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FINDING GLOBAL SOLUTIONS FOR A CLASS OF POSSIBLY
NONCONVEX QCQP PROBLEMS THROUGH THE S-LEMMA

EWA M. BEDNARCZUK! AND GIOVANNI BRUCCOLA?

ABSTRACT. In this paper we provide necessary and sufficient (KKT) conditions for
global optimality for a new class of possibly nonconvex quadratically constrained
quadratic programming (QCQP) problems, denoted by S-QCQP. The class consists
of QCQP problems where the matrices of the quadratic components are formed
by a scalar times the identity matrix. Our result relies on a generalized version
of the S-Lemma, stated in the context of general QCQP problems. Moreover, we
prove the exactness of the SDP and the SOCP relaxations for S-QCQP.

1. INTRODUCTION

The aim of this work is to provide a characterization for the global minima of a
specific class of Quadratically Constrained Quadratic Programming (QCQP) problem.
A generic (QCQP) problem is defined as in [24]:

Minimize gepn J(x) = xt Ayz + 205z + ¢y

QCQP
st fy(x) = xTAkx+2bg:17+ck <0, k=1,..m ( )

with z € R™, A, Ax € S™, where S™ denotes the space of symmetric n x n matrices,
by,br € R™ and cj,cx € R are given data for k =1, ..., m.
We focus on (QCQP) problems which satisfy the following assumption:

Assumption 1. The matrices Ay, Ay Vk € {1,...,m} are of the form Ay = a;I, A, =
arl where I is the n x n identity matrix, and ay,a € R.

When Assumption 1 holds, (QCQP) takes the form

Minimize yegn J(x) := ajrlz + 2b§x +cy
T T (S-QCQP)
st fy(x)=arr’ c+2bx+ e, <0, k=1,...m

Since in (S-QCQP) the matrices Ay, Ax, k = 1,...,m do not appear and we only
have the scalars a s, ar, k = 1, ..., m, we propose to denote (S-QCQP) as scalar QCQP,
i.e. S-QCQP.

Remark 1. The scalars ay,ar, k = 1,...,m can be also equal to zero for (S-QCQP).
When ay = 0 or ap, = 0 for some k, the corresponding J(z) or fi(x) are linear
forms. O
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Consider the following KKT conditions:

(i) VI + Y wfe)(@) =0

k=1
(i) yfela®) =0 ke {1,..,m} (KKT)

(iii) Ay + Y WA = 0
k=1
The main result of this work is to prove that (KKT) are necessary and sufficient
optimality conditions for (S-QCQP), if m + 1 < n, there exists xg such fr(xg) <
0Vk e {1,...,m} and if the following assumption holds.

Assumption 2. Assume that there exists a global minimum x* of problem (QCQP)
and there exists v € R''\ 0y, such that Aj + > v Ax = 0.

The assumption 3y € R’\0,, such that A ;43" v Ax = 0, is a standard assumption
in the literature related to QCQP, but it is non verified by nonconvex QP (quadratic
problems with linear constraints only), since Ay % 0. KKT conditions and the SDP
relaxation for QP are studied for example in [13], [7].

The assumption that there exists a global minimum z* of problem (S-QCQP), allows
us to consider a heterogeneous set of cases, like the ones of following examples.

e (S-QCQP) with nonconvex quadratic and linear constraints, when the Hessian
of the objective function J is positive definite.

e (S-QCQP) where the objective function has a negative definite Hessian and
convex quadratic and linear constraints.

The KKT conditions for (QCQP) with one convex quadratic constraint are studied
for example in [22], [29]. In paper [15], the authors prove that (KKT) are necessary
and sufficient for (QCQP) such that V& € {J, 1, ...,m} the matrices Hy, := (ff l;:)
are Z-matrices (which are matrices with non positive off diagonal elements), if there
exists g such that fy(zo) <O0VE € {1,...,m}.

In order to characterize the optimal value of Z-matrices QCQP, in [15] the authors
propose a generalized version of the S-Lemma, in the sense described in Section 2-
Preliminaries.

We apply the approach proposed in [15] for a specific subclass of (QCQP) to
prove that the conditions (KKT) are necessary and sufficient optimality conditions
for (S-QCQP), .

The main ingredients used in deriving the result of the present paper are a generalized
version of the S-Lemma and the convexity of the set

Qo = {(fo(@), f1(2), oy frn ()] € R} + int R with fo := J(x) — J ().

Then we prove the legitimacy of this approach in the context of (S-QCQP).

The paper [26] provides a comprehensive survey on the famous S-Lemma, while [16]
explores the relations between the S-Lemma and the Lagrangian multipliers of (QCQP).

The S-Lemma was the first important results related to the more general S-procedure
described in [11]. These important theorems are treated from an historical point view
in [14]. Under data uncertainty, [4] applies a S-Lemma based approach similar to the
one proposed by [15] and us. The paper [28] extend the results of [15] to Z-matrices
(QCQP) infinite number of inequalities.
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We will exploit (KKT) to prove that the convex relaxations (SDP) and (SOCP) of
(S-QCQP) are exact. We say that a relaxation is exact when the objective values at a
global minimum of the original problem and of the relaxation coincide.

Hence, in order to find the optimal value of (S-QCQP) problems, we can use solvers
capable to deal with (SOCP) and (SDP) programs, such as the ones described in [9],
[30],[17].

Even if the (SDP) is not exact for a (QCQP), it still provides a lower bound for the
optimal value of the (QCQP), [2].

Many papers and books are dedicated to the convex relaxations of (QCQP) problem
and, in particular, the semi-definite programming (SDP) relaxation and its modifications
(see e.g. [31], [25], [21], [8]).

The algorithms proposed in literature often solves exactly the RLT-SDP relaxation of
a QCQP, which improves the approximation of the solution given by the SDP relaxation,
[2], [3]. The papers of [23] and [10] propose algorithms which provides a tighter lower
bound to (QCQP) then the SDP relation. The algorithm proposed by [10], can deal
also with a MIQCP (mixed-integer quadratically constrained program). The MIQCP
can be defined by adding the following constraints to (QCQP): taking I := 1,....,n
and J CI,z; €N Vie Jand xz; € R Vie I\J. Paper [12] offers an exhaustive
survey on solvers which treat different types of QCQP and MIQCP, notwithstanding
the elevated obsolescence rate of this kind of works.

In papers [6] and [19], the authors study the SDP relaxation in the framework of SD
QCQP (see section 3.3), i.e. when all the matrices A;, i = {0,...,m} which appear
in (QCQP) are SD (simultaneously diagonalizable), see section 6. In this framework,
the SDP relaxation is equivalent to other convex relaxations as the Second Order Cone
Programming (SOCP) relaxation, see [1], [17], [18], [20].

The organization of the paper is as follows. In Section 2, we provide the preliminaries
concerning the notation, the S-Lemma, the Fermat rule and the convex separation
theorem which are used in the sequel.

