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ON A TOPOLOGICAL ERDŐS SIMILARITY PROBLEM

JOHN GALLAGHER, CHUN-KIT LAI, AND ERIC WEBER

Abstract. A pattern is called universal in another collection of sets, when every set in
the collection contains some linear and translated copy of the original pattern. Paul Erdős
proposed a conjecture that no infinite set is universal in the collection of sets with positive
measure. This paper explores an analogous problem in the topological setting. Instead
of sets with positive measure, we investigate the collection of dense Gδ sets and in the
collection of generic sets (dense Gδ and complement has Lebesgue measure zero). We refer
to such pattern as topologically universal and generically universal respectively. It is easy to
show that any countable set is topologically universal, while any set containing an interior
cannot be topologically universal. In this paper, we will show that Cantor sets on Rd are
not topologically universal and Cantor sets with positive Newhouse thickness on R1 are not
generically universal. This gives a positive partial answer to a question by Svetic concerning
the Erdős similarity problem on Cantor sets. Moreover, we also obtain a higher dimensional
generalization of the generic universality problem.

1. Introduction

A question that frequently arises has the following generic form: Does every “large” (or
unstructured) set possess a “copy” of a “small” (or structured) set? For example, Erdős
and Turán conjectured that every X ⊂ N of positive density (large, unstructured) contains
a copy of the set {1, 2, ..., n} (small, structured) in the form of an arithmetic progression.
The conjecture was famously proven true by Szemerédi [Sze75, TV06]. In a similar vein,
Steinhaus proved that the difference set of a set of positive measure in R (large) contains a
scaled copy of the interval (−1, 1) (small), [Ste20].

The words “large”, “small”, and “copy” can take on multiple forms, so we begin by defining
some of our terms.

Definition 1.1. Let E ⊂ Rd be a set and let X be a collection of subsets in Rd.

(1) An affine copy of E is a copy of the form t + T (E) where t ∈ Rd and T is an
invertible linear transformation on Rd. A similar copy of E is an affine copy such
that T = λO where λ > 0 is a scalar and O is an orthogonal transformation.

(2) We say that E is universal in X if for every K ∈ X , there exists an affine copy of
E, t + T (E), such that t+ T (E) ⊂ K.

(3) We say that E is measure-universal if E is universal in X , where X is taken to
be the collection of all Lebesgue measurable set with positive Lebesgue measure.

In one dimension, affine copies and similar copies coincide and they are of the form t+λE
where t ∈ R and λ 6= 0. Many problems in mathematics can be formulated in terms of
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universality. Szemerédi’s theorem then can be stated as: the set {1, 2, ..., n} is universal in
the collection of sets of positive density in N. The Toeplitz square peg problem asserted
that every Jordan curve admits four points on the curve forming a square. Formulated in
our notation and interpreting universality in terms of similarity copy, it means that the unit
square corners {(0, 0), (1, 0), (0, 1), (1, 1)} is universal in the collection of all Jordan curves.
The problem was recently solved for smooth Jordan curves [GL21].

Our notion of universality was first introduced by Kolountzakis [Kol97], in which the goal
was to study the famous Erdős similarity conjecture.

Conjecture (Erdős): There is no set of infinite cardinality that is measure-universal.

Steinhaus [Ste20] first showed that finite sets are measure-universal. This motivated Paul
Erdős to pose the conjecture back in 1974 and he offered $100 for solving this problem.
The conjecture is still open; for a survey of the problem, one can refer to [Sve00]. Let us
summarize some progress here. With a simple observation, we can see that the conjecture
can be resolved in its full generality if we can show that all positive decreasing sequences
whose limit is zero are not measure-universal. Falconer [Fal84] made a substantial progress
by showing that slowly decaying sequences {xn : n ∈ N} in the sense that

lim inf
n→∞

xn

xn+1
= 1

are not measure-universal. Bourgain [Bou87] demonstrated that the sum-set S1+S2+S3 of
any three infinite sets S1, S2, S3 cannot be measure-universal. Kolountzakis [Kol97] demon-
strated using probabilistic arguments that certain set with large gaps cannot be measure-
universal. Currently it is still an open question whether or not exponential decaying se-
quences such as {2−n} are measure-universal. Cruz, the second-named author and Pramanik
recently constructed a Cantor set K such that the set of Erdős points in K, i.e.

{x ∈ K : ∀δ 6= 0, x+ δ{2−n} 6⊂ K},
has Hausdorff dimension 1. If one could show that the above set could be of positive Lebesgue
measure, the Erdős similarity problem will be solved for {2−n}. Their result also works on
sequences which do not reach super-exponential decay [CLP22].

