locally convex and the definition given
above is equivalent to the one from the literature [28, Section 2.1] by |28, Lemmas
2.2.1,2.22].

Definition 2.2. We call a Saks space (X, ||-| y , 7x) sequentially complete if (X, ~vx)
is sequentially complete.

Due to |28, Corollary 2.3.2] a Saks space (X, |- x,7x) is sequentially complete
if and only if (X, 7x) is sequentially complete on ||-| y-bounded sets, i.e. every ||| x-
bounded 7x-Cauchy sequence converges in X. In combination with |13, Remark
2.3 (c)]| this yields that a triple (X, ||y , 7x) fulfils |17, Assumptions 1] if and only
if it is a sequentially complete Saks space.
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Definition 2.3 (|17, Definition 3]|). Let (X, ||y ,7x) be a sequentially complete
Saks space. Let (St)i0 in £(X) be a semigroup on X. We say that (S;)s»0 is
(locally) Tx -bi-continuous if
(a) it is exponentially bounded, i.e. there exist M > 1 and w € R such that
1St £ xy < Me*t for all ¢ >0,
(b) (St)t=0 is a Cp-semigroup on (X, 7x), i.e. for all x € X the map [0,00) 3¢ —
Tix € (X,7x) is continuous,
(c) it is (locally) bi-equicontinuous, i.e. for every (z,)neny in X and z € X with
sup |z, | x < 00 and 7x- lim x, = x we have
nelN n=>oo

7x- lim Si(z, —2) =0
(locally) uniformly for ¢ € [0, 00).

As in the case of Cp-semigroups on Banach spaces we can define generators for
bi-continuous semigroups.

Definition 2.4 (|7, Definition 1.2.6]). Let (X, || v ,7x) be a sequentially complete
Saks space and (S¢)s0 a locally 7x-bi-continuous semigroup on X. The generator
(-A,D(A)) is defined by

_ S.q —
D(A) ::{ac € X | 7x- lim Siw =@ exists in X and sup M < oo},
=0+t te(0,1] t

Six—x

(z € D(A)).

—Ax =7x- lim
t—0+

Remark 2.5. There is no common agreement whether to use the here presented
definition of a generator or its negative. Throughout the entire paper we will stick
to the definition made above, i.e. —A is the generator.

3. FINAL STATE OBSERVABILITY ESTIMATES FOR BI-CONTINUOUS SEMIGROUPS

The final state observability estimate rests on the following abstract theorem. It
provides a sufficient criterion stating that an abstract uncertainty principle (also
called spectral inequality), see (UP)), together with a dissipation estimate, see
(DISS), yields a final state observability estimate, and has its roots in |18], see
also |1, 19, 21, 123].

Theorem 3.1 (|1, Theorem A.1]). Let X and Y be Banach spaces, C € L(X;Y),
(St)e=0 a semigroup on X, M > 1 and w € R such that |[Se],(x, < Me*t for all
t >0, and assume that for all x € X the map t — |CSix|y is measurable. Further,
let \* > 0, (PA))\>)\* m E(X), e [1, OO], do,dl,dg,’}/l,’}/Q,’)g,T >0 with Y1 <72, and
ds > 1, and assume that

VeeX VA> A |Paz|y < doe®™ |CPyz|y (UP)
and
Vee X YA> A VEe(0,T/2]: (I - P\)Sex|y < doe™ ™ || . (DISS)
Then there exists Cyops > 0 such that for all x € X we have
ISzl < {C (R 108ty a) ™ el o)
Cobs €s88upyefo,7) [CSex|y if 1 = o0.

Remark 3.2. The constant C,pg is explicit in all parameters and of the form

C C
Cobs = 1}7“ exp ( 712“73 + C3T) ’
T F2-71
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with 79" = 1 if r = oo, and suitable constants C;,Cs,C5 > 0 depending on the
parameters; see |1, Theorem A.1] as well as |10, Theorem 2.1].

In order to obtain a version of this theorem for bi-continuous semigroups, we
need to argue on measurability of [0, 00) 3t = |CSz|, for all z € X.

Lemma 3.3. Let (X, || y,7x) be a sequentially complete Saks space, (St)i=0 a
locally Tx -bi-continuous semigroup on X, (Y, ||y ,7v) a Saks space, C:X - Y
linear and sequentially Tx -Ty -continuous on ||| -bounded sets, and x € X. Then
[0,00) 3t |CSiz|y is measurable.

Proof. Since [0,00) 3 t — [{y',CSix)| is continuous for all y' € (Y,7y)’ by the
assumptions on C' and the exponential boundedness of (S;):»0, and |CSix|y =
sup{|{y’,CSz)| | y' € (Y, 7v)', |¥'[ly+ < 1} for all ¢ > 0, we obtain that [0,00) 3t
|CSix|y is lower semi-continuous and hence measurable. O

In view of Lemma 3.3, we can apply Theorem [3.I] to obtain the following.

Theorem 3.4. Let (X, |-||x,7x) be a sequentially complete Saks space, (St)w=0 a
locally Tx -bi-continuous semigroup on X, (Y, ||y ,7v) a Saks space, C € L(X;Y)
such that C is also sequentially Tx -Ty -continuous on |-| y -bounded sets. Further,
let X* >0, (P)\)A»\* a family in E(X), rE€ [1,00], do,d1,ds,v1,72,73, T > 0 with
Y1 <72, and dz > 1, and assume that

Vee X YA> A |Paz|y < doe®™ " |CPyz|y (UP’)
and
Vo e X YA> A Vie (0,T/2]: |(I-Py)Siz|y < doe™ ™ 2| . (DISS)

Then there exists Cyops > 0 such that for all x € X we have

T r 1/r )
HST:C”X S{CObs (fO HCSt-THYdt) ZfTE [1’00)’
Cops €88 SUDye[0, 7] |CSuz|y if = co.

