arXiv:2207.08614v3 [math.NT] 19 Dec 2023

ON THE TRANSCENDENCE OF GROWTH CONSTANTS ASSOCIATED WITH
POLYNOMIAL RECURSIONS

VEEKESH KUMAR

ABSTRACT. Let P(z) := aqz® 4 --- 4 ao € Q[z], aqg > 0, be a polynomial of degree d > 2. Let () be a
sequence of integers satisfying

Tnt1 = P(zy) for alln =0,1,2..., and z, - o0 asn — oo.
Set a := limp— 00 xﬁl;n. Then, under the assumption alli/(dfl) € Q, in a recent result by Dubickas [3],
either « is transcendental, or a can be an integer, or a quadratic Pisot unit with a~! being its conjugate

over Q. In this paper, we study the nature of such a without the assumption that a}i/ @1 s in Q, and
we prove that either the number « is transcendental, or o is a Pisot number with i being the order of

1
the torsion subgroup of the Galois closure of the number field Q(«, a;ﬁ). Other results presented in this
paper investigate the solutions of the inequality ||g1 a7+ - - +qraf +3|| < 0™ in (n,q1,...,qx) € Nx (K*)*,
considering whether f is rational or irrational. Here, K represents a number field, and 6 € (0,1). The
notation ||z|| denotes the distance between x and its nearest integer in Z.

1. INTRODUCTION

Let P(z) := agz®+ --- + ag € Q[z], ag > 0, be a polynomial of degree d > 2. Let (z,,) be a sequence
of integers satisfying

Tp+1 = P(zy) foralln=0,1,2..., and z, - o0 asn — . (1.1)

Recently Wagner and Ziegler [§] showed that for the above sequence (1), lim, o ¢ "~ = « exists.
Moreover, they showed that o > 1 and it is either irrational or an integer. Also, it was shown that such
sequence (z,,), takes the form

—1/(d—1 e ad—1 _qn
2n = ay /ol ~ G+ 0l . (1.2)

The proof of the asymptotic formula (I.2]) has already been discussed in [§] and [3]. Here, we provide a

sketch of the proof for completeness. By the substitution y,, := acll/ d_l(azn + aj[;i L), the recursion becomes

— QAq—
Yn+1 = a}/d ! <P($n) + Ja;)

= af/ ! (xn + —a;a‘1> +0(287?)
d

=y + Ol ?) asn — oo

Since x,, — 00 as n — 00, S0 Yy, — 0. By increasing n, if necessary we can assume that the sequence
(Yn)n>0 is increasing and none of the y,, is zero. Taking the logarithm, we get

log (yZ;rl) = O(y,?) asn — oo. (1.3)

n
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Express log y,, as follows:

n—1
logyn = dlogyn1 +log ( —"— | = d"logyo + > d"* " log <yk5‘1> .
Yn-1 k=0 Y

o
Since the series Z d=k-1 log <&>is convergent, we can re-write log y,, as follows:

d
k=0 Y.
0 o0
logyn = d" <10g vo+ D d " log (yk—gl» =D A" log <—yk21> .
k=0 Yk k=n Yk
Set
oo
log a = log yo + Z d"log <—yk;1> .
k=0 Y.
Then, we get
o
log y,, = d"log o — Z d"*1log <—yk21> _
k=n Y.
Since the sequence (y,)n is increasing from some point onwards, we have y,, < yn + 1 < --- for sufficiently

large n. Together with equation (L3]), we deduce that

1
logy, = d"loga + O <—2> ,
Yn
which in turns gives ¥, = a?" + O(a~%") as n — oo, and hence

~1/d-1 _gn  Qd—1 1
T, =a fd=1pdr _ + 0| —= as i — o0.
d dag od”

This completes the proof of (L.2)).
1/d—1

Very recently, Dubickas [3] studied the transcendence of numbers a under the assumption a, €
Q. More precisely, he showed the possibility of such « can be an integer, a quadratic Pisot unit with
a~! being its conjugate over Q, or a transcendental number. As a consequence, he established the
transcendence of several constants given by the polynomial recursion. For example, he considered the
sequence 1,2,5,26,277,458330, ..., given by xo = 1 and

xn+1:x%+1 forn=0,1,2,....

