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VLASOV EQUATIONS ON DIRECTED HYPERGRAPH MEASURES

CHRISTIAN KUEHN 12 AND CHUANG XU 3

ABSTRACT. In this paper we propose a framework to investigate the mean field limit (MFL)
of interacting particle systems on directed hypergraphs. We provide a non-trivial measure-
theoretic viewpoint and make extensions of directed hypergraphs as directed hypergraph
measures (DHGMs), which are measure-valued functions on a compact metric space. These
DHGMs can be regarded as hypergraph limits which include limits of a sequence of hyper-
graphs that are sparse, dense, or of intermediate densities. Our main results show that the
Vlasov equation on DHGMs are well-posed and its solution can be approximated by em-
pirical distributions of large networks of higher-order interactions. The results are applied
to a Kuramoto network in physics, an epidemic network, and an ecological network, all of
which include higher-order interactions. To prove the main results on the approximation
and well-posedness of the Vlasov equation on DHGMs, we robustly generalize the method
of [Kuehn, Xu. Vlasov equations on digraph measures, arXiv:2107.08419, 2021] to higher-
dimensions. In particular, we successfully extend the arguments for the measure-valued
functions f: X — M4 (X) to those for f: X — M4 (X*~1), where X is the vertex space
of DHGMs and k € N\ {1} is the cardinality of the DHGM.

1. INTRODUCTION

Many science phenomena in diverse areas including epidemiology [30], ecology [43], physics
[40], social science [25], communication systems [17], etc., can be described as an interacting
particle system (IPS), or equivalently, a dynamical system on networks [39, 40]. Classical
works mainly focused on the dynamics of the IPS with interactions of rather simple types
coupled on an all-to-all graph [39]. More recently, studies have concentrated more on the
complex dynamics caused by (i) the interaction types and (ii) the heterogeneity of the under-
lying network/graph [2]. In particular, certain IPS incorporating indirect interactions beyond
pairwise interactions between two particles have been considered [6, 7]. For instance, in a
deterministic chemical reaction network, the concentration of a species A depends on all re-
actions where A appears either in the reactant or in the product [20]. Such interactions are
called higher order (or polyadic) interactions [2, 49, 8].

It is in general difficult to analyze an IPS analytically or numerically, due to the large size
(the total species counts in a chemical reaction network [20] or the total population size [37])
of the IPS. One popular way to study these IPS is via the so-called mean field analysis [46].
For example, given a large system of indistinguishable oscillators coupled on a given graph,
one asks how to characterize the dynamics of a typical oscillator? It turns out that one can
first sample the individual behavior of the oscillators on each node independently to derive a
empirical distribution of the first IV oscillators, and then consider a weak limit of the sequence
of empirical distributions as N — oco. Such a limit, if it exists, is the so-called mean field
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limit (MFL) [46, 23]. MFLs generally relate to a transport type PDE, the so-called Vlasov
equation (VE), whose weak solution is the density of the MFL. Hence to explore the dynamics
of the IPS of a large size, one can turn to study the dynamics of the VE.

Let us review some recent works, where the emphasis is the influence of the heterogeneity of
the underlying graph on the dynamics of the network, in which case particles are distinguish-
able. Among all types of networks in epidemiology, ecology, social science, one key benchmark
example is the Kuramoto network, a network of oscillators used to model diverse phenomena
in e.g., physics, neuroscience, etc. [40]. For deterministic oscillator dynamics (particularly
for deterministic Kuramoto network coupled on deterministic or random (e.g., Erdds-Rényi)
graphs), the well-posedness and approximation of the MFL has been investigated [28, 15] for
a Kuramoto network coupled on a sequence of heterogeneous graphs whose limit is a graphon
[35]. Based on the VE, one can then further study the bifurcations in the Kuramoto network
[15]. Later, the results were generalized to the situation, where the graph limit may not ne-
cessarily be a graphon, e.g., a graphop [22], a digraph measure [31], or a limit of a sequence of
sparse graphs—a generalized graphon [26]. We point out that the technical approach in [26] is
different from that in [31]. In stochastic settings, MFL results were established for IPS based
on systems of SDEs coupled also on heterogeneous graphs (particularly sparse graphs due to
practical considerations) [34, 33, 42].

There are many network models with higher-order interactions, e.g., the Kuramoto-Sakaguchi
network [5], mathematical models based on random replicator dynamics [2], three-player
games [2], Chua oscillator models [21], among many others. Effectively almost all of these
models have been only been studied by direct numerical simulation or formal analytical tech-
niques [2]. In contrast, rigorous theoretical results for MFLs of IPS with higher-order in-
teractions are extremely rare. The underlying topological structure for such systems are
hypergraphs (see Figure 1 for the illustration of a hypergraph) [38]. In [6], the MFL of a
Kuramoto network coupled on complete k-partite hypergraphs for finite k € N was analyzed.
In [29], quenched mean field approximation (QMFA) of continuous time Markov chains on
directed hypergraphs of a uniformly bounded cardinality (for the definition of cardinality, see
Definition 2.6 in the next section) was analyzed. It is noteworthy that the QMFA is also
called N-intertwined mean field approximation (NIMFA). Such mean field approximation
neglects dynamical correlation between nodes of the hypergraph, which is different from the
mean field limit. Our results on MFLs may help provide a deeper insight, how dynamics of a
network of higher-order interactions depend on the heterogeneity of the underlying coupling
graph/hypergraph.

Indeed, even from the viewpoint of graph theory, there exists a much smaller literature on
hypergraph limits (a special case of hypergraph limits, is called wltralimit hypergraph in [19],
corresponding to the limit of dense hypergraphs) [47, 24, 27, 19, 35, 13, 51], in comparison to
the graph limits [4, 36, 35, 32, 1].

In this paper, we aim to propose a general framework to study the MFL of a class of
IPS coupled on heterogeneous hypergraphs. For the ease of exposition, here we only con-
sider dynamical systems on one hypergraph. Straightforward extension to a finitely many
hypergraphs can be done, e.g., in a similar manner as in [31].

Consider the following network dynamical system on an r-layer directed hypergraph of
rank x:

r N N
. 1
N _3N N (¢,N) N N N
(11) (bz _h'L (tv(bz )+ZW Z Z Wi,jl,...,jke,lgf(ta ) jl""’¢jke—1)7
=1

Ji=1 Jkp—1=1

where for £ = 1,...,r, g, is the coupling function of layer ¢, W&N) = (WiS§;JY?~7jkl—l) is
the weight matrix associated with the kep-uniform hypergraph H*N = (VV,E4N) of layer
¢ with the set of nodes VIV = [N] consisting of integers from 1 to N and the set £V of

(hyper)-edges; ¢N € R? stands for the dynamics on the i-th node, and hl¥ is the vector
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field for node i, for i = 1,..., N. Note that a directed edge (i,7j1,...,jk,—1) € &N if and
only if Wi‘fﬁ...,jkrl > 0. Hence one can regard HY = (VN ,&EN) with £ = Uj_ 4N is
a hypergraph of rank x := max{ke. ¢=1,.. }. We assume w.lo.g. that {k;}}_, consists of
distinct numbers. Indeed, one can always take the uinon of all uniform hypergraphs of the
same cardinality as a new hypergraph. We emphasize that « (and therefore r) is independent
of the graph size N. Although such framework may not be suitable for modelling networks on
a sequence of simplicial complexes with growing cardinalities [41, 44], it already covers several
important network dynamical models from different disciplines of sciences [2]. Furthermore,
one can easily extend the results of this paper to investigate the MFL of IPS on Riemannian
manifolds with higher-order interactions (see Section 6.1).

To better reveal the essence of our main result (Theorem 5.6), we illustrate it here for
a one-dimensional Kuramoto network coupled on a higher-dimensional ring which can be
decomposed into two uniform hypergraphs, where in (1.1), » = 2, the adjacency matrices
associated with a 2-uniform and a 3-uniform hypergraphs for ¢ = 1,2 are

(1,N) 1, if |i—j]=1mod N, (2,N) 1, if |i—j|=|j—k|=1mod N, k # 1,
Wy = Wik =

J 0, else, J 0, else.
This is a sparse hypergraph of cardinality 3. Assume bl (t,u) = h(t, u) for some h € C*([0, T] x
T)and T >0, foralli=1,...,N and N € N. Let X = T. It is readily verified that the weak
limit of W) is a measure-valued function 7, :  — ny defined as follows for £ =1, 2:

m =20z, 15 =204, for zeX.
Then the VE (i.e., the mean field equation) is given by

%(ﬁ, z, @) + divy (p(t, ;v,¢)17[17,p(-), h](t,x,¢)) =0,t € (0, 7], z € X, m-a.e. p €T,
p(0,-) = po(-),
where

~

Vin, p(-), k) (¢, 2, 6) =/X/Tgl(t,¢,¢1)p(t,yl,wl)dwldnf(m)+/X2/T/Tg2(t,¢7¢1,wz)
p(t,y2, o) p(t, y1, 1 )dadiprdns (y1, y2) + h(t, x, ¢).

As we will see in Section 6.1, one may obtain well-posedness as well as approximation of the
MFL as an application of Theorem 5.6. In fact, our most general result applies to the model

i,

FIGURE 1. A hypergraph of rank 3, one hyper-edge of cardinality 2 (e2),
and two hyper-edges of cardinality 3 (e; and eg). The set of vertices is
V ={v1,...,v5}, and the set of hyper-edges is E = {e1, ea,e3}.
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(1.1) on hypergraph limits using a suitable equation of characteristics involving generalized
measure-valued functions 7, see Section 3.

In the following, we describe the methods we use to obtain the well-posedness as well as
approximation in the context of model (1.1). First, we propose directed hypergraph measures
(abbreviated as DHGM), which are measure-valued functions defined on a compact metric
space. The definition of DHGM is motivated by the so-called digraph measure proposed
in [31], corresponding to the limit of a sequence of directed graphs. We point out that
such a generalization to hypergraphs is different from the hypergraph limits defined in the
literature of combinatorics and graph theory [19, 35]. In particular, we compare the difference
between two DHGMSs using uniform bounded Lipschitz metric, in contrast to the classical
homeomorphism density [19, 26] used in the contexts of both graph limits and hypergraph
limits. Resting on the proposed notion of DHGM, we propose a generalized model of (1.1),
which can be regarded as the fiberized equation of characteristics associated with (1.1). We
mention that such type of equation of characteristics indexed by vertices of a graph limit
seemed to first appear in [28]. Moreover, we then prove the well-posedness of the equation
of characteristics. Using the flow generated by this equation of characteristics, we define
the generalized VE (or, fixed point equation), which is a time-dependent measure-valued
equation (i.e., the measure at time ¢ is the push-forward of the initial measure under the
flow of the equation of characteristics). Then, under rather mild conditions for the DHGM
(basically, uniform boundedness of the DHGM), we obtain the well-posedness of the VE (a
transport type PDE whose uniform weak solution is the density of the MFL). To obtain the
approximation of the MFL by empirical measures, we rely on the recently developed result
of uniform approximation of probability measures on Euclidean spaces [50, 14, 3] (see also
[31]), which is different from the Martingale Convergence Theorem for the approximation of
integrable functions exmployed in [28]. For the approximation results to hold, we need some
continuity of the DHGM.

We like to point out that for combinatorial reasons, it is known to be inappropriate to
view hypergraph limits as a function defined on the space of vertices [35], provided e.g. the
underlying metric is the homomorphism density. Nevertheless, for analytical reasons, we here
use a uniform bounded Lipschitz metric, which may induce a uniform weak topology on the
space of measure-valued functions [31]. To work under this metric, we successfully obtain
the results on the MFL. This also demonstrates the robustness of the idea initiated in [31] to
study MFLs of IPS on heterogeneous graph limits.

Next, we outline the structure of the paper. In Section 2, we introduce the notation, provide
some basics in measure theory, and define directed hypergraph measures (DHGM) with ample
examples of independent interest. In Section 4, using DHGM, we propose a generalized
model of (1.1), which serves as the fiberized equation of characteristics. In Section 5, we
prove approximation of the MFL by a sequence of ODEs coupled on hypergraphs, based on
several lemmas from [31]. Finally in Section 6.1, we apply our theoretical results to three
network models of higher-order interactions in physics, epidemiology, and ecology.

2. PRELIMINARIES

Notation. Let R be the set of nonnegative real numbers. For i = 1,2, let X; be a complete
subspace of a finite dimensional Euclidean space endowed with the metric d; induced by
the ¢1-norm | -|. For instance X; can be a sphere, a torus, or any other compact set of a
Euclidean space. For any k € N and z € R¥, let [k] :== {j }?:1, 05 denote the Dirac measure
at x, and m be the Lebesgue measure on R¥: here we omit the explicit dependence of m on
the dimension k. For any measurable subset A in a Euclidean space endowed with norm
|- — |, let dimg(A) denote the Hausdorff dimension of A, DiamA = sup, ,c4 |z — y| be
its diameter; by convention, Diam A = 0 if the cardinality #A4 < 1. We use A4 to denote
the uniform (probability) measure over A whenever appropriate (e.g., when A is either finite
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or Lebesgue measurable with a finite Lebesgue measure). Let 14 be the indicator function
on A. Let X be a Borel measurable space. For k € N, and for any Borel set A C X,
let mA ={z € X:z € A} denote the projection of A onto the first coordinate in X; let
Ay ={(22,...,2K): 21 = x,2 € A} be the vertical slice of A through a point in A with the
first coordinate € X. For any a € A, let §, be the Dirac measure at the point a € A. For
two real-valued functions f and g, we denote f 3 g if there exists C' > 0 such that % <C,
and f ~ g if both f Sgand g 3 f. l

Measure-valued functions. Let M (X3) be the set of all finite Borel positive measures on
Xo and P(X2) the space of all Borel probability measures on X5. Given a reference measure
ux, € P(Xa2), let My aps(X2) € M4 (X3) be the space of all absolutely continuous finite
positive measures w.r.t. px,.

