arXiv:2207.08440v1 [math.CA] 18 Jul 2022

Sharp convergence for sequences of Schrodinger
means and related generalizations

Wenjuan Li, Huiju Wang, Dunyan Yan

Abstract

For decreasing sequences {t,}52 ; converging to zero, we obtain the almost everywhere
convergence results for sequences of Schrodinger means e**»2 f, where f € H*(RY),N > 2.
The convergence results are sharp up to the endpoints, and the method can also be applied to
get the convergence results for the fractional Schrédinger means and nonelliptic Schrodinger
means.

1 Introduction

The solution of the Schrodinger equation

{i@tu(x,t) —Au(z,t) =0 xRN tcRt, (1.1)

can be formally written as

Afw) = [ fgac 12)
RN

The convergence problem of determining the optimal s for which e®®f (called Schrodinger
means) pointwisely converges to f whenever f € H*(RY) as ¢ continuously tends to zero has
been studied extensively. The convergence result holds for s > 1/4 when N = 1 by Carleson
[3], and for s > 2(N—A:L1) when N > 2 by Du-Guth-Li [7] and Du-Zhang [8]. These results are
sharp (except the endpoints when N > 2) according to Dahlberg-Kenig [6] and Bourgain [1]. It
is worth to mention that a different counterexample was raised by Luca-Rogers [11] for N > 2.

In this paper, we consider a related problem: to investigate the convergence properties of
e"nA f where t, belongs to some decreasing sequence {t,}5°, converging to zero. One may
expect that less regularity on f is enough to ensure convergence in this discrete case. However,
when N =1 and t, = 1/n, n = 1,2,---, Carleson [3] proved that the convergence result holds
for s > 1/4 but fails for s < %. Indeed, it actually fails for s < 1/4 by the counterexample
in Dahlberg-Kenig [6], a detailed explanation can be found in Section 3 of Lee-Rogers [10].
Recently, this kind of problem was further considered by [5, 13, 14]. In particular, under the
assumption that {t,}>°, € {"*°(N), 0 < r < o0, i.e.,

supbrﬁ{n eN:t, > b}< 00, (1.3)
b>0
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it follows from [5] that e®»2 f pointwisely converges to f if and only if s > min{ 5, i} when
N =1. But when N > 2, the convergence results obtained by [13, 14] are far from sharp. This
open problem will be studied in this article.

We first state the main results on convergence for sequences of Schrodinger means, which are
sharp up to the endpoints. Then we obtain some generalizations to the fractional Schrédinger

means ¢ f (1 < a < o) and nonelliptic Schrodinger means e*»” f, where

St ) = [T fg)as (14)
RN

and

el f(x) = / elm it (€ ~E3E 2K f(¢)dg. (1.5)
RN

1.1 Convergence for sequences of Schrodinger means

THEOREM 1.1. Let N > 2 and r € (0,00). For any decreasing sequence {t,}o°, € £"*°(N)
converging to zero and {t,}5°; C (0,1), we have

lim ¢ f(z) = f(z) a.e. z€RY (1.6)

n—oo

whenever f € HS(RN) and s > sg = min{ ys———r N+1r+1’ 2(N+1)}

By standard arguments, it is sufficient to show the corresponding maximal estimate in RY.
THEOREM 1.2. Under the assumptions of Theorem 1.1, we have
itn

suple
neN

< Clf s vy (1.7)
L2(B(0,1))

whenever f € H(RY) and s > sg = min{ﬁ

pwr 2(N+1 } where the constant C' does not

depend on f.

By translation invariance in the x—direction, B(0,1) in Theorem 1.2 can be replaced by any
ball of radius 1 in RY, which implies Theorem 1.1. The convergence result is almost sharp by
the Nikisin-Stein maximal principle and the following fact that Theorem 1.2 is sharp up to the
endpoints.