Remark 3.5. The statements in Theorem [3.1] and Theorem [3:4] can be generalised
in the sense that one can obtain an estimate with an L,-norm of ¢ = ||C'S;z||y- on a
measurable subset E ¢ [0,T'] with positive Lebesgue measure; cf. e.g. |2]. However,
in this case the constant Cops (cf. Remark B2)) is not explicit anymore.

4. Two EXAMPLES OF BI-CONTINUOUS SEMIGROUPS

In this section we consider final state observability for two important examples:
the Gauk-Weierstrah semigroup on Cy,(R%) and the Ornstein-Uhlenbeck semigroup
on Cy(R?). We begin with the study of restriction operators on Cy(R?), restricting
functions to suitable subsets, and relate this to an abstract uncertainty principle.

4.1. Restriction Operators on C,(R?) and the Uncertainty Principle. Let
Q ¢ R? be non-empty, C:Cy(R%) — Cy(2) the restriction operator defined by
Cf = flo for f e Cy(R?). Then C e L(Cy(R?); Cy(2)). Let 7o be the compact-
open topology on Cy(R?) (as well as on Cy(Q)). Then (Cy(Q), ||,  Teo) is a Saks
space which is sequentially complete if © is locally compact (in particular if Q = R%).

Lemma 4.1. C:(Cy(R?),70) = (Cy(R),Teo) is continuous.

Proof. The map C'is clearly linear. Due to |22, Theorem 46.8] the compact-open
topology Teo on Cy(Z) for a Hausdorff topological space Z is given by the system
of seminorms

pi(f) = sup|f(z)| (S € Cb(2))
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for compact K ¢ Z. Let K c ) be compact in the relative topology. Then K is
compact in R as well and

d
Pi(CF) = sup|fla(@)| = suplf (@) = pi (f) (f € Co(R?),
which means that C is continuous. O

We now use the operator C' to provide an uncertainty principle based on the
well-known Logvinenko-Sereda theorem. Let n € C.[0,00), 19 1/9] <1 < Ljo,13-
For A > 0 let xx:R? = R, xa = n(]|/\), and Py € L(Cy(R?)) be defined by
Pyf = (F'xa) * f, where F denotes the Fourier transformation. By Young’s
inequality and scaling properties of the Fourier transformation, we have

1P < 170l ey = [0 gy (N> 0).

Note that for all f € Cy(R%) and A > 0 we have FP\f = xaFf and therefore
spt FPyf € B[0,)\] € [-\, A]9, where B[0,)] == {x € R? | |2| < A} is the closed ball
around 0 with radius .

Definition 4.2. Let © ¢ R?. Then Q is called thick if Q is measurable and there
exist L € (0,00)% and p € (0,1] such that

M(Qn(z+(0,L))) 2 pA4(0,L)) (zeR?),

where A% denotes the d-dimensional Lebesgue measure, and (0, L) = H?ZI(O, L;)is
the hypercube with sidelengths contained in L.

Thus, a measurable set ¢ R? is thick (with parameters L and p) provided the
portion of 2 in every hypercube with sidelengths contained in L is at least p.
By the Logvinenko-Sereda theorem (see [12, 19]), if @ ¢ R? is a thick set, then
there exist dgy,d; > 0 such that
[Pxflleyray < doe™ [CPAflgyqy (A >0, f € Co(R?)). (LS)
Thus, (LS) yields an estimate of the form (UP7).

4.2. The Gauk—Weierstraft Semigroup on C,(R?). Let k:(0,00) x R¢ - R be
given by

. . 1 ~laf?/(4t d
kt(l') :k(t,l') = We |27/ (41) (t>0,$€R ),
the so-called Gaufi-Weierstraf$ kernel. For t >0 we define S; € L(Cy(R%)) by
t=0
Sef = / ’
kt * f t> 0

Note that by Young’s inequality and the fact that |k, g4y =1 for all £ > 0 we
have |Sif| ¢, way < |f o, (ray for f € Cy(R%) and t > 0. It is easy to see that (Sy)sso0
is a semigroup, which is called the Gaufi—Weierstraff semigroup. Let 7., be the
compact-open topology on C,(RR%). Then (S;)ss0 is locally 7o-bi-continuous; see
e.g. |17, Examples 6 (a)].

For A >0 let Py € £L(Cy(R?)) be defined as in Subsection @1l By |1, Proposition
3.2], there exist d2 > 1 and d3 > 0 such that

I(1 = P)Sef ey ey < d2e™ | fl ey (A> 0,820, f € Co(RY)),
(DISS(GW))
i.e. a dissipation estimate (DISSY) is fulfilled.
Thus, if Q ¢ R? is thick, then (LS) and provide the estimates ([UP)
and (DISS)) and so Theorem 34 yields a final state observability estimate for the
Gauf-Weierstrak semigroup on Cy(R?).
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4.3. The Ornstein—Uhlenbeck Semigroup on Cj(R%). Let M:(0,00) x R x
R? > R be given by

1 Cly—e—tal?/(1-e-2t
Mt(fﬂ,y):M(tax,y):me e el 1A= (150, 2,y € RY),

the so-called Mehler kernel. For t >0 we define S; € L(Cy(R%)) by
f t=0,
S f =
{fRd M:(y)f(y)dy t>0.

