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1 Introduction

Throughout this article k£ denotes a field of characteristic zero. Let R be an integral
domain containing k£ and S a subring of R containing k. Then LNDg(R) denotes the set
of all locally nilpotent derivations (LNDs) D on R such that D|g = 0. By R!" we denote
a polynomial ring in n(> 1) variables over R. For an LND D € LNDg(R!™), the rank
of D, denoted by rank(D), is defined as the smallest positive integer r such that there
exists a coordinate system {Vp,---,V,} of R for which DV;#0for1 <i<r,and
DV; = 0 for i > r. By homogencous LND D on B = k[X,Y, Z](= k), we mean D is
homogeneous with respect to the standard grading (1,1,1) on B (see Definition 2ZT(vi)),
and for any f € B, deg(f) denotes its degree with respect to the above grading.

By a theorem of Rentschler (see [16]) it follows that there is no non-zero LND having
full rank on k2. For n > 3, Freudenburg has constructed examples of LNDs (homoge-
neous) of full rank on k[ (see [10 Sections 2 and Section 3]). However several mysteries
about rank 2 LNDs on k" (n > 3), are still unsolved. In [5], Daigle and Freudenburg
have done an extensive study on rank 2 LNDs on k[ for n > 3 and they have given the
first example of an irreducible non-triangularizable LND of rank 2 on k%! ([l Example
4.3]). Further, in [3] and [6], Daigle has given two different characterizations of trian-
gularizable LNDs on k[l. However, when the LNDs are homogeneous, from these two
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characterizations it is not clearly understood whether the degree of the LNDs have any
connection to their triangularizability property.

In this article, our objective is to understand the structure of homogeneous non-
triangularizable LNDs of rank 2 on k[X,Y, Z] and their kernels. We first observe that
if an LND D of rank 2 on k[X,Y, 7] is irreducible and homogeneous, then its degree
(defined in section 2) plays a crucial role in determining whether D is triangularizable.
More precisely, we show that for a prime number p, every irreducible homogeneous
LND of rank 2 and degree p — 2 is triangularizable (Corollary B.5]). Since 4 is the
smallest non-prime integer, the smallest possible degree of an irreducible homogeneous
non-triangularizable LND can be 2 (see Remark [B.6]). Note that 2 is an integer of type
pq — 2, where p, g are prime numbers.

Our study on non-triangularizable LNDs is motivated by the above observations.
Over an algebraically closed field k, and for prime numbers p and ¢, not necessarily
distinct, we characterize irreduclible homogeneous non-triangularizable LNDs of rank 2
and degree pg—2 on k[X,Y, Z] in TheoremB.7l In particular, we characterize irreducible
homogeneous non-triangularizable LNDs of rank 2 and of the smallest possible degree

on k[X,Y, Z].

In a recent work, Khaddah, Kahoui and Ouali have shown that for a PID R, Rl is
a free module with a D-basis (see Definition [£.1]) over ker(D) for any locally nilpotent
R-derivation D on RP (see [I]). That means the image ideals (see Definition ZZI|(iv)) of
any locally nilpotent R-derivation D on R1Z are principal ideals and in particular, the
image ideals of every rank 2 LND on k[X,Y, Z] are principal. However, no study has
been done to describe the generators of the image ideals. In section 4 of this article, we
show that our results in section 3 can be applied to study the generators of the image
ideals of certain LNDs of rank 2. To be specific, for a field ¥ and for an homogeneous
LND D on k[X,Y, Z] of rank 2, we have described the generator of the n-th image ideal
I, := D"(k[X,Y, Z]) Nker(D) for every integer n > 0 where D is either triangularizable
or irreducible non-triangularizable of degree pg—2, p and ¢ being primes (see Theorem [4.6]
and Theorem [£.7]).

In the next section we record some well known results, definitions and properties of
LNDs.

2 Preliminaries

We first recall some definitions and basic properties of locally nilpotent derivations (cf.
[11]).

Definition 2.1. Let B be an integral domain containing k, D a non-trivial locally nilpo-
tent derivation on B, and A = ker(D).

(i) An element r € B is called a local slice of D, if Dr € kerD \ {0}.

(ii) D defines a degree function p := degp on B such that degp(0) = —oo and for
every nonzero b € B

u(b)(= degp(5)) = maz{n € N [D"(b) # 0}.



(iii) Let u be the degree function on B induced by D. For a non-negative integer n, we
define the n-th degree A-module with respect to u, as follows :

Fn=1{be€ B | ub) <n}.

(iv) For a non-negative integer n, the n-th image ideal of D is defined as I, := D" BNA.

(v) D is said to be irreducible if the ideal (DB) is not contained in any proper principal
ideal of B.

(vi) Let G be a totally ordered Abelian group and B a G-graded ring such that B =
@P,cc Bi be the G-graded structure on B. Then D is said to a homogeneous
derivation on B, if there exists some d € G, such that DB; C B;,4 for every i € G,
and degg (D) := d is said to be the degree of D. If G = Z, then degy (D) will be
denoted by deg(D).

vi) For B = , D 1s said to be triangularizable if there exists a system of coordinates
ii) For B = k", D is said to be triangularizable if th i f coordi
{X1,...,X,} of Bsuchthat DXy € k and DX, € k[X,...,X;_1], for every i > 2.