THEOREM 1.3. For each r € (0,00), there exists a sequence {t,}>>; which belongs to £">°(N),
. . . oo . N
the corresponding mazimal estimate (1.7) fails if s < sg = mm{%, m}

REMARK 1.4. One expects that the sparser the time sequences become, the lower the regular-
ity of pointwise convergence requires. Theorem 1.2 and Theorem 1.3 reveal a perhaps surprising
phenomenon, namely if 0 < r < ij_l, there is a gain over the pointwise convergence result
from [7, 8, 1, 11] when time tends continuously to zero, but not when r > + . In fact, such
phenomenon has also appeared in one-dimensional case, see [5].
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The construction of our counterexample appeared in Section 3 is inspired by the work [11],
which is an alternative proof for Bourgain’s counterexample that showed the necessary condition
for lim;_,o e® f(z) = f(x), a.e. x € RN,

Next we briefly explain how to prove Theorem 1.2. Notice that when x N
N~

>
r+1 = 2(N+1)7
Theorem 1.2 follows from the celebrated results by [7] (N = 2), and [8] (N > 3). Therefore, we
only need to consider the case when NT“TH—l < 2(]\],\;_1), so we always assume that 0 < r < NLH

in what follows.

By Littlewood-Paley decomposition and standard argument, we just concentrate on the case
when suppf C {€:[¢] ~ 2F}, k> 1. We consider the maximal function

sup ||

_ 2k
neN:it, >2 (N+1)r/N+1

and
sup e 1,
nGN:tn<27(N+1§f/N+1
respectively. We deal with the first term by the assumption that the decreasing sequence

{tn}o2, € £°°(N) and Plancherel’s theorem. For the second term, since k < N_ﬁiliﬂ < 2k,
N

the proof can be completed by the following theorem.
THEOREM 1.5. Let j € R with k < j < 2k. For any € > 0, there exists a constant C. > 0
such that

< COP DTN ] Lo ey, (1.8)
LQ(B(O,l))

for all f with supp f C {&:|¢] ~ 2}, The constant C, does not depend on f, j and k.

sup |e"2 ]
t€(0,277)

In the case N = 1, similar result was built in [5] by T7* argument and stationary phase
method. But their method seems not to work well in the higher dimensional case. In order to
prove Theorem 1.5, we first observe that (1.8) holds true if spatial variable is restricted to a ball
of radius 2¥~7. Due to references [7, 8], for any function g with supp § C {€ : |¢] ~ 2277}, it
holds

. NN
sup | Bg() < CPFNTT gl .
te(0,2—(2k—3)) L2(B(0,1))
By scaling, we have
: N
sup |e"2g] < C2% j)Q(N“)JrEkHQHB(RN) (1.9)
te(0,2779)

L2(B(0,2k—17))

whenever supp § C {€ : |¢| ~ 2¥}. Then we obtain the following lemma by translation invariance
in the z-direction.

LEMMA 1.6. When k < j < 2k, for any € > 0 and xo € RY, there exists a constant C. > 0
such that

. . N
sup e f] < 062(2k_])2(N+1)+ek||f||L2(RN)? (1.10)

te(0,2779)

L2(B(zq,2F 7))

whenever supp f C {€:|€] ~ 2F}. The constant C. does not depend on x¢ and f.
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Then we can obtain Theorem 1.5 with the help of Lemma 1.6, wave packets decomposition
and an orthogonality argument. See Section 2 below for details. Moreover, we give the following
remark on Theorem 1.5.

REMARK 1.7. We notice that Theorem 1.5 is almost sharp when j = k and j = 2k. Indeed,
when j = 2k, Sobolev’s embedding implies

sup | f(x)]

< C|lf 2@y (1.11)
t6(0,272k)

L2(B(0,1))

By taking f as the the characteristic function on the set {€: €] ~ 2k}, it can be observed that
the uniform estimate (1.11) is optimal. When j = k, it follows from [7, 8] then

. C2TT R 1| o (1.12)
L2(B(0,1

sup €' f ()]
te(0,27F)

The above inequality (1.12) is sharp up to the endpoints according to the counterexample in [1]
r [11]. However, the presence of 2° on the right hand side of inequality (1.8) leads us to lose
the endpoint results in Theorem 1.2.

1.2 Related generalizations

The method we adopted to prove Theorem 1.2 can be generalized to the fractional case and the
nonelliptic case. Then the corresponding convergence results follow. We omit most of details of
the proof because they are very similar with that of Theorem 1.2. Moreover, the sharpness of
the result for the nonelliptic case will be proved in Section 4 below.

Firstly, for the fractional case, we have the following maximal estimate. When a = 2, it
coincides with Theorem 1.2.

