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FUNCTORIALITY OF BOSE-MESNER ALGEBRAS AND

PROFINITE ASSOCIATION SCHEMES

MAKOTO MATSUMOTO, KENTO OGAWA, AND TAKAYUKI OKUDA

Abstract. We show that taking the set of primitive idempotents of com-
mutative association schemes is a functor from the category of commutative
association schemes with surjective morphisms to the category of finite sets
with surjective partial functions. We then consider projective systems of com-
mutative association schemes consisting of surjections (which we call profinite
association schemes), for which Bose-Mesner algebra is defined, and describe a
Delsarte theory on such schemes. This is another method for generalizing as-
sociation schemes to those on infinite sets, related with the approach by Barg
and Skriganov. Relation with (t,m, s)-nets and (t, s)-sequences is studied. We
reprove some of the results of Martin-Stinson from this viewpoint.

1. Introduction

Association schemes are central objects in algebraic combinatorics, with many
interactions with other areas of mathematics. It is natural to try to take projective
limits of a system of association schemes, but there seems to be some obstruc-
tion to have a natural Bose-Mesner algebra. We show that a surjective morphism
between commutative association schemes behaves well with respect to the two
product structures of Bose-Mesner algebras and primitive idempotents, which gives
rise to a notion of profinite association schemes and their Delsarte theory. They are
closely related with profinite groups. We study kernel schemes and ordered Ham-
ming schemes introduced by Martin-Stinson[16] as examples. We reprove their
characterization of (t,m, s)-net as a design in an ordered Hamming scheme, and
give a characterization of (t, s)-sequences in terms of profinite association schemes.

2. Surjections among association schemes and functoriality

Let N denote the set of natural numbers including 0, and N>0 the set of positive
integers.

2.1. Category of association schemes. Let us recall the notion of association
schemes briefly. See [1][6] for details. We summarize basic terminologies.
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Definition 2.1. Let X be a set. By #X we denote the cardinality of X . If X
has a topology, C(X) denotes the vector space of continuous functions from X
to C. If a topology is not specified, X is regarded to be a discrete space. For
S ⊂ X , we define the indicator function of S as a function χS : X → {0, 1} where
χ(x) = 1 if and only if x ∈ S. If S is a singleton {x}, we denote the indicator
function by δx. For a map f : X → Y between finite sets, f † : C(Y ) → C(X)
denotes the pull back: g ∈ C(Y ) 7→ g ◦ f . It is injective (respectively surjective)
if f is surjective (respectively injective). By the multiplication of functions, C(X)
is a unital commutative ring. This multiplication is called the Hadamard product.
For a finite set X , the set C(X ×X) is naturally identified with the set of complex
valued square matrices of size #(X), and the matrix product is given by AB(x, z) =∑

y∈X A(x, y)B(y, z). The Hadamard product ◦ is given by the component wise

product, namely, (A ◦ B)(x, z) = A(x, z)B(x, z). (Note that ◦ may denote the
composition of mappings, but no confusions would occur.)

Definition 2.2. Let X , I be finite sets, and R : X ×X → I a surjection. We call
(X,R, I) an association scheme, if the following properties are satisfied. For each
i ∈ I, R−1(i) may be regarded as a relation on X , denoted by Ri. Let Ai be the
corresponding adjacency matrix in C(X ×X).

(1) There is an i0 ∈ I such that Ai0 is an identity matrix.
(2) Consider the injection R† : C(I) → C(X ×X). Its image AX is closed by

the matrix product.
(3) AX is closed under the transpose of C(X ×X).

The algebra AX with the two multiplications (the Hadamard product and the
matrix product) is called the Bose-Mesner algebra of (X,R, I). We may use the
same notation i0 for distinct association schemes. The number of 1 in a row of Ai

is called the i-th valency and denoted by ki. If AX is commutative with respect to
the matrix product, then (X,R, I) is said to be commutative.

In the following, we write simply an “association scheme X” for an association
(X,R, I) by an abuse of language. We follow MacLane [15] for the terminologies
of the category theory, in particular, functors, projective systems, and limits. The
association schemes form a category, by the following[11][25].

Definition 2.3. Let (X,R, I), (X ′, R′, I ′) be association schemes. A morphism of
association schemes from X to X ′ is a pair of mappings f : X → X ′ and g : I → I ′

such that the following diagram commutes:

X ×X → I
f × f ↓ 	 ↓ g

X ′ ×X ′ → I ′.
(2.1)

It is clear that the surjectivity of f implies that of g. The morphism (f, g) is said
to be surjective if f is surjective.

2.2. Functoriality of Bose-Mesner algebra.

Proposition 2.4. If (f, g) : X → X ′ is a surjective morphism of association
schemes, then for any x′ ∈ X ′, the cardinality of the fiber #f−1(x′) is #X/#X ′.

Proof. The cardinality of the fiber is the summation of the valencies of Ri for i with
g(i) = i′0, hence independent of the choice of x′, which implies the result. This is
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well-known [25], and it holds under a weaker condition (for unital regular relation
partitions, see [12]). �

Theorem 2.5.

(1) Let (f, g) : (X,R, I)→ (X ′, R′, I ′) be a morphism. It induces an injection
C(I ′)→ C(I) and hence Ψ : AX′ → AX . Then Ψ is a morphism of unital
rings with respect to the Hadamard product.

(2) Suppose that f is surjective. We define the convolution product •X on AX

by

(A •X B)(x, z) =
1

#X

∑

y∈X

A(x, y)B(y, z)

(i.e., the matrix product normalized by the factor of #X). Then, AX has
a unit EX := #XAi0 , and Ψ is a morphism of rings with respect to the
convolution product (which may not map the unit of AX′ to the unit of
AX).

(3) The vector space C(X) is a left AX-module by the following action:

AX × C(X)→ C(X), (A, h) 7→ (A • h)

given by

(A • h)(x) =
1

#X

∑

y∈X

A(x, y)h(y),

and the unit EX acts trivially. This module structure is compatible with Ψ
in the sense that the following diagram commutes:

AX × C(X) → C(X)
Ψ× f † ↑ 	 ↑ f †

AX′ × C(X ′) → C(X ′).
(2.2)

If we consider C(X ′) ⊂ C(X), then the element Ψ(EX′) ∈ AX acts on
C(X) as a projector C(X)→ C(X ′).

Proof. For a morphism of finite sets X → Y , the induced map C(Y ) → C(X)
is a morphism of unital rings with respect to the Hadamard product. The first
statement follows from this and the commutative diagram (2.1). For the second
part, take A,B ∈ A′

X . (In fact, one may take A,B ∈ C(X ′ × X ′); the following
arguments depend only on the fact that the cardinality of the fiber of f is constant.)
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Then

Ψ(A •X′ B)(x, z) = (A •X′ B)(f(x), f(z))

=
1

#X ′

∑

y′∈X′

A(f(x), y′)B(y′, f(z))

=
1

#X ′

1

#f−1(y′)

∑

y∈X

A(f(x), f(y))B(f(y), f(z))

=
1

#X ′

#X ′

#X

∑

y∈X

Ψ(A)(x, y))Ψ(B)(y, z)

=
1

#X

∑

y∈X

Ψ(A)(x, y))Ψ(B)(y, z)

= (Ψ(A) •X Ψ(B))(x, z).

For the third part, it is a routine calculation to check that AX acts on C(X) as
a unital ring. For A ∈ AX′ and h ∈ C(X ′), the compatibility follows from:

f †((A • h))(x) = (A • h)(f(x))

=
1

#X ′

∑

y′∈X′

A(f(x), y′)h(y′)

=
1

#X ′

1

#f−1(y′)

∑

y∈f−1(y′),y′∈X′

A(f(x), f(y))h(f(y))

=
1

#X ′

#X ′

#X

∑

y∈Y

Ψ(A)(x, y))(f †h)(y)

=
1

#X

∑

y∈X

Ψ(A)(x, y))(f †h)(y)

= (Ψ(A) • (f †h))(x).

The compatibility implies that Ψ(EX′) trivially acts on the image of C(X ′) in
C(X). For A ∈ AX′ and h ∈ C(X),

(Ψ(A) • h))(x) =
1

#X

∑

y∈X

Ψ(A)(x, y)h(y)

=
1

#X

∑

y∈X

A(f(x), f(y))h(y),

which depends only on f(x), and hence Ψ(A) •h lies in f †(C(X ′)) ⊂ C(X). Hence
Ψ(EX′) is a projection C(X)→ C(X ′). �

Definition 2.6. Let ASsurj be the category of association schemes with surjective
morphisms.

Corollary 2.7. Let AlgHC (HC means Hadamard and convolution) be the category
of finite dimensional C-vector spaces A with:

(1) one associative multiplication (Hadamard product) which gives a commuta-
tive unital semi-simple C-algebra structure to A,
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(2) one (possibly non-commutative) associative multiplication (convolution prod-
uct) which gives a unital semi-simple C-algebra structure to A.

(Note that in this case, semi-simplicity is equivalent to that A is a direct product of
a finite number of matrix algebras over C). Morphisms are injective C-linear maps
preserving the both two products and the unit for the Hadamard product (we don’t
require preservation of unit for the convolution product).

Then, the correspondence X 7→ AX gives a contravariant functor from ASsurj to
AlgHC .

Proof. It is proved that AX has two products. Semi-simplicity is well-known, c.f.
[25]. (It is enough to show that there is no nilpotent ideal, but for any nonzero
A ∈ AX , the product with its unitary conjugate A •A∗ = 1

#XAA∗ is not nilpotent,

hence AX is semi-simple.) Functoriality is easy to check, using Theorem 2.5. �

Corollary 2.8. Let us consider the category Mod of R-modules, whose object is a
pair of a unital commutative ring R and an R-module M , and a morphism from
(R,M) to (R′,M ′) is a pair of a ring morphism f : R → R′ and a Z-module
morphism g : M →M ′ which makes the following diagram commute:

R×M → M
f × g ↓ 	 ↓ g

R′ ×M ′ → M ′.

Then, the correspondence X 7→ (AX , C(X)) is a contravariant functor from ASsurj

to Mod.

Proof. The correspondence is given in Theorem 2.5. It is a contravariant functor,
since each of the correspondences X 7→ AX , X 7→ C(X) is a contravariant functor.

�

Remark 2.9. In [8], French constructed a sub-category of association schemes, and
a covariant functor from it to the category of algebra. Our construction produces
a contravariant functor, which seems to be of different nature.

2.3. Commutative association schemes and primitive idempotents. By
semisimplicity and Artin-Wedderburn Theorem, any Bose-Mesner algebraAX (with
convolution product) is isomorphic to a product of matrix algebras over C. We as-
sume that X is commutative. Then, AX is, as a unital ring, isomorphic to a direct
product of copies of C. Namely, AX

∼= C× · · · ×C =: Cn for some n ∈ N, and this
decomposition is unique as a direct product of rings.

Proposition 2.10. Let A be a ring isomorphic to Cn (with componentwise multi-
plication). An element j ∈ A corresponding to an element of Cn with one coordinate
1 and the other coordinates 0 is called a primitive idempotent of AX . It is char-
acterized by the idempotent property j2 = j, j 6= 0 (this is equivalent to that the
each coordinate is 0 or 1 and at least one 1 exists) and that there is no nonzero
idempotent j′ 6= j such that jj′ = j′ holds (this says only one coordinate is 1). Any
idempotent is uniquely a sum of primitive idempotents.

Definition 2.11. Let FinSets be the category of finite sets. Let FinSetsps be the
category of finite sets and partial surjective functions.

Recall that for sets X and Y , a partial function f from X to Y consists of a pair
of a subset dom(f) ⊂ X (which may be empty) and a function f |dom(f) : dom(f)→



6 MAKOTO MATSUMOTO, KENTO OGAWA, AND TAKAYUKI OKUDA

Y . Two partial functions are equal if they have the same domain and the same
function on the domain. A partial function is denoted by f : X ⇀ Y . For S ⊂ Y ,
f−1(S) := {x ∈ X | x ∈ dom(f), f(x) ∈ S}. Composition g ◦ f of partial functions
f : X ⇀ Y and g : Y ⇀ Z has domain f−1(dom(g)). A partial function f is
surjective if Im(f) := {f(x) | x ∈ dom(f)} ⊂ Y is Y .

Proposition 2.12. Let Algcs be the category of rings isomorphic to Cn for some
n, with injective C-linear ring morphisms which may not preserve the unit. For
A ∈ Algcs, we define J(A) as the finite set of primitive idempotents of A. For a
finite set I, we define C(I) the set of maps from I to C as defined above. These are
contravariant functors, and give contra-equivalence between Algcs and FinSetsps.

Proof. Note first that the notion of f : X ⇀ Y is the notion of a family of disjoint
subsets Sy ⊂ X (y ∈ Y ), where Sy = f−1(y), and the surjectivity of f is equivalent
to that Sy 6= ∅ for all y ∈ Y . To show that J is a functor, let ϕ : A → B be an
injective C-algebra homomorphism. For j ∈ J(A), ϕ(j) is a nonzero idempotent.
Thus, it is a non-empty sum of elements of J(B), which gives a non-empty subset
Sj of J(B) by Proposition 2.10. We construct a partial surjection J(B) ⇀ J(A) by:
for j ∈ J(A), elements of Sj is mapped to j. Note that if j 6= j′ ∈ J(A), then jj′ = 0
and hence Sj ∩ Sj′ = ∅. Since Sj 6= ∅, the partial function is surjective. To check

the functoriality, we consider A
ϕ
→ B

φ
→ C. The construction of partial surjection

for ϕ is done by assigning to j ∈ J(A) the set Sj ⊂ J(B) such that summation
of elements in Sj is ϕ(j). Similarly, for each j′ ∈ Sj , we have Sj′ ⊂ J(C). Thus,
J(ϕ) ◦ J(φ) maps

∐
j′∈Sj

Sj′ to j. This is the same with J(φ ◦ ϕ).

The functoriality of I → C(I) can be also checked in an elementary manner. It is
easy to check that the two functors give contra-equivalence. We omit the detail. �

Definition 2.13. Let AScsurj be a full subcategory of the commutative association
schemes of ASsurj, and AlgcHC a full subcategory of AlgHC consisting of algebras
with commutative convolution multiplication. By the remark at the beginning of
Section 2.3, we have a contravariant functor AScsurj → AlgcHC .

