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GROUPS AND GROUPS OF POLYNOMIAL GROWTH

SEUNG-YEON RYOO

ABSTRACT. We establish “vertical versus horizontal inequalities” for functions from nonabelian simply con-
nected nilpotent Lie groups and not virtually abelian finitely generated groups of polynomial growth into
uniformly convex Banach spaces using the vector-valued Littlewood-Paley-Stein theory approach of Laf-
forgue and Naor (2012). This is a quantitative nonembeddability statement that shows that any Lipschitz
mapping from the aforementioned groups into a uniformly convex space must quantitatively collapse along
certain subgroups. As a consequence, a ball of radius r = 2 in the aforementioned groups must incur bilips-
chitz distortion at least a constant multiple of (logr) Ydintoa q(= 2)-uniformly convex Banach space. This
bound is sharp for the LP (1 < p < co) spaces.

In the special case of mappings of Carnot groups into the L” (1 < p < oo) spaces, we prove that the
quantitative collapse occurs on a larger subgroup that is the commutator subgroup; this is in line with the
qualitative Pansu—Semmes nonembeddability argument given by Cheeger and Kleiner (2006) and Lee and
Naor (2006). We prove this by establishing a version of the classical Dorronsoro theorem on Carnot groups.
Previously, in the setting of Heisenberg groups, Fédssler and Orponen (2019) established a one-sided Dor-
ronsoro theorem with a restriction 0 < a < 2 on the range of exponents « of the Laplacian; this restriction
does not appear in the commutative setting and is caused by their use of horizontal polynomials as ap-
proximants. We identify the correct class of approximant polynomials and prove the two-sided Dorronsoro
theorem with the full range 0 < a < co of exponents in the general setting of Carnot groups, thus strength-
ening and extending the work of Féssler and Orponen.
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1. INTRODUCTION

It is well known that nonabelian simply connected nilpotent Lie groups and not virtually abelian
finitely generated groups of polynomial growth fail to embed bilipschitzly (or quasi-isometrically) into
uniformly convex Banach spaces (or, more generally, Banach spaces with the Radon-Nikodym prop-
erty). This is because nonabelian Carnot groups do not bilipschitzly embed into Banach spaces with the
Radon-Nikodym property ILNO06], and nonabelian simply connected nilpotent Lie groups have
nonabelian Carnot groups as asymptotic cone and hence do not quasi-isometrically embed into Banach
spaces with the Radon-Nikodym property (see for example), while not virtually abelian finitely
generated groups of polynomial growth are quasi-isometric to nonabelian simply connected nilpotent
Lie groups and hence fail to embed quasi-isometrically into Banach spaces with the
Radon-Nikodym property. The aim of this paper is to provide quantitative counterparts to these quali-
tative nonembeddability statements.

Let G be a nonabelian simply connected nilpotent Lie group, endowed with a left-invariant Riemann-
ian metric. We write

B,(x)={yeG:dg(x,y)<r}, B, :=B;(eg), x€G, r>0,

where eg is the identity element of G. Note that B, (x) = xB;, by left-invariance.

Let I' be a finitely generated group of polynomial growth. This means that I" has a finite generating
set S, and that if we denote by dyy(-,-) the left-invariant word metric on I induced by S and B, = {x €
I': dw(x,er) < n} the corresponding closed ball of radius n € N, where er is the identity element of T,
then the cardinality |BL| grows at most polynomially in 7. We assume in addition that T is not virtually
abelian, i.e., that it has no finite index subgroup isomorphic to Z"; by Corollary 1.5] T has no
finite index subgroups that have abelian groups as quotients by finite normal subgroups.

Let the Banach space (X, || - [ x) be a uniformly convex Banach space, that is, for every € € (0,1) there
exists 6 € (0,1) such that every x, y € X with ||x|lx = lyllx =1 and || x— yll x = € satisfy || x + yllx < 2(1-6).
By [Pis75], there is an equivalent norm on X such that if we renorm X using this norm,
there is some exponent g € [2,00) for which the Banach space (X, | - [ x) is g-uniformly convex, which
means that the g-uniform convexity constant of X defined by

K4 2

1/q
_ 1 Va (x+yl%+llx -yl
K4 (X) ::1nf{K>0:Vx,y€X ||x||§7(+—||y||§7() 5( X X
is finite. We will assume this renorming has happened, because it does not affect our theorems, so that X
is g-uniformly convex for some g = 2. By and [BCL94], the L, spaces for 1 < p < oo are max{p, 2}-

uniformly convex with

K(Lp) <

o 1<p=2, Kp(Lp)Sl, p=2.

A separable metric space (M, dyy) is said to embed (D-)bilipschitzly into a normed space (X, | - || x) if
there is a finite D € [1,00) and a mapping f : M — X such that dy;(x, y) < || f(x) — f ()l < Ddp(x, y) for
all x,y € M. The bilipschitz distortion cx (M, dy,) is defined to be the infimum over those D for which
such a mapping exists. We writeﬂ L, (M, dy) = cL (0,1 (M, dy) = ¢p(M, dyy) and call ¢2(M, dy) the
Euclidean distortion of (M, dy;). The space (M, dy,) is said to quasi-isometrically embed into (X, | - || x) if

IThis equality is due to the fact that any separable subspace of an LP (o) space is isometric to a subspace of LP([0,1]), see
Fact 1.20].
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there is amapping f: M — X, D€ [1,00) and C > 0 such that dy;(x, ) - C < | f(x) — f (W)l < Ddp(x, )+ C
forall x,ye M.

Now we have defined all the concepts used in the first sentence of the introduction (except for the
Radon-Nikodym property, which will not appear in other parts of this paper), which, in other words, can
be written as

cx(G) = cx(I') = 00,
for G, T', and X given as above. In this paper, we quantify this fact by providing the following growth rates
of the bilipschitz constant of balls in such groups.

Theorem 1. Let G be a nonabelian simply connected nilpotent Lie group, and let X be a q-uniformly
convex Banach space, q = 2. Therl]

(log rla

CX(Br) ZG K, (X)
q

Theorem 2. LetT be a not virtually abelian finitely generated group of polynomial growth, and let X be a
q-uniformly convex Banach space, g = 2. Then

(logn)'/4

cx(Bh) >r .00
q

, nx=2.
As a special case, we obtain sharp bounds on the L”-distortions, the upper bounds following from the
Assouad embedding theorem.

Corollary 3. Let G be a nonabelian simply connected nilpotent Lie group. Then,

1/max{p,2}
)

cp(By) =g,p (logr) l<p<oo, r=2.

Corollary 4. LetT be a not virtually abelian finitely generated group of polynomial growth. Then

1/max{p,2}
)

cp(Bg) =r,p (logn) l<p<oo, n=z2.

We remark that Theorem [2land Corollary [4] were proven for the discrete Heisenberg groups by Laf-
forgue and Naor [LN14], where the discrete Heisenberg groups [I-I]%k”, k € Z-( are defined as the groups
with word relations as follows:

H2k+1 :<a1,---,ak,b1,"',bkyC|Vi(C: lai, bil)
AV, j (l' #j — lai,ajl = [b;, bjl = [a;, bj] = [a;, c] = [bj, c] = e"'"%’“”) >

A previously weaker result was given by Li [Lil4, Theorem 1.4], who proved that if I is a finitely gen-
erated nonabelian torsion-free nilpotent group, and X is a uniformly convex Banach space, then there
exists ¢ > 0 depending on I' and X such that

cX(Bg) 2cx (logn), n=2.

A stronger bound was given for cocompact lattices I' of Carnot groups by Gartland [Gar20, Corollary 1.6]:
if G is a Carnot group of step s (to be defined below) and I is a cocompact lattice of G, then

(log n)%‘z_ls

cpa(BY) 21,4 n=3,

(loglogn)z* = ’

2We will use the following (standard) asymptotic notation. For P,Q > 0, the notations P < Q, Q = P, P = O(Q), and Q = Q(P)
mean that P < KQ for a universal constant K € (0,00), and the notation P = Q means P < Q and Q < P. If we need to allow
for dependence on parameters, we indicate this by subscripts. For example, in the presence of auxiliary parameters v, ¢, the
notations P Sy ¢ Q, Q 2y ¢ P, P = 0y ¢(Q), Q=Qy ¢ (P) mean that P < K(y,$)Q where K (v, ) € (0,00) may depend only on ¢
and ¢, and P =y, ¢ Q means that P Sy, ¢ Qand Q Sy ¢ P.
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under the additional restriction that G contains a copy of the model filiform group J*~'(R) of step s
(this requirement is automatically fulfilled if s < 3), which is the Carnot group whose Lie algebra j*~! is
spanned by elements x, yy, - -, ys—1 with the only nontrivial bracket relations being

[x,yil = Yi+1, i=0,-+-,5=2.

For example, J°(R) = R?, J!(R) =: H? is called the real Heisenberg group of dimension 3, and J?(R) is called
the Engel group. Compared to this result, Corollary[l removes the exponent gap of % and gets rid of the
lower order factor.

We obtain Theorems[Iland 2 by proving the following “vertical-versus-horizontal inequalities” on the
groups G and I

We first state the inequality on nilpotent groups. In the following theorem, given left-invariant vector
fields Xj,---, X} that form a basis of the Lie algebra g of G at e, we write the horizontal gradient of a
function f:G— X as

Vf = (le, ,ka),

ifeach X; f exists. Also, given v € G and t € R, we write v’ := exp(tw), where w € g is such that v = exp(w),
and exp : g — Gis the Lie group exponential map. Let u denote the bi-invariant Haar measure of G, which
is the push-forward of the Lebesgue measure on g by the exponential map.

Theorem 5. Let G be a nonabelian simply connected nilpotent Lie group. Let v € Z(G) and p € N with

p=2anddg(v,eg) < et >0. Suppose that p € (1,00) and q € [2,00). Let (X, || - | x) be a Banach space
with K4(X) < oo, and let f : G — X be smooth and compactly supported. Then

* ||f(hl/t) —f(h)”X)p )max{p,q}/p ﬂ
(/0 (/G( t1/p du(h) .

1/p
smax{(p—lﬂ’q‘%Kq(X)}( / |IVf(h>||Zk(X)du(h>) :
G 2

)I/max{p,q}

(1

In particular, when p = q,

°° Ilf(hV’)—f(h)llx)q ﬂ)
(/1 /G( T d,u(h)t

Note that the v described in this theorem exists, for example, if we choose v € [[G,Gl,---,G] \{eg}
—_—

1/q

1/q
S Kq(X) ( /G V£ ”Z’; " d,u(h)) : @)

s times

where s is the nilpotency step of G, i.e., it is the largest integer s such that [[g,g],---,g] # 0, then we may
—_——

s times

normalize v so that dg(v',e) < t'/* for t > 0. We remark that exp | [[g,q],--, 0] | = [[G,G],---,G] for

j times J ti‘IVIIES
j=1,---,s, where [g, g] denotes the Lie algebra bracket and [G, G] denotes the commutator subgroup.
We next state the inequality on groups of polynomial growth.

Theorem 6. Let T' be a not virtually abelian finitely generated group of polynomial growth. There exist

vrel, seNwiths =2, and c = ¢(G) € N such that the following is true. First, dW(vf’, er) =r n”“‘for neN.

Second, let p € (1,00) and q € [2,00). Suppose that (X, || - | x) is a Banach space satisfying K,(X) < oco. Then
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foreveryneN and every f : T — X we have

L 1 max{p,q}/p
(ZW(Z "f(xV’r‘)—f(x)||§) )
x€BY

k=1

1/max{p,q}

3)
1/p
<t maX{(p—l)”q_l,Kq(X)}( > lef(xa)—f(x)ll’;() .

xeBL, a€s

In particular, when p = q,

i LF vk — Foons )\ 1/q
(Z Z f Zl+q£ X gl“,ur Kq(X) Z Z ”f(xa)_f(x)”?( . (4)
k=1 xeB}, x€BL, aes

Our choice of s and vr is as follows. By [Gro81], I admits a subgroup I" of finite index that is nilpotent.
Let T be the torsion subgroup of I'” and consider the quotient subgroup I'" = T'/T. We may take any
v" € Z(I'")\ {ern} with the property that dy ((v")", err) =p» n'’¥, n = 2, for some integer s = 2, and take
vr to be any representative of v”. For example, we may take s to be the nilpotency step of I’ and v" €
[[r”,r"1,---,I"1\{err}. (See Section@for details.)

s times

One can see that changing to another finite symmetric generating set S of I' or changing the verti-
cal element vr affects only ¢ € N and the constant in the inequalities (3) and @) up to constant factors
depending on S and vr.

Theorems[ElandBlare extensions from the real Heisenberg groups H2**! to general simply connected
nilpotent Lie groups and from the discrete Heisenberg groups I]-[I%’C+1 to general finitely generated groups
of polynomial growth, respectively, of the “vertical versus horizontal inequalities” established by Austin,
Naor, and Tessera [ANT13|] and Lafforgue and Naor [LN14]. See also Naor and Young [NY20] for
the endpoint case p = 1 for the Heisenberg groups. Here, the real Heisenberg groups H2**1, k € Z., are
defined to be the simply connected nilpotent Lie groups whose Lie algebras h2c*! are spanned by the
2k +1 elements x1,--+, Xk, 1, *» Yk, and z, the only nontrivial bracket relations among which are

[xi,yil=2, i=1,---,k.

The discrete Heisenberg groups H2**!, k = 1, embed naturally in the real Heisenberg groups H***1,

The inequality (I) is proven following the argument of Lafforgue and Naor by comparing the
left-hand side of (I) against convolutions of V f with derivatives of the heat kernel on the real line R,
and then upper bounding this quantity using the vector-valued Littlewood-Paley-Stein theory of
[MTX06| Xu20]. The inequality @) follows from inequality (I) by a discretization argument.

The utility of Theorems [5 and [6lis that they prove quantitatively that nonabelian simply connected
nilpotent Lie groups and not virtually abelian finitely generated groups of polynomial growth, respec-
tively, do not bilipschitzly embed into uniformly convex spaces. More precisely, they give Theorems[I]
and[2as Corollaries; see SectionBlfor proofs.

We will prove Theorem [B]in Section 21 Actually, Theorem G will be a special case of the more general
Theorem B2] and Corollary [33] and the resulting Theorem [I] will be a special case of the more general
Theorem[34]and Corollary[35]

It would appear that we may also derive similar constraints for other coarse embeddings (see
Definition 1.36] for the definition). For example, we have the following theorem, where for a metric space
(M,dp) and0< a <1, (M, dj‘\"/l) is a metric space called the a-snowflake of (M, dy).

Theorem 7. LetT be a not virtually abelian finitely generated group of polynomial growth, and let X be a
q-uniformly convex Banach space. Then
1

ex (U, dy©) 2r ————.
W Ky(X)ella
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In particular,
cp(T,d}y ) = p et/ maxip2,

Indeed, by (@), any D-bilipschitz embedding (T, d‘l/v‘ £) — X must satisfy for all n
nS

|B,5|W(Z

k=1

1
Jcl+eqls

1/q
) <r Kq(X)DISIM4|BL, 1M

which gives the stated lower bound. The second assertion of Theorem namely the estimate for
cp(Ny,,r,), follows from an optimized version Theorem 5.1] of the Assouad embedding theo-
rem [Ass83]:

cp(T,diy©) Sgp 1™ P31 g<e<.

Using Theorem[6, we may also characterize the compression rate of not virtually abelian finitely gen-
erated groups of polynomial growth into L spaces. Here, the compression rate of a Lipschitz function
f:(M,dy) — (X, |- lIx) from a metric space (M, dys) into a Banach space (X, | - [ x) is the largest nonde-
creasing function w : (0,00) — [0,00) such that for all x, y € M we have || f(x) — f(Y) | x = wf(dm(x, y)).

Corollary 8. LetT be a not virtually abelian finitely generated group of polynomial growth.
(1) For n € N, n = 2, a nondecreasing function 0 : (0,00) — [0,00) satisfies 0(t) S w(t) for some 1-
Lipschitz function f : B, — LP, p > 1, ifand only if

/Zn (H(t) )maX{P,Z} dt
—_— —srl.
1 t t

(2) A nondecreasing function 0 : (0,00) — [0,00) satisfies 0(t) S wy(t) for some 1-Lipschitz function
f:T—LP, p>1,ifandonlyif

o (Q(1)\ P2 g
[
. t t

The if direction is due to Theorem 1]. The only if direction is given by Theorem|[6] from which
it follows that

S/Zn (H(I) )max{p,Z} dt ~ /(Zn)x H(TIIS)max{p} gy < 2n)* e(kI/S)max{p}
1 1

¢ ¢ Jlrmaxipl/s AT & klmaxip2l/s ~rl

Under a slightly more abstract setting, one can obtain the following statement about the compression
function.

Theorem 9. Let T be an amenable group with finite generating set S, with v € Z(I') and p > 1 such that
dw (v¥,er) =r kP, keN. Let (X, || - || x) be a q-uniformly convex space, and let f : T — X be a 1-Lipschitz
function. Then for every t = 3 there exists an integer t < n < t* such that

wr(n) loglogn\'/4
L3 i8]
gn

(Here we consider p to be dependent on T, so that <r includes dependence on p.)

We prove Theorem[@lin Section Blfollowing the argument of [ANT13]. Theorem[@lis somewhat weaker
than our distortion result of Theorem[Zland the vertical versus horizontal inequality of Theorem[@Glunder
the setting of groups of polynomial growth, because the distortion bound one can obtain from Theorem

is of the weaker form cx(B,) 2r m (k)lgl%)l/q (this deduction follows the argument of [ANT13]
Section 6], and requires the assumption that I be of polynomial growth).

On a different note, we can investigate the distortion of nets in nonabelian simply connected nilpotent
Lie groups. In the following, with 1,2 > 0, an r; -covering of a metric space (M, dy) is a subset Nc M
such that for any x € M there exists n, € N such that dy(x, ny) < r1, an ro-packing of (M, dy;) is a subset
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N c M such that for all distinct n;,n, € N we have dy;(ni, ny) = rp, and an (r1, ) -net of (M, dy) is a
subset which is both an r;-covering and an r,-packing.

Theorem 10. Letry, 12 > 1 withry =2r». Let G be a nonabelian simply connected nilpotent Lie group, and
let Ny, ;, be an ry-covering of By,. Let X be a q-uniformly convex space, q = 2. Then

Cy st (log(ry /o))
VkK?/dlogK Kq(X)

where K is the largest of the doubling constant of G and the doubling constant of the measure U, i.e., it is
the smallest constant such that 1(By;) < Ku(B;) forallr = 0, and that for allr > 0 thereexisty,, -+, yx € G

such that By, uleBr(y,-), and C; > 0 denotes a constant such that C;t'S < d(v',eq) < t”sfor t=>1.
In particular, if Ny, r, is an (r2,Q(r2))-net of By, then

)

cx(Ny,r,) Z (

1/max{p,2}
)

¢p(Nr,r,) =c,p (log(r1/12)) 1< p<oo.

