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AFFINE FRACTIONAL SOBOLEV AND ISOPERIMETRIC
INEQUALITIES

JULIAN HADDAD AND MONIKA LUDWIG

ABSTRACT. Sharp affine fractional Sobolev inequalities for functions on R"”
are established. For each 0 < s < 1, the new inequalities are significantly
stronger than (and directly imply) the sharp fractional Sobolev inequalities
of Almgren and Lieb. In the limit as s — 17, the new inequalities imply the
sharp affine Sobolev inequality of Gaoyong Zhang. As a consequence, fractional
Petty projection inequalities are obtained that are stronger than the fractional
Euclidean isoperimetric inequalities, and a natural conjecture for radial mean
bodies is proved.
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1. INTRODUCTION

Almgren and Lieb [I] established Pélya—Szegd inequalities for fractional Sobolev
norms. The equality case was settled by Frank and Seiringer [11]. A consequence
is the fractional Sobolev inequality: for 0 < s < 1, there is ay, s > 0 such that for
fewstRrm),

1) e < ane [ HE= T aray,

and there is equality if and only if f is a constant multiple of the indicator function
of a ball. Here || f||, denotes the L? norm of f and |- | the Euclidean norm in R™
while W 1(R™) denotes the fractional Sobolev space of L! functions with finite right
side in (). By a result of Bourgain Brezis, and Mironescu [3], for f € WHH(R"),

|f(z) = f(y)] 1
2 li s dz dy dz,
(2) lim /n /n |3:—y|"+5 = o |V f(z)|dz

where wy, is the n-dimensional volume of the unit ball in R® and W1!(R") denotes
the Sobolev space of L! functions f with weak L' gradient Vf. Dévila [7] proved
a result corresponding to @) for f € BV(R"), the space of L' functions with
bounded variation. Hence, the sharp L! Sobolev inequalities on W11(R") and
BV (R™) follow from the fractional Sobolev inequalities ().

Gaoyong Zhang [39] established a sharp affine Sobolev inequality that is signifi-
cantly stronger than the classical L' Sobolev inequality. For n > 2 and C' functions
f:R™ = R with compact support, Zhang [39] proved that

O Wl < 5= (5 [ wr0.00mae) " < = [ vs@lan

1_2w_

Here (-,-) denotes the inner product and integration on the (n — 1)-dimensional
unit sphere S"~1 is with respect to the (n — 1)-dimensional Hausdorff measure. The
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first inequality in (@) is now called the affine Sobolev inequality or the Sobolev—
Zhang inequality. It is affine since both terms remain invariant under volume-
preserving affine transformations. Tuo Wang [35] extended the Sobolev—Zhang
inequality to L' functions of bounded variation and showed that there is equality
in this generalized Sobolev—Zhang inequality precisely for constant multiples of
indicator functions of ellipsoids.

The main aim of this paper is to establish affine fractional Sobolev inequalities
for 0 < s < 1 that are stronger than the fractional Sobolev inequalities in (Il) and
imply, in the limit as s — 17, the Sobolev—Zhang inequality.

Theorem 1. For 0 < s <1 and f € W*}(R"),
o0 Lt n/s —s/n
£l < an, nw(n+5)/n( / (/ s &H dt) d{)
" sn—1 N Jo

|f(x) = fy)l
/n/n |$_ |n+s dzdy.

There is equality in the first inequality if and only if f is a constant multiple of the
indicator function of an ellipsoid. There is equality in the second inequality if f is
radially symmetric.

In order to prove Theorem [Il we introduce the s-fractional polar projection body
IT** f associated to f, defined as the star body whose gauge function for £ € S*~!

is
M_/ /

(4) €]
(see Section B for details). The affine fractional Sobolev inequality can now be
written as

() £l < o sma (R IS 750,
where | - | denotes n-dimensional Lebesgue measure. Since both sides of (B are

invariant under translations of f, and for volume-preserving linear transformations
¢:R" — R",

I*(fog™") = ¢II™*f,
it follows that (@) is an affine inequality.

To show that Theorem [l implies the Sobolev-Zhang inequality, we establish a
result corresponding to (). For f € W(R™), we will prove that

©) lim (1 — )| 1 f[ /" = 2 |1 |1/,
s—1—

where IT* f is the polar projection body of f which is defined (with different nota-
tion) in [39] (also see [24]) for £ € S"~! by

vy =3 [ HVF@.Oldn

Moreover, we establish the corresponding statement for f € BV(R™) and also
recover Wang’s generalized Sobolev—Zhang inequality (without characterization of
the equality case) from Theorem [ (see Section M.