Since [ga M;(-y)dy = 1forallt > 0, we have | S f| ¢, (gay < [ fll ¢, (mey for f € Co(R?)

and t > 0. It is not difficult to see that (S¢)ss0 is a semigroup, which is called the

Ornstein—Uhlenbeck semigroup. Let 7., be the compact-open topology on Cb(]Rd).

Then (St )0 is locally 7eo-bi-continuous on Cy,(R%); see e.g. [16, Proposition 3.10].
Define k:(0,1) x R? - R by

1 2 2
- -l /(1-57)
ks(2) = 7d2(1— 2)d/2° :

Let s €(0,1). Then we obtain

My, ( e D “ k(- y) (a,y e RY).

1 — _
STY) = 7d2(1 — 52)dr2
Hence,
(Swaf)(E) =kex f (feCy(R)).
For A> 0 let Py € £L(Cy(R?)) as in Subsection Since
Fha(€) =e 7D = h(€) (g eRY),

for A>0 and s € (0,1) we conclude that
((I=P\)S1u 3 f)(E-) = (T=Pay) (S s f(3)) = FH((I=xase)hs )+ f - (f € Co(RY)).

Lemma 4.3. There exist do > 1 and ds > 0 such that for A >0 and s € (0,1) we
have

H]:_l((l _Xk)hs)”Ll(]Rd) < d26—d3k2(1_82).

Proof. Let A >0, s€(0,1), and define

ooni=(1-x Tsa)hs(—ﬂl_j') = (1= )e A

Then by a linear substitution we obtain
-1 -1
”]: ((1_X)‘)hS)HL1(]Rd) = H]: 05”\||L1(Rd)'
Let a e Ng, |a| <d+ 1. Then
o a -2 (6% a— 2
|0%0s.Al sll{H2 /2 ‘8 el /4‘+ Z ( )|8 ﬁ(l—x /—1752)\)”8[36 H /4‘.
ﬁe]Ng,ﬁ«l ﬁ
There exists K > 0 such that for all 8 € ]Ng with 3 <« and all £ e R? we have
‘3ﬁefl~lz/4(§)‘ < K(1+|)Plelel /s,

Let )
Ci = sup K(1+|«£|)"ﬁle_‘£| /16,
BelNd, <o, geRY

Then, for 8 < a and ] > V1 - s2)/2 we have
07146 | < CrentP 66 C1=s2 a2
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Further, for 8 < a and € € R? we have
0977 (1= x /=2, ) (€)]
< (VT=s)70 o (55 ) [ ey (6
<O (V1= s cvizen (©)

where C5 = maxgcq ||8”"

ﬁXl”Cb(le)' Hence, there exists C' > 0 (which is indepen-

dent of s and A) such that if /1 — 52\ > 1, then for all £ € R? we have
0% < Cel67/164=(1-5%)3% /32
Therefore, increasing C, for all z € R? we obtain
|xo‘]-'_1os7,\(:n)| = |]-'_1(8aas,k)($)| < Ce~ (15N /32 (1)

By choosing j € {1,...,d} and « = (d + 1)e; for the j-th canonical unit vector e;,
we observe H:I:Hf:l |.7:_10's7)\($)| < Ce~(1=5)2/32 4 hence

[F o (@)] < Gt DN o (2)

for all 2 € R% \ {0}, where we increased C.
Therefore, if V1 - $2X > 1, we can conclude by () for =0 and (2) that

||]:_1((1 - X)‘)hs)HLl(]Rd) = ||]:_10's,)\ ‘Ll(]Rd)

sCe(lsZW/”( f 1da + f ! dz)

B[0,1] R4\B[0,1]

< Cef(lfsz)ﬁ/sz’

where we increased C' again.
It remains to prove the estimate for the case v/1 - s2)X < 1. Note that

H}kl(X/\hs)HLl(]Rd) = H}lez\ *‘FilthLl(]Rd)

< H]:_le\HLl(]Rd) HkSHLl(]Rd) = ||‘7:_1X1HL1(R<1)’

where the last equality follows form scaling properties of the Fourier transformation
and the fact that ks is normalised in L;(R?).

Thus, for V1 - 52X <1 we obtain
e I

which ends the proof. ([

In view of Lemma E.3, we obtain the dissipation estimate (DISSY)) as follows.
Note that for ¢ > 0 we have e?* —1>2t. Let ¢t >0 and A >0, and set s:==e~* € (0,1).
Then, for f e Cy(R?), Young’s inequality and Lemma A3 yield

1= POS oy ey = [ (= POSW NG, oy
<|F (- Xx/s)hs)HLl(]Rd) 1f e, may
< dye™ N | f o,y = doe” N £,
< e | f] g, gy (DISS(OV))
Thus, if @ ¢ R? is thick and C:Cy(R?) — C,(Q) is the restriction map as in

Subsection @2} then (LS]) and (DISS(OU)) provide the estimates (UP) and (DISS)

and so Theorem [34] yields a final state observability estimate for the Ornstein—
Uhlenbeck semigroup on Cy,(RY).
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5. CosT-UNIFORM APPROXIMATE NULL-CONTROLLABILITY AND DUALITY

In this section we want to show that cost-uniform approximate null-controllability
is equivalent to final state observability of the dual system, which is known in
the setting of norm-strongly continuous semigroups; see |4, |6, 125, [29]. In the bi-
continuous setting this needs a bit of preparation so that we can formulate the
corresponding definitions. Since we work in Hausdorff locally convex spaces, the
choice of the “correct” integral may be delicate. We therefore provide the duality
for continuous control functions, and thus relate it to a final state observability
estimate of the dual system w.r.t. a space of vector measures.