We remark that the second assertion of Theorem[I0} namely the estimate for ¢, (Ny, r,), follows from
an optimized version Theorem 5.1] of the Assouad embedding theorem [Ass83]:

p(G,d5 ) S, p 11 ™ P2 p<e <.

When N, ,, is an Q(r2)-packing of By, (Ny, r,, dé_mlog(rl ')y is O(1)-bilipschitz equivalent to (N, ;,, dg),

so we have the second assertion of Theorem[10l

Thus, the bound of Theorem [I0]is sharp for X = LP, and therefore is the best result we can attain
in terms of g-uniformly convex spaces. These distortion bounds generalizes those established for the
Heisenberg group in [LN14]. The same conclusion holds with L” replaced by the Schatten class S,
whose modulus of uniform convexity was computed in [T]74].

We may also derive the following variant of Theorem[I0lfor snowflakes.

Theorem 11. Let Ny, ., be a (ci, c2)-net of a nonabelian simply connected nilpotent Lie group G, where

c1,¢c2 =1 withcy = cy/2. Let X be a q-uniformly convex space. Then
Ci (el cy)Fst=a 1
k(l—s)/zKZ(l—s)/qlogK Kq(X)l_fgl/q’

ex(N ., dE 5 2 0<e<l,

1,62’
where K and C, are as in Theorem[IQ In particular,

—1/max{p,2}
M

! 1-¢€y _
cp(NChCz,dG ) =G,p,c1,er € l<p<oo.

The nonembeddability of nonabelian simply connected nilpotent Lie groups and not virtually abelian
finitely generated groups of polynomial growth into uniformly convex Banach spaces is known from the
fact that the asymptotic cone of these groups are nonabelian Carnot groups, and that nonabelian Carnot
groups do not admit bilipschitz embeddings into uniformly convex Banach spaces. The definition of
Carnot groups is as follows.

Definition 12 ([LD17]). A (sub-Riemannian) Carnot group is a 5-tuple (G,8,, B,|-|,dg), where:

o The simply connected nilpotent Lie group G is such that its Lie algebra g admits an s-step stratifi-
cation, s € Z-y, i.e., a direct sum decomposition

g=VieV,e---aV,

where Vs #0, Vo1 =0, and Vy 1 = [V, Vy] forr=1,--- 5.
o Foreach A € R*, the linear map §) : g — g is defined by

Saly, =Alidy,, r=1,-,s.
o The bundle B over G is the extension of V1 to a left-invariant subbundle:

Byi=(dLy.Vi, peG.
7



o The inner product nornfl|-| is initially defined on Vy, and is then extended to B as a left-invariant
norm:

|(de)e(V)|::|V|» peG, ve V.
o The metric dg on G is the Carnot—Carathéodory distance associated to B and | - |, i.e.,

1
dc(p,q):inf{/ h‘/(t)ldtzyeCS@’V([O,I];G),)’(O)=p,y(1)=q,y'€B}, p,q€eG,
0

where C3, ([0, 1]; G) consists of the piecewise smooth functions from [0,1] to G.

For simplicity, we will call G the Carnot group. When we wish to emphasize the step size, we will call G an
s-step Carnot group or a Carnot group of step s.

It is easy to see that commutative Carnot groups are precisely those of step 1 and are the Euclidean
spaces R?. The nonabelian ones are those of step s = 2. An example of this are the Heisenberg groups
H2k+1 defined above, which are Carnot groups of step 2 whose Lie algebras h2**! admit the 2-step strati-
fication

Vi(h) =span{xy, -+, Xk, ¥1,-*+, Yk}, Va(h) =spani{z}.

Another example of Carnot groups are the aforementioned model filiform groups J*~!(R), s = 1, which
are Carnot groups of step s whose Lie algebras j*~! admit the s-step grading

V1G57Y = spanix, yo}, Vo (™1 =span{y}, -+, Vs(*™1) = span{ys_1}.

Let our choice of left-invariant vector fields Xj,---, X, k := dim V}, be such that (Xj)e, -, (Xi) e, form
an orthonormal basis of (V1,|-|). We have the center Z(G) = exp(V;) and commutator subgroup [G, G] =
exp(Vo@---@ V). Also, the maps 6§ act as scalings in the Carnot-Carathéodory distance, in the sense that
dg(0r(p),0xr(q) =Adg(p,q),for L >0and p,q€G.

In an algebraic sense, nonabelian Carnot groups are nonabelian simply connected nilpotent Lie groups,
but their metrics differ, since we endowed nilpotent Lie groups with Riemannian distances while we en-
dowed Carnot groups with sub-Riemannian distances. Nevertheless, Theorem [ holds for nonabelian
Carnot groups G, stated as follows.

Theorem 13. Let G be a nonabelian Carnot group of step s = 2. Let v € Z(G) \ {eg} be normalized so that
dg(v,eg) = 1. Suppose that p € (1,00) and q € [2,00). Let (X, |- | x) be a Banach space with K;(X) < oo,
and let f : G — X be smooth and compactly supported. Then

0 ty _ p max{p,q}/p 1/max{p,q}
Nl P
0 G s t

1/p
Smax{(p-0" K00} [ 95, duto)]
G 2

In particular, when p = q,

o0 ho'y— flx\?  dr) 14
(/ /(”f( ”)Uf( )”X) du(h)—) qu(X)(/ [vrm|?, du(h)) ) (6)
o JG s t G 2409

For nilpotent Lie groups, we have dg(v?, eg) =¢ t for 0 < t < 1 and dg(v', eg) =¢ t''* for t = 1 for our
choice of v, while for Carnot groups we have dg(v', eg) = t'/S for all ¢ > 0. Thus, Theorem [l only gives
global nonembeddability of nonabelian simply connected nilpotent Lie groups into uniformly convex
spaces, i.e., we only know that the entire group fails to embed into X, while Theorem [I3] gives local

®)

3For sub-Finsler Carnot groups we allow | - | to be more generally a norm. Then, compared to the sub-Riemannian case, the
resulting distance dg is then distorted by a factor of at most y/dim V; by the John ellipsoid theorem [Joh48], and the results of
this paper follow up to multiplicative factors of y/dim V7.
8



nonembeddability of Carnot groups into uniformly convex spaces, i.e., we know also that any nonempty
open subset of the group fails to embed into X.

Although Theorems[hland[I3have a formal difference in the sense that Theorem[Blconsiders Riemann-
ian distances on nilpotent Lie groups while Theorem T3] considers sub-Riemannian distances on Carnot
groups, it will turn out that they are instances of a more general theorem regarding sub-Riemannian
distances on nilpotent Lie groups. This is stated as Corollary[33lin Section[Z2l See Corollary 35 for the
resulting distortion results.

Theorem [6] applies to cocompact lattices I' of a nonabelian Carnot group G, because they are not
virtually abelian finitely generated groups of polynomial growth. We can take s to be the step of G and
vr € Z(G)NT \ {eg}; we will not repeat the statement of Theorem[6here.

We may state simplified versions of Theorems[I0land [ITlin the setting of Carnot groups, thanks to the
scale-invariance. In the following, nj, := ¥} _, rk;, is the Hausdorff dimension of G

Theorem 14. Let 11,12 > 0 with ry = 2r,. Let G be a nonabelian Carnot group, and let Ny, ,, be an r»-
covering of By,. Let X be a q-uniformly convex space, q = 2. Then
CysV9 ) (log(ry /)4
(\/E4"h/‘7nh) Kq(X)
In particular, if Ny, r, is an (r2,Q(r2))-net of By, then

CX(Nr ) >

LI27 ~

Cp(er,rg) =G,p (log(rllrz))”ma"{p’Z}, 1< p<oo.

Theorem 15. Let NéhCz be a (c1, c2)-net of a nonabelian Carnot group G, where ¢, ¢, >0 with c; = /2.

Let X be a q-uniformly convex space. Then

Cl e (ol cy)es1=9)d
k(l—e)/24nh(1—£)/qnh

1

, O<ex<l.
Kq(X)l—sgllq

cx (N}, o, di ©) 2 (

In particular,

—1/max{p,2}
)

! 1-¢
cp(NCI_CZ,dG ) =G,pcr,e0 € l1<p<oo.

That a nonabelian Carnot group G fails to embed bilipschitzly into R” was first proven by Semmes
using the differentiation theorem of Pansu [Pan89]. Pansu’s theorem states that any Lipschitz
mapping f : G — R" is differentiable a.e. with the derivative being a Lie group homomorphism that
commutes with the dilations §; of G and R”. In other words, one can ‘blow-up’ f almost everywhere and
the resulting ‘blow-up’ function is a Carnot group homomorphism. Semmes’ observation was that if f
were a bilipschitz mapping, then the blow-up of f would also be bilipschitz, resulting in a Carnot group
monomorphism. This is impossible because a group homomorphism G — R” must send the nontrivial
commutator subgroup [G, G] to 0. Later this argument was generalized, independently by Cheeger and
Kleiner and Lee and Naor [LN06], to Banach space targets with the Radon-Nikodym property,
which includes uniformly convex spaces.

From the standpoint of the Pansu-Semmes argument which simply outputs the qualitative nonexis-
tence of a bilipschitz mapping G — R”, the significance and advantage of Theorems[3 [ and [13]is that
they give quantitative nonembeddability statements, such as Theorems[I] 2] 10 [IT] T4] and How-
ever, the Pansu-Semmes argument tells us that any Lipschitz function f : G — X must ‘collapse’ along
directions of the commutator group [G, G, and from this point of view, Theorem [I3]possesses a curious
limitation, namely that it requires us to measure the collapse along central directions.

This limitation is caused by a technical requirement in the proof of Theorems[Gland[I3} which is for the
horizontal derivative and the convolution along the direction of v to commute (more precisely, equation
below). Since there is no such limitation in the original Pansu—-Semmes proof, we pose the following
question.

Question 16. Let G be a nonabelian Carnot group. Is Theorem[I3 true for all v € [G, G] with dg(v,eg) =1?
9



We answer this question in the affirmative for L” targets, albeit with some loss of control on the con-
stants.

Theorem 17. Let G be a nonabelian Carnot group. For1 < p <2, f € LP(G) withVf € LP(G; Eg), and
ve [G,G) withdg(v,e) =1, we have

(/°° /(If(h)—f(h6r(v))|
0 G

-
Although Theorem [T7is stated for R-targets, it is easy to tensorize inequality (@) using the triangle
inequality when f: G — LP (o) is smooth and compactly supported.

2 qr

r

1/2
) ,SG,p ”Vf”Lp(G;g’ZC)- ()

p
) d,u(h)]

Remark 18. With q defined as in Theorem[I3, Theorem[IA only considers the exponent q = 2. This is
because the case q = oo formally holds, so that the inequality for q = 2 implies the inequalities for q = 2.
See Sectionl2, pagelId for a proof of this simple fact. We cannot make this simplification in Theorem[I3 or
in Theorem[3 due to the stated dependence of the constants on q.

However, we have not managed to prove a strengthening of Theorem[@ to directions in the commuta-
tor group for Carnot groups, formulated as follows.

Question 19. Let I" be a cocompact lattice of a nonabelian Carnot group G. For any vr € [I,T]\ {eg},
does there exist ¢ € N such that the following is true? If we let s' > 2 be the largest integer such that vy €
[[G,G],---,Gl, let p € (1,00) and q € [2,00), and suppose (X, || - | x) is a Banach space satisfying K4(X) < oo,
———

s’ times

then for every finitely supported f : T — X we have

n’ 1 max{p,q}/p\ 1/ maxip.q}
k 14

Y — ) IIf(xvr)—f(x)IIX) )

(k:1 ke maxip, il (xeB,E

1/p
<t max{(p— DY K, (X))} ( Y Y If(xa) —f(x)n’;) .
xeBL, a€s

We will deduce Theorem [I7] from a Dorronsoro theorem for Carnot groups following the argument
of Fassler and Orponen [FO20a]. We will also prove the Carnot group Dorronsoro theorem itself, which
states that the LP (G) norm of the L” fractional Laplacian || (=A,)“ fllzr(G) (1 < p <oo, & > 0) of a function
f € LP(G), is equivalent up to constant factors to a singular integral that, roughly speaking, measures, at
all points of G and at all scales, the deviation of f from being a polynomial of weighted degree < |a]. This
was first proven for G = R” for all a > 0 by Dorronsoro [Dor85], and for the Heisenberg groups H***! one
side of the Dorronsoro statement (namely that the aforementioned singular integral is bounded above
by [(=A )% fll1») was proven for the restricted exponent range 0 < & < 2 in [FO20a]. The reason for this
restriction 0 < @ < 2 in is that they considered deviations from the smaller class of “horizontal
polynomials”, which is inadequate for a = 2 (see Remark[23]for a proof).

We will discuss the Dorronsoro theorem for Carnot groups in detail later in subsection [Tl To sum-
marize, the novelty of this paper in this direction is threefold. First, we recognize the correct class of
polynomials to approximate by, namely polynomials of weighted degree that depend on the “full set of
coordinates” as opposed to just the “horizontal coordinates”. Second, we recover the full Dorronsoro
theorem, i.e., we prove both directions of the equivalence. Third, we verify that generalizing to higher
step Carnot groups introduces no serious problems. The proof method of Theorem [22]is based on Dor-
ronsoro’s original proof in [Dor85] and adds various ingredients used in Féssler and Orponen’s proof in
[FO20a].

Remark 20. So far, we have mentioned two proof methods of the vertical versus horizontal inequality,
namely the Littlewood—Paley-Stein theory for Theorems[d and[I3 and the Dorronsoro theorem for the vari-

ant Theorem[IZ There is a third possible proof method for L? targets which follows the representation
10



theoretic proof of for the case G = H3, X = L2. Specifically, one can reduce proving the vertical ver-
sus horizontal inequality to proving a certain inequality regarding1-cocycles G — L? of irreducible unitary
representations of G. The irreducible unitary representations of H® are given by the Stone-von Neumann
theorem, while the irreducible unitary representations have been described by Dixmier [Dix59, [Dix57] and
Kirillov [Kir62]. We will not pursue this proof method since the anticipated results do not seem to provide
an improvement or advantage over neither Theoreml3 nor Theorem[I4

Focusing on Euclidean distortion for concreteness, Theorem [I4ltells us that

C2(NR) =p, \/10gR,

for any Carnot group G and (1,Q(1))-net Ny of Bg. One may have expected that Carnot groups with

higher steps may have a ‘hierarchy’ of collapsing happening, with distortions being propagated and am-

plified as one passes from [G, Gl, [G, [G, G]], all the way up to [G,[G,---,G]], with the center ending up
(R —

s times
“super-collapsed”; certainly if G is high-dimensional and V; is low dimensional, the collapsing happens

along the subgroup [G, G] of small codimension, and one may have enough room to have many more
interesting phenomena such as collapsing happen. In this case, the dependency on s of the asymptotics
of ¢»(Ng) would appear in the exponent of log R, but actually the asymptotics is exactly that of \/logR.
Thus, it seems that the collapsing happens “only once” and happens “uniformly across all of [G, G]”. The
algebraic structure of the Carnot group seems to only affect the constants involved while having no effect
on the exponent. We then ask what is the correct dependence on the Lie group structure

Question 21. In the case of Euclidean distortion, what are the precise asymptotics? More precisely, we ask
the following.

(1) Let G be a nonabelian simply connected nilpotent Lie group. Does there exist a constant cg such

that we have the following?
c2(By) =cgy/logr, r=2.

Similarly, for r1,r2 > 1 with r1 = 2ry, let Ny, ;, be an (r2,Q(r2))-net of By,. Does there exist a con-
stant cg; such that we have the following?

c2(Ny, r,) = i\ /log(r1/12)  as R — oo.

If so, how are the values of cg and c(, determined by the algebraic structure of G?
(2) LetT be a not virtually abelian finitely generated group of polynomial growth. Does there exist a
constant cr such that we have the following?

c(Bl) = cry/logn  as n— oo.

If so, how is the value of cr determined by the algebraic structure of T'?

We know that, for Carnot groups G, cg is bounded above and below by functions of ny, since the
constants appearing in the upper bound due to the Assouad embedding theorem and in the lower bound
due to Theorem[I4]can all be made depending on nj,.

Note that the Carnot groups of lowest nonabelian step s = 2, such as the Heisenberg group H3, already
give the worst dependence y/log R. We however remark that the nonembeddability statements, both
qualitative and quantitative, for Carnot groups into uniformly convex spaces do not formally follow from
those of the Heisenberg group H®, because it is not true that any nonabelian Carnot group contains a
bilipschitz copy of I]-[IB‘Eg For example, the aforementioned model filiform spaces J*~! (R) with s = 3 do

41 thank Professor Assaf Naor for discussion on this matter and asking this question.
5] thank Professors Assaf Naor and Robert Young for this comment.
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not contain a bilipschitz copy of H3. Recalling the definition of the model filiform group, J*~!(R) admits
the s-step grading V1 (i°1) = span{x, yo}, V2(G*™1) = spani{y}, ---, Vs(G5~1) = span{y,_1}. If J*"1(R) were to
contain a bilipschitz copy of H3, then by the Pansu-Semmes differentiation theorem there would be a
Carnot group monomorphism H? — J$~!(R), namely a Lie group monomorphism that commutes with
the dilations. This would induce a Lie algebra monomorphism h® — j$~! that sends V;(h) — V;(G571)
for all i; by matching dimensions, we actually have vector space isomorphisms V;(§) = V;(51) and
V2 (h) = V»(3°~1), but now we have a contradiction since this implies we have a surjection

0="V3(h) = [Vi(h), Va()] — [ViG°™H), Vo (G511 = V3(G57 1) #0.

Roadmap. The rest of the introduction is organized as follows. We first discuss in detail Dorronsoro’s
theorem on Carnot groups (Theorem[22) and describe the resulting more refined fractional vertical ver-
sus horizontal inequalities (Theorem in subsection [Tl In subsection we present conjectural
quantitative nonembeddability statements of nonabelian simply connected nilpotent Lie groups into L'
(Conjecture to suggest a candidate behavior for the L! distortion of balls in groups of polynomial
growth (Question[3T).

After the introduction, the rest of this paper is organized as follows. We begin by proving our main
Theorems [Bl and [[3] in Section [2] and we then prove the distortion bounds of Theorems [T}, 2} a1
4] and I3 and Corollaries Bl and M in Section Bl We derive the discretized inequalities of Theorem
in Section[l In Section 5] we prove Theorem [ by analyzing cocycles. We then, in Section[@] derive the
fractional vertical versus horizontal inequalities of Theorem[24] and thereby also prove Theorem[I7] from
the Dorronsoro Theorem[22] Finally, we prove the Dorronsoro Theorem[22]in Section[7]

1.1. Dorronsoro’s theorem on Carnot groups. As mentioned earlier, a byproduct of this paper is a for-
mulation and proof of a Dorronsoro theorem for Carnot groups, which is used to prove Theorem [I7
In this subsection, we state the Dorronsoro theorem and obtain more refined vertical versus horizontal
inequalities.