THEOREM 1.8. Under the conditions of Theorem 1.2, for 1 < a < oo, we have

supleo? ]

< Ol fll ms vy (1.13)
neN

L2(B(0,1))

L)}, where the constant C' does not

whenever f € H(RY) and s > so = min{% - 50— 57347

depend on f.

Secondly, we introduce the following maximal estimate for the nonelliptic Schrodinger means.
It is sharp up to the endpoints according to the counterexamples stated in Section 4 below.

THEOREM 1.9. Under the conditions of Theorem 1.2, we have

sup """ f|
neN

< Ol f Il s mevy (1.14)
L2(B(0,1))

whenever f € H¥(RN) and s > s = min{ 7y, 3}, where the constant C does not depend on f.

The proof of Theorem 1.9 depends heavily on the following theorem.
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THEOREM 1.10. If supp f C {€ :1&] ~ A}, A > 1, then for any small interval I with
A2 < I < AL, we have

1
< O (I £l 2, (1.15)
L2(B(0.1)

sup e f(z)|
tel

where the constant C does not depend on f.

Theorem 1.10 follows directly from Sobolev’s embedding. Specially, Theorem 1.10 is sharp
when |I| = A7! according to the counterexample in Rogers-Vargas-Vega [12]. When |I| =
A~2, the sharpness can be proved by taking f as the characteristic function over the annulus
{€ : [€] ~ A\}. We point out that the sharpness of Theorem 1.10 enables us to apply the similar
decomposition as Proposition 2.3 in [5] to get a stronger result than Theorem 1.9 when r € (0, 1).

THEOREM 1.11. If {t,}52, € £7()>°(N), r(s) = 5. Then for any 0 < s < 3, we have

sup """ f|
neN

< Ol fll ms (mvys (1.16)
L2(B(0,1))

whenever f € H¥(RN), where the constant C does not depend on f.

REMARK 1.12. Below, we synthesize our theorems and all results to our best knowledge,
and list all almost sharp requirements of regularity on pointwise convergence for different
Schrédinger-type operators.

Operators Spatial Continuous case t — 0 Discrete case t, — 0
type dimensions
Schrodinger N =1 s> 1 s > min{1, 2T}
operator N >2 5> 3T s > min{gyy. %}
Nonelliptic N =2 s> 3 s > min{3, )
Schrodinger N >3 s> 3 s >min{g, 7}
Fractional N=1 s> i s> min{%, 3 I
a>1 N >2 s>m s>min{2(]\jfv+1),%NT+fr+l}
Fractional N=1 5> 9 s >min{g, §5.7
O<axl1 N>2 sharp result is open sharp result is open

In the table above, the results marked in blue come from Theorem 1.1, Theorem 1.8, Theorem
1.9 and Theorem 1.11 in this paper. For the remaining results, readers can refer to the relevant
results of the nonelliptic Schrodinger operators in [12]; the conclusions about the fractional
Schrodinger operators when ¢ continuously tends to 0 can be found in [4] (a > 1) and [15]
(0 < a < 1); other results were introduced at the beginning of the introduction and will not be
repeated here.

Conventions: Throughout this article, we shall use the notation A > B, which means if
there is a sufficiently large constant GG, which does not depend on the relevant parameters arising
in the context in which the quantities A and B appear, such that A > GB. We write A ~ B,
and mean that A and B are comparable. By A < B we mean that A < C'B for some constant
C independent of the parameters related to A and B.
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2 Proof of Theorem 1.2 and Theorem 1.5

Proof of Theorem 1.2. Let s; = g7 + € for some sufficiently small constant e > 0. We
~

r—+1
decompose f as f = p°, fr, where suppfo C B(0,1), suppfr C {&: |€] ~ 25}, k > 1. Then we
have