Corollary 2.14. The composite of the three functors AScsurj → AlgcHC , AlgcHC →
Algcs forgetting the Hadamard product, and Algcs → FinSetsps gives a covariant
functor ASsurj → FinSetsps. We denote this composition functor by J . Thus,
(X,R, I) 7→ J(X,R, I) is a functor, which corresponds X to the sets of primitive
idempotents of AX with respect to (the normalized) convolution products.

Definition 2.15. Let j0 denote the element of J(X,R, I), corresponding to JX ,
where JX denotes the matrix in C(X × X) with components all 1. This element
acts on C(X) as a projection to the space of constant functions. We use the symbol
j0 for different association schemes, similarly to i0.

2.4. Trivial examples and remarks. In the theory of commutative association
schemes, the set I and the set J are considered to be “dual.” Thus, it is natural
to seek the relation between J ’s for a morphism of association schemes (while a
morphism between I’s is given by definition). The previous result says that there is
a natural relation, if the morphism of association schemes is surjective. We couldn’t
generalize the result for general (non-surjective) morphisms.

For a surjective morphism between association schemes, the corresponding par-
tial surjection may be a properly partial function, and may be not an injection, as
follows.
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Definition 2.16. Let G be a finite group. The triple (G,R, I) where I = G and
R(x, y) = x−1y is a (possibly non-commutative) association scheme called the thin
scheme of G.

Remark 2.17. Let G be a finite abelian group, and f : G → H be a surjective
homomorphism of abelian groups. Then we have the thin scheme of G and the
thin scheme of H , and f is a surjective morphism of the association schemes. In
this case, J for G is naturally isomorphic to the character group G∨, and one can
check that the functor J gives G∨ ⇀ H∨, which comes from the natural inclusion
ι : H∨ → G∨ (x ∈ G∨ maps to y ∈ H∨ if ι(y) = x, and x is outside the domain if
there is no such y). This gives an example that J(X) ⇀ J(X ′) is not a map but a
partial function.

Remark 2.18. For any association scheme (X,R, I), the mappings f = idX and
g : I → {0, 1}, g(i0) = 0 and g(i) = 1 if i 6= i0, gives a morphism of association
schemes (X,R, I) → (X, g ◦ R, {0, 1}). In this case, J(X, g ◦ R, {0, 1}) consists of
j0 and EX − j0. If (X,R, I) is commutative, then the image of j ∈ J(X,R, I) in
J(X, g ◦R, {0, 1}) is j0 if j = j0, and EX − j0 if j 6= j0. This gives an example that
J(X) ⇀ J(X ′) is not injective.

3. Profinite association schemes

3.1. Projective system of association schemes. We recall the notion of pro-
jective system.

Definition 3.1. (Projective system)
We work in a fixed category C. Let Λ be a directed ordered set, namely, Λ is

non-empty and for any α, β ∈ Λ, there is a γ ∈ Λ with α ≤ γ and β ≤ γ. Let
Xλ(λ ∈ Λ) be a family of objects. For any λ ≤ λ′, a morphism pλ′,λ : Xλ′ → Xλ is
specified, and they satisfy the commutativity condition

pλ′,λpλ′′,λ′ = pλ′′,λ

for any λ ≤ λ′ ≤ λ′′, and pλ,λ=idXλ
. Then the system (Xλ, pλ,λ′) is called a

projective system in C. The morphisms pλ′,λ are called the structure morphisms of
the projective system. The dual notion (i.e. the direction of morphism is inverted
in the definition) is called an inductive system.

Let Xλ be a projective system of association schemes. Then, each of Xλ, Iλ is
a projective system of finite sets. If all morphisms are surjective, then by Theo-
rem 2.5, we have an inductive system of Bose-Mesner algebras AXλ

, and if they are
commutative, by Corollary 2.14 a projective system JXλ

:= J(Xλ, Rλ, Iλ) (with
structure morphisms being partially surjective maps).

Definition 3.2. Let Λ be a directed ordered set. A projective system (Xλ, Rλ, Iλ)
(λ ∈ Λ) in ASsurj is called a profinite association scheme. (This includes the notion
of usual association scheme, as the case where #Λ = 1.) We define profinite sets
(see Lemma 3.4) X∧ := lim

←−
Xλ and I∧ := lim

←−
Iλ with projective limit topologies.

A commutative profinite association scheme is a projective system of commutative
association schemes. In this case, we define J∧ similarly: an element ĵ ∈ J∧ is the
set of pair λ ∈ Λ and compatible family of elements jµ ∈ Jµ for all µ ≥ λ, divided
by the equivalence relation (λ, jµ) ∼ (λ′, j′µ′) defined by the existence of λ′′ ≥ λ,

λ′′ ≥ λ′ such that for all µ ≥ λ′′ jµ = j′µ holds. An open basis of J∧ is given by the
inverse image of jλ ∈ Jλ through J∧ ⇀ Jλ.
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Proposition 3.3. The natural projections X∧ → Xλ and I∧ → Iλ are surjective,
the induced map R∧ : X∧ × X∧ → I∧ is surjective, and J∧ ⇀ Jλ is a partial
surjection.

The first two statements are well-known for projective systems of compact Haus-
dorff spaces with continuous morphisms, [22, Proposition 1.1.10, Lemma 1.1.5]. We
need to prove the third statement, for partial surjections. It follows from the first
statement, but for the self-containedness and for explaining the natural (projective
limit) topology, we give a proof for the both.

Lemma 3.4.

(1) Let Xλ be a projective system of finite sets and surjections. Define X∧ as
lim
←−

Xλ. Then, the natural map X∧ → Xλ is surjective. The set X∧ is
called a profinite set, and has a natural topology, called profinite topology,
which is compact Hausdorff. For every xλ ∈ Xλ, its inverse image in X∧

is clopen, and these form an open basis.
(2) Let Jλ be a projective system of finite sets and partial surjections. Define

J∧ as above. Then, the natural partial map J∧ ⇀ Jλ is a partial surjection.
The set J∧ has a natural topology, which is locally compact and Hausdorff.
For every jλ ∈ Jλ, its inverse image in J∧ is clopen, and these form an
open basis.

(3) Let Xλ, Yλ be projective systems of finite sets over the same directed ordered
set Λ, and let fλ : Xλ → Yλ be a family of maps which commute with the
structure morphisms. This induces a continuous map

f∧ : lim
←−

Xλ → lim
←−

Yλ.

If every fλ is surjective, then f∧ is surjective.

Proof. (1): Recall the construction of the projective limit lim←−Xλ in the category

of set. It is a subset of the direct product
∏

λ∈Λ Xλ defined as the intersection of

Sµ′,µ := {(sλ)λ ∈
∏

λ∈Λ

Xλ | sµ = pµ′,µ(sµ′)}

for all µ′, µ ∈ Λ with µ′ ≥ µ. (This means that (sλ)λ belongs to lim←−Xλ if and only

if they satisfy pµ′,µ(sµ′) = sµ for every µ′ ≥ µ.) Each finite set is equipped with
the discrete topology, which is compact and Hausdorff. By Tychonoff’s theorem,
the product is compact and Hausdorff. Because each component is Hausdorff, Sµ′,µ

is a closed subset, and the intersection lim
←−

Xλ is compact and Hausdorff. Take any
xδ ∈ Xδ. We shall show that this is in the image from lim

←−
Xλ. For each α ∈ Λ,

α ≥ δ, we consider the closed set

Tα := {(sλ)λ ∈
∏

λ∈Λ

Xλ | sδ = xδ, sβ = pα,β(sα) for all β ≤ α}.

There is an element yα ∈ Xα such that pα,δ(yα) = xδ, since p is surjective. Then,
there is a system pα,β(yα) which is an element of Tα, and thus Tα is nonempty.
Now we take the intersection of Tα for all α ≥ δ. For any finite number of αi, we
may take γ as an upper bound of all αi. Then the finite intersection contains Tγ ,
which is nonempty. By compactness, the intersection of Tα for α ≥ δ is nonempty.
Take an element (gλ)λ in the intersection. It lies in lim

←−
Xλ, and it projects to xδ

via lim
←−

Xλ → Xδ. From the definition of the direct product topology, the inverse
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image of xλ ∈ Xλ for various λ forms an open basis. They are clopen, since x ∈ Xλ

is clopen.
(2): Choose an element ⋆ which is contained in no Jλ’s. Let J

⋆
λ be Jλ ∪{⋆}. For

a partial surjection p : Jλ ⇀ Jµ, we associate a surjection p⋆ : J⋆
λ → J⋆

µ as follows.
For x ∈ dom(p), p⋆(x) = p(x). For x /∈ dom(p), p⋆(x) = ⋆. In particular, p⋆(⋆) = ⋆.
Let us take the projective limit as in the previous case to obtain J∧

⋆
:= lim
←−

J⋆
λ.

Then for any λ, by (1), we have a surjection

p⋆λ : J∧
⋆
→ J⋆

λ.

It is clear that there is a unique element ⋆̂ ∈ J∧
⋆
that is mapped to ⋆ for every

J⋆
λ. We define J∧

′
:= (lim
←−

J⋆
λ) \ {⋆̂}, and a partial surjection pλ : J∧

′
⇀ Jλ by: for

x ∈ J∧′, x is outside of the domain of pλ if p⋆λ(x) = ⋆, and otherwise pλ(x) = p⋆λ(x).
It is easy to check that pλ is a partial surjection (using the surjectivity of p⋆λ), and
pλ for various λ is compatible with the structure morphisms pµ′,µ.

Since J∧
⋆
is compact Hausdorff, its open subset J∧

′
is locally compact Hausdorff,

and has an open basis as in the case (1). We need to prove that J∧ in Definition 3.2

is canonically isomorphic to J∧
′
. Let J̃ be the set of pairs (λ, (jµ)µ) where (jµ)µ

is a compatible system for µ ≥ λ. For such a pair, we assign an element of J∧
⋆
as

follows. For any α ∈ Λ, take any β with β ≥ α and β ≥ λ. Define jα as p⋆β,α(jµ).
This is well-defined by the commutativity of the structure morphisms, and gives a
map f : J̃ → J∧

′
. This is surjective. Two pairs (λ, (jµ)µ), (λ

′, (j′µ′ )µ′) have the

same image if and only if there is a λ′′ with λ′′ ≥ λ, λ′′ ≥ λ′ such that for any
µ ≥ λ′′, jµ = j′µ holds. This gives a bijection J∧ := J̃/ ∼→ J∧

′
.

(3): See [22, Lemma 1.1.5]. �

Remark 3.5. The above construction gives a category equivalence between the cat-
egory of sets with partial maps and the category of sets with one base point. Using
this, it is not difficult to show that J∧ is the projective limit in the category of sets
with partial surjections.

Later it will be proved that, for any commutative profinite association scheme,
J∧ has the discrete topology (Proposition 3.10).

Definition 3.6. For a profinite association scheme (Xλ, Rλ, Iλ), its Bose-Mesner
algebra is defined by AX∧ := lim

−→
AXλ

. For a commutative profinite association

scheme, through the natural isomorphism C(Jλ)→ AXλ
, we have an isomorphism

lim
−→

C(Jλ) → AX∧ which maps the point-wise product to the convolution product,

and an isomorphism lim
−→

C(Iλ) → AX∧ which maps the point-wise product to the
Hadamard product.

Let C(X∧×X∧) denote the set of complex valued continuous functions on X∧×
X∧ (and similarly C(I∧) be the set of continuous functions on I∧). Since we have
inductive families of injections

AXλ
→ C(Xλ ×Xλ)→ C(X∧ ×X∧),

by universality, we have a canonical injective morphism AX∧ → C(X∧ ×X∧). sim-
ilarly, we have an injection lim

−→
C(Iλ)→ C(I∧).

Definition 3.7. For jλ ∈ Jλ, we denote by Ejλ ∈ AXλ
the primitive idempotent jλ

(the notation introduced to distinguish an element of J with an element of AXλ
).

It is an element of C(Xλ ×Xλ), and acts on C(Xλ) by the normalized convolution
defined in Theorem 2.5. Let C(Xλ)jλ be the image of Ejλ by this action.
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Proposition 3.8. Take jλ ∈ Jλ. For µ ≥ λ, we may regard C(Xλ) ⊂ C(Xµ).
Then Ψ(Ejλ) given in Theorem 2.5 acts on g ∈ C(Xµ) by Ψ(Ejλ)• g. The operator
Ψ(Ejλ) gives a splitting C(Xµ)→ C(Xλ)jλ to C(Xλ)jλ ⊂ C(Xµ).

Proof. By Theorem 2.5, Ψ(EXλ
) ∈ End(C(Xµ)) is a projection to C(Xλ). Then

Ψ(Ejλ) = Ψ(Ejλ • EXλ
) = Ψ(Ejλ) •Ψ(EXλ

)

is a projection C(Xµ)→ C(Xλ)→ C(Xλ)jλ . �

Definition 3.9. Let j be an element of J∧. Then j is said to be isolated at λ to
jλ, if there is a jλ ∈ Jλ such that the inverse image of jλ is the singleton {j}.

Proposition 3.10. The cardinality of the inverse image of jλ in Jµ for µ ≥ λ
does not exceed the dimension of C(Xλ)jλ , which is finite. Consequently, for each
j ∈ J∧, there exists a λ at which j is isolated. Thus, J∧ has the discrete topology.