1.1. Main Results. The main purpose of this paper is to study a topological version of
the Erdős similarity problem. If we regard a set of positive Lebesgue measure as measure-
theoretically large, then a dense Gδ set will be regarded as topologically large. Recall that
a Gδ set is a set G that can be written as countable intersection of open sets. If each open
set is dense in Rd, then the well-known Baire Category theorem shows that G is a dense
and uncountable set. There is no relation between sets with positive Lebesgue measure and
dense Gδ sets. A fat Cantor set has positive Lebesgue measure, but is nowhere dense. On
the other hand, the set of all Liouville’s numbers is a dense Gδ but with Lebesgue measure
zero (Hausdorff dimension zero indeed).

Definition 1.2. (1) We say that a set E ⊂ Rd is topologically universal if E is
universal in the collection of all dense Gδ sets in Rd.

(2) We say that a set E ⊂ Rd is generically universal if E is universal in the collection
of all dense Gδ sets G such that m(Rd \G) = 0 in Rd (Here m denotes the Lebesgue
measure).
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In the first definition, we are interested in what set is universal for topologically large
sets. In the second definition, we notice that m(G) = ∞, so we are interested in what set is
universal for both measure-theoretically and topologically large sets (such sets are sometimes
referred to as generic sets, which is the reason why we choose this definition).

It is a simple observation from the Baire Category theorem that all countable sets are
topologically universal. On the other hand, a set containing an interior point cannot be
topologically or generically universal because there are dense Gδ sets with full Lebesgue
measures with empty interior. As any affine copy of a set with interior must have interior, a
dense Gδ set with empty interior cannot contain any such affine copy. Hence, our focus will
be on whether nowhere dense sets are topologically universal. Let us first make precise the
meaning of Cantor set in our setting.

Definition 1.3. E is a Cantor set in Rd if it is a totally disconnected, perfect and compact
subset of Rd.

Because of the existence of Gδ sets that have Hausdorff dimension zero, by monotonicity
of Hausdorff measures, all sets of positive Hausdorff dimension cannot be contained inside
such a Gδ set, and hence sets of positive Hausdorff dimension are topologically non-universal.
Our first theorem is to show that by considering arbitrary dimension functions, no Cantor
sets are topologically universal.

Theorem 1.4. For any Cantor set E ⊂ Rd, there exists a dense Gδ set such that it does
not contain an affine copy of E. Consequently, there do not exist any topologically universal
Cantor sets on Rd.

We now turn to study generic universality of Cantor sets. Because m(Rd \G) = 0 for any
generic Gδ set, m(G) must be infinity and thus those arbitrarily small dimensional dense Gδ

sets no longer exist. Generic universality is also a closer analogue to the Erdős similarity
conjecture because we now require the sets of interest having positive Lebesgue measure.

We first focus on Cantor sets in R1. In addition to Hausdorff dimension, Newhouse
thickness of a Cantor set (see Section 3 for the precise definition) has been another useful
quantity to describe the size of Cantor sets. In particular, the gap lemma provides a natural
sufficient condition for two thick Cantor sets to intersect. Our main theorem is the following:

Theorem 1.5. There exists a dense Gδ set G with m(R \ G) = 0 such that for all Cantor
sets J with positive Newhouse thickness, G does not contain an affine copy of J .

As a consequence, Cantor sets on R1 with positive Newhouse thickness are not generically
universal.

Our theorem also tells us something about the measure non-universality of Cantor sets.
Although the Erdős similarity conjecture can be resolved if we can show that all decreasing
sequence are not universal, it is not even an easy question to show that a Cantor set is
measure non-universal. Indeed, Svetic [Sve00] proposed the following stronger question in
this regard. “Is it true that for every uncountably infinite set, E, of real numbers, there
exists S ⊂ [0, 1] of full measure that does not contain an affine copy of E?” Notice that if a
set is generically non-universal, then it must be measure non-universal.
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Our Theorem 1.5 now answers Svetic’s question in a very strong way. There exists a fixed
set, namely S = G ∩ [0, 1] where G is defined in Theorem 1.5, of full Lebesgue measure in
[0, 1] which doesn’t contain affine copies of any Cantor sets with positive thickness.

We now consider higher dimensions. First, one can show that a set containing a path-
connected component cannot be generically universal (see Proposition 5.1). Therefore, our
main interest will be focused on totally disconnected Cantor set. There has been recent work
on generalizing the gap lemma into high dimension (see e.g [FY22]). However, their results
do not seem to adjust into our situation. Instead, we consider the projection of the Cantor
set onto the one-dimensional coordinate-axis. Newhouse thickness for any compact sets can
be defined easily (See Section 3). We have the following definition.