It can also defined as z,, = [%"], n =0, 1,..., where
o B 1\ 7T
m::nh_fr;oxn :H<1+$—2> .
n=1 n

The sequence 2, 3, 8, 63,3968, 15745023, . .. given by zo = 2 and
Tptl :x%—l forn=0,1,2,....
Then z, = [¢*"],n=0,1,2,..., where

C 1 —n
= l1m
n—o0 n

Another example is Sylvester’s sequence 2,3, 7,43, 1807, 3263443, . .., where xg = 2 and
Tpt1l :xi—xn—kl forn=0,1,2,....

In this case ,, can also given by z,, = [y2"], where v := lim,, .o, 2 . These above sequences can be
found in the On-Line Encyclopedia of Integer Sequences [7](see also [I]). By the above mentioned result
of Dubickas, the constants x,( and v are transcendental.

Notice that in both of the above sequences, the respective polynomials have a leading coefficient of 1,

1/(d—1

so the condition a ) ¢ Q is satisfied. In this paper, our main result provides a variant of Dubickas’



3
result without assuming a(l/ @=1) ¢ Q. Many fascinating examples of sequences satisfying (LT]) can be
found in Finch’s book on mathematical constants [4].

Here is our main result:

Theorem 1.1. Suppose that an integer sequence (xy)n satisfies a recursion of the form xp41 = P(xy)
for some polynomial P = agX® 4+ ag_12% " 4+ -+ ag € Q[X] degree d > 2 and ag > 0. Assume further
that x,, — oo as n — oco. Then either the number

a = lim (a:n)din
n—oo

h

is transcendental, or o is a Pisot number, with h being the order of the torsion subgroup of the Galois
1

closure of the number field K = Q(«, a;ﬁ). Moreover, if agq is an integer, then either « is transcendental,
d=2 . o
or (ag)™1a®" is a Pisot number for some non-negative integer m.

Remark 1. In the proof of the above theorem, we are using the fact that d - aq - agl/ (@=1) hd" g pseudo-

Pisot number for infinitely many positive integers n, which in turn implies that « is an algebraic integer,
as proven by either the result of Corvaja and Zannier [2] or Theorem below. So, if we additionally
assume that a;I/ -l ¢ Q (which is an essential assumption in Dubickas’s result), then we can conclude
that a®" is a Pisot number for some integer m > 0. Without this assumption, the conclusion is no longer
true; we can only assert that o is a Pisot number for some positive integer D, but this D may not be
of the form d™. In our Theorem [I[.I], we obtain a similar conclusion as Dubickas’s result, except for the

d—2/d—1
extra factor a, / .

We illustrate Theorem [I.T] with some examples.

Example 1. Consider the sequence given by x1 = 3 and 7,41 = 22 — 2. It has been shown in [8, Page

2] that
27L 2"7/
145 1-+5

for all n > 1, where L,, is the nth Lucas number. Thus, the limit of the sequence x%ﬁn would be the

golden ratio in this case. Since ag = 1, by taking m = 0, we see that a((id_m/ (@=1) ™ i nothing but the

golden ratio. Therefore, it is a Pisot number.

Example 2. Consider the polynomial P(x) = 2% Then, the nth term of the sequence defined by
xog=1and xpy1 = 2mi forn =0,1,2,..., and it is equal to

2, = 2" =1/(d=1).

Hence, o = lim azﬁl;n =2l (d_l), which is an algebraic integer. Since the order of the torsion subgroup of
n—o0
the Galois closure of the number field Q(a) is d — 1, we have a®! = 2, making it a Pisot number. This
also explains why the exponent h in Theorem [[.1] is the best possible. Furthermore, since aq is a positive
integer, by taking m = 1, we see that
a((id—2)/(d—1)adm — 9(d=2)/(d=1)9d/(d=1) _ 92 _ 4
which is again a Pisot number.

For a complex number z, ||z|| denotes the distance of x from its nearest integer in Z. In other words,
||z|| := min{|x — m]|: m € Z}.
We recall the following definition.

