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Abstract

In this paper, we give some new lower bounds for the kissing number of £,-spheres.
These results improve the previous work due to Xu (2007). Our method is based on coding
theory.
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1 Introduction

Let S™! be the unit sphere in R™. The (translative) kissing number problem asks the maximum
number of nonoverlapping translates S"~! + x that can touch S™~! at its boundary. This is an
old and difficult problem in discrete geometry. The exact answer is only known in dimensions
1,2,3,4,8, and 24. In dimensions 1 and 2, the problem is trivial; in dimension 3, the problem
is known as the Gregory-Newton Problem and was solved by Schiitte and van der Waerden [12]
(see also [7] for another proof); in dimension 4, the problem was solved by Musin [9] via an
extension of Delsarte’s method; in dimensions 8 and 24, the problem was solved by Levenstein
[8] and Odlyzko and Sloane [10] independently.
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Let K5(n) be the kissing number of S"~!. The best upper bound for K(n) in high dimen-
sions is due to Kabatjanskif and Levenstein [5]: Ky(n) < 2049n(+0()  Using a sphere covering
argument, Shannon [13] and Wyner [16] obtained a lower bound Ks(n) > c¢y/n(2/v/3)". Re-
cently, Jenssen et al. [3] improved the lower bound by a linear factor in the dimension. See also
Fernandez et al. [I] for constant factor improvement.

In this paper, we consider the kissing number of £,-spheres. For p > 1, let S;L_l(R) be the
{y-sphere with radius R and centered at 0 in R”, that is, S;~'(R) := {x € R": |lz[|, = R},
where the ¢,-norm || - ||,, is defined by |z, = O ., |:172~|p)1/p for x = (21,29, ..., 2,). We simply
write SPt = SP71(1). Let Kp(n) be the kissing number of 57", Minkowski-Hadwiger theorem
[2] implies an upper bound K,(n) < 3™ — 1. This bound was improved by Sah et al. [I1] for
p > 2. Much less is known about the upper bound when p is between 1 and 2.

On the lower bound, Larman and Zong [6] proved that K,,(n) > (9/8)n(1Fe(1) = 20-1699n(1+o(1)),
Xu [17] improved this result for every p > 1, for instance, Ky(n) > 204%64n(1+o(1) = Our main
result is an improvement to the work of Xu. Since our result does not have an explicit formula,
we list some numerical results here:

Kl (n> > 20.1247n(1+o(1)) + 20.1825n(1+0(1)) 4 20.1554n(1+0(1)) N

Kz(ﬂ) > 20.2059n(1+o(1)) T 20.1381n(1+0(1)) 4 20.0584n(1+0(1)) N

Ks(n) > en20-4564n(1+0(1)) 4 90.1562n(1+0(1)) | 90.0425n(1+0(1)) 4 .

We give some explanation to our results. In the lower bound for K(n), the 20-2099n(1+0(1))
term is the same as the lower bound due to Xu, so we improve the lower bound by adding
the remainder terms 20-1381n(1+e(1)) | 90.0584n(1+o(1) 4 ... In the lower bound for Kj(n), the
20-4564n(1+0(1)) torm is the same as the lower bound due to Xu, so we improve the leading term
by a factor of n and add some remainder terms.

Our idea comes from coding theory. The translative kissing number K,(n) is equal to the
largest size of an ¢,-spherical code with minimum distance 1 (see Lemma . We choose a
discrete set X from Sg’l. Applying ideas from coding theory, we are able to find a large subset
of X, in which points have pairwise distance larger than or equal to 1. This gives a lower bound

for K,(n).
2 An improved Gilbert-Varshamov type bound

Let A,(n,d) be the maximum size of a subset of Sg_l in which the points have pairwise £,-
distance at least 2d; that is,

Ap(n,d) == max{|C|: C C S;~" and d,(z,y) > 2d,Va,y € C},



where d,(x,y) := || — y||, is the {,-distance between « and y. In other words, A,(n,d) is the
largest size of an £,-spherical code with minimum distance 2d. The following lemma is an easy
observation.

Lemma 2.1. The translative kissing number K,(n) of Sy~ is equal to Ay(n,1/2).

Proof. For convenience, let k; = K,(n) and ky = A,(n,1/2).