The main result of Section 3 is Theorem 7, which provides the global minima char-
acterization for general (QCQP) problems in the form of (KKT) conditions.

In Section 4 we apply Theorem 7 to provide a characterization of the global solution
for (S-QCQP). The main result is Theorem 8 which proves the convexity of the set €.

In Section 5 we discuss the exactness of the SDP and the SOCP relaxation for
(S-QCQP), with the help of the equivalent convex relaxation provided by [6].

In Section 6, we make a comparison with the result provided in Section 4 and the
results on global minima characterization which can be found in literature for (QCQP)
when the number of constraints m = 2. Finally, we solve the (KKT) condition for
(S-QCQP) with m =2 and n >> m.

2. PRELIMINARIES

Given a vector z € R", we say x > 0 when, (Vi € {1,...,m}), ; > 0, R} :=
{z € R™ | z > 0}. 0,, denotes the all-zero vector in R™. Given two vectors x,y € R",
n
(z,y) := Y z;y; denotes the inner product between = and y and (z,y) = 2Ty = yTx.
i=1
The corresponding norm is the Euclidean norm denoted by || - || = v/ (-, ).
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Let S™ be the set of symmetric matrices in R"*". S and S%, are the cones of
symmetric matrices which are also positive semidefinite and positive definite, respec-
tively. If a matrix A belongs to S then we write A = 0; if A € S, then we write
A= 0.

The general quadratic functional is of the form

fu(z) = 2T Agx 4+ 20Lx + ¢ (2.1)

where A, € S™, b, € R" and ¢, € R; k = 1, ..., m are the indices which refer to the
constraints of (QCQP).

diag(A) € R™ is the vector of the elements in the main diagonal of A € S™. The
trace inner product (A, B), between symmetric matrices A, B of dimension n x n is

defined as (A, B) := Tr(BTA) = 371"} 37" ai;bij. Let |- | denote the cardinality of
a set. C is an affine subspace if C # () and V) € R and for all distinct z,y € C
A+ (1-XNyeC

affC denotes the affine hull of C, i.e. the smallest affine subspace of R™ containing C.
B :={xz|||z]| < 1} is the Euclidean unit ball in R™. int C' denotes the interior of C,

intC:={zxeC|(Fe>0)(x+eB)CC}
ri C is the relative interior of C, i.e. :
riC:={x € affC|(Je > 0)(z +eB) N (affC) C C} (2.2)

An important theorem for the optimality conditions of (QCQP) is the S-lemma. We
recall a generalized version of the S-Lemma that can be found in [26].

Theorem 1. (Yakubovich S-Lemma) Let f,g : R™ — R be quadratic functionals of
the form (2.1) and suppose that there exists a point xg € R such that g(x) < 0. The
following statements (i) and (ii) are equivalent.

Pz € R™) s.t.
f(x) <0 (i)
9(x) <0

3y >0 such that f(x)+~vg(x) >0 Vo € R" (ii)

Definition 1. Consider a collection of quadratic functionals fi, : R® - R (k = 1,...,m)
of the form (2.1). A theorem of the alternative is called generalized version of the S-
Lemma if it establishes under which assumptions on the functionals f; only one between
the following statements holds:

(1) 3z € R™ such that fr(z) <0 Vke {1,...m}
(2) @y € RY\OR) > wfi(r) =20 Ve e R”
k=1

Another important result is as follows.
Theorem 2. (Fermat necessary optimality conditions) Assume that f : R™ — R is
continuously differentiable on an open set D C R™. Then,

e ifz* € D is a local minimizer of f, then it must verify V f(z*) = 0.
e if f is twice continuously differentiable, then we also have V2 f(x*) positive
semidefinite.

Moreover, in the convex case Theorem 2 can be rewritten in the following form.
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Theorem 3. (Fermat necessary and sufficient optimality conditions) Assume that f :
R™ — R is convex and continuously differentiable on an open set D C R™. Then,
x* € D is a global minimizer of f if and only if

Vi(x*)=0.
Let C; and Cs be non-empty sets in R™.

Definition 2. ([27], section 11)

e A hyperplane H is said to separate Cy and Cs if Cy is contained in one of the
closed half spaces associated to H and Cs is contained in the opposite closed
half space.

e H is said to separate properly C1 and Cy if they are not both contained in H
itself.

We are ready to state the convex separation theorem that will be crucial in the next
section.

Theorem 4. ([27], Theorem 11.3)

Let Cy and Cy be non-empty convex sets in R™. In order that there exists a hyper-
plane that separates Cy and Cy properly, it is necessary and sufficient that ri C1 and
r1 Co have no point in common.

For n-dimensional convex sets in R", affC = R™ and so, by (2.2), we have ri C' =
int C ([27], section 6).
Hence, we can rewrite Theorem 5 as follows.

Theorem 5. Let C; and Cs be full dimensional non-empty convex sets in R™. In order
that there exists a hyperplane that separates C; and Cy properly, it is necessary and
sufficient that int Cy and int Cy have no point in common.

3. GLOBAL MINIMA CHARACTERIZATION FOR GENERAL (QCQP)

In this section we characterize global minima of (QCQP) problem by (KKT) con-
ditions derived with the help of a generalized form of the S-Lemma as defined in
Definition 1.

Our approach is inspired by the one proposed in [15] to characterize the global
minima of Z-matrices (QCQP), i.e. (QCQP) with the matrices

A by Aj bk>
Hy, = k=1,.. d H;:= 3.1
k <b£ Ck) ;e AN J <b‘,1; cy ( )

having all the off diagonal elements non positive.

In contrast to [15], we are not in the framework of Z-matrices (QCQP), but we
consider the general case of (QCQP) problems.

In the sequel, we take into account the following additional assumption.

Assumption 3. Consider a collection of quadratic functionals fi(z) = 27 Az +blz+
ck k=0,...,m. The set Qq, with

Qo = {(fo(@), f1(2), e, fn(2)) | & € R"} + int R (32)
is convex.