Definition 1.6. Let E be a Cantor set on Rd. We say that E is Newhouse projectively
thick if for all invertible linear transformations T , the orthogonal projection of T (E) onto
the x1-axis has positive Newhouse thickness.

We now have the following theorem.

Theorem 1.7. Let E be a Cantor set on Rd that is Newhouse projectively thick. Then E is
not generically universal.

This theorem covers many examples of Cantor sets. We will show that every self-similar
set on Rd, not lying on a hyperplane, whose linear parts are rotation-free will be Newhouse
projectively thick. We note that there has been intensive research about the dimensional
properties of projections of Cantor sets (for a survey, see e.g. [FFJ15]), but the properties
of Newhouse thickness along orthogonal projections that we present here appears to be new.
We conjecture that all self-similar or self-affine sets, not lying on a hyperplane, are Newhouse
projectively thick.

1.2. Some discussion and open problems. Let us summarize our results and other
known results in the following table.

Measure universal Topologically universal Generically universal
Finite sets Yes Yes Yes

Countably infinite sets Unknown Yes Yes
Cantor sets on R1 Unknown No - Theorem 1.4 No∗ - Theorem 1.5

Cantor sets on Rd, d > 1 Unknown No - Theorem 1.4 No∗ - Theorem 1.7
Sets with interior No No No

In the table, No∗ indicates a partial result established in this paper. Theorem 1.5 and
Theorem 1.7 refer to Cantor sets with positive Newhouse thickness on R1 and Newhouse
projectively thick Cantor sets on Rd are not generically universal. It provides evidence that
Cantor sets are unlikely to be generically universal. We believe that the following may be
true, which draws an analogue of the Erdős similarity conjecture for generic sets.

Conjecture 1.8. There are no generically universal Cantor sets on Rd.

It is also reasonable that the following conjecture draws a parallel analogy of the Erdős
similarity conjecture in the purely topological non-measure-theoretic setting.

Conjecture 1.9. There are no uncountable topologically universal sets on Rd.
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Unfortunately, Theorem 1.4 does not imply the validity of Conjecture 1.9. This is because
in the realm of descriptive set theory, it is known that with the axiom of choice, one can
construct a so-called Bernstein set [Kec95, p.48], in which neither the set nor its complement
contain a perfect set. i.e. the set contains no perfect subset and is uncountable. This means
that we cannot use Theorem 1.4 to conclude Bernstein sets is topologically non-universal.
It is unclear to us whether Conjecture 1.9 is even decidable within the ZFC axioms of set
theory. Nonetheless, despite such a pathological example, every uncountable Borel set (or
more generally analytic set) of Rd contains a perfect subset (see [Kec95, p.85, 88]) so they
will not be topologically universal.

The paper is organized as follows. We prove Theorem 1.4 in Section 2. We will define
Newhouse thickness for compact sets of R1 in Section 3. We will prove our theorems on R1

in Section 4 and then theorems on Rd in Section 5.

2. Topological non-universality of Cantor sets

A function h is called a dimension function/ gauge function if h : [0, 1] → [0,∞)
is non-decreasing, continuous and h(0) = 0. The h−Hausdorff measure is the translation
-invariant Borel measure such that

Hh(E) = lim
δ→0

inf

{
∞∑

i=1

h(|Ui|) : E ⊂
∞⋃

i=1

Ui, |Ui| ≤ δ

}

where |U | denotes the diameter of U . If h(x) = xs, then Hh is the standard s-dimensional
Hausdorff measure.

Proposition 2.1. For any dimension function h, there always exist a dense Gδ set G on
Rd such that Hh(G) = 0.

Proof. For any dimension function h, h−1 may not exist since hmay not be strictly increasing.
However, we define

W (s) = inf{t > 0 : h(t) > s} = sup{t > 0 : h(t) ≤ s}.
Then we have h(W (s)) = s. Moreover, W is strictly increasing whence W (s) > 0 for all
s > 0. Let us now enumerate the rationals Qd = {r1, r2, ...}. Consider the following dense
Gδ set

G =
∞⋂

k=1

(
∞⋃

i=1

(
ri −

W (2−(i+k))

2
√
d

, ri +
W (2−(i+k))

2
√
d

)d
)
.

Then the diameter of the open squares inside the union is W (2−(i+k)), so

Hh(G) ≤
∞∑

i=1

h(W (2−(i+k))) =

∞∑

i=1

2−(i+k) = 2−k.

As k is arbitrary, Hh(G) = 0. The proof is complete. �

We need a result from Rogers [Rog70, p.67].
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Proposition 2.2. Let Ω be an uncountable complete separable metric space. Then there
exists a compact perfect set C and a dimension function h such that

0 < Hh(C) < ∞
Consequently, suppose that a compact set K in a metric space satisfies Hh(K) = 0 for all
dimension functions h. Then K is a countable set.