Definition 5.1. Let (X, || v ,7x) be a Saks space and T'> 0. We set
Crp([0,T]; X) = {f e C([0, T]; (X, 7x)) [ | f]loo = S [£ )] x < oo}

where C'([0,T']; (X, 7x)) is the space of continuous functions from [0, 7] to (X, 7x).

Remark 5.2. Let (X, ||y ,7x) be a Saks space and T > 0.
(a) Since the mixed topology vx coincides with 7x on ||| y-bounded sets by
[28, Lemma 2.2.1|, and a subset of X is ||| x-bounded if and only if it is
~vx-bounded by |28, Corollary 2.4.1] we have

Crp([0,T]; X) = Cp([0, T]; (X, vx)) = C([0, T]; (X, 7x))-

We define two topologies on this space. First, the one given by the norm

[Floe = sup [f(®)lx (e Crp([0,T]; X))
te[0,T]

Second, the Hausdorff locally convex topology e induced by the directed
system of seminorms given by

Py (f) :=tS[1§I;]PwX(f(t)) (f € C7p([0,T]; X))

for py € Py, where P, is a directed system of seminorms that induces the
mixed topology vx. Clearly, 7o is coarser than the ||-| . -topology. Further,
(Cu([0,T]; X),||.) is a Banach space.

(b) We note that a subset B < C;,([0,T]; X) is ||-| .-bounded if and only if it
is Yoo-bounded since a subset of X is ||-| y-bounded if and only if it is yx-
bounded by |28, 2.4.1 Corollary]. So ((C7»([0,T]; X),v«)’, ) is a topolog-
ical subspace of C74([0,T]; X)" = ((Crp([0,T]; X), [ )", H'HCT,b([O,T];X)’)
where 7, denotes the topology of uniform convergence on v..-bounded sets.
In the following we use the notation |y’ (c_, 0.77.x) 1) = 1¥ |, 0.77,x)
for all y" € (C-4([0,T]; X), Yoo )"

Proposition 5.3. Let (X, ||y ,7x) be a sequentially complete Saks space, (Si)i0

a locally Tx -bi-continuous semigroup on X and T > 0. Let v e Cr3([0,T]; X) and
set

f:00,T] = X, f(t) = Sp_sv(t).
Then f e Crp([0,T]; X).
Proof. We denote by P-, a system of directed seminorms that generates the topol-
ogy 7x on X. Let (ty)new be a sequence in [0,7] that converges to ¢t € [0,7]

and set z,, = v(t,) —v(t) for n € IN. The sequence (2 )nen is ||| y-bounded and
Tx- lim z, =0 due to our assumptions on v. We have for p € P,, that

p(f(tn) = f(#)) = p(Sr-t,0(tn) = ST-10(t))
<p(S1-1,0(tn) = S7t, 0(t)) + p(S-1,0(t) = ST10(1))
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IA

p(S1-t,2n) + p((S7-t,, = ST-1)0(1))
< sup p(Ssxn) +p((ST—tn - STft)’U(t))-
s€[0,T']
Combining our estimate above with the local bi-equicontinuity and 7x-strong con-
tinuity of the semigroup, we deduce that (f(¢,))nen converges to f(¢) in (X, 7x).
Hence, f € C([0,T];(X,7x)). Furthermore, as the semigroup is exponentially
bounded, there are M > 1 and w € R such that for all ¢ € [0,T]

1F D) x = [Sr-v()x < [Sr-l 2y I < M T o)
< M o(t)]
which yields that f is ||-| y-bounded on [0, T'] because v([0,T]) is |-| x-bounded. O

Proposition 5.4. Let (X, ||y ,7x) be a sequentially complete Saks space, (St)¢0
a locally Tx-bi-continuous semigroup on X, (U, ||, ,7v) a Saks space, and B €
L(U; X) such that B is also sequentially Ty -Tx -continuous on ||-|;-bounded sets.
Let T >0, ueCrp([0,T);U) and set f:[0,T] - X, f(t) = Sp_¢Bu(t). Then f is
Tx -Pettis integrable and yx -Pettis integrable and both integrals coincide.

Proof. The statement follows from |14, 2.5 Proposition (a)] and Proposition
because the map v:t — Bu(t) belongs to C;,([0,T]; X). O

Now, we have everything at hand to formulate the definition of cost-uniform
approximate null-controllability in the bi-continuous setting. Let (X, |-y ,7x) be
a sequentially complete Saks space, (U, ||, ,7v) a Saks space, (S;)0 a locally
Tx-bi-continuous semigroup on X with generator (-4, D(A)), and B € L(U; X)
such that B is also sequentially 7y-7x-continuous on |-|,-bounded sets, and 7" > 0.
We consider the linear control system

z(t) = —Ax(t) + Bu(t) (t>0),
x(0) =x0 € X,
where u € C;,([0,T];U). The function z is called state function and w is called

control function. The unique mild solution of is given by Duhamel’s
formula

(ConSys)

x(t) = Sixo + f St—r Bu(r)dr (te[0,T])
0

due to [17, Proposition 11 (a)] and Proposition 4l Let P., be a directed system
of seminorms that induces the topology 7x.

Definition 5.5. We say that is cost-uniform approximately Tx-null-
controllable in time T wvia C.p([0,T];U) if there exists C' > 0 such that for all
xo € X, e>0 and pry € Pry there exists u € C-,([0,T];U) with |u]_ < C|zo|
such that p, (z(T)) <e.

