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Abstract

We formulate and prove a Bott periodicity theorem for an ¢P-space (1 < p < o0). For
a proper metric space X with bounded geometry, we introduce a version of K-homology at
infinity, denoted by K°(X), and the Roe algebra at infinity, denoted by C% (X). Then the
coarse assembly map descends to a map from limy ., K°(P4(X)) to K« (C% (X)), called the
coarse assembly map at infinity. We show that to prove the coarse Novikov conjecture, it
suffices to prove the coarse assembly map at infinity is an injection. As a result, we show
that the coarse Novikov conjecture holds for any metric space with bounded geometry which
admits a fibred coarse embedding into an /”-space. These include all box spaces of a residually
finite hyperbolic group and a large class of warped cones of a compact space with an action
by a hyperbolic group.
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1 Introduction

The Novikov conjecture claims that the higher signatures of closed oriented smooth manifolds are
invariant under orientation preserving homotopy equivalences. It is implied by the injectivity of
the Baum-Connes assembly map [2]. The coarse Novikov conjecture, as a geometric analogue of
the Novikov conjecture, is the injectivity part of the coarse Baum-Connes conjecture [12, 18]. It
offers a technique to determine when an elliptic operators higher index on a noncompact com-
plete Riemannian manifold is nonzero. A detailed survey on the coarse Novikov conjecture can
be found in [31].

In [4], X. Chen, Q. Wang and G. Yu generalized Gromov’s notion of coarse embedding into
Hilbert space and introduced the notion of fibred coarse embedding (see Definition 2.4) and
showed that if a discrete metric space X with bounded geometry admits a fibred coarse em-
bedding into Hilbert space, then the maximal coarse Baum—Connes conjecture holds for X. Later
in [8], M. Finn-Sell showed that the coarse Novikov conjecture also holds for X in such a case.

Our main theorem in this paper states as follows:

Theorem 1.1. [Theorem[2.5]] Let X be a metric space with bounded geometry. If X admits a fibred coarse
embedding into an (P-space for some p € [1,00), then the coarse Novikov conjecture holds for X, i.e. the
coarse assembly map

o lim K (P(X) = K.(C*(X))

is injective.

Warped cones over actions of hyperbolic groups and box spaces of residually finite hyper-
bolic groups are typical examples to which our main result appies. A sequence of nested normal
subgroups {I';} of a residually finite group I is said to be a filtration if the sequence has trivial
intersection. The box space of I associated to a filtration {I';}, denoted by Box T, is the coarse
disjoint union | |I'/T;, where each quotient is equipped with the word length metric. Warped
cones are metric spaces introduced by J. Roe [20] from discrete group actions on compact met-
ric spaces. Typically, let I be a finite generated group, M a compact Riemannian manifold. The



warped cone for (I', M), denoted by Or (M), is constructed from the action I on M by diffeomor-
phisms. It is a metric space whose underlying topological space is the open cone OM on M, but
whose coarse geometry produces large groups of translations. The second section will have a
comprehensive introduction for warped cones.

In [22], D. Sawicki and J. Wu found a relationship between fibred coarse embeddability of
warped cones and existence of proper affine isometric actions of discrete groups on Banach
spaces. They proved that if (I, M) is free and admits a linearization by unitary operators in a
Hilbert space H and I' admits a proper affine isometric action on H (i.e., I' is a-T-menable), then
Or(M) admits a fibred coarse embedding into Hilbert space. The result still holds if we replace
the Hilbert space with an ¢7-space. The same question is also considered by Q. Wang and Z. Wang
in [24]. They provided a different proof for the case of ¢¥ spaces and replace the conditionI' ~ M
is free by that M is required to contain a dense and free orbit of I' in their paper.

As corollaries, we have the following results:

Corollary 1.2. Let T be a finite generated discrete group and let M be a compact manifold. Assume that
the action of I on M is linearisable in an {P-space and I ~ M is free (or M contains a dense free orbit). If
I' admits a proper affine isometric action on an {P-space, then the coarse Novikov conjecture holds for the
warped cone Or(M).

Combining the result in [3,121,130], we also have

Corollary 1.3. Let T be a finitely generated residually finite hyperbolic group, and G = T((T,)) the
corresponding profinite completion. Then the coarse Novikov conjecture hold for Or(G) and any box apace
BOX{rn}r.

We now give a short explaination about serveral key ingredients in our proof. We briefly
recall the proof of the maximal coarse Baum-Connes conjecture for a metric space which admits
a fibred coarse embedding into a Hilbert space in [4]. The authors firstly reduced the issue to
proving the maximal coarse Baum-Connes conjecture at infinity for the coarse disjoint unions of
finite metric spaces. By using a geometric Dirac-dual-Dirac argument, they further reduced the
problem to a twisted version of coarse Baum-Connes conjecture at infinity by using a C*-algebra
constructed in [11]. Then the theorem follows by using a cutting and pasting argument of G. Yu
introduced in the Section 6 of [29]. We try to follow the outline of their proof, however there are
servarl problems.

For the first step, we need to use a Mayer-Vietoris argument and Five Lemma to reduce the
problem to ‘infinity’. First of all, a coarse Mayer-Vietoris argument in [13] enables us to just
take into consideration of the coarse Baum-Connes conjecture for coarse disjoint unions of finite
subsets. For the case when X = | ], X, where each X, is finite, one can use the following



diagram, see [4]:

0 0
lim K. (Py(Xn,)) @ @5y, Ke (Pa( X)) ———=K.(K)
lim K, (P4(X)) & Ki(Criax(X))
d—oo
(b*
. [Tien K (Pa(Xn Hoo *
a}l—>nolo Boon K((P‘;((X)))) Ko (Corax oo (Fa(Xn)))
0 0

The vertical sequence on the right side is exact only when we take the maximal norm and the top
horizantal map is an isomorphism. Then it suffices to prove the assembly map at infinity o is
an isomorphism.

However, when we consider the coarse Novikov conjecture for certain spaces, the coarse
Mayer-Vietories argument above does not work anymore as the Five Lemma fails if we only
have the injectivity part of the assembly map y. The argument holds only for a coarse disjoint
union of a sequence of finite metric spaces X = | |, Xin. One can still reduce the coarse Novikov
conjecture for X to “infinity” by using the following diagram, see [25, 26].

0 0
lim K. (Py(Xn,)) @ @5y, Ke (Pa(Xn)) ———Ki(K)
lim K, (P;(X)) & K.(C*(X))
d—ro0
(b*
 Tlhen Ke(Pa(X, Hoo *
Jim T Ko(CinlPa(X,))

0

Notice that i, : K,(K) — K.(C*(X)) is injective only when X is a coarse disjoint union of finite
spaces, see [16]. By using a diagram chasing argument, to prove y is injective, it suffices to prove
Ueo 1S injective.



For the general case (especially the case when X can not be seen as a coarse disjoint union of finite met-
ric spaces), in order to make the whole progress work well, we introduce a notion of K-homology
at infinity for a locally compact Hausdorff space and a notion of Roe algebra at infinity for a
proper metric space in Section 4 and construct the following diagram:

TTs

lim K, (Py(X)) —"> lim K®(Py(X)) .

d—o0 d—o0

ul lym

Ko (C*(Pa(X))) —= K (CL(Pa(X)))

A metric space with bounded geometry is said to admit an infinite coarse component if there exists
R > 0 such that the Rips complex Pg(X) has an unbounded component. It is an opposite state-
ment to the coarse disjoint union (see Proposition[5.5). We prove that 77, is an injection if X admits
an infinite coarse component. Thus we can still reduce the Novikov conjecture for X to proving
Hoo is injective in this case. Moreover, we show in Section 5 that our construction coincides with
the construction in [4] for the coarse disjoint union case. This means that we can always reduce
the coarse Novikov conjecture to “infinity” by using our construction (see Theorem[5.7).

For the second step, we need to construct a twisted version of the coarse Baum-Connes con-
jecture by using an algebra associated with B = ¢/(IN,R) for p € [1,0). As B is of property (H)
introduced by G. Kasparov and G. Yu in [14], we wanted to use the C*-algebra Q((A,®K),en)
introduced in [5, [14] to solve this problem. For any a € Q((A,®K),ecn), we shall need a C*-
isomorphism t* : Q((A,®K)nen) — Q((A,RK)nen) associated to an affine isometry ¢t on B
to translate the support of a. However, Q((A,®K),enN) is built by using a dense subspace of B
which may not be invarinat under ¢. To solve this problem, we construct a new algebra .A(B) for
an (P-space B = ((IN,R) in Section 3. Our construction is inspired from the paper of S. Gong,
J. Wuand G. Yu [10] for the case when p = 2. We construct a Botthomomorphism B, : S — A(B)
associated with a base point xg € B by using the p/2-Holder extension of the Mazur map intro-
duced by E. Odell and T. Schlumprecht in [15] and extended by Q. Cheng in [6]. We show that the
Bott homomorphism induces an isomorphism on K-theory which does not depend on the choice
of the base point, i.e., (Bx, )« : Ki(S) — K. (A(B)) is an isomorphism for any xg € B (see Theorem

B.15).

Actually, it has been pointed out in G. Kasparov and G. Yu’s paper [14] that the Bott periodicity
theorem holds for ¢P-spaces. Indeed, the Mazur map can be extended to a homeomorphism
between ¢7(IN,R) and ¢*(IN,R) and the Bott periodicity for /*(IN,R) has been proved in [11].
However, the constructions in [11] and [14] also rely on a dense subspace of ¢ (IN, R) which is
sightly different from ours.

This paper is organized as follows. In Section 2, we briefly recall the Roe algebra and Yu's
localization algebra, and states the coarse Novikov conjecture. After that we go over the concept
of warped metric and warped cones introduced by John Roe [20]. In Section 3, we introduce an
algebra A(B) associated with B = ¢?(IN, R) and calculate its K-theory. It will play an important
role in the following proof. In Section 4, we introduce K-homology at infinity, Roe algebra at
infinity and the coarse Novikov conjecture at infinity for a proper metric space. In Section 5. we



compare the case of coarse disjoint union and the case of spaces which admit an infinite coarse
component, and reduce both cases to the coarse Novikov conjecture at infinity. In Section 6, we
define twisted algebras at infinity and compute their K-theories by using a cutting and pasting
technique introduced by G. Yu in [29]. In Section 7, we define the Bott map and complete the
proof.

2 The coarse Novikov conjecture

First of all, let us recall the definition of the Roe algebra and the coarse Baum-Connes assembly
map for a proper metric space (cf. [2,/18,119]) in this section.

Assume that (X,d) is a proper metric space. For § > 0, a é-net of X is a discrete subset
of X; C X such that there exists ¥ > 0 such that d(x,x’) > r for all distinct x,x’ € X; and
Uxex, B(x,8) = X. Moreover, X is said to have bounded geometry if X contains a net X; with
bounded geometry for some 6 > 0, i.e., for any r > 0 there exists N > 0 such that any ball of
radius r in X contains at most N elements.

We denote Cy(X) to be the C*-algebra of all continuous functions on X which vanish at infinity.
A separable infinite-dimensional Hilbert space Hx is said to be an X-module if Hx is equipped
with a non-degenerate *-representation 77 : Co(X) — B(Hx). Moreover, Hy is said to be ample if
no non-zero element of Cy(X) acts as a compact operator.

Definition 2.1 ([18]). Let Hx be an ample X-module and T € B(Hx).

(1) T is said to be locally compact if fT and T f are compact operators for any f € Cy(X);

(2) The support of T, denoted by supp(T), is defined to be the set of all points (x,y) € X x X
such that for all f, g € Co(X) with f(x) # 0and g(y) # 0, we have that fTg # 0;

(3) The propagation of T is defined to be

Prop(T) = sup{d(x,y) | (x,y) € supp(T)} € [0, c].
Moreover, T is said to have finite propagation if Prop(T) < co.

(4) The algebraic Roe algebra of X, denote by C[X, Hx| (or simply C[X]), is defined to be the
x-algebra of all finite propagation locally compact operators on Hx.

(5) The Roe algebra of X, denoted by C*(X, Hx) (or simply C*(X)), is the norm closure of C[X]

Note that C*(X, Hx) does not depend on the choice of X-module Hx up to a non-canonical *-
isomorphism [13]. Hence, it is convenient to discuss the following specific X-module. Let Z C X
be a countable dense subset of X and H be a fixed infinite dimensional Hilbert space. We denote
K(H) to be the set of all compact operators on H. We define Hx = ¢*(Z) ® H to be an ample X-
module equipped with the pointwise multiplication representation of Co(X) on ¢2(Z). It is easy
to check that Hy is ample.



Definition 2.2. Define C¢[X] to be the set of all bounded functions T : Z x Z — K(H) satisfying
the following conditions:

(1) for any bounded subset B C X, the set

#{(x,y) € (BxB)N(X x X) [ T(x,y) # 0} < oo;

(2) there exists L > 0 such that
#Hy e Z|IT(xy) #0} <L,  #HyeZ|T(y,x)#0} <L
forall x € Z;
(3) there exists R > 0 such that T(x,y) = 0 whenever d(x,y) > R for x,y € Z.
Notice that C¢[X] can be viewed as a dense *-subalgebra of C[X, Hx] in C*(X), where the

algebraic operation of C¢[X] is given by viewing T € C[X] as Z-by-Z matrix. In this sequel, we
will use C¢[X] to replace C[X] to define the Roe algebra of X.