We remark that in [Rog70], dimension functions were defined to be right-continuous, but
if we inspect the proof on page 65 in the book carefully, it is clear that we can construct
h to be continuous for the first statement. For the second statement, we note that if K is
uncountable and compact, then K contains a perfect subset Ω. Applying the first statement,
we have a perfect set C ⊂ Ω ⊂ K with Hh(C) > 0 for some dimension function h which
leads to a contradiction.

We should also remark on the other hand that there exists a Cantor set K on R1 such
that for all dimension functions h, either Hh(K) = 0 or ∞ [D71]. See also [CDM13] for
a recent survey. Nonetheless, in this case, we can still extract a sub-Cantor set of K with
finite positive Hausdorff measure for some gauge function h by Proposition 2.2. It means
that Hh(K) = ∞.

Heuristically, to prove Theorem 1.4, we just take a suitable gauge function and a dense Gδ

set according to Proposition 2.1. Then the monotonicity of measure immediately leads to a
contradiction. However, for general dimension functions, we do not have a dilation formula
for all invertible linear transformations. Therefore, we need the following lemma.

Recall that for any invertible linear transformation T , ‖T‖ denotes the operator norm of
T : Rd → Rd with Rd endowed with the Euclidean norm. i.e.

‖Tx‖ ≤ ‖T‖‖x‖
holds for all x ∈ Rd.

Lemma 2.3. Let E ⊂ Rd be a Borel set, h a dimension function, and let c > 0. Then the
dimension function hc = h(cx) satisfies

Hhc(T (E)) ≥ Hh(E)

for all T such that ‖T−1‖ ≤ c.

Proof. First, from a direct observation we see that hc(x) = h(cx) is a dimension function. Let
T such that ‖T−1‖ ≤ c. We note that any covering

⋃∞
i=1 Vi of T (E) implies that

⋃∞
i=1 T

−1(Vi)
is a covering of E, so

Hh(E) ≤
∞∑

i=1

h(|T−1Vi|).

But from the definition of ‖T−1‖, the diameters satsify

|T−1Vi| ≤ ‖T−1‖|Vi| ≤ c|Vi|.
Hence,

Hh(E) ≤
∞∑

i=1

h(|T−1Vi|) ≤
∞∑

i=1

h(c|Vi|) =
∞∑

i=1

hc(|Vi|).

We now take infimum among all covers and obtain our desired conclusion. �



ON A TOPOLOGICAL ERDŐS SIMILARITY PROBLEM 7

Proof of Theorem 1.4. Let E be a Cantor set on Rd. By Proposition 2.2, we can find a
dimension function h such that Hh(E) > 0. For each n ∈ N, let us take the dimension
function hn in Lemma 2.3 such that Hhn(T (E)) ≥ Hh(E) > 0 whenever ‖T−1‖ ≤ n.

Now using Proposition 2.1, we can find a dense Gδ set Gn such that Hhn(Gn) = 0. By the
Baire Category theorem, G =

⋂∞
n=1Gn is a dense Gδ set. We now claim that this G cannot

contain any affine copy of the Cantor set E. Indeed, suppose t + T (E) is contained in G.
Let n ∈ N be such that ‖T−1‖ ≤ n, then t+T (E) ⊂ Gn. By taking Hhn Hausdorff measure,
we find a contradiction since Hhn(Gn) = 0, but

Hhn(t+ T (E)) = Hhn(T (E)) > 0

by Lemma 2.3. �

3. Preliminaries on Newhouse thickness

The proof of our theorems on generic universality relies on the Newhouse gap lemma. The
purpose of this section is to define the thickness and state the gap lemma that are necessary
for our proof. The definition of thickness and the gap lemma we use were first introduced by
Newhouse [New79]. Our definition below is taken from the book of Palis and Takens [PT93].
We first need to define the gaps and bridges of Cantor sets in order to define Newhouse
thickness.

Definition 3.1 (Gap). Let K be a Cantor set on R1. A gap of K is a connected component
of R \K. A bounded gap is a bounded connected component of R \K.

We now define the bridge of C of Cantor set K. |I| denotes the length of the interval I.

Definition 3.2 (Bridge, c.f. [PT93]). Let K be a Cantor set on R1 and U = (u′, u) be a
bounded gap of K with boundary point u. The bridge C of K at u is the maximal interval
on the right hand side of u such that:

• u is a boundary point of C
• C contains no point of a gap U ′ whose length |U ′| ≥ |U |.

We can define analogously the bridge for u′ by considering the maximal interval on the left
hand side of u′ with the same property.

For clarity, Figure 1 shows that there may be smaller bounded gaps contained in C.