Let B(X1,X2) (C(X1,X2), Cb(X1, X2), respectively) be the space of bounded measurable
functions (continuous functions, bounded continuous functions, respectively) from X; to Xo
equipped with the same uniform metric:

d(f,g) = sup dao(f(z),g(x)).

reX

Let £(X1, X2) = {g € C(X1, X2): L(g) = sup,, % < oo} be the space of Lipschitz
continuous functions from X; to Xo. Hence BL(X1, X2) = B(X1, X2)NL(X7, X2) denotes the
space of bounded Lipschitz continuous functions. In particular, when X, = R, we suppress
X, in B(X1, X2) and simply write B(X7). Similarly, we write C(X1) for C(X7,R), etc. In this
case, B(X1), C(X1) and Cp(X1) are all Banach spaces with the supremum norm

[flloc = sup |f(z)].

r€X)

Let px, € P(X1) be the reference measure on X;. Let BL;(X2) = {g € BL(X2): BL(g) =

gl + L(g) < 1}.
Define the bounded Lipschitz norm (on the space of all finite signed Borel measures):

lvlleL =  sup fdv, ve Mi(Xa),
FEBLy(X2) J Xy
which induces the bounded Lipschitz distance: For v, 12 € M, (X3),
dan' %) = sup [ f@) @) - v2(0),
feEBL1(X2)
Recall that (M4 (X32),dpL) is a complete metric space [10]. Define the wuniform bounded

Lipschitz metric:

(2.1) doo (11, 72) = sup deL(nt,n5), for mi,me € B(X1, My (X2)).
xE

Hence B(X1, M4 (X2)) and Cp(X71, M4 (X2)) equipped with the uniform bounded Lipschitz
metric are complete.
For every n € M4 (Xs), let

[nllrv = sup n(A4) =n(Xa)
AEDB(X7)

be the total variation norm of n, where B(X3) is the Borel sigma algebra of Xs. For
B(X17M+(X2)) >N T T]xa let

Inll = sup [[n"(X2)]

rc X1

Let
B*<X1,M+<X2>>:—{neB<X1,M+<X2>>: [ e, () = 1},
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C*(Xla M+(X2)) = B*(X17M+(X2)) n C(X17M+(X2))7
Let Z C R be a compact interval and k € N. For h € C(Z x X1 x X2, R¥), let

1hlco,z :==sup sup sup |h(T,u,v)|.
TeZueX, veXs

For n. € C(Z, B(X1, M+ (X2))), let
[n.]| = sup sup [|nf[rv
t reX

be the norm of the function 7.
To construct solutions to Vlasov equations on DHGMs, we need to first define “weak
continuity” of measure-valued functions [31].

Definition 2.1. For i = 1,2, let X; be a complete subspace of a finite dimensional Euclidean

space. Assume (X1,B(X1), 1ux,) is a compact probability space. For
X7 = M4 (Xa),
BL(X1, M. (X2)) 5 1 { L M)

T =,

n is weakly x-continuous (or weakly continuous if the variable is clear from the context) if for
every f € Cp(X2),

X1 — R,
v 7 (f) = [y, fdn”.
Definition 2.2. For i = 1,2, let X; be a complete subspace of a finite dimensional Euclidean

space. Assume (X1,B(X1), px,) is a compact probability space. Let Z C R be a compact
interval. For

C(X1) 3 n(f): {

. I—>B(X15M+(X2))a
n.: t,_>77t7

7. is z-uniformly weakly t-continuous (or uniformly weakly t-continuous if the spatial variable
x is clear from the context) if for every f € Cp(X2), t — 0¥ (f) is continuous in ¢ uniformly in
r € X;.

Recall the following proposition from [31, Proposition 3.9] on the relation between con-
tinuity and (uniform) weak continuity. This proposition will be used the proofs of the main
results.

Proposition 2.3. Fori=1,2, let X; be a subspace of a finite dimensional Euclidean space.
Assume X1 and X5 are both compact, and (X1,B(X1), ux,) is a probability space. Let T C R
be a compact interval.
(i) Let n.: T — Bu(X1,M4(X2)). Then n. is z-uniformly weakly t-continuous if and
only if n. € C(Z, B (X1, M4(X2))).
(ii) Assume n., & € C(Z,B.(X1, M4+(X2))), then ||n.|| < co and t — doo(ne, &) s conti-
nUouUs.
(iii) Assumen € C(X1, M4 (X2)). Then n is weakly x-continuous.
(iv) Assumen € C(X1,M(X2)). Let m € N,

nim): X7" 3 (z1,...,2m) = Q7L 0" € My (X3").
Then n(m) is weakly x-continuous.

Proof. Ttems (ii)-(iii) follow directly from [31, Proposition 3.9]. The last statement (iv) can
be proved similarly to (iii). We only prove (i).
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Step I. z-uniform weak t-continuity implies continuity. Assume 7. is z-uniformly weakly ¢-
continuous. Fix t € 7 and Z 3 t; — t. Since 7. is z-uniformly weakly ¢-continuous,
for every f € Cp(X2),

(ntj)m(f) - (nt);v(f) uniformly in z.

Since X5 is a complete, separable metric space, dg. metrizes the weak-* topology of
M4 (X5) [10, Thm. 8.3.2]. Using the supremum representation of dgi and note that
Bﬁl(Xg) g Cb(XQ), we have

hm dBL((ntj )17 (nt)m) = 07
Jj—o0
and the convergence is uniform in z € X;. This means that

lim sup dgL((nt; )z, (7:)2) =0,

J=o0 pex,
ie.
Jlggo doo(Nt;,m¢) = 0,

which shows 7. € C(Z, By, 1(X1, M1 (X2))).

Step I1. Continuity implies z-uniform weak t-continuity. Assume n. € C(Z, By, 1(X1, M1 (X2))).

For every fixed t € Z and 7 > t; — ¢, we have
(2.2) lim doo (1¢,,m¢) = 0.
J—o0

Let f € Cp(X2). Since X is compact, by [16, Corollary 6.2.2] for every ¢ > 0, there
exists M > 1 and f € BL(X2) such that BL(f) < M and

~ €
(2.3) If = fllo < m

It follows from (2.2) that there exists J € N such that for all j > J,

€
2.4 sup 0¥ (g9) —ni(g)| < —
(24) L (9) -~ ) < 57

Note that % € BL1(X3). Hence

It (f) = ni ()l = Mnt (f/M) —nf (f/M)] < M -

Using triangle inequality, (2.3) and (2.4),

It (F) =0 (D) <nf, (F) = nf, (D + Inf, () = 0 (D] + 10" (F) = 0" (/)]
<If = Fllcllnll + Ml (F/M) = n* (F/MI+ 11 = Fllclin|
< _iME 4+ <.
3+ [ln-1) 3M - 3(1+ )

This shows that 7. is z-uniformly weakly t-continuous.

9 9

S 3 forall z€ X

O

Definition 2.4. For : = 1,2, let X; be a complete subspace of a finite dimensional Euclidean
space. Assume that (X7, 8B(X1), px, ) is a compact probability space. Let Z C R be a compact
interval and o > 0. For v!,v? € C(Z, B, (X1, M1 (X2))), let

deo (V,l, V2) =supe “d (th, uf)
teT

be a weighted uniform metric. In particular,

do(v!,12) = sup duc (v}, 72).
tel
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Proposition 2.5. [31, Proposition 3.11] For i = 1,2, let X; be a complete subspace of a
finite-dimensional Fuclidean space. Assume that (X1,B(X1), 1ux,) is a compact probability
space. Let T C R be a compact interval and o« > 0. Then (C(Z, B.(X1, M4(X2))),dy) and
(C(Z,C(X1, M4(X2))),ds) are both complete.

2.1. Hyper-digraph measures. In this subsection, we recall some basics of hypergraphs
and define their generalizations with illustrative examples.

Definition 2.6. Let x € N. A directed hypergraph H is a pair H = (V, ), where V is the set
of N € N vertices, and €& C UyerV* with I C [], consists of hyper-edges (or edges for short, so
long as no confusion will arise in the context) identified as a vector without having repetitions
in the coordinates. We assume w.l.o.g. that x € I (otherwise one can choose max I to replace
k), and & is called the rank of H. For every directed hyper-edge e = (v;,, v4,, . .., v;, ) for some
k € I, v;, and v;, are the head and the tail of the hyper-edge, respectively; k is the cardinality
of the edge e. In particular, if I = {k} is a singleton, then H is a k-uniform directed hypergraph
with & being the cardinality of each directed edge. A k-uniform directed hypergraph (VV, V)
is [k]-permutation invariant if EN = {(Uor)s Jo@)s -5 Jok)): (s J2s - k) € ENY for any
permutation o: [k] — [k]. A [k]-permutation invariant directed hypergraph is a k-uniform
hypergraph. A k-uniform hypergraph consisting of all possible hyper-edges of cardinality & is
called a complete k-uniform hypergraph, and denoted K% . for a directed hyper-edge e € £
of cardinality k. If every directed hyper-edge e € £ is assigned a positive weight a., then
the directed hypergraph # is called a weighted directed hypergraph.* A directed hypergraph
‘H of a finite rank xk can be decomposed into a finite union of k-uniform hypergraphs H; for
2 < k < k of the same set of vertices; in this case, each subhypergraph Hy, is called a layer of
H, and H is a multi-layer directed hypergraph if it contains more than one layer.

Remark 2.7. e The concept of layer of a hypergraph of a finite rank comes from [18].

e We point out that hypergraph defined in the literature (e.g.,[19]) is undirected in the
sense that each edge is regarded as a set of distinct vertices rather than a vector. For
example, let H = (V, &) with V = [4] be a directed 3-hypergraph with £ consisting
of all hyper-edges of cardinality 3. Hence (1,2,3) and (1,3, 2) stand for two different
directed hyper-edges.

e The density of a sequence of k-uniform hypergraphs {HY = (VV, M)} yey is char-
acterized by the asymptotics of the sequence of degrees of the hypergraphs:

#EN
#VV\
k
The sequence {H" } yen is dense if D(HN) ~ 1; it is sparse if #£EN 2 #V; otherwise,
it is neither dense nor sparse.

(2.5) D(HN) =

Example 2.8. Consider the hypergraph given in Figure 1. It is a 2-layer hypergraph H =
(€,V) consisting of in total of 2 k-uniform hypergraphs with V = {v;}?_;:
e a 2-uniform hypergraph Ho = (V, &) with & = {ea};
e a 3-uniform hypergraph Hs = (V, ;) with &3 = {e1,e3};
When H is regarded as a weighted directed hypergraph, we can assign a unit weight to each
hyper-edge, i.e., ae; =1 for j =1,2,3.
Now we propose one candidate as a generalization of directed k-uniform hypergraph.

Definition 2.9. For k € N\ {1}, a measure-valued function in B(X, M, (X*~1)) is called
a k-uniform directed hypergraph measure (abbreviated as “k-uniform DHGM?”). A k-uniform

1Throughout we will omit “weighted” since we will always refer to weighted hypergraphs.
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DHGM 7 € B(X, M (X¥1)) is a k-HGM if ¢ := ux ® n® as a measure in M (X¥)? is
[k]-permutation invariant for any permutation o: [k] — [k]:

dé(xq, ... x,) = dé(o(x1),...,0(xr)), (x1,...,2%) € X*.

A measure-valued function 7 in B(X, M (X*¥71)) is called a directed hypergraph measure of
rank k if it is a finite sum of kg-uniform directed hypergraph measure 7, for 1 < ¢ < m such
that n = Z;nzl Nk, With £ = maxi<¢<m k¢. In this case, n is a multi-layer DHGM, and each
ke-uniform directed hypergraph measure 7y is called a layer of 7.

Definition 2.10. A DHGM 7, € B(X, M, (X*¥1)) is called a directed hyper-graphon w.r.t. a
reference measure px € P(X) if ux ®n" € M, (X¥) is absolutely continuous w.r.t. @%_, px.
A [k]-permutation invariant directed hyper-graphon is a hyper-graphon.

Based on the density characterization of a sequence of k-uniform hypergraphs in Re-
mark 2.7, we propose the criterion for density of a k-uniform DHGM.

Definition 2.11. A k-uniform DHGM 7 is dense if
Heli dimg (supp 7*) = dimgy(X) > 0.

Hence a hypergraphon is dense. A k-uniform DHGM 7 is sparse if

sup |supp *| < oc.
reX

A sparse DHGM is called a directed hypergraphing.

Remark 2.12. In contrast to a directed multi-layer hypergraph of a finite rank, a DHGM may
not always be decomposed into finitely many k-uniform DHGMs. Instead it may be decom-
posed into countably infinite uniform DHGMSs of unbounded ranks (e.g., simplicial complexes
of unbounded ranks [44]). In this case, this directed hypergraph limit may be represented as
an object even more complicated than a measure-valued function in B(X, M (X°°)).