We next recall the assembly map y for the Roe algebras. Let X be a proper metric space.
Recall that the K-homology groups K;(X) = KK;(Co(X),C) (i = 0,1) are generated by certain
cycles modulo certain equivalence relations

(1) a cycle for Ko(X) is a pair (Hx, F), where Hx is an X-module and F is a bounded linear
operator acting on Hx such that F*F — I and FF* — I are locally compact, and ¢F — F¢ is
compact for all ¢ € Co(X);

(2) acycle for K;(X) is a pair (Hy, F), where Hy is an X-module and F is a self-adjoint operator
acting on Hy such that F? — [ is locally compact, and ¢F — Fg is compact for all ¢ € Cy(X).

Let (Hx, F) represent a cycle in Ko(X). For any R > 0, one can always take a locally finite,
uniformly bounded open cover {U; }c; of X such that the diameter of each U; is no more than R.
Let {¢;}ic] be a continuous partition of unity subordinate to the open cover {U;};c;. Define

1 1
= Z(pl?z:(pz?,
1

where the sum converges in the strong operator topology. It is not hard to see that (Hx, F) and
(Hx, F') are equivalent via (Hy, (1 — t)F + tF’), where t € [0,1]. Note that both F’ and F’? — 1
have finite propagation, so F’ is a multiplier of C*(X) and F’ is invertible modulo C*(X). Hence
F’ gives rise to an element, denoted by d([F']) in Ko(C* (X)), where

9 : Ky (M(C"(X))/C*(X)) = Ko(C*(X))

is the boundary map of K-theory, and M(C*(X)) is the multiplier algebra of C*(X). We define the
index of (Hy, F) to be d([F']). Similarly, we can define the index map from K; (X) to K1 (C*(X)).
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Now we are ready to introduce the coarse Baum—Connes assembly map for a metric space
with bounded geometry.

Definition 2.3. Let X be a discrete metric space with bounded geometry. For each d > 0, the Rips
complex of X at scale d, denoted by P;(X), consists as a set of all formal sums

z=) tx

xeX

such that each t, is in [0,1], such that }_,cxty = 1, and such that the support of z defined by
supp(z) := {x € X |ty # 0} has diameter at most d.

We will next discuss the semi-simplicial metric of the Rips complex of X. One can find more
details of Rips complex in the section 7.2 of [27]. We shall first define the spherical metric ds
on P4(X). On each path connected component of P;(X), the spherical metric is the maximal
metric whose restriction to each simplex {}_ ,t;x; | t; > 0,);t; = 1} is the metric obtained by
identifying the simplex with S' via the map

tn
Dxl (\/zl o \/otz)

where S = {(x0,- -+ ,x4) € R | x,>0,Y%, xi2 = 1} endowed with the standard Riemannian
metric on the unit n-sphere.

For any x,y € P;(Z), a semi-simplicial path ¢ between x and y is a finite sequence of points

X = X0, Y0, X1, Y1, s X, Yn =Y

where x; and y; are in X for eachi = {1,--- ,n}. The length of J is defined to be

M:

1(6) = ) d(xiyi) + Z ds(Yi, Xiy1)

0 i=0

We define the semi-spherical metric dp, on P;(X) by
dp,(x,y) = inf{l(J) | J is a semi-simplicial path between x and y}.

One can check that (Py(X), dp, ) identifies isometrically with (X, d). Moreover, it has been proved
in [27, Proposition 7.2.11] that the canonical inclusion iy : X — P;(X) is a coarse equivalence for
eachd > 0.

If d < d', then Py(X) is included in Py (X) as a subcomplex via a simplicial map. Passing to
inductive limit, we obtain the assembly map

p lim Ko (Pa(X)) = lim K. (C7(P4(X))) = K.(C*(X).

d—o0

The coarse Novikov conjecture. If X is a discrete metric space with bounded geometry, then the coarse



assembly map
W dlim K. (Ps(X)) = K. (C*(X))
— 00
is injective.

To state our main theorem, we will also need some preparations of coarse geometry and group
actions. Recall that a metric space (X, d) is said to admits a coarse embedding into a Hilbert space
if there exists amap f : X — H and two non-decreasing unbounded functions p_, p : R — R
such that

p—(dx(x,x")) < | f(x) = F() I < pr(dx(x,x)).

The concept of fibred coarse embedding is introduced by X. Chen, Q. Wang and G. Yu in [4] as a
generalization of coarse embedding. In this paper, we will only focus on the case when a space
admits a fibred coarse embedding into a real /P-space as following:

Definition 2.4 ([4]). Let p > 1 and let B denote the real Banach space ¢/(IN,R). A metric space
(X, d) is said to admit a fibred coarse embedding into B if there exists

¢ a field of Banach space (By)yex over X such that each By is isometric to B;
e asections: X — | |,cx By, ie. s(x) € By foreach x € X;

* two non-decreasing functions p_ and p from R} to Ry with lim,_,e p+(r) = o0

such that, for any R > 0, there exists a bounded subset K C X for which there exists a trivializa-
tion
tX,R : (BZ)ZGB(X,R) — B(x, R) X B

for each x € X\K, that is, a map from (B:).ep(x,r) to the constant field B(x, R) x B such that t, g
restrict to the fibre V. is an affine-isometry t, g(z) : V. — V, satisfying the following conditions:

(1) forany zy,z € B(x,R),
p—(d(z1,22)) < [[tyr(z1)(s(21)) — tr,r(22)(s(22)) [|p < P4 (d(z1,22));

(2) forany x,y C X\Kwith B(x, R) N B(y, R) # @, there exists an affine-isometry t,, g : V. — V
such that t, r(z) o ty’lla(z) = ty,r forall z € B(x,R) N B(y, R). O

Notice that for x € X and R’ > R > 0, if there exists two trivilizations t, g and t, g for B(x, R)
and B(x, R'), respectively. Without loss of generality, we may assume that
terB(x,R) = txR-
For the notational convenience, we denote t, and t,, for all {, g and ¢, r, respectively.

In the rest of this paper, we will prove the following theorem:

Theorem 2.5. Let X be a discrete metric space with bounded geometry. If X admits a fibred coarse embed-
ding into an £P space, then the coarse Novikov conjecture holds for X.



2.1 Warped Cones and proper affine isometric group actions

In this subsection, we shall recall some basic notions of warped cones and proper affine group
actions (cf. [20,21]). These are prominent examples of spaces which admit a fibred coarse embed-
ding into an ¢?-space.

Let (Y, dy) be a compact metric space. The open cone of Y, denoted by OV, is the set Y x [1, o0)
with the metric dpy defined by

: dy (y1,
dox(n, 1), (2 2)) = 1 — 2]+ min{y 1) - F22)

Let (X, dx) be a proper metric space, I a finite generated countable group acting by homeo-
morphisms on X and S C I a finite generating set. The warped metric ér on X is defined to be
the greatest metric satisfying that

or(x,x") <dx(x,x') and dr(sx,x) <1

for any x,x' € X and s € S. The warped metric on X always exists and the coarse structure
induced by the warped metric does not depend on the choice of generating set S for I (see [20,
Proposition 1.7]). For any y € T, let |y| denote the word length of v relative to the generating set
S. Let x, x' € X, the warped distance between from x to y is [20]

N-1
or(x,x') = inf{ Y d(yixi, xi1) + vil |[x = x0,x1,- -+, xy =X € X, 7i € F} :
i=0

Definition 2.6 ([21]). Let (Y, dy) be a compact metric space and let I be a finitely generated group
acting on Y by homeomorphisms. The warped cone of Y, denoted by Or(Y), is the open cone OY
with the warped metric, where the warping group action is defined by (y,t) = (yy, t).

Definition 2.7 (P. C. Baayen and J. De. Groot [1]). A group action I' ~ Y is said to admit a
linearization in Banach space B if and there exists an isometric representation of I' on B and Y
admits a bi-Lipschtz equivariant embedding into B

One is referred to the section 3.1 in [22] for more informations about linearization.

For a residually finite group, it is well-known that the coarse geometric properties of the box
sapces Box(I') are closely related to the analytic properties of I'. A summary of the relationship
can be found in [3,/7]. Actually, similar results also appear in the relationship between the coarse
geometric properties OrY and the dynamical and analytic properties of I':

Theorem 2.8. Let I be a finte gnerated group and (Y, d) a compact metric apace. Assume that there is a
free group action ' Y.

(1) The warped cone OrY has property A if and only if the action I ~ Y is amenable.
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(2) Assume moreover the action T ~ Y admit a linearization in the real Banach space (¥ (IN,R) for
some p > 1. If T admits a proper affine isometric action on £F (N, R), then OrY admits fibred coarse
embedding into ¢ (N, R).

The first term of the theorem above is proved by combining [20, Theorem 3.4] and [22, The-
orem 4.2]. The second term is proved in [22, Theorem 3.2] for the case of p = 2. Actually their
prove also holds for any p > 1. One can also find another proof in [24, Theorem 3.2] for the case

of p #2.

In the last of this section, we introduce a typical example constructed by profinite completion:

Examples 2.9. Let I be a residually finite group and {I',}$° ; a decreasing sequence of finite
index normal subgroups with N;;_; T, = {e}. We denote the quotient group by G, = IT'/T',,. The
identity map of I induces an group homomorphism G, — G,_; for each n € IN. Then we have
the following sequence:

GG — G~ L

We denote T'((T',)) the inverse limit of this sequence and call it the profinite completion of I with
respect to (I',). It is well-known that T((I',)) is a compact metrizable group containing I' as a
dense subgroup and T acts freely on T'((T,,)) by left multiplication and admit a linearization in
¢P(N,R) forany 1 < p < oo ([22, Lemma 3.19]).

If I admits a proper affine isometric action on 7 (IN, R) for some p > 1, then the warped cone
Or(I'((T',))) admits a fibred coarse embedding into ¢7(IN, R).
Combining with Theorem[2.5] we have the following corollaries:

Corollary 2.10. Let I" be a countable discrete group, Y be a compact metric space with a free T-action.
If this action admits a linearization in the (¥ (IN,R) and T admits a proper affine isometric action on
¢P(IN,R) for some p > 1, then the coarse Novikov conjecture holds for OrY.

G. Yu proved hyperbolic groups always admits a proper affine isometric action on ¢#(IN,R)
for a sufficiently large p > 1 in [30, Theorem 1.1]. In particular, we have the following:

Corollary 2.11. Let T be a finitely generated residually finite hyperbolic group, and G = T((T,,)) the
corresponding profinite completion. Then the coarse Novikov conjecture holds for Or(G).

3 A Bott periodicity theorem for ¢” spaces

In this section, we will introduce a C*-algebra .A(B) associated to a given real Banach space B =
¢P(N,R) and calculate its K-theory.

In [14], G. Kasparov and G. Yu introduced a C*-algebra for Banach space with Property (H).
They pointed out that its K-theory can be calculated if the base space is an /7-space. We provide a
detailed proof in this section. We would like to mention that our construction is slightly different
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from theirs. The C*-algebra A(X) in [14] is generated by some certain functions on a dense
subspace V of B. To build the twisted algebras in Section 6, for any affine isometry in Definition
we shall need a C*-isomorphism associated to the affine isometry to translate the support of
a function in A(X). However, the affine isometries in Definition 2.4 may not preserve the dense
subspace in [14]. Our construction A (B) will circumvent this problem.

3.1 A Clifford algebras for a Hilbert space

In this subsection, we will recall the definition of Clifford algebras for Hilbert spaces.

Let H be an infinite dimensional separable real Hilbert space. For each n > 0, denote

H"=COHOHO---OH,

n times

where ® means the algebraic tensor product over R and HE? = C. Then 2" is equipped with
a natural structure of complex vector space. We define the complex inner product on H¢" by the
formula:

(1R @ RUp, 2 QWL R -+ @ Wy) =21 22+ (V1,W1) *+.. (Vy, Wy),

and denote HZ" the completion of H " under the inner product about. We denote 1@ 01 ® - - - ®
v, simply by v1 @ - - - ®@ vy,

Denote K" the closed subspace of HZ" which is spanned by
{vl Q- QUk — sgn(a)vg(l) Q-+ @ Vy(n) | v, ,0, € H,0isa k—permutation} .
Define the k-th complex exterior power of H to be the quotient Hilbert space
N'He = HE" /K",

where the equivalence class in A"Hc is always denoted by v A --- Av,. Let {e1,--- e, -}
be an orthonormal basis of H. Then the set {e; Aej, A---Ae;, | i1 < ip < --- < iy} gives an
orthonormal basis of A¥H¢. Define the antisymmetric Fock space:

NHe = @ /\kac.
kelN

For any v € H, we define the creation operator C(v) by

Co)(va A---ANvg) =0AVI A+ AUy

12



It is not hard to check that the adjoint operator defined by

1)+ 0, 0)01 A ABIA - Ay

M»

C*(v)(ry A+ Nog) =
1:1

We define a self-adjoint operator
0:=C(v)+C*(v) € B(AN"Hc)

for each v € H, then we have that
0 + 0t = 2(w, v).
The complex Cliiford algebra Cliffc () to be subalgebra of B(A*H¢) generated by {0 | v € H}.

If V is a linear subspace of H, then A*V¢ is clearly a subspace of A*H¢. Thus Cliffc (V') can be
naturally viewed as a subalgebra of Cliffc (#).

