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Abstract
We show the continuous dependence of solutions of linear nonau-
tonomous second order parabolic partial differential equations (PDEs)
with bounded delay on coefficients and delay. The assumptions are very
weak: only convergence in the weak-* topology of delay coefficients is
required. The results are important in the applications of the theory of
Lyapunov exponents to the investigation of PDEs with delay.

0 Introduction

The purpose of the present paper is to formulate and prove results on existence
and continuous dependence on parameters of solutions of linear second order
partial differential equations (PDEs) of parabolic type with bounded time delay.
To be more specific, consider a rather simplified example, that is, an equation
of the form

%(t,x) = Au(t,x) + c1 (¢, z)u(t — R(t),z), t€[0,T], z €D 0.1)
u(t,z) =0 te[0,T], x € dD,

where D C RY is a bounded domain with boundary 0D, A is the Laplace
operator in z, T > 0, ¢1: (0,T7) x D — R belongs to Lo((0,T) x D), and
R:[0,T] — [0,1] is a function in L ((0,T)).

The theory of Lyapunov exponents (or rather, more generally, the the-
ory of skew-product dynamical systems) is a powerful tool in the applications
of the theory of dynamical systems to the investigation of evolution equa-
tions (in a broad sense, containing but not excluded to, ordinary differential
equations, parabolic partial differential equations, hyperbolic partial differential
equations). That theory requires the (linear) equation to generate a skew-prod-
uct dynamical system on some bundle whose base is the closure of the set of
coefficients of the original equation.
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Let us consider two cases. We will remain in the simplified framework
of (0.1).

e The nonautonomous case,

%(t, ) = Au(t,z) + i (t, w)u(t = R(t),z), >0, xeD (0.2)
u(t,z) =0 120 weon

where ¢; is defined on (—00, 00) x D and R is defined on (—o0o, 00). We take
the closure, in an appropriate topology, of the set of all time-translates of
c1 (the so-called hull). The topology must be, on the one hand, coarse
enough for the hull to be a compact (metrizable) space, and, on the other
hand, fine enough for, first, the time translation operator on the hull to
be continuous, and, second, the solution operator to depend continuously
on parameters, that is, members of the hull. The paper [39] gives a survey
of subsets of function spaces that can serve as hulls.

For the theory of linear skew-product (semi)flows on bundles whose fibers
are Banach spaces and some of its applications, see, e.g., [40], [11], [12],
[41], [10], [35], [36], [4] for a very incomplete list arranged in chronological
order.

e The random case,

%(t, x) = Au(t, z) + c1(Ow, 2)u(t — R(Ow),x), t>0, x € D
u(t,z) =0 t>0, z€dD,

(0.3)
where ¢; is now defined on Q x D and R is defined on €, with (2, F,P)
a probability space on which an ergodic measurable flow 8 = (0;).cr acts.
Here the role of hull is played by €2, and the measurability of the flow
f is one of the assumptions. In order to apply the theory of Lyapunov
exponents in the measurable setting, as presented in, e.g., [30], [25], [26],
[27], [9], one needs to show the measurable dependence of the solution
operators on w € 2

In the present paper we address the problem of continuous dependence on mem-
bers of the hull. As the space of coefficients we take a closed and bounded subset
of the Banach space of essentially bounded (Lebesgue-)measurable functions on
(0,T) x D, where T > 0, with the weak-* topology induced by the duality pair-
ing between L; and L. Regarding the zero order coeflicients and delay terms,
no additional assumption is made. In particular, the dependence on ¢ can be
quite weak.

Although there have been a lot of papers dealing with the issues of the
existence of solutions of delay PDEs (many of them nonlinear, and admitting
more general delay terms, employing various definitions of solutions, see, e.g.,
[42], [43], [44], [20], [21], [31], [32], [46], [23], [24], [6], [7], [8]), the only papers



we are aware of dealing explicitly with continuous dependence of solutions of
delay PDEs on parameters are [37] and [38].

To give a flavor of our results, we formulate now some specializations of our
main results to the case of (0.1). We assume 1 < p < oo.

The first, a specialization of Theorem 3.1, establishes the existence and
uniqueness of mild solutions.

Theorem. Letcy € Loo((0,T)x D), ug € C([—1,0], L,(D)) and R € Lo ((0,T))
be such that R(t) € [0,1] for Lebesgue-a.e. t € (0,T). Then there exists a
unique solution u(-;c1,uo, R) € C([-1,T]) of Eq. (0.1) with initial condition
u(t; c1,u0, R) = ug, t € [-1,0]. The solution is understood in a suitable integral
sense (a mild solution).

The second, a specialization of Theorem 5.1(ii), establishes the continuity, in
a suitable sense, of a solution with respect to initial conditions and parameters.

Theorem. Assume that (c1,m)50_1, (wo,m)oo_y and (Ry)3_, are sequences sat-
isfying the following:

® ¢y have their Loo((0,T) x D)-norms uniformly bounded, and converge
in the weak-* topology to ¢1 € Loo((0,T) x D);

® Uy, converge in the norm topology of C([—1,0], L,(D) to uo;
e R, converge for Lebesgue-a.e. t € (0,T) to R.

Then
u('; Cl,m, U0,m; Rm) — u('; C1, Ug, R)

in the C([—1,0], L,(D))-norm.

The paper is organized as follows.

Section 1 presents the assumptions used throughout.

In Section 2 results concerning the existence and basic properties of (weak)
solutions to linear parabolic PDEs without delay terms are gathered. They are
for the most part taken from [35] and based on [13], though some of them (Propo-
sition 2.18, for example), perhaps belonging to the folk lore, appear in print for
the first time.

Section 3 is devoted to defining and proving the existence and uniqueness
of (mild) solutions of PDEs with delay terms. Section 4 provides estimates of
the solutions which are then used to prove the continuous dependence on initial
conditions.

Section 5 can be considered the main part of the paper. Here the continuous
dependence of solutions on coefficients and delay terms is proved under very
weak assumptions: coefficients are required to converge in the weak-* topology
only.

It should be mentioned that a similar approach has been successfully applied
in the case of ordinary differential equations with delay in [36], [33], [34], see
also [17, Chpt. 5], [18], [5].



0.1 General Notations

We write RT for [0, 00), and Q for the set of all rationals.

If B C A, we write 1p for the indicator of B: 1g(a) = 1 if a € B and
Ig(a) =0ifa € A\ B.

For a metric space (Y, d), B(Y) denotes the o-algebra of all Borel subsets of
Y.

For Banach spaces X1, X3 with norms ||| x,, ||||x,, we let £(X1, X2) stand
for the Banach space of bounded linear mappings from X; into X5, endowed
with the standard norm |-||x, x,. Instead of £L(X,X) we write £(X), and
instead of ||-||x,x we write ||-||x. Ls(X1,X2) denotes the space of bounded
linear mappings from X; into X5 equipped with the strong operator topology.
Instead of Ls(X, X)) we write L£s(X).

Throughout the paper, T' > 0 will be fixed.

We set

A={(s,t) eR?:0<s<t<T}, A:={(s,t)eR*:0<s<t<T})

Throughout the paper, D C RY stands for a bounded domain, with bound-
ary 0D.

By £((0,T)) we understand the o-algebra of all Lebesgue-measurable subsets
of (0,T). The notations £(D) and £((0,T) x D) are defined in a similar way.

For u belonging to a Banach space of (equivalence classes of) functions de-
fined on D we will denote by u[z] the value of u at z € D.

L,(D) = L,(D,R) has the standard meaning, with the norm, for 1 < p < oo,
given by

1

Jull 2, o :=( / |u[w]|pdx)”,

lull £ (D) := esssupu.
D

and for p = oo given by

For 1 < p < oo let p’ stand for the Holder conjugate of p. The duality
pairing between L,(D) and L, (D) is given, for 1 < p < oo, or for p = 1 and
p’ = o0, by

<uav>LP(D),Lp/(D) = /U[f] vlrldz, wue€ Ly(D), v € Ly(D).
D

Let u be an equivalence class of functions defined for Lebesgue-a.e. t € (0,7T)
and taking values in L,(D), 1 < p < oo (in the sequel we will refer to such u
simply as a function).

e u is said to be measurable if it is (£((0,T)), B(L,(D)))-measurable, mean-
ing that the preimage under u of any open subset of L,(D) belongs to
£((0,7)).



e u is strongly measurable (sometimes called Bochner measurable) if there
exists a sequence (um,)5°_; of simple functions such that lim |u.,(t) —
m— o0

u(t)||z,(py = 0 for Lebesgue-a.e. t € (0, 7).
o u is weakly measurable if for any v € L, (D) the function
[t = (u(t),v)r, D)., (D)]
is (£((0,7)), B(R))-measurable.
Theorem 0.1. For u: (0,T) — L,(D) measurability, strong measurability and
weak measurability are equivalent.

The equivalence of strong and weak measurability is a consequence of Pettis’s
Measurability Theorem (see, e.g., [16, Thm. 2.1.2]). For the fact that measura-
bility implies strong measurability see, e.g., [45, Thm. 1], whereas the proof of
the reverse implication is a simple exercise.

For our purposes we will use the following definitions (see, e.g. [2, Sect. X.4]).
A measurable u: (0,7) — L,(D) belongs to L,((0,T), L,(D)), 1 < r < oo, if
lu(-)|lz, (D) belongs to L.((0,T)), with

A 1/r
llullz,.o,r),2, (D)) = (/Hu(t)HEP(D) dt) :
0

Similarly, a measurable u: (0,7) — L,(D) belongs to Lo ((0,T), L,(D)), if
||u(-)||Lp(D) belongs to Lo ((0,T)), with

[ull oo (0,7),,(D)) = esssup [[u(t) L, p) -
te(0,T)

The following result, a part of [19, Lemma II1.11.16], will be used several
times.