(viii) Let B = k[X1,...,X,]and f1,..., foo1 € B. For f:= (f1,..., fa_1), the Jacobian
derivation A 7 on B is defined as follows:
_ 8(f15 ) fnflyg)

A9 =5 X))

for every g € B.

(ix) A collection {B,, |n € Z} of k-subspaces of B is said to be a proper Z-filtration if
(a) B C B4 for every n € Z.
(b) B =U,ez Bn-

(©) Nnez Bn = {0}

(d) (Bn \ Bn-1)-(Bm \ Bm-1) € Bimtn \ Bmin-1 for all m,n € Z.

Lemma 2.1. Let B be an integral domain containing k, D a non-trivial locally nilpotent
derivation on B, and A = ker(D). Then the following statements hold:

(i) A is a factorially closed subring of B and hence algebraically closed.
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(ii) For an element r € B\ A such that D*r = 0, we have Bp, = Ap,[r] = AB)T.

(iii) Let S be a multiplicatively closed subset of A\ {0}. Then D will induce a locally
nilpotent derivation S™'D on S™'B and ker(S71D) = S~1A.

(iv) Let E_be an algebraic closure of k and D denotes its natural extension to B =
B ®p k. Then D € LND(B) and ker(D) = A ®; k.

Next we recall some known results. The first one is the Rentschler Theorem ([16]).

Theorem 2.2. Let D be a non-zero locally nilpotent derivation on k[X,Y]. Then there
ezist p(X) € k[X] and a tame automorphism o of k[X,Y] such that cDo~1 = p(X)a%.

Next we quote an important result of Miyanishi ([15]).

Theorem 2.3. Let D be a non-zero locally nilpotent derivation on k[X,Y,Z]. Then
ker(D) = k[



The following theorem is due to Zurkowski ([18]).

Theorem 2.4. Let D be a nonzero homogeneous locally nilpotent derivation with respect
to some positive grading w on k[X,Y, Z] and A = ker(D). Then there exist homogeneous
polynomials F, G with respect to that grading such that A = k[F, G].

Next we record two easy lemmas.

Lemma 2.5. Let D be a homogeneous triangularizable locally nilpotent derivation of
degree d on k[U,V,W| with respect to the standard weights (1,1,1). Then there exists a
linear system of variables {X,Y, Z} with respect to which D is triangular.

Proof. Since D is triangularizable, there exists a system of variables {Uy,Us, Us} such
that
DU, =0, DUz = f(Uh), DU; = g(Uy,Us), (1)

for some f € kMl and ¢ € k2. Suppose L; denotes the linear part of U; for every
i,1 <1i < 3. Since D is homogeneous of degree d, from (), it follows that

DLy =0, DLy = AL DLy = §(Ly, Ly),

for some A\ € k* and homogeneous polynomial g of degree d+ 1. Therefore, the assertion

holds for {X,Y, Z} = {L1, Lo, L3}. O

Lemma 2.6. Let B be an aﬂige k-algebra which is a UFD and D a non-trivial locally
nilpotent derivation on B. Let k be an algebraic closure of k and D denotes the natural
extension of D on B, where B = B ®y k. If D is irreducible then so is D.

Proof. Let J = (DB) and J = (D(B)). Clearly, J = JB. Suppose, if possible, D is
irreducible but D is not. Then there exists b € B and a prime ideal p of B such that
ht p=1and J C (b) C p; and hence J C pN B = 4. Since B C B is a flat extension, it
satisfies the going down property (cf. [13, 5.D, Theorem 4]), and hence ht 4 = 1. Now,
since B is a UFD, ¢ is principal, which contradicts that D is irreducible. Hence the
result follows. O

The following result of Daigle ([4, Corollary 2.5]) describes the structure of LNDs on
kBl in terms of the Jacobian derivation.

Theorem 2.7. Let B = k"l and D € LND(B). Suppose that {fi,--- , fa_1} is a set
of algebraically independent elements in B such that ker(D) = k[fy,..., fo_1] = k*~1.
Then Ay, f,_1) € LND(B) and D = alAy, .. 1, ), for some a € ker(D).

We now recall the concept of Newton polygon. Let A be a commutative k-domain
and B = A[X,Y] be a Z?-graded domain with respect to the following weights:

wt(X) = (1,0), wt(Y) = (0,1) 2)

and wt(a) = (0,0) for all a € A. We record the definition of the Newton polygon of
f € B below.

Definition 2.2. Let f € B := A[X,Y]. The Newton polygon of f is denoted by
Newtyz(f) and is defined to be the convex hull in R? of the following set:

S = {(z’,j) €7 | f=) ayX'Y a5 €A\ {0}} U{(0,0)}
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The following well known result ([II, Theorem 4.5]) is needed in section 3 of this
note.