We note that this definition of cost-uniform approximate 7x-null-controllability
does not depend on the choice of P .

Remark 5.6. We can analogously define the notion of cost-uniform approximate
~vx-null-controllability in time T via C;([0,T];U) by using p-, € P, instead of
Dry € Pry. In view of Proposition and Remark [(.14] these two notions are
equivalent.

Next, we prepare the definition of final state observability of the dual system
where we need to clarify which kind of duality we have to use.

Definition 5.7. Let (X, |- v ,7x) be a Saks space and IK = R or C the scalar field
of X.



10 K. KRUSE AND C. SEIFERT

(a) We call (X, |-|x,7x) C-sequential if (X,vx) is C-sequential, i.e. every con-
vex sequentially open subset of (X,~x) is already open (see |24, p. 273]).
(b) We call (X, || x,7x) a Mazur space if (X,vx) is a Mazur space, i.e.

X! =(X,7x) ={2":X - K | 2 linear and x-sequentially continuous}
(see |21, p. 40]).

Examples of C-sequential Saks spaces can be found in |13, Example 2.4, Remarks
3.19, 3.20, Corollary 3.23].

Remark 5.8. Let (X, ||y ,7x) be a Saks space.

(a) If (X,|| x,7x) is C-sequential, then it is a Mazur space by |27, Theorem
7.4] (cf. |14, 3.6 Proposition (b)]).
(b) The space

X°:={2" e X" | 2’ 7x-sequentially continuous on ||| y -bounded sets}

is a closed linear subspace of the norm dual X’ and hence a Banach space
with norm given by [z°] yo = |2°] . for ° € X° due to |8, Proposition 2.1]
(note that the proof of |8, Proposition 2.1] does not use |8, Hypothesis A (ii)]
which is the sequential completeness of (X, |-| y ,7x)). We have X° = X! if
and only if (X,vx) is a Mazur space by |14, 3.5 Remark].

Let (X, || x) and (U, |-|;;) be Banach spaces. We recall that the dual operator
B’ of an element B € L(U;X) is defined by (B'z’,u) = (z/, Bu) for 2’ ¢ X' and
uel.

Proposition 5.9. Let (X, ||y ,7x) be a sequentially complete C-sequential Saks
space and (St)w0 a locally Tx -bi-continuous semigroup on X. Then the opera-
tors given by Spx® = Sia® for t > 0 and x° € X° belong to L(X°) and form
a T7.(X°, (X, || x))-strongly continuous, exponentially bounded semigroup on X°
where T.(X°, (X, ||| x)) denotes the topology of uniform convergence on |-| x-com-
pact sets.

Proof. Since (X,vx) is C-sequential, in particular Mazur by Remark B8 (a), (St)ts0
is quasi-yx-equicontinuous and X° = X by [13, Theorem 3.17 (a)] and Remark 5.8
(b). In particular, Sy is the yx-dual map of S; for all ¢ > 0. Furthermore, (S} )0 is
exponentially bounded (w.r.t. || x.)) because (S¢):z0 is exponentially bounded.
It follows that Sy € L(X°) for all t > 0 and (S} )+»0 is a o(X°, X )-strongly continuous
semigroup. As o(X°, X) and the mixed topology 7° = v(| - || x>, c(X°, X)) coincide
on || || xo-bounded sets by Definition [ZT] (b), (57 )0 is also «°-strongly continuous.
Due to [13, Proposition 3.22 (a)] we have v° = 7.(X°, (X, || x))- O

The semigroup (S5 )+so in the setting of Proposition [0 resembles a bi-continuous
semigroup. For instance, we note that the generator (—A°, D(A°)) of (S} )¢»0 from
Proposition is given by

D(A°) = {2° € X° | 7o(X°, (X, 1x))- Jim Sf‘"”% exists in X°},
o o . Spx® —a° o o
-A ‘T:TC(X a(Xa HHX))_ELI&% (‘T GD(A ))
and fulfils
o o o o : S;):CO_Z.O : o |‘SI?‘TO_$O‘|X°
D(A):{:L' €eX®|o(X° X)- lim ——— ex. in X°, sup 7<oo},
50+ t te(0,1] t

—A°z = 0(X°, X)- lim Stx% (2° € D(A%))

t—0+
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by |4, 1.1.10 Proposition| for the mixed topology 7° = 7.(X°, (X, || x)) and the
exponential boundedness of (S7):s0 (cf. |14, p. 6] in the bi-continuous setting).
What is missing for bi-continuity are sequential completeness of the Saks space
(X ] |xe,0(X°, X)) and (local) bi-equicontinuity.
Remark 5.10. Let (X, |||y , 7x) be a sequentially complete Saks space and (S¢)+s0
a Tx-bi-continuous semigroup on X with generator (-A, D(A)). If
(i) X°n{z’ e X' | |2'|x <1} is sequentially complete w.r.t. o(X°, X),
(ii) every || - |x/-bounded o(X°, X)-null sequence in X° is 7x-equicontinuous
on || y-bounded sets,
(see |8, Hypothesis B and C]), then (X°, || x>, 0(X°, X)) is a sequentially complete
Saks space and (S} )¢»0 is a locally o(X°, X )-bi-continuous semigroup on X° by [g,
Proposition 2.4] with generator (-A°, D(A°)) fulfilling
D(A%) = {27 € X° | 3y" € X° V€ D(A) : (~Az,a) = (2, 7)},
A=y (@ € D(A)),
by |3, Lemma 1].