We prove a generalized version of the S-Lemma, in the form of a theorem of the
alternatives.
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Theorem 6. If Assumption 3 holds, then exactly one of the following statements is
valid:

(i) 3z € R™ such that fi(x) <0 Vke€{0,..,m}

m

(i) By € RE Y NOpi1) 3 wfu(e) >0 Ve eR”
k=0

Proof. The implication [Not(ii)=-(i)] is immediate (by contradiction). To show the
implication [Not(i)=-(ii)], assume that (i) does not hold, i.e., the system

fe(x) <0 VkeA{0,...,m} (3.3)
has no solution. By the definition of Qg in (3.2), the inconsistency of the system (3.3)
implies that

Qo N (—intR7H) = 0. (3.4)
To see this, suppose by contrary, that there exists y € Q¢ N (—intRTH). By the
definition (3.2) of Qg (for functions fi, k = 0,...,m), there exist zg € R", Cy,C} €
intR”"™! such that
y = (fo(20), .- fm(w0)) + Co = —C4 € (—intR}T),

i, (fo(0)s.oes fm(w0)) = —Co — C1 € (—intR"™) contradictory to (3.3). This
proves (3.4).
Since Qy and —int]RTJrl are full dimensional in R™*!, non-empty and convex, by
(3.4),
intQo N (—intR7) =0,
we can apply Theorem 5. So there exists a hyperplane which separates €y and —int]RTJr1
properly, i.e. v € R™\0,, such that

Z”kak >0 VyeQy (3.5)
k=0
and 37" ey <0 Vy e (—intRT“). This latter inequality shows that it must be
v e RT+1\0m+1.
Consequently, by the definition (3.2) of Qg, for k =0,...,m

y=(fo(x),...., fm(2)) + C € Qy, C €intRT
By this, and the formula (3.5), we get

> w(fr(@) +Ck) =0 Vx €R", Cy € intRy. (3.6)
k=0
Consequently, it must be
Z%fk(ﬂﬁ) >0 VzeR™ (3.7
k=0

Otherwise, >, o Vi fr(Z) < 0 for some z € R™, and it would be possible to choose
Ce intJRTJr1 with components Cy > 0 small enough so as

i%(fk(i) +Cr) <0

which would contradict (3.5) since (fo(Z) + ko, ..., fm(Z) + km) € Qo. Thus, (3.7)
holds which proves (ii). O
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In the following, we exploit Theorem 6 to get necessary and sufficient optimality
conditions for general (QCQP).

Theorem 7. Let Assumption 2 hold and x* be a global minimizer of (QCQP). Define
fo(z) :== J(x) — J(@*) = 2T Ayx + bz — ()T Ayz* — 2002~

Let Assumption 3 hold, i.e. the set Q) defined in (3.2) is convex.
Then the following Fritz-John conditions are necessary for optimality, i.e. there exists
a vector (Yo, ., Ym) € RN\ 0, 41 such that

(i) V(yJd+ Y wfu)@*) =0

k=1
(1) wfe(z™)=0 ke{l,..,m} (3.8)

(ii) Y0As + Y WwAr = 0
k=1

Moreover, if there exists a point xg € R™ such that
fk(IO) <0 Vké{l,...,m} (39)

then there exists a vector (71, ..., Ym) € R\ Oy, such that

@) VI +Y wfi)@) =0

k=1
(1) wfe(z®)=0 ke{l,..,m} (KKT)

(iii) Ay + Y WwAg = 0
k=1

are necessary for optimality. Moreover, given a feasible xz* for problem (QCQP) satis-
fying (3.9), the conditions (KKT) are also sufficient for global optimality of z*.

Proof. Let fo(x) := J(x)—J(x*). Since 2* is a global minimizer of (QCQP), fo(xz) >0
Vz feasible for (QCQP). Hence, the system fi(z) < 0 k = 0,...,m has no solution.
By Theorem 6, there exists (Y0, ..., Ym) € R7T'\0,,41 such that

L(z) := yofo(z) + Z'ykfk(a:) >0 forall x € R™. (3.10)
k=1

In particular, for x = z*, we have > Y fr(z*) > 0. Since v fr(z*) < 0 VEk €
k=1

{1,...,m}, it must be v fr(z*) = 0 Vk € {1,...,m} which proves (ii) of (3.8). By

(3.10), for all z € R™

Yo (&) + > fulx) > v0 (z*) (3.11)
k=1

m
Hence L(z) := voJ(x) + Y vrfr(x) attains its minimum over R™ at z*. We can
k=1

apply Theorem 2 for a twiceicontinuously differentiable function L(x). The necessary
optimality conditions V,L(z*) = 0 and V2L(x*) = 0 are respectively equivalent to
the conditions (i) and (iii) of (3.8), which finishes the proof of the first part.
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Suppose now that (3.9) holds, i.e., there exists a point zy such that fi(z9) < 0
Vk=1,...,m. If it were 7y = 0, then by (3.10), it would be > i fx(z) > 0 for all
k=1
x € R™, which would contradict (3.9). Hence vy > 0 and the Fritz-John conditions
becomes the KKT condition, i.e. (KKT) holds.
To complete the proof, we show that conditions (KKT) are also sufficient for optimal-

ity. Assume that there exists z* € R™ which is feasible to (QCQP) and (71, ..., m) €
R’"\0,, such that (KKT) holds. The Lagrangian for (QCQP) is:

L(x,7) = J(2) + Y wfilw) = " A()z + 26(7) "z + e(7) (3.12)
k=1

with A(y) = Ay + >0 Ak, b(y) = by + > bk and c(v) = cj + > Yk
k=1 k=1 k=1
Notice that the Lagrangian L(x,~) is convex with respect to x, since A(y) =
Ay + Z Y Ag = 0 by (KKT).
k=1

Hence z* such that V,L(z*) = 0 is the minimum of L(z,7) for 7 fixed, by
Theorem 3.
By (KKT), & fr(z*) =0 for k =1,...,m. We have

J(x) + Z%fk(ac) > J(@") + Z%fk(:v*) =J(z*) Vo eR" (3.13)
k=1 k=1
For any x feasible for (QCQP), fr(x) < 0 and hence
J(w) > J(x) + > e fulx) (3.14)
k=1

Combining (3.13) and (3.14), for any z feasible for (QCQP), we have
J(x) > J(x*) (3.15)
which proves that 2* is a global minimum for (QCQP). O

4. GLOBAL MINIMA CHARACTERIZATION FOR (S-QCQP)

In the present section we use the results of Section 3 to provide (KKT) character-
ization of global minima for (S-QCQP). The main result of this section is Theorem
8.

Let =* be the global minimum of (S-QCQP). As in (7), we use the notation

folz) = J(2) = J(2") = agllz[* + bJa — aslla™|?* — 205"
In the case of (S-QCQP), the set g, defined in (3.2), take the form
Qo = {(fo(), f1(x), .., fm(2))|z € R"} + intRTH
where
fe(x) := agl|z||* + 20z +c, k=0,...,m
with a; € R.