Let G be a Carnot group in this subsection. Following Folland and denoting by A = Z;‘zl Xl.2 the
sub-Laplacian and H; the corresponding heat kernel, we define the operator (—A,)® for 1 < p < oo and
Rea > 0 by

a : 1 *
Ay = I Rea 1= /g
for all f € L”(G) such that the limit exists in the L” norm. Then, for 1 < p < co and a = 0, the Sobolev
space Sh is the Banach space Dom((—Ap)‘”z) with norm

tLReaJ—a(_A) LReaJ+1Htfdt

I lpa = - Ip) + 1=AR Y2 Ollr -

Fix a basis X;,1,--+, X, k,, where k, = dimV;, of each stratum V,. As G is nilpotent and simply con-
nected, the exponential map exp : g — G is a diffeomorphism. Thus, each point p € G can be expressed
in the coordinates p = exp (Zizl Zf; 1% Xr i), Xr,; € R; let this be the single coordinate chart on G. For
polynomials of the coordinates x, ;, we assign weight r to the variable x,;, r=1,---,s,i=1,---, k.

Recall that ny, = Y7, rk, is the Hausdorff dimension of G. We have nj, = 4, as we must have s > 2,

k1 =2 and k, = 1, since G is nonabelian.
For r > 0, recall the notation for open balls

B,={heG:dg(h,eg)<r}, B/(g) =1heG:dg(h,g)<r}=gB,, g€G, r>0.
Recall that §, is a scaling in the Carnot—Carathéodory metric:

dc6,(p),61(p)) = Ads(p,p), p.P €G.
12



Thus B, = §,(By), r > 0. Also, by compactness we have

sk
do(y,ec)=c Y. > lynil''".
r=1i=1

Let d € Z+( and let of/; denote the family of polynomials G — R of weighted degree d. (Note that
this family is left-invariant. Indeed, one can express the group law in this coordinate system using the
Baker—Campbell-Hausdorff formula

gh=73 -pm! > [g"h* g - g™ b
m=1 m r+s1>0 (Z;nzl(rj-’-sj))'ngil ri!si!’

Tm+Sm>0

where the sum is finite since G is of step s, and we have used the following notation:
npst.. glmpSm) = e, lg, h’ h,---lh,--1glg, - lg, [h, h’...h 1.
K4 8 =18 [gv A [h,---1g [gv P 11---1]

g

r $1 'm Sm

Thus, we can see that

where

2 0, 1 : 0 1 :
X, ; =X, ; + X, ; + (homogeneous polynomial of {x, ;}r<r,{X,, ;},<r of weighted degree r).

Therefore a polynomial of weighted degree d precomposed with a left translation is still of weighted
degree d.) This definition of «/; is in contrast from [FO20a], where they only considered horizontal
polynomials, i.e., polynomials that depend only on the ‘horizontal coordinates’ x1,1,---, X1 ,; here we
are allowing for non-horizontal coordinates, provided they satisfy the weighted degree condition.

For alocally integrable function f: G— R, xe Gand r >0, let Ai, f denote the unique element of <7,
such that

/ fm- Ai,f(y))A(y)dy =0, VAecd,.
B, (x)

For example, A?C’ +f = {f)B, ), the average of f on B,(x), and a formula for A}C’ . f is given below in (54).
We measure how well A;‘g’ - f approximates f in the ball B, (x) by the following quantity:

Bf.d,qBr(x) = (][

B, (x

1/q
If) - A2 fFplldy| , 1<g<oo.
)

Theorem 22 (Dorronsoro’s theorem for Carnot groups). Letl < p <oo, a >0, and
min{p,2}n
< {p,2}ny,

ny —min{p,2}’
Then forall f € LP(G),

L] ] (B(»Zﬂ)
c\Jo Lr® flalqiBri r

in the sense that f € Sh(G) if and only if the left-hand side of @) is finite, in which case the above relation
holds.

1=

1/p

pl2
dp(x)) =G,a,p.q ||(—Ap)“/2f||Ln(G)- (8)

Our proof of Theorem[22is based on Dorronsoro’s original proof and adds on ingredients from
Fissler and Orponen’s proof [FO20a]. Actually, in the case of a = 1 and G = H2**! there is a simpler proof
of Dorronsoro’s theorem involving the Fourier transform [Azz16, Subsection 7.318 1t seems likely that

6] thank Ian Fleschler for pointing out this reference.
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there would be a similar simpler proof of Theorem 22/ for a = 1, but we have not pursued this direction
since we can obtain the full range a > 0 with our proof.

Remark 23. Fissler and Orponen'’s version of the Dorronsoro theorem for Heisenberg
groups states the < portion of the above inequality @) for f € SH(G) in the case G = H***! and 0 < a < 2.
(They did not prove the 2 portion because it is not needed when proving the vertical versus horizontal
inequalities.) The restriction0 < a < 2 was necessary because they were approximating by horizontal poly-
nomials, i.e., polynomials that depend only on the horizontal coordinates; in the range 0 < a < 2 our
formulation of Theorem[22 agrees with that of because then <) is precisely the family of hori-
zontal polynomials. To see why the restriction 0 < a < 2 is necessary when we consider only horizontal
polynomials, let « = 2, and suppose <f; were defined as the set of horizontal polynomials of degree at most
d. In the case of the Heisenberg group H***! the group structure is given by

k k
exp(Z(x?le +399,,) +2°0, ) exp(Z(x}Gxi +y10y,)+ zlaz)
i=1 i=1

k
:exp(z((x?+xl1)6xi+(y?+y})6y)+(z +z +22(x yl - X7 yl))a )
i i=1

and thus the left-invariant horizontal vector fields are given by
0 yi 0 0 xi 0 .
Xi=—+"—, Yi=——-———, =1,k
Tox; 202 oy 20z

so that the Laplacian is given by

k ( 52 52 52 02

k
A=Y (XE+YD=)

0°
2_
= — | ox 2 ¥ ay 2 Vioxi0z aya ) Z(x tViga

Let f : H***1 — R be a function which is smooth, supported on B, and agrees with the function z on B.
Clearly ||(=N)*"? fll1p(q) is finite. However, for r € (0, %), Agrf = Agrz = 0 because B, is symmetric about
reflection with respect to the plane z = 0; thus

1/q
ﬁf,d,q(Br)=(][ lzlqdu) =<G,q 1"
B,

Since <y is invariant under left-translation and left-translation is measure-preserving, at
Lo
p=exp|Y (Y0, +1%9,)+2°0,| € B2
i=1
we have

1 k
AS f=2"+ 5 2 Vi =Xy BraqBr)=PraqBr)=cqr*
i=1

Therefore, the left-hand side of (8) is bounded below by

/ /1,2 2 4, p/Zd . p S /1,2 g |2
- = —_ = 0Q.
Bia \J0 r # Gq HLP1/2 o rit2@2

Thus @) fails to hold when a = 2 when <4 is restricted to horizontal polynomials.

r_aﬁf,LaJ,q(Br(x))

Of course, the purpose of the Dorronsoro Theorem [22] in this paper is to prove the vertical versus
horizontal inequality of Theorem [I7] The proof of Theorem [I7 from Theorem [22]is given in Section [6]
and uses the special case of a = 1 of Theorem[221along with the fact that |(~A,)'2 fll 1) = IVl Gyt
[CRTNOI] (52)] to see that it is enough to upper bound the left-hand side of (@) by the left-hand side of
8.
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However, one may wonder what vertical versus horizontal inequalities emerge when we don’t special-
ize to @ = 1. In this case, we obtain fractional order generalizations of Theorem[l

Theorem24. Letl<p<2,a>0,neN,andlet f € Sz(G). Letv e exp(Vig/n)+19---@ V) withdg(v,eg) = 1.

m 1L

whereforge G and F : G — R, AgF(x) := F(xg) — F(x) denotes the finite difference.

1/2
2P dr al2
Sepan 1A fllzee), 9)

p
AL ) f(h)') dp(h)

The simple example n =1 is given as follows.

Example 25. Letl<p<2,a>0,andletf e Sg(G). Letveexp(Vigj+19®--- @ Vi) withdg(v,eg) =1. Then

(/OO 2/p dr)l/Z
0

-

The case G = H?**!, n =1, 0 < a < 2 of Example[25 has been obtained in [FO20b].

In the above, the Dorronsoro Theorem[2ZZ2lwas used for nonembeddings, but there are also other appli-
cations. For example, the case of the Heisenberg groups H***1, k > 1, due to [FO20al, is used in the work
{1it stands to reason that our more general result will have similar applications, but we defer this
to future investigations.

Sepa =80 fllir .-

/(If(h)—f(hér(v))l
G a

r

p
) d,u(h)]

1.2. L!-distortion: vertical perimeter versus horizontal perimeter. Given the discussion so far, one
may ask whether the results of this paper follows for L! (0)-targets. Since ¢! is not uniformly convex, our
results in this paper do not apply; in fact, that general nonabelian simply connected nilpotent Lie groups
G do not embed bilipschitzly into L! spaces was proven only recently by Eriksson-Bique, Gartland, Le
Donne, Naples, and Nicolussi-Golo [EBGLD*21]. For the Heisenberg group this was proven previously
by Cheeger and Kleiner [CK10].

The results of this paper give quantitative nonembeddability of nonabelian simply connected nilpo-
tent Lie groups into uniformly convex spaces. In this subsection, which closely follows Section 4 of
ILNT14], we will present hypothetical analogues of the results of this paper for quantitative nonembed-
dability into L!.

Theorem [3 states in the case X = R and p € (1, g] that for every smooth and compactly supported
f:G—=R,

00 a4t ’q o 1/p
/ ( / |f(huf)—f(h)|pdu(h)) T SeP-D - ( / Ivrm|? duty) . (0)
0 G G 2

The constant (p —1)'/97! is unbounded as p — 1; nevertheless, we ask whether the endpoint case p = 1
of does hold true.

Question 26. Let G be a nonabelian simply connected nilpotent Lie group, and let v € Z(G) be as in The-
orem[3 For which exponents q = 1 does every smooth and compactly supported f : G — R satisfy

o0 a qr Y9
(/ (/ |f(hvt)—f(h)|dp(h)) 1+—q,s) 5G,q/||Vf(h)H€kdu(h). (11)
0 G t G 2

Similarly, we may ask the following question.

71 thank Professor Tuomas Orponen for pointing out this fact.
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Question 27. Let T be a not virtually abelian finitely generated group of polynomial growth. Choose vr
and s > 0 as in Theorem[@ For which exponents q = 1 do there exist ¢ = ¢(I') € N such that for any n € N
and f : T — L' we have the following?
" 1 1/q

Y s 2 G- f@IL | Sre X X IfG@ - f@lp.

k=1 x€Bh xeBL, aes

By the discretization argument of Section 4] an exponent g that answers Question 26l positively also
answers Question 27l positively.

Because the case g = oo formally holds for Question [26] (see Remark [I8), it is clear that the set of g
that satisfies Question 28 is either of the form (gg,00) or [gg,00) for some gg € [1,00] depending on G.
The exponent range is [4,00) for G = H? and is [2,00) for G = H¥, k = 5 [NY18]. We wish to know
whether there are finite exponents ¢ satisfying (I1), since then not only would we have a quantitative
proof of [EBGLD*21], but we would also have quantitative nonembeddability statements analogous to
Theorem[I0, namely that if N, ,, is a r.-covering of B,,, r; = 21y, 11,12 > 1, then

¢1(Ny, r,) 26,q log(ri/mo) 4.

Also, if T is a not virtually abelian finitely generated group of polynomial growth that is quasi-isometric
to G, we would have
c1(BY) 2r,q logm)''9, n=2.
By the co-area formula it suffices to prove (II) when f is an indicator of a measurable set A < G, in
which case the right-hand side of (IT) is interpreted as the horizontal perimeter PER(A) of A (see
and Section 2] for a precise definition).

Definition 28 (Vertical perimeter at scale ¢ INY18]). Let ve Z(G) be as in Theorem[3. Let A< G be
measurable and t € (0,00). The vertical perimeter v,(A) of A at scale t is defined as the quantity

vi(A=p({heA: hv'¢ A or hv~'¢A}). (12)
By this definition, we may reformulate Question28into an isoperimetric inequality.

Question 29. For which exponents q is it true that for every measurable A < G one has

(/O ﬁdt) <6,4 PER(A). (13)

Of course, the set of g that satisfies Question 29 is the same as that of Question In light of the
nonembeddability result [EBGLD*21] and the situation in the Heisenberg group, we make the following
conjecture.

Conjecture 30. There exist finite exponents q that answer Questions2dand[29 positively, and the infimum
qgc among such q is attained.

Conditioned on Conjecture 30} we would have for a (12, Q(r2))-net Ny, ,, of B, where rj,r, > 1 with
r = 2ry, that ¢1(Ny,r,) 26 (log(rllrz))” 9¢, and for a not virtually abelian finitely generated group of
polynomial growth T we would have c¢;(BL) >r (logn)'/9¢, n = 2. However, for the 5 or higher dimen-
sional Heisenberg groups H?**!, k > 2, with gypr1 = 2 we have the matching upper bounds c; (N, ,) <

2k+1
Vlog(r1/r2) and ¢ (BLI;HZ ) < /logn by the Assouad embedding theorem, while for the 3-dimensional

3
Heisenberg group H® we have the matching upper bound c; (N, ,) < (log(r1/72))* and ¢; (B'7) < (log )14
by Theorem 3.1]. We thus pose the following question as well.

Question 31. For a (r2,Q(r2))-net Ny, , of By,, does ¢1(Ny, r,) =¢ (log(r1/r2))Y96, where r1,r, > 1 with
r1 = 2rp? Furthermore, let ' be a not virtually abelian finitely generated group of polynomial growth
which is quasi-isometric to G. Then does c, (Bg, dw) =¢ (log mYac, p =22
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2. PROOF OF THEOREM [5f DIFFERENTIATION ALONG RANDOM PATHS

We will prove a theorem slightly more general than Theorems[Hland[I3] namely TheoremB2lbelow. We
first explain the terminology behind the statements.

ALie group G is said to be unimodular if its left-invariant Haar measure p is also right-invariant. Given
left-invariant vector fields Xi,---, X, the pointwise span of X, ---, X} forms a left-invariant vector sub-
bundle B over G, and on each fibre of the vector bundle B we may define a left-invariant Euclidean norml]
|-| that has Xj,---, X} as an orthonormal basis (this generalizes our earlier choice of X, -+, X}, which we
took to be a basis at e in the setting of nilpotent Lie groups and a basis of V] in the case of Carnot
groups). We may define the associated sub-Riemannian distance as the Carnot-Carathéodory distance
associated to Bto|-|, i.e.,

1
dc(p,q):zinf{/ IY(t)Idt:yeC;‘Jv([O,I];G),y(O)=p,7(1)=q,7€B}, p,q€G,
0

If Xj,---, X} and their brackets generate g, and if G is connected, then dg(:,-) is finite everywhere. The
center Z(g) of the Lie algebra (g, [,]) of G consists of elements v € g such that [g,h] =0 for all h € g, and
has the property that if v € Z(g) then exp(v) € Z(G), the group theoretic center of G.

The following is an extension of Theorems [Bland I3} it is clear that Theorem [32]implies Theorems
and[I3l

Theorem 32. Let G be a unimodular Lie group with Haar measure [, left-invariant vector fields X3, -+, X,
and associated sub-Riemannian distance dg(-,-). Suppose there is an element v € Z(g) such that

dglexp(tv),eq) <t Vt>0

for some real number p > 1 and such that there is a subset S of G with measure v such that the push-
forward of the product measure of v and the Lebesgue measure of R under the map S xR — G, (s, t) —
sexp(tv) is the Haar measure (L.

Suppose that p € (1,00) and q € [2,00). Let (X, || - || x) be a Banach space with K;(X) <oo. If p = q, then
every smooth and compactly supported f : G — X satisfies

< [ (If(hexp(tv) - f(M)lx? an\'’? _ p ) 1p
(/0 /G( ttle ) d'u(h)T) 5/t>—1K"(X)(/G”Vf(h)”ﬂ;“uod’u(h)) -

Ifp < g, and if for any t > 0 we havelim,_.oc ({(By+/)/ u(B;) = 1, then

/00(/ (llf(hEXp(tl/))—f(h)")()pd (h))q/pﬂ 1/q
o \Ug ay K t

1/p
p 1/g-1 p
< ——max{(p— -1 Kk (x \Vi 1

(15)

The hypothesis for Theorem 32]is satisfied when G is a simply connected nilpotent group. The prod-
uct decomposition of the Haar measure easily follows from that of the Lebesgue measure on R"”. The
distance requirement follows by [BLD12, Proposition 2.13] and Theorem 2.1], which tells us that
if ze Z(g) \ {0} then

tMsor=1,

dg(exp(tv),eq) =¢ {t”r, 0=i<l, (16)

8Again, we could also take any general left-invariant norm on B, in which case the distance is sub-Finsler. Compared to the
sub-Riemannian case, the resulting distance d; is then distorted by a factor of at most \/dim V; by the John ellipsoid theorem
[Joh48], and the results of this paper follow up to multiplicative factors of y/dim V.
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where s = 2 is the nilpotency step of G and r is the smallest integer that v € [B,[B,---, B]] (recall B is the
—————

r times

left-invariant bundle spanned by X,---, X;). By applying Theorem [32lwith p = s and p = max{r, 1 + ¢},
we obtain the following.

Corollary 33. Let G be a nonabelian simply connected nilpotent Lie group with left-invariant vector fields
Xq,-++, Xy such that the X;’s and their brackets generate g. Let v € Z(g) \ {0}. Suppose that p € (1,00) and
q € [2,00). Let (X, |- |l x) be a Banach space with K;(X) < oo, and let [ : G — X be smooth and compactly
supported.

(1) Let v e Z(g) \ {0} be normalized so that dg(v',eg) < t''S for t > 0, where s is the nilpotency step of

G. Then
o ty _ p max{p,q}/p 1/max{p,q}
Nl P
1 G s t

1/p
< max{(p -1V, K, (X} (/ IvFm d,u(h)) .
G 2

(2) Let r be the smallest integer that v € [B,[B,---,Bl]. If r 2 2, and if v € Z(g) \ {0} is normalized so
—_——

(17)

r times

that dg(v',eq) < tV" fort > 0. Then

! ||f(hvt) —f(h) ||X Pd max{p,q}/p dt 1/max{p,q}
1r w(h) “er
0 G t "

1/p
Smax{(p—n”q‘%Kq(XH( / HVﬂh)HZk(X)du(h)) :
G 2

Ifr =1, then for any e > 0, ifv € Z(g) \ {0} is normalized so that dg(v',eg) < t'/17€ for t > 0, then

1 hv') = f(h p max{p,q}/p dt
(/ (/(Ilf( vJ(Hf)( )nx) du(h)) dt
0o g pee t

l+e 1/g-1 P 1P
< —max{(p-n"1 ,Kq(X)}(/ vl d,u(h)) :
£ G 20

(18)

)l/max{p,q}

(19)

Based on these theorems, we have the following nonembeddability statements.