We refer to |14, 3.9 Example] for examples of sequentially complete Saks spaces
satisfying (i) and (ii) of Remark 510

Proposition 5.11. Let (X, ||y ,7x) and (U, ||, ,7v) be Saks spaces, and B €
L(U;X) such that B is also sequentially Ty -Tx -continuous on ||| -bounded sets.
Then B° = B'|x. € L(X°;U°) and is also o0(X°, X)-0(U°,U)-continuous.

Proof. Let 2° € X°, w € U and (un)new @ || -bounded sequence in U that 7-
converges to u. Since B € L(U; X) and B is also sequentially 7y-7x-continuous on
|-|;-bounded sets, we have that (Buy)nen is || y-bounded and 7x-convergent to
Bu. This implies
(B°z°,u) =(z°, Bu) = lim (z°, Buy,),
n—oo
yielding B°z° € U° and the o(X°, X)-0(U°,U)-continuity of B°. Furthermore, we
note that
I1B2%| e = | B°2® v = sup [(B"2% u)[= sup [(z° Bu)|< sup |Buly |z°|-
luly <1 el <1 el <t
=Bl e, x) 7] xe
and thus B° € L(X°;U°). O

Remark 5.12. Let (X, ||y ,7x) and (U, ||, ,7v) be Saks spaces, B € L(U; X).
Consider the following assertions:

(a) B is 1y-Tx-continuous on |-|,-bounded sets.
(b) B is sequentially 7¢/-7x-continuous on |-||;,~-bounded sets.

Then (a)=(b) holds. Moreover, if (U, |||, , 7v) is C-sequential, then (b)=(a) holds.
Proof. The implication (a)=>(b) is obviously true. Let assertion (b) hold. It follows

from |28, Theorem 2.3.1] that B is sequentially vy-7x-continuous. Hence, (a) holds
by |21, Theorem 7.4] if (U,~y) is C-sequential. O

Proposition 5.13. Let (V,|-y,), (W,||\) be Banach spaces, (Z,||,,7z) a
Saks space, P, a directed system of seminorms that induces the topology vz,
FeLl(V;Z) and Ge L(W;Z). Then the following assertions are equivalent:

(a) There exists c1 20 such that |F'z'|y, <c1 |G'2' ||y, for all 2" € Z.
(b) There exists ca > 0 such that

(FvlveV, o], <1} <{Gw | weW, [wy <ca} .
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(¢) There exists cz > 0 such that for allv eV, € >0 and p,, € Py, there is
we W with |w||y, <cslv|,, such that p,,(Fv+Gw) <e.

Moreover, we can choose ¢1 = ¢y = 3.

Proof. First, we note that if M and IV are convex sets in Z, then we have N ¢ M
if and only if
sup Re(z’, 2) < supRe(z’, 2) (3)
zeM zeN
for all 2" € Z by [, p. 220]. Second, let 2" € Z. For every z € Z there is A, € C
with |A;] < 1 such that |(2,z)| = Re(z’,A\.z). Thus, if M and N are additionally
circled sets, then () is equivalent to
sup [(2', )| < sup {2/, 2)]
zeM zeN
for all 2" € Z!. Hence, setting N = {Fv [ v e V,|v|,, <1}, M = {Gw | w €
W, |w|y, < c2} and observing that N, M ¢ Z are convex, circled sets, we obtain the
equivalence of (a) and (b), and that we can choose ¢1 = ca.
Let us turn to the equivalence of (b) and (c). For € > 0 and p,, € P,, we set

U, ={z¢eZ|py,(2)<e}. For any M € Z we have

EPyy

M7= () M+U.,, (4)

€>0,py, €P,

(see e.g. |11, 2.1.4 Proposition]). Let assertion (b) hold, v € V with v # 0, £ > 0 and
Dyy € Py,. Then there are @ ¢ W with |@|y, < ¢2 and z € Z with p,, (2) <

such that F(——) = GW + z by (b) and @). From writing

v
(1%

e
ol

-V
~Fu=|o| F(—
Y el

setting w = v, @, and using |w|y = |v]y |@|w < 2 |v]y and

) ol (GT+2) = G(Joly @) + o]y =

€
Pyz (Fv+ Gw) = py, (= 0]y 2) = 0]y pyz (2) < ol ol =
v

we conclude that (c) holds (the case v = 0 is obvious).

Now, let assertion (c) hold. Let v € V with |v|,, <1, € >0 and p,, € P,,. Then
there is @ e W with ||@|;, < ¢z such that p,, (Fv+ G@) <e. Setting w = -, using
|w| = |||y < cs and Fv = Gw + Fv + G@, we see that (b) holds due to {@). The
proof of the equivalence of (b) and (c) also shows that we can choose co =¢3. O

The proof of the equivalence of (a) and (b) is just an adaptation of the proof of
[4, Theorem 2.2, (iii)<>(iv)].

Remark 5.14. Let (Z,|-|,,7z) be a Saks space. Since the mixed topology vz
coincides with 77 on ||| ,-bounded sets, we may equivalently replace the z-closure
by the 7z-closure in Proposition [5.13] (b) and thus P,, in (c) by a directed system
of seminorms P, that induces the topology 7z, too.

Proposition 5.15. Let (X, ||| x ,7x) be a sequentially complete C-sequential Saks
space, (U, ||, 7v) a Saks space, (Si)es0 a locally Tx -bi-continuous semigroup on
X and B € L(U; X) such that B is also Ty -Tx -continuous on |-|;-bounded sets.
(a) (SiB)is0 is quasi-yy-yx -equicontinuous.
(b) Let T >0 and BT:C, ([0, T];U) - X be given by

T
BTy = / St_¢ Bu(t)dt.
0
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Then B" € L(Crp([0,T];U); X) = L(Crp([0,T1U), | o0)5 (X, | x)) and
BT is also yeo-yx -continuous.