Proposition 3.1. Let {V, },en be an increasing sequence of finite-dimensional Hilbert space such that
Unen Va is dense in ‘H. Then
lim Cliff¢ (V) = Cliffc (H).

n—00
Proof. For each n € IN, we can view Cliff¢ (V) as a subalgebra of Cliffc (# ). It suffices to prove

| CQliffc (V) = Cliffc(H),
neN

which follows directly from the fact that ||9 ||y, (1) = [|0/|% and Upen Va = H- O

Remark 3.2. Actually, there is another way to construct the Clifford algebra for H. Let 7 (H) =
@ H" be tha complex algebraic tensor algebra of H. Let I be the ideal of 7 (#) which is
generated by {v @ v — [|v]|3, - 1| v € H}. Denote CI(H) the quotientalgebra 7 (#)/I. Asalinear
space, T (H) is also a dense subspace of the Hilbert space &5 HE". Denote by H(CI(H)) the
completion of CI(#) under the inner product induced by &5 H&". Then CI(#) has a canonical
faithful representation by the left multiplication on H(CI(#)). Then the Clifford algebra

Cliffc (H) = CI(H) I

where the norm || - || is given by the canonical representation on H(CI(H)).

3.2 A C*-algebra associated with a real /¥ space

Fix 1 < p < o0 and denote B = ¢(IN,R) to be the real Banach space. Specially, we denote
H =12 (IN R) the real Hilbert space. We define the sign function sgn : R — R by the formula

(a) 0 ,a=20;
sgn(a) =
& ala|™t ,a #0.
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Denote by S(B) the closed unit sphere of B. Recall the Mazur map ¢ : S(B) — S(# ), defined by
Plar,an, ) = (sgn(a)laa’2, - sga(an)lanl2 ),

is a uniform homeomorphism, i.e., the r-oscillation of i and 1,[7*1 tend to 0 as 7 tends to 0, where
the r-oscillation of ¢ is defined to be

w(¢) = sup [ (x) = ().

x,x'€S(B),||x—=x||p<r

We consider the p/2-Holder extension of the Mazur map 3, which is a map ¢ : B — H defined by

0 ,x=0;
xX) =
o 1052y (215 2x) = #o.

Actually, we have the following uniform homeomorphism extension theorem due to E. Odell and
T. Schlumprecht [15, Proposition 2.9] and Q. Cheng [6, Theorem 2.4]:

Proposition 3.3 ([6, [15]). For any R > 0, the extended Mazur map restricted on the ball (/>|BQUB(O,R) :
Ballg(0,R) — Bally (0,RP/?) isa uniform homeomorphism, i.e.,

Wy <¢|BallB(O,R)> — 0asr — 0.

As a corollary, ¢ forms a homeomorphism between B and H. When p = 2, the extended
Mazur map is the identity map on H.

Denote by R, = [0, c0). Let C(B x R, Cliffc (H @ R)) be the algebra of all continuous func-
tions from B x R to Cliffc (H @ R). We view Cliffc(H) as a subalgebra of Cliffc (H @ R) in the
following paper.

Definition 3.4. Define Cy,o(B x R, Cliffc (H @ R)) to be the subalgebra of C(B x R, Cliffc (H &
R)) consisting of all bounded functions f such that

f(x,0) € Cliffc(H) C Cliffc(H @ R)
for all x € B.

Definition 3.5. For any xo € B, we define the Clifford operator Cy, € C(B x R, Cliffc(H ¢ R))
by
Cyo(x,t) = (¢(x —x0),t) € HS R C Cliffc(H & R)

forany x € Band t € Ry.

We denote Co(IR )¢, (or Co(IR),44, respectively) the subset of Cy(IR) of all even (or odd, respec-
tively) functions. For any Hilbert space H, we next define the functional calculus of Cliffc (H):
for any f € Co(R)., and v € H C Cliffc(H), we define f(v) = f(||v||) € C C Cliff¢(H) and for

14



g € Co(R),44, we define the functional calculus by

0 ,o=20
)= {g(v)” £

o]
where ¢(v) is an element of Cliff¢ (H).

Lemma 3.6. Forany xo € Band f € Co(IR), the Bott map B, is defined by functional calculus such that

(Bxo () (x,8) = f(Cxy (%, 1)),

foreach x € Bandt € R.. Then By, gives a graded homomorphism from Co(R) to Cp, o(B x R, Cliffc (H @
R)).

Proof. Combining the definition of the functional calculus and the fact that ¢ is continuous, it is
obvious that By, (f) is continuous. O

Definition 3.7. The algebra A(B) is the C*-subalgebra C;, (B x R, Cliffc (H @ R)) generated by

{Bx(f) | x € B, f € Co(R)}.

Let W be a subspace of B, the algebra A (B, W) is defined to be the C*-subalgebra of A(B) gener-
ated by

{B:+(f) | x € WC B, f € Co(R)}.
Lemma 3.8. Fix f € S.

(1) Forany e > O, there exists 6 > 0 such that

1Bx(f) = By(f)ll < e
whenever x,y € B satisfies ||x — yl|, < 6.

(2) Asa corollary, let {x,} € B be a sequence which converges to xo € B. Then

lim (B, (F) — By (F)]] =0

foreach f € Co(R).

Proof. Let fo and f; be the even part and odd part of f. There exists R > 0 such that |f ()| < &/2
for all || > R.

Case 1. For the even part, by definition, for each x,y,z € B, we have that

1(Bx(fo) = By(fo)) (2 )l = | folICx(z )]} = fo(lICy(z H)I])]-
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If (z, t) satisfies that both ||Cy(z, t)|| and ||C,(z, t)|| are greater than R, then

follICx(z )1 = folllCy(z DI < [fo(lICx(z D]+ [folICy(z HIN] < e.

Notice that ||[Cy(z,t)|| = ([l¢(z — x)|> + )2 = (||z — x||, + #*)!/2. If one of ||Ci(z,t)|| or
|Cy(z,1)| is less than R, without loss of generality, assume that ||C+(z,t)|| < R. Then ||z — x||}, <
R2. Notice that

/ /
1C<(z DIl = 1C, =Dl = (12— x5+ )2 = (|2 —ylh + )"

12
< (llz = xllp = 1z = ylI})
and

[z =xllp =z =yllp| < llx = yllp-

Set &g > 0 satisfying that |fo(t1) — fo(t2)| < 5 for all t,t, with |t — t2| < dp. As y(t) = tP
is uniform continuous in [0, RP/2 + 1], then there exists §; > 0 such that |t} — )| < 62 for all
t, tp € [0, RP/2+ 1] with |t — f2| < &1. Set 8, = min{é;, 1}. If [|x — y||, < be0, then both ||z — x|,
and ||z —y||, are in [0, RP/2 + 1] and we have that

folllCx(z D)) = follICy(z )] <

N[ ™

Case 2. For the odd part, assume that there exists § € Cy(IR),, such that f;(t) = tg(t). Such
elements are dense in Cp(RR),44- Then, by definition,

1(B=(f1) = By () (z )| =[|8(ICx(z ) 1) Cx (2 t) — g(ICy (2, ) Cy (=, 1) |

Iy
< [lg(lICx(z )II) = g(IICy (2, ) Cx (2, 1) |
+18(Cy(z )] - ICx(z,1) = Cy(z, 1]

Similarly, if both [|Cy(z,t)|| and ||Cy(z, t)| are greater than R, then

8(IICx(z, N Cx (2, 1) = g(ICy (2 HINCy(z )| < [AUIC(z O)ID] + [AIC, (2 O] <e.

If one of ||Cx(z,t)|| or ||Cy(z,t)|| is less than R, with a similar argument as above, we can find a
03 > 0 such that [g(||Cx(z,t)||) — g(|[Cy(z,t)||)| < 5% For the second term, we have that

1C:(z,t) = Cy(z, D) = ll¢(z — x) = p(z = y).

By Proposition[3.3] there exists 0 < 04 < lassociated with @|g,;, (o r/r41) Such thatif [[x —y[| <y,
then ||¢p(z — x) —p(z —y)|| < e Set Goda = min{d3, ds }, we Conclude that if ||[x — y||, < doqa,
then

1(Bx(f1) = By(f1))(z B)]| <

N m

forall (z,t) € Bx R.
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Set 6 = min{J.y, 6p44}, then

1B+(f) = By (NI < [1B+(fo) = By (fo)ll + [1Bx(f1) = By(f)ll < &
This completes the proof. O

Corollary 3.9. Let {W, },e be an increasing sequence of finite dimensional linear subspaces of B with
Unen Wy dense in B. Then

(1) A(B,B) = A(B) and A(B,W,) C A(B, Wy11);
(2) limye0 A(B, Wy) = A(B,Upeny W) = A(B, Upens Wa).

Proof. The first term and the first equality in (2) are immediate from the definition. The second
equality in (2) comes from Lemma O

3.3 The K-theory of A(B)

In this subsection, we shall calculate the K-theory of A(B). We will show that the Bott map
(Bxy)+ = Ki(S) — K (A(B)) is an isomorphism for any xp € B. One can find a proof in [10,
Remark 7.7] for the case when p = 2. We remark that the Bott periodicity theorem holds for any
Banach space which is spherical equivalent to 2 by using a similar argument.

Let N, = {0,1,--- ,n} C N. We denote B, = /?(N,,R) and H,, = /?>(N,, R) to be the finite
dimensional subspaces of B and H, respectively. It is clear that |J;_q B, = B and U,_o H, = H.
Denote S = Cp(R) equipped with the grading according to even and odd functions.

Define Cp, (B, x Ry, Cliffc (H, & R)) to be the subalgebra of C,(B, x Ry, Cliffc(H, & R))
consisting of all bounded function f such that

£(x,0) € Cliffc(H,) C Cliffc (H, & R).

Since the Mazur map restricts to a uniform homeomorphism ¢, = ¢|p, : S(B,) — S(Hp), for any
Xo € By, we can still define the Clifford operator C¥ € C(B, x Ry, Cliffc(H, © R)) on B, by

Cy, (%, t) = (¢u(x — x0),t) € Cliffc(H, ©R),

where ¢, : B, — H, is the extended Mazur map of ¢, and x € B,, t € R;. The Bott map
% 0 S = Cpo(By x Ry, Cliffc (H, ® R)) is defined to be

(B% () (x,£) = F(Cy(x,1)).

Definition 3.10. Define A(B,,) to be the subalgebra of Cj (B, x Ry, Cliffc (H, & R)) generated
by
{Bx(f) | f € S,x € Bu}.
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Similarly, one can also define the Clifford operator on H, and A(H,) by taking p = 2. To
clearfy the notation, we write the Bott map for H, associated to v € H, by ,BUH”

Lemma 3.11. A(B,,) isa (B, x R )-C*-algebra.
Proof. Let Ay (B,) be the C*-subalgebra of .A(B,,) generated by

{B¥(f) [ x € By, f € Co(R)ev} -

Then A, (By) is a subalgebra of the center Z(A(B,)). Itis clear that B%(f) € Co(B, x Ry) for
any x € B, and f € Cy(R),,. For any different points (x1, t1), (x2, t2) € B, X R4 with t; < tp, we
have that

1Cx (21, 1) = [1a] < \/||x1 — 22[lp + 8 = ||Cy, (22, t2) ||
Choose a suitable f € Co(R)ep such that f(||Cy, (x1,11)|]) # f(I|Cx, (x2,2)]]), i-e.,
(B% (F) (x1,t1) # (B, (f)) (x2,t2)

By Stone-Weierstrass theorem, we conclude that A.,(B,) = Co(B, x Ry).

Forany f € C.(R), let fp € Co(R) be an even function such that fy(t) = 1 for all t € supp(f),
thus BL(f)BL(fo) = B4(f) for any x € By,. This means that Co(B, x R} ) - A(B,) is dense in A(B,,).
Then A(B,) is a (B, x R )-C*-algebra. O

In [14], G. Kasparov and G. Yu introduced a C*-algebra SC(B,,) associated with B,,. We briefly
recall the definition here. Denote C(B,,) = Cy(Bj, Cliffc(H,)) equipped with the grading induced
from Cliffc (H,). Denote SC(H,) = S®C(H,) to be the graded tensor product.

Theorem 3.12. With notations as above, A(By,) is isomorphic to SC(By,) for any n € N.

Proof. By definition, SC(B,) = {f®h | f € Co(R),h € Co(B,, Cliffc(H,))}. Define
B = {f € Co(Ry,Cliffc(R)) | f(0) € C}.

B is induced with the grading of Cliff¢ (R) = C & C, the scalar part and the vector part. We define
a homomorphism ¢ : S — B by the following formula:

(PUN(E) = feo()1 + foaa(t)e,

where f., and f,4; are respectively the even and odd parts of f and e is a unit vector of R. It is not
hard to see that ¢ is an isomorphism preserving the grading.

As a corollary, we have the identification:
SC(By,) = {f € Co(B, x Ry, Cliffc(H, ®R)) | f(x,0) € Cliffc(Vy,)},

where we view Cliffc (H, ) as a subalgebra of Cliff¢ (H, ®R). Notice that Co(B,, x Ry) = Co(R)ep ®
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Co(By) is a subalgebra of Z(SC(By,)), the center of SC(B,,), which makes SC(B,,) a (B, x Ry)-
C*-algebra.

Notice that A(B,) is a subalgebra of SC(B,). Indeed,

lim (B (f))(x,t) =0 and f(C(v,0)) = f(v) € Cliffc(V).

(x,t)—o00

It suffices to prove A(B,,) is dense in SC(B,). As both algebras are (B, x R, )-C*-algebras, it
suffices to prove the fiber of A(B,,) at (x,t) is the same as SC(B,,) for any (x,f) € B, x Ry. The
fiber of A(B,) at (x,t) is given by

A(Br)/Co(Bn x R\{(x,£)}) - A(Bn) = Cliffc(H, & tR),

0 ,t=0;
R =
R ,t#0,

which is actually same as SC(B;,). We then finish the proof that A(B,,) = SC(B,). O

where

Corollary 3.13. The Bott map induces an isomorphism on K-theory:

(BL)s : Ku(S) = K.(A(By))

for any x € B,,.