Theorem 8. Consider problem (S-QCQP) with m + 1 < n. The set Qg defined in
(3.2) is convex.
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Proof. In order to show that Qg C R™*! is convex, take any v := (vg, ..., ), w 1=
(wo, ..., W) € Qo and A € (0,1). There exist x,, z,, € R™ such that

Jre(zy) < v and fr(ry) <wp Yk e {0,...,m}. (4.1)

Consider the convex combination Av + (1 — Mw. Let (Av+ (1 — A)w), be the k-th
component of Av + (1 — A)w. By (4.1), we have

Me(zy) + (1 =N fe(zw) < Qv+ (1= Nw), Vke{0,...,m}. (4.2)

In order to prove that g is convex, we show that the convex combination Av+ (1 —
A)w belongs to g, i.e. there exists & such that V& € {0, ...,m}

(@) < A+ (1= Nw)k. (4.3)

Formulas (4.2) and (4.3) together imply that Qg is convex if there exists & € R"
such that V& € {0, ..., m}

fe(@) < AMfi(zo) + (1= A) fr(Tw). (4.4)

Note that if 2, = x,,, Then (4.4) trivially holds for & = x,, = x,,. From now on, we
assume that x,, and x,, are distinct vectors, x, # x,,. . Let us take Z such that

Fe8" :i={zeR" | |z]* = Mau|® + (1 = N)llzwl*}. (4.5)
In general, the set S™ is a sphere centered at zero with radius A||x,||2+(1—=\) ||z ||%.
In particular case, when both z, = x,, = 0 the set 8™ reduces to {0}, but this is

impossible, since we assumed that z, and z,, are distinct vectors.
Clearly, 7 satisfies (4.3) if Vk € {0, ..., m}:

fk(f) < /\fk(xv) + (1 — /\)fk(xw) < Avg + (1 — )\)wk.
ar|Z)|? + 201 % 4 ¢ < an(\||zo || + (1 = N||zw||?) + 20F Azy + (1 = N)zy) + ck.

(4.6)
To ensure (4.6), we show that we can choose Z satisfying (4.5) such that
bp & < b (Azy + (1 = A7), (47)
b (2 — (Azy 4+ (1 — Nzy)) < 0. '

Define y := 2 — (Azy, +(1—A)zy) € R™. Observe that y = y(A, Z), where A € (0,1)
and 7 € 8". Clearly, the solution set of the system of inequalities
by <0 ke€{0,..,m}
includes all the solutions of the system of homogeneous equations
biy=0 ke{0,..,m}
R R (4.

N S N 7 0

In the sequel we will look for y = & — (Azy, + (1 — A)zy) € R™ among the solutions of
the system of equations (4.8). Let

B =
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By assumption, rank(B) < m 4+ 1 < n. The rank-nullity theorem states that the
solutions of system (4.8) form a vector space of dimension p = n — rank(B).
Let uq,...,up be a basis for the vector space of solutions to system (4.8). Given

p

some scalars a; € R, ¢ € {1, ..., p} a solution y of (4.8) can be written as y = > o, u;.
i=1

To complete the proof, we need to show that there exist some scalars a; i € {1, ..., p}

such that

p
T = Zaiui + Az, + (1 - /\):vw eS”, (49)
=1

p
where 8™ is defined as in (4.5). In fact, by choosing Z as in (4.9), y = Y. a,u; is a
i=1
solution of (4.8) and & € S™ satisfies (4.7). We have to prove that one can choose «;,
i =1,...,p such that

IS}

p
) =1 (4.10)
1Y i+ Azy + (1= Naw|? = Alzo [ + (1= V)]l
=1

Below we show that we can only consider y of the form y = a,u,, where an index %
is chosen arbitrarily from {1,...,p}. Indeed, given an index x € {1,...,p}, set o; = 0
fori e {1,...,p} \ {*} and a. # 0. With this choice of a;, i = 1,...,p we can rewrite
(4.10) as

T = e + A2y + (1 — N2y
and consequently, we need to find a. € R such that
ot + Ay + (1 = A)aru]|? =
= o2 [lua]® + [ Ay + (1 = Nz ||” + 200 (s, Az + (1= N)ay) = (4.11)
= Alzo [ + (1 = Nzw |
By Corollary 2.14 of [5],

1Oy + (1 = Naw)[* = Mao|* + (1= Dzl = A1 = Nllze —zol*. (4.12)
Hence, (4.11) becomes
[ ]|? + 200 (U, ATy + (1 = Nxy) — A1 = A)||20 — 240 ||> =0 (4.13)

Note that by (4.13) it must be a. # 0 since z, and z,, are distinct vectors. There
exists v, such that (4.13) holds (i.e. Z € 8™), if and only if

A= (s, Az + (1= Naa))? + A1 = Nlfus*[lze — 20 > 0,

which holds for every z,,, z,, € R™.

By the definition of y and (4.9), y(Z) = a.u. belongs to the vector space of the
solutions of (4.8). Hence, (4.7) holds by choosing Z as in (4.9), with a; = 0 for
1€ {1,...,p}\ {*} and a. # 0 satisfying (4.13). O
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Remark 2. (1) Observe that the assumption m~+1 < n is important for the validity
of the presented proof of Theorem 8. Otherwise, if rank B = m +1 = n,
the only solution of the system (4.8) is y = 0 which implies that it must be
T =Xty +(1=Nzy € 8", ie. Axy L (1—N)zy, which can hardly be satisfied.

(2) Under the assumption of Theorem 8, there could exist a component i €
{0,...,m} such that fi(z) := ||z||* and a component j € {0,...,m} such
that fi(x) := —|z|%

In this case, £ must satisfies

12117 < AMlzo[l? + (1 = Nl|zw|®
—[12l1* < =(Allzoll* + (1 = Mz [1?)

The above proves that, in order to complete the proof of Theorem 8, we
cannot choose % such that

I1Z11* # o |* + (1 = Nz |
This motivates our approach of looking for suitable & from among elements of
(3) ‘Ls‘et' us note that in the special case where x,,, 2, # 0 and u, = + (Ax, + (1 —
N2y ) for some x € {1,...,p}, the formula (4.10) reduces to
Z= (s £1)((Azy + (1 — N)zy)
and z € S™ iff
Al + (1 = Mz
Azy + (1 = Naw||
Theorem 8 allows us to prove that (KKT) conditions are necessary and sufficient

optimality conditions for (S-QCQP) with m+1 < n under some standard assumptions,
as stated in the following theorem.

loe £ 1] =

Theorem 9. Consider (S-QCQP) such that m + 1 < n. Let Assumption 2 holds and
x* be a global minimizer of (S-QCQP). Define the matrices Hy, Hy, k = 1,...,m and
Qo as in Theorem 7. Then the Fritz-John conditions (3.8) are necessary for optimality.
Moreover, if there exists a point xg € R™ such that

fe(zo) <0 VEe{l,.,m}
then (KKT) are necessary and sufficient for global optimality of x*, which is feasible
for (S-QCQP).

Proof. By Theorem 8, the set Qo defined as in (3.2) is convex, i.e. Assumption 3 holds
for the quadratic functionals which appear in (S-QCQP). We can apply Theorem 7 to
complete the proof. O

Remark 3. The condition (iii) of (KKT), i.e. Ay + > vAr = 0 can be rewritten
k=1

as (ay + i Yrar)l = 0 when Assumption 1 holds, i.e. for (S-QCQP). Since all
k=1

m m
the eigenvalues of (ay + Y ~yrax)l are equal to ay + > ~yrax, (iii) takes the form
k=1 k=1

m
aj+ Zmakzo. O
k=1
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5. SDP AND SOCP RELAXATIONS EXACTNESS FOR (S-QCQP)
Problem (QCQP) can be rewritten as
Minimizeyern Tr(Ay, X) + 2b§:v
sit. Tr(Ag, X)+ 20z +c, <0k=1,...,m (5.1)
X =za?

