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Abstract

In a recent paper [2], Andrews and Merca investigated the number of even parts in all
partitions of n into distinct parts, which arise naturally from the Euler-Glaisher bijective proof.
They obtained new combinatorial interpretations for this number by using generating functions.
We obtain a direct combinatorial proof in this note.

1 Introduction

For a positive integer n, its partition A is a multi-set of positive integers A = {1, -, \x} such that
k
> Ai = n. Each number \; is called a part of A\. For simplicity, subscripts are used to denote the

i=1

multiplicity of a part in a partition. For example, {52,22,1} denotes {5,5,2,2,1}. Also, for two
partitions A = {\1,--- ;A\ } and g = {1, , g}, A+ pis defined to be {1, -+, A P UL, - 5 e}
as a new partition.

A partition is called odd if all of its parts are odd and distinct if all of its parts are distinct. One
of the first and most beautiful results in partition theory is that the number of odd partitions of n
is equal to the number of distinct partitions of n. This is well known as Euler’s partition identity. A
combinatorial proof by doubling and halving naturally shows the correspondence and it is regarded
as a typical example of elegant combinatorial proofs.

Precisely, recall the Glaisher’s map ¢ from the set of distinct partitions to the set of odd partitions
is constructed as follows. For any distinct partition A = {2%1(2s;—1),--- , 2% (2s,,—1)} with distinct
pairs (k;, s;) for 1 <i < m, ¢ maps it to p(A) = {(2s1 — 1)grs } + -+ {(258m — 1) ok }. For example,
the Glaisher’s map ¢ sends the partition {12,7,6,5,3} to the partition {7,5,37}. This elegant map
plays an important role in our proof (Section 3).

In [2], Andrews and Merca investigated the number of even parts in all partitions of n into distinct
parts and they obtained new combinatorial interpretations for this number by using generating
functions. They asked if there is any direct combinatorial proof.

Two elegant combinatorial proofs were given by Ballantine and Merca [3], and Li and Wang [5]
independently. In this paper, we provide a new combinatorial proof.
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Definition 1 Let n be a non-negative integer. Let N(n) be the number of partitions of n into
distinct parts and Ny, (n) be the number of partitions of n into distinct parts avoiding m.

For convenience, N(n) and Ny, (n) are defined to be zero when n < 0. For simplicity, a distinct
partition of n is the abbreviation for a partition of n into distinct parts and similarly an odd
partition of n is the abbreviation for a partition of n with all parts odd.

Definition 2 Let n be a non-negative integer. Define a(n) to be the number of even parts in all
distinct partitions of n.

For instance, since 6 =5+ 1=4+2 =3+ 2+ 1, one has a(6) = 4.

Definition 3 Let n be a non-negative integer. We define:

1. By(n) to be the set of partitions of n into an odd number of parts in which the set of even
part has only one element;

2. Be(n) to be the set of partitions of n into an even number of parts in which the set of even
part has only one element;

3. bo(n) = [Bo(n)], be(n) = [Be(n)|, b(n) = bo(n) — be(n).
Clearly, B,(6) = {{6},{4,12},{3,2,1}, {25}, {2, 14}}, Be(6) = {{22,12}} and thus b(6) = 4.

Definition 4 Let n be a non-negative integer. We define:
1. Cy(n) to be the set of partitions of n in which exactly one part is repeated and this part is odd;
2. Cec(n) to be the set of partitions of n in which exactly one part is repeated and this part is
even;

3. co(n) =[Co(n)], ce(n) =[Ce(n)|, c(n) = co(n) — ce(n).

Similarly, one checks that ¢,(6) = 5, ¢.(6) = 1 and thus ¢(6) = 4.

Beck conjectured that the number of partitions of n in which the set of even parts has exactly
one element equals the number of partitions of n in which exactly one part is repeated, namely
bo(n) + be(n) = co(n) + ce(n). The conjecture was proved in [I] and [4]. Furthermore, the following
two theorems in [2] given by Andrews and Merca provided more insights on this identity.

Theorem 1 Suppose that a(n),b(n),c(n) are defined as above. Then forn > 1, a(n) = (=1)"b(n) =

c(n).
Theorem 2 Suppose that b,(n),be.(n), co(n), ce(n) are defined as above, then we have

_ (n), if nis even,
ra = {0
2. be(n) = { ce(n), if nis even,

YT eoln),if mis odd.