Theorem 2.8. Let A be a rigid affine k-domain, i.e., there is no non-trivial LND on
A. Suppose B = A[X,Y] is a Z>-graded domain with respect to the weights defined in
@) and D a non-trivial locally nilpotent derivation on B. Then, for f € ker(D) \ A,
Newtyz(f) is a triangle with vertices (0,0), (m,0), (0,n) where m,n € N and m | n or
n | m.

Remark 2.9. By Theorem 2.8 it follows that if A = k, B = k[X,Y], and f € ker(D)\k
is such that n = degx (f) > degy (f) = m, then f has the following form:

m—1
F=TX)+ > KXY +ay™,
j=1
where degy (f) = n, a € k*, n = mq for some positive integer ¢ and degx (fj) <n—jq.
Let B be an affine domain with a proper Z-filtration {B,, | n € Z}. If D is a non-zero
LND on B such that for all n € Z, D(B,,) C By for some t € Z (i.e., D respects the
filtration on B), then it will induce gr(D) € LND(gr(B)), where gr(B) is the associated
graded ring of B with respect to the given filtration ([11, pg. 10]). Now suppose that
p: B — gr(B), denote the natural map defined by p(b) = b+ B;_1, where b € B; \ B;_1
for some i € Z. Then we have the following result due to Derksen et al. ([9]). For
reference one can see [2, Theorem 2.6].

Proposition 2.10. Let B, G, p and D be the same as mentioned in the above paragraph.
Then gr(D) # 0 and p(ker(D)) C ker(gr(D)).

The following result is a special case of a result of Daigle [7, Theorem 1.7]. This
result first appeared in the thesis of Wang (see [17]).

Theorem 2.11. Let B be a Z-graded affine k-domain. Then every non-zero D €
LND(B) respects the Z-filtration induced by the grading.

We also fix a notation which will be used in the note. Let f € k[U,V,W]. Then
fu, fv, fw will denote the partial derivatives of f with respect to U, V, W respectively.

3 Homogeneous locally nilpotent derivations of
rank two

(¥) We first fix a few notation for this section. Throughout this section, unless specified,
D denotes an irreducible homogeneous LND of rank 2 on k[U, V, W] such that deg(D) =
d (> 0) with respect to the standard weights (1,1,1). Since rank(D) = 2, without loss
of generality we can assume that DU = 0 and ker(D) = k[U, P] for some homogeneous
polynomial P € k[U,V,W] (cf. Theorem 23] and Theorem [2.4). As D is irreducible,
multiplying P by a suitable constant in k we have D = Ay py (cf. Theorem 2.7)). Hence
DU =0,DV = =Py, DW = Py. If deg(D) = d, then P is a homogeneous polynomial
of degree d + 2.

First we observe some results (Lemmas [3.1] and B3)) which exhibit the structure
of P.



Lemma 3.1. Let D and P be the same as in the paragraph (x). Then there exists a
linear system of variables {X,Y,Z} of k|U,V, W] such that upto multiplication by a unit,
P has the form

Y2 4 Xq¢(X,Y, Z)
where (X, Y, Z) is a degree d4+1 homogeneous polynomial, DX = 0 and 0 < degp(Y) < degp(Z).
Proof. Since DU = 0, D induces an LND D = D (mod U) on *55%) = K[V, W]. Note
that D is a non-zero homogeneous LND of degree d. By Theorem [2.2], there exists
a system of variables {V7,V2} of k[V,W] such that D = f(Vl)a%/2 for some f € kM,
and ker(D) = k[Vi]. Further, {V;,V5} can be chosen to be linear in V and W, as
D is homogeneous. Since P is a homogeneous polynomial of degree d + 2, if P =
P (mod U), then P is a homogeneous polynomial in ker(D) = k[V1] of degree d + 2.
Therefore, with respect to the linear system of variables {U, V1, Va} of k[U, V, W], we get
a homogeneous polynomial ¢ of degree d + 1, such that upto multiplication by a unit,
P =V 1 Uq(U, Vi, Va).

Suppose degp (V1) > degp(Vz2). From the structure of P, it is clear that degp(P) =
(d+1)degp(V1), and hence degp (V1) = 0. This contradicts the fact that rank(D) = 2.
Therefore, we must have degp (V1) < degp(V2). Hence renaming the coordinate system
{U,V1,Va} as {X,Y, Z}, the result follows. O

Lemma 3.2. Let D and P be the same as in the paragraph (x). Then there exists a
linear system of variables {X,Y, Z} of k[U,V, W] such that 0 = degp(X) < degp(Y) <
degp(Z), and upto multiplication by a unit, the polynomial P has the following form:
(i) Ford=0, P=Y?+ XZ.
(ii) For d > 1,

P=Y" L X[y (X.Y) + Xfa(X,Y)Z + -+ X fran(X,Y) 207 4 px7+2707

where 0 < ¢ < d—1 such that d —i | d+2, B € k* and f;(X,Y) is a homogeneous
polynomials of degree j, for every j, i +2 < j<d+1.

Proof. In Lemma 3.1l we see that P = o/ P’ such that
P =Y L X¢(X,Y,2),

and o/ € k*, where 0 = degp(X) < degp(Y) < degp(Z) and ¢(X,Y, Z) is a homoge-
neous polynomial of degree d + 1. We rename P’ as P and proceed.