Proof. For any xo,x; € By, we take x; = (1 —s)xo + sx; for each s € [0,1]. Thens — x; is
a continuous path connecting xp and x;. By Lemma we have that B, forms a homotopy
between By, and By,. Thus it suffices to prove the theorem for 0 € B,,.

Define ¢* : A(H,) — A(B,) by
(@*(0))(x,t) = o(¢(x),t), o€ A(Hy,)and x € By,

As ¢ is a homeomorphism, it is clearly to see that ¢* a *-isomorphism. For any f € & and
(x,t) € By, X Ry, one can check that
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This shows that ¢* o ,Bé{ "(f) = B4 (f)- Thus, we have the following commuting diagram:

(Bo")s

K.(S) K.(A(Hpy))
<é$\\ lﬁ
K.(A(B,)).

It is proved that ( B/") is an isomorphism in [11] and [10]. As a result, (%), is an isomorphism.
P 0 p 0 %
O

For any n € IN, we denote B, = ((IN\N,;,R). Then one can easily see that B = B, ®, By,
where @, means that B, ® By, is equipped with the norm

G )llp = el + lyllp)'?

for any (x,y) € B, ®, B;,. Denoteby P, : B — B, and Q, : B — By, the direct sum projection, i.e.,
for any x = (x1,x2) € B = B, ®, B;, we have that P,(x) = x1 and Q,(x) = x;. The following fact
which will be very useful in the next lemma can be checked with a easy calculation:

Fact. For any (x,y) € B, ©, B;, = B, we have that

¢(x,y) = (¢(x),¢(y)) € Hy® H,, = H,
ie, ¢ =¢lp, ®Pp : By ®y B, - H, ® H;.
For any ¢ € A(B, B,), we define the restriction homomorphism 7, : A(B, B,) — A(B,) by
(71a(0)) (x, £) = o (x, t)
for all x € W,,. To see 7, is well-defined, one can check that
(700 0 By (f)) (%, 8) = 70 (f(Cxy (%, £))) = f(Ciiy(x, 1)),
for any xp,x € Byand t > 0.

Lemma 3.14. The restriction homomorphism 7, : A(B, W,) — A(B) is an isomorphism.

Proof. For each (w,t) € B), ® R, we define
™, H, R —» HOR

to be the inclusion which is identity on H,, and maps (0, (HwH% + )12y € V, @R to (0,¢(w), t),
ie, 7 ,(0®R) is the one-dimensional subspace of H; & R spanned by (¢(w), ) and the inclusion
is an isometry. This map clearly induces an inclusion of Clifford algebras Cliff¢c(V, ® R) —

Cliffc (1 ® R).
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Define
@ : C(B, x Ry, Cliffc(H, ®R)) — C(B x R4, Cliffc (H ©R))

by the following formula:
(@(0))(x,t) = 78, (11 ((Pa(x), (I1Qu(x) 12 + #)'/3)) € Cliffc (H & R),

where (P, (x), (||Qn(x)]13 + £#)1/2) € B, x Ry. Itis clear that ® is a *-homomorphism.
Let xo € By, consider the Clifford operator C} € C(B, x Ry, Cliffc(H, ® R)) on By, i.e.,
C%, (x,t) = (x — xo,t) for each (x,t) € B, © R. Then for any y € B, we have
(PCE) W, 1) = TG, (C, (Pa(y), (1Qu ()15 + £)12))
= 15,0 @ (Pu(y) = x0), (IQu() 15 + £)*/?) @
= (¢(Pu(y) — x0) © P(Qu(y)), t)-
As ¢ = ¢|p, ® ¢l : By @y B, - Hy ® H;-, then ¢p(x) = ¢(x1) + ¢(x2) forany x = (x1,x2) € B, &
B, = B. Thus ¢(P,(y) — x0) + ¢(Qu(y)) = ¢(Pu(y) + Qu(y) — x0) = ¢(y — x0). Combining the

equation (1), we have that ®(Cy ) = Cy, the Clifford operator of B. Write t, =  /||Qu(y)[|2 + .
Then for any f € Cyp(IR), we have that

(®(B% (/) (Y, t) = n( L (F(CH(Pu(y), ty)))
Oty oo (1€, (Pa(y) ) 1)) +
Coo(Pu(y), ty) )

Qn (fodd (cho (P”( ) )H) HC ( (y) )H

2)
Qn (CZ() (P” (y)’ ty))
—Jev Cx A + fo Cx ’
feo (I1Cx (1) 1) + foaa ([|Cxy (v, £) 1) HCXO(y/t)H
Cu(y,t)
—Jev Cx ot + fo Cx ’ . X ot
Jeo ([|Cxy (v, £) 1) + foaa ([[Cxo (v, 1) ) TCulr DT = B (f) (Y1)
This shows that ® maps A(W,,) to A(B) and ®(A(W,,)) is actually equal to A(B, W,,). This also
shows that ® is the inverse of 7. O

Theorem 3.15. For any xo € B, the Bott homomorphism

Bx, : Co(R) — A(B)

induces an isomorphism on K-theory, i.e.,

(Bxo )« : Ki(S) = Ki(A(B))

is an isomorphism.
Proof. Similarly, it suffices to prove the theorem for some fixed xo € B.
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Viewing B,, as a subspace of B, 1, one can similarly define a map
q)i’l . A(Bn) — A(Bn+1, Bi’l) g A(Bn+]).

By compute on the generators, it is not hard to check that we have the following commuting
diagram

n

S —% A(B,) —2~ A(B,B,)
\f”l l
B o
A(By+1) — A(B, By11)

where B is defined as in [11]. Combining the results we prove before, we have that

A(B) = lim A(B,B,) = lim A(B,).

n—oo n—oo

As the K-functor commutes with the direct limits (see [27]), the theorem holds directly from The-
orem [3.12) [

4 K-homology at infinity and Roe algebra at infinity

In this section, we will introduce K-homology at infinity and Roe algebra at infinity for a proper
metric space.

The approach to K-homology via localization algebras is first introduced by G. Yu in [28]. In
this paper, we will also need to work with a version of localization algebras introduced by R.
Willett and G. Yu in [27]. For the convenience of the readers, we shall briefly recall its definition
and its functoriality. Let X be a proper metric space.

Definition 4.1 ([27]). Let Hy; be an X"-module, where X is the one point compactification.
Define IL[Hy; o] to be the collection of all bounded functions (T;) from [1,00) to B(Hy) such
that:

(1) for any compact subset K of X, there exists tx > 0 such that for all t > tg, the operators xx T}
and T;xk are compact and the functions

t— xxT;y and t— Tixx

are uniformly continuous when restricted to [tx, 0);

(2) for any open neighbourhood U of diagonal in Xt x X, there exists t; > 1 such that for all
t >ty
supp(T;) C U.

Define L*(Hy;00), or simply L*(X";00), to be the C*-algebra completion of IL[Hy; 0] for the
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norm
(Tl = sup I Tell By -

By [27, Proposition 6.6.2], [28, Theorem 3.2] and [17, Theorem 3.4], we have the following
result:

Theorem 4.2. The K-homology group K..(X) is isomorphic to the K-theory group K, (L*(Hy;0)), i.e.,
Ki(X) = K*(L*(H;(';oo))
and K, (L*(Hy; 00)) does not depend on the choice of ample modules up to the canonical equivalence.

Let Hy be a geometric module. Let ILo[Hj;; o] be the collection of all (T;) € L[Hj;; 0] such
that for any compact subset K C X there exists tx > 0 such that for all t > t,

xxTt = Tixx = 0.

It is not difficult to see that ILg[H;; o] is a *-ideal in IL[Hy;; 00]. Let L§(Hy;; 00) be the closure of
ILo[Hy;; o] inside L*(Hj; ), let

LG(Hy;00) = L*(Hy;;00) /Lo (Hy; 00)

be the corresponding quotient C*-algebra. Using an Eilenberg swindle, we have the following
result as in [27, Lemma 6.4.11]

Lemma 4.3. The quotient map L*(Hy;; 00) — L;‘Q(H;g ; 00) induces an isomorphism on K-theory. ]

To see the functoriality, we still need some preparations:

Definition 4.4. Let K be a closed subspace of X, and let H;g be an X*-module. Define IL[H § ; KT
to be the subset of IL[Hy; co] consisting of (T;) such that for any open subset U of X* x X that
contains K™ x KT, there exists t;; such that for all + > t;

supp(T;) € U
Define L*(Hy;; KT), or simply L*(X*; K™), to be the closure of IL[Hy; K*] inside L[H};; o0].
Similarly, we shall define L§(Hy; K*) = L*(Hy;; K™) N Lj(Hy; 00) and
Lo(Hy; KT) = L*(Hy; K') /L (Hy; KT).

It is easy to show that the quotient map L*(Hy; K*) — L (Hy; K*) induces an isomorphism on
the K-theory level. The following lemma has been proved in [27, Lemma 6.3.6].

Lemma 4.5. The inclusion homomorphism from L*(H{;o0) to L*(Hy; K™) induces an isomorphism
from K, (L*(Hg; 00)) to K. (L*(Hy; KT)), ie.,

K. (K) = K. (L*(XT;KT)) = K (L (X K).
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Let K C X be a close subset and U = X\K, then we have the short sequence of topological
spaces

Kt xt S ut
where i : Kt — X is the inclusion and ¢ : X* — U™ is the collapse map which is the identity on
U and sends X\ U to the point at infinity in U.

Proposition 4.6. With the notation above, there is a natural sic-term exact sequence

. ok
1

Ko(K) — Ko(X) —— Ko(U)

T |

Ky (U) <j*—K1(X) <TKl(K)

induced by the short exact sequence of C*-algebra

ad(Vi) ad(Vy)

0= LH(XTKT) — LH(XT;00) — L(U™;00) — 0.

where V} and V are the covering isometries for i and c, respectively.

Proof. Let d be a bounded metric function on X*. Let Z C X be a countable dense subset of X
whose intersection with K, U is also dense in K, U respectively for each n € IN. Let H be a sepa-
rable, infinite-dimensional Hilbert space, and define ample X*, K™ and U"-module respectively

by
HyY =(*(Z,H)®H, Hf = *(ZNK,H)®H, H}, =*(ZNU,H)®& H

Define v : #2(Z N K,H) — (*(Z, H) to be the canonical inclusion. Letu : 2(ZNK,H) ® H —
H be an unitary operator and define

w = idpzoym ®u: Hf = *(ZNU,H) & ((*(ZNK,H) & H) — H},

Define V/ = v @ idy and Vf = w. It is easy to see V/ and V are the covering isometries for i and
¢, respectively.

Notice that L (X", K™) is a two-side ideal of L{)(X™, c0) and ad(V}) is actually the inclusion.
Thus it suffices to prove
L5 (X, 00)
Q 4 ~ * —+
L (XH,KY) (U, o)

Let (C,) be an increasing sequence of compact subsets of U whose union is all of U. Let
X : Ry — B(U) be a continuous map from R to the set of all bounded Borel functions on U
defined by

x(t)=(n+1—t)xc, + (t—n)xc,.,
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if t € [n,n + 1), where x, is the characteristic function of C,. Provisionally define maps

. LE(XJF, o)

: m — Lo(U™,00), [[Ty]] = [ad(VF)(Ty)]

and
L (X*, 00
¥ Ly(Ut, 00) - 7L§((X+,K+)), [T] = [x(OTix(D)]],

where x(t)T;x(t) can be view as a operator on B(Hy;) by viewing (*(Z NU, H) as a subspace of
Hy foreacht € Ry. Itis easy to see ad(Vf)(T;) and x(t)T;x(t) satisfy the conditions in Definition

First, we show that ® and ¥ are well-defined *-homomorphisms. Let [T;] € L5 (X", K™). For
any compact subset C C U, we have that d(C,K") > 0. Take ¢ < d(C,K™"), there exists T > 0
such that

supp(T;) C {(x,y) € X x X | d(x,K") < ¢&,d(y,K") < ¢},
for all t > T. Then xc(ad(VF)(T)) = xcTi = 0 for all + > T, which means that ad(V;)(T;) €

L§(UT, 00). Therefore, ® is a well-defined map *-homomorphism.

Similarly, one can show Y is also well-defined. Indeed, let T; < Lé(U*, o). For any ¢ > 0,
denote Ng(KT) = {x € X | d(x,K") < e}. Then C = X" \N(K") C U is a compact subset of
U. By definition, there exists T > 0 such that xcT; = T;xc = Oforallt > T. Thus, forallt > T,

we have that
supp(x (1) Tix (1)) C Ne(KT) x Ne(KT),

ie, x()Tix(t) € LH(XT,K*). By [27, Lemma 6.1.2], the multiplier of L (U™, o) defined by x(t)
is central. Thus Y is a well-defined *-homomorphism.

At last, we show that ¥ induces a mutually inverse of ®. Computing, for [T;] € L5 (U™, c0)

S(Y([T])) = [ad(VY) (x (D Tex (1)) = x (D Tex (1)),

here we view x(t)T;x(t) as an operator on Hj for each t € R. Notice that for any compact
subset C C U,

xc(Te — x()Tix(t)) = xcTr — x(H)xcTix(t).

