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Abstract.

We establish the one - to one bilateral interrelations between an asymptotic
behavior for the tail of distributions for random variables and its great moments
evaluation.

Our results generalize the famous Richter’s ones.
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1 Introduction. Notations. Statement of prob-
lem.

Let (2 = {w},B,P) be certain non - trivial probability space with Expectation
E and Variance Var.

Definition 1.1. We will say that the non - negative numerical valued random
variable (r.v.) ¢ has a generalized Gamma - Weibull distribution, write Law(¢) €

G:G(F,W7 Qa 9) 7, Ca tO)a hid
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TIE)t) <t exp(—C t7) Q(t), t >ty = const > 0. (1)

Here and further T[¢](t) = P(§ > t) is the so - called tail function for the r.v.
& 0 =const > —1, v,C, tg = const >0, Q= Q(t) is positive continuous function
such that

Va >0 = lim Q(t)/t* = 0.

To be more precisely,
T[E)(t) < min(1, t° exp(—C t7) Q(t) ), t > 0. (2)

The ordinary p —th, p > 1 moment for the (non - negative) random variable
¢ will be denoted by m, = m,[¢] :
de
myle] L E e p>1.
The classical Lebesgue - Riesz ||¢||, norm for the r.v. ¢ is defined as ordinary

€], < [myle] V7 = [ElEP 17, p> 1.

As usually, L, = L,(Q) :={&: |[¢]], < oo}.

Our aim in this report is to establish the bilateral exact connections
between the tail behavior at infinity of the tail function for these variables
and its moment function behavior, also at infinity.

These type estimates was applied in particular case in the theory of large devia-
tions in the probability theory by W.Richter in articles [17], [18], [19]. Some interest
applications of these estimates in the seismology may be found in the article of
Gutenberg B., Richter C.F. [11].

Obtained in this report estimates complement and clarify ones (for these vari-
ables) in the works [2], [3], [4], [5], [7], [8], [9], [10], [12], [13], [14], [15], [16], chapters
1,2.

2  Main result. Direct estimation.
Suppose at first for instance for the non - negative r.v. ¢ that

T[€)(t) < min { t7 exp(—t), 1 } , t >ty =const >0, f=const >—1. (3)

We deduce using the key relation



Bl =p [0 TN at 4)

E|(P <th+p / PP o=t dt, Ity = const > 0, p > 1; (5)
to
following
de
€]l < we(p) < p P T2 (p+ 8), p = 1. (6)

The last relation may be rewritten as follows. Introduce the so - called Grand
Lebesgue Space Gtig consisting on all the random variables {¢} having a finite
norm

def ||C||p } .
el < sup { 1A < e g
then |[|£||Gyp < 1.

The theory of these spaces is explained in many works, see e.g. [2], [3], [4], [5],
(7], [8], [9], [10], [12], [13], [14], [15], [16]. We will use further some methods offered
in these articles.

Let us return to the relation (3), assuming that it is given.

We have by virtue of the key relation (4)
B¢ <p [ " et di=pT(p+ ), ®)
0
where as ordinary I'(-) denotes an ordinary Euler’s Gamma function.

Inversely, let the inequality (8) be given. We intent to evaluate the tail function
for the r.v. ¢&.

One can use the classical Markov - Tchebychev’s inequality for all the values of
the parameters p,t such that p,t >+ 1

TEIt) <t P pl(p+B).

One can deduce choosing the value p :=t, which is asymptotically as ¢t — oo
optimal:

TE@) <t " tTE+0) <t 'TE+p+1). (9)

We obtain applying the famous Stirling’s formula for the values p € (541, 00)
and denoting

ey = e/ Vo



TE](t) < e (t+B)72 e (10)

Remark 2.1. Note that there is a "gap” of a size ~ t'/?> as t — 0o between
the tail estimate (3) and moment one (8) But the estimate (10) is asymptotically
non - improvable; for instance, for the r.v. 7 having the following tail behavior

Tn)(t) = Cy t? exp(—t), t > t; = const > 0.

Let’s move on to the rigorous considerations. Suppose that our non - negative
r.v. £ issuch that there exists a constant § > —1 and a positive numerical valued
function L = L(s), s > 0 such that

E¢? < (p+ B)"*7 e L(p+ 5). (11)
We apply once more the Markov - Tchebychev’s inequality

T[E](t) < exp[ —pInt+ (p+ B)In(p+ ) — (p+8) +InL(p+5) |
One can choose in the last inequality the value p=t— 3, t > g+ 1.

To summarize:
Proposition 2.1. We deduce under formulated conditions, namely, positivity

of the r.v. £ and, especially, under the condition (11):

TE|t) <tP e L(t), t > B+ 1. (12)

Remark 2.2. It is no hard to deduce the lower bound for the moment function
mypl€] from the lower tail estimate. Namely, assume now that for the non - negative
random variable ¢ there holds the following tail estimate

TIE(t) > min [ ¥ exp(—t), 1], t >t >0, 8= const > —1. (13)

We deduce using again the key relation (4) and the saddle - point method that for
all the greatest values p > py = const > 1

E[{]F > C(to, 8) p T'(p + B), IC(to) € (0,00). (14)



3 Main result. Inverse estimation.

Inversely, let the estimate (12) be given. We want to evaluate for this r.v. &
its the moments function m[¢], = E&P for all the sufficiently greatest values p, of
course, under additional restrictions on the function L = L(t).