€]
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We prove Theorem [I] by first establishing affine fractional Pdlya—Szegé inequali-
ties as a consequence of the Riesz rearrangement inequality. For the equality case,
we use anisotropic fractional Sobolev norms (introduced in [2I]) and the equality
case of the Riesz rearrangement inequality due to Burchard [5]. For 0 < s < 1
and E C R" of finite s-perimeter (see Section P]), we define the fractional polar
projection body as II*'*FE = II*°1g, where 1g is the indicator function of F, and
obtain from the affine fractional Pdlya—Szego6 inequalities that

55T\ —s/n (n—s)/n
(7 () "= ()

for 0 < s < 1 and E C R" of finite s-perimeter and finite measure, where B" is
the Euclidean unit ball in R™. From these fractional Petty projection inequalities,
Theorem [I] follows by a co-area formula for the fractional Sobolev norm. In the
limit as s — 17, we obtain from () the generalized Petty projection inequality by
Zhang [39] and Wang [35]. In addition, we prove versions of our functional and
geometric inequalities for Steiner symmetrization.

In Section[@ we connect fractional polar projection bodies to radial mean bodies
(introduced by Gardner and Zhang [13]) and obtain fractional Zhang inequalities.
Moreover, we establish new affine isoperimetric inequalities for radial mean bodies,
thereby proving a natural conjecture in the field.

2. PRELIMINARIES

2.1. Function spaces. For p > 1 and measurable f : R” — R, let

1= ( [ 1f@pas) ™

Weset {f >t} ={x e R": f(z) > ¢} for t € R and use corresponding notation for
level sets, etc. We say that f is non-zero if {f # 0} has positive measure, and we
identify functions that are equal up to a set of measure zero. For p > 1, let

LP(R™) = {f :R™ = R: f is measurable, || f]|, < oo}.

Here and below, when we use measurability and related notions, we refer to the
n-dimensional Lebesgue measure on R"™.

For E C R™, the indicator function 1g is defined by 1g(z) = 1 for x € FE
and 1g(x) = 0 otherwise. We say that two measurable sets are equivalent if their
indicator functions are equal up to a set of measure zero.

Let 0 < s < 1. We define the s-fractional Sobolev space as

s,1 ny __ n )|
wel R = {f e L'(R") /n/ |x_y|n+s dwdy < oo},
For f € LY(R"), we say that f admits a weak gradient Vf : R™ — R™ if
/ (v(z), Vf(z))de = — fz)dive(z) dz
n Rn

for every v € C°(R™;R"™), where C°(R™;R"™) is the set of smooth vector fields
v : R™ — R” with compact support and div v denotes the divergence of v. We set

WHHR™) = {f € L'(R") : [Vf| € L'(R™)}.
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Let B(R™) denote the class of Borel sets in R". For f € L'(R"), we say that f
is a function of bounded variation on R"™ if there is a finite vector-valued Radon
measure Df : B(R™) — R™ such that

®) | w@.os@)apsi@) == [ f)divs) da

for every v € C*(R™;R"), where |Df| : B(R") — [0,00) denotes the variation
measure of Df and o¢ : R* — R” the Radon-Nikodym derivative of D f with respect
to [Df|. We write BV (R™) for the space of L! functions of bounded variation. For
more information on functions of bounded variation, we refer to [8, Chapter 5].

2.2. Symmetrization. Let E C R" be a Borel set of finite measure. The Schwarz
symmetral of F, denoted by E*, is the centered Euclidean ball with the same
volume as E.

For a non-negative integrable function f and ¢ > 0, the superlevel set {f > t} is
a measurable set of finite measure. The layer cake formula states that

f(a) = / Tl (@) di

for almost every x € R™ and allows us to recover the function from its superlevel
sets. The Schwarz symmetral of f, denoted by f*, is defined by

f*(fc):/o Loy () dt

for x € R™. Hence f* is determined by the properties of being radially symmetric
and having superlevel sets that are balls of the same measure as the superlevel sets
of f. Note that f* is often called symmetric decreasing rearrangement of f.

Let ¢ € S"~!. The Steiner symmetral of E in the direction &, denoted by E¢,
is defined by the property that for every line L parallel to &, the set L N E€ is an
interval of the same length as L N E and symmetric with respect to the subspace
orthogonal to €.

For a non-negative integrable function f, the Steiner symmetral f¢ is defined by

Fé(z) = / L ponye(z) dt
0
for z € R™.

2.3. Star bodies. For a set K C R" that is star-shaped (with respect to the
origin), the gauge function || - ||x : R™ — [0, 0] is defined as

lz]|x = inf{\A > 0:2 € AK},
and the radial function px : R™\ {0} — [0, o] as
pi(r) = ||z| " =sup{A >0: Az € K}.

We call K a star body if its radial function is strictly positive and continuous in

R™\ {0}.

We say that a star-shaped set is p-convex with 0 < p <1 if
Iz +ylf < llzlf + llyl%

for all z,y € R™. A p-convex body is a star body that is also p-convex. For more
information on p-convex sets, see, for example, [16].
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For star bodies K, L C R™ and p € R, define the dual mixed volume as

- 1
VL) = © /S (O () e,
Notice that B
Vp(K, K) = |K|.