Aslim;_, Prop(T;) = 0 and U = U, G, there exists T > 0 and a compact subset C' C U such
that xcx(t) = xc and xcT: = xcTixc forall t > T. Thus xc(T; — x(t)Tix(t)) = 0 forall t > T,

ie, [Tt] = [x(6)Tex(8)]-

On the other hand, for [[T}]] € Lo (X 00)

F(@(([T]) = [x(Bad(VENTOx (BN = (O Tex (1)),

here we view x(t)T;x(t) as an operator on Hy for each t € Ry. Forany ¢ > 0, let C =
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XT\N(K') C U be a compact subset of U. Then by a similar argument above

xc(Ti — x(H)Tex(t)) =0

for sufficiently large ¢, this completes the proof. O

Let X be a unbounded proper metric space. Fix a based point xp € X, and let Kg = {x € X |
d(x,x9) < R}. Denoted by Ur = X\Kg. Thus we have the following commuting diagram by [27,
Proposition B.2.3]:

Sk

Ko(Kg) —— Ko(X) —= Ko(Ug)

| |

K;(Ug) < K1 (X) ~ K1 (KR)
where i, is induced by the natural inclusion i : Kg — X and j* is induced by the collapse K to co
map ¢ : X — Uy .

If R < R € R, we denote iggr : K — Kg and jrr' : Ugr — Ug the inclusion map. Let
crr : Uf — Ug, be the collapse map that is identity on U and sends U™ \Ug' to the point at
infinity in U". Then we have the following commuting diagram

Kg U {oo} - X+ > Uf 3)

liRR/ ‘ \LCRR’

Kg U {oo} -— X+ > Uf

S

Taking the direct limit as R tends to infinity, we get a commutative diagram

lim Ko(Kg) 2> Ko(X) —> lim Ko(Ug)
R—o0 R—vo0

! |

R—oo ] I+ R—o0

Definition 4.7. The K-homology at infinity of X, denote by K(X), is defined to be the group
I%im K* (UR)
—00

For any locally compact, secondly countable, Hausdorff space X, we can define a unbounded
proper metric on X. We can still define the K-homology at infinity for X according to this metric.
By the definition, we can see that K$°(X) does not depend on the choice of the metric. Moreover,
if X is compact, then K (X) is zero group. Recall the definition of the representable K-homology:

26



Definition 4.8 ([27]). Let Hx be an X module. Define RIL[H| to be the collection of all elements
(Tt) of L[Hj;, o] such that there exists a compact subset K of X and tx > 1 such that

Ty = xxTixk

for all t > tg. Define RL*(Hy) to be the completion of RIL[H| for the norm

(Ty)|| = Sl:P I Tell Briy) -

The representable K-homology of X, denoted by RK, (X), is defined to be the K-theory group
RK,(X) := K«(RL*(Hx))

Remark 4.9. It is obvious that RL*(Hy) is a closed ideal of L*(H;, c0). Notice that I%im K. (KR)
—00

is actually the representable K-homology [27, Proposition 9.4.7]. Thus the diagram can be rewrite
as following:

RKy(X) —2= Ko(X) —= K (X)

| |

K (X) == K (X) == RKq(X).

Let Hx be an ample X-module, L*(H;;,00) and RL*(Hx) be as above. Define L}, (Hx) to be
the quotient algebra L*(H;, 00)/RL*(Hx).

Proposition 4.10. The K-homology at infinity K (X) is isomorphic to the K-theory group of L%, (Hx),
ie.,
K2(X) = Ki(Ls(Hx))-

Proof. Let Z C X be a countable dense subset of X whose intersection with K, U, is also dense
in K, U, respectively for each n € IN. Let H be a separable, infinite-dimensional Hilbert space,
and define ample X, K;i and U,/ -module respectively by

HYf =(*(Z,H)®H, Hy = *(ZNK, H)®H, Hj = (ZznU, H)®H

For each n,n’ € N, assume that n < n’, define v, : 2(ZNK,,H) — (*>(Z,H) and v,y :
?(ZNKy, H) = (2(ZN K, H) to be the canonical inclusion. Let u, : £>(ZNK,, H)®H — H
and u,,, : (U, NK,;,H) ® H — H be unitaries and define

Wy = idp(zey, g ® e - Hy = C(ZN Uy, H) & (F(ZNK,, H) ® H) — H,

and
Wi = idia g0, 1) ® e < Hy, = (20 Uy, H) @ (U N Ky, H)) = H

Define (Vi) = vn, (Vi) uw = Onw, (Wi)n = wy and (W) ,y = wy,y. Then we have the following
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commuting diagram:

ad((Vi)n)

0— L (X*,K;f) L (X, 00) Ly (U, 00) —=0
lad((vf)nn/) ‘ lﬂd((wf)nn/)
% ad((vi)n’) * ad((wf)n’) %
00— L5(XHK,,) LH(X;00) Ly(U,f;00) —0

| | |

Taking the direct limit as n tends to infinity, by [27, Proposition 9.4.7], we have that

0 — RLH(XH;00) — LG(XT; 00) L tim L o(Uy;00) — 0.

n—oo

We denote the map

] = Tim ad((We)a) : Ly(X*500) = lim Ly (U, 50).

n—00

For any T; € RIL[X™; o], there exists a compact subset K C X and tx > 1 such that T; = xxTixk
forall t > tx. Set N € N such that K C Ky, then [ad((W;)n)(Ti)] = 0 € L;(Uy, ). Thus
J([T¢]) = 0 forall [T;] € RL(X ™, c0). Then ] descends to a map on the quotient:

Joo : ooQ(XJF, )—>th*(LI,f, ).

n—00

Thus we have the following commuting diagram

0 ——=RL;(X™;0) LGH(XT;00) Ly, o(XT;00) ——0
- \ |-
* +. * +. * +.
0 —> RLL(X"; L (X*;0) lim L (U5 00) —=0
Thus (Jeo )« : K(X) — K« (L% (Hx)) is an isomorphism by Five Lemma, as desire. O

For technical convenience, we will consider the following version of localization algebra and
representable localization algebra (c.f. [28,29]). Let Hy be an infinite dimensional Hilbert space,
and Z C X be a countable dense subset and C¢[X] be as in Definition 2.2l

Definition 4.11 ([28]). The algebraic localization algebra, denoted by C[X], is the x-algebra of all
uniformly bounded and uniformly continuous functions

g:[0,00) = C4[X] C C[X]

such that the family (g(#));e(o0) satisfy the conditions in Definition 2.2l with uniform constants
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and there exists a bounded function R(#) : [0,00) — [0, 00) with lim;_, R(#) = 0 such that
(g(#))(x,y) = 0 whenever d(x.y) > R(t)
forall x,y € Zand t € [0, ).
Define Cj (X) to be the completion of C[X] with respect to the norm

181l = sup [lg(t)]].
teRy

Theorem 4.12 ([17, 28]). Suppose that X is a proper metric space with bounded geometry, then there
exists a local index map py : K, (Py(X)) — Ki(C; (P4(X))) which is an isomorphism.

Consequently, if X is a discrete metric space with bounded geometry, we have the following
commuting diagram:

lim K, (Ps(X))

d—ro0

KL
lu

where the evaluation homomorphism ev : C;(X) — C*(X) is defined by ev(f(t)) = f(0) for all
f € Cj(X). Then, to proof the coarse Novikov conjecture for X, it suffices to prove the evaluation
homomorphism

lim K, (Cj(P4(X)))

d—ro0

ev, : lim K, (C; (P4(X))) — lim K. (C*(P4(X)))

d—oo d—oo

is an injection.

Definition 4.13. The representable localization algebra of X, denoted by RC; (X), is the closure
of the collection of all elements g(#) of C;(X) such that there exists a compact subset K of X such
that

g(t) = xxg(t)xx
forall t € [0,00). Itis not hard to see that RC; (X)) is a two-sided closed ideal of C; (X).

The proof of the following lemma is similar with [27, Proposition 9.4.2, Proposition 6.6.2] and
[28, Theorem 3.2].

Lemma 4.14. Let X be a proper metric space. Then we have
K.(L*(Hy,00)) = K,(C{(X)) and K.(RL"(Hx)) = K.(RC}(X)).

As a consequence, the K-homoloogy at infinity K (X) is isomorphic to K.(C}(X)/RC; (X)). O

Next, we will introduce the Roe algebra at infinity for a proper metric space X. Fix xy € X, let
K, = B(xo,n) and U,, = X\K,,. Let Z be a countable subset of X.
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Definition 4.15. The algebraic Roe algebra at infinity, denoted by C«[X], is the set of all equiva-
lence classes [T], where T € C¢(X) and the equivalence relation ~ on [T] is defined by T ~ S if
and only if

lim sup ||T(x,y) —S(x,y)|| =0.

n—o00 xyel;

The algebraic operation of Ce[X] is given by the usual matrix operations of C¢[X]. Define the
Roe algebra at infinity CZ (X) to be the completion of C[X] with respect to the norm

1T = limsup [|xu, T||

n—oo

One can see that the Roe algebra at infinity is also invariant up to coarse equivalence, so
C% (X)) is isomorphic to C (P4 (X)) for each d > 0. If X is bounded, then C%,(X) = 0.

Definition 4.16. The localization algebra at infinity of X, denoted by Cj «[X], is defined to be the
x-algebra of all bounded and unformly norm-continuous functions

g:10,00) = Coo[X]

such that g is of the form g(t) = [T;] with T; € C[X] where the family (T;);cr, satisfies the
conditions in Definition 2.2] with uniform constants and there exists a bounded function R(#) :
[0,00) — [0, 00) with lim;_,e R(#) = 0 such that

(Tt)(x,y) = 0 whenever d(x.y) > R(t)
forall x,y € Zand t € [0, ).

Define Cj ,(X) to be the completion of Cy, «[X] with respect to the norm

18]l = sup [lg(#)]].
teRy

There exists a canonical quoitent map C;j(X) — Cj (X) defined by g +— ¢" where ¢'(t) =
[g(t)] for each t € Ry. One can also see that ¢’ = 0 for any g € RCj(X) NCr[X] as g(t) is
uniformly supported in some compact subset of X. Then we have a homomorphism

G
"RCI(X)

— CLw(X)

which induces a homomorphism on K-theory
g+ KZ(X) = K (CLeo(X))-
Theorem 4.17. Suppose X is a discrete metric space with bounded geometry. Then

Gs : KZ(Pa(X)) = Ki(CLo(Pa(X)))
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is an isomorphism for each d > 0.

Proof. By using an Eilenberg swindle argument as [28, Theorem 3.4], one can show that both
groups above are invariant under strongly Lipschitz homotopies and both groups admits a Mayer-
Vietories sequence. Then it is suffices to prove the theorem for the case when P;(X) is 0-dimensional,
which obviously holds as both groups are trivial. O

5 Reduction to the coarse Novikov conjecture at infinity

In this section, we discuss the strategy to prove the main theorem. As general metric spaces (such
as warped cones) are always not of the form of coarse disjoint unions of a sequence of bounded
subsets, we can not use the techniques in [4] directly. We will show that there exists an assmbly
map at infinity from the K-homology group at infinity to the K-theory group of the Roe algebra at
infinity, and the coarse Novikov conjecture can always be reduced to verifying the assembly map
at infinity to be injective whether the space is of the form of coarse disjoint union or not.

5.1 The case of coarse disjoint unions

In this section, we assume that X = | |,,cy X is a coarse disjoint union of a sequence of uniformly
bounded geometry, finite metric spaces such that #X,, — co as n — co. Actually, this situation has
been discussed in Section 4 of [4].

Lemma 5.1. Let X = | |,,en Xi be a coarse disjoint union of a sequence of uniformly bounded geometry,
finite metric spaces such that #X,, — oo as n — co. Then for sufficiently large d, we have that

[0 K (Pa(Xa))
Drlo K (Pa(Xu))

KZ(Py(X)) =

Proof. For any d > 0, there exists N; € N large enough such that d(X,, X,,) > d for n,m €
N;. Let Xy, = UNd ' X,,, then we have that P;(X) = Py(Xn,) U LJN P4(Xy). Then the maps
n>Ny

RK,(P;(Xy,)) — RK.(P3(X)) and K.(P;(X,)) — Ki(P;(X)) induced by the inclusions X,, — X

induce isomorphisms

RK.(P4(X)) 2 Ko (Pa(Xn,)) & €D Ki(Pa(X

n>Ny

and
K. (Pa(X)) = Ki(Py(Xn,)) @ TT Ki(Pa(Xn))-

n>Ny

The inclusion @, n, K« (Pa(Xu)) = TTysn, K« (Pa(Xy)) is an injection, i.e., RKi(Py(X)) — Ki(P4(X))
is an injection. Thus, we have the short exact sequence

0 = RK.(Py(X)) — Ki(Py(X)) — K®(Pa(X)) — 0
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This means that -
Ko (Py(X))  TTptoKi(Pa(Xy))

 RK(P(X)) ~ @ Ke(Pal(Xa)’
which completes the proof. O

K2 (Pa(X))

For each d > 0. let Z; C P;(X) be a countable dense subset, and let Z;,, = Z; N P;(X,) for
any d > 0, n € N. We assume that Z;,, C Z;,/, if ' < d. In this case, the Roe algebra at infinity
can be also described as follow:

Definition 5.2 ([4]). For each d > 0, define C, [(P;(X}))nen] to be the set of all equivalence
classes T = [(T(®), ..., T(, ... )] of sequences (T, .., T(",...) described as follows:

@) {T(”) }nen is a family of uniformly bounded functions, where T() is a function from Zjn X
Zinto K foralln € IN;

(2) for any bounded subset B C P;(Xj,), we have that

#{(x,y) € BX BN Zgy X Zap | T (x,y) # 0} < oo

(3) there exists L > 0 such that
#{y € Zaul T (x,y) #0} <L, #{y € Zgu | T (y,x) #0} < L
forallx € Z;,,n € IN;

(4) there exists R > 0 such that T")(x,y) = 0 whenever d(x,y) > R for x,y € Z;,,, n € N. The
least such R is called the propagation of the sequence (T(?, ..., T(", ...}

The equivalence relation ~ on these sequences is defined by

if and only if
lim sup |IT"(x,y) =™ (x,y)c =0.

xryezd,n

By viewing T\") as Z; , x Z4 , matrices, the product structure for C,, eo[(Py(Xy))nen] is defined
as the usual matrix operations. Define C;; ,,((P(Xy))nen) to be the completion of C,; e[ (Pi(Xn) ) nen]
with respect to the norm

IT|| = limsup |T™],
n—oo

where each operator T(") is viewed as an element of the Roe algebra C*(P;(X,,)).