We use this notion to define the Newhouse Thickness. Intuitively the thickness of a Cantor
set can be thought of as the infimum of ratios between the bounded gaps and the bridges.

U
u

U ′

U1 U2

C

Figure 1. At point u, we move to the right until we hit another gap of longer
length. The interval travelled is the bridge C. Note that the Bridge contains
gaps of smaller length than U such as U1 and U2. in the figure.
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Definition 3.3 (Newhouse Thickness for Cantor sets [PT93]). The Newhouse Thickness
of K at u is defined as

τ(K, u) =
|C|
|U | .

Moreover, let U be the set of all boundary points of bounded gaps in the Cantor set, the
thickness of the entire Cantor set is

τ(K) = inf
u∈U

τ(K, u)

We will consider projections of Cantor sets in higher dimension onto the x1-axis. Such
projections may not be perfect or may contain intervals, so we need to define the Newhouse
thickness for general compact sets of R1.

We first recall some terminologies in point set topology [Rud76]. Let K ⊂ R1 be a compact
set; x ∈ K is called a condensation point of K if every open neighborhood of x contains
uncountably many points of K. It is known that the set of all condensation points of K is a
perfect set inside K. We call the set of all condensation points of K the perfect part of K.

Definition 3.4 (Newhouse Thickness for general compact sets). Let K be a compact set on
R1 and let PK be the perfect part of K. We now define

τ(K) =





0 if PK = ∅
∞ if PK contains an interval
τ(PK) otherwise

Example 3.5. [Newhouse Thickness of the N-digit expansion Cantor Set] Let N ≥ 2 and
let j ∈ {1, ..., N − 2}. Define K to be the self-similar Cantor set by dividing [0, 1] into N
intervals of equal length, deleting the interval [ j

N
, j+1

N
] and repeating the process. Then it is

well-known that K consists of all real numbers whose N -adic expansion omit the digit j:

K =

{
∞∑

k=1

dk
Nk

: dk ∈ {0, 1, ..., N − 1} \ {j}
}
.

Now, each gap at the n-th iteration is of length N−n. The Newhouse thickness is equal to
min{j, N − j − 1}.

We notice an important fact that Newhouse thickness is invariant under any invertible
affine transformation, x 7→ t + λx where λ 6= 0, on R1. The following lemma is now
commonly referred to as the Newhouse Gap Lemma.

Lemma 3.6. (Newhouse Gap Lemma) Let K1, K2,⊂ R be Cantor sets with Newhouse
thickness τ1 and τ2 respectively and τ1 · τ2 ≥ 1. Suppose that K1 is not contained in one of
the gaps of K2 and K2 is not contained in one of the gaps of K1. Then K1 ∩K2 6= ∅.

For additional information about the intersection in the above gap lemma, one can refer
to [Ast00]. We are now ready to prove our main results.
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4. Generic non-universality of Cantor sets on R1.

We first prove our main theorems on R1. The construction of the Fσ set in Equation (1)
in the proof below was motivated from [DJ06], in which the authors constructed wavelets on
a real line analogue of Cantor sets. The set in Equation (1) is exactly the set they used.

Proof of Theorem 1.5. We will establish the following claim:

Claim: Given an ǫ0 > 0, there exists a dense Gδ set G with m(R \G) = 0 such that for
any Cantor set J with Newhouse thickness τ(J) ≥ ǫ0, G contains no affine copy of J .

Assuming the claim, we construct a dense Gδ set Gn of m(R \Gn) = 0 with the property
that it does not contain affine copies of Cantor sets with Newhouse thickness at least 1/n.
Then we consider

G =

∞⋂

n=1

Gn.

Baire Category theorem ensures G is a dense Gδ set. This G will not contain any affine
copy of any Cantor sets with positive Newhouse thickness. Moreover, by the subadditivity
of measure, it is easy to see that m(R \G) = 0. This will complete the proof.

We now justify the claim. Let ǫ0 > 0 be given. Consider the Cantor sets K defined by
contraction ratio 1/N and digits {0, 1, ..., N−1}\{(N−1)/2} andN is odd as in Example 3.5,
we know that τ(K) = N−1

2
. Therefore, we can find a sufficiently large N so that τ(K) > ǫ−1

0 .

Using the Cantor set K, we now define X such that

(1) X =
⋃

n∈Z

⋃

ℓ∈Z

Nn(K + ℓ),

creating an Fσ set. Now consider Xc. Because Kc is open and dense and so is its translated
and dilated copies, G = Xc is a dense Gδ and m(R \ G) = m(X) = 0 as the Cantor set K
we constructed is of Lebesgue measure zero. We now show that for any Cantor set J with
τ(J) ≥ ǫ0, G = Xc contains no affine copy of J .