Now for d = 0, P = Y? + X(aX + BY +~Z), for some «, 3,7 € k. If v = 0, then
P =Y?+aX?+BXY. Since X € ker(D), it follows that Y (Y + 8X) € ker(D), and
hence Y € ker(D), as ker(D) is factorially closed (Lemma [2.1)i)). But this contradicts
that rank(D) = 2. Therefore, v € k*, and with respect to the system of variables
{X,Y,aX +BY +~Z}, we have P=Y? + X Z.

We now consider the case d > 1. By Lemma[2.1](iii), D extends to D’ € LND (k(X)[Y, Z])
such that ker(D') = k(X)[P]. Therefore, by Theorem 2.8 either degy P | deg, P
or deg, P | degy P and P is almost monic in Z as a polynomial in k(X)[Y, Z]. As
degy P > degy P, we have degy P | degy P. Again ged(d + 1,d +2) = 1 for d > 1.
Therefore, expanding the expression of P we get

P=Y" 4+ Xfa1(X,Y) + X fa(X,Y)Z + -+ X fir2(X, V)27 4 g X220,
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such that 1 € k*, d —i | d 4+ 2 for some i, where 0 < i < d — 1 and every polynomial
[;(X,Y) is a homogeneous polynomials of degree j, where i +2 < j <d+ 1. O

The next lemma gives the structure of P for irreducible, homogeneous triangulariz-
able LNDs on k3. Here we mention that in [6] Corollary 5.2], Daigle has shown that for
D to be a triangularizable LND on kP, it is necessary and sufficient that a coordinate
of k13 is a local slice for D. The following Lemma 33 can be deduced from this result of
Daigle. However, we give an independent proof using the definition of triangularizable
derivations.

Lemma 3.3. Let D and P be the same as in the paragraph (x). Then D is triangu-
larizable if and only if there exists a system of variables {X,Y,Z} which is linear in
{U,V,W} such that 0 = degp(X) < degp(Y) < degp(Z) and D = vAx, p) for some
v € k*, where

P=Y" 4 Xfa1(X,Y) + X Z,

far1(X,Y) is a homogeneous polynomial of degree d+1 and B € k*. Moreover, degp(Y) =
1 and degp(Z) = d + 2.

Proof. Tt is easy to see that for the given structure of P and v € k*, D = yA(x p) is
triangularizable.

Conversely, suppose D is triangularizable. Since D is homogeneous, by Lemma 2.5]
there exists a linear system of variables {X,Y, Z} such that

DX =0, DY = X% DZ = g(X,Y),

for some p € k* and a homogeneous polynomial g of degree d+ 1. Therefore, deg,(Y) =
1. Now by Theorem 2.3 and Theorem 2.4, ker(D) = k[X, P;] for some homogeneous
polynomial P;. Since D is irreducible, by Theorem 2.7, with respect to the coordinate
system {X,Y,Z}, D = A(x,p,), upto multiplication by a nonzero constant. Therefore,

DY = —\(P))z = pX !

for some A € k*, and hence P, = A1 (f(X,Y) — uX%'Z), where f(X,Y) is a homoge-
neous polynomial of degree d 4+ 2. Now using the fact that P, is irreducible, we get that
Py is of the form

P =aY"? 4+ X[ (X,Y) + XL 7)

for some «, 8 € k* and a homogeneous polynomial fg11(X,Y") of degree d+1. Therefore,
we obtain that D = yA(x p for some v € k%, and ker(D) = k[X, P] where P is in the
desired form.
Now
DZ =~Py =~ ((d +2)Y 4 X(fd+1)y> :

Since X € ker(D) and degp(Y) = 1, we have degp(Z) = (d+1)degp(Y)+1=d+2. O

Remark 3.4. Let D be an irreducible homogeneous LND of rank 2 on B = k[U, V, W]
such that ker(D) = k[U,P]. By Lemma B, we see there exists a linear system of
variables {X,Y, Z} of B such that

0 = degp(X) < degp(Y) < degp(Z). (3)
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Let k be an algebraic closure of k& and D extends to D € LND(k[X,Y, Z]). If D is
triangularizable, then by Lemma [3.3] there exists a system of variables {Xy,Y7, 21} of

k[X,Y, Z], which are linear in X,Y, Z such that
0= degﬁ(Xl) < degﬁ(Yl) < degﬁ(Zl), (4)

ker(D) = k[X1, P], where P = Y2 4 X1 fy1(X1, Y1) + BXETLZ, € k[X, Y1, Z4], for
some homogeneous polynomial fy,1(X1,Y1) and 8 € k. From @) and (@), it is easy
to see that X; = a1 X, Y1 = a1 X 4+ a2Y and Z; = a31 X + az2Y + a3z3Z, where every
a;j € k and a11,a,a33 # 0. Since P € k[X,Y, Z], upto multiplication by a non-zero
constant in k, P = Y2 4 Xg,.1(X,Y) + vX1Z, where v € k* and g4,1(X,Y) is a
homogeneous polynomial in k[X,Y] of degree d + 1. Hence by Lemma B3, D must be
triangularizable.