o
sup e A Z up\e”" Tl . (2.1)
neN 2(B(0,1)) L—p L2(B(0,1))
For k < 1 and arbitrary = € B(0,1), |2 fi.(z)] < | fxll L2y, it is obvious that
sup "2 fi S sy @y (2.2)
neN L2(B(0,1))
For each k > 1, we decompose {t,,}7°; as
1 - N+21k 1
Ap =<ty 1ty >2 N7
and
e v
A2 = {tn:tn<2 T+1}
Then we have
sup e fi < osup  |e" R g +|| sup  |e"n RSl
neN L2(B(0,1)) neN:t, €A} L2(B(0,1)) lneN:it,eA?Z L2(B(0,1))
=1411. (2.3)
We first estimate I. Since {t,}5°; € £"*°(N), we have
~ 2;‘k
AL < C2°F (2.4)
which implies that
- 2 1/2 N+r1k .
I< < > e ) <27V " fell vy S 27N f s @y (2.5)
neNztneA}c (B(0,1))
For I1, since
2k
A} C (0 2 N“rﬂ)
By previous discussion, we have k < ey T < 2k. Then it follows from Theorem 1.5 that,
(W-Fg)k e
1152 % 2 | fill oy <2751 Fll o vy (2.6)
Inequalities (2.3), (2.5) and (2.6) yield for k> 1,
; _ck
sup|e™® fi] S 272 ([ f s vy (2.7)
neN L2(B(0,1))
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Combining inequalities (2.1), (2.2) and (2.7), inequality (1.7) holds true for s;. By the arbi-
trariness of €, we have finished the proof of Theorem 1.2. It remains to prove Theorem 1.5.

Proof of Theorem 1.5: It includes the wave packets decomposition and an orthogonality
argument.

e Wave packets decomposition.

We first decompose e*2 f on B(0,1) x (0,277) in a standard way. For this goal, we decompose
the annulus {¢ : [¢] ~ 2F} into almost disjoint 2/~*-cubes § with sides parallel to the coordinate

axes in RY. Let 25=7-cube v be dual to 6 and cover R by almost disjoint cubes v. Denote the
center of § by c(6) and the center of v by ¢(v). We notice that if v # ¢/, then |c(v) —c(v')| > 2K,

Let ¢ be a Schwartz function defined on R™ whose fourier transform is non-negative and
supported in a small neighborhood of the origin, and identically equal to 1 in another smaller
— _U=kN _ o . o
interval. Let @g(§) = 2 E @(52]-6_(3)) and @g (&) = e )€55(¢). Then f can be decomposed
by

F=Y3 fou=>.> (fr000)%0.,
v 2] v 0

and

1F172 ~ D> 1 o).
v 0

When ¢ € (0,277), integration by parts implies

(J=k)N

CM2 2

itA < - '
‘6 ‘109,1/(1')’ — (1 + 2]—k|x - C(l/) + 2t0(9)|)M

Here M can be sufficiently large. Therefore, eitAgo@,,,(x) is essentially supported in a tube
Ty = {(2, 1), [& — c(v) + 2te(0)] < 2U7PE1H g < ¢ <2773,

where § = €3. The direction of Ty, is parallel to the vector (—2¢(f), 1), and the angle between
(—2¢(f), 1) and the z-plane is approximately 27
e Orthogonality argument.

We just give an orthogonality argument under the assumption j > k + % Otherwise, let
J=k+ ek, 0<e < 5, by Lemma 1.6,
2 1/2
LQ(B(me’“j)))

<
L2(B(0,1))

< 2(2k—j)2(N—1\£r1)+5k/2+eokN/2 1£1l2

sup " f(x)|
t€(0,2779)

sup "2 f(x)]
t€(0,2779)

m:|zm|<1

. N
< 2Dt ) L. (2.8)

Now we decompose B(0,1) by B(0,1) = U, B(c(v'),2877) with |e(v/)| < 1. Then

2 2

sup |e"2 f(x)]
t€(0,277)

sup | f(z)|
te(0,2779)

<
L2(B(0,1))

v L2(B(c(v'),277))
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Fix ¢(v'), we divide f into two terms

fl :Z Z fG,m

0 vile(v)—c(v')| <20 —F)(~1+109)

fQZZ Z f@,u-

0 vile(v)—c(v')|>2(—F)(~1+109)

and

For fi, by Lemma 1.6 and the L?-orthogonality, we have

2

sup |e"® fi(x)
te(0,277)

v L2(B(c(v'),277))
S 062(2k—j)NL+1+6k‘ Z ||f1‘|%2

~ k)R ek § g > | fouli2s

Vo0 pie(v)—c(v)| <20 —k)(~1+108)

< C 2RI etk 712, (2.10)

!