Representation of finite hypergraphs. There are many ways of representing a finite
(hyper)graph: by extended real-valued functions or measurable sets (graphons [36], extended
graphons [26], or hypergrahons in the sense of [19]), by positive linear operators (graphop [1]),
or by measure-valued functions (so-called digraph measures [31]). We now provide two ways
of representing a fintie hypergraph here (assuming X = [0,1] with pux being the Lebesgue
measure on X, for the ease of exposition).

Let HY = ([N],&YN) be a weighted k-uniform directed hypergraph. Let {IY} be an equipar-
tition of X with

(2.6) IN =[5 £ 1<i<N-1, and Iy =[8F 1]
Then {I}Y , } is a uniform partition of X* with cubes I}Y , = ®j:1[£_7 for {i1,...,ix} €

[N]*. We associate with £ an N*-dimensional non-negative adjacency matrix (a) ; ) such
that aY ; >0 if and only if (i1 ...ix) € EV.

(i) Function representation. Define a simple function W& € LP(X*):

N N
(2.7) wh =3y aﬁ,,,Jkn,ﬁ

=1 =1

2{ is understood as:

E(A) = / n®(Ag)dpx (z), for all measurable set A C X*
w1 A
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Define a piecewise uniform measure valued function ny € B(X, M (X*~1)):

dnX (Wi, -, Yk—1)
A@F ux) (s yk-1)

:WN(a:,yl,...,yk,l), re X

where ®]g:_11 px is the product measure on X*~1 satisfying

(@ nx) HAe ®yi tx (Ae),

and Ay C X for / =1,...,k — 1 are Borel measurable sets.
(ii) Atomic mesaure representation. Define 7y € B(X, M (X*71)):
N
N (k—1) Z Z af\i 7116(5(21271 _____ 212;3\?1), T € Iljy
12:1 ’Lkzl

Indeed, assume that:

(H) maxicicn Yooy _qal . =o(N¥)

Then these two representations are asymptotically the same.
Proposition 2.13. Assume (H). Then limpy o0 doo(nn, i) = 0.
Proof.

doo (NN, 7n) = sup deL (1, 7x)
zeX

= max sup sup / flyt, - ye—0)d(M% — %)
1<7’<N:6€IN fEBL"l(Xk 1) Xk—1

= max sup sup Z Z / fyn, - ye—1)d(ny — 7x)

1<i<N N k—1 k=1 1N
e€ll FEBL1(X )Jl 1 Jrk—1=1 He 1 Ly

= max Ssu su E E
1<i<N p p 7]17 SJk—1

weIN feBLy(X-1) ST T

: /Hkl N (f(ylu "7yk—1) - f(%aa%))d(éag;llﬂx)(ylu "7yk—1)

/ b1 |(y17"'7y}7€—1)_(27;22];17"'72“c 1)|d(®§;1lux)(yla7yk—l)
11 N

/n =254+ e — B ARG ) (9, we1)

N N

k-1 Lk N

<—— max N E E' N 0 as N oo

4  1<i<N 6 J15e e Jk—1 )
Ji=1 Je—1=1
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Remark 2.14. (i) Proposition 2.13 implies that with weights of appropriate scales, the
two sequences of measure-valued functions representing the same sequence of finite
graphs, diverge simultaneously, or converge to the same limit, i.e., whether the se-
quence of hypergraphs viewed as DHGMSs converges or not is independent of the
choice of the representation.

(ii) Note that

N N

N _ |IsN| — —k+1 N

[ =11 = max NTFES S 3Tl
Ji=1 Jra=1

and (H) is equivalent to ||7"| = o(IV), which is a necessary condition for {n"}yen
as well as {7V }nen to be convergent. Moreover, if assuming {n”" }yen as well as
{ii™} Nyen converges, then from the proof we know that de(1y,7in) vanishes with a
rate no slower than N 1.

(iii) This proposition also rules out the illusion that the atomic measure representation
of finite (hyper)graphs implies the sequence of the (hyper)graphs are sparse. See
Example 2.15 below.

(iv) As will be seen below, X is not always chosen to be [0,1]. Nevertheless, one can
always represent a finite hypergraph in two ways analogously defined above.

Example 2.15. Let &k € N\ {1} and {K)}ny>k be the sequence of complete k-uniform
hypergraphs [35]. Then {K} N>k, represented as DHGMs (in either of the two ways afore-
mentioned), converges to the complete k-uniform hypergraphon n € B(X, M (X*~1)):

n® = AMxr— forall zeX.
Example 2.16. Consider the graph of N vertices with the adjacency matrix

aN:{Na’ if j=i+1, i<N
Y 0, else
for some constant o« > 0. Hence
N
max afg = N<.
1§15Nj:1

For 0 < a < 2, (H) is satisfied, and there is no difference in the two representations in the con-
vergence of the graph sequence. With the atomic mesaure representation {x € B(X, M (X)):

v =Ny ey, zell, i=1,...,N-1,
where {IN}Y , is given in (2.6). The sequence converges to &(a) € B(X, M (X)) given by
0z, forzeX, a=1
2.8 (o) =40 ’
(28) G {O, forxe X, a<l1

which is a non-trivial graph limit if and only if & = 1. This shows that the sequence no matter
represented in either way, diverges in B(X, M4 (X)) for 1 < a < 2. In contrast, using the
function representation, one can construct a 2-uniform DHGM (a so-called digraph measure
(DGM) [31]) ny € B(X, M4(X)) with the density at each x € X given by W (z,-):

WN(xy):dnﬁ,(y): Ne if zeIlN, yelIN,, i=1,...,N-1
’ dux () 0 else a.e. y€[0,1]

It is obvious that

N Ne=2/p(N —1)Y/P if0<p< oo
W™ e (x2) = .
N® if p=o0
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Directed Hypergraph limits

FIGURE 2. Venn diagram for different hypergraph limits.

Hence {W"}yen converges to 0 € LP(X?) for 0 < p < i while diverges in LP(X?) for
% < p < co. Hence in a space of integrable graphons, the sequence of graphs either converges
to a trivial limit or diverges. Despite the cut metric is different from the metric induced by the
L'-norm induced, the convergence of {W* } ey in L'-norm coincides with the convergence
in the cut metric.

Remark 2.17. e The topology induced by the total variation distance is stronger than

(2.9)

(2.10)

the weak topology (note that for absolutely continuous measures of the same mass, the
distance between two measures in total variation norm is equivalent to the distance of
their densities in LP-norm), which results in a fact that the LP graphons are a proper
subset of the space of positive measures in general. This also explains why DHGMs
may contain non-dense graph limits.

Here we provide some explanation on why our definition of hypergraphon differs from
the standard one defined in [19], pertaining the dimension of the vertex space. In [19],
in order to define limit object of k-uniform hypergraphs w.r.t. the topology induced
by homomorphism density, one needs to regard the limit object as a measurable subset
of [0, 1]2k, where 2 is the number of subsets of [k]. Since the empty set plays no role
[35], one can also barely consider measurable subsets of [0, 1]2k_1, by excluding the
coordinate of a point indexed by the empty set. The reason of considering the limit
of hypergraphs as such sets rather than a function is due to the topology induced
by some generalized homomorphism density [19]. For k = 2, homomorphism density
from graph F to graph G refers to as the probability of a random mapping from the
vertex set of F = ([IN],£) to that of G, whose definition can be extended as

t(F, W) =/ H W(z;, z;)dz, ... dey,
0.1 (; jyee

representing the homomorphism density from a finite graph F to a limit object
(graphon)—a measurable function W: [0,1]?> — [0,1]. The convergence characterized
in terms of the homomorphism density can also be characterized by the cut distance
[12, Theorem 3.8]. However, in order to ensure the existence of the limit for a con-
vergent sequence of hypergraphs w.r.t. the distance defined below analogous to (2.9)
[35]:

t(]:,W):/ H W(zil,...,xik)dzl...dx]v,
)EE

N
(0.1 (315 yik
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for any k-uniform test hypergraph F = ([N],€), a naive straightforward extension
to limit of hypergraphs defined as measurable functions on [0, 1]*, is 9mpossible. The
interested reader may refer to [35] for an example. Hence an appropriate generalized
definition of homomorphism density as a probability when regarding hypergraph limit
as measurable subsets of [0,1]2", is proposed [19]. The existence of limit theorem, con-
fined to the family of such measurable sets as the space of hypergraph limits, holds
w.r.t. this generalized definition of homomorphism density [19]. In short, such a
definition of hypergraph limit is for the completeness of the limit objects under homo-
morphism density. In contrast, we treat these limits from the measure-valued function
viewpoint, and the completeness is naturally guaranteed due to very basic properties
of space of continuous/bounded functions on a (compact) complete metric space.
Hence, the set of hypergraph limits as HGMs may not coincide with that defined as
hypergraphons in [19]. For instance for k = 2, despite the uniform weak topology
induced by the uniform bounded Lipschitz metric is stronger than the topology in-
duced by homomophism density (essentially due to the “uniformity” sup,cy), the
space of graph measures [31] is not a proper subset of any space of integral graphons
as it contains non-absolutely continuous measure-valued functions, evidenced by Ex-
ample 2.16 as well as examples below. Hence they may share a non-trivial intersection
of dense graph limits (see Figure 2). In addition, due to the smaller dimension of the
underlying space the functions defined in, the set of hypergraphons in the sense of
Definition 2.10 should be a subset of that of hypergraphons defined in [19]. It would
be of great interest to identify the non-empty (evidenced by, e.g., the counterexample
in [35]) complement set and compare the differences, in order to see how narrow our
definition can be, so that we may have a chance to further generalize the definition.
Conversely, two DHGMs, when viewed as measurable functions on X*, may coincide
so long as they differ on a measure zero set. For the same reason, non-dense graph
limits may be represented as non-trivial DHGMs; but not as (hyper)graphons, they
are identified as zero.

We would like to point out that, graph limits have been defined as measures on the
square X2 [32] in the literature, which particularly are used to characterize sparse
graphs. Nevertheless, the DGMs [31] as well as HDGMs defined here and in [31] are
measure-valued functions on X, and the motivation of such a definition rather than
product measures or kernels (graphons) on the product space owes to the fiberized
characteristic equation indexed by vertices of graph limits. Nevertheless, though rare
in the literature, it is noteworthy that similar topics have been dealt with under the
more combinatorial cut metric in a very elegant way in [26]. The results in [26] only
pertain sparse graph limits. It will be interesting to see if the approach in [26] can be
further generalized to cover non-sparse (hyper)graph limits.

Next, we provide several examples of k-uniform HDGMs which are not dense.

Example 2.18. Torical graph measure. For every N € N, let GV = (VN, £V) with VNV = [N]?
and EN = {((i1,42), (j1,j2)) € WN)2: iy —j1 = [N/2] mod N} with the weights

Win2),(71.72) = 0 otherwise

Now we represent GV as a graph measure [31] ny € B(X, M4 (X)) with X = T? given as

follows:

where

(2.11)
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FiGURE 3. Example 2.18. Torical graph measure. Every point on the blue
circle connects to every point on the red circle.

and T, := {a} x T for every a € T. Then it is readily shown that 7y converges to n €
n® = Ar xeX

(®1+34) mod 17
which is an absolutely continuous measure supported on a subset of X of a lower Hausdorff
dimension. Geometrically, on the generalized graph 7, every vertex x = (x1, z3) on the circle
T?2 := {y € X: yo = 22} connects to every vertex on the circle T(z:41/2)mod 1 Perpendicular
to T*2. We call n torical graph measure.

Example 2.19. Sparse triangle 3-uniform hypergraphing. Consider a sequence of hyper-
graphs {H"} y of rank 3 with vertex sets being triangularization points of X:

N — {(ﬁ,@-%):jgmin{QiAN—%}, i,j:O,...,QN},

e ={((5: 8 o) (B8 &) (5,2 )

j < min{2i,2N — 2i}, i,j:O,...,N}

1 if (v1,ve,v3) € EN .
Let al ., .. = {O otl(ueiwizse 3) We represent HY as a 3-uniform HGM ny €

B(X, M4 (X?)):

) 5(21.71@23.,1) if zeAYxBY, j<min{2,2N-2i}, i,j=0,...,N
Ny = AN 72
0 otherwise

Let X be the triangle with vertices (0,0), (0,%2), and (3, ). Define n € B(X, M (X?)):
if ze€ %X
0 otherwise

where £X = {y € X: 2y € X}. It can be readily shown that do(nn,n) — 0 as N — oo.
Note that 7 is a 3-uniform hypergraphing.

Below we provide more examples of k-uniform DHGM for general k.
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FIGURE 4. 3-uniform triangular hypergraph H® in Example 2.19. A typical
hyperedge consisting of three nodes as vertices of the triangle is colored in
green (all others are blue). The darker shaded area consists of all vertices
which belong to one “triangle” hyperedge located in the lower left corner.

Example 2.20. Let k € N. Define n: X — M (X*~1) by
0 = f(2)dg), z€X,

where f € C(X,R;) and g € C(X, X*~1). Such DHGM can be a k-uniform directed hyper-
graphing.

Example 2.21. Let X = T, ux = Alr, and & € N\ {1}. Define the circular k-DHGM
n € B(X, M (X*1):

Nt = ®?;11(5(1+1/4) mod 1+ 0(z4+3/4)mod 1), T € T.
It is readily verified that #suppn® = 2¢~1, and hence the circular k-DHGM is sparse.