Lemma 0.1.
(a) If u € L1((0,T), L1(D)) then the function
[(0,T) x D> (t,x) — u(t)z] € R]
belongs to L1((0,T) x D,R).
(b) Ifw is (£((0,T) x D), B(R))-measurable, and for Lebesque-a.e. t € (0,T)
the t-section w(t, -) belongs to L,(D), where 1 < p < oo, then the function
[(o,T) St [Doa s w(t,z) € R”

is (£(0,T),B(L,(D)))-measurable.

Remark 0.1. Regarding Lemma 0.1(b), we remark that in [19] the analog of w
is assumed to be (£((0,7)) ® £(D),B(R))-measurable (no completion) rather
than (£((0,T)x D), B(R))-measurable. Asan (£((0,T)x D), B(R))-measurable
function can be made into an (£((0,7)) ® £(D), B(R))-measurable function by
changing its values on a set of (N + 1)-dimensional Lebesgue measure zero (see,
e.g., [22, Prop. 2.12]), our formulation follows.



1 Assumptions and Definitions

1.1 Main Equation

Consider a linear second order partial differential equation with bounded delay

‘Z Z (Zawtx -+ a;(t, z)u >

—i—Zb t,x) +co(t x)u (ME)

+a(t,z)ult—R(t); 0<t<T, ze€D.

The delay map R: [0,7] — R is bounded from below by 0 and from above by
1, i.e.
0<R(t) <1, Vit e[0,T].

Sometimes the function £ — ¢ — R(£) will be denoted by ®. The function
® will be called relative time delay. Further, D C RY is a bounded domain
with boundary dD. The equation (ME) will be complemented with boundary

conditions
Bu =0, 0<t<T, ze€dD. (BC)

Later on, we will use the notation B, in other to exhibit dependence of the
operator B on a. The boundary conditions operator (BC) will be one of this
form

u (Dirichlet)
3 )
Bu = Z <Z aij(t, ) +a;(t, v)u >Vi (Neumann)

i=1 =1

3 >
Z (Z ag;(t 3% +a;(t, z)u )Vi + do(t, 2)u (Robin).

i=1 =1

The vector v = (vy,...,vy) denotes the unit normal on the boundary 90D
pointing out of D, interpreted in a certain weak sense (in the regular sense if
0D is sufficiently smooth [35]).

The initial condition is considered in the following way: for ug € C([-1,0],
L,(D)), where 1 < p < o0, find a solution of (ME)+(BC) satisfying

u(t) = ug(t) for t € [-1,0]. (IC)

By (ME)+(BC) we understand equation (ME) equipped with boundary condi-
tion (BC). Later on, we will also use (ME)_ + (BC), notation to indicate that
parameters of (ME) + (BC) are fixed to be a.

Note that, without any additional assumptions on the delay map R, the
initial data cannot be taken from L,(D)&® L,((—1,0), L,(D)), asin [33] or [34].



The reason for this is that the delay map R can be constructed in such way
that ¢t — ¢t — R(t) would be a constant function. In such a situation the initial
value problem (ME) + (BC) would be not meaningful. Under some additional
assumptions the situation can change, for example a constant delay map allows
us to introduce generalized initial data in L,(D)& L. ((—1,0), L,(D)). However,
in this paper we will not focus on that.

In order to clearly define the problem (ME),6 + (BC),, it is also necessary
to set the delay map R. However, the assumptions on R will be given later.
Moreover, we suppress the notation of R from (ME), + (BC),. We will present
the solutions of (ME), 4+ (BC), in the form of u(-;a,uo, R) and often suppress
the notation of a,ug or R if it does not lead to confusion.

1.2 Main Assumptions

We introduce some assumptions on the domain D C R¥ and the coefficients of
the problem (ME)+(BC).

(DA1) (Boundary regularity) For Dirichlet boundary conditions, D is a bounded
domain. For Neumann or Robin boundary conditions, D is a bounded
domain with Lipschitz boundary.

In all expressions of the type “a.e.” we consider 1-dimensional Lebesgue mea-
sure on (0,7), N-dimensional Lebesgue measure on D and (N — 1)-dimensional
Hausdorff measure on dD. The latter is, by (DA 1), equal to surface measure
on 0D.

The notation Lo (D) [resp. Loo((0,T) x OD)] corresponds to surface mea-
sure on 9D [resp. to the product of 1-dimensional Lebesgue measure on (0,7)
and surface measure on dD)].

(DA2) (Boundedness) The functions

o a;;: (0,T)xD—=R (i,j=1,...,N),
oa;: (0,T)xD =R (i=1,...,N),

o bi: (0,T)xD—=R (i=1,...,N),

o ¢o: (0,T)xD—=R,
oc:(0,T)xD—=R

belong to Lo ((0,T) x D). When the Robin boundary condition holds the
function do: (0,T) x 0D — R belongs to Loo((0,T) x 9D).

It is worth noticing at this point that uniform L.,(D)-boundedness of a;;(t, ),
ai(t, ), bi(t,-), co(t,-), c1(t,-) and uniform Lo, (0D)-boundedness of dy(t,-) for
a.e. t € (0,T) follow from the assumption (DA 2) and Fubini’s theorem.

Definition 1.1 (Y coefficients space). Let Y be a subset of the Banach space
Loo((0,T) x D,RNT2N+2) gy ,_((0,T) x 8D, R) satisfying the following as-

sumptions



(Y1) Y is norm-bounded and, moreover, it is closed (hence compact, via the
Banach—Alaoglu theorem) in the weak-* topology,

(Y2) the function dy > 0 if the Robin boundary condition holds. The function
dy is interpreted as the zero function in the Dirichlet or Neumann cases.

Elements of Y will be denoted by

a = ((aij)i\,[jzla (ai)g\ilv (bl)i\ilv €o, C1, dO) ey.

The weak-* topology of the space Y is understood in the standard sense,
namely, as the weak-* topology induced via the isomorphism

Loo((0,T) x D,RN"*2N+2y ¢y 1 ((0,T) x 9D, R)
>~ (L1((0,T)) x D,RN"*2N+2) ¢ 1,,((0,T) x 9D, R))".
Definition 1.2 (Flattening Y to Yy). The mapping defined on'Y by
((@ij) =, @)y, (0) 1y, co, e1y do) 7= ((aij)fjor, (@i)ily, (bi)ils, co, 0, do)
will be called the flattening of a € Y.

The above mapping is obviously continuous. As a consequence, the image
Yy of Y under that mapping shares properties analogous to (Y 1) and (Y 2).

(DA3) (Ellipticity) There exists a constant ag > 0 such that for any ag € Yy the

inequality
N N
D ai(t,w)&g > a0y &,
i,j=1 i=1
holds for a.e. (t,z) € (0,T)x D and all ¢ € RN, and the functions a;;(-,-)
are symmetric in the indices, i.e. a;;(-,-) = aj(-,-) foralli,j=1,...,N.

(DA4) (Sequential compactness of Y with respect to convergence a.e.)
Any sequence (aom)e0_q of elements of Yy, where
ag,m = ((aiqu)gjzlv (ai,m)g\;h (biﬁm)ij\ila Co,m; 07 dO,m)v

convergent as m — oo in the weak-* topology to ag € Yo has the property
that

e the sequence ((aij,m)gj:l, (aim)Nq, (bi)m)ij\il) converges to ((aij)fyj:l,
(ai)ly, (b)) pointwise a.e. on (0,T) x D,

e the sequence dy y, converges to dy pointwise a.e. on (0,T) x OD.

Occasionally we will use the following.

(DA5) Yy is a singleton.



For the purposes of studying continuous dependence on parameters and delay
we introduce now the delay class and the relative delay class equipped with
suitable topologies.

Definition 1.3. The delay class is defined as follows
R:={R € L((0,T)): R(t) €[0,1] for a.e. t € (0,T)}.
The delay class is equipped with the weak-* topology.

At some moments we also use the following notation R := {[t s t—R(t)] : R €
R} especially in more abstract lemmas when general properties of the mapping
t — t — R(t) are important.

Remark 1.1. The delay class R is a norm-bounded, conver and weak-* closed
subset of Loo((0,T)), hence, by the Banach—Alaoglu theorem, it is compact in
the weak-* topology.

The following assumption is a property of a subset Ry C R.

(DAG6) If R € Ry is a weak-* limit of (Rm)S_1 C Ro then (Rpy)S_q converge
pointwise a.e. on (0,T) to R.

Remark 1.2. Note that the assumption (DAG) is naturally satisfied when Ro
is compact in R with respect to the norm topology. This fact follows from an
observation that any Hausdorff topology weaker than the norm topology (such
as the weak-* topology) is equal to the norm topology on a compact subset.

Remark 1.3. Note that the weak-* topology on'Y is metrizable, see [35, (1.3.1)].
Similarly, the weak-* topology on R is metrizable, see [14, Thm. 3.6.17 and Cor.
3.6.18].

2 Weak Solutions

In the present section we assume (DA 1), (DA2) and that the flattening Yy of
Y as in Definition 1.1 satisfies (DA 3). Occasionally we will assume (DA 4).
We start with a PDE parameterized by a¢ € Yy

N ou
(Z a;;(t, 1)87 + a,(t, x)u)
j=1 /

ou N
S
N

ou
+ bt a) g bt 0<s<t<T weD.
=1

0
8:171' —

(ME)

Equation ()/H\E) is complemented with boundary conditions

Bu=0, 0<s<t<T, ze€dD, (BC)



where B is either the Dirichlet or the Neumann or else the Robin boundary
operator. - -

We are looking for solutions of the problem (ME),,+ (BC),, for initial
condition ug € La(D). To define a solution we introduce the space H as follows.
Let

v H}(D)  for Dirichlet boundary condition
| H YD) for Neumann or Robin boundary condition

and
H=H(s,T;V):={ve Lsy((s,T),V): 0 € La((s5,T), V") }

equipped with the norm

T T
Jollr = ([ 101 a¢ + [119tc)

1
2

bodc)”

where © := dv/dt is the time derivative in the sense of distributions taking
values in V* (see [15, Chpt. XVIII] for definitions).