We will complete the proof by showing that the contribution from [e®® f5| is negligible when
(z,t) belongs to B(c(r'),2577) x (0,277).
Indeed, by Cauchy-Schwartz’s inequality and the L?-orthogonality, it holds

' ' 1/2
€8 o] < [1£]l2 (Z 3 |€”A900,u|2>

0 vile(v)—c(v')|>2—k)(~1+108)

(G=kN 1 v
<N fllp2Cm2 2 (Z > (1+2j—k\x—c(u)+2tc(9)\)2M> '

0 vile(v)—c(v')|>2(—F)(~1+109)

For each 0, |x — c(v) 4 2tc(0)| > |c(v) — ¢()|/2, then we have

1
> g 31
el 2= 1-109 (14 207F|lx — c(v) + 2te(0)|)
1
< 92M :
- Z B Z B (1 + 2]—/‘&‘0(”) _ C(V’)])ZM
leNt vil2k—i<|c(v)—c(v)|<(I41)2k—7
l22106€k/N
CnIN
2M N
leNT
l22106€k/N

4
< CM’szMe k.

Notice that the number of #’s is dominated by 2V*. So by choosing M sufficiently large, for
each (z,t) € B(c(v'),2F77) x (0,277), we have

|6itAf2| < CN271000kaHL2.
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Then the proof is finished since

2
< CR27 2000k £ )12,
L2(B(c(v'),2k—7))

sup | fo())|
t€(0,2779)

l/,

3 A counterexample: Theorem 1.3

We notice that the counterexample for r = NL can be also applied to the case when r > NLH’

+1
since (N/(FD20(N) € 722(N) and min{z -, 55y} = 28

when r > NLH Therefore,

next we always assume r € (0, NJL]
Fix r € (0 |, we first construct a sequence which belongs to £*°(N). Put 8 = N+12

1 R;B(T'i'l) .

N
» N+1 r+1°

Let Ry = 2 and for each positive integer n, R s < Denote the 1ntervals I, =

n+1
[Rﬁﬁ(rﬂ), R;B), n € NT. On each I,,, we get an equidistributed subsequence tn;d = 1,2, Jn
such that
{tnﬁ 1<j<jn}= Rgﬁ(rJrl)Z N1y,

and tp; — tn,, = R;ﬁ(rﬂ). We claim that the sequence t,,,j = 1,2,...,jn,n = 1,2, ... belongs
to £M°(N).
Indeed, according to Lemma 3.2 from [5], it suffices to show that
Supbrﬂ{(n,j) tb<tp; < 2b}§ 1. (3.1)
b>0

Notice that we only need to consider 0 < b < 1 because t,; € (0,1) for each n and j. Assume
that (b,2b] N 1,, # 0 for some n, then we have b < Rflﬁ, 2b > R;ﬁ(rﬂ). Therefore,

2% < 2R, <R PV b > R o+l > 5

This yields (b,2b] N I,y = () for any n’ # n, hence
brﬁ{( §) b <ty < 2b}< YHIRACHD <1,

Then (3.1) follows by the arbitrariness of b.

Our counterexample comes from the following lemma.

LEMMA 3.1. Let R > 1 and I = [R70+D R=B). Assume that the sequence {t; : 1 < j <
Jjo} = RBCVZ. AT and tj —tjpz1 = RB0HY for each 1 < j < jo — 1. Then there exists a
function f with supp f C B(0,2R) such that

sup [eFA | > B3 RS ROV (32)
1<5<j0 L2(B(0,1))
and B N—1,_(r+1)8
1]l ey S RERA RSO, (3.3)

Here € > 0 can be sufficiently small.
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Assume that the maximal estimate

< O fll i) (3.4
L2(B(0,1))

supsuplei 322 ]

noj

holds for some s > 0 and each f € H*(R"), then for each n € N*, we have

sup ez < C| £l s mmy (3.5)
j L2(B(0,1))
whenever f € H*(RY). Lemma 3.1 and (3.5) yield
2— [3 N-1 (1 ) €
R, R,? < CRj. (3.6)

Then we have s > x77—, since R,, can be sufficiently large and e is arbitrarily small. Finally

~or+1’

tn; . . . .
we obtain a sequence - ,] 1,2, .., n,n =1,2,... € £{7>°(N) such that the maximal estimate