(¢) Let BT a0 := BT 2° for ° € X°. Then BT z° ¢ (Crp([0,T];U),ve0)" for all
x° e X°.

Proof. (a) Let M c U be a |-|,-bounded set. Then the restriction Blp;: M - X
of B to M is 7y|m-Tx-continuous. Since B € L(U;X), the set B(M) is ||| x-
bounded. As the mixed topology yx coincides with 7x on ||| ,-bounded sets by
Definition 2] (b), it follows that B|as is 7y|a-vx-continuous, yielding that B is
~yu-vx-continuous by |3, I.1.7 Corollary]. Due to |13, Theorem 3.17 (a)] (S:B)0
is quasi-yy-yx-equicontinuous, proving part (a).

(b) Let P, and P,, be directed systems of seminorms that induce the mixed
topologies vx and 7y, respectively. For p,, € Py weset V,, = {xe X |pyy (7)<
1} and denote its polar set by V) :={z"e X! |Va eV, :|a'(x)[<1}. It follows
from part (a) that there are C' > 0 and p-,, € P,,, such that for all u € C.,([0,T];U)
we have

T T
P (BTu)= sup (=2 f S Bu(t)dt)| < sup [ |(a", St Bu(n)la
x'e ;7 0 x'e ;vx 0

<T sup  sup (o', Sr¢Bu(t))|=T sup pyy(Sr—Bu(t))  (5)
z’eVp"WX te[0,T] te[0,77]

<CT sup py, (u(t))
(a)  te[0,T]

where we used |20, Proposition 22.14] in the first and second to last equation to get
from p,, to supg.y. and back. Thus, BT is ~eo-yx-continuous. Furthermore,
Pyx
since X! is norming for X by [15, Lemma 5.5 (a)|, we may choose P, such that
|zl x =sup,, ep,  Dyx(z)forallz e X by [13, Remark 2.2 (c)]. Due to our previous
estimates and the exponential boundedness of (S;):»0 we obtain
HBTUHX = sup py(BTw) < T sup  sup pyy(Sr—tBu(t))
Pyx €Pyx Pyx €Pryx te[0,T

=T sup |[Sp-¢Bu(t)|x <T sup S| ox) [Bu(t)lx
te[0,T7] te[0,T]

< TMeMT HBHZZ(U,X) sup Hu(t) HU ?
te[0,T]

yielding BT € £(C-,([0,T];U); X).
(c) It follows from X° = X! by Remark[5.8 (a) and part (b) that BT° is the dual

map of the Yoo-yx-continuous map B and hence BT 2° € (Cr ([0, T];U), oo )" for
all z° e X°. O

Now, we are ready to write down the dual system of and to phrase
the kind of final state observability of this dual system we are seeking for. Let
(X, x,7x) be a sequentially complete C-sequential Saks space, (U, || ,7v)
a Saks space, (S;)t»0 a locally Tx-bi-continuous semigroup on X with generator
(-A,D(A)), and B € L(U; X) such that B is 7y-7x-continuous on |-|,~bounded
sets, and T' > 0. Using Proposition and Proposition [B.11] the dual system of
is given by

(t) = -A°z(t) (t>0),
y(t) = B°x(t) (t20), (ObsSys)
2(0) =g € X°.
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Definition 5.16. We say that (ObsSys|) satisfies a final state observability estimate
in (Crp([0,T];U),vs0)" if there exists Cops > 0 such that

155:2°] o < Cops ||BT 2°

(Cr ([0, TTU),ve0)"
for all z° € X°.

We spend the remaining part of this section with proving that cost-uniform ap-
proximate Tx-null-controllability in time 7" via C- ;,([0,T]; U) of is equiv-
alent to a final state observability estimate of in (Crp([0,T];U),7),
and that the latter space is actually a certain space of vector measures.

Let Q be a Hausdorff locally compact space, (U,9y) a Hausdorff locally convex
space and Py, a directed system of seminorms that induces Jy. We denote by
A(Q)) the Borel o-algebra on , by M () the space of all bounded complex (or
real) Borel measures on Q, and by M (Q; (U, 9y )") the space of all finitely additive
vector measures v: () - (U,9y)’, i.e. v(N1UNz) = v(Ny) +v(N2) for all disjoint
Ny, Ny € (), such that

(i) v(-)ue M() for all uw e U, and
(ii) there exist p € Py, and C > 0 such that
sup | > v(N )u| <C
(N Up) (N,u)e(N,Up)
where the supremum is taken over all finite partitions N of Q into disjoint
Borel sets and all finite sets U, in U such that p(u) <1 for all u e U,,.
Let (U, || ,7v) be a Saks space and T'> 0. By |26, Theorem 1|, the compactness
of [0,7] and Remark [5.2] (a) the map
T
0, M([0,T];:U7) = (Crp([0,TT:U), vee)'s ©4(v)(u) = f u(t)dv,
0
is a linear isomorphism. By the same theorem in combination with |26, Lemma 4]
the map

T
O M ([0, T]:U") ~ (C([0,TT: (U, i) [ o) Oy () () ﬁ=fU(t)dv,

0
is a topological isomorphism w.r.t. the semivariation norm on M ([0,T];U’) and
the dual norm on (C([0,T]; (U, [[/)). ||)" and

(ve M([0,T];U")

v|

HG“'”(”)H(C([07T1;<U,\|~HU>),u~nm)f =1

where the semivariation norm is given by
IVl yar = SUD | > I/(N)u| (veM([0,T];U"))
N Uy ) (N u)e(N Upy,)
and the supremum is taken over all (N,4), ) as in (i) above with p replaced by
|-l ;- We note that it follows from U’ being a topological subspace of U’ (see |3,
[.1.18 Proposition|) and 7 being coarser than the ||-[;;-topology, that M ([0,T]; U)
is a topological subspace of M ([0,T];U") (if equipped with the relative topology).