Theorem 34. Let the Lie group G, left-invariant vector fields X3, - - , Xy, and v € Z(g) satisfy the hypotheses
of Theorem[32 Suppose Xy,---, X and their brackets generate g. Let X be a q-uniformly convex Banach
space, with q = 2.
(1) Ifdg(exp(tv),eg) =g t''° for0 < t < 1 for some p > 1, then any nonempty open subset U of G fails
to embed bilipschitzly into X.
@) Ifdg(exp(tv),eg) =g t''P for t = 1 for some p > 1, and if the Haar measure j1 of G is close to being
Ahlfors regular at large scales in the sense that for any constant ¢’ = 1

H(BCII')/H(BI') :G 1; r= ]-r

thencx(By) 26 ’)T_l . m}?qgi&))”q forr =Qg). In particular, G fails to bilipschitzly embed into X. We

have c,(B,) = (logr)!/™&P2 for1 < p < co.

Indeed, for (1), we may assume by translation that B, c U forsome r > 0. If f : U — X were a bilipschitz
embedding, dg(x,y) < | f(x)- f(Mlx < Ddg(x,y), x,y € U, we may assume by translation that f(eg) = 0.
Multiplying f by a smooth cutoff function, we may construct F : G — X which is Lipschitz, agrees with f

on B;/3, and is supported on By;/3. By a smooth approximation argument, we may apply (I4) to F. Let
18



c1,¢2 > 0 be such that ¢ 1P < dg(exp(tv), eg) < cot/P for 0 < £ < 1. Then the right-hand side of (I4) is a
finite quantity, whereas the left-hand side is at least
rp/cgﬁ” dt liq
= (u(Br/e) / cf ) = oo,
0

r”/cgﬁ” _ q
/ / (nf(hexp(rv)) f(h)llx) autn ! di
0 By 16 t'p r t

giving a contradiction.

For (2), if f: B — X satisfied dg(x, y) < | f(x) = f(M) | x < Ddg(x,y) for x, y € B, and, then translating
and multiplying f by a cutoff function we may construct F : G — X which is 3D-Lipschitz, agrees with
f on B,/», and is supported on B,. Again, let ¢, c, > 0 be such that c; t'/? < dg(exp(tv), eg) < cot'P for
t > 1. Applying (I4), we have

P/ char _ q
1 BrM

1/q

1/q

tl/p

1/q
5%&,(}0 ( /B ”VF“ZW)W) STe %Kq(X)u(Br)“qD.

This gives the stated estimate.
By (I6), we have the following.

Corollary 35. Let G be a nonabelian simply connected nilpotent Lie group with left-invariant vector fields
Xq,-++, Xy such that the X;’s and their brackets generate g. Suppose that q € [2,00) and let (X, | - |lx) be a
Banach space with K;(X) < oo.

(D If Z(g) € span{X,---, Xy}, then any nonempty open subset U of G fails to embed bilipschitzly into
X

. !
(2) If Z(g) S spaniXy,--, Xi}, we have cx (By) > 280"

26 KX forr = 2. In particular, G fails to bilipschit-
zly embed into X.

Before we begin the proof of Theorem[32] for motivation we begin by proving Remark[I8 which states
that the case g = oo of Theorem [I7formally holds.

Proof of Remark[I8 Tt is enough to prove that, for each r > 0,

/ (I f(h) = f(hé,(v)] p
G r

=IVf G-

p
) du(h)

Lety:[0,r] — G be a piecewise smooth horizontal curve of unit speed connecting e to 6 (v).Then

If(h)—f(hér(V))IS/ IVf(hy(S))~dLh7(S)|dSS/ IVf(hy(s)lds.
0 0

Thus, by Jensen’s inequality and right-invariance of the Haar measure p,

h) - f(h6, ror ’
/(lf() Fh, )] _// IV Fhy ()P dsdp(h)
G rJcJo

<
-
and we are done. O

1/p
= ||Vf||Lp(G;[§)»

p
) du(h)

Likewise, it is not hard to obtain a proof of the g = co case of Theorem[32]by the above proof. This proof
basically just takes a path from h to hd,(v) and differentiates f along that path; however, the resulting
inequality is weak. To make up for this weakness, we will choose over a random distribution of paths,
the randomness arising from a heat flow on the line spanned by v. We will then apply the above proof
method to each of those random paths (in Lemma[37). This will result in an upper bound given in terms
of a convolution of V f with a derivative of the heat kernel, which we treat using Littlewood-Paley-Stein
g-function estimates. This proof method is borrowed from and extends that of [LN14].

We set some notation and terminology.
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Recall there is v € Z(g) and a subset S of G with measure v such that the push-forward of the product
measure of v and the Lebesgue measure of R under the map S xR — G, (s,t) — sexp(tv) is the Haar
measure p. We denote v’ := exp(tv) € G. For p € [1,00), the Lebesgue-Bochner spaces

LP(R,Lebesgue; X) = LP(R; X), LP(S,v;X)=LP(S;X), LP(G,uw;X)=L"(G;X)
are defined. For f € L”(G; X) define fV:R— LP(S; X) by
fl(@x) = f(xv®), x€8, zeR. (20)

Given 1 € L' (R), define the convolution y  f := w * fV € LP(G; X),

v = f(xv®) ::/w(u)f(xvz_”)dueX.
R

So y * f is the usual group convolution of f with the measure supported on exp(span(v)) whose density
isy.
We will take 1 to be the heat kernel or its derivatives. The heat kernel on R is defined for £ >0, x e R as

2

h(x) L e i, xeR
X) = L, i
! 2Vt
and has derivatives
2
. xX°—2t x2 X 2
hi(x)=0:h;(x)=————e 4, 0 h/(x)=—————e #
t(x) =0¢h(x) Tk whe(X) W7 E
Then for a universal constant C,
o0 1 1\w@nle . C 1
1/p _ — —
x"Phix)dx=T|=-+— , Nk =—, |0.h =— t>0. 21
/0 ¢ (X) (2 Zp) o 17l 11wy ; 10xhell 1w NeT 21)

We now begin the proof of Theorem B2l First, note that the case p > g of Theorem [3Z] follows from
that of p = g, because K;(X) = K, (X). Thus, it is enough to consider the cases p = g and p < gq. The case
p < g will also be shown to follow from that of p = g, albeit in a more complicated way. We prove the
case p = q first.

2.1. Thecase p = q.
2.1.1. Step 1. The first step is to bound the vertical variations f(gv’) — f(g) by the quantities /; * f. This
corresponds to Lemma 2.6 of [LN14], which is a modification of the corresponding statement in [Ste16].

Lemma 36 (Analogue of [LN14} Lemma 2.6]). Fix p € [1,00) and let (X, || -|x) be a Banach space. Every
smooth and compactly supported f : G — X satisfies

1/p

o) dt 1/p 0 0 apo1 .
(/O /G”f(gl}t)_f(g)”f(dgtlw/p) gp_l(/o P 1||ht*f”’zp(G;X)dt : (22)

This is the part of the argument that uses that p > 1. In the nilpotent setting, this means that our group
G has nilpotency step s > 1 and hence is nonabelian.

Proof. For every g€ G and t >0 we have

flgvh)—f(g) =[f(gv)—hp* f(gv)]+[he* f(gv)—he * f(©]+[he * f(g) - f(g)]
20



so by the triangle inequality
00 dt 1/p 00 dt 1/p
t P t HP
(/0 /Gllf(gv)—f(g)llxdgm) S(/O /Gllf(gv)—htz*f(gv)llxdgtlwlp)
00 , » dt 1/p
+(/0 /G”htz*f(gl/ )_htz *f(g)”ngm)
00 » dt 1/p
+(/0 /Gllhﬂ*f(g)—f(g)llxdgm) .
We bound each term by the right-hand side of 22). First,
(o9} . _h ; pd dt l/p
; GIIf(gv )—hpex f(gUI)ll 8 T pip
o0 P |
B (/0 / dgt“P’P)
G X
o0 2 p Up
. dt
= (/0 (/0 Iz £l o i dT) W)

1-1/ 0 ploy p v
<2 ”p(/ £ IIht*fIILp(G;X)dt) :
0

t2
/ h, * f(gvt)dr
0

where in the first inequality we used the triangle inequality in L”(G; X) and the fact that the Haar measure
on G is right-invariant, and in the second inequality we used Hardy’s inequality [HLP* 52, Theorem 330]

(/Ooo x-V/Oxf(t)dt

with v = % + %. The third term of the right-hand side of is bounded using the same method.

We now bound the second term of the right-hand side of 22). By the semigroup property we have
hy = hyp * hyjo for t >0, hence hy = hyyo * hyyp and so

dx) < ( / x1=VP f(x)pdx) , V> =, (23)
v—1/p o p

0/0xh;= axht =0xhyo* ht/Z-

Since by Young'’s inequality
1
10xh: * fllrrGx) < 10chell gyl fllrex) = —=1flr@G:x), (24)

Ve

we have lim;_., 0, h; * f =0in LP(G; X), and thus
{o0) o0 .
axhtz”‘f:_/ ar(axhr*f)dT:_/ athIZ*hTIZ*de»
t2 t2

and we may write

t t oo}
hgp *f(gvt)—htz*f(g)=/ Oxhp *f(gl}u)du:—/ / axhr/z*hr/z*f(gy”)d‘rdu,
0 0 Jr?
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Observe that for every ¢ € (0,00) we have

© t p dt 1P
(/O /c”htz * f(gv')—hp *f(g)IIngW)
o p 1/p
dat
< / / A8 =
o Jo x o rirplp
00 t oo . p 1/p P dat 1p
u
/(; (/0 /tz (/G ”0th/2 * Ry *f(gv )”ng) drdu) W)
({7 Ny d _dt_ "
= ; t p ” x M2 * r/z*f)”Ln(G;X) T A+plp
© 1 00 ) p Lp
/ i’ (/2 ”axhrlz * Nypp f”LP(G;X) dT) dt)
0 r

® plo ' P v
(/ P2 ||6xht/2 * Ryp * f”U’(G;X) dt) ’
0

t 00
/ / Oxhrjo * hypp * f(gvdrdu
0 Jr?

IA

IA

where the second inequality uses the triangle inequality in L”(G; X), the first equality uses the right-
invariance of the Haar measure p, and the fourth inequality uses the second form of Hardy’s inequality

Theorem 330]
p 1/p o) 1/p
dt) < (/ x"’(1+")f(x)pdx) , v>-1/p (25)

(/0 [t/t fwdu = i Uy

with v = pz—_pl - %. (This is the step where we use p > 1.) By Young’s inequality,
. . 2 .
10xhis2 * hyso * fllrGx) < 10xhe2ll i@l * fllrGx =1/ p— A2 * fllerGx)-
Therefore
00 dt 1/p 23/2—1/p—1/2pp g1 1/p
t p p 1 p
(/0 /;Hhtz*f(gl/ )—htz *f(g)”ngth/p < \/J_I(p—l) (/(; tF 2 ”ht*f”LP(G;X)dt

This completes the proof. O

2.1.2. Step 2. We will next bound f, * f using h, * V f. We first prove the following lemma.

Lemma 37. Suppose that p € [1,00) and t € (0,00). Then for every Banach space (X, | - | x) and every
smooth and compactly supported f : G — X we have

|17 5 f = o = e S L Vf”LP(G;é’;(X))' (26)

Proof. Recalling the semigroup property h,; = h; * h;, we have
By f(8) = o+ f(8)=hex f(g)—hyxhyx f(g) = / he(w) (e * ()= Iy * flgu™™)) du. (27)
R

For u € [0,00), let v, : [0,dg(v% eg)] — G be a measurable family of geodesics parametrized by ar-
clength joining eg to v*. (Such a measurable family exists by the Aumann measurable selection theorem
Theorem 6.9.13]). For every u € [0,00) and g € G,

hyx f(g)—hy* (g™ = hy* flgv Yyulde (v, eq) — hy + f(gv™™)

dg(v*,eq) .
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Because 7, is horizontal and parametrized by arclength, and because convolution with %, commutes
with V (this is because v is in the center of G), we have for every 6 € [0, dg(vY, eg)]

|5 F&r a0 S s V0™ v e 8)

We thus obtain

(e o]

. . PP
( hy(w) (he = f(8)—hex f(gv™")) du dg)

dg(v",eq) 1/p
Nc/ / t(u)(/ [« VU Y uO i g) dodu

- (/ 1/2pht(u)du) e VIl ek ox
0

2D-) 12 .
< ot p||ht*vf||LP(G;[§(X))’

where in the first equality we used the right-invariance of the Haar measure on G.
Similarly, for u € (—o0, 0],

. . dg(v",ec)
hex f(g)—he = f(gv™*) = —/ 0 ht*f(gy £ (0)do,
0

and by the same reasoning,

0 p 1/p
(/ / he() (e f(8) ~hex flgv™™) dul| dg| <21V Fll ooy
G —00 X
These two estimates along with (Z7) gives the stated inequality. O

Now we bound h; * f using h; * Vf.

Lemma 38. Fix p € [1,00). For every Banach space (X, | - |x), every smooth and compactly supported
f:G— X satisfies

1/p

< pEloy; p 1 1
(/0 L ”ht*f"LP(G;X)dt) 50(/0 e ”ht*vf”u?czkxndt

Proof. By Young's inequality,

. . CD-Gi 1
Mhe* fllerxy < Mhdlpelfllrex = —”f”LP(G X))

0 lim_.o 1y * f=0in LP(G; X). Therefore

ht*f: Z (hzm—lt*f—hzmt*f),
m=1

23



from which it follows that

0o p2l 1 »

(/0 77 ||y f”LP(G;X) at
[e) 1/p
Z (/ - “Hgmor g x f =g *f”fP(G;X)dt)

f e Yem=tnPe | i v
2 (/ - 1t*Vf||U,(G€k(X))dt)

1/p
( | 2m=D2p= 1)/2p)(/ 7" 1||ht*Vf||Lp(Gek(X))dt) '

where the second inequality uses Lemmal[37] U

1/p

2.1.3. Step 3. We are now ready to prove the p = g case of Theorem[32]
Given a Banach space (B, | - |g), for every function ¢ € LP (R;B) its generalized Hardy-Littlewood g-
function &, (¢) : R — [0,00] is defined as follows.

o) . 1/p
B (x) = ( / P e x g fde| 29)
0

By [HIN19, Theorem 17], which is a quantitative version of] Theorem 2.1] and Theorem
2]

PeLPRB) = (&, D) pmp < Kp® IOl @m- (30)

We will apply toB = L”(S;ﬁg(X)). By Corollary 6.4],

1-1/p 3

50p

1-1/p
_ <
(p- 1)3) KpO S KX,

K, (e5(X)) < (

2
o
Kp(®) < ((p— 1)2)

since p = 2.
Recalling (20), we choose ¢ = (Vf)" : R — B. Then,

(/0 tpIHht*vf”LnszX))dt)l/p (// 7 % p(2)]|) dz_)
([ (t;|h,*¢(z)”B)p7dz)1,p

=&, @) ”LP([R;[EB)
S Kp(X) ||</)||LP([R;[EB) = KP(X)”Vf”LP(G;ﬂ’ZC(X))'

By this discussion and Lemmas[37landB8] the proof for the case p = g is complete.

IMore precisely, proves inequality for ‘subordinated’ semigroups, such as the Poisson semigroup subordinated
by the heat semigroup, and [Xu20] proves the inequality for general symmetric diffusion semigroups. The work [HNT9] has the
advantage that it obtains, for the heat semigroup, the explicit constant mp (B), the martingale cotype p constant of B, which in
turn is bounded by K, (B) by [Pis75]. Since and were unavailable when was written, worked with
the Poisson semigroup. We could have also started with the Poisson semigroup P;, which gives the same constant in (30) due
to semigroup subordination. See Appendix A] for a detailed account of this discussion.
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2.2. The case p < qg. The following is an imitation of the argument of [NY20] Appendix A]. Recall that for
all £>0, lim,_oo (B 1)/ (By) = 1.

For M > 1, let By; : G — [0,1] be an O(1)-Lipschitz smooth bump function with §5; = 1 on By, and
supp Ba € Byr+1- For f: G — X, define Fy;: G — LP(G; E) by

Fy(h)(g) =Pu(h) f(gh), g hed.
Then by F; is compactly supported and smooth, so by the p = g case,

00 dt l/q o
(/0 ||D FM”L“(G L2 (G X)) £ r S _,0 _ qu(Lp(G; X))||VFM||Lq(G;[’;’(Ln(G;X)))

. (gv')—-f(g)
where D! is shorthand for D, f(g) = fev)-fig)

tl/p
For g € (1,2], the g-uniform smoothness constant of X is defined by

1/
IIX+y||§’(+||x—yII§’() q}
- .

Sq(X)::inf{K>0:Vx,y€E(lellq + Kyl = (

Then we have

p (g-l/q
Kq(LP(G; X)) = Sq/(q-n(LP'P7V (G X™) < max{ (—)

po1 ,Sq/(q—l)(X*)}:max{(p—l)rl,Kq(X)}

Where the equality and = follow from [BCL94, Lemma 5] and the inequality follows from equation (4.4)
of [Nao14]. Therefore we have

e dr\'7 _ p 1/g-1
(\/0 ”DVFM”L”’(G;LP(G;X))T) < Fmax{(p ]-) 9 ;Kq(E)}”VFM”LfI(G;[S(LP(G;X)))' (31)

As
VFy(h)(g) = f(gh)VBar(h) + By (M)Vf(gh)
from left-invariance of V, we have (with the normalization u(B;) =1)

IVEx (W gk 10 (6,0 S W 12v 630 LBy \By (M) + IV fll 2630 1By (W), REG,
and thus (with the normalization pu(B;) = 1)
IV Enll oGk i S HBy \Ba I fll e Gixy + B IV Fll o G050 (32)

If 0 <t < M?®and h € By_,is, then hv' € By so Buy(h) = By(hv') = 1. Thus, for any h € By, s,
||D5FM(h)||Ln(G;X) = ||D,t}f||Lp(G;X). We have

3 1/ 3
I D}, FyllLa(GiLrG;x0) 2 Bpy—ps) NN Dy, fll v 6;x0,

andfor0< T < M,

d[‘)llq
(33)

r AR
/
(/0 ”D FM”Lq G;LP(G;X)) ¢ ) Z,U(BM—T)I q(/o ”DVf”Lp(GX) ‘

Combining (31), (32), and (33), we are left with

TS
dat
u(BM_T)”q( /0 10310 )

s ﬁ max{(p - D1, Ky 00} (Brrar \ Ba "1 Fll o0 + BB NV F Lo 00

forall 0 < T < M. Taking M — oo and then T — oo, we obtain the stated inequality. This completes the
proof of Theorem[321
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3. ProOF OF THEOREMS [ [2] 10} [IT], [14], AND [I5]AND COROLLARIES [3B]AND [ DISTORTION BOUNDS

In this section we prove Theorems[Iland2} Corollaries[Bland[] and Theorems[I0} [TT] T4land[I5l Theo-
rems [T} 10} [IT} T4 and M5 will follow from Theorem [} Theorem 2lwill follow from Theorem[6, and Corol-
lariesBland @ will follow from Theorems[Iland[2] respectively.