The following notion of localization algebra has its origin in [28], we shall recall its relation
with K-homology at infinity.
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Definition 5.3. Let Cp ;, c[(Ps(Xn))nen] be the set of all bounded, uniformly norm-continuous
functions

g Ry = Cyool(Pa(Xn))nen]

such that g(t) is of the form g(t) = [¢(®(t),---,¢™(t),---] and satisfies that there exists a
bounded function R(t) : Ry — R, with lim; ,, R(t) = 0 such that (¢ (¢))(x,y) = 0 when-
everd(x,y) > R(t) and n € IN;

*

I u0o((Pa(Xu))nen) is defined to be the norm completion
((P4(Xy))nen) is endowed with the norm

The localization algebra at infinity C
of CL,u,oo[(Pd(Xn))nG]N], where C;

L,u,00

18lleo = sup [[g ()]

One can see that the C;, ., ((P#(Xx))uen) coincides with C4,(X) and Cy , ((Pi(Xx))nen) coin-
cides with C} . (Pa(X)).

For each d > 0, there is a x-homomorphism
@ : Cr[Py(X)] = Cuoo[(Pa(Xn))nen]
defined by ®(T) = [(®O(T), -+ ,®"(T),---)] for T € C[P4(X)], with

0, ifn < Ng
T’Zd,nxzd,,,/ ifn 2 NR/

"(T)(x,y) = {

where R = Prop(T) and Ny € N is large enough such that

n—1
de(X) <Pd(X1’l)/Pd <|_| XZ)) > R,
i=0

for all n > Ng. Then ® extends to a C*-homomorphism ® : C*(P4(X)) — C; o ((Ps(Xn))nen),
see [4, Theorem 4.5].

For ai\y d > 0, there exists N; € N large enough such that d(X,, X,,) > d for n,m € N;. Let
Xn, = UMy X As Py(X) = Py(Xn,) L (Unsn, Pa(Xy)), we have that

K.(Py(X)) = Ku(Pa(Xn,)) @ TT Ke(Pa(Xa).

n:Nd
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By the definition of the assembly maps, we have the following commutative diagram

0 0
Ko (Pa(Xn,)) @ DT, K (Pa(Xo)) K. (K)
K. (Py(X)) = K. (C*(P4(X)))
D,
K2 (Py(X)) Ko (Ch o (Pa(Xn)))
0

where ev, + is induced by the evaluation map
€veo 1 Choo(Pa(X)) = Ca(X), g+ 8(0).

By [16, Remark 2.12], one has that K, (K) — K, (C*(P;(X))) is an injection.

Passing to inductive limit as d — oo, the top horizontal arrow is an isomorphism for the
following reason. An element in the sum, as a finite sequence, is supported on summands below
some fixed m and, as d — oo, will eventually be absorbed into the first term on a single simplex.
Thus, to prove y is injective, it suffices to prove ji« is injective by diagram chasing.

5.2 The case of spaces which admit an infinite coarse component

The next notion is introduced by M. Finn-Sell in [8].

Definition 5.4 ([8]). A bounded geometry proper metric space X is said to have an infinite coarse
component if there exists R > 0 such that Pr(X) has an unbounded connected component. Oth-
erwise, we say X only has finite coarse components.

Lemma 5.5. A bounded geometry proper metric space X has only finite coarse components if and only if

it is a coarse disjoint union of a sequence of finite metric spaces.

Proof. Let X = | ], X be a coarse disjoint union of the sequence of finite metric spaces {X,, }.
For each R > 0, there exists N > 0 such that d(X;, X;) > R for alli,j > N. Let X, = |_|£)I:1 X
and we have that Pr(X) = Pr(Xn,) U l,~n Pr(X,). Thus X has only finite coarse components.

On the other hand, let X be a metric space which has only finite coarse components. Fix
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xo € X, denote P;(X)y, the connected component of P;(X) which contains xg. Then let

X1 = le(X)xo N X;
Xz = (P2(X)y N X)\Xy;

Xn = (PZ”(X)XO N XN\ X1

Then we have that X = | |,y Xi. As X has bounded geometry and finite coarse components, X,
is a finite metric space for each n € IN. Assume that7,j € IN (i > j) and any two points x; € X,
xj € Xj. Asx; ¢ P,;(X)y,, we have that

d(xz-, x]) > 27,

which means that d(X;, Xj) — coasi,j — co. Thus X is the coarse disjoint union of the sequence
{Xn }ne]N- U

Lemma 5.6. Let X be a bounded geometry metirc space which admits an infinite coarse component. Then

(1) the K-theory map i, : K.(K) — K.(C*(X)) induced by the canonical inclusion i : I — C*(X)
is the zero map, where KK = IC(Hx) is the algebra of all compact operators on the geometric module
Hy;

(2) the maplimy_,o RK,(Py(X)) — limy_, K (P4(X)) induced by the canonical inclusion RC} (Py(X)) —
C}(P4(X)) is also the zero map.

Proof. As X has an infinite coarse component and bounded geometry property, then there exists
R > 0and x¢ € X for which there is a unbounded component contianing xo € Pr(X). Thus there
exists a sequence {x;}°; C X such that lim;_, d(x;, x9) = o0 and d(x;, x;41) < R forall i € IN.
Let K, = {x € X | d(xo,x) < n} foralln € IN. As X is proper metric space, for any compact
subset K C X, there exists n € IN such that K C K,. We can identify (Hy) by lim,_,. C*(Kj),
where C*(K},) is the Roe algebra of K,,.

To prove Property (1), we will only need to show that (i,). : K.(C*(K,)) — Cx* (X) is the
zero map for all n € IN, where (i,), is induced by the canonical inclusion i, : K, — X. By the
definition of {x;}, we have that K, U {x;} is coarse equivalent to Ry. Thus, i, can be seen the
composition K,, — K, U {x,} — X. Notice that K,(C*(R)) = 0, then the following diagram
commutes

]

K. (C(Ky U{xi})) = Ki(C*(Ry)) = 0

K (C*(Kn))

Then (iy, ). is the zero map. The canonical inclusion K;, — Kj,+1 induces an isomorphism K, () —
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K. (K). Thus we have that

K. (C*(Ky) 22 K (C* (X)) -

K. (€ (Ky)) ™ K(CH(X)
Therefore, i, : K,(K) = lim;,_, Ki(K;,) — K« (C*(X)) is the zero map.

We will next prove Property (2). Notice that RK.(P;(X)) = limy_ Ki(Ps(Ky)). Then it
suffices to show
lim lim K, (P;(Ky)) — ‘}im K. (Py(X))
—00

d—oc0 N—00

is the zero map for all n € IN, where the map is induced by the canonical inclusion P;(K,) —
P;(X) for each n € N and d > 0. Notice that we have the following commutative diagram

K (Pa(Ky)) — K (P (Kn)) -

| |

Ky (Pa(Kyr)) — Ki(Par (Kyy))
forall d’ > d, n’ > n, where the arrows are all given by the inclusions. Thus we have that

lim RK,(Py(X)) = lim lim K, (Py(K,)) = lim lim K, (Py(K,)).

d—o0 d—o0 n—>00 n—00 J—00

Now it suffices to show that, for each n € N, K, (P;(K,)) — K.(P4(X)) is the zero map for
sufficiently large d.

For given n € IN, let R, be a real number such that diam(K,) < R, and d(x;, x;11) < R, for
alli > 0. For each d > R,, the inclusion P;(K,) — P;(X) can be seen as the composition

Pd(Kn) — Pd(Kn U {xi}) — Pd(X)

Notice that P;(K, U {x;}) is homotopy equivalent to R} and K,(R;) = 0. Thus we have the
following commuting diagram

K. (Py(Ky)) K.(Ps(X))

T

K (Py(Ky U {xi})) = Ki(Ry) = 0

This shows that limy o K. (P;(Ky)) — limy_, K. (X) is the zero map for each n € IN. Taking the
direct limit as n tends to infinity, this completes the proof. O

Let g(t) € RC;(X) be a function such that there exists a compact subset K C X such that

g(t) = xxg(t)xx € Kforallt € [0,00). Consider the evaluation map ev : C; (X) — C*(X) defined
by ev(g) = g(0). Notice that the restriction of ev to RC} (X) is a *-homomorphism RC;j (X) — K.
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Define @ : C*(X) — C%L(X) by T +— [T] and the evaluation map at infinity
eV : Cpoo(Pa(X)) = Co(Pa(X)) by [g] = [g(0)].
Then for each d > 0, we have the following commuting diagram:

0 ——= RC}(Py(X)) —= C[(Pa(X)) —=Cf o (Pa(X)) —=0

0 K C*(Py(X)) —2= C&(Pa(X)

and the commuting diagram of K-theory:

> lim RK.(Py(X)) — lim K. (P4(X)) — lim K®(P;(X)) — -+

d—o0 d—oc0

ev*l ev*l (evoo)*l

K. (C*(Pa(X))) —> Ko (CL(Pa(X)))

Notice that the bottom sequences of both diagrams are not exact at C*(P;(X)) and K.(C*(P4(X))),
respectively. To prove ev, : dlirn K. (P;(X)) — K,(C*(X)) is an injection, it suffices to prove
—00

(evs )+ is an injection by diagram chasing and Lemma
We summarize this section by the following theorem:

Theorem 5.7. To prove the coarse Novikov conjecture for X, it suffices to prove the coarse Novikov con-
jecture at infinity for X, i.e., the K-theoretic homomorphism induced by the evaluation map at infinity

(60 = lim K. (Pa(X)) = K.(C5(X))

is injective.

6 Twisted algebras at infinity and their K-theories

In the rest of this paper, we shall prove the evaluation map at infinity
(¢00)- : lim K. (Cho(Pa(X))) = K (CA(X))

is an injection, where X is a bounded geometry metric space which admits a fibred coarse em-
bedding into ¢ (IN,R). The strategy of the proof is to build the following commuting diagram
foreach d > 0:

K. (Cl o (Pa(X))) — B K (C7 o (Pa(X), A(B))) @)
(%)*l l(wé)*
K. (CL(Pa(X))) —E - K, (Co (Pu(X), A(B)))
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where C} (Ps(X), A(B)) and C,(P4(X), A(B)) are twisted localization algebra and twisted Roe
algebra, respectively. We will show that the evaluation homomorphism evZ between the twisted
algebras induces an isomorphism on K-theory and (B ). is an injection. By a diagram chasing
argument, we can see that (ev. )« is injective.

In this section, we will focus on proving evZ in @) induces an isomorphism on K-theory.
We first introduce the twisted algebras at infinity, which are constructed by using the fact that
X admits a fibred coarse embedding into ¢?(IN,R). The basic ideal of this section comes from
[4,5,29].

6.1 The twisted algebras at infinity

Let X be a discrete metric space with bounded geometry which admits a fibred coarse embedding
into B = /’(IN, R).

Definition 6.1. Lett : B — B be an affine isometry. We define a homomorphism
t. : A(B) — A(B)

by
te(Bx(g)) = Bix)(8)-

for any generator B,(g) € A(B) wherex € Band g € S.

For each d > 0, the Rips complex P;(X) endowed with the semi-spherical metric admits a
fibred coarse embedding into B as X is coarse equivalent to P;(X). We give some explainations
as follow. As X is countable, we write X = {x1,--- ,x,,--- }, For each n > 1, we define

Bd,xn = {Z tix; € Pd(X)

ti=0foralli < nand t, #0}.
i€N

Then it is obvious that B,y is contained in the union of the simplices that contain x as a vertex
and {B  }rex forms a disjoint Borel cover of P;(X) by definition. For any x € P;(X), there exists
a unique ¥ € X such that x € B ;. Define the Borel map

ja: Pd(X) —+ X by X — X.

It is easy to check j; is a coarse equivalence for each d > 0. Thus let B, = By and s(x) = s(%) for
each x € Py(X). We define t,(y) = tz(7) for any x,y € Py(X) with § € B(X, R). One can check
that the field of V?, sections and trivializations defined above satisfy the conditions in Definition

24

Take a countable dense subset Z; C P;(X) consisting of all rational points in P;(X), i.e. the
point Y, cx txx € Py(X) with all coefficients f, taking rational value. Fix xp € X, denote K; ,, =
Bp,(x)(x0,2™) to be the bounded subset of P;(X) for each m € N and d > 0 and Uy, = X\Kg -
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By the definition of fibred coarse embedding, there exists a sequence of non-negative real number
(ld,m)mEIN such that

(1) there exists a trivialization t, for B(x,l; ) as in Definition2.4/for each x € U, ,, and m € N ;

(2) (l4m) is non-decreasing and unbounded, ie. 0 <I;; <--- <I;,, <--- and liin lym = .
m [ee]

Now, we are ready to define the twisted algebras.