Proof. Suppose that the inverse image of jλ in Jµ is {j1, j2, . . . , jn}. Then the op-
erator Ψ(Ejλ) =

∑n
i=1 Ψ(Eji) on C(Xµ) is a projection to C(Xλ)jλ . Thus C(Xµ)ji

(i = 1, . . . , n) are nonzero direct summands of C(Xλ)jλ , and hence n does not ex-
ceed the dimension of C(Xλ)jλ . This means that for any µ ≥ λ, the cardinality of
the inverse image of jλ is bounded, and hence there is a µ′ such that the cardinality
is constant for all µ ≥ µ′. Let us fix j ∈ J∧. Take any λ0 such that j is in the
domain of the partial map to Jλ0

. We put jλ0
to the image of j. Then by the

arguments above, we can find a λ such that the cardinality of the inverse image of
jλ0

in Jλ′ is constant for all λ′ ≥ λ. We put jλ to the image of j in Jλ. Then jλ
is in the inverse image of jλ0

and the cardinality of the inverse image of jλ in Jλ′

should be one for any λ′ ≥ λ. This implies that the inverse image of jλ in J∧ is
just {j}, namely, j is isolated at λ. We have proved that {j} is a clopen subset of
J∧ for any j ∈ J∧, and hence J∧ has the discrete topology. �

Corollary 3.11. We have lim
−→

C(Jλ) =
⊕

j∈J∧ C · j. We write Ej for the image

of j ∈ J∧ in AX∧ . Then
⊕

j∈J∧ C · Ej = AX∧ . We may use the notation Cc(J
∧)

for lim−→C(Jλ), since it is the set of functions (automatically continuous) on J∧ with

finite (=compact) support. Through the isomorphism Cc(J
∧) → AX∧ , Ej ∈ AX∧

corresponds to the indicator function δj ∈ Cc(J
∧).

Remark 3.12. In the Pontryagin duality, the dual of a compact abelian group is a
discrete group. Since I∧ is profinite and compact, the above discreteness of J∧ is
an analogue to this fact.

We summarize the results of this subsection, to compare with the case of finite
commutative association schemes.

Theorem 3.13. Let Xλ be a commutative profinite association scheme. Notations
are as in Definition 3.6 and Corollary 3.11. We have the following commutative
diagram, where all the vertical arrows are injections:

C(J∧) C(X∧ ×X∧) ← C(I∧)
↑ ↑ ↑

Cc(J
∧) = lim

−→
C(Jλ) ≃ AX∧ ≃ lim

−→
C(Iλ) = Clc(I

∧),
(3.1)

where:
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(1) The set J∧ is discrete. The image of the left vertical arrow is the set of
compact support functions Cc(J

∧) (i.e. takes 0 except but finite points in
J∧).

(2) The image of the right vertical arrow is the set of locally constant functions
Clc(I

∧), which is dense with respect to the supremum norm, see the next
lemma.

Lemma 3.14. Let X∧ be the projective limit of a projective system of finite sets
Xλ for a directed ordered set Λ.

(1) Let C be a compact subspace of X∧, and Oa (a ∈ A) be an open covering
of C. Then, there exists a µ ∈ Λ such that by putting S to the image of C
in Xµ, the inverse image of s ∈ S in X∧ constitutes a (finite and disjoint)
open covering of C, and each of these open sets is contained in one of Oa.

(2) The image of lim
−→

C(Xλ) → C(X∧) is the set of locally constant functions

on X∧, and is dense with respect to the supremum norm.

Proof. (1): For xλ ∈ Xλ, we denote by Bxλ
the inverse image of xλ in X∧, which

we call a λ-ball. This gives an open basis, and thus every Oa is a union of λ-balls
for various λ. Since C is compact and covered by these balls, we may find a finite
number of these balls which covers C and each contained in some Oa. We take an
upper bound µ for these finite number of λ. Let S be the image of C in Xµ. Then,
Bsµ(sµ ∈ S) are finite, clopen, and mutually disjoint balls covering C, such that
each ball is contained in some Oa.

(2) Let f be a locally constant function. Then, for any x ∈ X∧, there is an open
neighborhood Ox so that f is constant on Ox. These constitute an open covering
of X∧. Applying (1) for C = X∧ to find µ with S = Xµ, where each µ-ball is
contained in some Ox, and hence f is constant on each ball. This means that f is
an image of an element in C(Xµ). Conversely, any function in C(Xµ) clearly maps
to a locally constant function on X∧.

We shall show the density. For any f ∈ C(X∧) and ǫ > 0, by continuity, for all
x ∈ X∧ we have an open neighborhood Ox such that y ∈ Ox implies |f(x)−f(y)| <
ǫ. By applying (1) for C = X∧ to find a µ with S = Xµ. We see that the µ-balls
coverX∧, and for each xµ ∈ Xµ, we define g(xµ) = f(x′) by choosing any x′ in Bxµ

.
Denote the projection by pr : X∧ → Xµ. Then for any y ∈ X∧, g(pr(y)) = f(x′) for
some x′ ∈ Bpr(y). Since Bpr(y) ⊂ Ox for some x, the values of f in this ball differ
at most by 2ǫ, namely,

|g(pr(y))− f(y)| = |f(x′)− f(y)| < 2ǫ.

This shows that

||pr†(g)− f ||sup < 2ǫ,

which is the desired density. �

3.2. Inner product and orthogonality.

Proposition 3.15. For a profinite association scheme, X∧ has a natural proba-
bility regular Borel measure µ, whose push-forward is the normalized (probability)
counting measure on Xλ for each λ. If X∧ is a profinite group G considered as a
projective system of G/Nλ for (finite index) open normal subgroups, then the above
µ coincides with the probability Haar measure.
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Proof. This is a direct consequence of Choksi [5] and a general property of measures
(see Halmos [10]), as follows. Each Xλ is finite discrete (hence compact Hausdorff)
with normalized counting measure, and the measure is preserved by the uniformness
of the cardinality of each fiber as in Proposition 2.4. This means that the system
is an inverse family of measured spaces [5, Definition 2], and hence X∧ has a weak
measure structure: a set M of ring of sets and a function µ from M to non-negative
real numbers, such that X∧ → Xλ preserves the measure. In this case, M is the
set of open sets, and µ(X∧) = 1. Then [5, Theorem 2.2] tells that this µ on X∧ is
extended to a measure on σ-ring generated byM , namely, the Borel sets. There it is
also proved that for any measurable set E with finite measure and any ǫ > 0, there
is a compact set C ⊂ E with µ(E) < µ(C) + ǫ. This proves the inner regularity of
µ ([10, §52, P.224]). By taking the complement, for any ǫ > 0 and measurable set
Ec, there is an open U ⊃ Ec with 1−µ(Ec) < 1−µ(U)+ ǫ, i.e., µ(Ec) > µ(U)− ǫ,
which proves the outer regularity of µ, and hence µ is regular.

Let ν be the probability Haar measure of G. Then, for any (finite index) open
normal subgroup N , ν(N) is 1

#(G/N) , since #(G/N) cosets of N disjointly coversG.

This gives an inverse family of measured spaces, and the above construction gives
a regular Borel measure µ. The Haar measure is regular [10, §58, Theorem B]. For
the coset gN , µ(gN) = ν(gN). The cosets gN for g and N varying make an open
basis. By the outer regularity, for any compact set E and any ǫ > 0, there is an
open set O ⊃ E with µ(E) > µ(O) − ǫ. Use Lemma 3.14 for C = E and the open
covering O, to find µ, S ⊂ Xµ. Then Bsµ(sµ ∈ S) constitutes an open cover C of E
consisting of a finite number of disjoint cosets (contained in O) such that the sum
of the measure of each coset in C, denoted by µ(C) (µ(C) ≤ µ(O)), satisfying

µ(C) ≥ µ(E) ≥ µ(C)− ǫ, (3.2)

but if the same argument simultaneously applied for both µ and ν for the O sat-
isfying both µ(E) > µ(O) − ǫ and ν(E) > ν(O) − ǫ, we may take the same C for
the both and the same inequality (3.2) holds for ν, and because consisting of a
finite number of disjoint cosets, ν(C) = µ(C) holds, which implies µ(E) = ν(E).
This means that the restrictions of ν and µ to compact sets give the same regular
content, which implies ν = µ by [10, §54, Theorem B]. �

Proposition 3.16. For a finite set X, we define a (normalized) Hermitian inner
product on C(X) by

(f, g) :=
1

#X

∑

x∈X

f(x)g(x).

For a profinite association scheme, it is defined on C(X∧) by

(f, g) :=

∫

x∈X∧

f(x)g(x)dµ(x).

Then C(Xλ)→ C(X∧) preserves the inner products.

This is clear since X∧ → Xλ preserves the measures.

Definition 3.17. Let V,W be C-vector spaces with Hermitian inner products. For
a linear morphism A : V → W , its conjugate A∗ : W → V (which may not exists)
is characterized by the property

(Af, g)W = (f,A∗g)V
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for any f ∈ V , g ∈W . It is unique if exists. An endomorphism A : W →W is said
to be Hermitian if A = A∗, as usual.

Let W be again a C-vector space with Hermitian inner product, and V is a
subspace with restricted inner product. Let V ⊥ be the space of vectors which is
orthogonal to any vector in V . If V ⊕ V ⊥ is equal to W , then V is said to be an
orthogonal component of W .

Definition 3.18. Let W be a C-linear space with Hermitian inner product. For a
linear subspace V ⊂ W , let p : W → W be a projection to V , i.e., the image of p
is V and p|V = idV . Then by linear algebra W is decomposed as the direct sum,
W = V ⊕ Ker p. We say that p is an orthogonal projector to V if V ⊕ Ker p is an
orthogonal direct sum. An orthogonal projector to V exists uniquely, if V is an
orthogonal component.

Proposition 3.19. Let W be a C-linear space with Hermitian inner product, V ⊂
W be an orthogonal component with orthogonal projector p, and ι : V →֒W be the
inclusion. We denote by q : W → V the restriction of the codomain of p. Then we
have ι∗ = q and q∗ = ι. For A : V → V , if A∗ exists, then

(ι ◦A ◦ q)∗ = ι ◦A∗ ◦ q : V → V. (3.3)

We sometimes denote ι ◦A ◦ q simply by A. We make a remark when this abuse of
notation is used.

Proof. For w ∈ W and v ∈ V , write w = wV + w′
V with wV ∈ V and w′

V ∈ V ⊥.
Then

(qw, v)V = (wV , v)V = (ιwV , ιv)W = (wV + w′
V , ιv)W = (w, ιv)W ,

which shows that ι∗ = q and q∗ = ι. Thus (3.3) follows. �

Proposition 3.20. Let W be a C-vector space with Hermitian inner product, and
p : W →W an idempotent, namely, p2 = p. By linear algebra, W = Im(p)⊕Ker(p)
and p is a projector to V := Im(p). Then, p is an orthogonal projector if and only
if p = p∗. If A ∈ End(V ) is an orthogonal projector to U ⊂ V , then ιAq : W →W
is a projector to U ⊂W .

Proof. If p2 = p, then W = V ⊕Ker p for V = Im(p). Thus any element w,w′ ∈W
is written as v + k, v′ + k′, respectively. If V ⊕Ker p is orthogonal,

(p(v + k), v′ + k′) = (pv, v′ + k′) = (v, v′) = (v + k, pv′) = (v + k, p(v′ + k′)),

which shows p = p∗. For the converse, assume p = p∗. Then for v ∈ V , k ∈ Ker p,
(v, k) = (pv, k) = (v, pk) = (v, 0) = 0, and hence W and Ker p are mutually
orthogonal. For the last, (3.3) implies that ιAq is an Hermitian operator, and by
q ◦ ι = idV is an idempotent, whose image is U , hence is an orthogonal projector
to U . �

Definition 3.21. Let (Xλ) be a profinite association scheme, fix λ ∈ Λ and xλ ∈
Xλ. For the surjection pr : X∧ → Xλ, the fiber pr−1(xλ) at xλ is a clopen subset
of X∧. Thus, we have the restriction of the measure µ on X∧ to pr−1(xλ), denoted
by the same symbol (pr−1(xλ), µ). Note that the volume of the fiber pr−1(xλ) is
1/#Xλ.

Since X∧ =
∐

xλ∈Xλ
pr−1(xλ), the following proposition holds.
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Proposition 3.22. For any λ and f ∈ C(X∧), we have
∫

x∈X∧

f(x)dµ(x) =
∑

xλ∈Xλ

∫

y∈pr−1(xλ)

f(y)dµ(y).

Proposition 3.23. Let (Xλ) be a profinite association scheme. Then, by the sur-
jection pr : X∧ → Xλ, C(Xλ) is identified with a subspace of C(X∧) with the inner
product given by restriction. There is an orthogonal projection q : C(X∧)→ C(Xλ)
given by averaging over each fiber: for f ∈ C(X∧) define

q(f)(xλ) =
1

µ(pr−1(xλ))

∫

x∈pr−1(xλ)

f(x)dµ(x),

where µ(pr−1(xλ)) =
1

#Xλ
. Thus, C(Xλ) is an orthogonal component of C(X∧).

Proof. The preservation of the inner products is shown in Proposition 3.16. For
any g ∈ C(Xλ) its image is g ◦ pr ∈ C(X∧) and we have

q(g ◦ pr)(xλ) =
1

µ(pr−1(xλ))

∫

y∈pr−1(xλ)

g(pr(y))dµ(y)

= g(xλ)
1

µ(pr−1(xλ))

∫

y∈pr−1(xλ)

1 · dµ(y)

= g(xλ).

This implies that q is a projection to C(Xλ).
To show that q is an orthogonal projection, we take f ∈ Ker q. This means that

the average of f on each fiber of pr is zero. To show that q is orthogonal, it suffices
to show that (f, g ◦ pr)X∧ = 0 for g ∈ C(Xλ) by Definition 3.18, but by applying
Proposition 3.22, we have

(f, g ◦ pr)X∧ =

∫

x∈X∧

f(x)g(pr(x))dµ(x)

=
∑

x′∈Xλ

∫

x∈pr−1(x′)

f(x)g(pr(x))dµ(x)

=
∑

x′∈Xλ

g(x′)

∫

x∈pr−1(x′)

f(x)dµ(x)

=
∑

x′∈Xλ

g(x′) · 0 = 0.

�

Proposition 3.24.

(1) The (convolution) algebra AX∧ acts on C(X∧), which makes C(X∧) an
AX∧-module. This is compatible with the action of AXλ

on C(Xλ), in the
sense of Corollary 2.8.

(2) The convolution unit EXλ
∈ AXλ

⊂ AX∧ acts as an orthogonal projector to
C(Xλ).

(3) Let j ∈ J∧. Take a λ where j is isolated to jλ, and consider Ejλ ∈ AXλ
.

By the abuse of notation in Proposition 3.19, Ejλ extends to the orthogonal
projector

Ej : C(X∧)→ C(X∧)
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that projects to the domain of the composition

C(Xλ)jλ → C(Xλ)→ C(X∧).