The dual mixed volume inequality (see [31 Section 9.3] or [12, B.29]) states that
forp<0Oorp>n,

9) Vp(K, L) > |K|" =/ L,

and the reverse inequality holds for 0 < p < n. Equality holds for p # 0,n if and
only if K and L are dilates, where we say that star bodies K and L are dilates if
px = cpr on S~ for some ¢ > 0.

2.4. Convex bodies and the Petty projection inequality. A set K C R"
is called a (proper) convex body if it is compact and convex and has non-empty
interior. For a convex body K, the support function hg : R™ — R is defined as

hi(y) = max{{z,y) : x € K}.

A convex body K that contains the origin in its interior is also a star body. The
polar body of such K is defined as

Kr={yeR": (z,y) <lforalze K}
and is a convex body containing the origin in its interior while
Izl = hi-(x)
for z € R™.

For K C R™ a convex body, the projection body is defined as the convex body
whose support function for £ € S*7! is

hi i (§) = [ projer (K)|n—1,

where projc. denotes the orthogonal projection to the hyperplane, &+, orthogonal

to € and |- |,,_1 stands for (n — 1)-dimensional volume in £*. Using the surface area
measure S(K, ) of K, we can also write

@) =5 [l n)las(in)

for £ € S"~!. Projection bodies were introduced by Minkowski, and hy i (€) is
called the brightness of K in the direction & (see [12[31] for more information).

The important Petty projection inequality [28] states that for a convex body
K CR™,

Wn—1

with equality precisely for ellipsoids, where IT* K is the polar body of II K. A new
proof using Theorem [ (and hence the Riesz rearrangement inequality) is given
in Section [l A previous proof of ([[0) that also uses the Riesz rearrangement
inequality and the so-called convolution square of a convex body was given by
Schmuckenschliger [32]. For generalization of projection bodies of convex bodies,
see, for example, [2J6[T4)18][20123][26], and for further results related to the Sobolev—
Zhang inequality, see, for example, [15124125]27136].
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2.5. Anisotropic fractional Sobolev norms and perimeters. Let 0 < s < 1
and let K C R™ be a star body. For f € W#1(R"), the anisotropic fractional
Sobolev norm of f with respect to K is

|f(x) = fy)l
——dxdy.
/n/n Hw—yll +

It was introduced in [21] for K a convex body (also, see [22]). The s-fractional
perimeter with respect to K of a measurable set F C R" was introduced in [21] as

s(E, K) // ————dzdy,
cllx—yll -

where E°¢ = R™\F is the complement of E in R™. The same definition will be used
for K C R™ a star body. The anisotropic s-fractional perimeter of E with respect
to K is half of the s-fractional anisotropic Sobolev norm of 1z with respect to K.
Since K is a star body, this implies for measurable E C R™ that Ps(E, K) < oo if
and only if 1z € W*1(R"). If K is the Euclidean unit ball, we write Ps(E) and
obtain the well-known Euclidean s-fractional perimeter of E. We will use that

ol=sp(n=1/2p, T (155) B 21 =S, wn—s

s(n — s) L (252)  s(1—s)wis

(11) Py(B") =

(cf. []), where w, = 7%/2/T(g/2 + 1) for ¢ > 0 and T is the gamma function. A
simple way to obtain this result is by using the Blaschke-Petkantschin formula [33]
Theorem 7.2.7]:

1 1
<[ [ ammdr,
BraL£0 JBroL Jemsoynn 1T —yl®
dH'(z)dH (y
/ // / ()1+s()d2df
sn=1 J¢L JBrn(z4+RE) J (R*\B™)N(2+RE) |z -yl

nwp(n — 1) wn_l/ / / dH(z)dH(y )t"_2dt
2 0 Jiaj<vi=e Jyysvice -yt

1-s 1
_ 2 (n — 1)nwn71wn / (1 _ t2)(175)/2tn72 dt
0

s(1—s)
(n—Dnwp—1w, ,1—s n—1
= B 1
255(1 — s) ( y by )

where the outer integration in the first integral is on the affine Grassmannian of lines
in R™, and we use the (n — 1)-dimensional Hausdorff measure for the direction of
lines and the (n — 1)-dimensional Lebesgue measure in the orthogonal complement
of a line. Here H! denotes 1-dimensional Hausdorff measure, and R¢ is the line
with direction £ while B is the beta function. For the optimal constant in (), we
get

=)/
s = 9P (B

since there is equality in () for indicator functions of balls.
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The following fractional co-area formula is a consequence of Fubini’s theorem
(cf. [34, Example (2.9)]):

120y (2) = Loy )]
// n+s d dy // / =0 n{_fszt} dt dx dy
- ||x—y|| - ||x—y|\
=2/ Pu({f > t}.K) dt
0

for non-negative f € W*(R") and a star body K C R™.