Co
Ce

We have the following example.

o(T) = {{3, 22}, {22, 15}},
(7)) ={{6,1},{5,2},{4,3}, {4, 15}, {3,2, 12}, {25, 1}, {2, 15} },
Co(T) = {{32, 1}, {5, 12}, {3, 2, 12}, {4, 15}, {3, 14}, {2, 15}, {17} },
Ce(7) = {{23,1}, {3, 22}}.
The distinct partitions of 7 are {7},{6,1},{5,2},{4,3},{4,2,1},sothat a(7) =0+ 1+1+1+2=
5= —=b(7) = ¢(7). Thus the theorems hold for n = 7.

This paper is organized as follows. We will first give proofs of Theorem [ and 2] without using
generating functions in Section 2 and direct combinatorial proofs in Section 3.

B
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2 Proof of the main results

Lemma 1 Suppose that N(n) and Ny, (n) are defined as above. Then Ny (n) = > (—=1)'N(n—im).
i>0

Proof We first divide the distinct partitions of n into two parts: the ones including m and the other
Ny, (n) ones. Observing the one-to-one correspondence between distinct partitions of n including
m as a part and distinct partitions of n — m avoiding m, we obtain the identity Nz (n) = N(n) —
Ny (n —m). The lemma then follows directly by induction. B

Definition 5 Let n be a non-negative integer. We define:

1. B;(n) to be the set of partitions of n in which the set of even parts has only one element, and
this element is repeated for an odd number of times;

2. Bé(n) to be the set of partitions of n in which the set of even parts has only one element, and
this element is repeated for an even number of times;

3. by(n) = |B,(n)], be(n) = |B.(n)], b'(n) = by(n) — b,(n).

Obviously B, (6 6) = {{6},{4,12},{3,2,1},{23},{2, 14} }, B.(6) = {{2212}} and thus ¥'(6) = 4.
The new sets B, (n) and B, (n) are closely related to B, (n) and B, (n) due to the following lemma.

Lemma 2 Let B,(n), B.(n), B,(n), B.(n) be defined as above. Then,

/\

B.(n), if nis even,

1. B, 7
(n) = { B.(n), if nis odd;
B.(n), if n is even,
2 Be(n) = { B (n), if nis odd.

Proof First we prove that B,(n) = B, (n) if n is even. For a partition A = {(2k)¢, 2a1—1,- -+ , 2a,, —
1} € B,(n), the identity n = ¢ -2k + > ;" (2a; — 1) requires m to be even and the definition of
Bo(n) requires m + ¢ to be odd. Thus ¢ is odd, and A € B, (n). On the other hand, for a partition
A={(2k)2s—1,2a1 — 1, -+, 2a,, — 1} € B,(n), the identity n = (2s —1)-2k+>_I" | (2a; — 1) requires
m to be even. Thus m 4 (25 — 1) is odd, and A € B,(n). We conclude that B,(n) = B, (n) for even
n.

The remainder of the proof is similar and we omit it. I

Proof of Theorem [I] and By Lemma 2] Theorem [I] and ] are equivalent to the following
equalities.

’

be(n) = ce(n),
a(n) = b (n) = c(n).

We first express b, (n),b,(n), ¢o(n), ce(n) in terms of N(n) and Ny, (n) to show the relations among
them.

For a partition A = {(2k)2s-1,2a1 — 1, ,2a,, — 1} € B;(n) with k, s, a; being positive integers,
we write A = {(2k)2s—1} + {2a1 — 1,- -+ ,2a,, — 1}. Tt implies that

=Y > N(n—(2s—1)-2k).

s>1k>1

n):ZZN(n—2S-2k).

s>1k>1

For any partition A = {(2s — 1);,b1,- -+ ,by} € Co(n) with ¢ > 2 and b; # 2s — 1 being distinct
positive integers, we have A = {(2s — 1)} + {b1,- -+ , by, }. One obtains that

=) Ny (n—t- (25— 1))

t>2 s>1

Similarly,



Similarly,

= ZZN%(n —t-2s).

t>2 s>1
Applying Lemma [l to ¢,(n), we have

=Y 3D D)IN(— (i) (25— 1)),

t>2 s5>111>0
For fixed 2s — 1, the coefficient of N(n —1-(2s —1))(I > 2)is Y. (=1)!7% It equals 1 when [ is

even and 0 when [ is odd. Thus

n) =33 N(n—2k-(2s—1)) =b,(n).

s>1k>1

Similarly, for c.(n), we have

n) =3 > N(n—2k-2s)) =b,(n).

s>1k>1

Now we come to a(n). By definition,

b'(n) =b,(n =3 N (-1)"IN(—t-2k) = Ny, (n — 2).

t>1k>1 k>1

Note that ) N, (n — 2k) equals the number of pairs (a distinct partition of n, an even part in
E>1

it). By definition, b (n) = a(n) and the proof is complete.