(3.4) holds only if s > N+1 E

In the rest of this sectlon, we prove Lemma 3.1. Setting

1 s 1 _s
O =(-—R5 —R?
! (100R2’100R2>’

) . 1
0y = {geRN L Ee RN B(O,Rl_e)}—irB(O,m),

+ mR6), where h = XQys § = XQ,, and some
which will be determined later. Define f by
). We are left to prove that inequality (3.2)

then we define f1(&1) = h(é1 + 7R), f2(8) = g
0 € SN=2 (when N = 2, we denote SU := (0,1
f = fifs, it is easy to check that f satisfies (3
holds for such f. Notice that

(

)
3

¢ ¢ ¢
€22 (21, 7)| = |22 fa (1) |2 o ). (3.7)
)
We first consider |e'2x f1(z1)|. A change of variables implies
¢ )
e 2 fi(w1)| = [e'F Ah(x1 — Rtj)|.

It is easy to check that |e'2 Ah(xl)\ 2 || for each j whenever |z1| < R~ 3. Note that for
each 21 € (0, R'™P), there exists at least one t; such that |z; — Rt;| < RI=A0+1) < R~% since
{tj}e, C [R=P0+D R=8) and t; — t;41 = R7P("+1). Hence we have

Lt
72 fr(@n)| 2 1, (3.8)

henever 1 € (0.3R01) and Bt € (o014 5.

¢
For |¢'272 fo(z)|, we have

632 fo(7)| = |’z 2 g(z — Rt;0)|.
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According to Barcel6-Bennett-Carbery-Ruiz-Vilela [2], for each j and & € Uy,
1
le'2=29(Z)| 2 [Qa, (3.9)

here
(T-H)ﬂ

Uo—{xeRN L.zeRr ZN=1 N B(0, 2)}+B(0 L g rey,

1000

We sketch main idea of the proof of inequality (3.9) for the reader’s convenience. Indeed, for

(r+1)5 (r+1)8
each £ € o, we write £ = 2R l+n,1le ZNfl 27|l < R'™""2 "¢ 71 € B(0, 1g55)- Then
(r+1)B + )ﬁ . . . .
for any Z,, = R~ 2 m, m € ZN~! |m|<2R tj:R_(H_l)ﬁ(JO%-l—j),lS] < jo, we
have
. . (r+1)8 : (r+1)B )
ei;—JﬂAg(jm) _ 2mimel2mi(Go+1—)I|? gidtm ii+2i 5% T Litigh |2 _ jiEmt2ighonR 2 Litigh|p?

Noting that [Z,| < 2, |t;| < R? and || < 1g5 imply

B _ t] ) 1
. 4 <
7+ 51 |= Too
then we have . 1
i _
€2 2 g(zm)| > 5|,
Moreover, for each & € Uy, there exits an Z,, such that |Z —Z,| < 1000 =R~ ¢ by the mean value
theorem and the fact that |£| < 2R~
TN N
€3 89(2) — T 2g@n) < [ 7 - ml|EIGEE < £o|a)
RN-1
Finally we arrive at inequality (3.9) by the triangle inequality.
Therefore, we have
Lt
6772 f2(2)] 2 €], (3.10)

ifz e Uy, = Uj:RtjeRl,(Tﬂ)BZm(m’xl+R,g/2) Uy + Rt;0. Next we need to select a 0 € SN-2,

such that |Uy,| > 1 for each z1 € (0, 3R*#), which follows if we can prove that there exists a
0 € SN2 so that B(0,1/2) C Uy, for all z; € (0, 3R'"7). So it remains to prove the claim that
there exists a § € S™~2 such that

(r+1)B
U {:E eRVl.ze R~ ZN N B(O,2)}+Rtj9
j:RtjGleB(T‘Fl)Zlﬁl({L'l,:B1+R7*B/2)

is 1gog 2 1€ dense in the ball B(0,1/2). In order to apply Lemma 2.1 from Lucé—Rogers [11]
, and replace R+ +1)t by s;, replace RZ by R/,
recall that f = —— +1 y then we are reduced to show
U z:zeZN"'nB(, 2(R’)<7"+1>/7")}+sj9

j:Sje(R/)l/NZm((R/)(T+l)/Tx17(R/)(1"+1)/1"$1+R/)
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(N]d;l'r+l)e

is ﬁ(R’)fﬁjL v dense in the ball B(0, %(R’)(TH)/T), which is equivalent to prove that
for any y € B(0, 3(R")"+Y/"), there exist