For ag € Yy define a bilinear form

N N

Oou Ov v
Bao [t7 u, 1}] = /( Z Qg (tv x)a_.sza—.fbj + Z ai(tv x)uasz
D 1,j=1 =1
N
- ; bi(t, ) g;tv — ¢o(t, :zr)uv) dz
in the Dirichlet or Neumann case, and
N N
Oou Ov v
By, [t;u,v] == /( .]Zl “ij(t’x)a_xiaTj + 2 ai(t,x)uari
D 1,j= 1=

N
— Z bi(t, ) gu v — co(t, x)uv) dz + / do(t, x)uv dH
.
=1

3

oD

in the Robin case, where Hy_; stands for the (N — 1)-dimensional Hausdorff
measure.

Definition 2.1 (Local Weak Solution). For ag € Yy, 0 < s < ¢t <
ug € La(D) a function u € La([s,t], V) such that @ € La([s,t],V*) is a weak
solution of (ME),,+ (BC),, on [s,] with initial condition u(s) = ug if

- / (u(), v) gy $H(C) dC + / Bag [ (0), w1(C) AC = (119, 0) () #(5)

10



for any v € V and any ¢ € D([s,t),R) where set D([s,t),R) is the space of all
smooth real functions having compact support in [s,t) and (-,-)r,(p) denotes the
standard inner product in La(D).

Definition 2.2 (Global Weak Solution). When t = T in definition 2.1 then a
weak solution will be called a global weak solution.

Proposition 2.1 (Existence of global weak solution). For any initial condition
ug € La(D) there exists a unique global weak solution of (ME)+(BC).

Proof. See [13, Thm. 2.4] for a proof and [35, Prop. 2.1.5] for a unified theory
of weak solutions. O O

~_Forap € Yp and 0 < s < T we write the unique global weak solution of
(ME)g,+ (BC)q, with initial condition u(s) = ug as Ug, (t, $)uo := u(t).
Below we present a couple of results from [35, Ch. 2].
Proposition 2.2. The mappings
Uao (t, $)ug = u(t;ag,up), 0<s<t<T, ag €Yy, up € L2(D)

have the following properties.

Uao(s,5) =Idr,py, ao € Yo, s €[0,T], (2.1)
Uao(tg,tl) o Uao(tl, S) = Uao(tQ,S), ag €Yy, 0<s<t; <ty <T. (22)

Proof. See [35, Props. 2.1.5 through 2.1.8]. O O

Proposition 2.3.

(i) Let 1 <p < oo and 0 < s < T. For any ay € Yy there exists Uy, p(t) €
L(Ly(D)) such that

Uaop(t, $)ug = Uy, (t, $)ug, wo € La(D) N Ly(D).

(ii) Let 1 < p < oo and ag € Yy. Then the mapping
[[5,T]) 3t = U p(t,s) € Ls(Lyp(D)) ]
18 continuous.
Proof. See [13, Cor. 7.2] for part (i) and [13, Thm. 5.1] for part (ii). O O
For p = 1 we have an analog of Proposition 2.3(ii).

Proposition 2.4. Let 1 <p < o0, 0<s<T and ag € Yy. Then the mapping
[(5,T) 2t = Us,(t,s) € Ls(Lp(D))]

s continuous.

11



Proof. See [35, Prop. 2.2.6]. O O
For 0 < s < T we write Uy, p(s,8) = Idg,(p) even if p =1, co.

Proposition 2.5. Foranyag € ¥y, 0<s<t1 <to <T andany 1 <p <0

Uaoﬁp(tg, tl) 9] Uag,p(tla S) = Uag,p(t2, S) (23)

Proof. See [35, Prop. 2.1.7] for the proof of p = 2 case. For p # 2 it suffices
to use the fact that U,,(¢,s) € L(L2(D)) and the continuity of the mappings
[ Ugg p(ta, t1) 0 Ugy p(t1, s)u] and [u +— Ug, p(t2, s)u], which is guaranteed by
Proposition 2.3. O O

Proposition 2.6. For any ag € Yy and any 0 < s < t1 <ty < T the operator
Ua, (t2,t1) has an a.e. nonnegative kernel.

Proof. See [3, Thm. 1.3] for the existence of a kernel, for nonnegativity see [13,
Cor. 8.2]. O O

Proposition 2.7.

(i) For any ag € Yy, any (s,t) € A and any 1 < p < q¢ < oo there holds
Uy (t,0) € L(Lp(D), Lq(D)).

(ii) There are constants M > 1 and v € R such that
Vo (t:5) (1, 0y 2oy < M0 =) 27D (24)

for1<p<qg<oo,ag €Y and(s,t)eA.
Proof. See [13, Sect. 5 and Cor. 7.2]. O O

In particular, setting p = g we have
||Ua0(t, S)HL(LP(D)) < MeY(t=2), (2.5)

In the sequel we will frequently assume that v > 0 in Proposition 2.7 and its
derivates.

Proposition 2.8. Let 1 < p < oo and 0 < s < T. Then for any Ty € (s,T)
there exists o € (0,1) such that for any ag € Yo, any ug € L,(D), and any com-
pact subset Dy C D the function [[T1,T]x Do > (t,x) — (U, (t)uo)[z] ] belongs
to C*/22([Ty, T] x Dy). Moreover, for fited Ty, and Dy, the C*/><([Ty,T] x
Dy)-norm of the above restriction is bounded above by a constant depending on
luollz,(py only.

Proof. Tt follows from Proposition 2.7 and from [29, Chpt. III, Thm. 10.1]. O
O

12



Proposition 2.9. For any (s,T)) € A, 1 < p < oo and a bounded E C L,(D)
the set
{ [[Tl,T] St Uag(t; S)’LLO € Lp(D)} tag € Yo, ug € E}

is precompact in C([Th,T], Ly(D)).

Proof. Fix (s,T1) € A, 1 < p < oo and a bounded E C L,(D). Let (agm)3_, C
Yo and (ugm)_, C E. Put, form=1,2,...,

’U,m(t) = Uao,m (t)’u,()m“ te [Tl,T]

It follows from Proposition 2.8 via the Ascoli-Arzela theorem by diagonal pro-
cess that, after possibly taking a subsequence, (un,)S°_; converges as m — o0
to some function @ defined on [T3,T] and taking values in the set of continuous
real functions on D in such a way that for any compact Dy C D the functions
[t = um(t)[ p, ] converge to [t — @(t)[p, | in C([Th,T], C(Dy)).

We claim that w,, converge to @ in the C([T1,T], L,(D))-norm. By Proposi-
tion 2.7, there is M > 0 such that |[u,, ()| (py < M and ||a(t)|| L py < M for
allm=1,2,...and all t € [T}, T]. For € > 0 take a compact Dy C D such that
AMD\ Dy) < (¢/(4M))P, where A denotes the N-dimensional Lebesgue measure.
We have c

[(um(t) = a(t) Lovp, 2, (0) < 5
for all m =1,2,... and all ¢ € [T1,T]. Further, since [t — u, (¢)[p, | converge
to [t = a(t)[p, | in the C([T1,T], C(Dyp))-norm, there is mg such that

~ €
|(wm — @) 1py |l o((ry,17,2,(D)) < 3

for all m > myg (here 1p, stands for the function constantly equal to 1p,).
Consequently,

[um = @l 1),0,(0)) <€
for all m > my. O -

Corollary 2.1. Let 1 <p<oo, 0<s<T, agp € Yo. Then the mapping
[(s,T] x Lp(D) > (t,up) = Ugy (t, 8)uo € Lp(D)]
18 continuous.

Proof. Let (um)po—, converge in Ly(D) to up and let (¢,,)59-; converge to
t > s. Take € > 0. It follows from Proposition 2.4 that there is m; such that
[ Uaq (tm s $)uo—Uaq(t, 8)uoll,(py < €/2 for m > my, and it follows from Proposi-
tion 2.7(ii) that there is mg such that ||Ua, (tm; 8)um —Uay (tm, s)uoll 2, (D) < €/2
for m > ms. Consequently,

Uaqo (tms 8)ttm — Uaq (¢, 5)u0||Lp(D)
< NUao (tm, 8)um — Uag (tm. S)UOHLP(D)
+ | Uao (tm, 8)uo — Ua, (8, S)UOHLP(D) <€

for m > max{mq,ma}. O O
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2.1 The Adjoint Operator

For a fixed 0 < s < T together with (ﬁ)ao+ (B/a)ao we consider the adjoint
equations, that is the backward parabolic equations

_u *i i(ia--(t 3:)% — b(t a:)u)
ot _1_21 6:101- = TR al'j n

0
- Zai(taﬁﬂ) 85— +co(t,x)u, 0<t<s, x€D, (2.6)

complemented with the boundary conditions:
B, u=0, 0<t<s, z€dD, (2.7)

where B; u = Byzu with af := ((aji)gjzl, —(0)N.1, —(a))N4, co,do) and By is

as in (B/a)a0 with ag replaced by ag.

Since all analogs of the assumptions (DA 1) and (DA 2) are satisfied for (2.6)+(2.7),
we can define, for ug € La(D), a global (weak) solution of (2.6)qx+(2.7)az, de-
fined on [0, s], with the final condition u(s) = ug. The following analog of
Proposition 2.2 holds.