It is possible to relax the constraint X = zz” with X — zz” > 0, which is equivalent

2T

b% > 0. We obtain the semidefinite or Shor

to the semidefinite constraint
relaxation for (QCQP), [31]:
Minimizezern Tr(Ay, X) + Qb?;:z:
sit. Tr(Ap, X)+20la+cp, <0k=1,...,m

1 2T
(o %)=

Consider a diagonal (QCQP), which means that the matrices Ay k = J,1,...,m are
diagonal. Let ap, € R™ be the vector of all the diagonal entries of Ay, Vk. Then it is
possible to rewrite a diagonal (QCQP) as follow:

(SDP)

Minimizey yern a?;y + 2b§:c
st. afy+2biz+c; <0 (Yke{l,..,m}) (5.2)
st. 22 —y; =0, Vi

If we relax the constraints with 22 — y; < 0 (Vi), we obtain the following convex

relaxation as in [6]:

Minimize, yern a?y + 2b§:17
st. afy+ 20z +c, <0 (Vke{l,..,m}) (SDP2)
s.t. xf —y; <0, Vi

For diagonal QCQP, (SDP2) and (SDP) are equivalent, as stated in the next theorem:

Theorem 10. Consider a diagonal (QCQP). The SDP relaxation, (SDP), can be
rewritten as the relaxation (SDP2).

Proof. Let (X, x) be feasible for (SDP), then X — zx” = 0. The principal minors of
order 1 of X —ax” are X;; —x;x; i = 1,...,n, i.e. the elements on the main diagonal of
the symmetric matrix X —z2”. If X —xz” > 0 then a necessary condition for X —zz™
to be positive semidefinite is X;; > x;2; = 22 i = 1,...,n (Sylvester criterion). Since
Ay € 8™ k= J,1,....,m, are diagonal then diag(Ay)T diag(X) = Tr(AxX) Yk. So,
only the elements in the main diagonal of X are relevant for the objective function

and the constraints of (SDP). We can substitute the constraint (ﬁ f) = 0 with

Taking y € R™ such that y; = X;; Vj € {1,...,n}, the proof is complete. O

Since (SDP2) is a convex problem, under the Slater condition, the KKT conditions
are necessary and sufficient for global optimality. Consider the (SDP2) relaxation for
(S-QCQP). We have that every component of ay, kK = J,1,....,m , is equal to a
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constant ax. Forv; >0i=1,...,nand v, >0k =1,...,m, The KKT conditions for
the (SDP2) relaxation for (S-QCQP) are:

cu—i—i'ykak—ui:() Vie{l,..,n} (5.3)
k=1

2in+2i7kbki+2Vi«Ti =0 Vie {1,...,”} (5.4)

k=1

’Yk(akiyi‘f'?ibkil'i‘f'ck)zo Vke{l,..,m} (5.5)
i=1 i=1

vi(z? —yi) =0 Vi (5.6)

fe(y, ) = ag Zn:y + Qibkixi +c, <0 Vke{l,..,m} (5.7)

i=1 i=1
v —y; <0 Vie{l,..n} (5.8)

The necessary and sufficient optimality conditions for (S-QCQP) are (KKT). They
can be rewritten, for v, > 0 k =1, ...,m, as follow:

aj+ Z'Ykak >0 (5.9)
k=1

265 +2> b +2las + Y arlr =0 (5.10)

k=1 k=1

7k(ak2x?+22bkixi+ck) =0 Vke{l,..,m} (5.11)
i=1 i=1

fe(x) == ag fo + ZZbkixi +c, <0 Vke{l,..,m} (5.12)

i=1 i=1

Theorem 11. Consider (S-QCQP) such that m + 1 < n. Let Assumption 2 holds
and z* be a global minimizer of (S-QCQP). Assume that there exists x such that
fr(zo) < OVE{1,...,m}. Then (SDP2) is exact and (x*,y*), with yi = (z*)?Vi €
{1,...,n} is a global optimum for (SDP2).

Proof. By Theorem 7, the conditions (5.9)-(5.12) are necessary and sufficient for the
optimality of (S-QCQP). Hence z* fulfills all the conditions (5.9)-(5.12). Now consider
the conditions (5.3)-(5.8). By setting x? = y; Vi, the system composed by (5.3)-(5.8)
can be rewritten as (5.9)-(5.12). Hence, (z*,y*), with y7 = (z*)? Vi fulfill also the
KKT conditions (5.3)-(5.8) for (SDP2). Since the KKT conditions are necessary and
sufficient for the optimality of (SDP2), (z*,y*) is an optimal solution of (SDP2).
Notice that in z* the objective function of (S-QCQP) yields the same value of the
objective function of (SDP2) in (z*,y*). So (SDP2) is an exact convex relaxation. [

Remark 4. By Theorem 10, for a diagonal (QCQP), if (SDP2) is exact, then (SDP)
is also exact. An analogous result was obtained in [32]. O

The next result can be seen as an adaptation of Theorem 3.5 from [17] for (S-QCQP).
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Theorem 12. Problem (SDP2) can be rewritten as the following Second Order Cone
Program (SOCP)

Minimizeyegsn Z(aJ, az, b))%

i=1
i - (SOCP)

Z(ak,ak,b;ﬂ-) X;i+ec, <0 Vkel,...m

i=1

X; € ﬁi

yitl yi—1
2 0 2

yit1l yi—1
2 72
Proof. The constraints y; > z7 i € {1,...,n} can be rewritten as

yit+1 yi — 1
> .

where x; = | ,x;] and the second order cones L; are defined as

i+ 1
5I1)| TiyYi € R and L ;—

> %2zl

Li={(

2
In fact, y; > 27 implies y; > 0. Moreover, & — 4 + % >0Vy; € Rand 22 > 0.
Hence,

yi +1 yi oy 1 y; oy 1 yi— 1 2
L e L e e [ [T
which proves that the constraints y; > x? are equivalent to (U?TH, 01_2—17%) eL;
Vie{l,..,n}.
Define the vector x € R3" such that we can group every three components into the
vector

i+1 yi—1 ,
X; = [%,yT,xi] lE{l,...,?’L}

Notice that, for k € {J,1,...,m}, we have:

n

ag Z Yi+2 Z brix; = ak Z Yi ;— 1+ak Z Y 2_ 1+2 Z brizs = Z(ak, Qg bki)TXi
i=1 i=1 i=1 i=1 i=1

i=1

O

Remark 5. Consider problem (S-QCQP) and its convex relaxation (SDP2). Assume
that (Z,9) is an optimal solution of (SDP2) and there exist U;,y k = 1,....,m; i =
1,...,n not all null, such that the KKT conditions (5.3)-(5.8) are satisfied in (Z,q,7,7).