As an application of the above two Lemmas and 3.3 we get the following result.

Corollary 3.5. Let p be a natural number and D an irreducible homogeneous LND of
rank 2 and degree p — 2 on k[U,V,W]. If p is a prime, then D is triangularizable.

Proof. Since pis a prime, by Lemma[3.2]there exists a linear system of variables { X, Y, Z}
of k[U,V, W] such that D = yAx pyand P = YP+ X f, 1(X, Y)+BXP~1Z where, 8 €
k* and f,—1(X,Y’) is homogeneous polynomial of degree p — 1. Hence by Lemma 3.3, D
is triangularizable. O

Remark 3.6. In view of Corollary B.5l it can be noticed that the smallest possible degree
of a non-triangularizable irreducible homogeneous LND of rank 2 on k[U, V, W] is 2 which
comes from the case “p is not a prime”. The next theorem gives a structure of P for such
LNDs. Specifically, it establishes the structure of P for irreducible homogeneous LNDs
of rank 2 and degree pq — 2 on k[U, V, W], where p, ¢ are prime numbers, not necessarily
distinct.

Theorem 3.7. Let k be an algebraically closed field and p,q are prime numbers, not
necessarily distinct. Suppose D and P are as in the paragraph (%) such that deg(D) =
d = pq—2. Then D is not triangularizable if and only if there exists a system of variables
{X,Y, Z} linear in {U,V,W} and a homogeneous polynomial h(X,Y"), monic inY, such
that D = yA(x p) where v € k* and P takes the following form where the roles of p and
q are interchangeable:

P=TP +c; X9TP~ oo 4 XMUTP™ oo 0y XPUTIT 4 ¢, XPI7LY,

where T = h(X,Y) + X971Z, deg(h(X,Y)) = q, ¢; € k fori,1 < i < p and ¢, # 0.
Moreover, degp(Y') = p, degp(Z) = pq and T is a local slice for D.

Proof. Suppose D is not triangularizable. By Lemma and Lemma B3] there exists
a system of variables {X,Y, Z} which are linear in {U,V,W} such that D = vAx p),
where v € k* and P has either of the following forms:

P=YP 4 X fq (X, Y)+ X Zfpqo(X,Y) 4+ X2 fq (X, Y) 4+ BXPITPZP
(5)



where 0 = degp(X) < degp(Y) < degp(Z), f € k* and f,q—i(X,Y) is a homogeneous
polynomial of degree pg — ¢ for 1 <7 < p or

pP=Yy" +Xqu71(X,Y) +Xprqf2(Xa Y) +-- +XZi71qu7i(Xa Y) + - +/8qu7qu

(6)
where 0 = degp(X) < degp(Y) < degp(Z), B € k* and ﬁq,i(X, Y') is a homogeneous
polynomial of degree pq — ¢ for 1 < ¢ < q. Therefore without loss of generality we take
P as in ({) and proceed.

Now D extends to an LND D of k(X)[Y, Z] and P € ker(D) (cf. Lemma ZILiii)).
By Remark 29 degy (fpq—i(X,Y)) < pg — (i —1)g. We consider the following grading
on k(X)[Y, Z]:

gri(Y) =1, gri(Z) =q.

Therefore, if P; denotes the highest degree homogeneous summand of P with respect to
gri, then

Py =YPl 4y YPUYXTZ) 4o oy  YYX T 2P 4 B(XI71Z)P,

where ~v; € k, for 1 <i < p—1. As k is algebraically closed, we have

p
P =]+ X9 2),
=1

where o; € k, for 1 < i < p. By Theorem 2TT] gr1(5~) € LND(k(X)[Y, Z]), and

by Proposition 210, P, € ker(gri(D)). Now as ker(gri(D)) is factorially closed (cf.

Lemmal[21Li)), if there exist 4, j such that oy # ¢, then it follows that Y, Z € ker(gr; (D)).
But then gri(D) = 0 which is a contradiction (cf. Proposition 2I0). Therefore, we have

P = (Y94 X971 Z)P, where a; = o € k* for every i,1 < i < p. We now rename aZ as

Z. For Z; = (Y94 X9717), as k(X)[Y, Z] = k(X)[Y, Z1], we have the following form of

P.

P = Zf +XZf_1g(}fl(X’ Y) +o +XZf_jg]1'q71(Xa Y) +-- +X911)q71(X’Y)? (7)

where g}q_l(X, Y) is a homogeneous polynomial of degree jg — 1, 1 < j < p and
gll;q—l(X’ Y) 7& 0.

Since k(X)[Y, Z] = k(X)[Y; Z1], if degy (gpq—1(X,Y)) = p, then p | degy (gp,—1(X,Y))
(cf. Theorem 2.8). Therefore, degy (g, 1(X,Y)) = rp for some r, where 1 <7 < ¢. By
Remark 2.9, degy(g}qfl(X, Y)) <rp—(p—j)r=jr, for 1 <j < p. We now consider
the following grading on k(X)[Y, Z1]:

gra(Y) =1, gro(Zy) =r.