Example 2.22. Let X = [0,1], ux = Ax, and k € N\ {1}. Let A = {(z1,...,2) €
R : E?Zl z; <1} and A, be the slice of A for z; € X. Define n € B(X, M (X*71)):

Nt =k(1 — :El)k_l)\mxl, for z; € X.

Then it is straightforward to show that ux ® n®* can be viewed as the uniform (probability)
measure on A, which is a dense k--DHGM. See Figure 5.

FI1GURE 5. Example 2.22 for k = 3.
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Example 2.23. Let k£ € N\ {1}. Consider the following sequence of dense directed k-uniform
directed hypergraphs {HN }nen with HY = (VN EN) with VN = [N] and

N = {(igre o) i (5] Sgeedea S04 2] mod N, 1< <N}
Let X =T, ux = A|lr. We can represent this hypergraph sequence as ny € B(X, M (X*71)):
U?V:]]'Hk_lfl.v(yl""’yk_l)’ :EeiiN, (i,jl,...,jk_l) GSN,

=1 Jy¢

where I} is defined in (2.11). Then it is readily verified that 7"V converges in the uniform
bounded Lipschitz metric to the k-uniform DHGM 7 € B(X, M (X*~1))

nt = ®?;11>‘|[w+1/4,w+3/4[ mod 1, for z € X.
Note that 7 is also a dense k-DHGM since inf,cx dimg (suppn?®) =k — 1 = dimg X+~ 1.
Example 2.24. Let k € N\ {1,2} and X = T. Define n € B(X, M, (X*~1)):
0Nt =@y, TeX
where for j =1,..., k-1,

e = O(et1/4)mod 1 T O(z43/4)moa 1 if J is odd,
! A[z41/4,243/4] mod 1 if j is even.

Then by Definition 2.11, 5 is neither dense nor sparse.

Example 2.25. Let X = S?% for some d € N and 2 < k < d be an integer. Let & =
{(z1,...,2x) € X*: 2y -2; =0, forany i#j, 1<i,j <k} be the set of hyperedges.

Then (X, &) can be regarded as a generalized k-uniform hypergraph. Next, we define n €

B(X, M, (X* 1)) to represent this generalized hypergraph:

7711 = )\|S(:E1)7 Z1 € X7

where
S(zy) = {(z2,...,28): z2 €27, T3 €L Nay,..., 24 € ﬁﬁ;izj‘,..., Xy € ﬁf;llzj‘ ,
where a* := {y € X*: a-y = 0}. Note that
k—1
0 < dimp (S(z1)) = Y _(d—j) = LEHED < dimp (XF1) = d(k — 1)
j=1

Hence 7 is neither dense nor sparse. We call this i d-dimensional spherical k-uniform HGM.

FIGURE 6. 2-dimensional spherical 3-uniform HGM. X = §?. 7" = X|g(,)
with S(z) = {(y,2) € X%: y € 2+, z € 2t Nyt}. Note that dimy (S(x)) = 1.
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3. GENERALIZED INTERACTING PARTICLE SYSTEM

To state a generalized IPS on hypergraphs, we first collect some standing assumptions.

3.1. Assumptions.

(A1) (X,B(X), ux) is a compact Polish probability space equipped with the metric induced

by the 1-norm of R™ O X.

(A2)For £ =1,...,7, (t,u) — ge(t,u) € R"2*=1) is continuous in t € Z, and locally Lipschitz

continuous in u € R*"2 uniformly in t, i.e., for every u € R¥:"2  there exists a neighbourhood

N C Rkem2 of 4 such that

|9e(t,u1) — ge(t, ua)|
lu1 — us|

sup sup
teT
€ Uy # Uz,
uy, uy €N

ford/=1,...,r.
(A3) (t,z,¢) — h(t,z,¢) € R"™ is continuous in ¢ € Z, and locally Lipschitz continuous

in ¢ € R™ uniformly in (¢, z), i.e., for every ¢ € R™ for some ro € N, there exists a
neighbourhood N C R"™ of ¢ such that

|h(t,$, (bl) _ h(tv'rv ¢2)|

sup sup sup < Q.
teT 2€X 1 # o, |p1 — 2|
P1, 02 €N

(A4) np € B(X, M (X*em1)), for £ =1,...,r
(A4) mp € C(X, My (XFemb)) for 6 =1,...,r

(A5) v. € C(Z, B« (X, M4+ (R"™))) is uniformly compactly supported in the sense that there
exists a compact set E, C R" such that Uicgr Uzex suppvy C E,, .

(A6) There exists a convex compact set Y C R" such that for all v. satisfying (A5) uniformly
supported within Y, the following inequality holds:

Vin,v., hl(t,z, @) -v(p) <0, forallteZ, z€ X, ¢ € Y,
where Y =Y NR"™ \ Y, v(¢) is the outer normal vector at ¢, and
(3.1)

Vv ) -7h' sy = s , O, ooy Wko— (jlylc£71 - coodpt
sl =3 [ [ [ ot o ) ) )

ke—1

'dng(ylu"'aykz—l)+h(t7$7¢)7 tEI,.’I]EX, ¢€RT2

(A7) (t,z,¢) — h(t,z,¢) € R™ is continuous in z uniformly in ¢:
lim sup |h(t,z,¢) — h(t,2',¢)| =0, teI,

|[z—2'|=0 peYy

where Y is the compact set given in (A6). Moreover, h is integrable uniformly in x:

/ /Ysup|ht ,¢)|dedt < oo

reX

Under (A1)-(A5), the Viasov operator V given in (3.1) is well defined.

Now we provide some intuitive explanation for these assumptions. These assumptions can
be regarded as analogues of those for digraph measures in [31], in the context of DHGMs.
Assumption (A1) means that the underlying generalized directed hyper-digraphs (DHGMs)
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have the same compact vertex space X. Such compactness is crucial in establishing discret-
ization of DHGMs. Assumptions (A2)-(A3) are the standard Lipschitz conditions for the
well-posedness of (non-local) ODE models. Assumption (A4) means that we interpret the
hyper-graphs as measure-valued functions (see also [31]); note that we can think of 7 as the
local hyper-edge density or connectivity near vertex x. Next, we need the assumption for
the approximation of the VE (i.e., the mean field equation for the IPS) that the family of
DHGMs 7* are continuous in the vertex variable z, which is encoded in assumption (A4)’
(essentially used in Lemma 5.3). As mentioned in [31], (A4)’ is sufficient but not necessary
for the approximation results. For instance, one can relax this assumption by allowing x — 77
(¢ =1,...,7) to have finitely many discontinuity points.

Next, we propose a generalized network on r limits of sequences of directed hypergraphs
of cardinality k¢, for £ =1,..., 7.

(3.2) d¢ﬁfg d =Vn,v.,hl(t,,6(t,x)), teI, z€X,
$(0, ) =¢p(x), zeX.

Indeed, a special case of the network (3.2) is the following discrete set of ODEs:
(3.3)
T 1 N N
. 0
GO =Y (O )+ D T 2 D Wik, 190N (0,650, 5, ().
(=1 ji=1 Jkp—1=1

To verify that (3.3) is a special case of (3.2), let X = [0,1], and {IV}}¥, be an equipartition
of X with IN being defined in Example 2.6, ux € P(X) be the reference measure,

I/tmzéqﬁfv(t)? J,'EI?:N, 121,,N,

dny 1y---sYke—1
W’N(y Ykt )=W-Z’N- (yl,...,yke_l)elffx...xI-N L=1,...,m

L5 dux(y) e

ot x) = ¢} (t),  h(t,z,¢(t,2)) = b (t, 67" (), = eIl
Substituting the expressions above into (3.2) simply yields (3.3).
The following well-posedness of the network (3.3) is a standard result of ODE theory [48].

Proposition 3.1. Assume hN (for i = 1,...,N) and g¢ (for £ = 1,...,N) are locally
Lipschitz. Then there exists a local solution to the IVP of (3.3). In particular, if there exists
a compact positively invariant set for (3.3), then the solution is global.

The IVP of (3.2) confined to a finite time interval Z is the so-called fiberized equation of
characteristics (or fiberized characteristic equation) [28, 31]. When the underlying space X
is finite, and the measures v and 7} for all € X are finitely supported, (3.2) becomes a
system of ODEs as (3.3) coupled on a finite set of directed graphs in terms of {n;}1<e<yr.
Hence, the fiberized characteristic equation connects a finite-dimensional IPS and the VE,
while maintaining the information about both systems. Analogous to Proposition 3.1, the
well-posedness of (3.2) is also a standard result from ODE theory [48].

Theorem 3.2. Assume (Al)-(A5). Let ¢o € B(X,R™). Then for every x € X and
to € Z, there exists a solution ¢(t,z) to the IVP of (3.2) with ¢(to,x) = ¢o(x) for all
te (THk T2ty N T with (T5, T2 10) C R being a neighbourhood of to such that

min ’ - max min » ~max

(i) either (i-a) TE > T or (i-b) TE < T and lim, .10 |§(t, )| = 0o holds, and

max max —

(i) either (ii-a) T < 0 or (ii-b) T >0 and lim, | .t |¢(t, )| = 0o holds.

min
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In addition, assume (A6) and v. is uniformly supported within Y, then (T T%)NT =T

min ’ - max

for all x € X, and there exists a fiberized flow of the vector field V[n,v.,h] such that

d

%(I)Ltv()[na v, h](¢)

(I)g,o[ﬁv v, h](d))

Vin, v, hl(t,z, ®F oIn,v., h](9)), teT,
¢

4. WELL-POSEDNESS OF THE VLASOV EQUATION
From Theorem 3.2, we have for all z € X,
@f)o[n,u.,h])fl = 37,5[77, v, hl, teT.

The pushforward under the flow ®% [, v., h] of an initial measure v € B. (X, M (Y)) defines
another time-dependent measure in B, (X, M (Y)) via the following fized point equation

(4.1) vi = (Aln,hlv)y, tel.

where (A[n, h]v)§ = ®F ,[n,v., h];v§ denotes the push-forwards of vf along ®f ;[n,v., h]. In
particular, if v. € C(Z, B.(X, M4 as(Y))), then A[n, hlv. € C(Z,B.(X, M4 as(Y))) by the
positive invariance of Y. Hence the Viasov operator can be represented in terms of the density
p(t,y, @) = L% for every t € Z:

dpx (y)d
(4.2)
r ke—1
?[nap()vh’](tvmv(b): g(t,gb,l/) 71/) 771/) e*) p(tava)dw d‘/’ 0 —
ke—1

dn;(yh ) 7ykg—l) + h(t7 z, (b)
Let L}Y(X x Y; ux ®m) be the space of all integrable functions w.r.t. the reference measure

px @m. Let

LL(X x Y pux ®m) :{fe LYNX x Y;pux @m): / fdpxdm =1,
XxXY

[ 20, ux @m a.e. onXxY},

be the space of densities of probabilities on X x Y. Conversely, for every function p: 7 —
LL(X xY;pux ®m), for (t,y) € T x X,

dvy(¢) = p(t,y, ¢)do

defines v. € B(Z,B.(X, M(Y))). Hence (4.2) can be transformed to the Vlasov operator
(3.1) in terms of v..
Let po: X xY — Ry be continuous in z for m-a.e. ¢ € Y, and integrable in ¢ for every

x € X such that
/ /po(x,(b)dgbdlux(x) =1.
xJy
op(t, z, ¢)

S+ div, (p(t,x, OV n, p(-), (¢, z, qs)) =0,te(0,T], z € X, mae. ¢€,
p(0,°) = po(-).

First, let us define the weak solution to (4.3). This definition is analogous to [31, Defini-
tion 4.6].

Consider the VE

(4.3)
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Definition 4.1. Let Y be a compact positively invariant subset of (3.2) given in Theorem 3.2.
We say p: I x X x Y — RT is a uniformly weak solution to the IVP (4.3) if for every z € X,
the following three conditions are satisfied:

(i) Normalization. [ [, p(t,z, ¢)dpdz = 1, for all ¢ € T.

(ii) Uniform weak continuity. The map ¢ — fy f(@)p(t,z,d)d¢ is continuous uniformly in
x € X, for every f € C(Y).

(iii) Integral identity: For all test functions w € C1(Z x V) with suppw C [0,T[xU and
U CCY, the equation below holds:

T ~
) [ [ o) (2 Vo)Al - Tt 0) ) doc

+ / (0, &)po(z, $)dé = 0,
Y

where suppw = {(t,u) € Z X Y : w(t,u) # 0} is the support of w, and V[n, p(-), h] is given in
(4.2).

The well-posedness of the VE associated with the generalized IPS depends on continu-
ity properties of the operator A. We comment that Definition 4.1 is well-posed, c.f. [31,
Remark 4.7].

We first provide the continuity property of A.

Proposition 4.2. Assume (A1)-(A6). Denote n = (n¢)}_;-
(i) Continuity in t.
5 (Aln, Wl € C(T, Bu(X, M. (V).