Notice that v; are all equal to aj+ Y, yrax, and so we will consider just a singlev € R
Ifv >0, then §j; = 72 Vi € {1?:1,11} and hence T is also feasible and optimal for
(S-QCQP) and (SDP2) is exact. O
6. SOLVING THE KKT SYSTEM FOR NONCONVEX S-QCQP
In this section, we consider a S-QCQP problem of the form
Minimizegzern J(x) :=1/2||z —z||* st.x € A (P1)
where

A={z e R" | fi(z) = ap|z|®* +bfz+cx <0, k=1,...,m}and m+1<n
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Note that in order to provide a characterization of the global minima of (S-QCQP),
in Theorem 7 we assumed that a global solution z* € A of (S-QCQP) exists. This
assumption is not restrictive for (P1) due to the strong convexity of the objective J.
Hence, the problem (P1) is solvable.

Assume that there exists 29 € A such that fi(z9) < 0 for k =1,...,m. By Theorem
8, the set Qg is convex.

By Theorem 7, an element z* feasible for (P1) is a global minimizer of problem (P1)
if and only if conditions (KKT) hold. Taking into account that

Vi(x) =2ax + b, k=1,....m

(KKT) conditions for (P1) take the form: there exists a vector (y1,...,vm) € R7\0,,
such that

z* + Z Y& (2arx™ + by) = z stationarity
k=1
Yefr(z*) =0 k=1,..,m complementarity (KKT-P1)

14 22%% >0, ¥ € A dual and primal feasibility
k=1

KKT conditions (KKT-P1) can be equivalently rewritten as

m m
(1.) *(1 + Z'kaak) =z— Z%bk stationarity
k=1 k=1

(2.) yelarllz* > + bFz* 4+ ¢cx] =0 k=1,...,m complementarity (6.1)

(3) 1+42) kar >0, 2 € A feasibility.
k=1

In the case z = 0,,, (KKT-P1) reduces to finding (71,..., Ym) € R7\0,,

(1) 142 yar >0, dual feasibility
k=1

(2.) fu(@®) = agl|z*]|® + b 2"+, <0 k=1,..,m primal feasibility (KKT-P10)
(3.) v fr(2*) =0 k = 1,...,m complementarity.

(4.) Z%bk = —x*w stationarity
k=1

Notice that if z # 0,,, we can always apply conditions (KKT-P10) after changing
variable, i.e. taking Z := x — z. Since conditions (KKT-P10) are easier to handle, in
the sequel we will consider always z = 0,,.

Consider a nonconvex and unbounded feasible set A for problem (P1). We can
describe the feasible set A by using the terminology introduced by [33]. Consider
a concave constraints f;(x), for some i € {1,..,m} (we have a; < 0). We say
that —f;(z) induces a hollow in R™. Notice that in [33], it is assumed that the
hollows induced by different constraints are non intersecting, while we do not have this
assumption.
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In the literature, it is not common to consider a possibly nonconvex and unbounded
feasible set as described above, if the number of constraints is greater than 2. Hence,
in this section, we will compare our result with the optimality condition found in [15]
for (QCQP) with two constraints and in [6] and [20] for simultaneously diagonalizable
(SD) (QCQP) with m = 2. ((QCQP) is SD if there exists a real matrix S such that
the matrices ST A S, k = J,1...,m are all diagonal). Then, we solve system (6.1) for
(P1) with m = 2.

Theorem 4.4. by [15] is the following.

Theorem 13. (Theorem 4.4. by [15]) Consider a (QCQP) such that Assumption 2
holds. Assume that m = 2, n > 3 and 31,72 € R such that v1 Hy + v2Hy = 0,
with H defined as in (3.1). Then the Fritz-John conditions (3.8) are necessary for
global optimality. Moreover, if 3z € R™ such that fi(xg) < 0 and fa(z¢) < 0,
the conditions (KKT) are necessary and sufficient for global optimality for a point x*
feasible for (QCQP).

Remark 6. For (S-QCQP) with m = 2, Theorem 13 and Theorem 9 provide the same
result under different assumptions. Hence, when m = 2, we can replace the assumption
n>m+1 =3 in Theorem 9 withn > 3 and 31,2 € R such that vy H; +~v2Hs > 0,
ie.

3’71,’}/2 cR st ('ylal +’726L2) > O, (’7161 +’}/262)(’71a1 +’72a2) — ||’}/1b1 +’72b2”2 > 0.
[l

Consider an SD (QCQP) with m = 2. In [6], it is shown that if there exists a KKT
point (Z,y,v1, V2,7 ¢ =1,...,n) such that only one between 1,73 is strictly greater
than 0, then (SDP2) is exact. Also, it is possible to recover the global solution z* of
the SD (QCQP) with m = 2 with simple calculations. Paper [20] takes the result of [6]
as starting point and provides the conditions such that (SDP2) is exact for SD (QCQP)
with m =2 and 47 > 0,72 > 0. However, the following example from [20] shows that
the number n of dimensions of the space can still be an issue.

Example 14. (Example 3.1 from [20]) Consider the following problem (S-QCQP) prob-
lem.

Minimizeger — 22+ st. 22 <1 —x2<0 (6.2)
Note that (SDP2) is not exact.

6.1. Solving (KKT) conditions for (P1) with two constraints. In the present sub-
section we solve the problem of finding a global solution z* to (P1) with the help
(KKT-P10), by direct inspection of all possible configurations +; # 0, i € I, v; = 0,
i€ {1,2} \ I, where I C {1,2} is a subset of {1,2}. We are interested in the case
such that n >> 3.

The number of all possible configuration is 4, with

Ie{0, {1}, {2}, {1,2}}

Assume 0,, is not feasible. Then we can exclude the case where I = ().

6.1.1. I is a single element set. We start with the case where [ is a single element set.
Without loss of generality, set I = {1} and 71 > 0,72 = 0.
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Conditions (1.)-(4.) of (KKT-P10) take the form
(1.) w:=142v1a; >0, dual feasibility
(2.) falz*) = azlz*||? + bEa* + co < Oprimal feasibility (6.3)
(3.) filz*) = ar|z*||® + bf2* + ¢, =0 complementarity -
(4.) v1b1 = —z*w stationarity

Theorem 15. Let 1 > 0,72 = 0. Let w =0, ie. 71 = —50= > 0. Ifby = 0 and
there exists a solution x* of the system

2|2 = —=%
ax
(6.4)
bQT:c* < CLQZ_I —Cy
1

Then x* is a global solution of (P1).

Proof. Consider the case w = 0. By (1.) of (6.3), if a; > 0, then w = 0 is impossible.

Hence, the case w = 0 could appear only if a; < 0. Moreover,
c
* (12 1
[z*]|* = ——.
a1

We must have b; = 0, not to generate contradiction in (4.).
The (KKT) system (6.3) takes the form

1
(1) w:=142va1=0=>v = ™ >0, dual feasibility
1
(2.) b2 < ast — ¢y primal feasibility (6.5)
ay

(3.) [l=*|* = —% complementarity

The next remark is about the feasibility of system (6.4).