3. FRACTIONAL POLAR PROJECTION BODIES

Let 0 < s < 1 and f € BV(R™). We discuss properties of the s-fractional
polar projection body II*:° f, that is, the star-shaped set defined through its gauge
function for £ € R™ as

= [, LV

Notice that | - |+« f is a 1-homogeneous function.
We start with a simple observation. Let K C R™ be a star body. Using (I3)), we

:E+t§

(13) lell; Fat) = F@)) g ar

obtain
1) — )|
LSS ||:c—y|\"+s dody
/n/n yTILT"+Sf(y)|dZdy

=/ / €]l / [y +6) — F) e dyd de

= [ et [T IO v

= [ ol e e
Hence
(14) // ”I_y|n+5|dwdy n V_g (K170 f),

where we have already used the following result, which shows that II*°f is an
origin-symmetric star body.

Proposition 2. For non-zero f € W51(R"), the set II** f is an origin-symmetric
s-convex body with the origin in its interior. Moreover, there is ¢ > 0 depending
only on f such that TI**f C ¢ B™ for every s € (0,1).

Proof. First, note that since for £ € R™ and ¢t > 0,

[ @19~ f@ldz = [ 1f(@) = fla+ t6)] s

the set IT*® f is origin-symmetric.
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Next, we show that II*:°f is bounded. We take r > 1 large enough so that
[.go |f(@)]dz > 2|/ f||l1 and easily see that for ¢ > 7,

/n |f (@ +t8)—f ()| d
> [ W@l lferhdet [ (il @) da

rB™—t&

2 1
>2(= - - .
> 227 - 5 1/1h)
Hence,

[ HE O = F@ | gy 2 [Tt s 2
A e R A

which implies that II*° f C ¢ B™ for ¢ > 0 independent of s.
Next, we show that || - [|f...; is sublinear on R". Indeed, for {,n € R", the
triangle inequality and a change of variables show that

foop = [ 60 At o) = SOl e

1€ +nl

(15) < /OOO T+t tn) = O+t + 1FC+8) = f()lln) dt

= [1&lEr-s p £ ll7ees s

which shows that IT*® f is an s-convex set.
Now, we show that IT** f has the origin in its interior. Using the relation (I4)),

we get
|f(z) = fy)]
[ elegag=3 [ DI aza,

which is finite since f € W*1(R"). We choose r > 0 large enough so that the set
A={€e€ 8" " |[€llfe; < r} has positive (n — 1)-dimensional Hausdorff measure
and a basis {&1,...,&,} € A of R™. Applying (if necessary) a linear transformation
to IT** f, we may assume without loss of generality that £ = e; are the canonical
basis vectors. For every z € R™ writing z = ) z;e; and using (IH]) we get

1/s
loleer < (3 Il lledllivng) - < dlal,

where d > 0 is independent of x. This shows that II*>° f has the origin as interior
point.

Finally, it is easy to see that a star-shaped set that is s-convex and has the
origin in its interior also has a continuous gauge function, thus being an s-convex
body. O

4. THE LiMIT CASE s — 1~ OF FRACTIONAL POLAR PROJECTION BODIES

We prove (@) and the corresponding statement for functions of bounded variation.
For f € BV (R"™), the polar projection body is defined for £ € S*~! by

1
ey = 5 [ los(@). 1 4Ds|@)
(see [35]). Note that for f € W(R™), this definition coincides with (@).
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Theorem 3. Let f € BV(R"). For £ € S,

lim (1= s)[I€llfresp = 2[[]lme¢-
s—1
Moreover,
lim (1 — s)[ I f| /" = 2| 11 f| 2/
s—1—
and

lim (1 — 8)V_o(K,II"°f) = 2V_, (K, IT* f)

s—1—

for every star body K C R™.
We require the following two lemmas.

Lemma 4. If ¢ : [0,00) — [0,00) is a measurable function with lim,_,o+ p(t) =
©(0) and such that [;° t=*0p(t)dt < oo for some sq € (0,1), then

lim (1 —s) /000 t~%p(t) dt = (0).

s—1—

Proof. Given € > 0 take ¢ € (0,1) so that 0 < ¢ < ¢ implies |p(t) — ¢(0)] <e. We
have

oo 4 ) oo
/0 t*ﬂp(t)dt:/o t*ﬂp(o)dt+/0 t*s(go(t)—go(o))dwr/é t~%p(t) dt
1—s
= 1_530(0)+A+B

where (1 — s)|A] <ed'™* < e and

oo

IB| < g%+ /5 FS0p(t) dt < 5%~ /O 150 (t) dt

for s € (sg,1). Since (1 —s)B — 0 and 617 — 1 as s — 17, we can take s
sufficiently close to 1 so that (1 — s)|B| < € and |§17%¢(0) — ¢(0)| < ¢, obtaining
[(1—s) ;S t75p(t) dt — p(0)] < 3e. O

Lemma 5. For f € BV(R") and £ € S"71,
[ =T [ ool apria)

Proof. Let g : R™ — R be a smooth function with compact support, and write div,
for the divergence taken with respect to the variable z. Using (&), we obtain

lim
t—0 1

t t

= —/n fx) /01<Vg(a:—rt§),§> drdx
1
=— - f(z)div, (/0 glx — rtf) drf) dz

-[(] gla = rt€)dr) (o7(2),€) Do),
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Therefore

10 i [ g LT 1E)
]Rn

do= [ g@)ior(@). ADs(z).