In particular, if v. € C(Z, C.(X, M4(Y))), then Aln,hlv. € C(Z,C.(X, M4(Y))).
Moreover, the mass conservation law holds:

Aln, hlvf (V) =v5(Y), Vre X.
(ii) Lipschitz continuity in v.. For vt,v? € Co(X, M4 (Y))), we have

TYOT

t
doo (Aln, Bvt, Aln, hv?) < elrtdo (vh,12) + L2€th/ doo (v, v2)e 117 dr,
0

where Ly = L1(v?) and Loy = La(v},v?) are constants.
(iii) Lipschitz continuity of Aln,h] in h. For hy, hg satisfying (A3) and (A7) with h
replaced by h; fori=1,2,

doo (A, hilve, Aln, holve) < Ls||h1 — ha||oo,z,

where Ly == L3(v.) is a constant.
(iv) Absolute continuity. If vy € B.(X, M4 aps(Y)), then

A[nv h]Vt € B* (Xa M+,abS(Y))7 vt e T
The proof of Proposition 4.2 is provided in Appendix A.
Proposition 4.3. Assume (A1)-(A4) and (A6)-(A7). Let vy € B.(X,M4(Y)), and Ly,

Lo, and L3 be defined as in Proposition 4.2. Then there exists a unique solution v. €
C(Z,B.(X, M(Y))) to the fized point equation (4.1). In addition, if (A4)" holds and vy €
Co(X, M4 (Y)), then v. € C(Z,Co(X, M41(Y))); if vo € Bu(X, M4 26s(Y)), then

Ve € B*(XvMJr,abs(Y))a vt e .

Moreover, the solutions have continuous dependence on
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(i) the initial conditions:
deo (v}, V7) < e(Ll(l"sz””‘l”)tdoo(ué, V), tez,
where V¢ is the solution to (4.1) with initial condition v} for i =1,2.
(ii) h: Assume v = v3. Then

2
BL(hg)el1 ¥’ )TTe(Ll(u?)JrLzHu,l|\)t||h1 — 2o,

doo (v, V}) < [V}l

L3(v?)

where V® is the solution to (4.1) with h replaced by h; for i =1,2.
(iil) n: Let {nE}ken C B(X, My (X 1)) such that limg oo deo(ne,nE) = 0, for £ =
1,...,r. Assume vg, vl € Co(X, M4 (Y)) with

Klgnoo doo(vo, vy ) = 0.

Then
lim sup doo (v, V) = 0,
K—o0 teT

where vE is the solution to (4.1) with n, replaced by nf for £ =1,...,r and K € N.

The proof of Proposition 4.3 is provided in Appendix B.
With the above assumptions and under appropriate metrics, one can show that the operator
defined in (4.1)

A= (A")zex: C(Z,B(X, M4(Y))) = C(Z, Bu(X, M4(Y)))
is a contraction. Now we obtain the well-posedness of the VE (4.3).

Theorem 4.4. Assume (A1)-(Ad4) and (A6). Let py € LL(X x Yi;ux @ m). Assume
additionally that po(x, @) is continuous in x € X for m-a.e. ¢ € Y. Then there exists a
unique uniform weak solution to the IVP of (4.3) with initial condition p(0,x, @) = po(z, @),
zeX,peY.

Proof. The proof is the same as that of [31, Theorem 4.8], which is independent of the specific

form of V and V, but based on the continuous dependence properties given in Proposition 4.2
and Proposition 4.3. O

5. APPROXIMATION OF TIME-DEPENDENT SOLUTIONS TO VE

In this section, we study approximation of the solution to the VE (4.4).

Based on the continuous dependence of solutions to the fixed point equation on the un-
derlying DHGMs {n};_,, on the initial measure vy, as well as on function h established
in Proposition 4.3, together with the recently established results on deterministic empirical
approximation of positive measures [50, 14, 3] (see Propositions 5.2 and 5.3 below), we will
establish the discretization of solutions of VE over finite time interval Z by a sequence of dis-
crete ODE systems coupled on finite directed hypergraphs converging weakly to the DHGMs
{ne};—; (Theorem 5.6 below).

Beforehand, let us recall some approximation results from [31].

Proposition 5.1 (Partition of X). [31, Lemma 5.4] Assume (Al). Then there exists a
sequence of pairwise disjoint partitions {A7:i=1,...,m}men of X such that X = U, A™
for every m € N and
lim max Diam A" = 0.
m—oo 1<i<m
Proposition 5.2 (Approximation of the initial distribution). [31, Lemma 5.5] Assume (A1)
and vy € B (X, M4(Y)). Let {A7}1<i<m be a partition of X for m € N satisfying

lim max Diam A" = 0.
m—oo 1<i<m
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Let z* € AT, fori = 1,...,m, m € N. Then there ezists a sequence {ga
L...,m,i=1,...,n}n meN g Y such that

lim lim doo(vy"",10) =0,

where vg"" € B.(X, M4(Y)) with
T .= - am7i - m,n
= 2“/*2" ()= Z‘S% o TEX,
1= J:

Ly V6 (V)dnx (@)
i = awiamy i px (A7) >0,

m

vyt (Y), if pux(A™) =0.

(i— 1)n+g

Proposition 5.3 (Approximation of the DHGM). Assume (A1) and (A4)’'. For every m €
N, let A" and z* be defined in Proposition 5.2 for i = 1,...,m, m € N. Then for every

,m,m . - ke—1
i=1,....mJ=1,....,n} mnen C X"

£ =1,...,7, there exists a sequence {y(Z Dnts:

such that
lim lim doo(n,"",me) =0,

m—00 N— 00

where ;""" € B(X, M4 (X 1)) with

- b m,i
:C::Z]lA;n(fE)L 5tzmn 5, zTeX,
=1

[y i X)dux (@
bemi =4 x> i px (A7) >0,

n, (X), if px(AM™) =0.
The proof of Proposition 5.3 is analogous to that of [31, Lemma 5.6] and thus is omitted.

Proposition 5.4 (Approximation of h). [31, Lemma 5.9] Assume (A3) and (A7).
For every m € N, let 2] be defined in Proposition 5.2 and

Z]lAm h(t,zl',¢), teI, zeX, pe.
Then

m—00 reX

lim / / sup |h™ (¢, x, @) — h(t,z, d)| dpdt = 0.
Y

Now we are ready to provide a discretization of the VE on the DHGM by a sequence of
ODEs. To summarize, there exists

e a partition {A" }1<i<m of X and points z]" € A" for i =1,...,m, for every m € N,

e a sequence {gp (i 1)nﬂ =1,....myJ = 1,...,n}pmen C yke=1 and {am,i: i =
1,..., m}men C Ry, for f =1,...,r,and

e a sequence {yémlglnﬂ' =1,....m,J = 1,....n mneny C X* 1 and {bpmi:i =
1,...,m}meNgR+7fOré—1,...7 r,

such that

lim lim doo(vy"", 1) =0,
m—00 N—r00

lim lim deo(n,"",m¢) =0, £=1,...,r,

m—0o0 N—r0oQ

lim / / sup |h" (¢, x, @) — h(t, z, )| dodt = 0,
Mmoo Y z€X
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where
m a n
m,n,r ,__ Ym,i
v, = Z 25%1 i’ T € X,
i=1 =1
m b n
4,m,i
(5.1) ﬁ;nnw:z]lAgn(!E)% § eomon z € X,

— Yi-Tynts

Il
=

otz P) Z]lAm h(t,z,¢), tel, zeX, pcV.
Consider the following IVP of a coupled ODE system:
(5.2) (lg(ifl)nJrj =F""(t, p(i—1yn+>®), 0<t<T, Pu1yny,(0) = SDE?’_nl)n_H?
i=1,....m, j=1,...

where ® = (¢(i—1)n+;)1<i<m,1<j<n and

UL, 1L) >

m

Fm n t w, Z bé m,i Z Z am,m ]lAm yé:ni;ln_,_jJ) o Z am,;;ke—l

j=1p1=1 Pr,—1=1

SURNUCNND SN 3

=1 qr,—1=1
gf(t Q/J ¢(p1 Dn4qi? " (b(l);c[—l—l)"'i‘(bce—l) + hm(t7 xznv ¢)

The following well-posedness result is akin to Proposition 3.1 and hence the proof is omit-
ted.

Propo;iltion 5.5. Then there exists a unique solution ¢ (t) = (¢’(?’_"1)n+j (t)) to (5.2), for
m,n € N.

Based on Proposition 5.5, let

m,n,r ., - am N
(5.3) ym = Z Lap (x Z dgmn @y TEX.

Now we present the approximation of solutions to the VE (4.3).

Theorem 5.6. Assume (Al)-(A3), (A4), (A6)-(A7). Assume po(x, @) is continuous in
x € X for m-a.e. $ €Y such that py € L}F(X XY;ux ®m) and

sup ||p0($, ')”Ll(Y;m) < 00.
zeX

Let p(t,z, @) be the uniformly weak solution to the VE (4.3) with initial condition pg. Let
v. € C(Z,B.(X, M4 as(Y))) be the measure-valued function defined in terms of the uniform
weak solution to (4.3):

dvi(¢) = p(t,z,¢)d¢p, for every t€Z and z€ X, mae Y.

Then vy € Co(X, M1(Y)), for all t € I, provided vy € C.(X, M4(Y)). Moreover, let vy"" €
B (X, M (Y)), nt™m € B(X, My (X*1)), and h™ € C(T x X x Y,R") be defined in (5.1),
and v;""" be defined in (5.3). Then

lim do(v/™",v.) =0.

n—00

The proof of Theorem 5.6 is provided in Section 8.
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6. APPLICATIONS

In this section, we apply our main results to investigate the MFL of three networks with
higher order interactions emerging from physics, epidemiology, and ecology.

6.1. A Kuramoto-Sakaguchi model with heterogeneous higher order interactions.
Consider the following Kuramoto—SakaguChi phase reduction network proposed in [5]:

1 j=1k=
1 NJ N N
D DD DD DAL AR AR AP)

j=1k=1p=1
where ¢ € T is the phase and h; the natural frequency of the i-th oscillator, and g, (¢ =
1,2, 3) are the coupling functions of different higher-order interactions.
Let (IJN)lgjgN be an equi-partition of X = [0,1] defined as in(2.6), and let AV =
N
> j=1 1, N hj'v'
Assume

(H1.1) g, (¢ = 1,2,3) are Lipschitz continuous.
(H1.2) hYY (j =1,...,N) fulfill that there exists h € C(X) such that

lim sup |h(z) — RN (x)] = 0.
N—oo zex

(H1.3) For ¢ = 1,2,3, WEN) converges in the uniform bounded Lipschitz metric to 7, €
C(X, M4 (X))

Note that (H1.2) implies that
lim || =AY =0
N—00

Now we consider the VE

61) 2820 i, (olt,2,0)P 10, p,bl(12,6)) =0, 1€ (0.T), 2 € X, mae 6T,
p(0,-) = po(-),
where
Dl o, hl(t, 2, 6) = / / g1 ((t, 2), ) plt, y, ) A ()

+/X2/T/ng((b(t,x)ﬂ/llﬂ/)z)p(t,yl,wl)p(t,yQ,¢2)d¢1d¢2dn§(yl,y2)

+/XS/T/T/Tgs(éf’(t,a?),1/11,1/12,1/13)p(t,y1,¢1)p(t,y2,¢2)p(t,y37¢3)

deprdepadepsdng (y1, Y2, y3).

Theorem 6.1. Assume (H1.1)-(H1.3). Let T > 0. Assume po(x, ¢) is continuous in x € X
for m-a.e. ¢ €Y such that po € LL(X x Y;ux @ m) and

sup || po(w, ')”Ll(Y;m) < o0.
reX

Define vy € B.(X, M(Y)) by

dVO ((E, ¢)

pO(xa(b): d(b

for ze€X and m-a.e. ¢€T.
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Then there exists a unique uniformly weak solution p(t,-) to the VE (6.1). Moreover, if
vy € Co(X, M4(Y)) and impy_y00 doo (VN 0, 10) = 0, then

]\;EHOO do(vn,.,v.) =0.

In particular,

]\}iillmdBL( ZéqﬁN(t)a/ ()dpx (z ))207 for tel.

Proof. The proof is similar to those of Theorem 4.4 and Theorem 5.6. Here we still have the
invariance under the flow of fiberized equation of characteristics of a compact set which is T
(in lieu of a compact set Y in a Euclidean space). O

6.2. An epidemic model with higher-order interactions. Assume
(H2.1) (X,B(X), ux) is a compact probability space.

(H2.2) For (u1,us2) € R%, let B(t,u1,u2) > 0 be the disease transmission function satisfying
B(t,u1,u2) = 0 provided ujuz = 0. Moreover, 8 is continuous in ¢, and locally Lipschitz
continuous in uy, us uniformly in .

(H2.3) For u € Ry, let y(¢,z,u) > 0 be the recovery rate function, and for every z € X,
~(t,z,0) = 0. Moreover, v is continuous in ¢, and continuous in  uniformly in u, and Lipschitz
continuous in u € Ry uniformly in ¢.

For any fixed N € N, let

(6.2) Y ={ueR}:u+u =N}

(H2.4) n € C(X, M4(X?)).
(H2.5) v. € C(Z, B.(X, M4 (R?))) is uniformly compactly supported within ¥ C R?.