We define
C(X∧)j := C(Xλ)jλ .

This is independent of the choice of the λ.
(4) For j 6= j′, Ej • Ej′ = 0.
(5) We have an orthogonal decomposition

C(Xλ) =
⊕

j∈J′

C(X∧)j

for the domain J ′ of the partial map from J∧ to Jλ. Note that J ′ is finite.

Proof. The action is given by: A ∈ AXλ
acts on f ∈ C(X∧) by

(A • f)(x) :=

∫

y∈X∧

A(prλ(x), prλ(y))f(y)dµ(y).

By Proposition 3.22, this is the same with
∑

y′∈Xλ

A(prλ(x), y
′)(

∫

y∈pr−1

λ
(y′)

f(y)dµ(y)). (3.4)

Comparing with q in Proposition 3.23, we have

(A •X∧ f)(x) =
∑

y′∈Xλ

A(prλ(x), y
′)(

∫

y∈pr−1

λ
(y′)

f(y)dµ(y))

=
∑

y′∈Xλ

A(prλ(x), y
′)

1

#Xλ
q(f)(y′)

= (A •Xλ
q(f))(prλ(x)),

which shows that
A = ιAq, (3.5)

where ι : C(Xλ) → C(X∧) is the injection pr†λ and A in the right hand side is an
endomorphism of C(Xλ). This and q ◦ ι = idC(Xλ) show that C(X∧) is an AX∧ -
module. The well-definedness (independence of the choice of λ) follows by taking
a sufficiently large µ.

By (3.5) and EXλ
= idC(Xλ) on C(Xλ) show that

EXλ
= ι ◦ q,

which is the orthogonal projection to C(Xλ).
For j ∈ J , take a λ where j is isolated to jλ ∈ Jλ. By (3.5) we have

Ejλ = ιEjλq,

where Ejλ in the right hand side is an endomorphism of C(Xλ). Hence to prove
that Ejλ is an orthogonal projector C(X∧) → C(Xλ)jλ , it suffices to show that
Ejλ ∈ AXλ

is an orthogonal projector C(Xλ)→ C(Xλ)jλ by Proposition 3.20. The
orthogonality of Ejλ ∈ AXλ

is well known [1]. (Since AXλ
is closed under the anti-

isomorphism ∗ of ring, E∗
jλ

must be a primitive idempotent, and since EjλE
∗
jλ
6=

0, they must coincide, hence Ejλ is Hermitian and an orthogonal projection by
Proposition 3.20.) We define Ej := Ejλ , where

Ej : C(X∧)→ C(X∧)j := C(Xλ)jλ .
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For the well-definedness, we take λ, λ′ where j is isolated. There exists a µ with
µ ≥ λ, µ ≥ λ′. Then j is isolated to jµ at µ, and by (3.5) it is not difficult
to see that the Ej defined using µ is the same as those defined using λ, λ′. For
Ej • Ej′ = 0, take a λ where both j, j′ are isolated to jλ, j

′
λ, respectively. Then,

jλ 6= j′λ, Ejλ , Ej′
λ
∈ AXλ

, and Ejλ • Ej′
λ

= 0. Thus, the relation holds in the
inductive limit AX∧ .

For fixed λ, it is well-known [1] that we have an orthogonal decomposition

C(Xλ) =
⊕

jλ∈Jλ

C(Xλ)jλ .

(This follows from the orthogonality of Ejλ .) Since each C(Xλ)jλ is an orthogonal
direct sum of C(X∧)j over the finite number of j ∈ J∧ whose image is jλ, the claim
follows. �

The following is an analogue to Peter-Weyl Theorem.

Theorem 3.25. We have an orthogonal direct decomposition

lim
−→

C(Xλ) =
⊕

j∈J

C(X∧)j .

Hence the right hand side is dense in C(X∧) with respect to the supremum norm.

Proof. Proposition 3.24 implies that C(X∧)j are mutually orthogonal, and their
orthogonal sum is a subspace of C(X∧). For any λ, C(Xλ) is an orthogonal sum of
a finite number of C(X∧)j . Thus lim−→

C(Xλ) is the direct sum of C(X∧)j for j ∈ J∧.
The density follows from Lemma 3.14. �

3.3. Measures and Fourier analysis. Since X∧ has a natural probability mea-
sure, I∧ has a pushforward measure via X∧×X∧ → I∧. It will be shown that J∧ has
a natural measure, and these measures are closely related to the classical notions
of the multiplicity mjλ for Jλ, and the valency kiλ for Iλ (see [1][6]).

Definition 3.26. Let µI∧ be the pushforward measure on I∧ from X∧ ×X∧. This
is characterized as follows. For iλ ∈ Iλ, let pr

−1
Iλ

(i) ⊂ I∧ be the open set. Then

µI∧(pr
−1
Iλ

(iλ)) = µX∧×X∧(Rλ ◦ prXλ×Xλ
)−1(iλ).

Proposition 3.27. In the above definition,

µI∧(pr
−1
Iλ

(iλ)) =
kiλ
#Xλ

holds, where kiλ is the valency of the adjacency matrix Aiλ ∈ AXλ
.

Proof. Recall that Aiλ is the indicator function of R−1
λ (iλ), and the sum of the

rows is an integer kiλ called the valency [1]. Thus, the volume µI∧(pr
−1
Iλ

(iλ)) is the

volume of µX∧(prXλ×Xλ
)−1R−1

λ (iλ), which is

∫

x,y∈X∧×X∧

Aiλ(prXλ
(x), prXλ

(y))dµ(x)dµ(y) =
1

#X2
λ

∑

x′,y′∈Xλ×Xλ

Aiλ(x
′, y′)

=
kiλ
#Xλ

.

�
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Definition 3.28. The algebra AXλ
is closed under the adjoint ∗. We define the

Hilbert-Schmidt inner product, which is Hermitian, as follows. For A,B ∈ AXλ
,

(A,B)HS :=
∑

x∈Xλ

(A •B∗)(x, x).

For A,B ∈ AX∧ , we define its Hilbert-Schmidt inner product by

(A,B)HS :=

∫

x∈X∧

(A •B∗)(x, x)dµ(x).

Then inclusion AXλ
→ AX∧ preserves the inner products.

Proof. For B ∈ AXλ
, B∗ ∈ AXλ

follows because of the definition of association
schemes, and the Hilbert-Schmidt inner product is defined. For B ∈ AX∧ , we must
show that B∗ exists in AX∧ and the integration converges. However, B ∈ AXλ

for some λ, and B∗ ∈ AXλ
. Since C(Xλ) is an orthogonal component of C(X∧),

B∗ = ιB∗q is the adjoint as an operator on C(X∧), by the abuse of notation
in Proposition 3.19. The notation (A • B∗)(x, x) comes from the middle vertical
injection in (3.1). Since A,B∗ ∈ AXλ

⊂ C(Xλ ×Xλ),
∫

x∈X∧

(A •B∗)(x, x)dµ(x) =
∑

x′∈Xλ

(A •B∗)(x′, x′),

which is finite, satisfying the axioms of Hermitian inner product, and compatible
with AXλ

→ AX∧ . �

Proposition 3.29. Through the natural isomorphism

lim
−→

C(Iλ)→ AX∧ ,

we obtain Hermitian inner product on lim
−→

C(Iλ), which is denoted by (−,−)HS.

Then for f, g ∈ lim
−→

C(Iλ), we have

(f, g)HS =

∫

i∈I∧
f(i)g(i)dµI∧(i).

Proof. We may assume f, g ∈ C(Iλ) for some λ. Then by bilinearity it suffices to
check the equality for f = δiλ , g = δi′

λ
. Then, the right hand side is δiλ,i′λkiλ/#Xλ

by Proposition 3.27. In AX∧ , these functions correspond to f 7→ Aiλ , g 7→ Ai′
λ
, and

their inner product is
∫

x,y∈X∧×X∧

Aiλ(prXλ
(x), prXλ

(y))Ai′
λ
(prXλ

(y), prXλ
(x))∗dµ(x)dµ(y)

=
1

#X2
λ

∑

x′,y′∈Xλ×Xλ

Aiλ(x
′, y′)Ai′

λ
(x′, y′)

= δiλ,i′λ
kiλ
#Xλ

.

This uses a well-known orthogonality of Aiλ : for any x ∈ Xλ and i1, i2 ∈ Iλ, the
(x, x)-component of the matrix product Ai1 ·

t Ai2 is the number of y ∈ Xλ with
R(x, y) = i1 and R(x, y) = i2, which is zero unless i1 = i2, and in the equal case
ki1 . �
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Lemma 3.30. For a commutative association scheme (X,R, I), we defined J as
the set of primitive idempotents Ej with respect to the product • in Theorem 2.5.
We put a positive measure mj for j ∈ J , so that the inner product with respect to
mj in C(J) is isometric to that of AX with respect to HS inner product. Then, mj

is the multiplicity of j, defined as dim(C(X)j) [1].

Proof. Let Ej , Ej′ ∈ AX be two primitive idempotents. The computation

(Ej , Ej′ )HS =
∑

x∈X

Ej • E
∗
j′ (x, x) = δjj′ tr(Ej) = δjj′mj

implies that if we define µJ (j) := mj, then the corresponding inner product is
compatible with C(J)→ AX with respect to the HS-inner product on A. �

Proposition 3.31. For a projective association scheme (Xλ, Rλ, Iλ), we define
a measure µJ∧ on the discrete set J∧ by µJ∧(j) = dimC(X∧)j. Then, the inner
product on lim

−→
C(Jλ) defined by

(f, g)HS =
∑

j∈J∧

f(j)g(j)µJ∧(j)

makes lim
−→

C(Jλ) ∼= AX∧ isometric with respect to HS inner product.

Proof. Any f, g ∈ lim−→C(Jλ) are contained in some C(Jλ), where any j in the
support of f or g is isolated at λ. The functions f, g are linear combinations of
orthogonal basis Ej of C(Jλ), namely, f =

∑
j f(j)Ej and g =

∑
j g(j)Ej in AXλ

.

The previous lemma says that (Ej , Ej′ )HS = δjj′ dimC(X∧)j , which proves the
proposition. �

In sum, we have the following form of Fourier transform.

Theorem 3.32. The isomorphism of vector spaces lim
−→

C(Jλ) ∼= AX∧
∼= lim
−→

C(Iλ) is

an isometry between the space of compact support functions Cc(J
∧) with inner prod-

uct defined in Proposition 3.31 and the space of locally constant functions Clc(I
∧)

with inner product defined in Proposition 3.29, which maps the componentwise prod-
uct in Cc(J

∧) to the convolution product in Clc(I
∧).

Remark 3.33. For a finite association scheme (X,R, I), both Ej (j ∈ J) and Ai

(i ∈ I) are orthogonal bases of AX with respect to HS-inner product. The isometry

C(I)→ C(J)

is given by

Ai 7→
∑

j∈J

pi(j)Ej .

The isometry shows that

(Ai, Ai′ )HS = δii′µI(i) = δii′
ki
#X

is equal to ∑

j∈J

pi(j)pi′(j)mj,

which is one of the two orthogonalities of eigenmatrices as classically known [1].
(Here the factor #X appears in a different manner because of the normalization in
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Theorem 2.5. Our Ej is #X times the classical primitive idempotent, which makes
pi(j) =

1
#XPi(j) where Pi(j) are the components of the standard eigen matrices.)

The next is an analogue of the Fourier transform for L2 spaces.

Proposition 3.34. The isometry lim
−→

C(Jλ)→ lim
−→

C(Iλ) extends to a unique isom-
etry

L2(J∧, µJ∧)→ L2(I∧, µI∧).

Proof. We consider L2-norm for all the spaces. The map lim
−→

C(Jλ) → L2(J∧) is
isometric, injective, and has a dense image, by considering the orthogonal basis Ej .
Since L2(J∧) is complete, this is a completion of lim

−→
C(Jλ). The map lim

−→
C(Iλ)→

L2(I∧) is also isometric, hence injective, and has a dense image (by Lemma 3.14 it
is dense with respect to supremum norm in C(I∧), and since I∧ is compact, dense
with respect to the L2-norm in C(I∧), and thus dense in L2(I∧)), so L2(I∧) is a
completion of lim

−→
C(Iλ). By the universality of the completion, they are isometric.

�

4. Some examples and relation with Barg-Skriganov theory

The results of this paper are closely related to the study by Barg and Skriganov
[2]. They defined the notion of association schemes on a set X with a σ-additive
measure. See [2, Definition 1], where I is denoted by Υ. Association scheme
structure is given by a surjection

R : X ×X → I,

with axioms similar to the finite case. The inverse image R−1(i) ⊂ X ×X of i ∈ I
is required to be measurable in X ×X , and intersection numbers pkij are defined as
the measure of the set

{z ∈ X | R(x, z) = i, R(z, y) = j}

where R(x, y) = k, which is required to be independent of the choice of x, y. The
set I is required to be at most countably infinite. This countability assumption
seems to be necessary, for example to avoid the case where pkij is all zero for any
i, j, k.

Let χi(x, y) be the indicator function of R−1(i). They define adjacency algebras
(Bose-Mesner algebras in our terminology) in [2, Section 3] as a set of finite linear
combination of χi(x, y) with complex coefficient, with convolution product given
by the integration

(a ∗ b)(x, y) :=

∫

X

a(x, z)b(z, y)dµ(z).

However, it is not clear whether the adjacency algebra is closed under the convo-
lution product. In fact, the authors remarked in the last of [2, Section 3.1] “our
arguments in this part are of somewhat heuristic nature. We make them fully rigor-
ous for the case of association schemes on zero-dimensional groups; see Section 8.”
Later in Section 8, they define the adjacency algebra with an aid of locally com-
pact zero-dimensional abelian groups and their duality. Some of the treated objects
(compact cases) are examples of profinite association schemes in this paper.
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4.1. Profinite groups. Let G be a profinite group, that is, a projective limit of
finite groups Gλ with projective limit topology. Absolute Galois groups, arithmetic
fundamental groups and p-adic integers are some examples appear in arithmetic
geometry [22]. There are significant amounts of studies on analysis on abelian
profinite groups, see for example [14].

4.1.1. Schurian profinite association schemes. We describe Schurian association
schemes, and then profinite analogues. When we say an action of a group G,
it means the left action, unless otherwise stated.