Let € > 0. Since |Df| is a finite Radon measure, the set of smooth functions
with compact support is dense in the space of L' functions w.r.t. [Df| (cf. [10
Proposition 7.9]). Hence, there is a smooth function g : R® — R with compact
support such that

/n l9(z) —sgn((oy(x),£))|d[Df|(z) <e

and [|g]loc < 1+e. By (I8),

flz+t8) — f(z)
t

dx

> lim g(x)w dx
t—0 Jpn t

— [ 9(@)(os@).&) dDS|()
_ / s (@). ©)|dIDS| (=)

(1 +¢)liminf
t—0 Rn

+ [ (960) = senllo ), ) o5 ). DS 2)
> [ l{os().&)dDS|(@) =
Since € > 0 was arbitrary, we obtain

B Ry )

t—0 1

For the opposite inequality, notice that

/n (/01 h(z — rt) dr) (of(z),€) dIDf|(z)

<l | 1osle). D)

for every h € L= (R"). O

Proof of Theorem[3. Define ¢ : [0,00) — [0, 00) by

o(t) = Hf(-+t§t>—f(-)H

1

and note that p(t) < 2”{:”1 for t > 0. By Lemma [ and Lemma [3]

. * s fC ) -
p-n [ o910

/() Hl df = / (o4 (x),€)|dDf| ().
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By Proposition 2] we can use the dominated convergence theorem to obtain,

lim n|(1—s)~"/* T f|
e+t~ f0)

s—1—
lim ((1 - s)/ t=°
s—17 Jgn-1 0 t

/Sn,1 (/Rn |<Uf($)v§>|d|Df|(x)) e

)

=n |% IT* £
and
i (1= V- (K10 f) = im (1=5) [ €€l €
s—1 s—1 sn—1
=2 [ el el dg
§n—1
=2nV_(K,1II* f),
which completes the proof of the theorem. O

5. ANISOTROPIC FRACTIONAL POLYA-SZEGO INEQUALITIES

Almgren and Lieb [I] established the following Pélya—Szegd inequality for frac-
tional Sobolev norms. The equality case was settled by Frank and Seiringer [11].
Let 0 < s < 1 and n > 1. For non-negative f € W*1(R"),

(17) /n/ |x_ |n+s | qz dy >//n |f*|x_ Ii:( )|dxdy,

with equality precisely if {f > t} is equivalent to a ball for almost every ¢ > 0.
The following improvement of (I7) is key to proving the main theorems in Sec-
tion 8 It is a variation of [I7, Theorem 3.1].

Theorem 6. Let 0 < s < 1 and K C R" a star body. For f : R® — R a non-
negative integrable function,

* *
/ / n+s d dy >/ / /(@ J:H_(s”dxdy.
n n |I—y|| n " |I_yH

If equality holds for non-zero f € W*1(R™), then K is a centered ellipsoid, and for
almost every t > 0, the level set {f >t} is equivalent to an ellipsoid.

The inequality in Theorem [f] follows rather directly from the Riesz rearrangement
inequality, which is stated in full generality, for example, in [4].

Theorem 7 (Riesz’s rearrangement inequality). For f, g,k : R" — R non-negative
measurable functions,

/ f(@)k(x —y)g(y) drdy < / [ @)k (x —y)g*(y) dz dy.
o Jan

n JRn
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To establish the equality case in Theorem [G, we use the characterization of
equality cases in a version of the Riesz rearrangement inequality due to Burchard [5].

Theorem 8 (Burchard). Let A, B and C be sets of finite positive measure in R™
and denote by a, 8 and ~y the radii of their Schwarz symmetrals A*, B* and C*.
For |a— B| <v < a+ B, there is equality in

// La(y) 1(z — y) 1c(x)dxdy§/n/n Las(y) 1+ (x — y) 1o+ (z) du dy

if and only if, up to sets of measure zero,
A=a+aD,B=b+pD,C =c+~D,
where D is a centered ellipsoid, and a,b and ¢ = a + b are vectors in R™.

By the co-area formula (I2)), Theorem [f is an immediate consequence of the
following result for anisotropic fractional perimeters.

Theorem 9. Let 0 < s <1 and K CR" a star body. For E C R"™ measurable,

(18) // - Sd:vdy>/ / ———dx dy.
c\w—y||+ ey \w—y|\+

If equality holds for E with finite positive s-perimeter, then K is a centered ellipsoid,
and E is equivalent to an ellipsoid.