Under (H2.1)-(H2.5), motivated by [9], we propose the following generalized non-local
multi-group SIS epidemic model on a DHGM 7 incorporating the higher-order interactions

due to the nonlinear dependence of both the infection pressure and the community structure
(home and workplace):

98,

at /X / / (B(t: 1,2, 82) + B(t, 2.2, 80)) A () dv (¥n)dn” (y1, 92)
+7(t, z, I

o)

ajt /X2 /R2 /Rz (t, 01,2, S2) + B(t,v2,2, Sz)) dvf? (2)dvf™ (v1)dn® (y1, y2)

- ’Y(tv'rvjx)a

which further generalizes the epidemic network on a digraph measure proposed in [31]. Here
S, and I, stand for the number of susceptible and infected individuals at location x € X
(or interpreted as in the group with label x), 8(¢,%3,S;) stands for the infection caused by
family members of S, at home while ((¢,3,S;)/S: the infection rate caused by colleagues
of S, in the workplace, and n: X — M (X?) is the generalized hypergraph.

By (H2.3), let

9(t7¢7¢17¢2) = 5(t71/11,27¢1) + 5(t71/12,27¢1) (_11> 9 h(t,.’[],(b) = 7(t7x7¢1) (_11> 9

V[nvlj-vh’](tvxv(b):LQ/Y/Yg(ta¢awlv1/)2)(1”?2(1/)2)(1”?1(wl)dnx(ylva)+h(t7x7¢)7

and



26 CHRISTIAN KUEHN AND CHUANG XU

‘7[77ap~ah](tafa¢):/Xz/Y/Y9(157¢71/)1,¢2)P(t7y1,l/fl)P(tay271/)2)d1/12d1/11d77m(ylv92)+h(t7$7¢)-

Consider the VE
(6.3)
Opt,2,9) | g % h —0 0.7 X Y,
ot Ve (p(t,wﬁ) [, p(), ](t,:v7¢)) =0, te(0,T], z€ X, mae. ¢€v,
p(0,-) = po(-)-

According to Propositions 5.1-5.4, there exists

e a partition {A7"}1<;<, of X and points 2" € A7 for i =1,...,m, for every m € N,
e a sequence {cp(i’_l)nﬂ, =i=1,....mJj=1...,n}nmen CY and {am:i=1,...,

m}mGN c R+7 and
e a sequence {y

m}mEN g ]R-i-a

(i 1)nﬂ ci=1,...,mj=1,....n}mneny C X2 and {bp: i =1,...,

such that
lim lim doo(vy"",10) =0,
m—00 N—r00
lim lim doo(n™™,n) =0,
m—00 N—00
lim / / sup |h" (¢, x, @) — h(t, z, )| dodt = 0,
Mmoo Y 2€X
where
m,n,xr = Qm,i =
vy -:Z]lA;n(iL’) o Z%Zﬁ)nﬂ" z € X,
i=1 j=1
(6.4) Py =" Lam (@ ’:L 25% oy TEX,
i=1 =1
Z]]-Am 7za¢) tGI,ZGX,QSGY

Consider the following IVP of a coupled ODE system:

(6.5) (lg(ifl)nJrj =F""(t, p(i—1yn+>®), 0<t<T, Pu1yny,(0) = SDE?’_nl)n_H?

i=1,....m, j=1,...,n,
where ® = (¢(i_1)n+j)1<i<m,1<j<n and
Fmvn(t w ¢) 7bm,i i i (Imp ]]. ( ) i am)p2]l m( m,n )
! Ty 4 n AP, y(l 1)n+J 1 n Ap \Y(i—1)n+j,2
j=1p1=1 p2=1
Z g(t, 1/)7 (b(pl—l)n-i-ql P ¢(1)2—1)’ﬂ+g2) + h™ (tv x;n, 1/})
q1=1¢q2=1

Then by Proposition 5.5, there exists a unique solution ¢™"(t) = (¢(;""},,; () 1<i<m.1<j<n
o (6.5), for m,n € N.

For ¢t € Z, define

m,n,r ., = am N
(6.6) AR ; Lap (x Z dgmn @y TEX.
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Theorem 6.2. Assume (H3.1)-(H3.4). Then there exists a unique uniformly weak solution
p(t,x,¢) to (6.3). Assume additionally po(x, @) is continuous in © € X for m-a.e. ¢ €Y
such that po € LL(X x Y;ux @m) and

sup || po(, ')”Ll(Y;m) < oo.
reX

Let v. € C(Z,B.(X, M4 20s(Y))) be the measure-valued function defined in terms of the uni-
formly weak solution to (6.3):

dvf = p(t,z,9)de, for every t€Z, and z€X.
Then vy € Co(X, M4 (Y)), for all t € I, provided vy € Co(X, M1(Y)). Moreover, let vy"" €
B.(X,M_(Y)), ™" € B(X, My(Y)), and h™ € C(Z x X x Y,R?) be defined in (6.4), and
vy "™ be defined in (6.6). Then
lim do(v™",v.) = 0.

n—oo

Proof. Tt is straightforward to verify that (H3.1) implies (A1), (H3.2) implies (A2), and
(H3.3) implies (A3) and (A7). It remains to show (A6) is fulfilled with ¥ defined in (6.2).
This is a simple consequence of the fact that this SIS model is conservative:

0
E(Sx(t) + I,(t)) = 0.

6.3. Lotka-Volterra model with dispersal on a hypergraph. Assume that
(H3.1) (X,B(X), ux) be a compact probability space.

(H3.2) W, ; are odd functions and locally Lipschitz continuous satisfying 0 < W; ;(u) < u
for all u € Rt for all 4,5 = 1,2.

(H3.3) m1, n2 € B(X, M, (X?)).
Let Ay, Ag > 0 satisfy

« L
(67) AL > E, —5 + 5A1

Let Y ={¢ € Ri: ¢1 < A1, @2 < As} be the rectangle in the positive cone, which is a convex
compact set.
(H3.4) v. € C(Z,C.(X, M4 (R?))) is uniformly compactly supported within ¥ C R?.

Under (H3.1)-(H3.4), consider the general Lotka-Volterra with the species of two types
moving on generalized directed hypergraphs:

am(t 2 g1t 2)(@ = Boa(t, ) — 16a(t,2)) ////

(Wri1(1 — ¢1(t, @) + Wia(the — ¢1(t, x))) A (1) dvy? (Y2 )dnf (y1, y2)

M =¢a(t,z)(—t + 01 (t, ) — O¢a(t, x) / / / /
(W21 (¥1 — d2(t, @) + Waa (V2 — d2(t, @))) dvy (¢1)dvy (v2)dng (y1, y2),

where ¢1(t) and ¢3(¢t) stand for population densities of two competing species at time ¢,
respectively, and all given functions and parameters are non-negative. The model can be
regarded as a generalization of the Lotka-Volterra model on the graph proposed in [45].

Let
g1 (t, b, 1, 1hg) = (W1,1(1/11 - ¢1) -(l)- Wi 2(2 — ¢1)) ,

g
Ay >

0
92(t,¢,¢1,¢2) = (W271(1/}1 _ ¢2) + W272(1/}2 _ ¢2)) )
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_ o1 (04 — Bé1 — ’Y¢2)
Me) = (¢2(—L +ogy - o¢2>) :

and

2
‘7. 9 '7h 9 9 - t? b 9 t? b 9 b d d d 7 b
(1, p., hl(t, 2, ¢) ;/X/X/Y/Yge( @, 1, 02)p(t, y1, 1) p(t, ya, 2)dipr depadng (y1, y2)

+ h(9).
Consider the VE

Op(t ~
©8) % + divy (p(t,x, OV n, p(), h](¢)) =0, te(0,T), z€X, mae. e,
p(0,-) = po(-)-
Note that there exists
e a partition {A"}1<;<m of X and points " € A for i = 1,...,m, for every m € N,
e a sequence {<p?;’fl)n+j: i=1,....m7=1,...,n}nmen CY and {apm;:7=1,...,

m}mEN Cc ]R-i-a and

e a sequence {y ci=1,..,mj=1,....n}mneny € X2 and {bpmi:i=1,...,

(i— l)n—i-]
m}mGN C R+7 for £ = 15 27
such that
lim lim doo(vy"", 1) =0,
m—00 N—r00
lim lim doo(n,"",me) =0, £=1,2,
m—00 N—00
lim / / sup |h" (¢, x, @) — h(t, z, ¢)| dodt = 0,
m—00 Y 2€X
where
m am)l n
=2 Lar@TE D o0 X
i=1 j=1
. m’ﬂlﬂ, 777/71 6 m,n R EX, £:1,2,
(69) 2 . Zl PRAR
Z]lAm h(t,z",¢), teI, zeX, ¢cV.

Consider the following IVP of a coupled ODE system:

(6.10)  i—1ynrj = F" " (L d—1yn+i: @), 0<t<T, i_1yng;(0) = <P7(?’_nl)n+j,
i=1,....m, j=1,...,n,

where ® = (¢(i—1)n+j)1<i<m,1<j<n and @ = (G(i—1)n+j)1<i<m,1<j<n and

, be,m,i —~ Am,p l, Am,p 2,
EPM (60, @) =) =2y Y L () >3 2 Lag, (0" 0)

2
L= j=1p1=1 p2=1
n

Z Z g@(tu 1/% ¢(p171)n+q1 ) ¢(p271)n+q2) + hm(tu :E;nu d])
=1

—

m,n

Then by Proposition 5.5, there exists a unique solution ¢™"(t) = (¢(i71)n+j (t)i<i<ni<j<m

o (6.10), for m,n € N.
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For ¢t € Z, define

m
m,n,r . am K
(6.11) e § 1 Lar (2 E 5% o TEX.
1=

Theorem 6.3. Assume (H3.1)-(H3.4). Addmonally assume A1, Ao satisfy (6.7). Then
there exists a unique uniformly weak solution p(t,x, @) to (6.8). Assume additionally po(z, @)
is continuous in x € X for m-a.e. ¢ €Y such that py € LEF(X xY;ux @m) and

sup [lpo(@, )Lt (vim) < 00
reX
Let v. € C(Z,B.(X, M4 20s(Y))) be the measure-valued function defined in terms of the uni-
formly weak solution to (6.8):
dvf = p(t,z,9)de, for every t€Z, and z€X.

Then vy € Co(X, M (Y)), for all t € I, provided vy € Co(X, M (Y)). Moreover, let vy"",
ntm™n for £ = 1,2, and h™ be defined in (6.9), and v;"" be defined in (6.11). Then

lim do(v™",v.) =0.

n—00

Proof. First note that (H3.1) implies (A1) and (H3.2) implies (A2). Tt is readily verified
that (A3) and (A7) are fulfilled since Y is compact. In addition, (A4)’ follows from (H3.3).
Hence it suffices to show that (A6) holds with Y for some ¢, A > 0.
Note that Y = {¢1 = 0} U{d2 = 0} U {1 = A1} U {2 = A2}. In the following, we will
show that
Vin,v.,hl(t,z,¢) - v(p) <0, forallteT, x€ X, ¢ €Y,

where v(¢) is the outer normal vector at ¢. We prove it case by case.
(i) For g € {p € Y: 1 =0}, v(¢) = (—1,0), and
Vin,v., hl(t,x, ) - v(@)

//// (Wr1(1 — ¢1) + Wi a(t2 — é1)) dvf* (é1)dvy? (¢2)dni (y1,y2) < 0.

(i) For ¢ € {p: @2 = 0}, v(¢) = (0,~1), and
Vin,v., bt z,¢) - v(¢)

/ / / / Wa i (Y1 — ¢2) + Waa (2 — ¢2)) dvy* (¢1)dvy? (¢2)dns (y1, y2) < 0.

(iii) For ¢ € {y: ¢1 = A1}, v(¢) = (1,0). By (6.7),
V[77=V h](t $7¢) (¢)
=M1 (o — BAL — v¢2)
//// Wii(r — Ar) + Wia(th2 — Ar)) dvf* (o1)dvi? (d2)dnt (y1, y2)
<A(a—pAy) <

since Ay > §, due to (6.7).
(iv) For ¢ € {p: w2 = Aa}, v(¢) = (1,0). By (6.7), and 12 < Ay for o) € Y, we have

Vin,v., hl(t z,¢) - v(e)
=NAo(—t+ 091 — 0Az)
/ / / / (Wa (1 — Ag) + Wao(tha — Ag)) duf* (v1)vf (¥2)dn5 (y1, y2)
<A2 L+UA1—6‘A2)<O
since by (6.7), we have Ay > —5 + FA;.
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7. DISCUSSION

In this paper we regard directed hypergraph limits as elements in B(X, M, (X*~1)) for
some k € N\ {1}, the space of bounded measure-valued functions. The motivation of doing
such a work comes from the emergent demanding applications from networks models of higher-
order interactions [8]. We extend the idea proposed in [31] in a plain way from directed graph
measures to directed hyper-graph measures. We apply our main results to Kuramoto networks
of higher-order interactions in physics as well as models in epidemiology and ecology. There
are also models of higher-order interactions which do not admit a compact positively invariant
set [2], and hence our results cannot directly apply. It would be desirable to derive similar
results on MFLs of IPS with an unbounded invariant set. In addition, our results only apply to
the case where the hypergraph measure is a limit of the sequence of hypergraphs of uniformly
bounded cardinalities. It will be challenging while exciting to study the case e.g., where the
hypergraph measure is a limit of the sequence of hypergraphs of unbounded cardinalities ,
e.g., a sequence of simpicial complexes of expanding cardinalities.