Suppose SI’}_l, Sg_l + x, Sg_l + X, ..., S;_l + xj, form a kissing configuration. For every
i, if d,(0, ;) > 2, then S;“l +x; and ngl do not share a common point; if d,(0, z;) < 2, then
5571 +x; and S;,L’l are overlapping. Thus, d,(0, ;) = 2 and %a:, € 5571 for every i. Moreover,
dy(xs, ;) > 2 for i # j. So dy(3xi, 32;) > 1 for i # j. Therefore, {3x1, 322, ..., 3Ty, } is an
{,-spherical code with minimum distance 1, i.e. ko > ;.

On the other hand, suppose {x1, x2, ..., Tk, } is an £,-spherical code with minimum distance
1. Then Sy~' + 2z, S)~" + 225, ..., S)'~! + 2z, are nonoverlapping, and S;'~' + 2z, touches
5571 at x; for every i. So ki1 > ky. Thus the lemma follows. O

For a positive integer m < n, which will be determined later, we define a family J(m,n) of
subsets of R™ recursively. Define m; := m and

Ji(m,n) = {u = (uy,ug, ..., u,) € {0,£1}": Z lu|P = m} :
i=1

Suppose we have defined m; and J;(m,n). Then we define

My o= m;/2"] (1)
and
Jiy1(m,n) = {u = (ur, g, .. up) € {0, £ (m/miy) 1P} Z il = m} :
i=1
This process terminates when m, < 2P for some r. So we obtain {m; > ms > ... > m,} and

J(m,n) = {Ji(m,n), Jo(m,n),...,J.(m,n)}. And we have the following proposition.
Proposition 2.2. For J(m,n) defined above, the following statements hold.

1. If i # j, then J;(m,n) N J;(m,n) = 0.

2. For every 1 <i <r and for every w € J;(m,n), uw has exactly n —m; zero coordinates.

3. Foreveryl <1<,

)= ()2 )

my;
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4. For every 1 <i <r and for every u € J;(m,n), the {,-norm of w is m/P.
5. If i # j, then for every u € Ji(m,n) and v € J;(m,n), d,(u,v) > m'/?.

Proof. The first four statements are trivial.

In order to prove the last statement, let u = (uy,us, ..., u,) € Ji(m,n) and v = (vy,vs,...,v,) €
Jij(m,n), where 1 <i < j <r. Without loss of generality, assume that u; = us = -+ = u,, =
(m/m;)"P and Uy, 11 = Upm,q4o = -+ = u, = 0. In other words, u = (m/m;)/? - 1™:0"~™. For

1 <k <m;, we have v, € {0, i(m/mj)l/p}; and

|ug, — vg|P > min {](m/mi)l/p —0J?, |(m/mi)1/p — (m/mj)l/p]p, |(m/mi)1/p + (m/mj)l/p|p}
= min {|(m/m)"" = O, [(m/m:)"/? — (m/m;) /PP }
= min {ﬁ» 2o <mz-/mj>1/p|p}
= % min {1, 1 — (mj/m;)"/?|"} .

Since j > 1, it follows that m; < m, = [ 5] < 2. Thus m;/m; > 27, and

m m m
— P > —min {1, |1 — (m;/m)"?PP} > — min {1, |1 — (2")V/P]P)} = —.
D mAmm{ | (mi/m;) /7| }_ mimln{ | (27) /7] } m

K3 K3

Therefore,

n m; m; m
dp(u,v)" = Z |ug — vg|” > Z |ug — vg|” > Z — =m.
k=1 k=1 =1 'l

This completes the proof. O

For every i, let J!/(m,n) be a largest subset of J;(m, n) with the property that d,(w, v) > m!/?
for every u, v € J/(m,n). Since we have proved that d,(u,v) > m'? if w € J/(m,n) C J;(m,n)
and v € Ji(m,n) C J;(m,n) for i # j, the set

1 T T
UJZ-'(m,n) = {:c eR":m'Px € UJ{(m,n)}

ml/p ) .
=1 =1

is an /,-spherical code with minimum distance 1. So

Ap(n,1/2) >

it )
=1

1 ' ! - !
WUJi(mm) => |[Ji(m,n)|. (3)
i1 i=1

For 1 <i <r and u € J;(m,n), define

Bin(u,m) = {'v € Ji(m,n) : dy(u,v) < ml/p},
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which is the open £,-ball centered at w with radius m!'/? in the metric space (J;(m,n), || - [l,)-
Note that the size of B; ,,(u, m) is independent of w. If we write B; ,,(m) for the size of B; ,,(u, m),

then . m;@% (ﬂz> (n ’ m) (mix— t) 9 (4)

Using the above notations, we have the following theorem, which is a Gilbert-Varshamov type
bound for |J!(m,n)|.