Lemma 4.1. Let X be a topological space and G a group acting on X such that
every element of G induces a homeomorphism on X. Then the space of continuous
functions C(X) is a left G-module by f(x) 7→ f(g−1x). Let G\X denote the quotient
space with quotient topology. Let

C(X)G ⊂ C(X)

denote the subspace of functions invariant by the action of G. There is a canonical
injection

C(G\X) →֒ C(X)

associated with the continuous surjection X → G\X. Then, there is a canonical
isomorphism of C-algebras

C(X)G → C(G\X),

and hence we identify them.

Proof. An element f of C(X)G is a continuous function which takes one same value
for each G-orbit of X . Thus, it gives a mapping G\X → C. By the universality
of the quotient topology, this is continuous, hence lies in C(G\X). Conversely, a
function in C(G\X) gives a continuous function in C(X), which is invariant by
G. �

Proposition 4.2. (Schurian association scheme)
Let G be a finite group, H a subgroup, and let X := G/H be the quotient. Then,

we have a natural bijection

G\(X ×X)→ H\G/H, (4.1)

where G acts diagonally. We define

I := G\(X ×X).

The quotient mapping
R : X ×X → I

is an association scheme, which is called a Schurian scheme.

We give a proof, since descriptions used in the proof are necessary for the profinite
case. The equality (4.1) is given by a surjection

(g1H, g2H) 7→ Hg−1
1 g2H,

which certainly factors through

G\(g1H, g2H) 7→ Hg−1
1 g2H,

and the converse map is given by

HgH 7→ (H, gH),

where the check of the well-definedness is left to the reader.
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Lemma 4.3. Let C(X)∨ := HomC(C(X),C) be the dual space, which is regarded
as a left G-module, by letting g ∈ G act on ξ ∈ C(X)∨ by g(ξ)f = ξ(g−1(f)). Then
we have an isomorphism of G-modules

C(X)
∨
→ C(X)∨, δx 7→ evx

for every x ∈ X, where δx is the indicator function of x and evx is the evaluation
at x.

Proof. It is well-known that {δx | x ∈ X} is a linear basis of C(X), and {evx | x ∈
X} is a linear basis of C(X)∨. We compute

g(δx)(y) = δx(g
−1y) = δgx(y).

On the other hand,

g(evx)(f) = evx(g
−1(f)) = (g−1(f))(x) = f(gx) = evgx(f).

�

Proposition 4.4. The identification of a matrix and a linear map is obtained by
an isomorphism of G-modules

C(X ×X) = C(X)⊗ C(X)
id⊗∨
→ C(X)⊗ C(X)∨ ∼= HomC(C(X), C(X)). (4.2)

Proof. An element A ∈ C(X ×X) is mapped as

A 7→
∑

x,y∈X2

A(x, y)δx ⊗ δy

7→
∑

x,y∈X2

A(x, y)δx ⊗ evy.

The last element is regarded as an element of HomC(C(X), C(X)) by mapping
f =

∑
y∈X f(y)δy ∈ C(X) to

(
∑

x,y∈X2

A(x, y)δx ⊗ evy)(f) =
∑

x∈X

∑

y∈Y

A(x, y)f(y)δx,

which is the multiplication of a matrix to a vector. �

Proposition 4.5. By taking the G-invariant part of (4.2), we have

HomG(C(X), C(X)) ∼= C(X ×X)G = C(G\(X ×X)) = C(H\G/H), (4.3)

where the left HomG denotes the endomorphism as G-modules.

Proof. This follows from (4.1), Lemma 4.1 and the definition of G-homomorphisms.
�

Corollary 4.6. The construction in Proposition 4.2 gives an association scheme.
The endomorphism ring HomG(C(X), C(X)) is isomorphic to the Bose-Mesner
algebra AX .

Proof. By the construction of I = G\(X ×X), the set of the adjacency matrices is
closed under the transpose and contains the identity matrix. Their linear span is
closed by the matrix product, since the adjacency matrices form a linear basis of
(4.3) and the matrix product corresponds to the composition of the endomorphism
ring HomG(C(X), C(X)). This gives an association scheme with Bose-Mesner al-
gebra HomG(C(X), C(X)). �
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Definition 4.7. Let G be a finite group acting on a C-linear space V . By the
representation of finite groups, V is decomposed into irreducible representations.
For a fixed irreducible representationW , the multiplicity ofW in V is the dimension
of the vector space

HomG(W,V ).

We say V is multiplicity free, if the multiplicity is at most one for any irreducible
representation W .

Corollary 4.8. The Schurian association scheme is commutative, if and only if
C(X) is multiplicity free. In this case, the set of the primitive idempotents is
canonically identified with the set of the irreducible representations of G in C(X).

Proof. If the multiplicity is one for each irreducible representation, Schur’s lemma
implies that HomG(C(X), C(X)) is a direct sum of copies of C (each copy cor-
responding to each irreducible representation in C(X)) as a ring, and hence is
commutative. If there is an irreducible component with multiplicity m ≥ 2,
HomG(C(X), C(X)) contains a matrix algebra Mm(C), and thus is not commu-
tative. �

See [22] for the following definition and properties (c.f. Section 3.1 above).

Definition 4.9. Let Gλ(λ ∈ Λ) be a projective system of surjections of finite
groups. A profinite group is a topological group which is isomorphic to

G∧ := lim
←−

Gλ,

where each Gλ has the discrete topology. Because the projection prλ : G∧ →
Gλ is surjective and continuous, we identify Gλ with G∧/Nλ, where Nλ is the
kernel of the prλ, which is a clopen normal subgroup of G∧, since Gλ is finite and
discrete. By Tychonoff’s theorem, G∧ is a compact Hausdorff group, with a basis
of open neighborhood of the unit element e consisting of Nλ. Being Hausdorff, the
intersection of Nλ is {e}.

We prepare a well-known lemma for describing profinite Schurian association
schemes.

Lemma 4.10. Let G∧ = lim
←−

Gλ = lim
←−

G∧/Nλ be a profinite group. Let H and K

be closed subgroups of G∧. Give a quotient topology on H\G∧/K by

q : G∧ → H\G∧/K.

(1) The image of K in Gλ is KNλ (which is a union of cosets of Nλ, and hence
a subset of Gλ). The same statement holds for H.

(2) We have the following commutative diagram of continuous surjections, where
α is a bijection.

H\G∧/K
↓ ց

HNλ\G∧/KNλ
α
→ HNλ\Gλ/KNλ.

(4.4)

(3) The q : G∧ → H\G∧/K is an open morphism, and H\G∧/K is compact
Hausdorff.

(4) The finite sets HNλ\Gλ/KNλ constitute a projective system, with a canon-
ical homeomorphism

H\G∧/K
∼
→ lim
←−

HNλ\Gλ/KNλ.
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Proof. (1) When we consider Gλ as a quotient of G∧, Gλ is a set of cosets gNλ.
The image of K is the union of kNλ for k ∈ K, which is nothing but KNλ.

(2) Every set in the diagram is a quotient of G∧ with various equivalence relation.
The vertical arrow is obviously well-defined. The mapping α is bijective, since as
a quotient of G∧, they are the same. The slanting arrow is merely the composition
of the two. We recall that G∧ → H\G∧/K is a quotient map. Thus, every map
in the diagram is continuous, since the maps from G∧ are continuous (where the
mappings to the two sets at the bottom of the diagram factors through G∧/Nλ,
which is finite and discrete).

(3) The open sets sNλ for s ∈ G∧ and various λ constitute an open basis of
G∧. The image of sNλ in H\G∧/K is HsKNλ (since Nλ is normal), whose inverse
image in G∧ is again HsKNλ, which is open. Thus, by the definition of quotient
topology, HsKNλ is open in H\G∧/K, and hence q is open.

Take two distinct elementsHgK, Hg′K in H\G∧/K. These are compact disjoint
subsets of the Hausdorff space G∧. It is well known that there are an open set
Oa ⊂ G∧ containing HgK and an open set Ob ⊃ Hg′K that separate HgK and
Hg′K. By (1) of Lemma 3.14 for the union of HgK and Hg′K, we may take µ
such that open sets of the form sNµ ⊂ Oa with sNµ ∩ HgK 6= ∅ cover HgK and
open sets sNµ ⊂ Ob with sNµ ∩Hg′K 6= ∅ cover Hg′K, that is, HgKNµ ⊂ Oa and
Hg′KNµ ⊂ Ob are disjoint. Since q is open, HgKNµ and Hg′KNµ are open sets in
H\G∧/K which have no intersection and are neighborhoods of HgK, Hg′K (which
are considered as elements of H\G∧/K), respectively. Thus H\G∧/K is Hausdorff.

(4) If we see these sets as quotients of G∧ as in (4.4), it is clear that these form
a projective system. By the universality of projective limit, we have a continuous
map

f : H\G∧/K → lim
←−

HNλ\Gλ/KNλ

by (2). The image of f is dense, since for any element ξ in the projective limit
and its open neighborhood, there is a smaller open neighborhood which has the
form pr−1

λ prλ(ξ) for some λ, since these form a basis of open neighborhoods of ξ.
Because

H\G∧/K → HNλ\Gλ/KNλ

is surjective, the density of the image follows. Since H\G∧/K is compact (being a
quotient of a compact set G∧), the image is compact and closed, hence f is surjec-
tive. SinceH\G∧/K is Hausdorff, any two distinct pointsHgK,Hg′K have disjoint
open neighborhoods HgKNλ, Hg′KNλ, respectively, as proved above, hence their
images in HNλ\Gλ/KNλ are distinct, which implies the injectivity of f . By the
compactness of H\G∧/K, f is closed, hence f−1 is continuous, thus a homeomor-
phism. �

Proposition 4.11. (profinite Schurian association scheme) Let G∧ = lim
←−

Gλ =

lim
←−

G∧/Nλ be a profinite group. We denote by Gλ the quotient G∧/Nλ. For a
closed subgroup H < G, its image in Gλ is Hλ := HNλ. Then we have a projective
system of Schurian association schemes

Xλ := Gλ/Hλ

and

Iλ := Hλ\Gλ/Hλ.
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These systems give a profinite association scheme, which may be non-commutative.
We call this type of profinite association scheme Schurian. We have canonical
homeomorphisms

G∧/H
∼
→ X∧ = lim

←−
Xλ = lim

←−
G∧/HNλ

and

H\G∧/H
∼
→ I∧ = lim

←−
Iλ = lim

←−
Hλ\G

∧/Hλ.

Proof. Everything is proved in Proposition 4.2 and Lemma 4.10, except that these
mappings give surjective morphisms of association schemes. Take λ ≥ µ. Since the
surjectivity is proved in (2), it suffices to show the commutativity of

Xλ ×Xλ → Iλ
↓ ↓

Xµ ×Xµ → Iµ,

which is easy to check: an element (gHNλ, g
′HNλ) at the left top is mapped to

the right Hg−1g′HNλ, then to the bottom Hg−1g′HNµ. This is the same via the
left bottom corner. �

Proposition 4.12. Let G∧/H be a Schurian profinite association scheme as in
4.11. Suppose that each finite association scheme Xλ is commutative. Then, J∧ is
the set of irreducible representations of G∧ appearing in C(Xλ) for some λ, where
the multiplicity is at most one for any C(Xλ).

Proof. We have an inductive system of injections C(Xλ×Xλ), which gives via (4.2)
an inductive system of injections

HomC(C(Xµ), C(Xµ))→ HomC(C(Xλ), C(Xλ))

for λ ≥ µ. To obtain AXµ
and AXλ

, we take G∧-invariant part (4.3)

HomGµ
(C(Xµ), C(Xµ))→ HomGλ

(C(Xλ), C(Xλ))

(note that there is a canonical surjection G∧ → Gλ, hence a Gλ-module is a G∧-
module.) By the surjectivity of G∧ → Gλ, an irreducible representation in C(Xµ)
of Gµ lifts to an irreducible representation in C(Xλ) of Gλ.

We assume that every finite association scheme appeared is commutative. Then,
the multiplicity of each irreducible representation V ⊂ C(Xλ) is one by Corol-
lary 4.8 for any λ. Thus, the partial surjection given in Corollary 2.14 is in this
case the inverse to the injection Jµ → Jλ, induced by Gλ → Gµ, and

J∧ = lim
−→

Jλ

is identified with the set of irreducible representations of G∧ appeared in some
C(Xλ). �

Indeed, the above irreducible representations are exactly the irreducible repre-
sentations of G∧ appearing in C(G∧/H). To show this, we recall a well known “no
small subgroups” lemma.

Lemma 4.13. Let G be a Lie group over R or C. Then, there is an open neigh-
borhood of the unit e, which contains no subgroup except {e}.
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Proof. We consider the Lie algebra g of G. Give an arbitrary (Hermitian or positive
definite) metric to g. It is known that

exp : g→ G

is homeomorphism when restricted to a small enough neighborhood of 0. We take
the homeomorphic neighborhoods U of e ∈ G and V of 0 ∈ g. We may assume
that V is bounded with respect to the metric. Assume that U contains non-trivial
subgroup of G. Take an e 6= g ∈ G in the subgroup. Consequently, for any integer
n, gn ∈ U . If h = log(g) ∈ V ⊂ g, nh = log(gn) corresponds to gn and hence
nh ∈ V for any n. However, V is bounded, which contradicts the assumption. �

Corollary 4.14. Let G∧ be a profinite group, and f : G∧ → G a group morphism
to a real or complex Lie group G. Then, Ker(f) is an open normal subgroup of G∧,
and the image f(G∧) in G is a finite subgroup of G.

Proof. Take a small enough neighborhood of U in Lemma 4.13. Consider H =
f−1(U) ⊂ G∧, which is open in G∧. Thus, there exists λ such that the open normal
subgroup N = Nλ is contained in H . The image f(N) < G is a subgroup in U ,
which must be {e} ⊂ G by definition of U . Thus, Ker(f) contains N , and is a
union of cosets of N , hence an open normal subgroup of G∧. Since G∧ is compact
and Ker f is open, f(G∧) ∼= G∧/Ker f is a finite group. �

Proposition 4.15. Let G be a compact Hausdorff group, and H a closed subgroup.
Consider the representation of G on C(G/H). Then, each irreducible component
of C(G/H) is finite dimensional.