Theorem 5.17. Let (X, ||y ,7x) be a sequentially complete C-sequential Saks
space, (U, |||, T7v) a Saks space, (St)tz0 a locally Tx -bi-continuous semigroup on
X and B € L(U; X)) such that B is also Ty-Tx-continuous on || -bounded sets.
For T > 0 we have B°S{ya® ® A e M([0,T]; Ul) and BT z° = ©,(B°SS._,,2° ® \)

T-()
for all x° € X° as well as

o
HBT xo

— BO (e} o o XO
CUOTEW, o)) ) [B°55)2" @ l,,,  (a®eX?)
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where
(B°SE’,):E° ON)(N)u:= f(B° T’ u)dt (Ne#([0,T]), uel)
N

for the Lebesgue measure \.

Proof. First, we recall that X° = X/ by Remark 5.8 (a) as the C-sequential space
(X,vx) is Mazur. Let 2° € X°. Due to Proposition (b) and Proposition
BT is yeo-vx-continuous and
T T
(BT, u) = f (2°, Sr_ Bu(t))dt = f (B°SS._,2°, u(t))dt
0 0

for all we C, ([0, T];U).

For N e 2([0,T]) and u e U we define (B°S¢)z° © A)(N)u = SN (B°Spa°, u)dt
and show that B°S7._ yz°® X e M([0,T];U’). By the proof of Proposition 5.T3l (b)

T-(-)
there are C >0 and p,, € P4, such that

(BS7_2°, u)| = [{2°, Sr—t Bu)| < Cpsy, (u)

for all ¢t € [0,T] and all w € U. In combination with the continuity of the map
t » (B°S5._,2°,u) on [0,T] by Proposition and Proposition [B.11] this implies
that B°S7._y2°@A\:Z([0,T]) - U is a well-defined finitely additive vector measure
and that
(B°S7_(ya° @ A)()u = f(BOS%,tzO,u)dt (uel)
)

belongs to M (). Let A be a finite partition of [0,7] into disjoint Borel sets and
U, a finite subset of U such that p,, (u) <1 for all welf, . Then we have

Y BS o= Y f (B°S5_ 2%, u)d]
(Nuw)e(N Uy, (Nu)e(N Uy ) N

< Z )\(N)CP’YU (u)
(N u)e(N Up.,, )

<C Y AN)=CA([0,T]) = CT,
NeN

yielding B°Sy._ #°©\ € M([0,T];U). Analogously, B°S( z*oAe M([0,T];US).
Finally, since
T T
(BT°2°,u) = f (B°S5._,a°, u(t))dt = f u(t)d(B°Sg_(y2° © \)
0 0
=0,(B°Sr_(y2° © A)(u)

for all ue C;([0,T];U) and

(BT 2° u) = O, (B°Sy_yz° @ M) (u) = 01 (B°S7_(y2° © A)(u)
for all we C([0,T]; (U, ||l;)), it holds that

o
HBT 2°

= |81 (B*S7_(yz° @ A

(CO,THW ) (CO,THW M) o)

= |B°S7_y2" @ A|

var

Let A be a finite partition of [0,7] and U, a finite set in U such that |luf, <1
for all w e Uy, . Then T - N :={T - N | N e N'} is also a finite partition of [0,T7],
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and

> (B°S7_(yz° @ A)(N)u = > (B°S3_,2°,u)dt
(N w)e(N Upy,,) (Nw)e(N Uy, ) N

> (5570 uhat.
(T-Nw)e(T-N Uy, ) rin

Thus, we obtain

o
”BT :L'o

||BOS%7(A)ZCO © )\” = ||BOSE>_).’L'O © )\” . O

var var

CO,THW ) )

Theorem 5.18. Let (X, ||y ,7x) be a sequentially complete C-sequential Saks
space, (U, ||| ,mv) a Saks space, (St)iz0 a locally Tx -bi-continuous semigroup on
X and B € L(U; X) such that B is also Ty-Tx-continuous on || -bounded sets,
and T >0. Then the following assertions are equivalent:

(a) The system in is cost-uniform approzimately Tx -null-controllable
in time T wvia C.([0,T];U).
(b) The system in (ObsSys|) satisfies a final state observability estimate in
(Crp([0,T;U),7e0)".
If additionally Ty = Ty, » then each of the preceding assertions is equivalent to:
(c¢) There exists Cops >0 such that

Va®eX®: |S72°] xo < Cobs HBOSE’_):EO oA .

var

Proof. This statement follows from the equivalence of (a) and (c) in Proposition
BEI3with V=7 = X, W = C;,([0,T];U) equipped with |-, F := S and G = BT
in combination with Theorem .17, Remark 5.T4land X° = X”. O

Even in the setting of Banach spaces, i.e. 7x = Ty TU = Ty where we have
Crp([0,T];U) = C([0,TT; (U, | y)) and

(Crp([0,TT:U),7e0)" = (C([0, TT: (U, |1 [-o0) = M([0, T} U)

as well as X° = X/, the results of Theorem [£.18 seem to be new.
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