Definition 6.2. For each d > 0, define Co[P;(X), A(B)] to be the set of all equivalence classes of
[T], where T : Zy x Zg — A(B)®K is a bounded function satisfying the following conditions

(1) for any bounded subset F C X, we have that
#{(x,y) € (FxF)N(Zy x Z4) | T(x,y) # 0} < o0;
(2) there exists L > 0 such that

HyeZy | T(x,y) #0} <L, #H{yecZs|T(y,x) #0} <L
forall x € Z;

(3) there exists R > 0 such that T(x,y) = 0 whenever d(x,y) > R for x,y € Z;, we denote
Prop(T) = R the propagation of the representative element T;

(4) there exists ¥ > 0 such that for all x,y € Z;, we have that

supp(T(x,y) C Boxr. (fx(x)(s(x)),7)

where, t, =ty is the trivialization for x € Uy, N Ky ,,41 and s is the section as in Defini-

tion 2.4
The equivalence relationship ~ is defined by T ~ S if and only if

lim sup ||T(x,y)— S(X/V)HA(B)@@K = 0.

m—o0
X, ye le,m

The product structure for Coo[P4(X), A(B)] is defined as follow. For any [T], [S] € C[Ps(X), A(B)],
we define

TS : Zy x Zy — A(B)®K

to be the function such that there exists a sufficiently large M € IN depending only on the Prop(T)
and Prop(S) such that TS(x,y) = Y.cz, T(x,z) ((tx2)+(S(z,y))) for all (x,y) € Uyy x Uy, with
m > M where (t,x) is as in Definition[6.I]and T(x,y) = 0 otherwise. The product of [T] and [S]
is defined to be [TS].
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The *-structure for C[P;(X), A(B)] is defined by the formula
[T = [T"]
where

(T*)(x,y) = (txy)«(T(y, %))

for all x,y € Uy, with m large enough and 0 otherwise.

Remark 6.3. We will give some explanations to the product structure and *-structure for C«[P;(X), A(B)]
here. For any [T] € C«[P;(X), A(B)], there exists R > 0 such that T(x,z) = 0 for all d(x,z) > R.

Then there exists M > 0 such that I;,, > 2R for all m > M. Thus t,, is well-defined for all

x,z € Uy,. Combining with the condition (2) of Definition 2.4, we can check that TS defined

above satisfies the condition (4) of Definition[6.2l Moreover, one can also check that the *-structure

is also well-defined in a similar way.

Let @,cx A(B)®K be the C*-algebraic direct sum, i.e. the algebra of all bounded sequences
(a%)xex with a* € A(B)®K for each x. Let

xeX

B, <Zd, P A(B)®K>

be the set of all bounded functions Z; — @,cx A(B)®K with finite supports. For notational
convenince, we write the element of B; (Z4, ®,cx A(B)®K) by ¥,c 7, a:[z]. Consider E to be the
subset of B (Z4, @ycx A(B)®K) with all elements Y, a:[z] with compact support satisfying
that

(1) a, = (a¥) and af € A(B)®K foreachz € Z;and x € X;

(2) af =0ifd(x,z) > lg,, forall z € Ky 1 N Uy -

Then E is a pre-Hilbert module over A(B)®K:

(Eeiom)- E @
Z€EZy zZE€EZ, z€Zy,xeX

(Z az[z]> a=Y a.alz],

ZE€EZ, ZE€EZy
where (a,a)* = a¥a for any a € A(B)®K. Define the Hilbert module E to be the completion of [E.
For any given [T] € C[P;(X), A(B)], let T act on E by

T(Z az[z]> = ( ) T(z,y)ﬂy> [2],

z€Z; z€Z, yeZd,n
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where (T(z,y)ay)* = (tx:)«(T(z,y))a; € A(B)®K and the sum is finite for the condition (2) in
Definition [6.2]

By Definition for given [T] € Co[P;(X),. A(B)], one can verify that the representation
element xy,, Txu,, is a bounded module homomorphism which has an adjoint module homo-
morphism for large enough m and the adjoint is compatible with the x-structure of T, which gives
[T] a C*-norm. We shall check some details in the following remark.

Remark 6.4. Assume that [T] € C[P4(X), . A(B)] has propagation R and the representation ele-
ment T'(x,y) = 0 forall x,y € K, with m satisfies that[;,, > 2R. The reason T acts as a bounded
module homomorphism is similar to the proof of [27, Proposition 12.2.4]. We will only show how
the x-structure of T fits with the inner product.

For given [T] € C«[P;(X), A(B)], there exists R > 0 such that T(z,y) = 0 whenever d(y,z) >
R for x,z € Z;. By the definition, we can comupute that

< Y a2, T ) bz[Z]> = ) (@) ( )y (T(Z,y)by)">

z€Z4 z€Z4 xeX,zeZy YE€LZyy
= ) (@) (te)« (T(zy)) by
xeXy,zeZy

Similarly, we can also comupute that

<T* Y az], ) bz[Z]> = ) <Z (T*(Z/y)ﬂy)x> (b2)

z€Z4 z€Z4 xeX,zeZy \YEZy
*
= ¥ (T Gy)ay) b
xeXy,zeZy

Combining the x-structure of Ce[P;(X), A(B)] and the fact that ty, = fy.t,, whenever z €
B(x,R) N B(y, R’) such that there exists a trivialization on B(x, R) and B(y, R’) as in Definition
we have that

Y ()T Ey)a) = Y (@) (b« (T(y,2)

xeX,y,ze2, xeX,y,ze2,

= Y (@) (te). (T(zy)) b}

xeX,y,ze2,

Thus we have show that the representation is compatible with the the *-structure. With a similar
argument, we can check that the representation is also compatible under the multiplication.

Definition 6.5. The twisted Roe algebra at infinity C% (P;(X), A(B)) is defined to be the operator
norm closure of Co[Py(X), A(B)] with respect to the norm

]} = limsup [[xu,, Tl
meN
where T and xy,,, are viewed as bounded operators on E.
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Definition 6.6. Let C; o [P;(X), A(B)] be the set of all bounded, uniformly norm-continuous func-
tions
g iR, = Ca[Py(X), A(B)]

such that g can be viewed as an equivalent class [g] of g, where g(t) is a function from Z; X Z; —
A(B)®K for each t and satisfies the following conditions

(1) there exists a bounded function R(f) : Ry — R with tlim R(t) = Osuch that (g(t))(x,y) =
— 00
0 whenever d(x,y) > R(t);

(2) there exists r > 0 such that

supp(g(t)) € Bp(tx(x)(s(x)),7)

forallt € Ry and x,y € Z;, where x € Kj,,11 NUy,, for somem > 0and t, =t
(Bz)zeB(x1,,) — B(X,lam) % Bis the trivialization.

x/ld,m :

We remark that [g] = [h] if there exists m > 0 such that xy;, (g(f) — h(t)) = O0forall t € R;.

Definition 6.7. The twisted localization algebra at infinity C} (P;(X), A(B)) is defined to be the
norm completion of Cp «[P;(X), A(B)] with respect to the norm

g1l = sup [Ig()]-

The evaluation homomorphism at infinity
evds : Cf eo(Pa(X), A(B)) — C&(Pa(X), A(B))
is defined by ev4 (g) = ¢(0). which induces a homomorphism on K-theory:

(ev22)+ : Ke(Cl oo(Pa(X), A(B))) — Ki(C&(Pa(X), A(B)))-

6.2 The twisted coarse Baum-Connes conjecture at infinity

In this subsection, we will prove the following theorem
Theorem 6.8. The K-theoretic evaluation homomorphism at infinity
(e02)+ 1 Ku(Cf o (Pa(X), A(B))) — Ki(CL(Pa(X), A(B)))

is an isomorphism.
The strategy is similar to the proof in [4, 29] by using cutting and pasting techniques. To begin
with, we will first introduce the ideals of the twisted algebras at infinity associated with open

subsets of B.
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Definition 6.9. A collection O = (Oy)ex of open subsets of B is said to be coherent if there exists
r > 0 such that for all but finite m € IN, we have that

txy(Oy N B(ty(y)(s(y)),7) = Ox N B(tx(y)(s(y)), 1), (5)
forall x,y € Uy, with d(x,y) <lj,.

Examples 6.10. Fix r > 0. We define

Or= |J B(t:(2)(s(2)),7)

for all x € X. Then the collection
0= (Ox)xGX

is certainly a coherent system of open subsets.

For any two coherent collections O™") and O®) of open subsets of V?, we say O) ¢ 0® if
oM c 0 forall x € X. Denote 0V UO®? = (0 UOP) and OV NO® = (O NOP). 1tis
easy to check both O) N 0 and O U O? are coherent.

Definition 6.11. Let O = (Oy)rcx be a coherent family of open subsets of B. We define
Coo[Pa(X), A(B)lo

to be the x-subalgebra of C[P;(X), A(B)] generated by the equivalence class of [T] such that

supp(T(x,y)) € Ox

forall x,y € Z; with x € B,z and n € IN, where ¥ is defined such that x belongs to the Borel set
B,z as before.

Define
Cre[Pa(X), A(B)lo

to be the x-subalgebra of C; «[P;(X), A(B)] consisting of all functions
g: Ry — Coo[Pd(X),A(B)]O

Define C%,(P4(X), A(B))o and Cj (Ps(X), A(B))o to be the norm closures of Co[P4(X), A(B)]o
and Cp «[P;(X), A(B)]o, respectively.

It is easy to check that C% (P;(X), A(B))o is a well-defined two-side ideal of C% (P;(X), A(B))

for each coherent family of open set O. The equation (§) in Definition [6.9] guarantees that the
algebraic structure can be induced from C% (P;(X), A(B)).

Lemma 6.12. Let OY) and O?) be coherent families of open subsets of V°. Then we have
(1) C&(Pa(X), A(B))om + Co(Pa(X), A(B))pe) = Ca(Pa(X), A(B))omuow;

43



(2) C&(Pa(X), A(B))om NC&(Pa(X), A(B))ow = Co(Pa(X), A(B)) omnow;
(3) C&(Pa(X), A(B))on) + C&(Pa(X), A(B))owr = C&(Pa(X), A(B))omow;
(4) CL(Pa(X), A(B))om NCL(Pa(X), A(B))ow = C&(Pa(X), A(B)) oo
Proof. The proof is similar to the proof of [29, Lemma 6.3]. We will only prove part (1) and the

rest can be proved in a similar way. It suffices to show that for any [T] € Ce[Py(X), A(B)]om 0@,
there exists [T(M)] and [T(®] such that [TM] 4 [T®)] = [T] and

[TV] € CoolPa(X), A(B)low,  i=1,2.

With no loss of generality, for each x € Z;, we assume there exist bounded subsets C,(Cl) and

Cy(cz) such that
supp(T(x,y)) c cVuc? c oM uo?

for all y € Z;. By using a partition of unity similar as [29, Lemma 6.3], there exists nY e ¢ (O)((l))

and hj((z) € CO(O,(CZ)) such that
hY () +h? () = 1

forall v € Cj((l) U C,(Cz). Define
T (x,y) = hj(cl)T(x, y) and T (xy) = hj(cz)T(x, ).
Then we have
T4+ 7@ =T and [TY] € Cu[Py(X), AB)lpw, i=1,2.
We complete the proof. O

Proposition 6.13. Let G be a subset of X and O = (Oy)xex be a coherent collection of open subsets of B
such that

(1) each Ox splits as a disjoint union Ox = | genp( Oy 4 of open subsets;

xlld,m)

(2) there exists r > O for each x such that
Oxg C B(tx(8)(s(8)),7);
(3) forany x,y € Uy, with g € B(x,1y,,) N B(Y,l4m), we have that
tyy(Oy,g) = Oxg-
Then the K-theortic homomorphism

ev. : lim K.(Cf o (Pa(X), A(B))o) — lim K.(CL(P4(X), A(B))o)

d—oo
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induced by the evaluation-at-zero map is an isomorphism.

Such a coherent collection in Proposition is also called (G, r)-separated. We still need
some preparations before we prove it. For each ¢ € G, define Y; to be a bounded subset of P;(X).
Then the collection Y = (Y;)¢cc forms a sequence of bounded subspaces of X. Assume that Y
satisfies

(1) g € Yy forall g € Yy;
(2) Y; is uniformly bounded, i.e. there exists R > 0 such that diam(Y,) < R forall g € G.

For example, we can take Y, = {g} for each g € G or Y; = B(g, R) for some given R > 0 and
all g € G. For the notational convenience, we denote Gk = (B(g, R))gec when Y, = B(g, R).

Specially, Go = ({g})qec-

We denote A(Oy,¢) to be the subalgebra of A(B) with all functions whose supports are in Oy ;.
With the notation above, we introduce the following algebra:

Definition 6.14. Define A[Y] to be the subalgebra of

[Teec € (Yg) ® A(Ogy)
Dgec C*(Yy) © A(Ogg)

generated by all equivalence class [(T;)sec] of tuples (Ty)4ec described as follows:

(1) Ty is a bounded function from (Z; x Z4) N (Yg % Yg) to A(B)®K for all ¢ € G such that

sup sup || Ty(x,y)[| < oo;
8€G x,y€Zy

(2) for any bounded subset B C Y, N Z;, we have
y 8

#{(x,y) € BxB| T(x,y) # 0} < o0;

(3) there exists L > 0 such that

#HyecZy| Ty(xy) #0} <L, #{yc Zy| Ty(y,x) #0} <L
forallx € Y;NZ;and g € G;

(4) there exists R > 0 such that Tg(x,y) = 0 whenever d(x,y) > R for all g € G, the least such
R is called the propagation of the representative element T, denoted by Prop(T);

(5) there exists r > 0 such that forall x,y € Y, N Z; and ¢ € G, then

supp(Tg(x, y)) C Ogg

forall n € IN.
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The algebraic structure of A[Y] is defined by viewing A [Y] as the subalgebra of the C*-
algebra in equation (6) and A% (Y) is defined to be the norm closure of A [Y] with the induced
norm.