Proposition 2.10. For ag € Yy, 0 < s < T and ug € La(D) there is precisely
one global weak solution

[[0,s] 5t — Uz, (t,s)ug € La(D) ]

of (2.6)az +(2.7)az satisfying the final condition u*(s;ao,uo) = uo. This map-
ping has the following properties

U;O(t,t) = Isz(D), ag € }/0, te [0, S], (28)
U;O(tl,tg) o U;O(tQ, S) = U;O(tl,s), ag €Yy, 0<t; <ty <s. (29)

From now on s and ¢ will play a role as in the (K/I\E)ao—i— (Ea)ao.
Below we formulate an analog of Proposition 2.3.

Proposition 2.11.

(i) Let 1 <p < oo and (s,t) € A. Then Uy, (s,t) extends to a linear operator
in L(L,(D)).

i) Let 1 <p< oo, 0<s<T and ag € Yy. Then the mappin
g
[[O, s|ot— U;O(s,t) € ES(LP(D))]
1S continuous.

The following analog of Proposition 2.7(i) holds.
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Proposition 2.12. For any ag € Yo, any 0 <t <s<T and any 1 <p < q<
oo there holds Uj (s,t) € Ls(Ly(D), Ly(D)).

Proposition 2.13. For ag € Yy there holds

(Uao (t, $)u0,v0) £,(D) = (U0, Ugy (8, 8)00) 1, (D)
for any 0 < s <t <T, ug,vg € Lo(D). (2.10)

Proposition 2.13 states that the linear operator U; (s,t) € L(L2(D)) is the
dual (in the functional-analytic sense) of Uy, (t,s) € L(L2(D)). For a proof,
see [35, Prop. 2.3.3].

Proposition 2.14. For 1 < p < oo and ag € Yy there holds

(Uao (L, $)uo,v0) 1, (D), 1., (D) = (o, Ugy (8,1)v0) 1, (D), L,/ (D) (2.11)

for any (s,t) € A, ug € L,(D) and vy € Ly (D).

Proof. Fix (s,t) € A, ug € L,(D) and vy € Ly(D). From Propositions 2.7(i)
and 2.12 it follows that U, (C, )uo, + (¢, t)vg € La(D) for all ¢ € (s,t), conse-
quently (Uq, (¢, 8)uo, Uay (¢, )v0) L, (D) is well defined for such ¢. An application
of (2.2), Proposition 2.13 and (2. 9) glves that for any s < (3 < (o < t there
holds

(Uao (G2, 8)uo, Uy, (C251)v0) 1y (D)
= (Uao (€25 €1)Uay (€1, 8)uo, Uy (C251)v0) Ly (D)
= (Uao (C1, 8)u0, Up, (€1, ¢2)Uq, (Ca, )U0>L2(D)
= (Uao (C1, 8)u0, Uy, (C1,)v0) Ly (D)-

Therefore the assignment

(Sv t) > C = <U¢10 (<7 S)Uo, U;() (<7 t)UO>L2(D)
= (Uao (¢; $)uo, Ug, (¢, 1)v0) L, (D), L, (D)
= (Ua, (€, 8)uo, Ugy (¢, )v0) L, (D), L,/ (D)

is constant (denote its value by A). If we let { 7 t, then Uy, (¢, s)ug con-
verges, by Proposition 2.4, in the L,(D)-norm to U,,(t,s)uo and Uy, (C,t)vo
converges, by Proposition 2.11(ii), in the Ly (D)-norm to vy, consequently
(Uao(, $)uo,v0) 1,(D),L,,(p) = A. 1f we let ¢ \ s, then Uy, (¢, $)up converges,
by Proposition 2.3(ii), in the Ly(D)-norm to ug and U (¢,t)vo converges, by
Propositions 2.12 and 2. 11(11), in the L, (D)-norm to Uj (s,t)vo, consequently
(uo, Uy, (s,t)v0) L, (D), L, = A. This concludes the proof O O

It follows from Proposition 2.14 that the linear operator Uy (s,t) € L(Ly (D))
is the dual (in the functional-analytic sense) of Uy, (¢, s) € L(L,(D)).

In the light of the above, the following counterpart to Proposition 2.7(ii)
holds.
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Proposition 2.15. There are constants M > 1 and v € R, the same as in
Proposition 2.7, such that

. -3 G9) -9
1Uao (s )l (L, (D),L (D)) < M(t—s) 2%\p da/e?

for1<p<q<oo,as€eYy and (s,t) € A.

2.2 Continuous Dependence of Weak Solutions

Lemma 2.1. Let 1 < p < oo and ag € Yy. Then the mapping
[A S (s,t) = Ug(t,8) € Ls(Ly(D))]

18 continuous.

Proof. If t,, — t > s as m — 00, Ugy(tm, $)uo — Uy (t, $)up in Ly(D), by
Proposition 2.4.

Assume that s, = s <t as m — oo. Fix ug € Lp(D) and vy € Ly (D). We
have, by Proposition 2.14 and the adjoint equation analog of Proposition 2.4,

(Uao (L, 8m) 10, v0) 1, (D), 1.,/ (D) = (10, Ugy ($m, t)v0) L,(D), L,/ (D)

— (w0, Uqgy (8:1)v0) 1, (D)L, (D) = (Uao (¢, $)0,v0) 1,,(D), L,/ (D)

80 Ugy(t, sm)uo — Uqy(t, s)uo in Lp(D). As {Uqy(t,8m)uo : m € N} is, by
Proposition 2.9, precompact in L,(D), the convergence is in the norm.

Finally, assume that s,, — s and ¢,, — ¢t with s < ¢, and fix ug € L,(D).
We can assume that s, < (s +t)/2 < t for all m. By the previous paragraph,
Uao (s +1)/2, 8m)uo — Uqy ((s +1)/2, 8)up in Ly (D). Corollary 2.1 implies that

Uao (tm sm)uo = Uag (tm, %(5 + t))(Uao(%(S + 1), 8m)uo
= Uao(t, 5(5 + 1)) (Uag (5(s + 1), s)uo = Us, (t, 5)uo,

where the convergence is in L, (D), too. O O
Proposition 2.16. Let 1 < p < 0o and ag € Yy. Then the mapping

[A 5 (5,t) = Uay(t,5) € L(Ly(D))]
18 continuous.

Proof. Let s, — s and t,, — t with s < t. Suppose to the contrary that there
are € > 0 and (um )=y C Lp(D), |[umllL,(p) = 1, such that

1Uao (tms $m)um — U(t, s)umllr, 0y =€, m=1,2,3,....

It follows from Proposition 2.9 that, after possibly taking a subsequence and
relabelling, we can assume that Ug, (tm, Sm)tm converge to @ and Uy, (¢, $)um
converge to @, both in L, (D). For any vy € L, (D) we have, by Proposition 2.14,

<(Ua0 (tmv Sm) - Uao (t, S))umu U0>LP(D),LP/(D)
= <Um, (U:()(Sm’ tm) — U;O (S, t))v0>Lp(D),Lp/(D)'
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Since |[uml|z,(py = 1, we conclude from the adjoint equation analog of Lemma 2.1
that the above expression converges to zero as m — oo. Consequently @ = 4, a
contradiction. o O

Proposition 2.17. Assume, in addition, (DA4). For 1 < p < oo the mapping
[Yo x A x L,(D) 3 (ao, 8, t,u0) = Usy(t, $)uo € Ly(D) ]
18 continuous.

Proof. Tt follows from [35, Props. 2.2.12 and 2.2.13] that, for 2 < p < oo, the
mapping

[Yo x A x L2(D) 3 (ag, 8,t,ug) > Uy, (8, 8)ug € L,,(D)]

is continuous, too.
To conclude the proof it suffices to show that for any 1 < p < 2 the mapping

[Yo x A x L,(D) 3 (ag, s,t,u0) — Ugy(t, s)uo € Ly(D)]

is continuous. Observe that if we have ag,, = a0 € Yo, s — s, ty, —
with s, < t, and s < t, and ug,m — uo € L,(D), then from Proposition 2.9 it
follows that, after possibly choosing a subsequence, there is w € Lo(D) such that
Uagpm (tms Sm)0,m — win La(D). Consequently, (Ua, ,,, (tm ;s Sm)U0,ms V) Ly(D) —

(w,v)p,(py as m — oo, for any v € Ly(D). On the other hand, one has, by
Proposition 2.14,

(Uag,m (L, Sm)0,m: V) Lo (D) = (W0,ms Ugy . (Sms tm)V) 1,(D) L, (D)-

As 2 < p' < 00, an application of the result already obtained to the adjoint equa-
tion yields that Uy (sm,tm)v converges, as m — oo, to Uy (s,t)v in Ly (D).
As ug,m converges to ug in Ly(D), we have that (uo,m, Ug, |, (Sm,tm)V)1,(D).L,, (D)
converges to (ug, Uy (s, t)v}Lp(D))Lp,(D), which is, by Proposition 2.14, equal to
(Uay (t, 8)u0,v) 1y(p)- As v € La(D) is arbitrary, we have w = U, (¢, s)ug. O
o

Proposition 2.18. Assume, in addition, (DA4). For 1 < p < oo the mapping
[Yo x A 3 (ag, s,t) = Ugy(t, ) € L(Ly(D))]
18 continuous.

Proof. In order not to overburden the notation we assume s = 0.