Proof. This follows from a variant of the Peter-Weyl theorem, see Takeuchi[24,
Section 1]. �

Proposition 4.16. Let G∧ be a profinite group and H a closed subgroup. Consider
the profinite association scheme arising from G∧/H. Let J(G∧/H) be the set of the
irreducible representations of G∧ on C(G∧/H). Then, all finite association schemes
Xλ in Proposition 4.11 are commutative, if and only if the representation C(G∧/H)
is multiplicity free. In this case, there is a canonical bijection

f : J(G∧/H)
∼
→ J∧ = lim

−→
Jλ. (4.5)

Proof. Put X∧ := G∧/H . Let V ⊂ C(X∧) be an irreducible representation of G∧.
By Proposition 4.15, V is finite dimensional. By Lemma 4.13, the representation
factors through

G→ G/Nλ → GL(V )

for some λ. By Lemma 4.1, this means that V ⊂ C(X∧) lies in

V ⊂ C(Nλ\X
∧) = C(Xλ) ⊂ C(X∧).

Thus, C(X∧) is multiplicity free, if and only if C(Xλ) is multiplicity free for every
λ ∈ Λ, in other words, if and only if every Xλ is a commutative association scheme,
by Proposition 4.12. In the commutative case, the following observation shows that
every irreducible component of C(X∧) appears in C(Xλ) for some λ. Because the
multiplicity is one, for any V above, there is a unique representation isomorphic
to V in lim

−→
C(Xλ). This gives a map f in (4.5). The injectivity follows from

that C(X∧) is multiplicity-free. The surjectivity follows from C(Xλ) ⊂ C(X∧) is
a G∧-submodule, and any Gλ-irreducible component of C(Xλ) is a G∧-irreducible
component since G∧ → Gλ is surjective. �
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Remark 4.17. Kurihara-Okuda[13] gives the notion of Bose-Mesner algebra for gen-
eral homogeneous space G/H , where G is compact Hausdorff and H is a closed
subgroup. In the case where G is a profinite group and C(G/H) is multiplicity
free, their construction coincides with our definition, by Proposition 4.16.

4.1.2. Profinite abelian groups. For any finite abelian group X , we consider its thin
scheme. Namely, R : X × X → I = X with (x, y) 7→ y − x. Then, the i-th
adjacency matrix R−1(i) is the representation matrix of addition of i on C(X),
and the Bose-Mesner algebra is isomorphic to the group ring C(X), with usual
Hadamard product and the convolution product

(f ∗ g)(x) =
1

#X

∑

y

f(x− y)g(y)

(the factor 1
#X is not the standard, incorporated to be compatible with Theo-

rem 2.5). Primitive idempotents are exactly the characters ξ ∈ X̌, where X̌ ⊂ C(X)
is the group of characters of X .

For a profinite abelian group X∧, it is a projective limit of finite abelian groups
Xλ. We have an inductive system of the character groups Jλ := X̌λ. For λ ≥ µ,
the partial map pλ,µ : Jλ ⇀ Jµ is given by the injection iµ,λ : Jµ → Jλ, where
the domain of pλ,µ is the image of iµ,λ, and in the domain pλ,µ is the inverse
of iµ,λ. Thus, I∧ is isomorphic to X∧, J∧ is the inductive limit of the character

groups X̌λ. The Bose-Mesner algebra is isomorphic to Cc(J
∧), the space of finite

linear combinations of characters of X∧, which is isomorphic to Clc(I
∧), the space

of locally constant functions on I∧ ≃ X∧. This example is outside of the scope of
Barg-Skriganov theory, if I∧ ≃ X∧ is uncountable.

Remark 4.18. Since J∧ is discrete, Cc(J
∧) has a natural (and orthogonal) basis

consisting of Ej (j ∈ J∧), but for the canonically isomorphic vector space Clc(I∧),
we do not have a natural basis, since I∧ is compact with (possibly) uncountable
cardinality. This makes a definition of eigenmatrices difficult.

4.2. Kernel schemes. Another example of profinite association schemes is a pro-
jective system of the kernel schemes. The kernel schemes are finite association
schemes defined in Martin-Stinson[16] to study (t,m, s)-nets. The (t,m, s)-nets are
introduced by Niederreiter for quasi-Monte Carlo integrations, see [18].

We recall the kernel scheme, with a slight modification on the notation for I, to
make a description as a projective system easier.

Definition 4.19. Let n be a positive integer, and V be a finite set of alphabet
with cardinality v ≥ 2. Let Xn be V n, and In := {1, 2, . . . , n} ∪ {∞}. Define
Rn : Xn ×Xn → In as follows. Let x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) be
elements of Xn. Let R(x, y) be the smallest index i for which xi 6= yi. If x = y,
then R(x, y) = ∞. This is a symmetric (and hence commutative) association
scheme, with R−1(∞) being the identity relation. This is called a kernel scheme,

and denoted by
−−−−→
k(n, v).

A direct computation of the intersection numbers shows that this is a commu-
tative association scheme, as shown in [16]. We shall give an indirect proof in
Corollary 4.27. (This is only for the self-containedness.)
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Proposition 4.20. The kernel schemes
−−−−→
k(n, v) forms a projective system, where

Xn+1 → Xn is given by deleting the right most component, and In+1 → In is given
by m 7→ m for m ≤ n, and the both n+ 1,∞ are mapped to ∞. Then X∧ = V N>0

holds, and prn : X∧ → Xn is obtained by taking the left (first) n components, while
I∧ is N>0∪{∞}, with topology obtained by: each n ∈ N>0 is clopen, and an open set
containing ∞ is a complement of a finite subset of N>0, that is, I

∧ is the one-point

compactification of N>0. We call this a pro-kernel scheme and denote by
−−−−−→
k(∞, v).

Proof. It is easy to check that these make a projective system of association schemes.
The topology of I∧ comes from the definition of projective limit topology. �

Remark 4.21. In this case I∧ is countable, and this is a special case of infinite
association schemes examined in detail, named metric schemes, by Barg-Skriganov
[2, Section 8], for which the adjacency algebra is defined. In particular, in (8.33)
they showed that it is an inductive limit of finite dimensional adjacency algebra,
which indeed coincides with our definition.

Remark 4.22. This is merely an observation. For the set of p-adic integers Zp, we
have a valuation v : Zp → N ∪ {∞} giving an ultrametric. The above pro-kernel
scheme is isomorphic to this metric, up to the difference by one on the metric, i.e.,

R : Zp × Zp → N ∪ {∞}, (x, y) 7→ v(x − y).

The same holds for a ring of formal power series Fq[[t]], where Fq denotes the finite
field of q elements. The both yield the isomorphic pro-kernel schemes if p = q.

To see J∧ of the pro-kernel scheme, we need to work with primitive idempotents.
All necessary results are in Martin-Stinson[16], but because of the choice of the
index I and normalization of the products necessary for making the projective
system, the obtained constants slightly differ. To help the readers’ understandings,
we recall the methods of Martin-Stinson. For the chosen integer v ≥ 2, let V := Zv

be the additive group Z/v. Then X = Zn
v is an additive group, and the kernel

scheme is a translation scheme [4, §2.10].

Definition 4.23. Let X be a finite abelian group. A translation scheme is an
association scheme R : X ×X → I, which factors through X ×X → X, (x, y) 7→
y − x, namely, there is an S : X → I such that R(x, y) = S(y − x).

Definition 4.24. Return to the kernel scheme. We define bot : Xn → In by

bot(x1, . . . , xn) := min{i | xi 6= 0},

and bot(0, · · · , 0) =∞. Then we have

Rn : Xn ×Xn → In, (x, y) 7→ bot(x− y).

By S := bot, the kernel scheme is a translation scheme.

Let (X,R, I) be a translation scheme. For i ∈ I, let Si ⊂ X be S−1(i) (S for
the sphere). Let X̌ be the dual group of X . Then, ξ ∈ X̌ is an orthonomal basis
of C(X) under the normalized inner product in Definition 3.16. Let Ai denote the
i-th adjacency matrix, and χi : X → {0, 1} be the indicator function for Si. Our
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action in Theorem 2.5 shows that for x ∈ X

(Ai • ξ)(x) =
1

#X

∑

y∈X

Ai(x, y)ξ(y)

=
1

#X

∑

y∈X

χi(y − x)ξ(y)

=
1

#X

∑

y∈x+Si

ξ(y)

=
1

#X

∑

a∈Si

ξ(x + a)

=
1

#X
(
∑

a∈Si

ξ(a))ξ(x).

Thus ξ is an eigenvector with eigenvalue

1

#X
(
∑

a∈Si

ξ(a)). (4.6)

The primitive idempotents are projectors to the common eigen spaces of Ai for all
i ∈ I. Let us assume X = Zn

v , and then X̌ = Žv
n
, where the product of Žv is

written multiplicatively with unit 1. Thus,

(ξ1, . . . , ξn)(x1, . . . , xn) =

n∏

i=1

ξi(xi). (4.7)

Definition 4.25. For ξ = (ξ1, . . . , ξn) ∈ X̌, define top(ξ) as the max i such that
ξi 6= 1. If ξ = 1, then top(ξ) = 0. Thus top : X̌ → {0, 1, . . . , n}. We shall denote
Jn := {0, 1, . . . , n}, because we shall soon show a natural correspondence between
the set of primitive idempotents and Jn.

Lemma 4.26. For ξ with j = top(ξ), we denote by pi(j) the eigenvalue of Ai for
ξ. Then

pi(j) =





v−n if i =∞,

(v − 1)v−i if j < i <∞,

−v−i if j = i,

0 if j > i.

Thus, for any Ai, the eigenvalue of ξ ∈ X̌ depends only on top(ξ), and if top(ξ) 6=
top(ξ′), then there is an i such that Ai has different eigenvalues for ξ and ξ′.

Proof. Recall that I = {1, 2, . . . , n} ∪ {∞}. Put

Bi :=
⋃

i≤ℓ≤∞

Sℓ.

(Bi is the ball consisting of all the elements (x1, . . . , xn) with xℓ = 0 for all ℓ < i,
with the cardinality vn−i+1 for i < ∞ and 1 for i = ∞.) Fix i and ξ ∈ X̌ with
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top(ξ) = j, then by (4.6) we have

τ(i, j)ξ :=
∑

i≤ℓ≤∞

Ai • ξ

=
1

vn
(
∑

a∈Bi

ξ(a))ξ

=





v−nξ if i =∞,

v−i+1ξ if j < i <∞,

0 if j ≥ i.

The last equality follows from that for i =∞, B∞ = {0} and hence the summation
is
∑

a∈Bi
ξ(a) = 1, and if j < i <∞, then (4.7) is always 1 and the cardinality of Bi

is vn−i+1, while if j ≥ i, ξ(a) depends on a and the summation over a ∈ Bi is zero,
since ξ is a non-trivial character on the abelian group Bi. Thus, the eigenvalue of
Ai for ξ is the summation over Si = Bi \Bi+1, that is,





v−n if i =∞,

(τ(i, j)− τ(i + 1, j)) = (v − 1)v−i if j < i <∞,

(τ(i, j)− τ(i + 1, j)) = −v−i if i = j,

0 if j > i,

as desired. �

Corollary 4.27. The kernel scheme
−−−−→
k(n, v) is a commutative association scheme.

A primitive idempotent is the projection to the subspace C(X)j of C(X) spanned by
{ξ | top(ξ) = j} for each j ∈ Jn, which identifies the set of primitive idempotents
with Jn.

Proof. Recall that we did not use the property of association schemes for the kernel
schemes so far. Every Ai has C(X)j as an eigenspace with an eigenvalue. Since
C(X) is a direct sum of C(X)j for j ∈ Jn, this implies that the matrices Ai mutually
commute. We consider the algebra generated by Ai by the matrix product. Each
element of this algebra is determined by the n+1 eigenvalues corresponding to Jn.
Thus, the dimension of the algebra as a vector space does not exceed n+1, but Ai’s
are n + 1 linearly independent matrices, hence their linear combination is closed
under the matrix multiplication. The rest of the axioms of association schemes are
easy to verify. The description of primitive idempotents immediately follows. �

Corollary 4.28. The multiplicity mj is 1 for j = 0 and mj = (v − 1)vj−1 for
j > 0. The valency ki is 1 for i =∞ and ki = (v − 1)vn−i for i <∞.

Proof. The multiplicity is the number of ξ with top(ξ) = j, which implies the
first statement. The valency is the cardinality of the sphere Si, which implies the
second. �

Corollary 4.29. For j ∈ Jn, the projector Ej is given by

Ej(x, y) =
∑

ξ∈X̌,top(ξ)=j

ξ(x)ξ(y)

=
∑

ξ∈X̌,top(ξ)=j

ξ(x− y).
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We have

Ai =
∑

j∈Jn

pi(j)Ej

where pi(j) is defined in Lemma 4.26.

Proof. The first half describes the projection to the eigenspace corresponding to j
by an orthonomal basis. The second is because Ai has the eigenvalue pi(j) for that
eigenspace. �

For x− y ∈ Si, we define

qj(i) := Ej(x, y) =
∑

ξ∈X̌,top(ξ)=j

ξ(x− y)

=





1 if 0 = j

(v − 1)vj−1 if 0 < j < i ≤ ∞

−vj−1 if j = i

0 if j > i.

This computation is dual to that for pi(j), so omitted.

Corollary 4.30.

Ej =
∑

i∈I

qj(i)Ai.

Proof. We evaluate the both sides at (x, y). The left hand side is qj(i) for x−y ∈ Si,
which is equal to the right hand side, since Ai(x, y) = χi(x − y). �

Corollary 4.31. In
−−−−−→
k(∞, v), the set J∧ is the inductive limit of Jn → Jn+1, and

hence naturally identified with N.

Now we pass to the pro-kernel scheme, i.e., take the inductive limit of A−−−−→
k(n,v)

to

obtain AX∧ = A−−−−→
k(∞,v)

.