We have denoting M(t) :=InL(t), t > e; z:=p+ [ — 1 using again the key
relation (4) that
E¢P < p/OOO P o=t L(t) dt =

p/ooexp(z Int —t+ M(t)) dt =

0

pz/ooexp(zlnz+zlnv—zv+M(zv)) dv.
0

Let us suppose now that the function M(-) is slowly varying at infinity:

, M(zv) |
Yv >0 :>11m{ M) }—1. (15)

Proposition 3.1. We deduce under this (and previous) conditions:

Egp <C Dz ezlnzeM(z)/ v e dy =
0

CpT(p+p) Lip+p8-1).

Remark 3.1. Ti is sufficient to suppose instead the condition (15) the following
one

sup Sup{ M(zv) } < . (16)

z>e v>1

4 (Generalizations.

It is no hard to generalize obtained result on the case when

TEN) <t exp(—t7) Q(t), €>0, t >ty = const > 0, (17)

where @ = Q(t), t > 0 is some positive a.e. continuous function,

0 = const > 0, v = const > 0.



Indeed, this case may be reduced to the investigated above by means of the
changing random variable 7 = ¢£7, so that

Th)(t) = P(E > t/7) < 1?77 e @ (#)).

Proposition 4.1.

Thus, if the function S(t) = exp Q(t/?) 1is positive continuous and slowly
varying at infinity, then as ¢ € (e, 00)

esn()of=)

The inverse proposition is also true in the following sense.

Proposition 4.2.

Let the estimate (18) be given under at the same restrictions. Then it follows
once more from the Tchebychev - Markov inequality

TEE) <t-t7" Tt +0/7) - Qt +6/v), t > 1, (19)

and by virtue of the Stirling’s approximation

T < ey -t et (t+0/7)7 - Q(t +6/7), t > 1. (20)

5 Tauberian theorems.

Tauberian theorems are called as ordinary propositions connecting behavior of
certain function, for instance, tail one, with some corresponding behavior its trans-
form, for example, power series, Laplace, Dunkle, Fourier etc. transforms, [20]. We
intent to ground in this section the fine interrelations between tail behavior T'[¢](t)
for the random variable ¢ as t — oo and asymptotic behavior its moment function
myplé] also as p — oo.

Analogous problem for the r.v. satisfying the Kramer’s condition is investigated
in [16], chapter 1, section 1.4., pp. 33 - 35. Some applications in the reliability
theory see in [1].

A. Direct assertion.

Proposition 5.1. Suppose that for the non - negative r.v. ¢



lim l w ] =1 (21)

t—o00

Then

lim { €]l } ~ 1. (22)
pP—0o0 p/e
Proof. Let 0 € (0,1) be an arbitrary fixed number. There exists a value
to =to(9) € (0,00) such that
t >ty = T[E](t) < exp(—t(1l —9)).

We estimate for the values p > py = const > 1:

E¢’=p /OOO =1 TE](t) dt < p/oto Pt dt+

p [T exp(—t(1—6)) dt < tg+p/°° 1 exp( —t(1—6) ) dt =
0

F(p+1)
(1—=0)"

It follows again from the Stirling’s formula that

— 1l

pP— 00 p/e

th +

<1,
and quite analogously

ll

lim .
ple ~

22222p— 00

Thus, the proposition 5.1 is proved.

B. Inverse proposition.

Proposition 5.2. Suppose that for the non - negative r.v. ¢

Ll |
pll)rgo{ Ve } =1 (23)
Then
lim l W] _1 (24)

Proof. Upper estimate. Let again § € (0,1) be an arbitrary fixed number.
There exists a value py = po(d) > 1 such that

7



€11,
p/e

Vp>po =

<149,
following

Vp2po = [[Ellp < (1+0)-(p/e).

We apply once again the famous Tchebychev - Markov’s inequality for all the
sufficiently great values p

rier) < LY

One can choose as above p:=t, t >e:

=exp( —plnt+phn(l+06)+plnp—p).

InTIE)(t) < —t + tIn(1 + 6).

Therefore,
— InT;
Ty o l M} <1. (25)
Let us deduce now the lover estimate. Given:
-0y 2 <Be <1407 2 p 2 po=mid) > e
Put & =e¢7; recall that £ > 0. Then we have for the value A > e
(1—=06)* exp(A InX = X) <Ee* ™ < (146)" exp(A In X — \).
The announced lower estimate
T [ IIn Tt ] > 1 (26)

is grounded, up to changing variables, in particular in the monograph [16], chapter
1, section 1.4; see also [1].

6 Concluding remarks.

It is interest in our opinion to deduce some multidimensional version on these
result.
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