Let (apm)So_; C Yo be a sequence converging to ag as m — oo, and let
(tm)°_, C (0,T] be a sequence converging to ¢ > 0 as m — oo. Suppose to the
contrary that ||Ua, ,, (tm,0) — Ua,(t,0) z(z, (D)) does not converge to 0, that is,
there exist € > 0 and a sequence (um)pv—1 C Lp(D), |[tuml[z,(py =1 for all m,
such that

[Uag,m (tms 0)tim = Uay (£, 0)tim | 1,,(p) = €
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for all m.
It follows from Proposition 2.9 that, after possibly extracting a subsequence,
we can assume that Uy, , (tm/2,0)uy, and U, (t/2, 0)u,, converge, as m — oo,

ao,m

in the L,(D)-norm. We claim that both converge to the same 4. Indeed, it
suffices to check that the difference (Uy, ., (tm/2,0) — Uq,(t/2,0))u,, converges
to zero in L,(D), which is, in light of the equalities
(Uag,m (tm/2,0) = Uao (t/2,0))tim, v) 1, (D), L, (D)
= <uma (U;[),m (07 tm/2) - U;() (07 t/2))v>LP(D),Lp/(D)7 v e LP' (D)a

a consequence of the analog for the adjoint equation of Proposition 2.17.
Proposition 2.17 implies that

HUao,m (tma O)Um - Uao (ta t/2)ﬁ||Lp(D)
= Uag,m (tms tm /2) Uag ., (i /2, 0)tum) — Ugy (8, t/2)ﬁ||Lp(D) -0,
and
[Uaq (8, 0)tim — Ua, (£, ¢/2) 8|1, (D)

= ||Uao (t, t/2)(Uao (t/27 O)Um) — Uy, (t, t/2)ﬂ||Lp(D)
< NUao (t:t/2) || £(L, (D)) 1Uao (¢/2, 0ty — | 1,0y — O

therefore ||Us, ,, (tm;, 0)um — Uy (t,0)tm| 1, (D), converges to zero, a contradic-
tion. O O

3 Mild Solutions

In the present section we assume (DA 1), (DA 2) and that Y as in Definition 1.1 is
such that its flattening Yy satisfies (DA 3). Occasionally we will assume (DA5).

Definition 3.1 (Multiplication Operator). Fora€Y,1<p<oo and 0 <t <
T we define multiplication operator CX(t): L,(D) — L,(D) as follows

CH(t)w = ei(t,-)v.

The CL(t) operator is well defined as long as assumption (DA 2) holds. To
be more precise we use a corollary from assumption (DA 2) on t-sections of ¢;.

Lemma 3.1 (Boundedness of Multiplication Operator). The multiplication op-
erator CL(t) is linear and bounded uniformly with respect to a.e. 0 <t < T and
acY.

It should be remarked that the exceptional sets can be different for different
acyY.
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Proof. Let K be the norm bound of Y (see assumption Y 1). For any v € L,(D)
by the Holder inequality we get

ICa ()0l Dy = ller(t,)v]lL, (D)
<llex )zl o)
< K|z, (p)
where above inequality holds for a.e. 0 < t < T, so the operator norm of C}(t)
is bounded a.e. by [[c1(t, )|/ (py what can be bounded uniformly with respect

to a.e. 0 <t < T by virtue of assumption (DA 2). Since Y is bounded by K we
also have uniform boundedness in a € Y. O O

Below we present a series of lemmas to prove the measurability of individual
parts of the mild solution. We will make frequent use of the Lemma 0.1 in this
part of the work, in particular, Remark 0.1 on measurability will also be useful.

Lemma 3.2. For any 1 < p < oo and any norm bounded set E C C([—1,T], L,(D))
the set B
{1(0,T) >t (uo®)(t) € Ly(D)] :uc E,® R} (3.1)

is bounded in Loo((0,T), L,(D)).

Proof. Let u € E and ® € R. The mapping u o ® is (£((0, 7)), B(L,(D)))-mea-
surable, since for any fixed open set V' C L,(D) the preimage u~'[V] is open,
hence (uo ®)71[V] € £((0,T)). Moreover, the Lo ((0,T), L,(D))-norm of the
map u o ¢ is uniformly bounded with respect to v and ® by the same constant
as E due to the inequality

luo @1 (0,1),L,D)) = esssup |[(uo®)(t)|L,(b)
te(0,T)

< sup |u(t)llz, ) = lulle-1.1,L,(D))-
te[—1,T]
0 O

Lemma 3.3. For any 1 < p < 0o and any norm bounded set E C Loo((0,T), Ly(D))
the set B
{1(0,T) >t Ci(t)u(t) € Ly(D)]:acY,u€ E}

is bounded in Loo((0,T), L,(D)).

Proof. Let i € E and a € Y. From Lemma 0.1(a) follows that the mapping
[(0,T) x D> (t,x) — a(t)[z] € R] (3.2)

is (£((0,7)) ® £(D),B(R))-measurable. Hence the function

[(0,T) x D> (t,x) — (Co(t)u(t))[z] € R] (3.3)
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for any a € Y is (£((0,T)) ® £(D), B(R))-measurable, since it can be rewritten
as the product of (£((0,7)) ® £(D), B(R))-measurable functions, namely

(0,T) x D3 (t,z) = c1(t, z) a(t)[z] € R]. (3.4)

It suffices now to notice that for a.e. t € (0,T) the ¢-section of (3.3) belongs (by
the definition of the multiplication operator) to L,(D). So from Lemma 0.1(b)
it follows that the mapping

[(0,T) 3 t = Cq(t)u(t) € Lp(D)]
is (£((0,T)),B(L,(D)))-measurable. By the norm estimate,

1C ()il oo (0,7),1., (D)) = esssup [[ex(t, )a(t) | 1, (D)
te(0,T)

< K|z o,1),L,(D))
we obtain the statement. O O
Lemma 3.4. Assume 1 < p < 00, ag € Yo, and u € Loo((0,T), L,(D)). Then
(i) for any 0 <t < T the function
(¢ Un(£,0)u(Q), for a.e. ¢ € (0,)] (3.5)

belongs to Loo((0,t), Ly(D)) moreover, the linear operator assigning (3.5)
to u belongs to L(Loo((0,1), Ly(D)), Loo((0,1), Ly(D))), with the norm
bounded uniformly in ag € Yy,

(ii) the mapping )
0, T] >t = [ Uyt Q)u(¢)d¢ (3.6)
[ 0/ ]

belongs to C([0,T], L,(D)).

Proof. Fix0 < t <T. We show first that (3.5) defines a (£((0,t)), B(L,(D)))-mea-
surable function. It is equivalent, by Theorem 0.1, to showing that for each
v € Ly (D) the function

[C = (Uao (t, QulC), v) 1, (D) L, (D)]

is (£((0,1)), B(R))-measurable. By Proposition 2.14, for Lebesgue-a.e. ¢ € [0,t)
there holds

(Uao (L, Qu(€),v) 1, (D), 1, (D) = (u(C), Ugy (¢, )V) L, (D), L,/ (D)

It suffices now to notice that u is (£((0,t)), B(L,(D)))-measurable, by assump-
tion, and that the function

[0,¢) 5 ¢ U (¢ t)v € Ly(D) ]
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is continuous, by the adjoint equation analog of Lemma 2.1. It follows from
Proposition 2.7(ii) that the function

[(0,8) 3 ¢ = [Uag (8, Ol (2, (0))]

belongs to Lo ((0,t)). Then the membership of (3.5) in Lo ((0,t), L,(D)) as
well as the bound on its norm follow from the generalized Holder inequality.
The proof of part (i) is thus completed.

We proceed to the proof of part (ii). By part (i), the function (3.6) is well
defined. Let 0 < t1 <ty <T. We write

ta t1

/ U (t2, Ou(€) dC — / U (11, Cu(C) dC
0 0
_ / (Uao (t2,€) — Uao(t1, O))u(€) d¢ + / U (t2, C)u(C) dC.
0 t1

Let € > 0. As (3.5) belongs to Lo ((0,t), L,(D)), it is a consequence of [16,
Thm. I1.2.4(i)] that the L,(D)-norm of the second term on the right-hand side
can be made < ¢/3 by taking ¢1,ts sufficiently close to each other. Regarding
the first term, we write

/(Uao (t27 C) - Uao (tlv C))U(C) dC
0
= / (Uag (t27 C) - Uao (tl ’ C))U(C) dC + / (Uao (t27 C) - Uao (tlu C))U(C) dC
0 ti—n

Again by [16, Thm. I1.2.4(i)], for n > 0 sufficiently small there holds

<
Lp(D)

Wl m

| Z (U (12, ©) = Uy (12, () ¢

It follows from Proposition 2.16 that the assignment
[{A:n<CHn<t<T}>(C ) = Us(t,) € L(Ly(D))]

is uniformly continuous, consequently there exists § > 0 such that if n < (+n <
t1 <tg,ta—11 < 6, then

€

Uao(t2,C) = Uao (t1, Ol 2L, (0)) < .
’ ’ Er )= Bl (0.1, (D))
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Therefore

< £
L) 3

H tl/n(U“O (t2,¢) = Uay(t1,¢))u(¢) d¢
0

This concludes the proof of part (ii). O O

Definition 3.2 (Mild Solution). For 1 <p<oo,a€Y,0<s<Ty <T and
up € C([s—1,s], Lp(D)) and R € R the function u € C([s —1,Ty], Ly(D)) such
that

u(t) = up(t) fort € s —1,s], (3.7)

holds and the integral equation

t

u(t) = Us(t, s)uo(s) + / Us(t, O)CL(Qu(¢ — R(Q)) d¢ (3.8)

S

is satisfied in L, (D) on [s,To] will be called o mild solution of (ME),+(BC),.
For Ty =T we have a global mild solution.