First we show the proof of Theorem[dlfrom Theorem[5l

Proof of Theoreml[ll from Theorem[3. Suppose f : B, — X satisfies dg(x,y) < [l f(x) — f(V)|lx < Ddg(x,y)
for x, y € B,. Translating and multiplying f by a cutoff function we may construct F : G — X which is
3D-Lipschitz, agrees with f on B, 2, and is supported on B,. Supposing Theorem[Bland applying (2), we
have, using || f(hv?) — f(h)llx = dg(v!,eq) > t'/P for t = 1,

s hv') = f(h)lx\* dt
/ / (Ilf( v)mf( )nx) du(h)_)
Br/4 4 r

1/q
<Kq(X)( / IVE( (X)du) <6 Kg(XuB)YD.

1/q

1(Bri) og(r* 149V <

But by Corollary 4.11], we have u(B;) =g r’™ for r = Q(1) for a fixed positive integer n;. We
therefore obtain Theorem[Il O

The proof of TheoremPlfrom Theorem[6lis similar.

Proof of Theorem[2 from Theorem[@ Let ¢ be as in Theorem[6l It is enough to show that cx(B(c+1)n) 2r

a?g’]?));)/q. Suppose that f : T — X satisfies dy(x,y) < [ f(x) — fMlx < Ddw(x,y) for all x,y € B-

Recall that

(c+1)n*

dW(Vll"C»er) =T kl/s» kEN)

and also that |B,,| = m"" for every m € N (see [BLD12} Theorem 1.1]). Thus, Theorem [6 applied to f
yields the following estimate.

n’ kq/s

1/q
) <r Ky(X)n™"1D, (34)

which gives Theorem 2 O

Proof of Corollary[d. The lower bound of Corollary[ follows from Theorem[2l The upper bound follows
from a version Theorem 5.1] of the Assouad embedding theorem [Ass83]:

cp(T,d} ™8 Sryp e ™ P2 1 g<e<,

1 1/2logn

Also, (B, ) is O(1)-bilipschitz equivalent to (B, dyy), so we have the upper bound. O

Proof of Corollaryla The lower bound of Corollary[Slfollows from Theorem[2l To show the upper bound,
we note that the proof of the aforementioned version Theorem 5.1] of the Assouad embedding
theorem [Ass83], with £ = produces a mapping ¥ : G — L” such that y is Og ((log R)!/max{p.21).
Lipschitz and satisfies

lw(g) —wh) i > de(g, ) ~1?1°8R o he G such that dg(g, h) = Q(1).

_1
2logR’

It is thus enough to construct a mapping ¢ : G — R? such that ¢ is O(1)-Lipschitz and
lp(g) — (M| 26 dc(g h), g heGsuchthatdg(g,h) <1,

for then @ ¢ : G — LP @ RY = LP gives the desired mapping.
Since G is Riemannian and exp : g — G is a diffeomorphism, exp is O(1)-bilipschitz on balls of radius
O(1). The idea is to ‘glue’ these mappings together to produce the mapping ¢.
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Let N be a (1,1)-net of G. Since G is doubling, there is a constant K such that N = Uf: | Ni, where N;
are 8-packings of G. Foreach i =1, -+, K extend the mapping

Ugen;§B2— g, hegBy—exp (g 'h)
to an O(log K)-Lipschitz mapping ¢; : G — g by [LNO05], and set ¢ = EBf:l ¢i. Then ¢ has the desired
properties. O
Proof of Theorem[IO Let N, ,, be an r,-covering of B, andlet f: N, ,,
dex, ) = f(x) = fWI =Ddg(x,y), X,y€ Ny r,.

By [LNO5] there is an extension F : G — X of f that is CDlog K-Lipschitz for a universal constant C > 0.
Let ¢ be a smooth bump function that equals 1 on B, is supported on By, and is O(1)-Lipschitz. Then
¢ = {F is O(Dlog K)-Lipschitz, equals F on B, and is supported on By,,. To apply Theorem[Blwith p = g,
we note that

— X be a mapping with

1/q
( / [9e|fy y dntn| - < VEDUog K)p(Bar,) 7.
On the other hand, for x € B2 and ¢ € (( (4+4CD10gK)rz)s

(r1/2)° since otherwise D > lcé(cr llolgzlg and the proofis complete), we have ¢(x) = F(x) and ([)(xvt) = F(xvh).

%ﬁogm)s’m/z)s] (we may assume (

Choosing ny, n, € N such that dg(x, ny) < rp, dg(xv’, np) < rp, we have

C
IF(xv)=Fx)| = | f(n1)—f (n2)|—2CDrslog K = d(n1, n,)—2CDrslogK = (Cy tY$=2r5)-2CDry log K > — 5 s,

Thus
o f q liq (n12)* q
(/ /(I|¢(hv)1/¢(h)llx) du(h)g) 2(/ / Cld (h)dt)
0 G /s t ((4+4c1(3:110g10r2)s By 24
Cyst/a (4+4CDlogK)r, \"4
> 12 (log(rl/Z)—log( c: & 2)) (B, )M
Thus by Theorem[Blwith p = ¢,
Cys'/a (4+4CDlogK)r,

1/q
(log(r1/2) —log( )) 1(Br,12)"9 < Kyg(X)VkD(log K)u(Ba) 9.

G
(4+4CDlogK)r2 ) >

Gvnln gnd the

1 log(rllrz), for otherwise D > T6CTogk

But we may also assume log(r;/2) —log(
proof is complete. Thus
C1s"9og(r1 /)" < Kq(X)VEDK? 710gK,

from which it follows that

< C st (log(ri /o))
VkK?9log K Kq(X)

Proof of Theorem[I1l Let N:= N, ., bea(c1,c2)-net of G andlet f: N — X be a mapping with

dgx, N e <|If(x) - fWI <Ddg(x,»)' "¢, x,yeN.

Then f is c; ® D-Lipschitz, so by [LN05] there is an extension F: G — X of f thatis Cc; ® Dlog K-Lipschitz
for a universal constant C > 0. Fix R > 0 sufficiently large, let { be a smooth bump function that equals
1 on Bg, is supported on Bog and is O(1)-Lipschitz. Then ¢ := {F is O(c, ® Dlog K)-Lipschitz, equals F on
Bpr and is supported on B,g. To apply Theorem[Blwith p = g, we note that
1/q
( / [V |? o duth)|  <Vke,*Dlog K)u(Bap) .
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On the other hand, for x € Bg/» and t € (8¢ ¢, *Dlog K)*'1=¢)/C3, (R/2)*] (this interval is nonempty since
we took R > 0 sufficiently large) (8¢ic,*DlogK)S'1=9)/C§ = 2°¢{C}, we have ¢(x) = F(x) and $p(xv’) =
F(xv"). Choosing ny, ny € N such that dg(x, n) < ¢y, dg(xv’, ny) < c1, we have

IF(xv") —Fx)| =l f(n1) - f(na)ll —2c1¢,°CDlogK = d(nl,nz)l_s—chcZ_ECDlogK
1-¢

C
> (C Y5 —2¢)' "¢ ~2¢1¢;*CDlogK > th“‘f)/s,

Thus
s - lq
(/m/ (ncp(huf) ~p() nx)q dt dt)”q N /(m) / " 2t
0 G t”s t - (8(3162_ED10gK)S/(1_E)/Cf BR/Z 461 tl+£q/s
Cl—&‘ s 1/q
> —14 (5 [Bcic;“DlogK)~e1'0=9)yc 1 - (R/2)‘”7]) ((Bry2)t9.
Thus by Theorem[Bwith p = g,
CI—E s 1/q
i (5 [(8cic;“DlogK) #1911 - (R/z)"f“]) H(Bri2)"T S Ky(X)Vke; “Dllog K p(Bag) .
Since R > 0 was arbitrarily large,
CI—ESI/C[
W (8c1c, Dlog K)¢/1=9/Cre < Ky (X)Vke; * DK 9log K.
It follows that

- Cl¢(col cy)es1=9Vd 1
DN k(l—e)/ZKZ(l—E)/qlogK Kq(X)l_Egl/q'
g

The proof of Theorem [I4]is similar to that of Theorem [I0] and the proof of Theorem [I5]is similar to
that of Theorem [I1] and we thus omit them. To see the dependence on the constants, we only need to
distinguish when K is used as the metric doubling constant or the measure doubling constant.

4. PROOF OF THEOREM [6f DISCRETIZATION

In this section, we prove Theorem[6]by discretizing the inequality of Theorem[5l

Finitely generated groups of polynomial growth have nilpotent subgroups of finite index [Gro81], so
let I’ < T be a finite index nilpotent subgroup. We first can see that it is enough to prove Theorem[@lfor I'/,
i.e., we may assume I is a not virtually abelian finitely generated nilpotent group. Indeed, the distance
requirement dy (vf, er) =g nl’S carries over from I' to I because a finitely generated word metric on a
group and its finite index subgroup are known to be quasi-isometric. Also, once we know (@) for I'" and
S’ < T, it automatically follows that it holds for I' and S > S’. (Observe that changing the generating set
only affects the right-hand side of B) up to universal constant factors.)

Let T:={x € I': 3n € Z-¢ such that x" = ep} be the torsion subgroup of I'". It is well-known that T
is a finite normal subgroup of I, so that I'"” := I/ T is a torsion-free finitely generated nilpotent group.
We now see that it is enough to prove Theorem[6] for ', i.e., we may assume T is a torsion-free finitely
generated nonabelian nilpotent group. Indeed, again the distance requirement dy (v, er) =g n!’s car-
ries over from I'” to I'" because a finitely generated word metric on a group and its quotient by a finite
normal subgroup are known to be quasi-isometric. Also, suppose we know @) for I and §” < T”. Let
S’ be the union of T and a set of representatives for S” in I, and let v be a representative for vp» in I”.
Let 7 : T — I'” denote the quotient map, and let C > 0 be such that n(BE (x) < Bgl'C (n(x)) for k € Z~ and

28



xeT"and 771 (BL () « BL, (x) for k€ Zo, ye T" and x € 771(y). Given f:T" — X, let [f]: T" — X be
given as

]' 1
fly=—= Y f, yeI”.
IT] vexiy)

Then

1/max{p,q}

s max{p,q}/p
1 k
(Z m( > ||f(xvr,)—f(X)||§) )
x(—:BE’

k=1

maxi{p,q}/p 1/ max{p,q}
) ) (35)

< ( :le S (ZB [(revby - traxvfn) - (r - @)

1/max{p,q}

k=1

. 1 max(p,q)/p
+ (Z T ( ZB A0 - [f]([x])”x) )

The second term is at most

s max{p,q}/py 1/ maxip,q}
2 1
(Z Jcl+maxip,qi/s ('TI Z I [f] (yvll“c") - [f] (J/) ”;) )
y

= <,

1/p
5rmax{(p—1)”‘7‘1,1<q(x>}( Yoy II[f](ya)—[f](y)llf()

I’ aeS"
yeBch

p 1/p
1
=max{(p-D"" L K,0H Y Y = 2 (flaa) = f()
yeBl, aes" | |xen*1(y) X
1/p
1
smax{(p-D"T K0 ¥ Y = Y |fxad)-fw’
et a8 1T ven i)
1/p
1
<max{(p- DY K,0H Y Zmﬂf(xa’)—f(x)”’; :
xeB!. a€$S"

cC2n

and is thus bounded by the right-hand side of @), where for a € S”, a’ € S’ denotes an element of 77! (a).
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It remains to show that the first term of the right-hand side of is bounded by the right-hand side
of @3). Indeed, it is equal to
p\maxip.qi/p

1/max{p,q}

1
o (Fecvf) - fecvfib) - flo+ fcb))
beT

n’ 1
Z Jcl+max{p,qi/s Z/
k=1 xEBE

s max{p,q}/p I/max{p,q}
< 3 1 zp_l k kb p b p
=\ X e 7 2, 2 (e - revkn|” + s - ran)y)
= xeBY beT
s max{p,q}/p~ 1/ max{p,q}
<| X e | o X X - sl
- fr? Jcl+max{p,q}/s |T| X

!
xeBT beT
cn

<r ( Y Y feo-fxb) Hi)

xeBI! beT
cn

where ¢’ > 0 is such that BY vk e Bg,'n forneNandk=1,---,n°"

This completes our reduction of Theorem[@l to proving it for I" being a torsion-free finitely generated
nonabelian nilpotent group. By the Malcev embedding theorem [Mal49], there exists a simply connected
nilpotent Lie group G, called the Malcev completion of I', such that I' embeds as a cocompact subgroup
of G. Because I' is nonabelian, G is nonabelian, so TheoremBlapplies to G.

There exist choices of s and vr as stated. It is enough to take v € Z(I') \ {er} with dw (v",er) =r n
for some integer s = 2. For example, let s denote the nilpotency step of G, i.e., the largest integer so that

[[G,G]---,G] is a nontrivial subgroup. If we choose vr € [[[,T]---,T] \{er} < Z(I') \ {er}, then
[ — [ —

1/s

s times s times
k 1/
dW(Vr,er) :I‘,yr k s, kEN

because by [BLD12, Theorem 1.3], IdW(vf, er) —d(;(vf‘, ec)| = Or,y, (d(;(vf, ec)!™%) for some fixed a = ag,
and dg(v¥, eg) =g k''* by [BLD12} Proposition 2.13].

Also, |BL,| =r m"™ for every m € N [BLDI12, Theorem 1.1], where ny, is given by the Bass-Guivarc’h
formula

S
np:= ) kdim|[[G,G]---,G]/[[G,G]---,G] |.
k=1

~ ~
k times k+1 times

The rest of this section follows closely the argument of Section 3 of [LN14].

Before we begin the proof of Theorem[6] we prove two metric-space valued local Poincaré inequali-
ties on T for preparation. Lemma 39 is an extension of the local Poincaré inequality of Kleiner
Thm. 2.2] and was essentially proven in Lemma 3.2] for all finitely generated groups. We repeat
the proof for completeness.

Lemma 39 (Analogue of [LN14| Lemma 3.2]). Fix p € [1,00) and n € N. Let (M, dy;) be a metric space. For
everyf:I' — M,
Y du(fe), fP =@mPIBy,l Y. Y du(f(xa), f(x)P.

x,y€B}, xeB! ae$

Proof. For every z € Bzrn choose s1(2),...,52,(2) € SU{er} such that z = s1(2)---s2,(2). Fori € {1,...,2n}
write w;(z) = s1(2)--- s;(z) and set wy(z) = er. By the triangle inequality and Holder’s inequality, for every
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x,y € BY, we have
2n—1

du(f (), FOP = @mP™ Y dy (f (xwi (x7'y)), f (xwi (x7' ) siea (x71 )7
i=0
Consequently,
2n—-1
Yo du(f@, fmP=emPt Y Y Y dy(f(xw;i(2), f (xw; (2) si+1 (2))7
x,y€B) zeB), i=1 xeB}
2n—1
=Pt Y Y Y du(f(©) fgsin(a))”
zeBl =0 geBlw;(2)
<P By, l-2n Y. Y dul(f(xa), f(0))P.
xeBl aes

0

The following lemma is an analogue of [LN14} Lemma 3.4], which was again proven essentially for all
finitely generated groups. A mapping f : ' — M is said to be finitely supported if there exists my € M
such that | f~1(M\ {mg})| < co.

Lemma 40 (Analogue of Lemma 3.4]). Fixp € [1,00) and neN. Let (M, dy;) be a metric space. For
every finitely supported f : T — M,
YN du(fx2), )P <nPIBLY. Y du(f(xa), f0)P.

xel' zeBY xel’ aeS

Proof. Let s; and w; be as in the proof of Lemma[39l By the triangle inequality and Holder’s inequality,

n—1
Yo N du(fxa), feNP =nP Y NN du (f (cwi (2), f (xwi (2) sie1 (2))7.

xel' zeBY xel' zeBl i=0

=nPIBy| Y. Y du(f(xa), f(x)P.

xel'aeS

0

With Lemmas [39] and we begin by discretizing the inequality of Theorem 5] as in the following
theorem. After this, we will localize the statement into that of Theorem[6] which states a local version of
Theorem[T]on ballsinT.

The following theorem corresponds to Theorem 3.3 of [LN14], whose proof is in turn a variant of the
proof of Claim 7.3 in [ANTI3]. We may state it in terms of discrete groups of polynomial growth.

Theorem 41 (Analogue of Theorem 3.3]). LetT be a not virtually abelian finitely generated group
of polynomial growth. There exist vr € I', se N with s =2, and ¢ = c¢(I') € N such that the following is true.
First, dw (vp, er) =r n'’s for n e N. Second, let p € (1,00) and q € [2,00). Suppose that (X, ||-|| x) is a Banach
space satisfying K;(X) < oco. Then for every finitely supported f :T — X we have

1/max{p,q}

k=1 xel

o 1 max{p,q}/p
(Z rmaxipails (Z IfGevy) —f(x)||§§) )

1/p
<t max{(p—- DY K, (X)} (Z Y lfxa) - f(x)nf;) :
x€l' aeS
Proof. With the same argument as in the beginning of this section, we may assume I" is a torsion-free
nonabelian finitely generated nilpotent group, and take vr and s as before.
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The idea of the proof is that given a finitely supported function f : T' — X, we extend it to a global
function F : G — X via a partition of unity, and then Theorem[Hlfor F will give Theorem ATl for f.