Suppose that we have some Cantor set J with Newhouse thickness τ(J) ≥ ǫ0. Without
loss of generality, by rescaling and translation, we can assume that the convex hull of J is
equal to [0, 1]. We now fix any affine copy t + λJ where t ∈ R and λ 6= 0. There exists a
unique n such that

(2) |λ| ∈ (Nn−1, Nn].

Similarly there exists a unique ℓ such that

(3) t ∈ (ℓNn, (ℓ+ 1)Nn].

Let

K1 = Nn(K + ℓ) and K2 = t + λJ.

The convex hull of K1, is [ℓN
n, (ℓ + 1)Nn]. So, by our choice of t, we know that K2 is not

in the unbounded gap of K1 and vice versa.

Now we will check the construction of our Cantor sets such that each is not contained in
the bounded gaps of the other. For i = 1, 2, we define Oi to be the largest open bounded
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gap in Ki and Ii be the convex hull of Ki. For K1, we have |O1| = Nn−1 and |I1| = Nn. For
K2, we recall that the convex hull of J is [0, 1]. Therefore, we have

|O2| = |λ| · |OJ | ≤ |λ| and |I2| = |λ|
where OJ is the largest open bounded gap interval in J . Therefore by our construction in
(2), the following two inequalities hold:

|O1| ≤ |I2| and |O2| ≤ |I1|.
The inequalities imply that K1 is not fully contained in the bounded gaps of K2 and K2 is
not fully contained in the bounded gaps of K1.

Since Newhouse thickness is invariant under affine transformation on R1, by our choice of
K we have that

τ(K1)τ(K2) = τ(K)τ(J) ≥ ǫ−1
0 · ǫ0 = 1.

Therefore, the Gap Lemma in Lemma 3.6 implies that K1 ∩ K2 is non-empty and hence
K2 = t+ λJ intersects with one of the unions in X in (1). It implies that t+ λJ cannot be
fully contained in the Gδ set G = Xc. This establishes the claim, and therefore we conclude
that J is not topologically universal. �

Remark 4.1. We would like to remark that Bourgain proved that a Minkowski sum of three
infinite sets cannot be measure universal. We can use this result to deduce that some Cantor
sets of zero Newhouse thickness cannot be measure universal. Let Nj ≥ 2 be integers and
Dj ⊂ {0, 1, ..., Nj − 1} be subsets of cardinality at least 2. Define

(4) C =

{
∞∑

j=1

dj
N1...Nj

: dj ∈ Dj

}
.

Then C is not measure universal. Indeed, for k = 0, 1, 2, let

Sk =





∑

j≡k(mod 3)

dj
N1...Nj

: dj ∈ Dj



 .

By the result of Bourgain, C = S0 + S1 + S2 is a sum of three infinite sets and hence is not
measure universal. Moreover, if Nj → ∞, then the Cantor set C above has zero Newhouse
thickness.

On the other hand, our Theorem 1.5is independent from Bourgain’s result in the sense
that our construction of the avoiding set is explicit and of full Lebesgue measure, while
the set constructed by Bourgain was not explicit and the Lebesgue measure is not known.
Therefore, we still cannot determine if all above Cantor sets are generically universal if we
merely use Bourgain’s result.

5. Generic non-universality of Cantor sets on Rd.

We now turn to our results in higher dimensions. Our first goal is to show that some
obvious examples cannot be generically universal. They include a set with a path-connected
component and embedding a lower dimensional generically non-universal set into higher
dimensions.
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Proposition 5.1. If X ⊂ Rd contains a path connected component, then X is not generically
universal.

Proof. Let us consider the dense Gδ set that removes all the hyperplanes parallel that cor-
respond to the coordinate hyperplanes shifted by rationals:

G =

d⋂

i=1

⋂

r∈Q

Rd \
{
(x1, ..., xd) ∈ Rd : xi = r

}
.

This is clearly a dense Gδ set and m(Rd \ G) = 0 since there are only countably many
hyperplanes and hyperplanes have d-dimensional Lebesgue measure zero. Consider any affine
copy of X . Then this affine copy must contain a path L. The projection of L onto the
coordinate axes will be non-degenerate on some interval for at least one of the axes. Call
this the i-th axis. This interval will contain a rational number r. Therefore L will intersect
with the coordinate plane, xi = r. In other words this dense Gδ cannot contain L. Thus, X
cannot be topologically universal. �

The following simple lemma is needed in the following proofs.

Lemma 5.2. Let G1 and G2 be two dense Gδ sets in Rd1 and Rd2 respectively. Then G1×G2

is a dense Gδ set in Rd1+d2.