At first note that the concept of mild solution, especially part (3.8), is well
defined based on Lemma 3.3 and Lemma 3.4. At some moments we use the name
“mild solution” to describe function u [(o 7, instead of u € C([~1,T0], Ly(D))
satisfying (3.7) and (3.8). This convention seems more natural especially in the
context of continuous dependence on coefficients. A similar convention can be
found in the literature [28].

3.1 Existence and Uniqueness of Global Mild Solutions

Proposition 3.1. There exists Og € (0,T] such that for any1 <p < oo, a €Y,
ReR,0<s<T -0, up € C([s—1,s],L,(D)) and any 0 < © < Oq there
exist unique solution of (ME),+(BC), on [s — 1,s + ©] with initial condition
Uug .

Proof. The idea of the proof runs as follows. The solution is obtained as a fixed
point of the contraction mapping & of C([s, s+0)], L,(D)) into itself (see 2.3(ii),
3.4(ii) and 3.3) defined as

t

(Gu)[t] := Ualt, s)uo(s) +/Ua(t,é)03 (Qu(¢ = R(¢)) d¢, (3.9)

S

where s <t < s+ 0 and O € (0,T] is sufficiently small. Until revoking, v and
v stand for generic functions in C([s,s + ©], L,(D)). For such a u we interpret

22



u(¢ — R(¢)) (similarly v) as uo(¢ — R(¢)) when ¢ — R(¢) € (—1,0).

1(&w)[t] = (B0)[t], () < /||Ua(t=C)Ci (©) (u(¢ = R(¢)) = v(¢ = R(O)) Iz, (p) ¢

< MKer / (¢ = R(Q)) = v(¢ = R(O)) 1, () dC

t

<MK [ sup (e - RIE) = ol — B 1,000

t
< MEe" / sup  [[u(€) — v(€)]l1, () A

s—1<€<t
S

t

_ MK / sup &) o)l (0 AC

< MK Ollu— vl c((s,s4+0),L,(D))-

By taking 0 < © < 0y = 1/(2M Ke"T) we obtain that the contraction coeffi-
cient is less than 1. | O

The Contraction Mapping Principle guarantees the existence and unique-
ness of the fixed point v of &, which is then the unique mild L,-solution of
(ME),+(BC), on [s — 1, 0] satisfying the initial condition (IC).

Lemma 3.5. For any 1 < p < 00, 0 < 81 < 9 < T,a €Y, Re R,
uo € C([-1,0],L,(D)) and v: [-1,s9] = L,(D) the following statements are
equivalent:

(1) a function v is the mild solution of (ME),+(BC), on [—1, s3] with initial
condition uy,

(ii) a function v[[_1 s, is the mild solution of (ME),+(BC), with initial con-
dition ug and vl(s, _1 s, 5 the mild solution of (ME),+(BC), with initial
condition v[[s, —1,s,]-

Proof. Let p, s1,82,a, R,ug and v be as in the statement. To prove (i) = (ii) it
suffices to see that for any s1 <t < s9, in view of (2.2) and [1, Lemma 11.45]
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there holds

t

wwzaﬁﬁmw»f/%@QQKW@—momc

0

= Ual(t,s1) <Ua(5170)u0(0) +/Ua(81,C)C§(C)U(C - R(C)MC)
0

<5/wmo@@w«—mom<

= Ua(t,51)01[s;—1,51)(51) +/Ua(t7C)C; (V151 -1,5,] (¢ = R(C)) dC.
s1
(3.10)
In order to prove (ii) = (i) fix t € [—1, s2] and consider the cases: t € [—1,0],
t € [0,s1] or t € [s1,s2]. Since the first two cases are straightforward and the
third is a similar calculation to (3.10), the proof is finished. O O

Theorem 3.1. For anyl <p<oo,a €Y, uy € C([-1,0],L,(D)) and Re R
equation (ME),+(BC), has a unique global mild solution on [0,T)].

Proof. Fix a, ug and R as in the statement. Let
Q={qe€[0,T]: (ME),+(BC), has a unique mild solution on [—1, ¢|}.

It suffices to prove that T" € Q. Suppose to the contrary that T" ¢ Q. Since
©p € Q (where Og stands for constant obtained in Proposition 3.1) and Q C
[0,T], sup@ < oo. It is straightforward that 0 < sup@Q — 0y/2 < supQ < T
hence there exists s € @ such that s > sup Q — ©¢/2.

Let v1: [—1,s] = Ly(D) be the unique mild solution with initial condition
ug. From the definition of © it follows that there is a mild solution vg: [s —
1,min{s 4 O, T'}] = Ly(D) with initial condition v;[[s_1 4. Let

ot) = vi(t) fort e [—1,s]
) we(t) forte[s—1,min{s+ O, T}

We claim that v is a unique mild solution of (ME),+(BC), on [—1, min{s +
©0, T'}] with initial condition ug. From Lemma 3.5 it follows that v is in fact a
mild solution. For uniqueness, assume w: [—1, min{s+ ©¢,T}] — L,(D) is any
mild solution. Then clearly w[{_; 4= v1. Moreover, by Lemma 3.5, the function
W([s—1,min{s+©,,7}] is a mild solution with initial condition wl[;_1 = v1[s—1,4;
so by the uniqueness of vo we have that w(s_1 min{s+e,,7)]= v2- Hence v = w.
The proof is completed by the following observation: if min{s+©¢,T} = s+ 6,
then s + Og € @, so we get a contradiction with the fact that s + ©¢ > sup Q:
otherwise T' € @, which contradicts the assumption. o o
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The above result allows us to define a mild solution of (ME),+(BC), on the
whole of [—1,T] or [s — 1, T] if necessary.

For s = 0, to stress the dependence of the solution on a, ug, R we write
u(+;a,up, R). For t € [—1,0], u(t;a,up, R) is interpreted as ug(t). Moreover,
when it does not lead to confusion, we sometimes write u(t; a, ug, ®) instead of
u(t; a, ug, R).

3.2 Compactness of Solution Operator

Lemma 3.6. Assume 1 < p < oo and 0 < Ty < T. Then for any bounded
F C Lo((0,T),Ly(D)) the set

t

F= {/Uao(t,c)u(c)dc cap €Yy, ueF, te [Tl,T]}

0
is precompact in L, (D).
Proof. Compare [35, Thm. 6.1.3]. Fix p, T} and F as in the statement. Let

(tm)So_1 C [T1,TY], (a0,m)5—1 C Yo, (um)5o_y C F. We claim that for any fixed
[ € N the set

1

moq

Fim{ [ Ultm Ount0)ac s m e ni}
0

is precompact in L,(D). Denote by My > 0 the supremum of the Lo ((0,T),
L,(D))-norms of u,,, and put F} to be the closure in L,(D) of the set

_ 1 _
{UQO(S,O)u tap € Yy, s € [Y’T}’ il L, py< MO}

The set }v?l is balanced. We have ﬁ'l C EH- By Proposition 2.9, ﬁ'l is compact.
[16, Cor. I1.2.8] implies that

[ Vit Oun(OdC € T <o F
0

where €6 denotes the closed convex hull in L, (D). As, by Mazur’s theorem ([16,
Thm. 11.2.12)), T - ©o I is compact for any [ € N, this proves our claim that F}
are precompact in L,(D). By a diagonal process we can assume without loss of
generality that for each [ € N the integrals

~l=

.
/ Uso . (ts Ot (€) AC
0
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converge, as m — 00, in L, (D).

Lemma 3.4(i) guarantees that the functions Uy, ,, (tm, -)um(-) belong to Lo ((0,

with their Lo ((0,t,,), Lp(D))-norms bounded uniformly in m. We estimate, via
Holder’s inequality,

tm

/ Ungo (brs Ot (O)

tm 1

Lyp(D)

/n (s Ot (Ol ) e

< Uag i (b Yo (| L e ((0,80), L (2)) - (1/1)-

It follows from Proposition 2.7(ii) that for any € > 0 there is lo € N such
that

<
Lp(D)

Wl m

| [ tnten it

uniformly in m € N. By the previous paragraph, there is mg such that if
mi, Mo > Mg then

tml - % t7n2 - %
€
H / Uao,ml (tml ) C)uml (C) dC - / Uaf),m2 (tmz ) C)um2 (C) dC < §
0 0 LP(D)
Therefore
tm, timg
H / Ua(),ml (tml NG (C) d¢ — / Uao,m2 (tms C)umz (C) <e
0 0 LP(D)

for any mi, ms > mg.
From this it follows that

( 0/ T (s it (€) d<)m_1

is a Cauchy sequence in L,(D). Therefore F is precompact in L,D). O O

Lemma 3.7. For any 1 < p < oo and any bounded F C Lo ((0,T),L,(D)) the
set

0,75t [ Uso(t, Ou(C)d € Ly(D) | 1 ap € Vo, ue F
{[ > '—>b/ S 0 € Yo S }

is precompact in C([0,T], L,(D)).
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Proof. By the Ascoli-Arzela theorem, it suffices, taking Lemma 3.6 into account,
to show that for any € > 0 there is § > 0 such that, if 0 < ¢; <o < T, ta—11 <9,

then
to
H/U%(tz, ¢)dc - / (1, Ou(Q) d¢
0

for all ap € Yy and all uw € F'. In order not to introduce too many constants we
assume that F equals the unit ball in Lo ((0,T), L,(D)).