Let G be the Malcev completion of I'. Since I' is a co-compact lattice of G, there exists a compactly
supported smooth function y : G — [0, 1] with

YheG, ) x«(h)=1, (36)
xel’
where for each x € T, y, : G — X is given by y.(h) = y(x"'h), h € G. Let A = supp y; we may assume
A~ = A. Note that supp y, = xA and
JxA=G.
xel’

As A is compact, we may fix m € N for which A>2nT' < B,
Let f:T — X be finitely supported. Define F: G — X by

F(h):= ) xx(h)f(x). (37)
xel’
For afixed xeI" and h € x A, we have
Y Vxy(h) =0,
yerl

with Vy,(h) # 0 implying y~'h € suppVy < A, which implies y € hA™! < xA?, hence y € xB},. We thus
have the bound

IVFMW gy ={ 2 Vay(M(f )= fx)
yexBl, 17169
= ||Vx||L°°(G,[IZC) Z ”f(xZ) _f(x)”X

zeBY,

1/p
<r |B,Fn|1‘1’p( Y ||f(yz)—f(y)||§) :

zeBY,

By integrating over y A and summing over y €T,

1p 1/p 1/p
( /G ||VF(h)||§2k(X)dh) s(z ||VF(h)||§,§(X)dh) s;(z 2 ||f(yz)—f(y)||§)

erJyA er r
y l/y z€B,, (38)
Lemma P
St | X Y Ifxa) - fol]
xel' ae$S

Since I' induces a covering space action on G, we may find a bounded open neighborhood U < G of
eg such that Un (xU) = @ for all x e I'\ {er}. As v[ro'“ = {vlf : 7€ [0,1]} and U are bounded in G, we can
choose r € N such that (Uv%O’I]A) NI cBY. ForxeT, he xU, keN, and t € [k, k + 1], we have by and
G

F(hvh) = fxvf) = Y xw(hvb)(f (w) - f(xvf)).

wel
Every w € T that satisfies y,, (hv}) # 0 should have hvf € wA, and since A = A7'and vr € Z(G), we have
we hvtAc xvkUvI"" A, so that w € xvEBY. Therefore

1/p
IF(hvf) = feoP)lix Sr| X Ifxevfa) - fevpll

zeBL
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The case k = t =0 gives

1/p
||F(h)—f(x)||x§r(z ||f(xz)—f(x)||§) :

zeBY

Therefore by the triangle inequality,

1/p
£ G = FOlx Sr ||F(hv1€)—F(h)||X+( )3 (uf(xv{fz)—f(xu#)||§+||f(xz)—f(x)||§)) :

z€eBL

Integration over h € xU gives

1/p lp
If (xvP) = FOllx Sr ( / IE(hvl) - F(h) ||§;dh) +( Y (Ilf(xv’r‘z) — FEvDIR +1If(x2) - FO ;’()) :
xU z€BY

Summing over x € I' and using that the sets {xU} e are pairwise disjoint,

1

’p 1/p
(Z Ifev) - fol%|  <r (/ ||F(hv§)—F(h)||§dh)
G

xel’

1/p
+(Z y (uf(xv{fz)—f(xv’r“)uf;+||f(xz)—f(x)||§))

xerzeB{
Lemma 1/p 1/p
Sr ( / IF(hvy) —F(h)n’;dh) +H X Y Ifxa)-foli| -
G xel' ae$S
Integrating over ¢ € [k, k + 1] yields
1 maxip,q}/p
_ k p
xel
o k+1 , » maxi{p,q}/p dt
max{p, _
=C /k (/G I F(hvp) F(h)llxdh) Trmaxipalls
cmax{p,q} ) maxip,q}/p
t TrmadpalTs | 2, 2 1 (@) = flk ,
xel' ae$

where C = Cg € (0,00) is a constant depending on G. Summing over k € N,

)max{p,q}/p) 1/ max{p,q}

S 1
(Z m(z Ifevp) = Follk

k=1 xel’

o) , max{p,q}/p dt 1/max{p,q} 1/p
o / (/ ||F(hvr)—F(h)||§dh) T+max(p,q}/s + X Y Ifxa) - fly] .
0 “ 4 4 xel'ae$S
(39)

The desired inequality follows from (38) and along with Theorem [ for F (although it may be the
case that d(;(vf, eq) £ ', a simple rescaling argument gives the same inequality up to constant factors
depending on vr). O

Now we are ready to prove Theorem[@l Of course, assume I is torsion-free nonabelian finitely gener-
ated nilpotent, and choose vr and s as before.

Proof of Theorem[@ The argument follows the proof of Theorem 3.1 of [LN14], which in turn follows the
proof of Claim 7.2 in [ANTI3]. Recall c is such that

dw (er, v’rc) < ckl's.
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FixneNandan f:I' — X. By translation, we may assume }_ . B, f(x)=0. Then

( Y IIf(x)Ilf() =( Y )

1
Y - fo)

r
|B(c+3)n| YEB[ a0 X

T T
XEB( 3 XEB (3,

(40)

1/p
Y lf) —f(y)n;)

<
= | 15T
( 1B (e43)nl X,YEB{ 3,

~T

Lemma tp
nl Y Ylfaa-fi| .

X€By g, 9€S
Define the cutoff function ¢ : T — [0,1] as
r
1 . XEB )
() =4 c+2- WD yepl  \BL .
0 X€T\Bl,, ..
Then ¢ := ¢ f is supported on B(rC +2), and we may apply Theorem[I] As ¢ is %-Lipschitz and takes values
in [0,1], we haveforallae Sand x €T’
lp(x) —pxa)llx < 16(x) —¢(xa)l- I f(Olx +Isxa)l- I f(x) - fxa)lx
(41)

1
< ;Ilf(x) Ix+I11f(x)— f(xa)lx.
€ B(Fc+1)n and thus

We have dy (er, v#) <cnforall ke {l,...,n%}. Thus, for every x € Bg we have xv%C

¢(x) = f(x) and <p(xv§) :f(xv%“), S0
1/q

’ alp
L 1
(Z —k1+q,s(Z Ilf(xv%“)—f(xn@) )
k=1 xeB),

1/q o 1 qlp
< (Z o (Z lpxvf) — p(x) ||§) ) (42)
k=1 xel’

On the other hand,

(Z Y lpxa)—¢

xel aeS

1/p Lip
(x)nf;) =( > ZII(b(xa)—qb(x)IIﬁ})

Tr
xeB(c+3)n aes
)I/p

1/ e
ESDISI P( ¥ IIf(X)IIf() +( Y Y fxa) - fol

n xeBF , ae€s

T
XEB( 3 (c+3)n

~T

1/p
<( Y lef(xa)—f(x)llf() :

T
XEBycy3, 4€
I The desired inequality now follows from

where the first equality holds since ¢ is supported on Bl o
g

the above two inequalities combined with Theorem 4] for ¢.
5. PROOF OF THEOREM[9} SUBLINEAR GROWTH OF COCYCLES

Our goal in this section is to prove Theorem[d The proof follows closely that of [ANT13].

Let (X, | - I x) be a g-uniformly convex space. We will see by [NP11] that is enough to prove Theorem
@for 1-Lipschitz 1-cocycles. Here, f € Z! () be a 1-cocycle with respect to an action 7 : I' — Aut(X) of T
on X by linear isometric automorphisms if the function f:I' — X satisfies f(xy) =n(x) f(y) + f(x) for all

x,y €T. The 1-Lipschitz requirement for f is equivalent to || f(a)l|x < 1foralla € S.
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We first recall the following property of g-uniformly convex spaces.

Lemma 42 ([ANTI3| Lemma 3.1]). Let (X, | - |lx) be q-uniformly convex. For a fixed z € X and linear
operator T: X — X with | T|| <1, define

1 21
Sni= o Z Tiz, n=0.
Then we have

%= 2Ky (X)Nzl%, 1eN. (43)

Z N 1+ :Z S

On the other hand, as X is reflexive, X is ergodic [DS88)} p.662], i.e., for everylinear isometry 7 : X — X
oo
and x € X the sequence { Z" Lri x} ., converges in norm. Thus, the operator P: X — X defined by

1 N-1
Px:=lim — ) n(»)"x, xe€X,
N—o0 N n=0
is well-defined, has norm < 1, is a contraction onto the subspace X of 7 (v)-invariant vectors, and is
idempotent. As v is a central element of I', P commutes with 7 (g) for all g € I, and so the maps Pf, (I -
P)f :T — X are both Lipschitz and are 1-cocycles.
Now define linear operators P, : X — X, n€ N, by
211 )
P, =— n(v)’.
Of course, || P, |l <1 and P, commutes with (g) forall geT.

Lemma 43 (Analogue of [ANT13, Lemma 4.1]). Let (X, |- |l x) be a q-uniformly convex space. Then for
everyl, k, m € N there exist integersi € [k + 1,k +m] and j € [0,2! — 1] such that

||n(v‘jzil)p(Hl)lf(yL"”J) —puf (o) ”X <o K;(f;” (44)

Proof. By Lemmal2land the fact that || f(a)l|x < 1, we have for each a€ S

k;’flzlz_l“ (_] )P(z+1)lf(a) llf(a)“ k::Zl Z“P(Hmf(a) ( ) ,lf(a)“ < (2K4(X))1.
Thus

k+m

ISICK,(XNT2 ) = Z >

i= k+1 ] =0 ae$S

7 (o7 P @ - Puf@|

|JT (u—jZ”) Piinif(a)—Pi f(a) HZ(,

>m min E
k+15isk+ma€5

. 1
1=j=<2'-1

and so there exist i € [k + 1,k + m], j € [0,2! — 1] such that
Kq(X)
mlla ’

max
aeS

7 (v 7" Py f@—-Pyf@|  <r
X

As v"! = ;... a;, for some a; € S, where b = Or(n), we have by the cocycle identity

b
f(l}anJ) _ Z nw(ay---ai-1) f(a;).
i=1
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Since P,, r 20, and n(g), g € I', commute, and v and g € I' commute, and 7(g) is an isometry for g € T,

we have

Kq(X)n
mlla

)

”ﬂ(v_ﬂ”)P(i+1)lf(vlnpj) _Pilf(VanJ)”X = ié ””(V_jZil)P(Hl)lf(ai) _Pilf(ai), X Sr

as claimed. O

Lemma 44 (Analogue of [ANT13| Lemma 4.2]). For everym,neN,

pP*+p=1)/2p-1)
Sr

[Pt (o)

Proof. 1f g—,i = p — 1 then we have the obvious bound

|X om(p-1/@2p-1) °

P\ (P=1/2p=1)
(7]

[P (")

0
Thus we assume 55 < p — 1.
Because

Ji= b ()], = o (er o) <o

& 1 k-1 . 1 2"y k-1 .
Pp=nt()Py=— ) ) —— 3w,

we have
. 2k
”Pm —aw )Pm” =

By the cocycle identity,
kPl-1

f(vtk”JLn”J) _ : ) n(,,jtn”J)f(vtn”J)

j=0
Because f is 1-Lipschitz, di (er, plk’] L”"J) <rkn,and | Pyl <1,
[kP]-1

k01Py f (0) =Y (P (07 ) £ (0]

knZr | (v0)
j=0

X =
X
LkP]-1

1o ()] -8 o ()] 1)

p

> k] Hme(VanJ) - LkP]-1 ZjZLZPJ
j=0

dW (61“, l/anJ)

and rearranging terms,
p+1ljp
) e g
”me(v x ~T Jp—1 + om

(p—1)2m
pn?

1/2p-1)
Since this is true for all k, choosing k = “ ) b -‘ gives the stated bound. Indeed, by g—,’; <p-1

(p-1)2m\ 1/ 2p=1)
pnf )

we have k = ( and plugging in gives the desired bound. g

Lemma 45 (Analogue of Lemma 4.3]). Foreverym,neN,
1) _ Ln’] < oml(p+1)  1/(p+1)
£ ()= pons (w7 2o e,
Proof. If we define f:T — X by
F):=f(h) =P f(R) = (I=Pp)f(h),
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then f € Z'(n). Let k = 1 be an integer to be determined later. If we set

lkl

=—= Z fwh,

then

1 1
lwlx Sr— Z] lo < glle,
k j=

For every h € I we have the following identity:

B 1 k-1 . 5 1 - . 1 k-1
—n(w+ f(h) =23 [z Fwhy+ Fm) = T : Z (hv!y= 23 fw'h)
11:0 1: - )
= Z (zw)Fn + Fwh) = . Z awh) fh) -
j=0 j=0
But
lk 1 . 1 2m—1 o 1 2m— k 1 . 1i+k—1 .
—Zn(vf)f(h) Z W) f(h)—— Y a@/*)f(h) = S Z Zn(vf)—— Y mwhH | f),
] =0 ]:0 2 i=0 i=0 ]:0 k j=i
so that
Pl _d h l2j 2m
L Lawhfm)| < W( er)” Z © =T dwhen).
j=0 X i=0

Because of @), f is close to a coboundary in the following sense:
- om
| F(h) - @hw-w)| < — dw(her).

Writing v/} = a; - - a;, for some a; € S, where b = Or(n), we have

- 0 b _ n2m
“f(v“”)” =Y wlar-ai-)f@a)| Se|| Y wlar-ais) la)w-w)| +——
X = X J X k
Y T n2 g 127
_”n(v" )w w||X+ P <rk'f+ P
With k = [nﬁzpm_g],we have the stated bound. O

We now prove theorem[l

Proof of Theorem[3 By Theorem 9.1], by amenability of T, if X is g-uniformly convex and f :
I' — X is 1-Lipschitz, then there exists a Banach space (Y, || - [ly) that is also g-uniformly convex with
K4(Y) = K4(X), an action 7 of T on Y by linear isometric automorphisms, and a 1-cocycle F: T — Y
such that wp = wy, where F: T — Y is a 1-cocycle if F(xy) = n(x)F(y) + F(x) for all x,y € I'. Thus, we
may assume without loss of generality that f € Z!(x) for some action 7 of T' on X by linear isometric
automorphisms.

Let C; < C» be constants depending on I'" such that

Cin< dW(UL"pJ,er) <=Cyn, neN.

We may assume ¢ is sufficiently large so that if m is the largest integer such that

m(p%+2p-2)
@2 e m r’;p(p le < \/;, (46)
2
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then

pe-1) _1
0Z42p-2 = 5 log, m. (47)

Given m, let k be the smallest integer such that

Pl (0% +2p-2)(k+1)

m er pp(p=1) =1, (48)
and define
2+2p-2
- {7" 202 g, m} . (49)
plp—1)
Using Lemma[3} we may find integers i € [k + 1,k + m] and j € [0,2¢ — 1] such that forall n € N,
ol K;(X)n
Finally, define
{ ! p—ﬂzﬂ (51)
=|—merr2r |,
n c m

Expanding, we have

f(vL"pJ) :n(u‘jﬂ)P(i+1)éf(vL"pJ)+(P,-gf(vL"pJ) —n(v‘jzi[)P(i+1)ef(vL”pJ))+(f(vL"pJ) —Pief(vL”pJ)).
Thus by Lemmas[d4land@5land inequality (30), we obtain:

o)) = )

We compute

2+p-1)/(2p-1
nlPmp— /2~ Kg@XOn itnpsn 1o+ EINED Ky(X)n

’x ~U S Die-n/ee-1 T plip S mip -
(52)

prl e prl (ke @3 ol WPr20-2(k)) @
dW(VL”pJ,er) zcln@ mw2e =mew2 s mr el t
and
2 ptl e 2 P+l (krm) @3 2 kim  ptl k(p?+20-2)  m(p?+2p-2)
dW(UL” 1 eF) <Cn @ CC'JZ mer2pe < —gz mer2 » _C12 o mer " pe-0 pp pplp-D
1 1 2
@3 + m(p®+2p-2) plp-1) +20-2) plp-1
chzk tm ;p(pfl) Esgb 2C£2p2+2 108t 2 p tm Sp(p pl) @ 3/22p2+2 108 ¢ EZD 2.
2 2
Therefore ¢ < dy (v, er) < . The definition of m implies m > min {log n, & é(l)fg"n }, and thus by (52),
we have
fl 1/
wy (dw (v, er)) loglogn\''?
. KD Togn )
The proof of Theorem[@lis complete. O

6. DERIVATION OF THEOREM [24]FROM DORRONSORO’S THEOREM [22]

In this section, we prove Theorem[24] which proves Theorem[I7]since it is a special case. This section
follows Section 7 of closely.
Using an argument similar to the Vitali covering lemma, we may find a collection 28, of balls B of
radius r whose union covers G, and such that the concentric balls B of radius (n + 1)r have bounded
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overlap. Then

NG 1)J(J)f(x(5r(v))f)

e
-z
Sn,.;(';)lez%zg(,,—a

SACD>
sz@/ [

=) ﬁf a),p(B)

Be%B,

p
)dx

Z( 1)1( )f(x(6 )Y

p
dx

. - N\P
(f (6, w))) - ALY f(x(ér(v))f)|) dx

P
AL“Jf(x((S )7 ) dx

A“”f(x)') dx+0

|B| §G,a/
G

We have used in the penultimate inequality the fact that since Ag” f is a polynomial of weighted degree

at most |a/, and since 6,(v) € Vig/nj+1®--- @V, A]L;Jf(x(ér(v))j) is a polynomial in j of degree at most
n—1, and hence

p
dx.

1
Ta B la),pBanryr (1)

A5 [0 = Z( n"J

In the last inequality we used CorollaryIIZl Now, the inequality (9) follows from Minkowski’s integral
inequality and Theorem22lwith g = p:
p 2/p 1/2
d
) dx _r)
-

o0
A
1/2
°° 1 PP ar
SGJX,”,D (/0 [/G [r_aﬁf,LaJ,p(BZ(n+1)r(x)) dx T)
pl2 Ip
dx) SGanp 1A fllir ).

*r1
} (/ / _“'Bf'L“JrP(BZ(nH)r(x))
GLlJo r

The proof of Theorem 24lis complete.

)A“”f(x(é ) =

Z( 1)1( )f(x(6 )Y

2dr

7. PROOF OF DORRONSORO’S THEOREM 22]FOR CARNOT GROUPS

We need to prove two directions. In one direction, we assume f € S5(G) and prove the < direction of
@). In the other direction, we assume f € LP(G) with the left-hand side of (@) finite, and prove f € SF(G)
along with the 2> direction of (). Our proof will be based on Dorronsoro’s original proof of the G = R”
case in [Dor85] and will borrow modifications inspired by the proof of G = H* case in to deal
with general Carnot groups.

We will first prove Theorem [22] for g = 1, the < direction in subsection [.2] and the 2 direction in
subsection[7.3] Since the left-hand side of (8) is minimized when g = 1, this will finish the proof of the >
direction; for the < direction, we will see in subsection [Z.4] that the < inequality for g = 1 implies the <

inequality for 1 < g < %.

For the < direction, we will first see by an approximation argument that it is enough to look at smooth
functions f (subsubsection [Z.2.1), for which it turns out that we may as well approximate at all scales
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simultaneously by Taylor polynomials (subsubsection [Z.22.Z). Then, for 0 < a < 1, it will turn out that
the desired inequality has already been proven in Theorem 5] (subsubsection [Z.2.4), and for
a > 1 nonintegral we may use an induction argument on « (subsubsection[7Z.Z.5). We finish off the case
of @ = 1 integral by an interpolation argument (subsubsection [Z.2.6), with the extra terms arising in this
process having been taken care of by a homogenization argument (subsubsection [7.2.3).

For the 2 direction, we assume f € LP(G) and the finiteness of a certain singular integral and need to
derive f € Sh(G). We first see again that we may approximate by a fixed polynomial for all scales (which
we suspect to be the Taylor polynomial in the distributive sense but we can only prove this up to first
derivatives) in Proposition[54] For 0 < @ < 1 we again use characterizations of the fractional Laplacian
given by Theorem 5] for 0 < a < 1 and Theorem 1.4] for & = 1 (subsubsection [.3.T).
We then prove the case a > 1 by induction (subsubsection[7.3.2).