Z, € ZV 1N B(0,2(RN"Y/") and s, € (RYYNZn (R)THV/7 2y (RN D2y + R,

such that
(ML ry1)e

(R F+ =5

1
1000

for a fixed § € SN2, which is independent of y and z;. This can be implied by the following
lemma from Luca-Rogers [11], here we restate it for reader’s convenience.

ly —Zy — 8,0)] <

LEMMA 3.2 (Lemma 2.1, [11]). Let d > 2, 0 < €, < 1 and k > ﬁ Then, if 6 < k and

R > 1 is sufficiently large, there is 6 € ST for which, given any [y] € T? and a € R, there is a
ty € R°7N{a,a + R} such that

Y] — [t,6]] < eRUD/4,

where ”[:]” means taking the quotient RY/Z4 = T?. Moreover, this remains true with d =1, for
some 6 € (0,1).

We notice that a similar but more detailed proof can be found in Corollary 2.2 of [11].
Finally, it follows from inequalities (3.7), (3.8), (3.10) that
R'=8

i N2~ 2 i N2 =810y, 1210y 12
suple'2== f(x1,Z)|*dzdry > suple'2== f(xy,@)|*dzdry 2 R 7|Qq|*|Q0|*,
B(0,1) j 0 Us, J

which implies inequality (3.2).

4 A counterexample for Theorem 1.9

For convenience, we first set N = 2. By changing of variables, the nonelliptic Schrédinger
operator can be written as

eitl:lf(x) — /RQ eix'5+it£1£2f(§)d§. (4.1)
For each r € (0, 1], there exists {t,,}>2; € £"*°(N), such that the maximal estimate
sup e | <Ol f s (4.2)
neN L2(B(0,1))

holds for all f € H*(R?) only if s > R
Indeed, we choose {t,}>2; € ¢"°°(N) but never belongs to ¢"~“°°(N) for any small ¢ > 0.
Moreover, t, — tn11 is decreasing. According to Lemma 3.2 in [5], we can select {b;}72, and

{Mj}?‘;l satisfying lim;_ oo b; = 0, limj_0o M; = 00, and

M~ <1, (4.3)
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such that
ﬂ{n : bj <t, < 2b]}2 Mjb;rJre. (44)
By the similar argument as Proposition 3.3 in [5], when t,, < b;, we have
tn = tny1 < 2M 0L (4.5)
1 r—e+1 ~
For fixed j, choose \; = WMQb] > and f;(&,6) = %X[O,)\j]x[—/\j—l,—w(fla52)- There-
fore,
r—e _ 1
15l emg, < AT 2. (4.6)
Let U; = (0, )‘jzbj) X (—1a95+ To55)- Notice that U; C B(0,1) due to inequality (4.3). Next, we
will show that for each z € Uj,
, 1
sup e ] > = (4.7)
neN 2

Changing of variables shows that for each n € N,

‘ ity ‘ _ ‘/ / (x1=X; t")m+m2n2+lt")‘1mn2d?71d?72 (48)

For each x € Uj, there exists a unique n(z, j) such that
1 € (Ajtne )41 Asta(a,j)]-

It is obvious that ¢, ;)41 < %, then ¢, 5y < b; due to inequality (4.4) and the assumption
that t,, — t,+1 is decreasing. Then it follows from inequality (4.5) that

1
25— 1pr—etl
IAj (21 = Ajtn(a,g))m| < 207 M0 < 1000
Also, |xama| < ﬁ, and by inequality (4.3), we have \Ajtn($7j)n1n2] < \jbj < ﬁ. Therefore,
if we take n = n(z,j) in (4.8), then the phase function will be sufficiently small such that
et fi(x)] > L for each » € Uj, which implies inequality (4.7). Then it follows from
inequality (4.6) and inequality (4.7) that

| suppen | f;] I 22(B(0,1)) S CMm
. )

Il £]] o, N

This implies that the maximal estimate (4.2) can not hold when s < -
by the arbitrariness of e.