We also point out that there is a generic drawback of our definition of DHGM as a gener-
alization of hypergraphs. In the theory of large limits of graphs [35], the topology is induced
by the cut distance which is sufficient to gurantee that a Cauchy sequence of finite graphs has
a graph limit object. However, the extension to hypergraphs with the same property seems
rather non- trivial and involved [19, 35], which makes it impossible to define hypergraphon in
a trivial way as direct translation of graphons from graphs to hypergraphs, while preserving
the above property ensuring the existence of a limit object. Such topology induced by cut
distance is weaker than the weak topology induced by bounded Lipschitz functions. For this
reason, our definition of DHGM can be narrower than a more desriable and natural one to
be defined for limits of hypergraphs. In other words, potentially there may exist a limit of a
sequence of hypergraphs with a uniform cardinality which may not be defined as a DHGM;
and there can be discretizations as ODE networks by construction or obstruction which are
different from the concrete constructions we provide in this paper. Nevertheless, our definition
makes a decent trade-off in the applications, in the light of the rather rare literature [?] which
uses the weaker topology aforementioned in the analysis of MFL of networks of dynamical
systms, due to the obvious difficulty in obtaining estimates of distances of the empirical dis-
tribution and the MFL, caused by the combinatorial nature of the definition of cut distance.
We leave all these worth questions for our future work.

8. PROOF OF THEOREM 5.6

Proof. First, the proof of v. € C(Z,C.(X, M4+ (Y))) follows directly from that of [31, The-
orem 5.15]. The strategy based on four steps to prove the approximation result is identical
to that given in the proof of [31, Theorem 5.15]. Steps II-IV among the four steps are in-

dependent of V. We essentially need to verify that v™™ is the unique solution to the fixed
point equation associated with n™" and h™:

Vm,n _ “4[,,7m7n7 hm]ymn

In the light of Step I in the proof of [31, Theorem 5.15], it suffices to express the Vlasov
operator in the discrete context and show it is consistent with the definition of F/™".
Denote n™" = (n,"")1<¢<r. For x € IN, t € Z, by (5.1) and (5.3), we have

Vm7n [nm)n7 V:’n)n’ hm] (t’ I’ Qs)

r /
Z 1
=17X"%

/ gl(ta gbaq/}lv"'71/)ke*1)dyzn7n1yk£71 (djkl*l)
R72
-1

/I;W
—_————
ke
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T n

bEmi
. E . t _
n /]RT2 /]er gl( ;¢;1/}17 71/)]6@ 1)

de i (1/}1) : dnzn)nﬁx(ylv ceey yke—l) + hm(ta €z, ¢)a

/=1 J=1< ,
ke—1
£,m,n 2,m,n
' dyzn Y- 1)n+1,k371(/¢)kei ) L dy;n s, y(l 1n+j,1 (,(/)1) 4 hm(t, I’;n, ¢)

m

n m
£,m,i Ym,p1 1 ( £,m,n ) L Am,py, 1
Z Z 7 Y(i—1)n+j,1 Z n

Phy—1=1
£, m,n
Lag,, WD) IRNDS

=1 Qr,—1=1

g@(tu ¢7 ¢?;;Til)n+q1’ XN (bn;):: 171)n+qk2*1) +h" (t7 x;nv (b)
=E""(t, 0, ™" (t)).

3
=

I |
-
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APPENDIX A. PROOF OF PROPOSITION 4.2

Proof. Denote n = (1¢);_,; We will suppress the variables in V'[n,v., h](t, z,v) and ®F ;[n, v., h]
whenever they are clear and not the emphasis from the context.
The proof of the absolute continuity property is analogous to that of [31, Proposition 4.4(iv)].
In the following, we prove the rest three continuous dependence properties item by item.
The properties of A follows from that of ®f ,[n,v., h]. Hence in the following, we will first
establish corresponding continuity and Lipschitz continuity for ®f ,[n,v.,h] and then apply
the results to derive respective properties for A.

(i) Continuity in ¢. Indeed,
doo (A, h]ve, Aln, hlvs)
= sup dBL((I)t 0[777 V. h]#VO ) f,O[nv v, h]#’/(g)c)

rcX

=sup sup
z€X fEBLy(Y)

<sup/ }@ton,u hl¢p — @5 o[n,v., h¢’du0

t

(h(T 2,0 [n,v., h]o)

/ (f 0 ®F o[, ., hl — f 0 B o[, 1, H]g) i (&)

= sup
reX

Y

+Z/’W 1/ /ge olms v ks iy oy o P, 1)dVyw l(wkefl)"'dV{Zﬂ(d}l)
(=1

dng (v, ... ,ykl,l))dT’dV{f(d))

< sup Z [Nl - v an () + bllc.z) i 4)
Xke—1

reX

<l (Z 5 gellolmell + ol £ o

=1
<Li|v. |||t —s] =0, as |s—t]—0,

where
Ly == Li(v.) = BL(h) + ZBE go)llmellllv-[1*,
=1
BL(h) = sup,ez Sup,ex BL(R(t,z,-)) and BL(g¢) = sup,ez Sup,ex BL(ge(t,z,-)) for
{=1,...,r

This shows that
L= A[nu h]yt € C(Iv B*(X7M+(Y)))

The proof of the mass conservation law is the same as that of [31, Proposition 4.4].
(ii) Next, we show A%[n, h]v. is Lipschitz continuous in v.. We first prove Lipschitz con-
tinuity of ®F ¢ in the initial condition ¢. Note that

|V[777V-7h](t7337¢1) - V[WvV-vh](t7337¢2)|
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T

S / // |g£(t,¢1,1/}1,.-~,wk[71)—gg(t,¢271/)1,...71/)k271)|dyfk£71(’1/}k[71)
Xke—1 JY Y

= —————
ke—1

! 'dyty1 (1/}1) ' dﬁf(ylv s 7yk(*1) + |h’(ta xz, ¢1) - h’(ta z, ¢2)|
(A1)
SLl(V')|¢1_¢2|a tEI,

This yields
|‘I)f,0¢1 (z) — @f)0¢2(x)|

<[61(z) — ba(a)| + / Vv, Bl (2, 82 o (2)) — V[ v, B](r, 2, B oo ()

t
<[¢1(x) — ¢2(x)[ + L1 (v.) /0 D7 901 () — T g2 (x)[dT.
By Gronwall’s inequality,
(A-2) @7 001(2) — DFoa ()] < PV |gn (x) — g2 (x)],

Similarly, one can also show that

[©5.:61(x) = O, 10(2)] < =061 () = o ()]
Now we are ready to show A*[n, h]v. is Lipschitz continuous in v.. Observe that
deL (®F o[V 410", o[ ] ™)
(A3) <dsi(®F o[V gy, BFo 1P 11y™) + deL(DFo [V 140", RF o[V 1410™)-
Note that

VNt ¢) = V(L z, )|

S;/Xw1 /Yke,l gf(tv¢ﬂ/)1,-.-,1/fkw1)d( klllytLy](wj)— ke 111/,52’%(1/)j))
.dnf(ylu"'7yke—l)

_EZ_;/le /wal ge(t’(b’wl""’¢krl)d(’/tl’yl(1/)1)®Vt1’y2(1/12)'--®Vt1’y’“”1(1/;kﬁl)
— P (W) @ vy () - 1%[ 1(1/%@71)+V152’y1(1/11)®th’y2(1/)2)...®th’ykf*1(¢k[—1)
— U2V () @ VYR () © 1Y (1hs) - @ vy T () +

F U () @ P (2) - @ vy T (Yry—2) @ 1 YT (W) — @IV (1))

: d77£ (ylu e 7ykg—1)
§L2doo(utl, Vf), telZ,

s k z .
o ImellBL(ge) iy 22270, i ke > 2,

where Ly = La(n, v}, v?) = ¢ .
> =1 1mel BL(ge), if k=2
We now estimate the first term.

dBL(‘I’to[ #Vo R % ]#’/o)

= sup /f ‘I’to ]#Vo ‘I’to[ ]#’/o )
fGBﬂl

= s [ (£ 0) - (70 826 (0)
)JY

feEBLL(Y
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< [ 195a1(6) - 90210 () = At
< ‘/Y /Ot ’V[V}](T,.’II, (b) - V[V?](T, x, ¢)’ deycl),m((b)

(A1) <Ly, () / doo (02, 2)dr.
0
Next, we estimate the second term. For f € BL1(Y), from (A.2) it follows that

L(f 0 ®Fo[v2]) < LINHL®@FV2]) < L(HeH I, | f 0 @712 ]loo < [ f]]oo-
Hence
(A.5) BL(f 0 ®f ) < P10,
For every x € X,
deu (B[ 141", ®F oV ]vp™)
= sw / (0 72D (O)A " (6) — 27 (6)
fEBLL(Y)
(A.6) <eP1 Dty (Ve 12%) < 1 D (L, 1R).
Combining (A.4) and (A.6), it follows from (A.3) that
doo (Aln, W]y, Aln, W1} ) = sup da (97 o[V |4y, 97 o[V 1 410™)

reX
T YT

t
<el g (Wh 2) + vt | La(n, v}, v2)elr )/d W, v2)e L I7qr,
0

(iii) Lipschitz continuity of A[n, k] in h.
We first need to establish the Lipschitz continuity for ®%,[h] on h. Note that

|DF o[h1]p — @F olh2]d|

t
< / (s (7, 2, B g[a]8) — (2, B2 o [ho]8)
0

+/Otz’”:/)ml/ / ’96(77¢6”,T[h1]¢,1/11,1/}2,...,wke,l)

9e(T, ®5 L Thald, 1,2, Pr,—1) ‘dvye Y(Wrp—1) - V2 () dng (i, - - Yk—1)dT

t
< / oy (7, 2, B g1 8) — g, B o[y ] )|l + / (o, 2, B o[a]8) — (. B o [ho] )
0 0

+/0 /sz 1/ /}ge h1¢ 1/)151/}2;-..,1#16(*1)_gf(T;(I)i,O[hQ](bvwl’d}Q""’wklil)
dufkrl(%bm—l) s dv (Y0)dng (s - Yk —1)dT

STy = Rallez + (£00a) + 3 Lol =) [ 105 lm]o - @5 flolar
£=1

ST~ iz + Talw) [ 1920l — 85 ralolar
0

By Gronwall’s inequality,
|7 olh1]¢ — ®F glhald| <Te™ ) |[hy = haloo,z.
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This shows that
dOO (A[nv hl]Vta A[T]a hQ]Vt)
= sup dBL(‘I)f,o[na v., hl]#ygv (I)tm,O[/rh v., h2]#”§)

rxeX
—sup  sup / (f o B o, vl — £ o BF ol v, hald) i ()
w€X feBLL(Y) )Y

<Ls||h1 = h2||co,z,
where

(A.7) Ly = Ls(v.) = Tl @I)T || .

APPENDIX B. PROOF OF PROPOSITION 4.3

Proof. The unique existence of solutions to the fixed point equation (4.1) is proved by the
Banach fixed point theorem, which is analogous to that of [31, Proposition 4.5].
e Continuity in ¢. It follows directly from Proposition 4.2(i).
e Continuity in z. Assume v. € C(Z,Cu(X, M1(Y))). We will show Aln,hlv. €
C(Z,C. (X, M4(Y))). It suffices to show that the continuity of measures in x is pre-
served: x > 1§ o ®f [n,v., h] is continuous. Indeed,

de (BF o[, v, RFVE, L o[, v, h#VE )

[ 70 0alnv a5 (6) - 1 0l v. oy <¢>'

= sup
feBL1(Y)

< [ [@oln.v. o - o5yin v hie| avi (o)
Y

+ sup
fEBLL(Y)

[ 7o 8l s o) - (¢>>\ |

It follows from (A.2) that @%[n,u.,hw is Lipschitz continuous in ¢ with constant
el1IT “and from (A.5) it follows that

fo®¥y[n, v, h]
eLl(V-)T

€ BL1(Y).
In addition, from (A.1), we have
Vi, v, h) (7, 2, % o[, v, hl@) = Vn,v., Bl(7, 2, @%o[n, v., h]g)|
<|Vn,v., h)(r, 2, % o[n, v., h) = VI, v, hl(7, 2, ®% o [n, v, B )|
+ Vi v, Bl(r @, @[, v, hlg) — Vn, v, (1,2, ®% o [n, v., h]¢)]

SLl(’/-)|‘I)f,o[777V-ah]¢—‘I)fjo[nay-ah]d +Z‘/}(k 1,/}/’% 19@(7-7 ¢£:0[nay-7h]¢uwl7"'71/1}7%—1))
=1 e -
S A ()A0E (s Ym) =7 (1, B-)

+ |h(7_7 €, ‘I’f:o[ﬁa V., h](b) - h(Tv :Elv ‘I’f:o[% Ve, h]¢)|
<Li(v)|® o[, v., h]g — 8% g[n, v., hlo| + sup [h(7, z, ) = h(7, ', )]
%}
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[

X

o Bl Ko ) S 0 )

ANE W1y k1) = 1 (W1 Yke—1))
<Li(v)|®7 o[n, v, hlp — @7 [W,V-,h]¢|+sug|h(ﬂx,<ﬂ)—h(T,x’,w)l
e

+Z’/k£ ) /W L ge(T LD [0, v Bl s k1) dyy]w]))

d(n;(yla cee 7ykg—l) - 77% (ylu e 7ykg—1)) .
This implies that
@ [0, v., bl — ®Fo[n, v., hlg)|

/ Vi, v ) (r, 2,82 o [0, 0, W) — Vi, v, B) (7, 2!, B[, w2, )|

¢
<L:i(v /|‘I)To n,v., hl¢ — @To[n,u,h]¢|d7+/ sup|h(T:E @) — h(r, 2", p)|dr
0 peY

[77aV h]¢ 1/}15"' adjk( 1) ke 1duyj(1/}j)

Xke=1 Jyke= 1
d(nf(yla e Uke1) = (W 7ykg—l))‘d7—'
By Gronwall’s inequality,
ol 10— o, v, hg|

T (I) [777V h](b wla'" 7¢ék 1) k[ 1dyy (Q/J]) (n;(ylu"'aykg—l)

xke—1 Jyke— 1

t
_ 77;” (yl, - 7ykg—1))‘d7— + / sup |h(T,£L‘, (,0) — h(q—7 ;[;’7 (P)|d7_) eLl(V.)t.
0 peY

y (A.5), this further shows that
dei (DF o, v, h#VE, ®F o0, v, h#v5))

/"I’ton,v hlg — ®F o[, v, Wg|dig () + e g (v 1)

(B.1) el //Y \/X W )

A 01, 1) = 7 (01, ) |0 (9)ar
t

+lwll [ sup [h(r,@,9) = AT, @', @)lar + dsL(5,15))-
0 peY

Since v. € C(Z,C.(X, M (Y)), by Proposition 2.3(iv), ;” Sl is weakly continuous

n (y1,...,Yk,—1). By (A2), g¢ is bounded Lipschitz continuous in ¢, 1, ..., Yk, —1;
and @2:0 [n, v., h]¢ is Lipschitz continuous in ¢ by (A.2), we have go(T, (I)i,/o [0, V., hlp, v, ...
¥r,—1) is bounded continuous in ¢ and ¥y ... ,zbk[ 1- Hence for £ =1,.

