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ASSOUAD TYPE DIMENSIONS OF INFINITELY GENERATED
SELF-CONFORMAL SETS

AMLAN BANAJI AND JONATHAN M. FRASER

ABsSTRACT. We study the dimension theory of limit sets of iterated function systems consisting
of a countably infinite number of conformal contractions. Our focus is on the Assouad type
dimensions, which give information about the local structure of sets. Under natural separation
conditions, we prove a formula for the Assouad dimension and prove sharp bounds for the
Assouad spectrum in terms of the Hausdorff dimension of the limit set and dimensions of the
set of fixed points of the contractions. The Assouad spectra of the family of examples which
we use to show that the bounds are sharp display interesting behaviour, such as having two
phase transitions. Our results apply in particular to sets of real or complex numbers which

have continued fraction expansions with restricted entries, and to certain parabolic attractors.
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1. INTRODUCTION

1.1. Background. An iterated function system (IFS) is a finite set of contractions {S;: X —
X }ier, where X is a closed subset of Euclidean space. For each IFS there is an associated limit
set (or attractor) F' satisfying F' = U;c1.S;(F), which will typically be fractal in nature. IFSs and
the dimension theory of the associated limit sets have been studied extensively since Hutchinson’s
important paper [28]. In a seminal 1996 paper [32], Mauldin and Urbarniski extended the theory
to infinite conformal iterated function systems (CIFSs, defined in Definition consisting of
countably many conformal contractions. The maps are assumed to be sufficiently separated,
with the contraction ratios uniformly bounded above by some & < 1. One well-studied family of
sets which are generated by CIFSs are sets of numbers which have continued fraction expansions
with restricted entries.

There are several notions of fractal dimension which give information about the scaling
properties of sets. For background on the Hausdorff and box dimensions, which are defined
using global covers of the set, we refer the reader to [14]. In this paper, however, we will focus
more on the Assouad type dimensions, which are defined using local covers. The Assouad
dimension was introduced in [2] and has been the subject of intensive study in the contexts
of embedding theory (see |30, 38|) and fractal geometry (see [18]) in recent years. Fraser and
Yu [24] introduced a parameterised family of dimensions, called the Assouad spectrum, which lie
between box and Assouad dimension and will be a key focus of this paper. These dimensions
are defined in Section 2.1

The dimension theory of infinite IFSs has been studied extensively, for example in |4} |11} 31}
32,133, |42]. There are many similarities between finite and infinite iterated function systems,
but also several differences. One notable difference is that the Hausdorff, box and Assouad
dimensions coincide for the limit set of any finite CIFS, but can differ for infinite CIFSs,
indicating that the presence of infinitely many maps can cause the limit set to have greater
inhomogeneity. Mauldin and Urbariski showed in [32, Theorem 3.15] that for an (infinite)
CIFS the Hausdorff dimension dimy F' can be determined from a topological pressure function
(defined in ) For notions of dimension dim which are not countably stable, a naive guess
for a formula for the dimension of the limit set might be dim F' = max{dimyg F, dim{.S;(x)}},
where x is any given point in the limit set. Mauldin and Urbanski |33, Theorem 2.11] proved
that the upper box dimension does indeed satisfy this formula. As the main result of [4], we
proved that the upper intermediate dimensions dimg also satisfy the naive formula, that is,
dim ¢ F = max{dimyg F,dim4{S;(z)}} for all @ € [0,1]. The intermediate dimensions are a family
of dimensions (introduced in [15] and studied further in [3} 6} |7, |9]) which are parameterised by
6 € [0, 1] and interpolate between the Hausdorff and box dimensions. We provided some (often
counterintuitive) applications to the dimensions of projections, fractional Brownian images,
and general Holder images. We refer the reader to [19] for the general area of ‘dimension
interpolation’, which includes both the intermediate dimensions and Assouad spectrum. One of
the most interesting features of the analysis in this paper is that the naive formula does not
always hold for the Assouad spectrum, which instead satisfies two bounds which can be sharp
in general. In |4], we also proved bounds for the Hausdorff, box and intermediate dimensions of
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the limit set without assuming conformality or separation conditions. However, the Assouad
dimension can be particularly sensitive to separation conditions even in the case of finite IFSs
(see |18, Section 7.2]), and in this paper we assume conformality and appropriate separation

conditions throughout.