For simplicity, we define the L!-beta numbers

Bf,aBr(x)) = Bf,a,1(Br(x)).

00 (B, 2 1/2
ouri=( [ (L) g) | xe6,
0

ra

If we define the function

then Theorem[22]states that
18afllrr@ =cap AN flire), feSh. (53)

Before we begin the proof, we briefly remark on coordinate and multi- index notation on G. Recall

i 1) _,isa multi-index on

ni

the coordinate system x = exp (Z“;:l Zf;l xri Xr ) A multi-index y = ((ym)

>3-, k entries, and we denote

s kr
lyl:=Y Y rlyril €N, yl= ]—[HYH, xY—H]—[xY”
r=1i=1

r=1i=1 r=1i=

The latter should not be confused with the previous notation x! = exp (Zﬁzl Zf; L 1xi X, i) for teR.

We now define the weighted degree of linear combinations of ‘polynomial differential operators’, that
is, linear combinations of differential operators of the form

0\
Y| —
* (Gx) ’

by assigning weight |y»| —|y1] to the above term. Then, a polynomial differential operator of homoge-
neous weighted degree d; will act on a polynomial of homogeneous weighted degree d» to produce a
polynomial of homogeneous weighted degree d» — d;. We observe that the left-invariant differential op-
erators X,; is a polynomial differential operator of homogeneous weighted degree r for r = 1,---,s and
i=1-,kr.

Recall from subsection[L.Tlthat the polynomials of weighted degree < r are left-invariant.

7.1. L'-optimality of the Aff,r f’s. We begin the proof by discussing some basic properties of Aff,r fand
B f,a(Br(x)).

It is well-known that Ai . [ is the optimal L2(B, (x))-approximation of f in </,. It turns out that it is
also an optimal L' (B, (x))-approximation up to constants. To see this, we first observe that for all d = 0,
there exists an integral formula for the coefficients of A?_r f, given by the Gram-Schmidt process. For
exampleind =1,

5,00 f (D (21— x1,))dz

fB (zlyj—xlyj) dz

Ay f(xy)=(f)s, wZ Vi, YyeG. (54)



More generally, for each d = 0, there exists a family { p? }y|<a Of polynomials such that
Al = alyr G
ofm= || fry|y, yeG,
lyl<d \Y B

and by rescaling we have for x € G and r > 0 that

Airf(xy): Y F =yl (/B()f(z)p;l(él/r(x‘lz))dz yr.
lyl=d r(x

Therefore

IIAirfllLoo(Br(x)) ,Sc,d][ lfnldy. (55)
B, (x)

In other words, A;‘gyr is a linear projection of L!(B,(x)) onto 7| B,(xy Which is bounded in the L' — [®
norm.
We now prove the L!-optimality of the Air f’s.

Lemma46. Forxe G,r>0, fe L, (B,(x)), and d € Z,

][ If(y)—Af,rf(y)ldySG,d][ If()=Aldy, A€y,
B, (x) By (x)

Proof. From (B3),

][ If—Aff,rfIS][ If—A|+][ |A§§,r(f—A>|5G,d][ F-AlL
B, (x) B, (x) B, (x) B, (x)

r r

It follows that  possesses a weak monotonicity property.

Corollary 47. Letx,ye€ G,0<r <s<o0o, d € Zxy be such that B,(x) < Bs(y). Then

§\7h
BraBr) Sea () BraBs.
By Corollary[47] we have that
Brax,1) Sc,a Bra(x,s) Sga Bralx,2r), r<s<2r

Thus &, f (x) is comparable to the series

o 2 1/2
(8 fremart]”

One can also see that, if X is a left-invariant differential operator of weighted order rn, then because
A?_, f is a polynomial of weighted degree d,

d —ny qd -
IXAS  flliem, o Senax T IAS - fllieo®,o) Sca T "][ | f. (56)
By (x)

7.2. Proof of the < direction, g = 1.
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7.2.1. Approximation by smooth compactly supported functions. It is enough to prove the < statement
of Theorem 22 for f in the space 2 of smooth compactly supported functions on G. Indeed, by [Fol75),
Theorem 4.5], 2 is dense in S, for all 1 < p < co and @ = 0. Given f € S/, choose a sequence {fj}‘]?c;l cP

that converges to f in S7. Then fi — [ in LP(G), so by the contraction property we have
Iij,LllJ (Br(x)) — ,nymj (Br(x)) as ] — 00, XE G, r>0.

Now, by two applications of Fatou’s lemma, it follows that
1GafllLr < h}gg)lf”(’jafj lzr ) SGap 1igglfll(—Ap)“/2fj lr = 1A 2 flltrc)-
This completes the proof of our claim.

7.2.2. Taylor polynomials. Recall the coordinate system on G where each y € G is uniquely expressed as
¥ =exp (Zﬁz 1 Zf;l yr,,-Xr,,-), Vri €R. Let f € 2 and x € G. The well-known Taylor formula tells us that for

ne ZZO»
n+1

1 /! d
f(xyt)+;/ (l—t)”dthf(xyt)dt.

n J

1 d
f(xy):f(XH_j:lﬁ ﬁ

t=0

As y' is the one-parameter subgroup generated by Z -1 Z il Vi Xri, we have
noq n+1
f(xy)=f(x)+Z]. (Z Zy” ) f(x)+—/ 1-n" (Z Zy” ) fxyhadse.
j=1J:\r=li= r=li=

[yl
For each multi-index y, if we denote by Sym (X?) the ‘coefficient operator’ of y¥ in 4 (Zf 1 Z L niX, ]) ’

where j=37_, Zi:l Y i, then the above expression can be rewritten as

1 ! 1
flxy) = Y = [SymXN )]y +(n+1) > = [Sym(X") f(xyH] y¥dt.
vy multi-index /* 0y multi-index :
):fﬂ):;zl)’r,iSn ; Z, VYri=n+l

By isolating the terms with multi-index y such that |y| < n, we see that there exist for each multi-index y
with [y|zn+1land })_, Zfﬁﬁ’ri < n+1afunction gy, f € 2 such that

fayn=>3 — [Sym(XY)f(x)]yH Y dxy fWY', yeG,

|Y|<” lylzn+1

k
_ Tn‘}‘(xy) Yo Xl yrisntl
X . s

=o(dg(y,eq)") as dg(y,ec)—0

J

where we denote the first sum to be the Taylor polynomial of f of degree n at x € G, while we observe the
second term to be o(dg(y,eq)") as dg(y, eg) — 0 because dg(y,eq) =G X;_; Z:.C;l Iyr,,-ll”.
We may observe that if Y is a left-invariant homogeneous differential operator of degree d < n, then

Yfxy) =Y — [Sym(XY)f(x)]YyH > Y(qxyfNY), yeEG,

|y|<n |y|>n+1

g Z Yrisn+1
=TrY f(xy) N = .

:O(dc(y,ec)"*d) as dg(y,eq)—0

4 N

with the second sum being o(dg(y, eg)*"%) and the first sum being a polynomial of weighted degree at
most n — d and hence is the Taylor polynomial of Y f of degree n —d at x € G. This proves that

YTIf=T" 4y f.
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In particular, we have for the left-invariant horizontal vector fields that with d = 1,
X;Taf =T X, f, i=1,--,k.
We may define the f-numbers and &-function using the Taylor polynomial instead.
Bra(Br () :=][ If =T £,
B, (x)
and s
~ Rl 2dr
Qjaf(x) = (/ (_aﬁf,LaJ (Br(x))) _) , x€G.
0 r r
Proposition 48. If f € 2 and a is nonintegral, then &, f(x) =g, o f (x) forall x € G.
Proof. That &, f(x) <g.a o f (%) follows from Lemmal®l Denote d = |a] and
AL fay =Y fxny?,
lyl=d
then
1

7 Sym(X") AL, f(x).

fyx,r)=

Also denote

Téfey) =Y 0y,
lyl=d

then, in the case f € 9, f,(x,r) — f,(x) as r — 0 by Taylor expansion. Indeed, recalling that f(xy) =
T¢ f(xy) + Of(dg(y,e)*™),

(55)
A, f = T2 fll s, p = AL 1 = T fllies, 000 S G.a ][ If = T2 f1= 04" asr—o.
B, (x)

By the above expansions for A?_r f and T¢ f, we have

1Y (Flor) = KDY lemy =11 Y. (F ) = DY o) = Oc,a, ™).
lyl=d lyl=d
But because the space </¢ of polynomials of weighted degree < d normed by L™ (B;) is finite dimen-
sional, all norms are equivalent, and hence

lrﬂgfjcr'y'lfy(x, 1) = fy ()] = Og,q,r (r**h).

This completes the proof of the convergence f, (x,r) — fy(x) as r — 0.
With this, we provide a different bound on | fy (x, r) — fy (x)| using the § numbers. For each x € G,

0 ) .
o= fEIs Y @20 -f002 )
10 . .
== Y |symonad, - A,

i1
Y!i:—oo x,2hr
0
iyl - d
Syl p 27T ][ |f = A% i, S (57)
i=—00 Byi-1,(x)

0 .
= Y 27B . (B (1))

i=—00
Corollarym 2r du
S6.d ﬁf,d(Bu(x))u_Wl?-
0
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(With the Cauchy-Schwartz inequality, we may prove that | f; (x, 1) — f,, (X)| Sg,a 1 VG4 f(x) for y] < a;
see Proposition 54] for the computation. This is weaker than the Og, g, f(rd“"?") bound we get using
Taylor approximation. This is because the Taylor approximation argument leverages on the fact that f
has (d + 1) and higher derivatives, whereas the &, f (in principle) only measures the “a-th derivative” of
f at x; however, the latter approach is more natural since we have to work with &, f.)

Now we bound

Bra(Br(x) =][ Ty

By (x)

s][ If—A?f,er][ Tef - A2 f)
B, (x) B (x)

<BraBr)+C Y. Ifyx,r) = f0rY
lyl=d

d  r2r du
<PBraBrx)+CY 1’ ﬁf,d(Bu(x))u"j,

i=0  Jo
where C is a constant depending on G and d. By plugging into the definition of & and using the triangle
inequality,

o 2 1/2
Q~5af(x)56af(x)+Ci / [ri_“ zrﬁf’d(Bu(x))u—i@ ﬂ) )
i=0\/0 0 u

But by Hardy’s inequality (23), we have

d 0o 2 1/2

éiaf(x)seﬁaf(xnc;)al_i(/o w g)
S,G,a Q5af(x)-

This is where we use the fact that « is nonintegral. g

7.2.3. Inhomogeneous estimates to homogeneous estimates. We provide one more reduction in the proof
of Theorem[22] It is enough to prove the weaker estimate

180l Sepa I flpa = 1flrG+ 1A flre, fe2.
(In fact, the inequality Dorronsoro proves in [Dor85, Theorem 2] is
”f”LF’(G) + ”®af”LP(G) =a,p ”f”p,a

when G = R"™.) This is because a dimensional analysis reveals that the above inequality is inhomoge-
neous, so by exploiting scaling properties we may remove the inhomogeneous term || f |l .r(G)-

Lemma 49. Forl < p <oo and a > 0, if we have the estimate,

1GaflliLr = Copal fllpa fED, (58)
then with the same constant Cg,p,q,

18aflr@ < Copal AN flre, fe2. (59)

Proof. Given f €9, set f;:= fod; €D, for s >0, where §; is the Carnot group dilation. It is easy to see
that

§>0.

I fslir = sT™Pl fllir )
184 fllr) = s "PIS g fllLe ),
Also, it is morally clear that we should have

I=Ap) 2 fill ey = s "™ P (=2 " fllr),  s>0,
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and one may indeed verify this using the definition of (—A p)“/ 2; see the proof of [FO20a, Lemma 2.6] for
details.
We now obtain for f from for f; and taking s — oco. 0

7.2.4. Thecase0 < a <1. We now begin proving Theorem[22]
Fix1 < p <ooand 0 < a < 1. Note that we have

éiaf(x)=(/ooo

then by Proposition (48]

1 zd 1/2
r_“][ If(xy)—f(x)ldy] Tr) , f€9, x€gG,
B,

Bof(X) =ga Eaf(x), x€G.
But by [CRTNO1} Theorem 5],
1BaflirrG =cap (AN fllre), fEeD.
Therefore < of Theorem [22] follows in this case. Note that we haven't proven both directions of the in-

equalities yet due to the restriction f € 2.

7.2.5. The case a nonintegral, « > 1. We will reduce to the case 0 < a < 1.

For induction, we need the following result. Although we are currently working with f € &, we state
the proposition below for f € S} (G), because we will need it later again in the proof of the > direction of
Dorronsoro’s theorem.

Proposition 50 ([Fol75, Theorem 4.10]). Let1 < p < oo and a > 1, and let f € LP(G). Then f € Sh(G) if
andonlyiff e SZ_I(G) and the distributional derivatives X; f € SZ_I(G) fori=1,--- k, in which case

k
Y A V2X fllire =cap 1A fllre, feShG). (60)
j=1

Remark 51. To be precise, Theorem 4.10 of [Fol75] states the inhomogeneous estimate

k

Iflr + 1A C D2 Flne + Y 1X fllr + 1=A0) Y Y2X; fll )
j=1

=Gap 1flr) + 1A flr, [feShG.

But now easily follows using the homogenization argument of subsubsection[Z.2.3
The following is an analogue of Theorem 5] and Proposition 4.2].

Proposition 52 (Analogue of [Dor85| Theorem 5] and [FO20al Proposition 4.2]). Let1 < p <oo and a > 0.
Then,

k
1Ga1flre Sea 3 18X Hlre,  fe.
j=1

Proof. Let d = |a]. Define a function Af’*;lf ey forxeGandr >0 as
AT f(xy) = T fxy) (T8 o + (B, w-
We choose C = 1 depending on G such that the weak 1-Poincaré inequality due to Jerison [Jer86] holds:

][ Ig_<g>BS(y)|§G3][ IVgl, y€G,s>0, ge.
By() Bes()
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As (f - A%%L ) () = 0, we have

Lemmal[46] <41 weak 1-Poincaré A+l
Brar1(Br (X)) Sga ][ Ilf—Axr [l NTE r][ IVf(xy)=VTy fxy)ldy
B, (x) B (0)
k k
=GT ). X f(xy) = X T faepl =1 Y B f,a(Ber (X))
j:1 BCr(O) ]:1
because X; T*! f = T4X; f. Now, by definition,
o 1 2 g\ 12 k corq 2 g\ 12
G f(x) = (/ — 1 Bra+1(Br(x) —) NP (/ [_aﬁXjf,d(BCr(x)) —)
0 r r j=1 0 r r
k
=C*) &,(X;Nx), xeG.
j=1
By Proposition[48] the proof is complete. O

If we suppose < of TheoremP2lfor a < d nonintegral, d € N, then from the above two Propositions, for

d<a<d+land fe9,
o o n/2 /2
16afllre Sea Y 18a-1(X; Hllre Seap 2 N80 2X fline =6.ap 1A fllr@)-
j=1 j=1
This completes the proof of Theorem 22l for @ nonintegral.
7.2.6. Interpolation and the case « integral. The case a = d € Z is proven by complex interpolation. This
subsubsection follows Section 5 of [FO20a] closely.

For1 < p<ooand0< ay < a; < oo, the pair (SZO, Szl) of Banach spaces is an interpolation pair in the
sense of Calder6n, as they embed continuously in the space .#’(G) of tempered distributions on G. Thus,
we may define the complex interpolation space [850, 551] 9,0€(0,1).

The following lemma asserts that we have a continuous embedding

p p P
8(1—9)a0+6a1 - [Sao’salle'
Lemma 53 ([FO20al Lemma 5.1]). Letl < p <o0,0<ap< aj <oo,andB € (0,1). Then
”f” [550551]9 SG,ao,m,p ||f||p,(1—6)a0+9a1-

The proofis exactly the same as in [FO20a, Lemma 5.1].
Next, we define, for a > 0, the Banach space H, of functions F: B; x (0,00) — R with norm

o 1/2
1Fll g, = (/
0

2dr )
— < 0o0.
’
Then, for 1 < p < co, we may define the function space L” (G, Hy). Now, for 0 < @ < a; < oo,

(Lp (Gr Hdo)y Lp (G; Hal ))

is a compatible couple, as both embed continuously into Llloc(G x By x (0,00)). As in [Dor85| [FO20al, we
apply the results of [BL12| p. 107, 121] so that for 6 € (0,1),

[LP(G, Hao)»Lp (G) Hal)]e = Lp (G) [Haoy Hal]e) = Lp (G) H(l—@)do+0lx1)'

1
Ta A |[F(y,n)ldy

Now, ford—-1<ag<d<a;<d+1 (recalld = @) and 0 € (0, 1), consider the linear map T : 850 +SZl —
LP(G, Hy,) + LP (G, Hy,) given by

f=Tfxry)=fx8:(y) - AL . (x6,(1)).
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By Lemmal6land TheoremP2lfor a € (d —1,d) U (d, d + 1), we have
1T fllr H S6,d 18afllre Scananp 1 flpe  f€SE a=ao,a,
ie, T: SZO — LP(G,Hy,) and T': 851 — LP(G, Hy,) are bounded. By complex interpolation,
T:(Sh,, Sk]o— (L (G, Hay),L” (G, Ha)lg = LP (G, Hu_g)ay+0a;)
is bounded.
Nowsetag=d—1/2, a1 =d+1/2,and 6 =1/2. Then

Lemmam
= < €
1Saflre =T lrG ) Sealflise s 5, Seap Iflpa fE€P.

This completes the proof of Theorem22lfor a = d € Z.

7.3. Proof of the = direction. Now, given a f € LP(G) and a > 0 with &, f € L”(G), we need to prove that
f € SP(G) and that the > direction of () holds.
We first prove the following preparatory result.

Proposition 54. Let f € LP(G) and a > 0 with &, f € LP(G). Denote
AGfan= Y fany,
lyl=lal
Then
(1) For each multi-indexy with|y| < a, |f,(x,1) = f(x,9)] Sg,a r M@, f(x) forxe Gando<s<r,
and | fy(x,1)| Sg,a Gaf(X)+M[f(x) for x € G and0 < r <1, where M denotes the Hardy-Littlewood
maximal operator. In particular, fy(-,r) € LP(G) with || f, (-, )l zr6) S6,a 1Gafllr) + 1 fllizrG)-
(2) For each multi-index y with |y| < a, there exists f, € L?(G) such that f,(,r) — f,() asr — 0,
satisfying
2r du
1) = S | B f,d(Bu(x))u_|Y|7 S6a I MEaf ()
0

fora.e. xe Gandr>0.
(3) Ifa is nonintegral, then
1/2

2
*[1 d
(/ (r_“][ Ifey— Y, fy(x)yyldy) Tr) =Ga Baf(x), ae xeq,
0 B,

lylslal
(4) If a is integral and |y| = a, then |f, (x,7)| SG,a logR2/1)Bo f(x) + Mf(x),0< 1 < 1. Thus, f, (1) €

LP(G) with |l f, ¢, ) 1r6) S6,a 10gRIMNNG e fllr ) + I fllLrG)-
(5) If0<a <1, then fy(x) = f(x) fora.e. x€ G.