If P, denotes the highest degree homogeneous summand of P with respect to gro, then by
the similar arguments used for Py, we get that Py = ZJ where Zy = (Z; + AX97"Y") =
(Y9 4+ AX9TYT 4+ X9 17) for some ) € k. Hence

P = Zg +XZ§719271(X’Y) +o +XZ§7jg]2'q71(Xa Y) +-- +Xg;2)q71(X’Y)’



where gqu_l(X, Y) is a homogeneous polynomial of degree jg — 1, for 1 < j < p,
g]%q—l(X’ Y) 75 0 and dng(g]%q—l(Xa Y)) <7rp.

Since k(X)[Y, Z] = k(X)]Y, Z2], if degy(ggqfl(X,Y)) > p, then we can repeat the
above process until we get the following form of P:

P=T + XT? g, 1(X,Y) + -+ XTP G5 1(X,Y) + -+ XGpg 1(X,Y),  (8)

where T = (h(X,Y) + X971Z) for some homogeneous polynomial h(X,Y) of degree
g which is monic in Y, g;s—1(X,Y") is homogeneous polynomial of degree jq — 1, for
1<J<p, gpg—1(X,Y) # 0 and degy (gpq—1(X,Y)) < p.

Now, since k(X)[Y,T] = k(X)[Y, Z], and degy (gpq—1(X,Y)) < p, by Theorem 2§
degy (Gpg—1(X,Y)) | p, and therefore, degy (gpq—1(X,Y)) = 1. Hence we see that P has
the following form:

P=TP + o XITP~ o XMTPT 4oy 1 XPITIT + ¢, XPI7YY (9)

where ¢; € k for 4,1 <i < pand ¢, # 0 (cf. Remark 29)). Thus we have the desired
form of P.

Next, we investigate the degp-values of ¥ and Z. Note that DY = —yPz and
DZ = ~Py. Since ker(D) = k[X,P], DY or DZ can be in ker(D) only if Py or Py
is a polynomial entirely in X. But from the expression of P it is clear that this is
not possible. Hence DY and DZ are not in ker(D) and therefore, degp(Y) > 1 and
degp(Z) > 1. Now it is easy to check that

DT = D(W(X,Y) + X' Z) =y (=hy Pz + X7 ' Py) = ¢, XPIH172,

Hence, T = (h(X,Y) + X971Z) is a local slice of D. Since degp,(h(X,Y) +X9712) =1
and h(X,Y) is monic in Y, we have degp(Z) = degp(h(X,Y)) = ¢.degp(Y). Since
degp(P) = 0, and both deg(T') and degp(Y') are non-zero, from () we have degp(Y) =
p.degp(T). Hence, degp(Y) = p and degp(Z) = pg. O

4 An application: Finding generators of image
ideals

In this section we discuss an application of our main results. More precisely, we shall use
Lemma [3.3] and Theorem B.7] to find generators of the image ideals I,,’s of homogeneous
triangularizable LNDs and irreducible homogeneous non-triangularizable LNDs of rank
two and degree pg — 2 on kBl, where p, ¢ are prime numbers.

4.1 Definitions and preliminary results

We start with some properties of the degree module .%,, corresponding to an LND D on
B = k[X,Y, Z] = kBBl. These properties have been described in [12].

We first fix a few notation for the rest of this subsection. Let € B be a local slice
for D and Dr = f, where f € A := ker(D). Consider the following A submodule M of

F:
n
M = Z Ar™.
=0

10



Let My be an A-module such that M C My C %, and M; = {b€ B | fb € M;_1} for
every i > 1. The following theorem ([12, Theorem 9]) of Freudenburg gives the structure
of the n-th degree module %,.

Theorem 4.1. Let s be a non-negative integer. Then with respect to the above notation,
the following conditions are equivalent:

(a) fBN M= fMs.
(b) Fp = M.
We now recall the definition of a D-set and a D-basis ([12] Definition 1]).

Definition 4.1. A subset S of B is said to be a D-set, if degy, values of the elements
of S are distinct. Let F' be a free A-submodule of B. A basis for F' is said to a D-basis,
if that is a D-set.

The following lemma ([I2], Lemma 3]) by Freudenburg gives a condition for freeness
of an A-submodule of B = k[X,Y, Z].

Lemma 4.2. Let M be an A-submodule of B generated by {m; | 1 < i < n} C M.
Suppose there exists h € B such that degp(m;) < degp(h) for 1 <i < mn. Then, for the
A-module M' = Zi>0 MA, the following properties hold.

(a) M'= @izo Mh*

(b) If M is a free A-module with D-basis {by,--- by}, then M’ is a free A-module with
a D-basis of the form {b;h/ |1 <i < n,j >0}

We now state the Quillen-Suslin theorem.

Theorem 4.3. Every finitely generated projective module over k™ is free.

4.2 Generators of the image ideals

We first observe the following lemmas. The first one is a generalised version of Corollary
15 of [12].