Theorem 2.3. For every 1 < i < r, we have

| Ji(m,n)| = [ Bin(m) B n(m)

The following corollary is immediate and it is our main result.

Corollary 2.4.
A,(n,1/2) > max g m : (6)
L - Bm(m)

1<m<n 4
1=

Remark 2.5. In [17, Lemma 2.1], the lower bound for A,(n,1/2) is given by max;<,<n [ Bro(m)

]
So Corollary[2.4] gives an improvement.

Proof of Theorem[2.5. Let i be given and J = {%—‘ We choose points from J;(m,n)

recursively. At first, we arbitrarily choose u; in J;(m, n). Suppose we have chosen u;, uo, . .., uy

for some k < J. The set .
Ji(m,n) \ (U Bin(u;, m))
j=1

has size at least

k
|Ji(m,n)| — Z |Bin(u;, m)| = |Ji(m,n)| — kB, ,(m) > 0.
j=1

So we can choose w1 from J;(m,n) \ (U?:l Biyn(uj,m)> and d,(wp41,u;) > ml/? for every

1 < j < k. This process continues as long as k < J. Therefore, {uy, us,...,u;} is a subset of
Ji(m,n), in which the points have pairwise distance at least m'/?. And hence |J/(m,n)| > J. O



3 Some numerical results for small p

It seems that there does not exist an explicit formula for the lower bound in Corollary [2.4] So
we give some numerical results for small p in this section. In [I7], Xu gives the lower bound for

(n?l ) omi1

MaX]<m<n [ Broa () —‘ We still need to estimate the rest terms in right hand side of inequality

©

.Deﬁne
(52

on|

- 22t+217:v< lon] (LUth) (ni EUnJ) (LUT:LJCJ 7t> 2! ,
Then by equations — and inequality @, we have

»(0) o€ (0,1).

T

o
AP(”» 1/2) > 01232(1 - FP (2(i—1)p) ’

3.1 The value of r
We first estimate the value of 7. Suppose m = [2F? + 2=DP ... 4 97] for some k. Then

m; =m = (2kp+2(k71)p+”_+2p"‘ c [2]@4_2(]“*1)?4_..._|_2p72k1’_|_2(k*1)29+..._|_2p_|_1}.

We calculate

m
Mo = LT;J H2(k—1)P + 2(k—2)P 4+ 4 1J7 Lz(k—l)P + 2(k—2)13 + .41+ Q—PH

€
C [Q(k—l)p + 202 o goop ok=lp  o(k=2p 4Ly 4 Q—P] ’

and
mo -~ _ 3 B - -
my = | 52| € [[267 4207 1) 2070 20 g g g
C [Q(k—2)p L otk=3p .y op ok=2p 4 ok=3)p .. o= 4 2_211 .
So
my € [2p,2p +14+2P4+...+ 2*(k*1)p] ’
and

M1 € [L,1+277+27% ... 4 277] C[1,2).

Therefore my,; = 1 and r = k + 1 if m = [2kP 4 2(k=DP ... 4 2P]. Note that [2FP 4+ 20:=Lp 4
oo 4 2P] € 2k 2+DP) - On the other hand, if m € [2F7 [2FP 4 2=V ... 4 92P]) | then my
may be less than 2P. So we conclude that r = |logy,, m]| + 1 or r = |logy, m].
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3.2 The behavior of F,(0)

In this subsection, we investigate the asymptotic behavior of F,(o).
Let H(o) be the entropy function defined as

0, ifeo=0o0ro=1;
—ologyo — (1 —o0)logy(l —0), if0<o<1.
We have the following theorem.