+1’ hence when s < r+—1

REMARK 4.1. The original idea we adopted to construct the above counterexample comes
from [12]. The same idea remains valid in general dimensions. For example, in R3, by changing
variables, we can write

eith(x) — / eim-£+it(£1£2:t£§)f(£)d£‘
R3
In order to prove the necessary condition, we only need to take
Aib; 1 1 1 1
5= 0759 (= 7500° 1000’ * 7000’ 1000

and

Fil€1,62,63) = L X[0,2,]x[~Aj—1,-A;]x (0,1) (61, &2, €3).-
J



14 W. LI, H. Wang, D. Yan
References

[1] J. Bourgain. A note on the Schrodinger maximal function. Journal d’Analyse
Mathématique, 2016, 130: 393-396.

[2] J. A. Barcel6, J. M. Bennett, A. Carbery, A. Ruiz, M. C. Vilela. Some special solutions of
the Schrodinger equation. Indiana University Mathematics Journal, 2007: 1581-1593.

[3] L. Carleson. Some analytic problems related to statistical mechanics. Euclidean harmonic
analysis. Springer, Berlin, Heidelberg, 1980: 5-45.

[4] C. Cho, H. Ko. Note on maximal estimates of generalized Schrodinger equation. arXiv
preprint, arXiv:1809.03246v2, 2019.

[5] E.Dimou, A. Seeger. On pointwise convergence of Schrodinger means. Mathematika, 2020,
66: 356-372.

[6] B. E. J. Dahlberg, C. E. Kenig. A note on the almost everywhere behavior of solutions
to the Schrodinger equation, in Harmonic Analysis (Minneapolis, Minn., 1981), Lecture
Notes in Math. 908, Springer-Verlag, New York, 1982: 205-209.

[7] X. Du, L. Guth, X. Li. A sharp Schrédinger maximal estimate in R2. Annals of Mathe-
matics, 2017, 186: 607-640.

[8] X. Du, R. Zhang. Sharp L? estimates of the Schrodinger maximal function in higher
dimensions. Annals of Mathematics, 2019, 189: 837-861.

[9] E. C. Kenig, G. Ponce, L. Vega. Oscillatory integrals and regularity of dispersive equations.
Indiana University Mathematics Journal, 1991, 40(1): 33-69.

[10] S. Lee, K. M. Rogers. The Schrodinger equation along curves and the quantum harmonic
oscillator. Advances in Mathematics, 2012, 229: 1359-1379.

[11] R. Luca, K. Rogers. A note on pointwise convergence for the Schrodinger equation. Math-
ematical Proceedings of the Cambridge Philosophical Society, 166(2), 209-218.

[12] M. K. Rogers, A. Vargas, L. Vega. Pointwise convergence of solutions to the nonelliptic
Schrodinger equation. Indiana University Mathematics Journal, 2006: 1893-1906.

[13] P. Sjolin. Two theorems on convergence of Schrodinger means. Journal of Fourier Analysis
and Applications, 2019, 25: 1708-1716.

[14] P. Sjolin. J. Stromberg. Convergence of sequences of Schrodinger means. Journal of Math-

ematical Analysis and Applications, 2020, 483, 123580.



Pointwise Convergence of Schrodinger Means

15

[15] B. G. Walther. Higher integrability for maximal oscillatory Fourier integrals. Annales

Academire Scientiarurn Fennicre, Series A. I. Mathematica, 2001, 26: 189-204.

WENJUAN L1

SCHOOL OF MATHEMATICS AND STATISTICS
NORTHWEST POLYTECHNICAL UNIVERSITY
710129

X1'AN, PEOPLE’S REPUBLIC OF CHINA

Hunu WANG

SCHOOL OF MATHEMATICS AND STATISTICS
HENAN UNIVERSITY

475001

KAIFENG, PEOPLE’S REPUBLIC OF CHINA

DUNYAN YAN

SCHOOL OF MATHEMATICS SCIENCES
UNIVERSITY OF CHINESE ACADEMY OF SCIENCES
100049

BE1JING, PEOPLE’S REPUBLIC OF CHINA



	1 Introduction
	1.1 Convergence for sequences of Schrödinger means
	1.2 Related generalizations

	2 Proof of Theorem 1.2 and Theorem 1.5
	3 A counterexample: Theorem 1.3
	4 A counterexample for Theorem 1.9