Proof. Write
|zl "% = / ki(z) dt, where ki(2) = 1,-1/(m19) g (2)
0
and use Fubini’s theorem to obtain

// T drdy = / //1E 1ge(y)ke(z — y) dz dy dt.
e \w—yH n Jre

For fixed t € (0, 00), we have

/ . / (@) Lpe (ke — y) dady

(19) — [ [ (16 - 16) 160)) (e~ ) dody
— e IKIE - [ [ @) ke - ) 1e() dedy.
Rn JR
Clearly, the first term is invariant under Schwarz symmetrization. For the second

term, we can apply Theorem [7l to show that the left side does not increase under
Schwarz symmetrization. Thus

/n / lg(z)ki(x — y) 1pe(y) dedy > / /n 1+ (2) ki (2 — y) L(pe)e(y) dzdy

for t > 0 and integrating this inequality for ¢ € (0, 00), we obtain (IS]).
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If there is equality in (I8), it follows from (I9) that for almost every ¢ > 0,

[ [ 1@ teeaxte =16 dray

is invariant under Schwarz symmetrization. Now we may apply Theorem [§ with
A=C =EF and B =tV K for suitable t > 0. Since A = C, we have a = ¢,
and this implies b = 0. Hence K is a centered ellipsoid, and FE is equivalent to an
ellipsoid. O

To establish corresponding inequalities for Steiner symmetrization, we require
the following result.

Theorem 10 (Rogers [29]). Let ¢ € S*~ L. For f,g,k : R™ — R non-negative and

measurable,

| [ @k = namdeay< [ [ @ - et deay.

n R’Vl
We remark that the above theorem is a special case of the inequalities of Rogers [30]
and Brascamp-Lieb-Luttinger [4, Lemma 3.2].
As in the case of Schwarz symmetrization, we obtain the following consequences.

Theorem 11. Let 0 < s < 1 and £ € S*~1. If K C R" is a star body, then

dx d dxd
/ /c ch—yH"JrS vz /Es /Es)c ||:1c—y||’hLS Y

for E C R™ measurable.
Theorem 12. Let 0 < s <1 cmd§ € S" L. If K C R" is a star body, then

|F4(2) = fE ()l
/n/n \ac—y”nJrS dxdy>/n/n |:10—y||nJrS dody

for f: R™ — R non-negative and integrable.

6. AFFINE FRACTIONAL POLYA-SZEGO INEQUALITIES

We establish the following affine version of the fractional Pdlya—Szeg6 inequality
([T@) by Almgren and Lieb.

Theorem 13. For 0 < s < 1 and non-negative f € W*(R"),
(20) [T f 7/ > I fo[ e,
with equality precisely if {f > t} is equivalent to an ellipsoid for almost every t > 0.
Proof. By Theorem [6] ([I4), and (@), we have
V(KT f) > V(K% T %)

> [K*|(r)/m s pr|s/n

— |K|(n+s)/n| H*7Sf*|75/n.
Setting K = 11" f, we obtain that

[T15 £ = V([0 T ) 2 [0 04 T ),

which completes the proof of the inequality. The equality case follows from the
equality case of the dual mixed volumes inequality and of Theorem ([
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If we multiply (20) by (1 —s) and let s — 17, we obtain from Theorem [I3] and
Theorem [3] the following affine Pélya—Szeg6 inequality by Cianchi, Lutwak, Yang,
and Zhang [6] (see also [27]):

I f = = e e

for f € WHH(R™).
Using the same proof as for Theorem [13]for Steiner symmetrization and replacing
Theorem [6] with Theorem [[2, we obtain the following result.

Theorem 14. Let 0 < s < 1 and £ € S*~. Then
| H*,5f|—s/n > | H*,Sf£|—s/n
for non-negative f € W1(R™).

As before, we obtain from Theorem [[4] and Theorem Bl the following affine in-
equality:

[T 174 = e pe e
for f € WHH(R") and € € S*~ 1.

7. FRACTIONAL PETTY PROJECTION INEQUALITIES

A set E C R™ of finite measure is a set of finite perimeter if its indicator function
1g is in BV(R™). This allows us to translate results for functions in BV (R") to
sets of finite perimeter and finite measure. The following result is an immediate
consequence of the affine fractional Pélya—Szeg6 inequality from Theorem [T31

Theorem 15. For 0 < s <1 and E C R" of finite s-perimeter and finite measure,
| H*,SE|7S/H > | H*,SE*|7S/H
with equality precisely if E is equivalent to an ellipsoid.

Here we write II** E for the fractional polar projection body of 15. Note that

© |EAE -t
L e

for E C R™ of finite s-perimeter and finite measure. Also note that (I4) implies
that

1 ~
21 2 —— —dxdy =nV_,(K,II"°E
n—+s y
B JEe |z —ylx

for K C R™ a star body.
From Theorem [[8 we easily obtain the first inequality of the following result,
which we call the fractional Petty projection inequality.

Theorem 16. For 0 < s <1 and E C R" of finite s-perimeter and finite measure,
[E| =)/ _ ¢ [T E| \=s/n _ Py(E)

(e <(mm)  <mEy
|B"| [ 11> B Py(B")

There is equality in the first inequality if and only if E is equivalent to an ellipsoid.