Remark 7. Consider the linear constraint bl z* < GQ% —co.
By assumption, x = 0,, does not belong to the feasible set. Hence, if (6.4) is
feasible, then the hyperplane
c
sz:C = (Lg—l — ca,
ai
must intersect or be tangent to the n-dimensional sphere ||z||? = -
We can find the least square solution & of bl x* < GQ(% —cy. If

_n2 2 Cq
27 < fl="|]" = ——
K3
then there exists a solution x* which satisfies (6.4). O
Let us now consider the case w > 0. The case w > 0 is simpler than the case w = 0
considered in Theorem 15. In fact, by (4.)

(I*)TZC* o ’Y_ZQbTb
_’LU2 1 Y1,
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and by the complementarity condition (3.),

2
1
f1 (,T*) = ai %b{bl — E’}/lb?bl +c1 =0 (66)
bTb,)? bTy )
A= (111}721) — 4@101 ;}21 = 7]:021 [b{bl — 40,101]

If [bTh) — 4aic1] > 0, then (6.6), has two (or a double) roots: 71 and 72. If at least
one of them is positive and it is such that w > 0, then it satisfies the dual feasibility
conditions (1.) and
-1
"t = —mb
w

is a candidate for a solution to (P1) provided it satisfies the primal feasibility conditions
(2.) of (6.3).
Additionally, observe that if a; = 0, then w =1 and (6.6) takes the form
bT'b,

c1=mbiby, 1= o (6.7)

Notice that by (6.7) ¢; > 0. Otherwise, there is no positive y1 which satisfies (6.6).

6.1.2. I is not a single element set. Consider the following theorem

Theorem 16. Assume that 0,, is not feasible and there does not exist a KKT point
such that T = {1} or I = {2}. Then there exists a (KKT) point such that I = {1,2}.

Proof. Since 0,, is not feasible, there does not exist a KKT point such that I = ().
By assumption there does not exist a KKT point such that I = {1} or I = {2}. On
the other side, an optimal point of (P1) must exist since the Hessian of the objective
function is positive definite and the KKT conditions (KKT-P10) are necessary and
sufficient for optimality by Theorem 9. Hence there exists a KKT point such that
I={1,2}. O

Conditions (1.)-(4.) of (KKT-P10) take the following form. There exist 71 > 0,v2 >
0 not both null such that:
(1.) w:= 1+ 2v1a1 + 272a2 > 0, dual feasibility
(2.) fi(z*) = a;||z*||* + bf 2* + ¢; =0 4+ 1,2 complementarity (6.8)
(3.) 71b1 + y2b2 = —x*w stationarity

Assumption 4. Assume that the vectors by, bs of the active constraints are linearly
independent.

Observe that, whenever n is very big, the Assumption 4 is not very restrictive and
it is likely to be satisfied automatically.

Theorem 17. Consider problem (P1) satisfying Assumption 4 such that 0,, is not
feasible for (P1). Assume that a; # 0. Let I = {1,2} and n > 3. Consider the
following system of one quadratic polynomial and one linear equations with respect to
the variables ~1,7s.
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@) BT (4101 + y2ba) = 2 = BT (y1by + y2b2) — 2 ifaz £ 0
%sz(%bl +y2b2) +ca=0ifaz =0

a; c ca bl
> 2 lleal? = 25507 by 4+ 4552 + Y yildai - — L) (6.9)
. ai ai : ai ai

(2) i€l icl

as 1
- 27172(a—1||171||2 +4ayaz) + o 0

If there exist v1,72 > 0, not both zero, which solve (6.9), and
w=142y1a1 + 2y2a2 > 0 (6.10)

then

. 1
x* = ——(71b1 + Y2b2)
w

is a global solution of (P1).

Proof. By the fact that 0 is not feasible for (P1), Assumption 4 implies that the con-
dition (1.) of (6.8) for any index set I become w > 0. Indeed, if it were w = 0,
then 0-vector would be represented as a linear nonzero combination of vectors by, by
by (3.)of (6.8), which would imply that b; and bs are linearly dependent, contrary to
Assumption 4.

By the stationarity condition (3.) of (6.8),

1
(y1b1 + v2b2) " (b1 + 72b2) (6.11)

* 1 * *
x (b1 + 72b2), (z%)Ta* = o2

w

Focus on the complementarity, (2.) of (6.8). Since a; # 0 by assumption, we have

fil@®) = allz*|]* + b2 + 1 =0

brax ¢
«12 _ Y1 _“a
l*[|* = o 4 (6.12)
1 c
2| = ——b{ (y1b1 + 72b2) — —
arw ai
Plugging (6.12) into the complementarity condition (2.), we have
(1) 27 = == (3201 + 7atia) — -
' aiw 1 a1
(6.13)

2,) bl (1101 + yaba) — & = LobT (1101 + y2b2) — 22 if ag £ 0
%bg("ﬂbl + ’YQbQ) +ec=0ifay=0
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Equation (1.) of system (6.13), can be rewritten as

N 1 c
]| = —=b] (v1b1 + y2b2) — -
alw aq

1 1 1
— (11b ba) T (11b by) = —b] (b by) — —
w2(71 1+ 7202)" (1161 + Y2b2) o 1 (7101 +72b2) @

w C

E V2116312 + 271721 b = p b (y1b1 4+ Yabo) — w2—a1
X 1 1
el

1 a C1
.= a_lblT(%bl +72b2) 4 27167 (101 + y2b2) + 2@—172b1T(~y1b1 + 72b2) — w2a—1

a; a2 1 C1
D A2lIbill? = 201 bi] — 29192 — [1ba[|* = b1 D vibi] — w®—
iel a1 a1 M e a1

Moreover,

w? = (1 +2v1a1 + 272a2)° = 1 + 427?@? + 871720102 + 42(11-%
il icl

The polynomial quadratic equation becomes

a; C1 C1 bTbl
Z’Yﬂ”szQ - 2a—blTbi + 4a—af] + Z'yl-[élaia— - ;_]_
“ 1 Lo o (6.14)
a c
— 2v172 (22|01 ||? + datas) + = =0
ai a1
[l

7. CONCLUSIONS

We provide necessary and sufficient (KKT) conditions for global optimality for a new
class of possibly nonconvex quadratically constrained quadratic programming (QCQP)
problems, denoted by (S-QCQP). Our result relies on a generalized version of the S-
Lemma, Theorem 6, stated in the context of general (QCQP) problems. Hence, we
believe that this paper can also be the groundwork for providing conditions for global
optimality for other classes of (QCQP). In section 5, we prove the exactness of the SDP
and the SOCP relaxations for (S-QCQP). In section 6, we solve the (KKT) condition
for S-QCQP when the number of constraints m = 2 and n >> m.