<€
Ly (D)

‘We write
/ Uy (t2, OYu(C) dC — / Uy (11, O)u(C) dC
0 0

t1 ta

_ / (Uao (2, €) — Un (1, O))u(C) dC + / U (2, O)u(0) dC

0 t1

By Proposition 2.7(ii),

H/ a0 (t2,C) ) < 3 (3.11)
provided ty —t; < ¢/(3Me7T).
Further, we write
ty
[ Wanlt2:6) = V(12,0 e
’ ti1—n 31
= [ Uunlt2:6) = V(01,01 e+ [ (Ung(t2:€) = Un (1. ) )
0 ti—n
By Proposition 2.7(ii), if 0 < 7 < ¢/(6Me*T) then
ty
H / (Uao (t2,C) = Uy (1, €) ) u(C) < % (3.12)
L7 Ly(D)

It follows from Proposition 2.18 that the assignment
[Yo x [1,T] 3 (a0, t) = Uao(t,0) € L(Ly(D))]

is uniformly continuous, consequently there exists § > 0 such that if n < s1 < s9,
S9 — 81 < 6, then

[Uao(52,0) = Uay (51,0)ll £(2,(D)) < 575+
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Therefore

< £
LDy 3

t1—n
| [ W02 = Viafir, ) ac
0
The estimates (3.11), (3.12) and (3.2) do not depend on the choice of ag € Yy,

so gathering them gives the required property. O O

Theorem 3.2. For any 0 < T1 < T, any 1 < p < oo and any bounded E C
C([-1,0], Ly,(D)) the set

{ [[Tl,T] St u(t;a,uo,R)] ca€Y,up € E,R€ R}
is precompact in C([T1,T], L,(D)).
Proof. We will use the notation I;(¢; a, ug, R), i = 0,1 where

Io(t) = Ud(t, O)UQ(O),

Iw%=/%@o@@m@—momg

0

(3.13)

taking account of the parameter a and the initial value ug. The precompactness
of the set

{[[Tl,T] BfHIQ(t;a,UQ,R” Z@EKUOEE,RER}

in C([Th,T], Ly(D)) is a consequence of Proposition 2.9. In order to prove the
precompactness in C([T1,T], Ly(D)) of

{ [[Tl,T] St— Il(t;a,uo,R)} ca€Y,up € E,R € R},
it suffices to use results from Lemma 3.3 and Lemma 3.7. O O

Theorem 3.2 leads to the following conclusion about precompactness of the
solutions up to zero. Since under additional assumption (DA5) for a fixed
up € C([—1,0], L,(D)) the set

{[10,T) 3t Ua(t,0)up(0)] :a €Y}

is simply a singleton, this observation combined with Lemma 3.7 leads to the
following result.

Theorem 3.3. Assume additionally (DA5). For any 1 < p < oo and any
up € C([—1,0], Ly,(D)) the set

{[[0,T] >t~ u(t;a,uo,R)| :a € Y,RER}

is precompact in C([0,T], L,(D)).
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4 Continuous Dependence on Initial Conditions

In the present section we assume (DA 1), (DA2) and that Y as in Definition 1.1
is such that its flattening Y satisfies (DA 3). Further, 1 < p < oo.

Definition 4.1. Fort € [0,T], a € Y, uo € C([—1,0], L,(D)) and R € R we
define

§(t;a,ug, R) = sup ||u(t+9;a,u0, R)||L,(D)
9€[—1,0]

= |lu(t +-;a,u0, R) [[—1,0llc(=1,0,L,D))-

For notational simplicity we often write u(t + -) instead of u(t + -;a,ug, R)
and 0(t) instead of §(t;a,up, R) when a € Y and uy € C([—1,0],L,(D)) are
fized and this does not lead to confusion.

Lemma 4.1. For any a € Y, up € C([-1,0],L,(D)) and R € R the function
5(+;a,up, R): [0,T] — R is continuous.

Proof. First note that the mapping
[[O,T] x [=1,0] 3 (t,9) = [|u(t + ¥; a,u0, R)||L, (D) € R*}

is continuous as a composition of continuous mappings. Due to the compactness
of [-1,0] the (-, a,up, R) function is continuous when ¢ € Y, R € R and
up € C([—1,0], Ly(D)) are fixed. O O

Lemma 4.2. There are constants My, My such that for any p € [0,T)] the
inequality

p
Hu(p;a/,UO,R)HLp(D) S Ml&(o;aa/U'O?R) +M2/6(C;G/,UQ,R) dC
0

holds for alla € Y, ug € C([-1,0], Ly(D)) and R € R.
Proof. Fix p € [0,T] and note that

P
(o) 2,001 < V(a0 O 1,00 + [ 103 OCEC) w0 BYQ 1,01 4G
0
P
< M un(O) 1,00 + MK [ (w0 @)z, 0y 46
0
P
< Me™lluollo(-1.01.z,(p)) + MQWK/HU(C +) Ievollo-1,0,2,(0) ¢
0
P
= 2,5(0) + Mz [ 3(0)d.
0
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where M is a uniform bound of the operator Us(t) with respect to a € Y and
0 <t < T (see Proposition 2.7(ii)), the constant K is a uniform bound of
the operator C}(¢) with respect to a € Y and 0 < ¢t < T (see Lemma 3.1).
Moreover, the bounds M and K are independent on initial condition ug. By
setting My = MeY", My = MKe'™ we end the proof. o O

From now on, throughout this section the constants M; and M,y will be
defined as in Lemma 4.2.

Proposition 4.1. For any sequence (4o,m)o—1 C C([—1,0], Ly(D)) convergent
to zero, any t € [0,T], R € R and a € Y the sequence d,,(t) := §(t; a, uo,m, R)
converges to zero.

Proof. Fix t € [0,T] and —1 <19 < 0 and let us consider two cases.
o If 0 <t¢t+ 9 <T then from Lemma 4.2 there holds

t+9
e+ 9) 2,00 < M150) + M2 [ 56)dc
0

t
< M16(0) +M2/5(C) d¢.
0
o If —1 <t + 19 <0 then the inequality

lult+9) 11,y < Mi3(0) + My / 5(¢) d¢
0

is straightforward, as even the stronger one |lu(t 4+ 9)|.,(py < M16(0) is
true.

Applying sup with respect to 9 on both sides give us that

t
sup [+ 9,000, )1, ) < M10(0) + My / 5(¢)dc,
9E[—1,0

0

what can be rewritten in terms of the ¢ function as
t
5(t) < M3(0) + Ma [ 5(0)de.
0

The function ¢ is nonnegative and continuous on the compact domain, hence it
is integrable. Using the Gronwall lemma we get

t

3(t) < M18(0) exp (M2 / dg). (4.1)
O 0 O
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The above Lemma 4.2 and Proposition 4.1 lead to global L,-norm estimation
of the mild solution of (ME)_ + (BC), in terms of initial conditions.

Proposition 4.2. There is constant M > 0 such that inequality

lu(t; a, w0, R)l|z,(p) < Mlluollo(-1,0,z,(p))
holds for any 1 <p <oo,t€[0,T],a €Y, Re R and ug € C([-1,0], L,(D)).

Proof. Let M = Mj exp(M,T), where M, My are constants as in Lemma 4.2.
Then by Proposition 4.1 we can write

||U(t, a, uo, R)HLP(D) < 6(t7 a, Up, R)
< Mluollc(-1,01,L,(D))-
O O

Proposition 4.3. For any a € Y and R € R the mapping
[C([=1,0], Ly(D)) 3 uo = u(-;a,uo, R) € C([~1,T}, Ly(D)) ]
18 continuous.

Proof. Let a € Y, R € R be fixed. Then in the spirit of Cauchy’s definition we
can find that

lu(-; a,uo,1, R) — u(;a,u0.2, R)l|c((=1,1),L,(D))

< sup d(t;a,up1 — ug,2, R)
te[0,T7]

< My exp(MaT)|Juo,1 — vo2llo(=1,01,2,(D))

for any initial conditions w1, uo,2 € C([—1,0], L,(D)). The first inequality re-
sults from the linearity of the problem (ME), + (BC), and the second inequality
follows from (4.1). O O

5 Continuous Dependence on Coefficients and
Delay

In the present section we assume (DA 1), (DA2) and that Y as in Definition 1.1
is such that its flattening Yy satisfies (DA3) and (DA4). As in Section 4,
1<p<oo.

Proposition 5.1. For any 0 < Ty <T, R € R and uy € C([—1,0], L,(D)) the
mapping
[Y 5 aw u(;a,u, R)r, € C([T1,T], Ly(D)) |

s continuous.
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Proof. Fix p, Th, R and ugp as in the Proposition. Let (a.,)59_; C Y converge
to a. Put um(-) for u(;am,ug, R) and u(:) for u(-;a,up, R). It suffices to
prove that there is a subsequence (am, )52, C Y such that w,,, (-) converges to
u(+) on [T, T)] uniformly. By Theorem 3.2 via diagonal process, we can find a
subsequence u,, such that um,, [(,7) converge to some continuous @: (0,7] —
L,(D) and the convergence is uniform on compact subsets of (0, T']. The function
4 is clearly bounded by Proposition 4.2. Moreover, we extend the map @ to the
whole [—1,T] by ug on [—1,0], i.e., now

uo(t) for t € [-1,0]
(t) = {

lim wy, (t) for ¢t € (0,T7.

k—o00

It remains to prove that « = u. In order not to overburden the notation we
write u,, instead of U, .
Our first step is to show that, for each t € (0,77,

Uam (t, O)UO (O) — U (t, O)UO(O) (51)

t

/ Un,, (1, C (Ot (¢ — R(C))dC — / Ua(t, Q¢ — RQ)dC. (5.2)
0

0

in the L,(D)-norm as m — oo. The convergence in (5.1) is a consequence
of Proposition 2.17. The convergence in (5.2) can be shown by showing the
convergence of the difference

/Uam(t,C)Cim (Qum (¢ = R(¢))d¢ — /Ua(taC)Ci(C)ﬂ(C — R(¢))d¢
0 0

- / (Us (4:0) = Ua(t O)CL (Cum (€ — R(C)) A
0

t

+ / Us(t, O)CL () (um(C = R(C)) — a(¢ — R())) dC

0

-

+ / Ua(t, O)(CL, (C) = CH(C)a(C — R(C)) dC

0

to zero. Write J4 (t),i=1,2,3, for the i-th term on the right-hand side of (5.3).