Proof. Suppose that we write G1 =
⋂∞

n=1On and G2 =
⋂∞

n=1O
′
n where On and O′

n are open
dense sets in Rd1 and Rd2 respectively. The lemma follows immediately by observing that

G1 ×G2 =
∞⋂

n=1

∞⋂

m=1

On × O′
m.

�

Proposition 5.3. Let 0 < k < d be two positive integers. Suppose that E ⊂ Rk is generically
non-universal in Rk. Then E×{0} cannot be generically universal in Rd (0 here is the d−k
dimensional zero vector).

Proof. Let ei be the canonical coordinate basis in Rd and let W = Rk×{0}. By our assump-
tion, we can find a dense Gδ set G0 ⊂ Rk such that it does not contain k-dimensional affine
copies of E. Let G′

0 be any dense Gδ set in Rd−k with m(Rd−k \G′
0) = 0. Then G0 ×G′

0 is a
dense Gδ in Rd. By Fubini’s theorem, m

(
(Rk \G0)× Rd−k

)
= 0, so is the other union. We

let Πd,k be the collection of all k-dimensional coordinate planes in Rd. There are
(
d

k

)
such

planes. For each P ∈ Πd,k, there exists a permutation matrix σP such that

P = σP (W )

We now define

G =
⋂

P∈Πd,k

σP (G0 ×G′
0).

Note that
Rd \ (G0 ×G′

0) =
(
(Rk \G0)× Rd−k

)
∪
(
Rk × (Rd−k \G′

0)
)
.

By Fubini’s theorem, m
(
(Rk \G0)× Rd−k

)
= 0, so is the other set in the above union. As

σP has unit determinant, we obtain that m(Rd \G) = 0.
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To finish the proof, our next step is to show that G cannot contain any affine copies of
E × {0}. To see this, we argue by contradiction. Suppose that there exists an invertible
linear transformation T on Rd such that t + T (E) ⊂ G. Then the subspace

T (W ) = span{Te1, ..., Tek}.
is k-dimensional and {Te1, ..., Tek} forms a basis for T (W ). Putting T in matrix represen-
tation under the canonical basis. The matrix

A =




| · · · |
Te1 · · · Tek
| · · · |




is of column rank k. Hence, it has row rank k as well. Therefore, there exists k-linearly
independent row vectors. Let I = {i1, ..., ik} be the position of the row vectors of A for
which they are linearly independent. Let AI be the square matrix whose rows are exactly
the rows of A at positions in I. Then AI is invertible on Rk. Moreover, if we consider the
k-dimensional coordinate plane P at those xi1 , ..., xik axes and denote by PI the orthogonal
projection onto P , then we have

PI(t+ T (E)) = PI(t) + AI(E)

and
PI(σP (G0 ×G′

0)) = G0.

By the construction of G, t+T (E) ⊂ σP (G0×G′
0), meaning that P (t)+AI(E) ⊂ G0. As AI

is invertible, we find an affine copy of E inside G0, which is a contradiction. This completes
the proof.

�

As we know already that the middle-third Cantor set is not generically universal, the
above proposition shows that it cannot be embedded to become generically universal in
higher dimensions either. Notice also that such an embedding of a Cantor set will never be
Newhouse projectively thick since the projection will always be a singleton in the orthogonal
complement. We are now ready to prove our main theorem on Rd stated in the introduction.

Proof of Theorem 1.7. Suppose we have a Newhouse projectively thick Cantor set J on
Rd. We now take G0 in Theorem 1.5 and construct

G = G0× · · ·×︸ ︷︷ ︸
d-times

G0.

Applying Lemma 5.2, G0 × · · · ×G0 is a dense Gδ set in Rd and therefore G is also a dense
Gδ set. With Fubini’s theorem, it is not difficult to show that Rd \ G has zero Lebesgue
measure.

It remains to prove that G has no affine copy of J . Assume to the contrary that G contains
an affine copy of J and denote it by t+ T (J). Then

t + T (J) ⊂ G0× · · ·×︸ ︷︷ ︸
d-times

G0.

Denote by P the orthogonal projection onto the x1-axis. We have P [t + T (J)] ⊂ G0. By
linearity we can express the orthogonal projection P [t+ T (J)] as P (t) + P [T (J)]. We have
that G0 contains an affine copy of P [T (J)]. But J is Newhouse projectively thick which
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implies that τ(P [T (J)]) > 0. We obtain a contradiction since, by Theorem 1.5, G0 cannot
contain any affine copies of P [T (J)]. This completes the proof. �

To conclude this paper, we consider a class of self-similar sets that are Newhouse projec-
tively thick. Recall that if we are given finitely many contractive similarity maps φi : R

d →
Rd, i = 1, ..., N , such that

φi(x) = ρiOix+ bi

where 0 < ρi < 1, Oi is an orthogonal transformation and bi ∈ Rd, Φ = {φi : i = 1, ..., N}
forms an iterated function system (IFS) and there exists a unique non-empty compact
set K = KΦ such that

K =
N⋃

i=1

φi(K).