There is equality in the second inequality if and only if E is equivalent to a set of
constant s-fractional brightness.

(22)
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Here, we say that £ C R”™ is of constant s-fractional brightness if II"*"*E is a dilate
of B™. The second inequality in (22)) and its equality case follow directly from (I4)
and the dual mixed volume inequality ().

Let £ C R"™ be a set of finite perimeter and finite measure. The perimeter of F
is defined as P(E) = |D1g|. By Davila’s version of (2,

L P(E) _ P(E)
oo~ Py(B")  P(BM)

Taking the limit s — 1~ in (22]), we obtain from this and Theorem Bl that

( |E| )(nfl)/n < ( |IT*E| )*1/71 < P(E)

(23) 5] 5] P(B")

for E C R”™ of finite perimeter and finite measure. The first inequality is the
generalized Petty projection inequality, which was proved by Gaoyong Zhang [39] for
compact sets with piecewise C' boundary and in full generality by Tuo Wang [35].
For E a convex body, it is the classical Petty projection inequality (I0). There is
equality in the second inequality of (23] if and only if E is of constant brightness.

The Steiner inequality for fractional polar projection bodies is contained in the
following result, which is an immediate consequence of Theorem [14]

Theorem 17. Let 0 < s <1 and £ € S"~!. Then
| H*,sE|75/n > | H*,sE{'fs/n
for E.CR™ of finite s-perimeter and finite Lebesque measure.

Taking the limit as s — 1~ and using Theorem Bl we obtain from Theorem [I7]
the following Steiner inequality for polar projection bodies, which was recently
established by Youjiang Lin [19],

|H*E|—1/n > |H*E§|—1/n

for E C R™ of finite perimeter and finite Lebesgue measure and ¢ € S"~!. For
convex bodies, this inequality was established by Lutwak, Yang, and Zhang [23]
and for compact sets, by Wang and Xiao [37].

8. PrROOF oF THEOREM [I]

A version of the following lemma for s = 1 is contained in [39)].

Lemma 18. Let 0 < s < 1. If g: R™ — [0,00) is measurable, then

(n=s)/n [
(24) ([ a@r/o=an)™"" < [Figg = go-oimar

If the right side is finite, then there is equality precisely if g = ¢ 1g for some E C R™
of finite measure and ¢ > 0.

Proof. Let the right side of (24)) be finite. By Fubini’s theorem, we have

/g(x)n/w*s)dx: i / 5/ (=) |{g > t}| dt.
" 0

n—s
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Since 1+ |{g > r}| is monotone decreasing, we obtain for ¢ > 0,

ts/(n—s)Hg > t}| _ (t |{g > t}|(n75)/n)s/(n*5)|{g > t}|(nfs)/n
t
(/ |{g > T}'(n—s)/n dr)s/(n—S)Hg > t}'(n—s)/n
0

n—sd t _ n/(n—s)
_n-sd S [/ g |
2 5[ Mz g an

IN

Hence

—S (n_S)/n > n—s n
([ srio=as)™ " < [Fjgg = neima
" 0

and there is equality precisely if ¢ = c1g for some F C R™ of finite measure and
c>0. O

Proof of Theorem[d. First, assume that f is non-negative. By the co-area formula

([@2) and ([I4),
/ / dedy:2/mPS({f2t},K)dt
w e Nl —yllk 0
— n/ooo Vo (KI5 {f > t})dt.

Hence, by the dual mixed volume inequality (@) and (I4),

eefl = [ VLA e

A L TR I
and
iz [Tz )

The equality cases of inequality () and of the dual mixed volume inequality,
applied to ([ZI)) for K = B", show that
anysnw;nJrs)/n _ | H*,an|s/n|Bn|(n73)/n.

By the fractional Petty projection inequality from Theorem [I6] it now follows that

*,8 —Ss/n |H*15Bn|75/n > n—s S
[T f| =/ = e {f = t}|")/=ae
1

_ - (n—s)/s
- | Kz

Qn s n

In particular, the last term is finite. We apply Lemma [I§ to obtain
(25) sV 17 > | e

Combining the equality cases of the fractional Petty projection inequality and
Lemma [I8, we obtain the equality case for non-negative f.
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For general f and z,y € R", we use |f(x) — f(y)| = [|f(z)| — [f(y)l], where
equality holds if and only if f(x) and f(y) are both non-negative or non-positive.
Applying this inequality in the definition of IT*® f, we obtain

|H*’s|f||7s/n < |H*,Sf|7s/n

with equality if and only if f has constant sign for almost every z,y € R™. Using
@3) for |f|, we obtain the first inequality of the theorem and its equality case.