Jyke—1 ge(T, ®% o[, v, hld, Un,s oo gy 1)d®] ¥ (1) is continuous in (yl, ey Ykp—1)-
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Moreover,

[l o v ) @ o ()] < BLall ! < oo
kp—1

is also uniformly bounded for € X. Hence by Proposition 2.3(iii), we know

(B.2) |m}§?|1%\/m 1/W ) Tl v W, k,—1)d @ v ()

d(nf(yla ) 7ykg—1) - 77; (ylu (R 7ykg—l))} = 07
since 1 € C(X, M (X*~1)). Notice that

o(7, Y o[, v, Bl 1) @B VY () A (g1, Y1) |dT
Xke—1 Jyke— 1

Sl'ﬁ’ﬁ(ge)llullk’Z Himell T < o0,

by the Dominated Convergence Theorem, it follows from (B.2) that

i o o i el v )
|z—z'|—0 Xhke—1
d(nf(ylv'-'aykefl)_ﬁg (y1,...,yk[,1 ’dT:O

Moreover, by (A7) as well as the Dominated Convergence Theorem again,

t

lim sup |h(r,z,¢) — h(r,2', p)|dT = 0.
lz—2'|=0 Jo pecYy

Since vy € Cy(X, M (Y)), we have

lim  dg(v§, 1§ ) =o0.
|z—2'|—0

Hence from (B.1) it follows that
i ds (9 ol v.. VS, B ol v bl ) = 0.

lo—a'|—
The absolute continuity of solutions follow from Proposition 4.2(iv). In the following, we
prove properties (i)-(iii) item by item.

(i) Lipschitz continuity in vg. It follows from Proposition 4.2(ii) via Gronwall inequality.

(ii) Lipschitz continuity of v. in h. Assume v} = 12.

We first need to establish the Lipschitz continuity for ®f ,[h]. Note that
|95 [v", halg — ®F ,[1, hol g
S@at[yla hilg — q)g,t[ylu ha)p| + |‘I)g,t[’/1= ha]¢ — Qﬁﬁt[ua h2]|.
The second term follows from (A.6). The estimate for the first term follows from

Proposition 4.2 (iii). It follows from (A.1) that

< / (VI ] (70, B, (1)) — Vo' ho) (7, 2, B3, (o)) dr

t
S/ |V[V17 hl](Tvxv (I)g,r[hl]d)) - V[Vla hQ](Ta €, q)g;r[hl](b(x)” dr
0
t
+/ VIV, hol (7,2, ®f - [h1]o) — VIV, hal(7, z, ®F . [ha]d)| dT
0

< / | (., @3 [J(2)) — ha(r., @3 [ ](2))| dr
0
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t
+ L) / 108 (] — B _[ha]| dr.

By Gronwall’s inequality, we have
t
’(I)g,t[ylv hl](l5 - @3715[1/2, h2]¢’ SeLl(U')t / |h1(7—7 €T, (I)g,r[hl](b) - hQ(Tv &, ®3,T[hl]¢)|d7'
0

Hence

deL(®g ¢ [P]#1g, ©F 4 [h2]#15)
— s / F(S)A(DE [l |40 — OF  [hal#i0?)

feBLL(Y

= sup /Y ((f o @FlM])(@) — (f 0 F[h2])(0)) v ()

fGBﬂl

/ |©F g [ha]6 — @F o[R2]8)| Ao ()
<ol / / |l (72, B (7] ) — ha(r, z, B [1n]9)|dg (9)dr

<ot [ [ hr,a,0) — hatr,2.0) 7 (0)ar
0o Jy
<Ls|lh1 — h2||co,z
where L3 is defined in (A.7), which further implies that
doo (A, h](v1), Aln, ha](v1))
= sup da (D5, [Pl O [ha]##vg) < Ls(v)l[hn = halloo 1.
S
(iif) Continuous dependence on 7. Since vy € Co(X, M4 (Y)), we have v. € C(Z,C.

(X, M4(Y))). Based on the continuous dependence on the initial distributions proved
in (i), as well as a triangle inequality, it suffices to prove the case assuming

I/é< =1
Let vE € C(Z,B.(X, M4(Y))) with v = vy be the solutions to the fixed point
equations
Vt:A[nuh]Vta VtK:A[nKuh]ytKv tel,
where n = (nK)7_,. Assume
lim deo(n, 7% =0, ¢=1,...,r
K—o0
In the following, we show
lim doo (A[n, hlve, A" hlvE) =0, tel.
K—o0
By the triangle inequality,
d (v}, V(") =daL (D7 o[n, v ] 415, D7 o™ v T41%)
(B.3) <dpL(®F[n", v1prg, PFoln™ v 4r5)
+ deL(®F o[, v ] w1, BF [0, v ] 4 1).
From (A.4) it follows that
[WK TG, @ o™ vE]pv5)

dgL (P
/ B2 10 116 — B2 o', E V0l (6) = BX (1),
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t
(B.4) §L2,K(’I7K)||I/.||eL1‘K(U'K)t/ oo (7, VI )e L1k (27
0

T

where the index K in the constants indicates the dependence on K.
We now estimate the second term. By (A.1),

g (D7 o[, v ] w5, BF [0, v ] 41)

~ swp / FA(DE o v ] — BF o[ v ]t
feBL(Y)

- sw / ((f 0 ®2 o[, 1])(6) — (f o BF o, v])(@)) dvi (6)

feBL(Y)JY

< [ 18500110 — BTl 10)lag (6) = 4K (1)
Y

-,

S /Y /O (V[nv V'](T5 €T, (1)723,0[777 V]d)) - V[T], V.](T, x, (1)723,0[771(; y]¢))d7

“)

S/Y/O [Vin,v](r, 2, %, v]e) — Vin, v](r, 2, ®L 0", v.]¢) | drdig (¢)

/0(V[Wﬂ/-](ﬂI,‘Pf,o[mu]sb) = V™, v](r,z,®7 o[, v]e))dr| dvg (¢)

i (9)

/0 (VIn.v](r,z, 970", v]e) = VIn™, v)(1,2, 974 [n", v]¢))dr| dig (9)

+/ /t\v ,v)(r, @, ®L o [0, v]e) — V™, v](r, 2, % o [n", v]¢)| drdif (¢)
<L(v //\@Ton, L o[, v]o| dvf (¢)dr
//\Vn, (1,2, % o [n", v]o) — Vi, v](r, 2, % o [0, vE]¢)| dv§ (¢)dr
+ / / VI, 2], 2, 82,0, 5 10) — VI, v (2, 02 o [0, vK]6) | dv (6)dr
//\v V), 0% v 18) — VI v (e, @0 1)6) | dvg (¢)dr
ngw.)/% 7 + Ly (v //\@ V16— @2 o[ 16| dvg (¢)dr
+/ / \Vin,vl(r,z,¢) — V™, v](r,z,¢)| v (¢)dr
+ L1 k(v //]@ 0™ vEe — L o [0, v]o| dvf (v)dr
—Li(v) / VK (F)dr + (L) + Lix (1)) / BX (r)dr
/ / \Vin,vl(r,2,¢) = VIn™,v](r,2,¢)| dvf" (¢)dr.
To obtain further estimates, let

:/YyV[n,u.](r,x,¢)_V[nK,u.](r,x,¢)]dV:(¢)
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By the triangle inequality,

/0 /y Vinvl(r,z,¢) = VIn"™,v](r,z,¢)| dvf*(¢)dr
K K
< /0 e (T)dr

t
+
0

Recall that

sup nf’m(Y) < sup (nf(Y) + doo (17, nf’w)), L=1,...,r
rzeX rxeX

/Y Vin, v)(r 2, 8) — VIS, v)(r,2,6)] d@E=(6) — v2(6))| dr.

Moreover, since

lim doo (v, 110) =0
k—o00

and

T T

S ell = W] < 3 deo ) 50, a5 K = oo,
£=1 =1

we have there exists some b > 0 independent of K such that

(B5)  sup(La(v)+ Lux(v)) b, sup(La(n, v, v5) + La(n v, v5)) <b.
KeN KeN

Let
fr(r,2,0) = [VIn,v](r,2,0) = VIn™, v](r,2,¢)| .
Using analogous arguments as in the proof for the limit [31, (A.2)], we have

dm_sup |fre (7,2, 0)] = 0,
which further implies that fx is bounded. Moreover, it follows from (A.1) again that
\fx (T, 2,0) = fr(T,2,0)|
<|Vinvl(r @) = Vinvl(r,z,0) + [Vin™ v](r,z,0) = VIn™ v](r,z, )|
S(Ly + Ly k)le — ¢ < blp — 4.

Further, by (A.1), one can show that fx(7,x, ) is bounded Lipschitz continuous in
¢ with some constant b > 0 such that

sup sup sup BL(fx (7, z,-)) < b.
KeNTteZTzeX

Hence
[ Wdtrae.0) = Vi, ) a2 6) - v @)
Sg/t gL (v)5F, vF)dr.
This flolrther implies that
VK1) <Ly /t ~E(r)dr + b/t BE (r)dr +3/t dg (V5 7Y dr + /t CK(r)dr.
By Gronwalol’s inequality, Wg have ’ ’
VK () < elt (b /Ot Be(T)dT +8/0t dgL (VE7  v®)dT + /Ot gf(T)dT)

Hence by (A.4), (B.3), (B.4), and (B.5), we have for ¢t € Z,
deL(vF,v{*) < By (8) + 7o' (8)
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t t t
<BE(t) +elnt (b / Be(T)dT 4+ b / deL (VE, v®)dr + / gf(ﬂm)
0 0 0
t
<Laxlv| [ P v
0
t R t t
+eL1tb/ Bz(r)d7'+beL1t/ dBL(Vf_(’I,Vf)dT—Feth/ K(rydr
0 0 0
t
<(b— Ly)|v | / L) g (K )dr
0
t T
+eL1tb/ (b—L2)||V.H/ e~ L= g (VK o)dsdr
0 0
N t t
+ bet / gL (v)57, 2 )dT + e / ¢S (r)dr
0 0

t
g(b—L2)||y.||(1+eL1tbt)/ =L g (K 3 Vdr
0

t t
+ bet / dpL (v)57 , v2)dT + e / ¢S (r)dr
0 0

t
g(b—Lg)Hu.H(l—i—bT)eth/ b=L=) g (K i
0
t
+beL1t/O dBL( o s T)d7'—|—eL1t/ CK

t
<Li [ o va)dr 4 BT / CK (r)dr
0 0

where Ly = e (b — Ly)||v.|| (1 + bT) + e“17b. By Gronwall’s inequality,
¢
dovi ) < 40T sup [ (K (rydr
zeX Jo
To show lim g o0 do (5, v.) = 0, it suffices to show
T
lim sup/ K (rydr =o.
K—oogex

For every t € Z, define Uy = sup ¢ x Vf:

(E) = sup vy (E), VE € B(Y).
zeX

Since v € B(X, M4 (Y)), it is easy to show that 7, € M, (Y). By Fatou’s lemma,

sup (K —sup/ Vi, w)(r,2,8) — VIS, v)(r, 2, 6)| dv2 ()
zeX zeX
< sup / Vi v)(r 2, ¢) — VIS, vl(r, 2, )| 45, (9)
zeX JY
< / sup |V, v](r,2,6) — VK, v](r, 2, 6)| 4o, (9)
Y ze€X

Since v. € B(Z, M4 (Y)), we have v. € B(Z, M4+ (Y)). Using analogous arguments as
those for proving [31, Proposition 3.2], we have

T T
sup/ Cf(r)dTS/O sup (X (r)dr

zeX JO rzeX



o

sup |V[n,v
rzeX

J(rz, ¢) —

VE ON DHGM

V™, v](r,2,6)| dvr(9)

dr — 0,

as K — oo.
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