Theorem 3.1 ([I7]). We have

1
lim — log, F, > i
o 1 08y (o) 2 Ogygmgl{lc?/ll—a} frlo.y),

where

o =0 =) (1= (72 ) o) = ot () — (- oyt (1),

3.3 Numerical results for some special values of p

Let g,(0) = ming<y<min{o/2,1-0} fp(0,y). We list some numerical results for special values of p.

For p = 1, see left hand side of Figure [1| for the graph of g;(¢). g1(0) attains its maximum
0.1825 at o9 = 0.2605. So

Al(n, 1/2) > orgga%(lZFl <2i—1>

g
Z Fl (200) +F1 (00) + F1 <§0> + .-
> 991(200)-n(1+0(1)) 4 9g1(00)n(l+o(1)) 4 9g1(00/2)n(1+0(1) 4 ..

_ 901247n(140(1)) 4 90.1825n(1+0(1)) | 90.1554n(1+o(1)) 4

Although 20-1247n(1+0(1)) 4 90-1554n(1+0(1)) 4 ... — (201825n(1+o(1))) " we still write them explicitly
since they improve the previous bound.

Remark 3.2. In [15], Talata obtained A;(n,1/2) > 20:1825n(1+o(1) g5 yel].
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Figure 1: The graphs of g,(c) and gy(0)

For p = 2, see right hand side of Figure [1|for the graph of gs(c). g2(0) attains its maximum
0.2059 at o9 = 0.3881. So
o
)

Ay(n,1/2) > max ZFQ

S
S ()
)

>FQ O'O —I—FQ O—Z)+F2< )“f‘

> 9g2(00)n(1+0(1) 4 gaa(0/4)n(1+0(1)) | 9ga(0/16)n(1+o(1) 4 .

— 90:2059n(1+0(1)) 4 90.1381n(1+o(1) 4 90.0584n(1+o(1)) 4 ...

We also write the 20:1381n(1+e(1)) 4 90.0584n(1+o(1)) 4 ... — (202059n(1+o(1)) terms explicitly.

For p = 2.1, see Figure [2| for the graph of go1(0). ¢2.1(0) attains its maximum 0.2163 at
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Figure 2: The graph of go1(0)
o9 = 0.9998. So

A21(n 1/2 >maXZF21<221 >

0<o<1

0o
>\ R (— )
—ZZ_; 21\ 4287161

Vol g
> Fyy(00) + Foa (4.25?71) +Faa <4.280712) "

Z 292,1(0’0)4’),(1—‘,—0(1)) + 292,1(0’0/4.2871)~7’L(1+0(1)) + 292,1(00/18.3792)-n(1+0(1)) _|_ .

— 90-2163n(1+0(1)) | 90.1944n(1+0(1)) | 90.0995n(1+o(1)) 4 ...

We also write the 20-1944n(1+o(1)) 4 90.099n(l+o(1)) 1 ... — 5(202163n(1+o(1))) terms explicitly.

4 Some numerical results for large p

There exists a threshold py &~ 2.1 (we do not attempt to calculate the exact value of py) such
that when p > pg, F),(0) attains its maximum at o = 1. For 0 = 1, i.e. m = n, we have another



lower bound. Let m = n, and recall inequalities (3)) and ([5). We have
Ap(n,1/2) = > | Ji(n,n))|
i=1
= |i(nn)| + > | (n,n)|
i=2
SIS b2
- 1 n? n : Bz n(n)
=2 ’
= |J; T F L
= | 1(n,”)|+; »\ 2 ) -
Indeed, we can improve the lower bound for |.J{(n,n)| slightly.

4.1 An improvement of the lower bound for |J{(n,n)|

Recall the definition of Ji(n,n) and Jj(n,n). Ji(n,n) = {£1}" and Jj(n,n) is a largest subset
of {#1}" in which points have pairwise distance larger than or equal to n'/?. For u,v € {£1}",
let dy(u,v) := |{i : u; # v;}| be the Hamming distance between them. The following lemma is
an easy observation.

Lemma 4.1. For every u,v € {£1}", we have
(dy(u,v))’ =27 - dy(u,v).