We say that the IFS is rotation-free if all Oi are identity transformations. We also say that
a self-similar set is non-degenerate if it is not contained in any hyperplane of Rd

Example 5.4. All non-degenerate self-similar sets on Rd generated by rotation-free IFS must
be Newhouse projectively thick.

Proof. Let P be the orthogonal projection onto the x1-axis and let T be any invertible linear
transformation. We note that for a rotation free IFS, the set PT (K) is still generated by a
self-similar IFS on R1 with maps

φ̃i(x) = ρix+ PT (bi).

Notice that the self-similar set is non-degenerate, meaning that PT (K) is not a singleton.
The self-similar set PT (K) is a compact perfect set. In Feng andWu [FW21, Lemma 3.5], the
authors showed that all self-similar sets not lying on a hyperplane have a positive thickness
τFW defined in [FW21, Definition 1.1]. On the other hand, it was claimed without proof in
the paragraph after Definition 1.1 in [FW21] that if d = 1, then τFW (E) > 0 if and only if
the Newhouse thickness τ(E) > 0. This would have implied that τ(PT (K)) > 0.

For the self-containment of this paper, we justify the direction required in this proof in
the following claim:

Claim: If d = 1, then τFW (E) > 0 implies that τ(E) > 0.

To see this claim, Definition 1.1 in [FW21] states that

τFW (E) = sup {c ≥ 0 : ∀x ∈ E, ∀r ∈ (0, |E|], ∃ y ∈ R s.t. conv(B(x, r) ∩ E) ⊃ B(y, cr)} .
Here, |E| is the diameter of E, conv(K) means the convex hull of a set K, and B(x, r)
denotes the Euclidean ball centered at x of radius r. For each fixed x ∈ E and r ∈ (0, |E|],
we define

τFW (E, x, r) = sup {c ≥ 0 : ∃ y ∈ R s.t. conv(B(x, r) ∩ E) ⊃ B(y, cr)} .
Then τFW (E) = inf

x∈E
inf

r∈(0,|E|]
τFW (E, x, r).

Suppose that τFW (E) > 0. Consider u ∈ U (using the notation as in Definition 3.3) where
u is a boundary point of a bounded gap U . Consider the open interval (u − |U |, u + |U |).
Then one of the endpoints of conv(B(u, |U |)∩E) is u. Let C be the bridge of u and without
loss of generality assume C is on the right hand side of U .
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If u + |U | ∈ C, then |C| ≥ |U | and τ(E, u) ≥ 1. If, however, u + |U | 6∈ C, then
because of the definition of the bridge, u+ |U | is in the first gap whose length is larger than

|U |. Hence, conv(B(u, |U |) ∩ E) = C = B(z, |C|
2|U |

|U |) for some center z. This means that

τFW (E, u, |U |) = |C|
2|U |

. Then

τ(E, u) =
|C|
|U | = 2 · τFW (E, u, |U |) ≥ 2 · τFW (E) > 0.

Taking infimum among all u ∈ U , we show that τ(E) ≥ min{2τFW (E), 1} > 0. This
completes the proof of the claim.

Coming back to the proof, we now know that all self-similar sets, not a singleton, on
R1 must have a positive Newhouse thickness. So the self-similar set PT (K) has a posi-
tive Newhouse thickness. This shows that all non-degenerate self-similar sets generated by
rotation-free IFS must be Newhouse projectively thick. �

References

[Ast00] S. Astels, Cantor sets and numbers with restricted partial quotients, Trans. Amer. Math. Soc., 352,
(2000), 133-170.

[Bou87] J. Bourgain, Construction of sets of positive measure not containing an affine image of a given

infinite structure, Israel J. of Math. 60 (1987), 333-344.
[CDM13] C. Cabrelli, U. Darju and U. Molter, Visible and invisible Cantor sets., Excursions in harmonic

analysis. Volume 2, 11–21, Appl. Numer. Harmon. Anal., Birkhäuser/Springer, New York, 2013.
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[PT93] J. Palis and F. Takens, Hyperbolicity and sensitive chaotic dynamics at homoclinic bifurcationss,

Cambrdige University Press, 1993.
[Rog70] C. A. Rogers, Hausdorff measures, Cambridge University Press, 1970.
[Rud76] W. Rudin, Principles of mathematical analysis, McGraw-Hill, 1976.
[Ste20] H. Steinhaus, Sur les distances des points dans les ensembles de measure positive, Fund. Math.,

1(1920), 93 -104.
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