REFERENCES

[1] Farid Alizadeh and Donald Goldfarb. Second-order cone programming. Mathematical program-
ming, 95(1):3-51, 2003.

[2] Kurt M Anstreicher. Semidefinite programming versus the reformulation-linearization technique
for nonconvex quadratically constrained quadratic programming. Journal of Global Optimization,
43(2):471-484, 2009.

[3] Xiaowei Bao, Nikolaos V Sahinidis, and Mohit Tawarmalani. Semidefinite relaxations for quadrati-
cally constrained quadratic programming: A review and comparisons. Mathematical programming,
129(1):129-157, 2011.

[4] Moussa Barro, Ali Ouedraogo, and Sado Traore. Global optimality condition for quadratic opti-
mization problems under data uncertainty. Positivity, 25(3):1027-1044, 2021.

[5] Heinz H Bauschke, Patrick L Combettes, et al. Convex analysis and monotone operator theory in
Hilbert spaces, volume 408. Springer, 2011.



(6]
[7]

(8]
(9]
(10]
(11]

(12]

(13]

(14]

(15]

[16]

(17]

(18]
(19]
[20]
[21]
(22]

(23]

[24]
[25]
[26]
[27]
[28]
[29]
[30]

(31]

FINDING GLOBAL SOLUTIONS FOR A CLASS... 21

Aharon Ben-Tal and Dick Den Hertog. Hidden conic quadratic representation of some nonconvex
quadratic optimization problems. Mathematical Programming, 143(1):1-29, 2014.

Samuel Burer and Dieter Vandenbussche. A finite branch-and-bound algorithm for nonconvex
quadratic programming via semidefinite relaxations. Mathematical Programming, 113(2):259-
282, 2008.

Samuel Burer and Yinyu Ye. Exact semidefinite formulations for a class of (random and non-
random) nonconvex quadratic programs. Mathematical Programming, 181(1):1-17, 2020.
Alexander Domahidi, Eric Chu, and Stephen Boyd. Ecos: An socp solver for embedded systems.
In 2013 European Control Conference (ECC), pages 3071-3076. |IEEE, 2013.

Sourour Elloumi and Amélie Lambert. Global solution of non-convex quadratically constrained
quadratic programs. Optimization methods and software, 34(1):98-114, 2019.

AL Fradkov and VA Yakubovich. Thes-procedure and duality relations in nonconvex problems of
quadratic programming. Vestn. LGU, Ser. Mat., Mekh., Astron,(1), pages 101-109, 1979.

Fabio Furini, Emiliano Traversi, Pietro Belotti, Antonio Frangioni, Ambros Gleixner, Nick Gould,
Leo Liberti, Andrea Lodi, Ruth Misener, Hans Mittelmann, et al. Qplib: a library of quadratic
programming instances. Mathematical Programming Computation, 11(2):237-265, 2019.

Jacek Gondzio and E Alper Yildirnm. Global solutions of nonconvex standard quadratic programs
via mixed integer linear programming reformulations. Journal of Global Optimization, 81(2):293—
321, 2021.

Sergei V Gusev and Andrey L Likhtarnikov. Kalman-popov-yakubovich lemma and the s-procedure:
A historical essay. Automation and Remote Control, 67(11):1768-1810, 2006.

Vaithilingam Jeyakumar, Gue Myung Lee, and Guoyin Y Li. Alternative theorems for quadratic
inequality systems and global quadratic optimization. SIAM Journal on Optimization, 20(2):983—
1001, 2009.

Vaithilingam Jeyakumar, Alex M Rubinov, and Zhi-You Wu. Non-convex quadratic minimization
problems with quadratic constraints: global optimality conditions. Mathematical programming,
110(3):521-541, 2007.

Sunyoung Kim and Masakazu Kojima. Exact solutions of some nonconvex quadratic optimization
problems via sdp and socp relaxations. Computational optimization and applications, 26(2):143—
154, 2003.

Miguel Sousa Lobo, Lieven Vandenberghe, Stephen Boyd, and Herve Lebret. Second-order cone
programming. Linear algebra and Applications, 284:193-228, 1998.

Marco Locatelli. Some results for quadratic problems with one or two quadratic constraints.
Operations Research Letters, 43(2):126-131, 2015.

Marco Locatelli. Exactness conditions for an sdp relaxation of the extended trust region problem.
Optimization Letters, 10(6):1141-1151, 2016.

Marco Locatelli and Fabio Schoen. Global optimization: theory, algorithms, and applications.
SIAM, 2013.

Stefano Lucidi, Laura Palagi, and Massimo Roma. On some properties of quadratic programs with
a convex quadratic constraint. SIAM Journal on Optimization, 8(1):105-122, 1998.

Hezhi Luo, Xiaodi Bai, and Jiming Peng. Enhancing semidefinite relaxation for quadratically
constrained quadratic programming via penalty methods. Journal of Optimization Theory and
Applications, 180(3):964-992, 2019.

Jaehyun Park and Stephen Boyd. General heuristics for nonconvex quadratically constrained qua-
dratic programming. arXiv preprint arXiv:1703.07870, 2017.

Pablo A Parrilo, Grigoriy Blekherman, and Rekha R Thomas. Semidefinite optimization and convex
algebraic geometry. SIAM Society for Industrial and Applied Mathematics., 2013.

Imre Pélik and Tamas Terlaky. A survey of the s-lemma. SIAM review, 49(3):371-418, 2007.
Ralph Tyrell Rockafellar. Convex analysis. In Convex analysis. Princeton university press, 2015.
M Ruiz Galan. A theorem of the alternative with an arbitrary number of inequalities and quadratic
programming. Journal of Global Optimization, 69(2):427-442, 2017.

DC Sérensen. Newton's method with a model trust-region modification. Technical report, CM-
P00068646, 1980.

Jos F Sturm. Using sedumi 1.02, a matlab toolbox for optimization over symmetric cones. Opti-
mization methods and software, 11(1-4):625-653, 1999.

Lieven Vandenberghe and Stephen Boyd. Semidefinite programming. SIAM review, 38(1):49-95,
1996.



FINDING GLOBAL SOLUTIONS FOR A CLASS... 22

[32] Alex L Wang and Fatma Kiling-Karzan. On the tightness of sdp relaxations of qcqps. Mathematical
Programming, 193(1):33-73, 2022.

[33] Boshi Yang, Kurt Anstreicher, and Samuel Burer. Quadratic programs with hollows. Mathematical
Programming, 170(2):541-553, 2018.

Email address: Ewa.Bednarczuk@ibspan.waw.pl
Email address: Giovanni.Bruccola@ibspan.waw.pl



	1. Introduction
	2. Preliminaries
	3. Global Minima Characterization for general (QCQP)
	4. Global minima characterization for (S-QCQP)
	5. SDP and SOCP relaxations exactness for (S-QCQP)
	6. Solving the KKT system for nonconvex S-QCQP 
	7. Conclusions
	References