3 A Combinatorial Proof

Since our proof of Lemma [2is combinatorial, it suffices to establish the following equalities combi-
natorially.

by(n) = co(n), (1)

be(n) = ce(n), (2)

a(n) = b (n) = c(n). 3)

Let ¢ be any bijection constructed combinatorially from the set of odd partitions to the set of
distinct partitions. For instance, ¢ might be chosen to be the Glaisher’s map.

We now prove (@) first. Let A = {(2k)2s_1,2a1 — 1,--- ,2a,, — 1} € B, (n). We shall construct
a map 6 sending A to a partition in C,(n). Let D = ¢({2a7 — 1,---,2a,, — 1}) be the image

of the partition {2a; — 1,---,2a,, — 1} under the map ¢. Note that D is a distinct partition of
— (25 — 1) - 2k. We then send {(2k)25—1} + D to the target partition () according the following
rules:
{(2s = 1)2x} + D, if2s—1¢ D;
{(2s = 1)ag41} + D\{2s — 1},  otherwise.

Here D\{2s — 1} denotes the multi-set (namely, the partition) obtained by removing exactly one
part 2s — 1. Obviously both of the two forms represent partitions in C,(n). One checks that this 6
is injective, since two partitions must contain the same parts in 2k (and its multiplicity 2s — 1) and
D if they are sent into the same partition.

For example, let ¢ be the Glaisher’s map. Let A = {3,23,12} be a partition of 11. Since
©({3,12}) = {3,2} and 3 appears as a part, O(\) = {33,2}. Let A = {5, 32,2} be a partition of 13.
Since p({5,32}) = {6,5} and 1 does not appear as a part, §(\) = {6,5, 12}.

Conversely, for a partition A = {(2s—1)¢, b1, ,bim} € Co(n) with ¢ > 2 and b; # 2s—1 distinct,
we send it to {tas_1,0 1({b1, -+ ,bm})} if £ is even and {(t — 1)2s—1, 0 1 ({25 — 1,b1,- -+ , by })} if



t is odd. This map is clearly injective, and the above examples also work here. This finishes the
combinatorial proof of ().

The combinatorial proof of (2)) is almost the same and is left to the interested readers.

Now we turn to prove ([@). By definition we may rewrite @) as b,(n) = a(n) + b,(n). Let
A(n) be the set of the pairs of a distinct partition of n and an even part in it. That is, A(n) =
{(\,2E)|X is a distinct partition of n, 2k € A}. Clearly, |[A(n)| = a(n). We shall construct
a map 6 sending any partition A € B, (n) to a partition in B,(n), or an element in A(n). Let
A ={(2k)2s_1,2a1 — 1, -+ ,2a,, — 1} € B, (n). Let D = p({2a1 — 1,--- ,2a,, — 1}) be the image of
the partition under the map ¢. We send A to 8()\) according the following rules:

{(2F)2s} + ¢~ (D\{2k}), if 2k € D;
{(2R)2sms} + ¢ (D +{2K)), 2k D, s £ 1; (4)
({2k + D}, 2k) otherwise.

One checks that the first two forms in (@) represent all partitions in B, (n) and the third one is in
A(n). For two different partitions of n in B, (n), if they are sent to the same partition in B, (n), then
they should correspond to the same even number 2k and the same image D, and thus also have the
same multiplicity 2s — 1; if they are sent to the same element in A(n), then they should be the same
in partition 2k + D and corresponding even number 2k, and thus be the same. Hence the map 6 is
injective.

For example, let ¢ be the Glaisher’s map and for the partition A = {5,23,13} of 14, since
©({5,13}) = {5,2,1} includes 2 as a part, O(\) = {24} + o 1 ({5,1}) = {5,24, 1}.

For the partition A = {63, 32} of 24, since p({32}) = {6} does not include 6 as a part, {62} +
¢ 1 ({6,6}) = {62,34}.

For the partition A = {5, 32,2} of 13, since ¢({5,32}) = {6,5} does not include 2 as a part and
the multiplicity of 2 in {5, 32,2} is 1, 8(\) = ({6, 5,2}, 2).

The converse map ! can be obtained easily by starting from the forms in (@) and inverting the
steps we took before. The details are left to the readers.
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