Definition 1. A tuple (o, ..., o) of non-zero algebraic numbers is called non-degenerate if o; /o is not
a root of unity for all integers 1 <i < j <k.
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When working with sums of the form ¢iof + --- + graj, we can assume that (ai,...,qx) is non-
degenerate without loss of generality. To see this, suppose a‘;‘f - = ¢ is an h-th root of unity. For
0 <a < h-—1, we restrict to n € N congruent to a modulo A, and write n = a + hm. Then the sum

h h

Qi + -+ + gyt s equal to the sum 10 (af)™ + -+ (@k-1coq,)0f_; (af_)", which has fewer terms
than the original sum.

We also recall the following definition introduced in [5].
Definition 2. Let (f1,...,8k) be a tuple of distinct non-zero algebraic numbers. Set

B :={3cQ"\{B1,...,Bc}: B=0(Bi) for some o :Q(B,...,B:) = C and 1 <i < k}.

Then the tuple (51, ..., Pk) is called pseudo-Pisot if Zle Bi + ZBEB B €Z and |B| < 1 for every B € B.
Moreover, if B; is an algebraic integer for 1 < i < k then the tuple (81,...,Bk) is called Pisot.

Let h(z) denote the absolute logarithmic Weil height. By sublinear function, we mean a function

f(n)

f:N = (0,00) satisfying li_)m = 0. Let Gig be the absolute Galois group of Q.

We require the following diophantine approximation result of Kulkarni, Mavraki, and Nguyen [5], which
extends a seminal work by Corvaja and Zannier [2].

Theorem 1.2. (Kulkarni, Mavraki and Nguyen) Let r € N, let (61,...,0,) be a non-degenerate tuple of
algebraic numbers with |6;] > 1 for 1 < i < r. Let K be a number field and f be a sublinear function.
Suppose for some 6 € (0,1), the set M of tuple (n,q1,...,q.) € N x (K*)" satisfying the inequality

10207 + ... + g0 || < 0% and max h(g:) < f(n)

is infinite. Then the following holds:

(i) &; is an algebraic integer fori=1,...,r.
(ii) For each 0 € Gg and 1 < i < r such that Ugii) is not a root of unity for 1 < j < r, we have
lo(6;)| < 1.

Moreover for all but finitely many tuples (n,q1,...,q,) € A
(iii) (q10%,...,q0r) is pseudo-Pisot.

%) s @ root of
J

(iv) o(qof) = q;0} precisely for those triples (0,i,7) € Gg x {1,...,7}? such that Ug}
unaty.

Theorem plays a crucial role in proving all the results presented in this paper.

2. SOME OTHER RESULTS
Here is our second theorem, which is an immediate consequence of Theorem

Theorem 2.1. Let k € N, and let (aq,...,ax) be a non-degenerate tuple of algebraic numbers with
laj] > 1 for 1 < i <k and none of o; is root of unity. Let 5 € (0,1) be an algebraic irrational number.
Let K be a number field and f be a sublinear function. Then for any 6 € (0,1), there are only finitely
many tuples (n,qy,...,qx) € N x (KX)F satisfying

llqal + ...+ qag + Bl < 6" and max h(g;) < f(n). (2.1)

Very recently, the case k¥ = 1 with ¢; is a fixed algebraic number, independently also proved by the
author [6]. We have the following corollary of Theorem 2.1

Corollary 2.1. Let ay,. .., ap be multiplicatively independent algebraic numbers with |o;| > 1 for 1 <i <
k and none of a; is a root of unity. Let P(x1,...,xx) be a non-zero polynomial with algebraic coefficients
and constant term is irrational. Suppose that for some 0 € (0,1), there are infinitely many n € N such
that ||P(af,...,a})|| < 0™. Then, at least one of «; is transcendental.
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It is natural to ask what can we say in the case when 3 is a rational number in Theorem 2.1l First, let
us see some remarks, then we will come back to this case.

Remark 2.1. We observe that in the case when «; is pseudo-Pisot number, ¢; = 1 for all 1 < i < k,
and 3 is a real number in the interval (0,1), the inequality 21)) can have only finitely many solutions in
n for any given 6 € (0,1). This can be seen as follows: suppose there are infinitely many integers n > 1
and some 0" € (0,1) such that the inequality

ot + - +ap + 8| <™ (2.2)
holds. Let p,, be the nearest integer to af + ---+ o) + 3. Then py, is of the form
pn = Trg(a,)/0(al) + - + Trgea,) olek) + [B] + a,