Proof. (1) Byrepeating the computation (57) made in the proof of Proposition[48] it follows that

2r
i du
fyar) =9 Sy | BraBux))u 'Y'j, xX€G,0<s<T.
S

In particular, by Cauchy-Schwartz,
p PfaBu(x)) (Bu(x)) 1?

ua

2r
| fy (e, )= fy (%, 9)] Syl (/

Also, for 0 < r <1, |f,(x, )| < |fy(x, 1) = f,(x, DI + £, (X, D] SG,a Baf(x) + Mf(x), where the lat-
ter inequality used the fact that f(x,1) is given as the integral of f multiplied by a polynomial
determined by y and |a]. In particular, this implies that f, (-,r) € L”.
(2) By (1) and the fact that &, f € LP(G), {fy(;, 1)};>0 is a Cauchy sequence in L” as r — 0. Thus, there
exists fy(-) € LP(G) so that f,(-,r) — f,() in LP(G) as r — 0.
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(3) The 2 follows from Lemma[7l For <, we bound

][ fon— Y f@yls 7[ |f—Ak‘fﬂf|+][ S 00y - A fyidy
B, B, (x) B

lyl=lal - lyl=lal

<GaBriaBre)+ Y 1y, 1) = frx)r!
lyl=lal
la] 2r du
SGaBrlayBr)+Y.r' [ Brlal (Bu(x))u_’j.
i=0 0

By plugging into the definition of & and using the triangle inequality,

0o 2
(/ (ia Ifay)— ) fy(x)yyldy) ﬂ)
0 r r

B, lyl=lal

1/2

al (poor 2 dulZar)”
SGa Gaf(x)+ Z (/ [rl_a ,Bf,LaJ Buu'—| —
i=o\Jo 0 ul r

lal 1 o0 W By 12 dr\ M2
§G,a®af(x)+z__(/ [.BfLJia dr
i:Oa_l 0 r

r
gcx Q5af(x)-

where in the second inequality we used Hardy’s inequality 23) withv=a—i+ % and p =2 along
with the fact that « is nonintegral.
(4) By Cauchy-Schwartz,

Br.a(By(x))
ua

2 vz = 5 1/2
d_uu) (/ %) Sqlog2/1 B, f(x).

2
| fy (e, 1) = f, (x5, DI Seiyl (/

(5) f0< a<1,then fy(x,r) = fBr (v f- Taking r — 0, the claim follows by the Lebesgue differentiation
theorem for doubling metric measure spaces [HKST15) (3.4.10)].
O

Remark 55. It seems likely that for |y| < a we have f, = %Sym(XY) f, with the latter derivative existing in
the distributive sense. This is evident when 0 < a <1 andy =0, and we will prove this holds when a > 1
and |yl =1 in Lemmal54 We will not prove this statement in full generality since we do not need it in this
paper.

7.3.1. Thecase0 < a < 1. The case 0 < a <1 is a repetition and strengthening of subsubsection[7.2.4] If
we denote

- *[1 2 qr\'"?
(’5af(x)=(/ [—a If(xy)—f(x)ldy] —) , x€G,
o LI'"JB, r
then by Proposition[54](3) and (5)
Baf(X) =ga Baf(x), forae. xeg.
But by Theorem 5],

1Safllrc) =c,p I(=2)*fllLrc).-
For a =1, it is known from Theorem 1.4] that for 0 < a < 2, if we define

00 2 1/2
sufio=( '
0 r

r‘“][ AT F ()l dy
B, (0)

48




where we denote the symmetric difference
NSV () = fly) + fley D) - 2f(x),
then
1 flpa=cpalfllire +1Saflir@)-
By the scaling argument of subsubsection [7.2.3}
I=Ap) "2 fllire) =6pa 1Saflr@G)-

Let f be alocally integrable function, d €N, x = zp € G and r > 0. For any y € B,(zp) and ball B,-«,(z;)
with y € By, (zx) < By (20), let By« (zx) < By-k+1,(2k—1) < --- < By-1,(21) < B, (x) be a sequence of balls.
We have

k-1
d d
][ ) |f AZo I‘fl S][ ) If Az 2 ’Crf| + Z IAZ; 271 f_AZi+1,2‘i‘1rf|
o~k (2 &, (2K =

B,k (zk)
5][ If - Azzkrf|+2’
B,k (zr)

lerf Azzlf)”

[0(By-i-1, (241))

(235)

5c,d][ Foal ey f-Ad,
o~k (2k)

i=0 B,-i-1,(zi+1)

Corollarym

k ds
<6 ) f=AL 0 f1 Sca Br.aBsy)—
i=07 B,-i,(z) 0

so by Lebesgue’s differentiation theorem for doubling metric measure spaces, for a.e. y € B, (x),

2r d
f 4L, fpl=  lim =45, A1 Sea | BraBom =
0

-k y (zK)—y Bz—kr (€3]

As the operator Ai’sym annihilates polynomials of weighted degree 1, we obtain fora.e. x€ G

][ 1A, f () dh = ][ 1857 = A, NN
B, By

(F= AL, A +(f = AL, k™) —2(f - AL, H()ldh

B,

2r d 2r d 2r d
<6 ][ ( BraBsxh) =+ [ BraByxh )= +2 ﬁf,d(Bs(x))—S)dh
B, \JO S 0 s 0 s

2r d
S| MBraBW .
0

By Hardy’s inequality 23) with v = % and p =2, we obtain

oo , 2 qr 172 0o o dr 1/2
S1f(x)= (/ [r—l |Ay,symf(x)|dy] T) ,SG,d (/ [M,Bf,l (Br(-))(x)] T) .
0 B, 0

Now we argue that
1/p

(/G(/OOO[M,Bf,l(Br(-))(x)]z?)plzdx) §Gmax{l9,—}(/ (/ [,Bf1(Br())(x)] _)P/de)

This is an instance of the Fefferman-Stein vector-valued maximal function inequality

I

1/p

1/v

viu
Y M(gj)H(x) dx) (61)

Jjez

Y g™

Jjez

viu 1
dx) <S¢ max(l, —}max{v, (/
u-— v—1 G
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on ny-regular metric measure spaces for measurable functions (g; : G — R) jez and u, v € (1,00), due to
[GLY09, Theorem 1.2]. Indeed, we apply to the functions

8j(x) =P r1(By-i(x))
and exponents u =2 > 1 and v = p > 1, noting by Corollary[d7 that
M(Bs1(Br()) Sg M(g)), ref27/71277],
and o
8 S Bra(Br()), re[27d, 27t

Thus, we have [|S1fll2rG) So,p 181 fl2rG), 1 < p < oo, as desired.
7.3.2. The case a > 1. We use induction on a.

The following lemma is an analogue of [Dor85} Lemma 1], and the proof proceeds in the same manner.

Lemma 56 (Analogue of Lemma 1]). Let f € LP(G) such that® f € L (G), andy be a multi-index
with ly| < a. With fy asin Proposition ||®a—|y|fy||LP(G) ,SG,Q ||Q5af||LP(G)~

Proof. Fix x € G and r > 0. For y € B, (x), by Proposition[54land (56),

1 1
Ify () - - Sym(XNAL, fFWI=Ify (- f0n 01+ I Sym(X") (A%, - AL, N

<Ga / BraBs(y)s M ds+r "By 4 (Byy(x)).
0

Thus, by Lemmal46]

B, d-iy)(Br(x)) ,sc,a][ ( / BraBs(ys M dsdy + r—'Y'ﬁf,d(Bzr(x))) dy
B 0

r(x)
< / M(BaBs(N)x)s M ds+r VB, (o (x)).
0

By Hardy’s inequality with v =a — |y| + % and p=2,
1/2

o0 d
Ga-yfy () S6.a Gaf () + ( / [r=*MB.a(B:()(x)]* 7) :
0

and the lemma follows by the aforementioned Fefferman-Stein inequality on vector-valued maximal
operators with u = v =2>1and .
8j (x) =2%/ ﬁf'd(Bz—j-u (x)).
O

The following lemma is an analogue of [Dor85} Lemma 2], and the proof proceeds in the same manner.

Lemma 57 (Analogue of Lemma 2]). Let f € L?(G) with &, f € LP(G), « > 1. Then the weak
partials X; [ exist and coincide with f ;) a.e., where(1,1) stands for the multi-indexy withy,j = 6, j),a,i)-

Proof. Denote e,; =exp(x,;)forr=1,---,sandi=1,---,k;. Itis enough to show that (f(xe{ J=feir
tends to f{;,;) in L” as r — 0. First,

flxe] ) —f(x)
e fup @)
-
[f(xe ) — folxel .,2r)] _ (xe! .,2r)— fo(x,2r)
< f 1,i fO 1,i + |f(x) fo(x,2r)| 4 fO 1,i fO _f(l,i)(x)
r r r

PropositionE}ZkZ) fo(xer l.,2r) —fo(x, 2r)

Soa 7 (Gafre] )+ Baf ) | ——— ~ fo,n@)].
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Next, since fy(y, 1) = ALyOtrJ f»,

folxe] 2r) = folx,2r) = Ay, flxe] )= AL flxe] )+ A flxe] )= A, ()

X,2r

la] .
= Al o flxe] )= A flae] )+ Zlfj(l,i) (x,2r)r! 1 ji.
B ]:
Thus
folxey ;,2r) = fo(x,2r)

;
folxey ;,2r) = fo(x,2r)

r

- fu,n(x)

=

= fa,n(x,2r)| +1fa,in(x,2r) = fa,i) (X)]

Proposition[54§2) |A)L:2J{ .,2rf(xe{,i) _A,LC‘TZJrf(xeii” la) - )
SGa : + ) 1fian @20 + 17 B f(x)

r j:2

la) .
<S6a r‘l][ Y o FO) = A FWIdy+ 3 1 fja, (6 20lr ™ + 1971 80 f(x)
By (xey ;) ! j=2
1 Ll 1 Lal o i1, a1
<r |f = Ager 2, fDIAy+T If= AL fWIdy+ ) 1 fjan20Ir =+ 19716, f(x)
By (xey ;) b By (xey ;) j=2
1 1 & -1 1
=17 B 1a)(Bar(xe] ) +17 Bria) Bar(0) + Y I fja,i(x, 20 7 + 177 8, f (1),
j=2
where in the penultimate inequality we used the fact that the L' (B;) and L*°(B;) norms on the space of
polynomials of weighted degree < |a] are equivalent. Taking L” norms,
fler =10 la)
RS SGa T_lllﬁf,mj Borlr+ Y r]_1||fj(1,i)('»2r) Iz + 1% MNBaflirrc):
LP(G) j=2

By Corollary[47] 18#,1a) Bar(NlLr(G) SG,a*I®qfllLr(G). By PropositionBbd] if j < @], then
I fia,nG2n0lr6) Sea l®aflire + 1 flizr@),

- fa,n®)

andif j = |a] = a, then

Ifia,nC20 6 Sea 1ogr NS fllre + I f @)
- fan®)
The following lemma is an analogue of Lemma 3], and the proof proceeds in the same manner.

Lemma 58 (Analogue of [Dor85, Lemma 3]). Let f € LP(G) with®y f € LP(G), a > 1. Then B 4_1 f € LP(G)
with

Thus”M —0asr—0. ]

LP(G)

1Sa-1flrrc) Sca lGaflrre + 1 fllre-
Proof. Write
A)Lfrjf(xy) = Z frny’ + Z Hx,nyr.

lyl<la) lyl=lal
::A;L,‘Zf(xy) =1A;Lr;jf(xy)
Then by Lemmal[46,
Br1a)-1(Br () 6.0 ][ |f = AT F1< Briay (Br(0) + IATS Fll oo, (o (62)
B, (x)
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By (B6), for i € Z>g and |y| = la],
16,2701 S (zir)‘“”][ If1 <6 @ 7Py fll gy —0 asi—oo
B,i (%)

and thus

o] . BGe) oo R
Ify(x, 1)l < ;)Ify(x,z’r) - 2" S Z(Z’r)_“ZJ 1A, =AY s, )
i=

<. i(Z"’”)_LO‘J If-AY IS i(Z"r)‘L“Jﬁ (Byia1, (%))
~G,a = B, () x’2i+lr ~G,a = f:LaJ 20ty .
- zlr =

Corollarym
Sea /ﬁfmJ(Bp(x))p‘“” Ldp.

Plugging these results into (62), we have

Brtai-1(Br () S.a Bria) (Br (0 + 1! / Br1a By (x)p ™% dp,

and
1/2
[ Brla-1(Br ()1 dr
®a—lf(x) = (/0 T 7
1/2 1/2
[ By la)(Br(0))* dr 0 el 00 T
SG,a/ e s +/ [r“” “”’2/ B a1 (Bpx))p 1dp] dr
0 r r 0 r
_ /°° Bricy Br) 2 ar|"
~\Jo ra-l r
3 /1 PriaBr)* dr)" /°° BriaBr (N |2 ar |
“\Jo ro-l r 1 ro-l r
= ,BfLaJ(B 012 dr)' ©IMf0)]2dr)"
SGa —_— + | —
r 1 r r
af(x)+Mf(x),
where the second inequality uses the second form of Hardy’s inequality withp=2andv=la] -
1/2. This completes the proof. O

To complete the induction, suppose the > direction of Theorem B holds for a — 1. If f € LP(G) with
By f € LP(G), by Lemmalk8l &, f € LP(G), so that f € SZ_I by induction. On the other hand, by Propo-
sition [54] (2) and Lemmasb6land (7] for i = 1,---, k, X; f € LP(G) with &,_1(X; f) € LP(G), so again by
induction X; f € SZ_I(G). Now, by Proposition 50 f € S5 (G). Tracking the norms involved in this argu-
ment, we have that

Lemma k k
Lemma
1aflre Zea 2 I1Gacifaplirg = 2 18e1Xidlre

i=1 i=1

mductlon Pro iti
1 /2 pOSl 0on /2
ZG.ap Zu( A V2X flire =cap ||( AR fliirc)
i=1

This completes the 2 direction of Theorem[8
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7.4. L9 f-numbers, g > 1. The extension of Theorem[22]to f numbers defined in the L7 sense are dis-
cussed in [Dor85| Section 5] and Section 6]. We will follow their presentation.

By the discussion so far, it is enough to show that the left-hand side of (8) is maximized up to constants
when g =1.

Denote d = |a]. We compute that for all x € G, r >0, y € B;(x) and n € N so that By-»,(y) < B, (x), we
have

][ If(2) - AL, f(2)ldz
BZ‘”r(y)

n+l1
d d d
s][B ( 1f(2) =AY oo, f(DNdz+ ) AT pi1n, f(D) = A 51, f(2)]d2
-1 () k=19 By-n,(y)

+][ 1A%, f(2) - AL, f(2)ldz
BZ’”r(y)

n+l1
= Br.aBa-nr (¥ + Y A i, U = AG i, 11+ ][ A 1AL, f = £1)
k=1 Byn,(y) 7’ ’ By-n,(y)
T 4 d d | ad
= Pr.aBaor (1) +1§1 Ay,Z"‘l‘"r[f_Ay,Z"‘”rf] HLw(szflfn,(y)) " ||Ax,r[Ay,2rf—f] ||L°°(Br(x))
n+l1 d 4
S6.d BraBarr () + ) |f = A i, ] +][ 1A%, [~ £
k=1 Byic1-n, () ’ B, (x)
n+l1
SGa BraBo-nr W)+ Y BraBoe-n, (¥) + Br,aBar(y))
k=1
Corollary[7] r27"*'r ds 7l ok+l=ny ds ar ds
S6.d / BraBs(y)—+ ) BraBsy)—+ [ BraBs(y)—
2-np N k=1J2knr N 2r N
4r
ds
S Bf,a(Bs(y)—.
2-np N

Thus by Lebesgue’s differentiation theorem for doubling metric measure spaces and Corollary 47, we
infer that for xe Gand r >0,

4r d 4r d
If ) - AL FWI Sea ,Bf,d(Bs(,V))TS Sc,d/ ,Bf,d(st(Z))dZTs, a.e. yeB,(x).  (63)
0 0

Bs(y)
Now fix
min{p,2iny,

1 d 1= _
P> an q< ny —min{p, 2}

Then, choose some 1 < w < min{p,2} and 0 < < min{ny/w, a} such that

wn
. h_ (64)
np—nw

Given this choice of g, w, and n, Theorem 4.1] tells us that in nj-regular metric measure
spaces, the following fractional Hardy-Littlewood maximal function is a bounded operator LY (G) —
LI(G):

Myg(y):= sup{s”][ Ig(z)ldz}
s>0 Bs(y)
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It follows that

4r q Lq
/ 163) dS
r’th qﬁf,d,q(Br(X)) S6,a Bf,a(Bas(2))dz— | dy
B,(x) |JO JBs(y S
1/
qd q@
J N

4r
A
0 B, (x)
1/q

4r d
< / s ( My (B,a(Bas(-) X Bs, () () (y)"dJ/) =
0 B, (x) s

4r 1/w ds
Sp,q/ s (/ :Bf,d(BZs(Z))de) T
0 Bs;(x)

4 -n..nplw w 1w ds
NTE s IM(B f,a(Bas()™) (1) 5
0

Bra(Bas(2))dz
B(y)

where in the second inequality we used Minkowski’s inequality and in the fourth inequality we used the
boundedness of M, : L (G) — L7(G). By (&4), we have

4r
ﬁf,d,q(Br(X)) SG,(x,p,q r”/ g1 [M(,Bf,d(BZS(‘))w)(x)]l/w ds.
0

Next, noting that a > 1 and using Hardy’s inequality 23) with v = @ —n + 1/2, we obtain

00 2 gy 0o ar 9 (172
/ ) [ [ [ ol ] o)
0 0 0

We conclude that

s

1 1/2
—Br.d.q(Br(x)

OO -wa w 20w aAr 12
f,a,q( ; [M(r Bt,a(Bzr () )()] —) .

1
r_aﬁf,d,q (Br(x))

Tr) dx|  Scapaq /G ( /0 [M(r="%B,4(Bar (N")(0)]* Tr) dx

) 2 pl2 1/p
dr

SG,a,p,q /(/ —) dx ,
G\Jo r

where in the second inequality we applied the Fefferman-Stein vector-valued maximal function inequal-
ity with functions

1
r—aﬁf,d(Br(x))

() =29 B4 4(By-j1 (X))
and exponents u =2/w >1and v = p/w > 1, along with Corollary[d7]
This completes the proof of Theorem[22]
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