By this lemma, it suffices to find a largest subset of {£1}", in which points have pairwise
Hamming distance larger than or equal to [n/2P]. Recall the definition of By ,(u,n) and we
have

Bin(u,n) = {v e {£1}": dy(u,v) < nl/p}
={v e {£1}": 2 - dy(u,v) <n}
={v e {£1}" : dy(u,v) < [n/27] —1}.
So By n(n) = |Bin(u,n)| = ,LZ/OMA (7). We have the following theorem, which gives a better
lower bound for |J{(n,n)| than that in inequality ().
Theorem 4.2 ([4]). There exists a positive constant ¢ such that

2
J! > c————1log, B; »,(n).
| l(na TL)| - CBLn(n) Og? 1, (n>
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Note that . |
Jim —log, Bin(n)=H (5) ;

by Stirling’s formula. So

|Ji(n,n)| > ¢ n2t en2n—HEZT)Fo(D)
B 1,n(n
for some constant ¢ (maybe depends on p). Although n = 2°" we write it explicitly to

represent the improvement.

4.2 Numerical results for some special values of p

As before, let g,(0) = ming<y<min{o/2,1-0} fp(o,y). We list some numerical results for special
values of p.

For p = 2.2, see left hand side of Figure (3| for the graph of go2(c). We have

! 1
Asa(n,1/2) > |Ji(n,n)| + Z F <22.2(i—1))
=2

> cn2t(1-HE?)+o) 4 By (0.2176) + Fao (0.0474) + - - -
> en2n(1-H(27*%)+o(1)) + 2922(0.2176)-n(1+0(1)) 4 992.2(0.0474) n(1+0(1)) 4 ..

— n20:2442n(1+0(1)) 4 90.1913n(1+0(1)) 4 90.0915n(1+0(1)) 4 .

For p = 3, see right hand side of Figure (3| for the graph of g3(c). We have

/ - 1
=2

> cn2r1-HE)+o) 4 F(0.1250) + Fj (0.0156) + - - -
> Cn2n(1—H(2*3)+o(1)) + 993(0.1250)-n(1+0(1)) + 993(0.0156)-n(1+0(1)) 4.

— n204564n(1+0(1)) 4 90.1562n(1+0(1)) 4 90.0425n(1+0(1) 4 ..,
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Figure 3: The graphs of go2(0) and g3(0)

For p = 4, see Figure |4] for the graph of g4(c). We have

. 1
1=2
> cn2r1-HED+oM) 4 By (0.0625) + Fy (0.0039) + - - -
> enon(I—H(2 ")+o(1) 4 994(0.0625) n(1+0(1)) 4 994(0.0039) n(1+o(1)) 4 ..

— n206627n(1+0(1)) 4 90.1083n(1+0(1)) 4 90.0145n(1+o(1) 4 ..,

5 Further remarks

In [I1], Sah et al. obtained an inequality between ¢,-spherical codes for different p; that is,
Ay(n,d) < Ay(n,d?/9) for all 1 < ¢ < p and d € (0,1]. So

Ag(n,d) < Ay(n,d¥?), if 1 <p <2, (7)
and
Ay(n,d) < Ag(n,d'?), if p> 2. (8)

Sah et al. used inequality to obtain an upper bound for A,(n,d) (p > 2).

On the other hand, Swanepoel [14] had used inequality to obtain a lower bound for
A,(n,1/2) (1.62107 < p < 2) before. Because the best lower bound for As(n,d) has been
improved since then, we update this type of lower bound here. We need the following theorem,
which is the best known lower bound for Ay(n,d) (d € (0,1)).

12
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Theorem 5.1 ([1]). Let 0 € (0,7/2) be fized. Then

. sin 0 V/2mn cos
As(n,sin(0/2)) > (1 +o(1)) In 735m(0/2) e

For 1 < p <2, we have
Ap(na 1/2) 2 AQ(”? (1/2)p/2)

Let sin(6/2) = 277/2, Then cos(0/2) = v/1 — 277 sin = 2'"P/2,/T — 277, and cosf = 1 — 2'7P.
So

Ap(n,1/2) > Ag(n, (1/2)"?)

= As(n,sin(6/2))

5, V(= 2)
> (1+0(1))Inv2—2t"7-n (21-p/2\/T — 2 P)n-1’

After some numerical calculations, when p € (1.9948, 2], the lower bound in inequality @D is
better than that in inequality @

(9)
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