Proposition 4.32. Let Xn denote the kernel scheme
−−−−→
k(n, v) with In and primitive

idempotents Jn, and X∧ the pro-kernel scheme
−−−−−→
k(∞, v) with I∧ and the primitive

idempotents J∧. For i ∈ I∧ \ {∞}, we denote by Ai the image of δi ∈ Clc(I
∧) by the

isomorphism Clc(I
∧) → AX∧ . Note that δ∞ /∈ Clc(I∧). Through AXn

→ AX∧ , Ej

is mapped to Ej , and Ai for i ∈ {1, 2, . . . , n} is mapped to Ai, while A∞ ∈ AXn
is

mapped to an element corresponding to the indicator function χ{n+1,...,∞} ∈ Clc(I
∧).

It is convenient to denote the corresponding element in AX∧ by the symbol
∑

i∈{n+1,...,∞}

Ai,

since

χ{n+1,...,∞} =
∑

i∈{n+1,...,∞}

δi

holds. (Note that A∞ does not exist in AX∧ .)

Proof. According to Proposition 4.20 we have I∧ = N>0 ∪ {∞} and J∧ = N by
Corollary 4.31. Since Jn → J∧ is an injection, Ej ∈ AXn

is mapped to Ej ∈ AX∧

(see Proposition 3.24). The projection I∧ → In is obtained by mapping i 7→ i for
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1 ≤ i ≤ n, and i 7→ ∞ for i > n. Since the indicator function δi ∈ C(In) is mapped
to δi ∈ Clc(I

∧) for 1 ≤ i ≤ n, Ai is mapped to Ai. The description of the image of
A∞ is by the definition of AXn

→ AX∧ , which comes from I∧ → In. �

Everything is well-defined, except i0 =∞ ∈ I∧. In fact, the operatorsAi, Ej , the
values pi(j), qj(i), µJ∧(j) = mj , µI∧(i) = ki/#X = (v − 1)v−i are all well-defined,
except that A∞ and p∞(j) are not well-defined, since there is no corresponding
element to A∞ in AX∧ . Indeed, A∞ would correspond to the indicator function of
∞ ∈ I∧, which is not continuous and hence is outside AX∧ . This forces to choose
something which replaces A∞. One possible way is to replace it with E0 because

E0 =
∑

i∈I∧

Ai

holds as a function (constant value 1) on I∧. then

{Ai | i ∈ N>0} ∪ {E0}

is a linear basis of Clc(I
∧), although this is not an orthogonal basis. This is the

method chosen in [2, (8.3), (8.9)] to replace an infinite sum with a finite sum (α0

in (8.8) in their paper is nothing but E0), which gives a precise definition of the
adjacency algebra. In our interpretation in Proposition 4.32, the expression in
Corollary 4.29 becomes

Ai =
∑

j∈J∧

pi(j)Ej

which is a finite sum (see Lemma 4.26) and holds for i 6=∞ (since the equality holds
in AXi

), except the problem that for i =∞, the value p∞(j) = v−n converges to 0,
while the summation is over infinitely many Ej . In Corollary 4.30 the expression

Ej =
∑

i∈I∧

qj(i)Ai

seems an infinite sum, but qj(i) = (v − 1)vj−1 is constant for i > j, and thus
the right hand side lies in Clc(I

∧), or more precisely, the seemingly infinite sum
is a finite sum by the usage of the symbol in Proposition 4.32, and the equality
does hold (since it holds in AXj

.) This may be translated into a finite summation
formula for j ≥ 1:

Ej =
∑

i≤j

(qj(i)− (v − 1)vj−1)Ai + (v − 1)vj−1E0

= (
∑

i<j

−(v − 1)vj−1Ai)− vjAj + (v − 1)vj−1E0.

4.3. Ordered Hamming schemes. Martin and Stinson [16, Section 1.3] intro-
duced ordered Hamming schemes as Delsarte’s extension of length s [6, Section 2.5]
of the kernel schemes.

Proposition 4.33. (Extension of length s)
Let R : X × X → I be a commutative association scheme. Let s be a positive

integer, and Ss a symmetric group of degree s, acting on the direct product Is. We
obtain a quotient map Is → Is/Ss. Then, the composition

Xs ×Xs → Is → Is/Ss
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is a commutative association scheme. For ī ∈ Is/Ss, the corresponding Hadamard
primitive idempotent is the sum of

Ai1 ⊗ · · · ⊗Ais

over (i1, . . . , is) ∈ Is which maps to ī. The set of primitive idempotents are natu-
rally identified with Js/Ss, as follows. For j̄ ∈ Js/Ss, the corresponding primitive
idempotent is the sum of

Ej1 ⊗ · · · ⊗ Ejs

over (j1, . . . , js) ∈ Js which maps to j̄. The corresponding eigenspace is the direct
sum of the tensors of the eigenspaces

C(X)j1 ⊗ · · · ⊗ C(X)js

over (j1, . . . , js) ∈ Js which maps to j̄.

A proof is not given in the paper by Delsarte, but found in an unpublished (but
reachable) paper by Godsil [9, 3.2 Corollary]. Because he did not mention the
eigenspaces, which we need later, we shall recall a proof.

Proof. Let

Xs ×Xs → Is

be the direct product association scheme. Its Bose-Mesner algebra AXs = A⊗s
X

is generated by the s-fold kronecker products of Ai’s for i ∈ I, which satisfies the
axiom of association scheme. The symmetric group Ss acts on AXs by permutation.
We take the fixed part ASs

Xs of AXs . Since Ss preserves the two products and the

transpose, fix the i0 and the j0, A
Ss

Xs is a Bose-Mesner algebra. As a vector space,
this is canonically isomorphic to C(Is)Ss ∼= C(Is/Ss), induced by Is → Is/Ss. For
an ī ∈ Is/Ss, its inverse image is the set of (i1, . . . , is) mapped to ī, and the set
of Ai1 ⊗ · · · ⊗ Ais are mutually disjoint Hadamard idempotent, whose sum is an

Hadamard idempotent Aī. This must be primitive in ASs

Xs , since the Hadamard
product satisfies Aī ◦ Aī′ = δī ī′ , and their sum is the Hadamard unit JAXs . The
same argument applies for the primitive idempotents Ej̄ . The description of the
corresponding eigenspace follows. �

This construction, when applied to the kernel schemes Xn, In = {1, 2, . . . , n} ∪
{∞}, and Rn : Xn ×Xn → In given Definition 4.19), yields an ordered Hamming
scheme.

Definition 4.34. The ordered Hamming scheme, denoted by
−→
H (s, n, v), is defined

as the extension of length s of the kernel scheme
−−−−→
k(n, v).

The following is easy to check.

Proposition 4.35. The projections Xs
n+1 → Xs

n and Isn+1/Ss → Isn/Ss coming

from Proposition 4.20 give a projective system
−→
H (s, n+ 1, v)→

−→
H (s, n, v) of com-

mutative association schemes, namely, a profinite association scheme, which we

call the pro-ordered Hamming scheme and denote by
−→
H (s,∞, v). The I∧ of this

projective association schemes is (N>0 ∪ {∞})s/Ss, and J∧ is Ns/Ss.

We shall mention on this profinite scheme later in the last of Section 5.3.
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5. Delsarte theory for profinite association schemes

Here we extend Delsarte theory introduced in [6]. The method here follows
Kurihara-Okuda [13], which generalizes Delsarte theory to compact homogeneous
spaces. In this section, let (Xλ, Rλ, Iλ) be a profinite association scheme, and X∧,
I∧, J∧, AX∧ be those defined in Section 3.1.

5.1. Multiset and Averaging functional. We consider a finite multi-subset Y
of X∧, which means that Y is a set in which finite multiplicity of elements is allowed
and taken into account. To make the notion rigorous, we consider a map from a
finite set Z to a set X

g : Z → X.

Then the image Y := g(Z) in X has a natural finite multiset structure, where the
multiplicity of y ∈ Y is the cardinality of the fiber #g−1(y). For S ⊂ X , we use
the notation

#(Y ∩ S) := #(Z ∩ g−1(S)).

This merely means to count the number of elements in Y ∩ S with taking the
multiplicity into account. Thus, we call Y a “multi-subset” of X , and use the
notation

a finite multiset Y ⊂ X

by an abuse of language.
For any non-empty finite multiset Y ⊂ X∧, we would like to describe the notions

of codes and designs. We begin with defining the averaging functional.

Definition 5.1. Let Y ⊂ X∧ be a finite multi-subset in the sense above. Define
the averaging functional

avgY : C(X∧)→ C, f 7→
1

#Y

∑

x∈Y

f(x) :=
1

#Z

∑

z∈Z

f(g(z)).

By (3.1), Cc(J
∧) ∼= AX∧

∼= Clc(I
∧) holds, and by

AX∧ → C(X∧ ×X∧)
avgY ⊗ avgY→ C,

avg2Y := avgY ⊗ avgY defines a functional on AX∧ , on Cc(J
∧), and on Clc(I

∧). For
example, for f ∈ Clc(I

∧), we have

avg2Y (f) =
1

#Y 2

∑

x,y∈Y

f ◦R∧(x, y)

=
1

#Y 2

∑

i∈I∧

∑

x,y∈Y,R∧(x,y)=i

f(i)

=
1

#Y 2

∑

i∈I∧

#((Y × Y ) ∩R∧−1
(i))f(i).

Note that these coefficients are the inner-distribution of Y (Delsarte [6, Section 3.1])

multiplied by 1
#Y . Let us denote by C⊕I∧ the vector space whose basis is I∧, namely,

the space of finite linear combinations of the elements of I∧. We have a mapping

C
⊕I∧ → Clc(I

∧)∨, (5.1)

where ∨ denotes the dual (i.e. Hom(Clc(I
∧),C)), by the evaluation at i: i 7→ (f 7→

f(i)), which is injective since only a finite number of linear combinations appear in



34 MAKOTO MATSUMOTO, KENTO OGAWA, AND TAKAYUKI OKUDA

C⊕I∧ , and their support can be separated by clopen subsets. The above computa-
tion shows that avg2Y ∈ Clc(I

∧)∨ lies in C⊕I∧ , namely,

avg2Y =
∑

i∈I

1

#Y 2
(#((Y × Y ) ∩R∧−1

(i))) · i ∈ C
⊕I∧ . (5.2)

Note that every coefficient is non-negative. Next we compute avg2Y on Cc(J
∧). For

j ∈ J∧, we have the orthogonal projector Ej : C(X∧)→ C(X∧)j . For f ∈ C(X∧)j ,

f(x) =

∫

y∈X∧

Ej(x, y)f(y)dµ(y) = (f, Ej(x,−))HS.

Thus, we define avgjY ∈ C(X∧)j by

avgjY (−) :=
1

#Y

∑

x∈Y

Ej(x,−), (5.3)

which represents the averaging functional in C(X∧)j :

(f, avgjY )HS = avgY (f). (5.4)

Then

avg2Y (Ej) =
1

#Y 2

∑

x,y∈Y

Ej(x, y)

=
1

#Y

∑

y∈Y

avgjY (y)

= (avgjY , avg
j
Y ) = || avg

j
Y ||

2
HS ≥ 0. (5.5)

These positivities make the LP method by Delsarte possible [6, Thorem 3.3].

Definition 5.2. Let us denote by Qj ∈ Clc(I
∧) the image of Ej ∈ AX∧ . This may

be considered as a description of the canonical isomorphism

Q : Cc(J
∧)→ Clc(I

∧), δj 7→ Qj ,

where δj means the indicator function on J∧ at j ∈ J∧. (Note that Ej ∈ AX∧

corresponds to δj ∈ Cc(J
∧) in Theorem 3.13, see Corollary 3.11.) Then we have an

injection

C
⊕I∧ → Clc(I

∧)∨
Q∨

→ Cc(J
∧)∨,

obtained by

i 7→ (f 7→ f(i)) 7→ (δj 7→ Qj(i)).

Definition 5.3. The above morphism Q∨|I∧ : C⊕I∧ → Cc(J
∧)∨ is called the Mac-

Williams transform. In concrete, it maps

Q∨|I∧ :
∑

i∈I

ai · i 7→
∑

j∈J∧

∑

i∈I∧

aiQj(i)evj ,

where evj is the dual basis, i.e., evj(δj′) = δjj′ , or equivalently,

evj : Cc(J
∧)→ C, f 7→ f(j).

Note that the left is a finite sum, but the right may be an infinite sum (which causes
no problem, since the dual of a direct sum is the direct product).
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The following is a formal consequence:

Q∨|I∧ : avg2Y ∈ C
⊕I∧ 7→ avg2Y ∈ Cc(J

∧)∨. (5.6)

5.2. Codes and designs. We define codes and designs. Let IC ⊂ I∧ be a subset
which does not contain i0 (C for code). Let JD ⊂ J∧ be a subset which does not

contain j0 (D for design). We define a convex cone (IC ; JD) ⊂ C⊕I∧ by

(IC ; JD) :=

{
∑

i∈I

ai · i | ai = 0 for all but finite i ,

ai ≥ 0 for all i ∈ I∧,

ai = 0 for all i ∈ IC ,∑

i∈I∧

aiQj(i) ≥ 0 for all j ∈ J∧,

∑

i∈I∧

aiQj(i) = 0 for all j ∈ JD }.

Definition 5.4. A non-empty finite multi-subset Y ⊂ X∧ is called an IC -free-code-
JD-design if avg2Y lies in the cone (IC ; JD). Furthermore, an IC -free-code-∅-design
[resp. an ∅-free-code-JD-design] is simply called an IC -free-code [resp. a JD-design].

More explicitly, the i-component of avg2Y in C⊕I∧ is

ai(Y ) :=
1

#Y 2
#((Y × Y ) ∩R∧−1

(i)), (5.7)

which is non-negative (5.2) and required to be 0 for i ∈ IC (namely, there is no pair
(x, y) ∈ Y × Y with relation R∧(x, y) ∈ IC), and its evj-component in Cc(J

∧)∨ is

bj(Y ) := avg2Y (Ej) = || avg
j
Y ||

2
HS, (5.8)

which is non-negative (5.5) and required to be 0 for j ∈ JD (namely, the j-
component of avgY is zero for j ∈ JD, or equivalently, for any f ∈ C(X∧)j ,∑

y∈Y f(y) = 0 for j ∈ JD). Note that i0 is removed from IC , since

1

#Y 2
#((Y × Y ) ∩R∧−1

(i0)) =
1

#Y

is positive, and j0 is removed since || avgj0Y ||HS = 1 (being the operator norm of the
averaging for constant functions). Since

#Y avg2Y (i0) = 1 and
∑

i∈I∧

#Y avg2Y (i) = #Y,

we may consider an LP problem: under the constraint that (ai)i∈I∧ lies in the cone
(IC ; JD) and ai0 = 1, maximize/minimize

∑
i∈I∧ ai, which gives an upper/lower

bound on the cardinality of Y which is an IC -free-code-JD-design. The following is
a formal consequence of (5.6), stating the relation with classic theory [6, Section 3].