The convergence of J,g )(t) follows from the Lebesgue dominated convergence
theorem for Bochner integral: since the integrand

(0,8) ¢ = (Ua,, (t,¢) = Ua(t, €))Ca,, (Qum (¢ = R(C)) € Ly(D)
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is (£((0,t)),B(L,(D)))-measurable for all m € N (see Lemmas 3.4(i) and 3.3)
and bounded uniformly (see Proposition 4.2) in m € N:

[(Ua,, (t,¢) — Ua(t,))Ca (Oum (¢ — ROz, 0
< 2Me"" KM ||ug|lc((-1,0),L,(D))

it suffices to check that for a.e. ¢ € (0,¢) the integrand converges to zero, which
follows from the estimate

[(Ua,, (t,¢) — Ua(t,¢))Ca, (Oum (¢ — ROz, ()
< ||(Ua,, (t.¢) = Ua(t, )l ez, 0y K Mlluollc(j-1,0),z,(D))

and Proposition 2.18.

In order to prove I8 (t) — 0 as m — oo we proceed similarly. We see that
the mapping

[(0,£) 2 ¢ = Ua(t, ¢)Ca, () (um (¢ — R(C)) — (¢ — R(C))) € Lyp(D) ]

is (£((0,1)),B(Ly(D)))-measurable for all m € N, as a consequence of Lem-
mas 3.4(i) and 3.3, and bounded uniformly in m € N, since, by Proposi-
tion 2.7(ii), Lemma 3.1 and Proposition 4.2,

1Ua(t, ¢)Ca,, (O (um (¢ = R(C)) = a(¢ = R(C))) L, (p)
< 2MK€7TMHUOHC([fl,O],Lp(D))~
Further, the convergence, for a.e. ¢ € (0,1),
Ualt, Q)CL,, (Q)(um(C = R(Q) = (¢ = R(E)) 0

in L,(D) is due to the pointwise convergence of u,, to & on [—1,T] and the
estimate (by Proposition 2.7(ii) and Lemma 3.1)

1Ua(t, )Ca,,, () (um (¢ = R($)) = a(¢ — ROz, (p)
< MEe" [lum(¢ = R(C)) = a(¢ = R(C))llz, (p)-

The convergence of I (t) follows from the facts that the set
{JP ) :meN}

is precompact in L, (D) (see Lemma 3.6, Lemma 3.3, Proposition 4.2) and that

J,@(t) converge weakly to zero, i.e.,

(JB)(£),0) — 0 as m — oo, (5.4)

m
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for any v € L,/(D), where (-,-) stands for the duality pairing between L,(D)
and L, (D). By the Hille theorem ([16, Thm. II.2.6]) and Proposition 2.14,

t

(T (t),v) = / (Ua(t,¢)(Cy, (¢) — CH(C))A(¢ — R(C)),v) d¢
0

= /<(Cim (€) = Ca(€))a(¢ = R(C)), Uz (¢, ¢)v) dC.
0

Now we need to use a subtler approach based on the convergence ci ., to ¢ in
the weak-* topology of Lo ((0,t) x D). First note that the mappings

[(0,t) 3¢ a(C = R(Q) € Ly(D)] & [(0,t) 5 ¢ Uz(t. Qv € Ly (D)]

belong to Lo ((0,t), L,(D)) and L ((0,t), L,y (D)) respectively. Therefore the
mapping (the product of the above maps)

[(0,t) x D3 (¢, @) = (¢ — R(O)[=](Uz (t,¢)v)[] € R]

belong to L1((0,t) x D) see Lemma 0.1(a). It suffices now to note that from
Fubini’s theorem we have

t

/ (C1 (€)= CHOA(C — R(Q)). U2 (£, C)v) dC

0
— [ [(c1mte.) = erlc.o) a(c - RGO U3 (6. tp0)le] do
0D

so the integral tends to zero as m — oo.
We have thus proved that

(t) = Us (£, 0)uo(0) + / Us(t,Q)CH (O — R(Q) ¢, € [0,T].
0

Now we prove the continuity of the extension %. Note that the only point
where it can fail is ¢ = 0. However, this is not the case since the mappings

[[O,T] 5t Us(t, 0)uo(0) € Lp(D)]

[0.7)3 80 [ Ua(t,CHOR(C - R e € Ly(D) |

are continuous (see Lemmas 2.3(ii) and 3.4(ii)), so the mapping @ is continuous
on the whole [—1,7T]. Also, @ = ug on [—1,0], hence @ is in fact the mild
solution of (ME), + (BC)., therefore, by uniqueness, 4(t) = u(t;a, uo, R) for
any t € [—1,T]. O O
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Proposition 5.2. Assume additionally (DA5). For anyuo € C([—1,0], L,(D))
and Ro C R satisfying the assumption (DAG) the mapping

[Y x Ro 2 (a, R) = u(-;a,u0, R)lo,m€ C([0,T], Ly(D)) |
1S continuous.

Sketch of proof. Fix p, up and Ro. Let (an)S_; C Y converge to a and
(Rn)$_1 C Ro converge to R, and put wm,(-) for u(:;am,ue, Ry) and u(-)
for u(-;a,up, R). We will proceed as in Proposition 5.1. In particular, @ has
the same meaning. However, we have in fact more: as we assume (DAD5), we
can apply Theorem 3.3 to show that w,, converge to @ uniformly on [0, T], from
which it follows in particular that @ is continuous on the whole of [—1,T.

It follows again from (DA5) that a,, = a for all m € N, so

Ua,, (t,0)up(0) — Us(t, 0)ue(0)

holds trivially. We start by showing that, for each ¢ € [0, 7],

/U&(t,C)C;m (Qum (¢ = Rm(¢))d¢ — /Ua(taC)Ci(C)ﬂ(C — R(¢))d¢. (5.5)
0 0

in the L,(D)-norm as m — oo. The above convergence can be proved by
showing convergence of the terms

/ Ua(t, OCL (i (€ — Ron(0)) dC — / Ua(t, O)CL(Q)a(¢ — R(Q)) dC
0 0

t

_ / Us(t, O)CL (O)tum(C — Rm(Q)) — (¢ — RQO)AC (5.6)
0

4 / Us(t, O)(CL () — CHCa(C — R(C) dC.

0

to zero. Write K.V (t), i = 1,2, for the i-th term on the right-hand side of (5.6).

(5
Regarding the convergence of K’ (t) to zero, we show the (£((0,t)), B(L,(D)))-mea-
surability, for all m € N, of the integrand

[(0,£) 3 ¢ Ualt, Q)Co (O (um (¢ — Rim(Q)) — @(¢ — R(C))) € Lyp(D) ]

in the same way as in the proof of the convergence of I )(t) in Proposition 5.1.
The fact that for a.e. ¢ € (0,7") we have that

Ua(t,¢)Ca,, () (um (¢ = Ri(¢)) — a(¢ = R(C))) = 0
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in L,(D) is due, in view of (DAG), to the uniform convergence of u,, to % on
[—1,T] together with the estimate

[Ua(t,¢)Cq, () (um (¢ — R () — a(¢ — RO, (p)
< MK um(C = Rm(C)) — a(¢ — ROz, (p)-

The proof of the convergence of K,(,f )(t) to zero is just a copy, word for word, of
the proof of the convergence of I (t) in Proposition 5.1. O O

Theorem 5.1.

(i) For any 0 < Ty <T and R € R the mapping

Y x C([-1,0], L,(D)) > (a,uo)
= u(+; a,uo, R) [, m€ C([T1, T, Ly(D))

18 continuous.
(ii) Under (DAS), if Rop C R is a subset such that the assumption (DAG)
holds then the mapping
Y x C([-1,0], Ly(D)) x Ro > (a,uo, R)
— u('; a, Up, R)r[O,T] € C([O7 T]7 LP(D))

1S continuous.

Proof. Fix 1 < p < oo. We start by proving (i), so fix also Ty, R as in the
statement. Let a sequence (an)5_; C Y converge to a € Y and (ug,m)eo—; C
C([-1,0],L,(D)) converge to ug € C([—1,0],L,(D)). The main idea of the
proof is based on the estimation
(5 @ms wo,ms B) [pry 7y — w5 @5 w0, R) Ny myllomy 1), 1,(D))
< Julss am, wo,ms RNy ry — w5 @ms vo, R)Niry mlloqr mL,m))  (5.7)

+ [luls am, vwo, B) [y my — w5 a5 w0, B) [y mylleqry m,0,(D))-
Proposition 4.2 implies
(s am, wo,ms B) Ny ) — w5 @ms w0, B) Ny 1yl iy 11,2, (D))
< M|uo,m — wollc((=1,00,L,(D))-

Therefore the first part of the right-hand side of (5.7) converges to zero as
m — 0o. The second part of (5.7) converges to zero by Proposition 5.1. Ttem (ii)
can be proved similarly. So, assume additionally (DA5) and, instead of fixing
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the delay R € R take a sequence (R,,)5_; C Ro convergent to some R € Ry.
By similar estimation,

(5 @y w0,ms Bon) N0, — u(:5 @y uo, R) oyl oo, L,(D))
< w5 amy wo,my Bon) To 1y — w55 @ms wos Bin) o, 1y lloo11,,0))  (5.8)

+ lu(s; am, wos Bin) Io,7y — (5 @, w0, B) 1o, 11|l (0,77, (D))

together with Propositions 4.2 and 5.2 concludes the proof. [l O
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