for all sufficiently large values of m, where a is either 0 or 1. Here we used the fact that when « is
pseudo-Pisot number then the TrQ(a)/Q(a”) is the nearest integer of ™ for all sufficiently large positive
integers n. Thus we have

d1 dy,
lof +--+af + 8l =D o+ +> af,+ {8} —al.
=2 =2

Since {8} € (0,1), we have {8} —a is non-zero. On the other hand, by the hypothesis «;’s are pseudo-Pisot
numbers, we get that o ; — 0 for every pair (i,7). Thus by these observations, we have

o] + -+ ap + 8| >c(B) >0 (2.3)

holds for all large positive integers n. From [2.2)) and (23], we get a contradiction and hence the assertion.

Remark 2.2. If we take ¢ = 3, o = 1+2‘/5, B=1%and = |1—+/5/2|. It can be easily seen that Tr(a3")
is an odd integer for all n € N, where Tr := TrQ(\/g)/Q. Hence, we get that

2n A
g_<m+1>+l':}92n

27L
<

for all sufficiently large values of n. This explains that in general, the assumption (3 is an irrational
number cannot be removed in Theorem [2].

Remark 2.3. The assumption that none of «; is the root of unity is a necessary condition in Theorem
2. Take oy to be any root of unity of order h, ag = % and qo = %, then take any q1 and B such that
the quar + 8 =1/2. Then for any n such that n =1 mod h and Tro 5 (0) is odd, we get back to the

situation as in Remark 2.2.

In the case when § is rational number, we have the following result.

Theorem 2.2. Let k € N, and let (aq,...,ax) be a non-degenerate tuple of algebraic numbers with
lai| > 1 for 1 <i <k and none of o is root of unity. Let B be a non-integral rational number. Let K be
a number field, Ok be its ring of integers and f be a sublinear function. Then for any 6 € (0,1), there
are only finitely many tuples (n,q1,...,qx) € N x (O[X()k satisfying the inequality

larad + ... +qraj + Bl < 0" and max h(g;) < f(n)

Remark 2.2 explains our restriction (n,q1,...,qx) € N X ((’)IX{)"f in Theorem



3. ProoOF OoF THEOREM [L11

As we have discussed in the beginning, the sequence x,, as stated in the theorem can be given by the
following asymptotic formula

_ =1/(d-1) _q» Ad—1 —dm
T, = ay ot — da, +O0(a™),

1
where o = lim,, o0 4" and it is strictly greater than 1.

Suppose that « is an algebraic number. Let L = Q(agl/(d_l),oz), and K be its Galois closure. Let h be
the order of the torsion subgroup of K*. Since a > 1, we have dadagl/ @D d" < 1 for all large enough

integers n. Then by the hypothesis, the inequality,

C1Jde1) g AN
|dag - a V=1 gan _ (dagrn —ag—1)] < C(«) <E>

has infinitely many solutions in n for some constant C'(«) > 0. Since a4 and a4—q are fixed rational
numbers, we can multiply by a suitable fixed positive integer to reduce the case when the term (dagz, —
aq—1) becomes an integer. Therefore, the above inequality can be rewritten as:

—1/(de1) gn 1\
Jdas- a7t < @) (1) (1)

which has infinitely many solutions in n for some constant C'(«) > 0. We denote A be a set of positive
integers n for which the inequality ([B.I]) holds. Since A is infinite, there exists an integer a € {0,1,...,h—
1} such that d” = a + hm for infinitely many natural numbers m.

By taking k = 1 with ¢ = d - aq - (agl/ (d_l))a“ and 0; = o, we can observe that the hypothesis
of Theorem is satisfied. Therefore, according to part (i) of Theorem L2, o is an algebraic integer.
Additionally, based on part (iii), for all sufficiently large values of n satisfying (3] and d" = a + hm, we
have d - aq - (a;I/ (d_l)) -a®" is a pseudo-Pisot number. In order to complete the proof of this theorem, it
suffices to show that |o(a”)| < 1 for each embedding o # Id : Q(a®) — C.