For the second inequality, we set K = B™ in ([[4) and apply the dual mixed
volume inequality (EI) to obtain

| dxdy V S(ann*,s'f) > nw(n+s)/n|l—[*,s'f|fs/n'
n Jrn Iﬂc—yl"+s "

There is equality precisely if II*° f is a ball, which is the case for radially symmetric
functions. (|

9. FRACTIONAL ZHANG PROJECTION INEQUALITIES AND RADIAL MEAN BODIES

Let E C R™ be a convex body. For p > —1, Gardner and Zhang [13] defined the
radial p-th mean body of E, by its radial function for £ € S*~1, as

PR, E(§) W [EPE—w(Q x
for p # 0 and as

lox(pr, () = 7 [ o(pe—o(€) d

They showed that R, E is a star body for p > —1 and a convex body for p > 0.
Let 0 < s < 1. For a star body K C R™ and a convex body E C R", we obtain
from Fubini’s theorem that

—dwdy = // ———dzdzx
//cllﬂv—yll+ (B—a)e |12 ||+

(26) S G GRE T
- @ pr(§)" P pr_, B(6)7° dE.
S"71
Hence, by (21)),
V (K, II"*E) = AEL V_s(K,R_E)

S

for every star body K. By the equality case of the dual mixed volume inequality
@, it follows that

1
S s
5 E = (—) R,
2|E|

for every convex body F C R".
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Hence, we can reformulate inequalities obtained by Gardner and Zhang [I3] to
obtain inequalities for fractional polar projection bodies. In particular, Theorem 5.5
and Lemma 5.7 from [13] imply that

( | H*’SE| ) —s/n < ( |E| ) (n—s)/n
[ 15 A AN

for E C R™ a convex body and 0 < s < 1 with equality precisely if E is a simplex,
where A is any n-dimensional simplex in R™. Letting s — 1~ and using Theorem [3]
we obtain the Zhang projection inequality [38] (without the equality case), which
was reproved in [13]:

(|H*E|)—1/" < (|E|)(n—1)/n
REAY A
for £ C R™ a convex body.

Conversely, we can reformulate Theorem [I6] for radial mean bodies and obtain
sharp affine isoperimetric inequalities for radial p-th mean bodies for —1 < p < 0.
Using a variation of our approach to Theorem [I6, we obtain the following result,
which proves a natural conjecture in the field. We have included the case p = n

from [I3] Lemma 5.7] in the statement of the result.

Theorem 19. If E C R" is a convex body, then
[RpE| _ |R,B"|

for —1<p<n,

e[~ |B"
|RpE| |RpB"|
> for p>mn,
|E] |B™|

with equality if and only if E is an ellipsoid. Here,

|R,B"| _ ( 2P w1 )"/p
1B (P + Dwnwps1
forp>—1and p#0,n, and

[RoB™| _ o g oh)—v(z+1)),

|B"|
where v is the digamma function. Moreover,
R.E
R,
|E|

for every convex body E C R™.

Proof. Let K C R™ be a star body. It follows from Fubini’s theorem that

1 1
BJE |z —ylk BJE-2 |12k

1 o
SN e LT

B e pn, p ()7 de
b Jgn-1
= @ Vo (K, RyE).
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For 0 < p < m, the Riesz rearrangement inequality, Theorem [7] implies that

1
eJE |z —yllk
1
~Jee |z —ylk-

= (||BEn||>("+p)/n(||£I;||)(n—P)/n/n/n mdxdy'

As in the proof of Theorem @ we obtain from Theorem [ that there is equality
precisely if F is an ellipsoid. Hence, setting K = R, E, we obtain from (27) that

R,E 1
Ipnlz p n// — dady
[RpB*[ nlE||RpB"| Jg Je |z —yllg B

< (||BEn||)p/"(||1:ip§;||)(n—p)/n

and the result follows.

For p > n, we choose ¢ > 0 so large that ¢— ||z —y||% " is non-negative on E x E.
This is possible since E is compact. We apply the Riesz rearrangement inequality
and its equality case and obtain the result.

Next, we calculate the constants for p > 0 and —1 < p < 0. For p > 0, we obtain

by (1) that

|RpB”|)1/" ( P / / 1 1/p
=|— ————dxd )

( |B"| nw? Jgn Jpn |z —y|?P i

and by [33} Theorem 7.2.7 and Theorem 8.6.6] that

/ / L ey = ey
nJpn lz—y|"P p(p+ Dwp1

For —1 < p < 0, we obtain by (28] that

(IRpB"I)”" _ (—_P/ / _ d:vdy)l/p
| B™| nwi Jpn Jgrye | —y|" P
and obtain the result from ().

By ([21), we have

ey (0 [ 1
- (-2 4 d)

( |B"| nw? Jgn Jpn |z —y|m P v

for p > 0. By [33], Theorem 7.2.7 and Theorem 8.6.6],

/ / L ey = 2 ey
nJpe |z —y[nTP p(p+ Dwpi1
where w, = 19/2/T(q/2 + 1) for ¢ > 0. We obtain
n n +1
('RoB |)1/ = i (e )l/p _ e E W) -3+,
|B"| p=0t \(p + Dwnwp 41

The case p = n follows from the polar coordinate formula of volume combined
with the definition of the radial n-th mean body. (|
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