Theorem 5.5. The Mac-Williams transformation Q∨|I∧ maps (5.7) to (5.8):
∑

i∈I∧

ai(Y ) · i 7→
∑

j∈J∧

bj(Y )evj .
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In concrete,

bj(Y ) =
∑

i∈I∧

ai(Y )Qj(i).

Remark 5.6. The meaning of the values (5.7) is clear, and called the inner distri-
bution [6, Section 3.1] (up to a factor of #Y ), but there, the meaning of the values
bj(Y ) =

∑
i∈I∧ ai(Y )Qj(i) is not clear, just the semi-positivity is proved. Now the

value bj(Y ) = || avgjY ||
2
HS has a clear interpretation. On the space C(X∧)j , the

operator norm of avgjY is || avgjY ||HS, since

sup
f∈C(X∧)j\{0}

| avgjY (f)|

||f ||
= sup

f∈C(X∧)j\{0}

(f, avgjY )

||f ||
≤
||f || · || avgjY ||

||f ||
= || avgjY ||,

and the equality holds for f = avgjY . This may be interpreted as the worst-case error
in approximating the integration for C(X)j by avgY (where the true integration
value is zero for j 6= j0, because of the orthogonality to the constant functions
C(X)j0), see a comprehensive book by Dick-Pillichshammer [7, Definition 2.10] on
quasi-Monte Carlo integration. Another remark: the injectivity (5.1) implies that
Y and Y ′ have the same inner distribution

#((Y × Y ) ∩R∧−1
(i)) = #((Y ′ × Y ′) ∩R∧−1

(i)) for all i ∈ I∧

if and only if

|| avgjY ||HS = || avgjY ′ ||HS for all j ∈ J∧.

5.3. (t,m, s)-nets and (t, s)-sequences. The (t,m, s)-nets are point sets for quasi-
Monte Carlo integration, well-studied, see [18]. For (t,m, s)-nets, the LP bound by
ordered Hamming schemes introduced by Martin-Stinson [16] yields strong lower
bounds on the cardinality of the point set P , see [16] and Bierbrauer [3] for example.
We do not have such an application, but profinite association schemes may be used
to formalize the notion of (t, s)-sequence [18], as mentioned at the last of this
section.

The purpose of this section is to reprove some results of Marin-Stinson, and see
a relation to pro-ordered Hamming schemes. The main result Corollary 5.19 of this
section is proved in Martin-Stinson[16, Theorem 3.4] by using the notion of dual
schemes and weight enumerator polynomials. Here we shall give a self-contained
proof avoiding the use of these tools. Our proof matches to the formalization in
Section 5.2, relying on the average functional avgY introduced in Definition 5.1.

Recall the kernel scheme in Definition 4.19, where the set of alphabets is Zv :=
Z/v, and Xn = Zn

v , In = {1, 2, . . . , n} ∪ {∞},

bot : Xn → In

in Definition 4.24 give the kernel scheme as a translation scheme. We shall identify
a point in Xn with a point in the real interval [0, 1], by

(x1, . . . , xn) 7→ 0.x1x2 · · ·xn ∈ [0, 1), (5.9)

where the right expression means the v-adic decimal expansion. Then, we have a
map

Xs
n → [0, 1]s.
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We shall define (t,m, s)-nets following Niederreiter [17, Definition 4.1]. An elemen-
tary interval of type (d1, . . . , ds) is a subset of [0, 1]s of the form

s∏

i=1

[aiv
−di , (ai + 1)v−di),

where ai and di are non-negative integers such that ai < vdi . Its volume is
s∏

i

v−di = v−
∑s

i=1
di .

Definition 5.7. Let 0 ≤ t ≤ m be integers. A (t,m, s)-net in base v is a multi-
subset P ⊂ [0, 1]s consisting of vm points, such that every elementary interval of
type (d1, . . . , ds) with d1 + · · ·+ ds = m− t (hence volume vt−m) contains exactly
vt points of P .

Our purpose is to state these conditions in terms of designs Y ⊂ Xs
n for a finite

multi-subset Y .

Definition 5.8. A finite multi-subset Y in X is said to be uniform on X if #(Y ∩
{x}) is constant for x ∈ X , that is, #g−1(x) is constant for x ∈ X if Y is defined
by a map g : Z → X .

Definition 5.9. For an s-tuple of non-negative integers d = (d1, . . . , ds) with each
component less than or equal to n, define

Xd :=

s∏

i=1

Zdi
v ,

and the projection

pr
d
: Xs

n → Xd

by taking the left most di components of the i-th Xn in Xs
n, for i = 1, . . . , s.

Definition 5.10. A non-empty multi-subset Y ⊂ Xs
n is d-balanced, if the image

of Y in Xd by the map Xs
n → Xd is uniform on Xd.

Proposition 5.11. A multi-subset Y ⊂ Xs
n of cardinality vm gives a (t,m, s)-net

if and only if it is d-balanced for any non-negative tuples d = (d1, . . . , ds) with
d1 + · · ·+ ds = m− t.

The proof is immediate when we consider the mapping (5.9), since then there is a
natural one-to-one correspondence between Xd and the set of elementary intervals
of type (d1, . . . , ds). We may state the conditions in terms of the dual group.

Lemma 5.12. Let X be a finite abelian group, and Y a finite multi-subset in X.
For f ∈ C(X), define

I(f) := avgX(f) =
1

#X

∑

x∈X

f(x).

(This is the true integral of f over the finite set X). The following are equivalent.

(1) I(f) = avgY (f) holds for any f ∈ C(X).
(2) The finite multi-subset Y is uniform on X.
(3) avgY (ξ) = 0 holds for any non-trivial ξ ∈ X̌.
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Proof. Suppose that the first condition holds. Let χx be the indicator function

of x ∈ X . The condition I(χx) = avgY (χx) implies 1
#X = #(Y∩{x})

#Y , hence Y is

uniform on X . The converse is obvious.
Suppose again the first condition. For any non-trivial ξ, I(ξ) = 0. This implies

that avgY (ξ) = 0. For the converse, we assume the third condition. Note that X̌
is a base of C(X), so it suffices to show that I(ξ′) = avgY (ξ

′) holds for any ξ′ ∈ X̌.
This holds for non-trivial ξ, and for the trivial ξ = 1, I(1) = 1 = avgY (1). �

Lemma 5.13. The dual X̌d of Xd can be identified with the set of characters

{ξ := (ξ1, . . . , ξs) ∈ X̌n
s
| top(ξi) ≤ di for i = 1, . . . , s}

(see Definition 4.25 for the notation top).

Corollary 5.14. For a multi-subset Y ⊂ Xs
n, the composition Y → Xs

n → Xd is
uniform if and only if

avgY (ξ) = 0

holds for any non-trivial ξ ∈ X̌d.

Corollary 5.15. A multi-subset Y ⊂ Xs
n of cardinality vm is a (t,m, s)-net if and

only if
avgY (ξ) = 0

holds for any ξ ∈ X̌d \ {1} and any non-negative d = (d1, . . . , ds) satisfying∑s
i=1 di = m− t.

Niederreiter[17] and Rosenbloom-Tsfasman[23] defined the notion of NRT-weight,
see also Niederreiter and Pirsic[20]:

Definition 5.16. Define the NRT-weight wt by the composition

wt : X̌s
n

tops

→ Js
n

sum
→ N,

where sum is a function taking the sum of the s coordinates and top is defined in
Definition 4.25.

Theorem 5.17. Let Y ⊂ Xs
n be a multi-subset of cardinality vm. Then it is

a (t,m, s)-net if and only if for any ξ ∈ X̌s
n with wt(ξ) ≤ m − t and ξ 6= 1,

avgY (ξ) = 0.

This follows from Corollary 5.15. Following Martin-Stinson[16], let us define

shape : Js
n → Js

n/Ss.

In Proposition 4.33 and Lemma 4.26, we observed that for j̄ ∈ Js
n/Ss, the corre-

sponding eigenspace C(Xs
n)j̄ is spanned by the characters in the inverse image of j̄

by

X̌s
n

tops

→ Js
n → Js

n/Ss.

It is easy to see that wt factors as

X̌s
n

tops

→ Js
n

shape
→ Js

n/Ss
sumup
→ N,

where the definition of sumup is clear from the context. (We remark that sumup
is denoted by “height” in Martin-Stinson[16, P.337], but we changed the notation
to avoid the collision with a standard use of “height” in the context of the Young
diagrams.) Thus,

{ξ ∈ X̌s
n | wt(ξ) ≤ m− t} = {ξ ∈ X̌s

n | sumup(shape(tops(ξ))) ≤ m− t}.
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The condition for Y ⊂ Xs
n to be a (t,m, s)-net is that avgY (ξ) vanishes for any

nontrivial ξ in the left hand side (Theorem 5.17), which is equivalent to the van-
ishing in the right hand side, namely, avgY (ξ) = 0 for each of ξ ∈ C(Xs

n)j̄ for

j̄ ∈ Js
n/Ss \ {j0}, sumup(j̄) ≤ m− t. This is equivalent to avgj̄Y = 0 (the left hand

side is the representation of avgY in the subspace C(Xs
n)j̄ defined in (5.3) with

property (5.4)) for these j̄.
Now we proved [16, Theorem 3.4]:

Theorem 5.18. Let Y ⊂ Xs
n be a multi-subset of cardinality vm. Then, Y is a

(t,m, s)-net if and only if avgj̄Y = 0 for any j̄ 6= j0, sumup(j̄) ≤ m− t.

In terms of the designs (see Section 5.2), we may state

Corollary 5.19. Define

JD := {j̄ ∈ Js
n/Ss | j̄ 6= j0, sumup(j̄) ≤ m− t}.

Then, Y ⊂ Xs
n is a JD-design if and only if it is a (t,m, s)-net in Xs

n.

By this, Delsarte’s LP method works, see [16]. The next is an example where we
may use a profinite association scheme to make a concept of (t, s)-sequence inside
the design theory, (see [18, Definition 4.2] and [19, Remark 2.2]).

Let us consider the pro-ordered Hamming scheme
−→
H (s,∞, v) = (X∧, R∧) defined

in Proposition 4.35. Note that X∧ = (lim
←−

Xn)
s = lim
←−

(Xs
n) = (ZN>0

v )s. For each n,

we denote by πn the surjection from X∧ onto Xs
n. That is,

πn(x
1, . . . , xs) := ([x1]n, . . . , [x

s]n) (5.10)

for each (x1, . . . , xs) ∈ X∧ = (ZN>0

v )s, where we put [(x1, . . . )]n := (x1, . . . , xn) for

each (x1, . . . ) ∈ ZN>0

v .

Definition 5.20. A sequence of points p0, p1, . . . ∈ X∧ is a (t, s)-sequence in base
v, if for any integers k and m > t, the point set Yk,m ⊂ Xs

m ⊂ [0, 1)s consisting of
the πm(pj) with kvm ≤ j < (k + 1)vm (considered as a multi-set) is a (t,m, s)-net
in base v.

For a comparison with a standard Definition 5.22, see Remark 5.23. We may
state the condition of (t, s)-sequences in terms of the designs in the pro-ordered

Hamming scheme
−→
H (s,∞, v). Recall that J∧ = N

s/Ss, and we may define sumup
so that the composition

N
s → J∧ = (Ns/Ss)

sumup
→ N

maps (j1, . . . , js) 7→
∑s

i=1 ji.

Theorem 5.21. In the pro-ordered Hamming scheme, we define

JDℓ
:= {h ∈ (Ns/Ss) = J∧ | sumup(h) ≤ ℓ, h 6= j0}.

A sequence of points p0, p1, . . . ∈ X∧ is a (t, s)-sequence in base v, if and only if
for any integers k and m > t, the point set Yk,m consisting of the πm(pj) with
kvm ≤ j < (k + 1)vm is a JDm−t

-design.

In the original definition, the sequence is taken in an infinite set [0, 1]s, where
infinite precision is necessary. Because of this infiniteness, a fixed finite scheme
would not be able to describe the notion of (t, s)-sequence. Our profinite association
scheme is a tool to deal with the infiniteness.
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We close our paper with a discussion on the definitions of (t, s)-sequences. The

following is a definition by Niederreiter-Özbudak[19, Definition 2.2] (to be precise,
its special case), which is a slight variant of the original Niederreiter’s one: [18,
Definition 4.2].

Definition 5.22. Let p0, p1, . . . ∈ [0, 1]s be a sequence of points, with prescribed
v-adic expansions. (In other words, each pj is considered as an element in X∧.) It
is a (t, s)-sequence in base v, if for any integers k and m > t, the point set Pk,m

consisting of the πm(pj) with kvm ≤ j < (k + 1)vm is a (t,m, s)-net in base v.

Remark 5.23. It is easy to see that Definitions 5.20 and 5.22 are the same. In
Definition 5.22, we use πm in (5.10) for pj , where pj is an element of X∧. In fact,
πm is not well-defined for [0, 1]s, because of the non-injectivity of

(ZN>0

v )→ [0, 1],

namely, for base v = 2, for example, 0.0111 · · · = 0.1000 · · · . One way to avoid
this subtle problem may be to require the v-adic expansion of a real number to
be of the latter type, namely, to avoid expansions consisting of all (v − 1)’s after
some digit. However, in important constructions such as in Niederreiter-Xing[21],
points with the former type of expansions may appear. Thus, to define the notion
of (t, s)-sequences as a sequence in [0, 1]s has a subtle problem. Definition 5.20
would be a natural definition of a (t, s)-sequence. In other words, the notion would
be better defined in terms of X∧ rather than [0, 1]s. This is essentially stated in [19,
Remark 2.2]. Of course, a large part of researchers would prefer to work in [0, 1]s.
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