We first observe that any conjugate o(a) # o/ has an absolute value less than or equal to 1. Assume
that |o(a”)| > 1. Since d - aq - (agl/( _1)) -a?" is a pseudo-Pisot number, we must have p(q;a™) =
plq)o(@™™ = g™ for all but finitely many values of m such that d® = a + hm € A and some
p € Gal(L/Q), where o is the restriction of the automorphism p to Q(a”). Then by property (iv) of
Theorem [[L2, we have o(a”)/a" is a root of unity, and hence o(a”) = o/, which is a contradiction. Thus,
we conclude that |o(a”)| < 1.

Now, we show that the possibility |o(a/)| = 1 cannot occur. If we have |o(a”)| = 1, then the quotient
ofjlh) is not a root of unity. By property (ii) of Theorem [[L2, we have |o(a/*)| < 1, which contradicts the

assumption that |o(a®)| > 1. This proves that |o(a”)| < 1 for each embedding o # Id : Q(a”) — C, and
hence finishes the proof of the first part.

For the moreover part of the theorem, we apply Theorem with the inputs £k = 1, 1 = d -
aq (a;l)l/ @1 " and §; = o Consequently, we can conclude that « is an algebraic integer, and

dagld_z)/ (=D " is a pseudo-Pisot number for all but finitely many values of n € A. Since a4 € N,

we can deduce that a&d_z)/ @D s an algebraic integer. This implies that a((id_m/ @1 4d" s also an

algebraic integer.

Therefore, given the fact that da((id_m/ (@) 4d" ig pseudo-Pisot number for all but finitely many values

of n € A, we can further conclude that agld_m/ (@=1) 4@™ is a Pisot number for some non-negative integer

m.



4. PROOFS OF THEOREMS [2.1], AND COROLLARY [2.1]

Proof of Theorem [2.1] The proof of this theorem follows from Theorem Suppose there exists an
infinite set A of tuples (n,qi,...,q) € N x (K*)* where K is some number field and some # € (0,1)
such that the inequality

0<||gaf + ...+ qraf + B]| < 0™ and 112?1<th(q¢) < f(n)
<i<

holds. Since none of «; is root of unity, we have the tuple (a1,...,ax,1) is non-degenerate. Then we
apply Theorem [[L2 with the inputs M = A, r=k+1, §; = a; for 1 <i <k and g1 = 5,0k+1 = 1, and
conclude by part (iv) of Theorem that 3 is fixed by all 0 € Gg, and hence f is rational. This is a
contradiction to the assumption that 3 is an irrational number and hence the theorem.

Proof of Theorem For the proof of this theorem, we argue by contradiction. Suppose there exists
an infinite set A of tuples (n,q1,...,qr) € N x (K*)*, where K is some number field and some 6 € (0,1)
such that the inequality

0<|lgraf + ...+ qraf + B|| < 6™ and 1121?1<th(%) < f(n)
1S

holds. Since none of «; is root of unity, we have the tuple (a1,...,ax,1) is non-degenerate. Then we
apply Theorem [[.21 with the inputs M = A, r=k+1, §; = a; for 1 <i <k and g1 = 5,0k+1 = 1, and
conclude by part (i) of Theorem that each «; is an algebraic integer. By part (iii) of Theorem [[.2]
together with Defintion 2, we also have

k
Z Tr@(‘]ia?)/@(%a?) +B€Z

i=1

for infinitely many values of n € A. Since each «; is an algebraic integer and by the hypothesis each
q; is also an algebraic integer, we get that ¢;a; is an algebraic integer for ¢ = 1,...,k. Thus the sum
Zle Tro(giar) /0(gia}') € Z, which in turns implies that 3 is an integer. This contradicts the assumption
that § is not an integer and hence the theorem..

Proof of Corollary 2.1l Let P(xy,...,21) = Z azal! xz’“ + ag be a polynomial with real
i=(i1,....ik)

algebraic coefficients and degree in each variable x; is d;, and the constant term ag is irrational. By the

hypothesis

. . n
1P, o)l = 11> a (aft - aff) " + gl < 0
i

holds for infinitely many values of n. Since laj| > 1 for all 1 <i <k and ay,...,a, are multiplicatively
independent, we have the tuple (o/f---ozzk 1 <y < ody,l S'j < k‘) is non-degenerate. Then by
applying Theorem [2.1] with inputs k = dida---dg, &, 4, = of ---a}f,ﬁ = ag and ¢;, .4, = a; for
1< <dj,1 < j <k, we conclude that at least one of «; is transcendental.
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