Definition 6.15. Define A} «[Y] to be the x-algebra of all bounded, uniformly norm-continuous

functions
f:Ry — AxlY]

such that f = (f,) satisfies the conditions in Definition[6.6] with uniform constants.

Define A} ,,(Y) to be the completion of A «[Y] with respect to the norm

£l = sup [[f(£)].
teRy

Let ev 4 be the evaluation map
eva : Al o(Y) = AL(Y)
defined by ev4(g) = g(0).

Proposition 6.16. Suppose that O = (Oy) is a coherent collection of open subsets of B which is (G, r)-
separated for some G. We denote Gr = (B(g, R))qec to be the family of subsets of Py(X). Then we
have

(1) C:O(Pd(X),.A(B))O = limRHw A:O(GR),
(2) € (Pa(X), A(B))o = limp o0 A] o (Gr):
Proof. Take an arbitary element
[T] € Coo[Pa(X), A(B)]o-
By definition, we have that

supp(T(x,y)) COx= ||  Oxg
8€B(x,11,)NG

where x € K; ;1 N Uy . Since the coherent open susbet is (G, r)-separate. Then we have a direct
sum decomposition

Tx,y)= @ T(xy),

GﬂB(x,ld,m)

where
Tg(x/ y) = T(x/ y) |Ox,g

is the restriction of T(x,y) on Oy, forall x,y € Z; and g € G. By property (4) in Definition [6.2]
there exists r; > 0 such that

supp(T(x,y)) € B(tx(x)(s(x)),r1)-
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Conbining with the fact that
Oxg C B(tx(8)(s(8)).7),

we have that Ty(x,y) = 0 for all x with d(t,(x)(s(x)),tx(g)(s(g))) > r1 +r. It follows that there
exists R > 0 such that Tg(x,y) = 0 forall d(x,g) > R.

We define
Sg(x,y) = (tgx)«(Tg(x,y))

for all but finite ¢ € G and 0 otherwise. Notice that T has finite propagation and O is (G, r)-
separated, then S is well defined for all ¢ € G N U, with m large enough. Then we have that
S defines an element in C*(B(g, R)) ® A(Oqg,q)-

Now, notice that the tuples (Sq)¢cc forms an element of A [Gg]. Then the correspondence
[T] — [(Sg)] extends to a *-isomorphism by the fact that the norms in these two C*-algebras
agrees. One can see the proof of [23, Lemma 3.9] for essentially the same arguments which can be
used to show the norms in these two algebras agree. O

Now let us recall the notion of strong Lipschitz homotopy introduced by G. Yu in [28, 29].
Let (Yg)gec and (Wy)eec be be two families of uniformly bounded closed subspaces of P;(X)
satisfying the condition in Definition A map

frlYe— [ W

geG g€G
is said to be Lipschitz if

(1) f(Yy) C W, forallg € G;

(2) there exists a constant ¢ > 0 such that

d(f(x), f(y)) < c-d(x,y)

forall x,y € Yoand g € G.

Definition 6.17 ([28]). Let f and h be two Lipschitz maps from | |, Y to |l We- A continuous
homotopy F(x, t)(t € [0,1]) between f and & is said to be strongly Lipschitz if

(1) d(F(x,t),F(y,t)) < Cd(x,y) forall x,y € Y,, g € Gand t € [0,1], where C is a constant
(called the Lipschitz constant of F);

(2) Fisequi-continuousint,i.e., forany ¢ > 0, there exists & > 0such thatd(F(x, 1), F(x,tp)) <
eforall x € | Jeq Yg if [ — to] <

(3) F(x,0) = f(x),F(x,1) = h(x) forall x € | Jec Ys-

We say (Y )qec is strongly Lipschitz homotopy equivalent to (Wg)¢cc if there exists Lipschitz

maps
foldYe— W
geG g€G
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and

he | [ We— | ] Y
geG geG

such that f o h and h o f are strongly Lipschitz homotopy equivalent to the identity maps, respec-
tively.

The proof of the following result is similar to [29, Lemma 6.4], one can check it with a Eilenberg
swindle argument as in [29].

Lemma 6.18 ([29]). Let A, ,(Y) be the C*-subalgebra of A} ,(Y') consisting of those functions f such
that f(0) = 0. We have the following results:

(1) IfY = (Yg)qec is strongly Lipschitz homotopy equivalent to W = (Wy)4ec, then

Ki(ALpe(Y)) = Ki(ALg oo (W))-

(2) If Gr = (B(g, R))qec, then
K.(Af(Gr)) =0.

As a corollary, the evaluation map induces an isomorphism on the level of K-theory, i.e.
(eva)s : Ki (AL o(GR)) = Ki(AG(Gr))

is an isomorphism. O

Proof of Proposition[6.13l By Proposition[6.16| we have the following commuting diagram:

(evd)

lim K. (C} ,(Pa(X), A(B))o) — lim K.(C%(P+(X), A(B))o)

d—o0 d—o0
\L (eva)« l

lim lim K. (A} (Gr)) ——— lim lim K.(A%(Gr))

d—y0c0 R— 00 d—00 R—c0

\L (EUA)* l

lim lim K, (A} (Gr)) ——— lim lim K.(A%(Gr)).

R—o0d—o00 R—oc0d—c0

in which all vertical maps are isomorphisms. By Lemmal6.18| we have that the bottom horizontal
map (ev4 ), is an isomorphism. Thus, (ev4). is also an isomorphism. O

Finally, we are able to prove Theorem|[6.8|
Proof of Theorem[6.8] For any r > 0, we define ol by

o= U BE®EW).

yeB(led,m)
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for any x € K41 N Uy . Then it is easy to check that o = (O)(f)) rex is a coherent collection
of open subsets.

For any d > 0, by the definition of the twisted algebras, we have that
CL(Pa(X), A(B)) = lim C2(P4(X), A(B))oy,

Ci o (Pa(X), A(B)) = lim C. . (Pa(X), A(B)) o

Notice that the limits of C%,(P;(X), A(B)) o with limits order lim;_, o im0 and lim;_, o, lim, oo
are actually the same. Consequently, it suffices to prove that the K-theortic homomorphism

ev,  lim Ky (Cp oo (Pa(X), A(B))owm) — lim Ki(Coo(Pa(X), A(B)) o)

d—o0
induced by the evaluation-at-zero map is an isomorphism for each » > 0.
For any given r > 0, as X has bounded geometry, there exists N, > 0 such that

N;
X=Xk
k=1

satisfying that for any z € Z; N Uy ,, and x,y € X N B(z,14,,), we have

1£2(x) (s(x)) = t(y) (s(w) ]| > 2r-

We shall define
oll=" U BtmGsw)

yGXkﬁB(x,ld,,,,)
forallx € Xand k € {1,--- ,N,}. Then O,((r) = (O}(Cr,)() xex is a coherent collection which satisfies
the condition in Proposition[6.13l Thus we have that

ev, + im K. (C oo (Pa(X), A(B)) o) — lim Ky (Coo(Pa(X), A(B)) 50)

— 0

forallk € {1,---,N,}. Then it follows from a Mayer-Vietories argument by using Lemmal6.12/to
complete the proof. O

7 The geometric Bott map and proof of the main theorem

In this section, we shall define the Bott map B from the K-theory group of the Roe algebra to K-
theory group of the twisted Roe algebra and its localization algebraic version 1. The construction
relies heavily on the Bott periodicity theorem we introduced in Section 5.
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Foreacht > 1and g € S, denote g; € S to be the function
gi(r) =g(t7'r).
For any x € X, we define the Bott map B(x) : S — A(B) to be

(B(x))(8) = Br.(x)(s(x)) (&),

where t, is the trivilazition on B(x, l4,,) defined as in Definition2.4} t.(x)(s(x)) € Band By (x)(s(x))
is the Bott map defined as in Section 5.

Definition 7.1. Foreachd > 0 and t € [1,00), define a map
Bt : SBCw[Pa(X)] = Coo[Pu(X), A(B)]
foreach ¢ € S, [T] € Co[Py(X)] by the formula

Bi(gBIT]) = [Be(gBT)],

where

(B+(8BT))(x,y) = (B(x))(g1)@T(x,y)-
Definition 7.2. Foreachd > 0and t € [1, ), define a map

(BL)t : SBCco[Pa(X)] = Cpeo[Pa(X), A(B)]
foreach g € S, f € Cp «[Ps(X)] by the formula

((BL)i(821))(r) = Pr(8@f(r)),

foreachr € R..

The following lemma is proved similarly with [29, Proposition 7.6] and [4, Lemma 7.3]
Lemma 7.3. For each d > 0, the maps By and (Br): extend respectively to asymptotic morphisms
B SBCL(Py(X)) ~ Co(Pa(X), A(B))
BL : SBC] oo(Pa(X)) ~ Cf oo(Pa(X), A(B)).

Proof. We will only prove it for § and the case for B, follows similarly.

First of all, we claim that

|[Be(ghBST)] — B (5] [B (BT — 0

for any [S], [T] € C[P;(X)]. By definition, we can calculate that the (x, y)-th entry of the above
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matrix coefficients of B;(gh®ST) and B;(g®S)B:(h®T) are

Y B(x)(gth))@S(x,2)T(z,y)

ZE€EZy

and

Y Bx)(80)(ty) < (B(y) (1)) 2S(x,2) T(z,y),

Z€EZy
respectively. By using [9, Lemma 3.4], it suffices to prove for any ¢ > 0 and h € S, there exists
T > 0 such that

1B(x) () = (txy)« (B(y) (1)) || < €

for all t > T. To simplify the notation, we denote v, = ty(x)(s(x)) and v, = t:(y)(s(y)).
Write R the propagation of [ST]. Assmue that d(x,y) < R and d(x,xp) is large enough such
that t,(y)(s(y)) = txy(vy), where xq is the base point we choose. Combining Definition we
have that

[B(x)(he) — (txy)«B(y) (he) || = o )S;BPXIR 11(Co, (v,7)) — 1t (Co, (0,7)) |
o G A B G ]
) m?&% Hh (o427 @=00)),t71r) =k (¢t (0 =0t )|

= (1B 2150, (1) = By 21, (W)

Notice that |[v, —vy|| < p4(d(x,y)) < p+(R), where p is the controlled function defined as in
Definition By using the fact tlim t=2/F = 0 and Lemma we complete the proof of the
—00

claim.

The rest part of the proof is similar with [29, Lemma 7.6]. One can similarly prove that

Be([T]) < gl - II[TII-

forall ¢ € S and [T] € C«[P;(X)]. Hence B; extends to an well-defined asymptotic morphism
from S® ey Cl (Py(X)) to CZ% (Py(X), A(B)). Since S is nuclear, we complete the proof. O

Note that the asymptotic morphisms
Br: SOCL(Pa(X)) ~ Co(Pu(X), A(B))

(BL)t + SBCL o(Pa(X)) ~ C o (Pa(X), A(B))

induce homomorphisms on K-theory
B : K.(SBCL(P(X))) ~ K.(Co(P4(X), A(B))

(BL)x : Ki(S®CL oo (Pa(X))) ~ Ki(CLoo(Pa(X), A(B)))-
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Theorem 7.4. For any d > 0, the Bott map
(BL)« : Ke(SBCT o (Pu(X))) ~ Ki(C oo(Pa(X), A(B)))-

is an isomorphism.

Proof. The K-theory of the localization algebra is invariant under the strong Lipschtiz homotopy
equivalence (see [28, 29]). By a Mayer-Vietoris sequence argument and induction on the dimen-
sion of the skeletons [13, 28], the general case can be reduced to the zero-dimensional case, i.e., if
A C Py(X) is the O-skeleton of Py(X), then

(BL)s : K. (3®cgw (A(O)>> ~ K, (c;goo (A<0>,A(B)))
is an isomorphism.

Notice that

[T, ea0 Ks
@'}EA(O)K*
[1yea0 K (Ci ({7}, A(B)
K* C* A(O), B YEA L )

(Cin (29 48)) = F= T A®))

Moreover, one can see that K, (S®C; ({7})) & K.(S®K) and K, (C; ({7}, A(B))) = K.(K®.A(B))
and the Bott map (Br). coincides with B, (,)(s(,)) when (BL)« restricts on K. ({7}) = K.(S) to
K.(C; ({7}, A(B))) = K.(A(B)). Then the theorem follows from Theorem [3.15] directly. O

K. (S8Ci 4 (80))

Then we can finally prove the main result:

Proof of Theorem We have the following commuting diagram:

(BL)+

K. (Cf o (Pa(X))) K. (C} o (Pa(X), A(B)))
(e”“’)*l lwé)*
K. (CL(Pa(X))) —E— Ko(CL(Py(X), A(B))).

By Theorem 6.8 and Theorem [7.4}, we show that evZ is an isomorphism and (B ). is injective. It
forces evo, to be an injection. Combining Theorem[5.7] we conclude that the coarse assembly map

pe lim Ko (Pa(X)) — Ko (C(X))

is injective. O
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