Lemma 4.4. Let D be a locally nilpotent derivation on B = k[X,Y,Z], A = ker(D)
and degp(Z) =n > 0. Consider the following surjective A-module morphism

B
:B— —.
T — 7B
Suppose there ezists a degree module F, such that m <n and ©(Fp,) = k[X,Y]. Then
B = Zi>0 Fm "

Proof. Since m(B) = (%), B = % + ZB. That means,

I
—

T

B=> %,7'+ Z"B,

~
Il
o
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for every r > 1. Therefore, for N = Zi20 FmZ' we get B=N + Z"B for all r > 1.
Let b € B and t = degp(b). Since B = N + Z'™!'B, if b ¢ N, then there exist
a= ZfzoaiZi € N and b’ € B such that a; € %, for 1 <i<t, b #0 and

b=a+bZ""

Now degp(a) < tn+ m and degp(b'Z*1) = n(t +1). Since m < n, we get degp(b) =
degp, (V' Zt+1) > n(t + 1). But this contradicts the assumption that degp,(b) = t. There-
fore, b € N. Hence, B = N. [l

For the next lemma one may refer to [8, pg. 5]. However, for the sake of completeness
of this note we are giving a proof here.

Lemma 4.5. Let B = k[X,Y,Z] and D € LND(B). Let k be an algebraic closure of
k and D = D ®; k denote the extension of D in LND(B), where B = k[X,Y,Z]. For
n € N, suppose I, and I,, denote the n-th image ideal of D and D respectively. If I, is
principal, then so is I,.

Proof. Let A = ker(D) = kl? and A = A®, k = ker(D) = 5. Now, I, = D"BN A
and T, = D"B N A, for every integer n > 0.

Suppose that I,, = (@r,) for some @, € A. That means I, is a free A-module. Since
I,=1,0Lk=1,®24 A, and 4 is a faithfully flat A-module, we have I, is a projective
A-module. Hence by Theorem [£.3] we have I, is free A-module, and hence a principal
ideal. O

Let D be a homogeneous triangularizable LND on kP¥l. Then, D = aD’ for some
a € ker(D) and an irreducible triangularizable LND D’. For n € Z, if I,, and I}, denote
the n-th image ideals of D and D’ respectively, then I,, = al],. Hence it is enough to find
the generators of the image ideals of irreducible homogeneous triangularizable LNDs.

The following theorem explicitly describes the image ideals of irreducible homoge-
neous triangularizable LNDs on k3.

Theorem 4.6. Let B = k[U,V,W] and D € LND(B) be irreducible homogeneous and
triangularizable of degree d(> 0). Let A = ker(D). Then for n € N, we have I,, =
(Xt(d+1)2+”(d+1)) where t and r are respectively the quotient and reminder of n when
divided by d + 2, and X is a linear variable of B such that X € ker(D).

Proof. Since D is irreducible and triangularizable, by Lemma B3, we get a system of
variables {X,Y, Z} which are linear in {U,V, W} such that D = yAx p) where

P=Y"?+ X fi1(X,Y)+ XM Z,

v, B8 € k*, far1(X,Y) is homogeneous polynomial of degree d + 1 and degp(Y) = 1,
degp(Z) = d+2. Now A = ker(D) = k[X,P]. Consider the following surjective
A-algebra homomorphism

B
B = ——.
B o
Now 25 = k[X,Y] and 7(A4) = k[X, Y% + X f411(X,Y)]. Clearly k[X,Y] is free
m(A)-module with a basis
o ={1,Y,Y?, .. Yy}

12



As degp(Y) =1, & C 7(Fgq1). Hence we get n(Fyy1) = k[X,Y] as m(A)-module.
Now by Lemma [4.4] we obtain that

B = Zy‘dﬂzi.

120

Since degp(Z) = d + 2, by Lemma [£.2|(a), we get the above sum is direct sum. That is

B=p FunZ'.

120

Now if we show .%4,1 is a free A-module having a D-basis, then applying Lemma [2{(b),
we get a D-basis for B.
Consider the A-submodule My = @;12—01 AY'? of F4,1. Note that DY = —yBX4+1,

Now consider the surjection
B

/.
m:B— X5
Since '(A) = k[Y9*2], 7'(My) = @fiol 7'(A)Y' is a free ©'(A)-module. Therefore,
XBnN My = XMy and hence (X1)B N My = (X)) M.

Now applying Theorem 1], we get that %41 = My, which is a free A module with
D-basis {1,Y,..., Y41}, Therefore, we obtain that B is free A-module with a D-basis
{YiZi|0<i<d+1,j>0}.

Let n be a positive integer such that n = ¢(d + 2) + r, for some ¢ > 0 and 0 < r <
d+ 1. Now degp(Y"Z') = r + t(d + 2). Therefore, from the D-basis it is clear that
I, = (D"(YTZt)). Note that D is a homogeneous LND of degree d, DY = —yfX%H!
and DZ = yPy. Therefore, D427 = AX44+2+1 for some A € k* and hence D™(Y" Z?)
is a constant multiple of a power of X. Now using the homogeneous degree of D, we
have I,, = (XndHt+r) = (Xt(d+1)2+r(d+1))_ 0

We now describe the generators of the image ideals of irreducible homogeneous non-
triangularizable LNDs of rank 2 and degree pq — 2 on kB3l where p, ¢ are prime numbers,
not necessarily distinct.

Theorem 4.7. Let p,q be prime numbers, not necessarily distinct and D be an ir-
reducible non-triangularizable homogeneous locally nilpotent derivation of rank 2 and
degree pq — 2 on B = k[U,V,W|] and A = ker(D). Let X be a linear variable of B such
that X € ker(D). Then the image ideals have either of the following forms:

(a) For every n € N, I,, = (X"Pa=2+ar+s+t) yhere 1 is the reminder of n modulo p,
and if t' is the quotient of n when divided by p, then t and s are the quotient and
reminder of t' when divided by q.

(b) For every n € N, I, = (X"Pa=2+prtstt) where 1 is the reminder of n modulo g,

and if t' is the quotient of n when divided by q, then t and s are the quotient and
reminder of t' when divided by p.

Proof. Let k, B, D, I, be the same as in Lemma As D is irreducible, so is D (cf.

Lemma 2.6). Also deg(D) = deg(D). As D is non-triangularizable, by Remark [3.4] we
get D is also non-triangularizable. By Lemma 3] I, is principal if and only if I, is so.

13



Now, since I,, = I,, ®y k, if we assume I, is principal, then the generator of I,, is same
as the generator of I,, upto multiplication by a non-zero constant in k. Therefore, it is
enough to assume that k is algebraically closed, B = B and D = D.

Now, by Theorem [B.7] there exists a system of variables {X,Y, Z} of B which are
linear in {U,V,W} such that D = yAx p) for some v € k¥, and P takes either of the
following forms:

P=TP 4+, X9TP ' 4. f o XUTP 4 4 cp1 XPTTIT + chpq—1y7 (10)

where T = h(X,Y) + X917, h(X,Y) is a homogeneous polynomial of degree ¢ and
monic in Y, ¢; € k, ¢, # 0 and degp(Y') = p,degp(Z) = pg. Or,

P=T8 4+ XPTI 4+ 4 GXPTI o 4G, | XPIPT) 4G, XPILY, (11)

where Ty = h1(X,Y) + XP~1Z hi1(X,Y) is a homogeneous polynomial of degree p and
monic in Y, ¢; € k, ¢; # 0 and degp(Y) = q,degp(Z) = pg. Therefore, without loss of
generality we take P as in (I0) and proceed.
Let A = ker(D). Now, as in Theorem B.7], T is a local slice of D such that DT =
e, XPIT972 Consider the surjective A-algebra homomorphism
B
:B— —.
TP B
Note that 7(P) = YPI4a; XYPI L+ 4 a,, 1 XPI1Y, where a; € k, for 1 <i < pg—1.
Now £ = k[X,Y] and m(A) = k[X,YP! + a; XYPI™1 + .. + a5, 1 XPI71Y]. Therefore,
E[X,Y] is a free m(A)-module with basis

B={1,Y,...,Yyri-1},

Now S :={L,Y,.... Y« L 1, 1Y,. .., TY L .. TP-L 7Pty . TP-lyd-1} Cc Fp, 1.
Since w(S) C m(Fpg—1) and m(T') is monic in Y of degree ¢, it follows that B C w(Fpg—1).
Hence we obtain that 7(%p,—1) = k[X,Y] as m(A)-modules. Therefore, by Lemma [.4]
we get B =3, Fpg-1Z". Since degp(Z) = pq, by Lemma E2(a) we get

B=p Fp12"

120

We now show that .#,,_1 is free A-module with a D-basis. Take the A-submodule of
Fpq—1 as follows:

Ng = @ AY'TY.

0<i<g—1
0<i<p—1
Note that from (I0),
TP =P — e XITP™! — o XMTP™ — o — ) | XPITIT — ¢, XPI 1Y,

Therefore, N := Zfial AT" C Ny. Now consider the surjection

B
Y
TP XB

14



7' (A) = k[YP?] and 7' (Np) = @fial 7' (A)Y'is a free 7' (A)-module. Therefore, X BN Ny =
XNy and hence (XPI+9-2) BNy = (XP4T9-2) Ny i.e., (DT)BN Ny = (DT)No. By The-
orem .1l #,,—1 = Ny is a free A-module with D-basis

(YT |0<i<q—1,0<j<p—1}
Hence B is a free A-module with D-basis

B ={Y'TIZ! |0<i<q—-1,0<j<p-1,12>0}

Let n = t'p+r for some ¢ > 0 and 0 < r < p—1, and (¢, ¢) we have t’ = tq+s for some
t>0and 0 < s < ¢g—1. Therefore, n = tpg+sp+r. Now degp, (YT Z) = sp+r+tpg =
n. Therefore, from the structure of the D-basis it is clear that I,, = (D™(Y*T"Z")). As
DT = chqu+q—2’ DY = —Pz and DZ = Py, from (I0), it is clear that DPY and
DP1Z are constant multiples of some powers of X. Now, since deg(D) = pg— 2 and T is
a polynomial of degree ¢, we get I,, = (X"(pq_2)+qr+5+t) which is same as the structure

in (a).

If the structure of P is as in ([II]), proceeding similarly we get the generators of the
image ideals as in (b). O
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