1.2. Structure of paper and summary of results. In Section [2] we introduce notation and
define conformal iterated function systems (CIFSs) and their limit sets. We prove geometric
estimates for CIFSs which will be useful when proving dimension results later. We also define
the notions of dimension we will work with, in particular the Hausdorff, upper box and Assouad
dimensions (denoted dimy, dimp and dima respectively), and the Assouad and upper Assouad
spectra at 6 € (0,1) (denoted dimf an diimi respectively).

In Section [3] we prove that under an appropriate separation condition the Assouad dimension

of the limit set F satisfies the expected formula
dimp F' = max{dimy F,dimp P},

where P is the set of fixed points of the contractions.
In Section [f] we prove one of our main results, namely that the Assouad spectrum of the limit
set is monotonic in # and satisfies the bounds
(1.1) max{dimy F, Mif’} < dimf F < ¢m[20xx] f(0,0).
€lo,1
Here, for 6 € (0,1) and ¢ € [0, 1], the function f is defined by

_ (@7 = 1)dimy P+ (97 — ¢~ )dimpF
f(07¢) T 0_1 -1

and can be thought of as an appropriately weighted average of the Assouad spectrum of P

and the upper box dimension of F'. As with Mauldin and Urbanski’s proof for the upper box
dimension, our proof uses an induction argument to show that the existence of efficient covers
at larger scales implies the existence of efficient covers at smaller scales. We also prove several
consequences of these bounds, showing for instance that if the Assouad spectrum of the set of
fixed points satisfies a form (which we call the three-parameter form) that is often observed,
then the Assouad spectrum of the limit set must too.

In Section [5| we provide a family of examples which show that the bounds in are sharp in
general. The Assouad spectra of the family of examples which we use to do so display interesting
behaviour not seen previously in dynamically generated sets. In particular, the spectra can
have two phase transitions, and need not satisfy the three-parameter form. Figure [I] shows the
graphs of the Assouad spectra of a selection of these sets.

Finally, in Section [6] we turn our attention to the Assouad spectra of a well-studied class of
infinitely generated self-conformal sets, namely sets of numbers which have continued fraction
expansions with restricted entries. Many of the interesting properties of the Assouad spectra
witnessed in Section [5] also hold in this setting. We calculate a precise formula for the Assouad
spectrum of the full complex continued fraction set in terms of its Hausdorff dimension, which
has in turn been estimated in |17} 27, |32} 37]. We also investigate parabolic IFSs by applying our
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methods to the ‘induced’ uniformly contracting CIFS. This in particular allows us to calculate

the Assouad spectrum of sets of numbers generated by backwards continued fraction expansions.

2. SETTING AND PRELIMINARIES

2.1. Notation and notions of dimension. We denote the natural logarithm by log, the
cardinality of a set using #, the (Euclidean) diameter of a subset of R? by |- |, and d-dimensional
Lebesgue measure on R? by £¢. The symbol N will denote {1,2,3,...}. In Sections |5 and |§|
it will be convenient to write Y < Z (or Y 2 Z) tomean Y < CZ (or Y > CZ, respectively).
IfY < Z and Y 2 Z then we write Y =~ Z. We will specify which parameters the implicit
constant C' > 0 is allowed to depend on. The symbol || - || will denote either the Euclidean

norm on R? or the supremum norm of a continuous function, depending on context. We write
: d
B(z,r) ={y eR%: [ly —z|[ <r}

for the open ball of radius > 0 centred at € R%. All the sets we consider will be non-empty,
bounded subsets of Euclidean space. For F C R let N,.(F) be the smallest number of balls of
radius r needed to cover F'. For d € N and r > 1, we denote by A;, € N the smallest integer
such that for all U c R? there exist Uy, ..., Uay, C R, each of diameter |U|/r, such that

Ad,r

(2.1) Uc Uk
k=1

Let F' be non-empty, bounded subset of R¢ with the Euclidean metric. The Hausdorff dimension
is defined by

dimyg F' = inf{s > 0 : for all € > 0 there exists a finite or countable cover

(2:2) {U1,Us, ...} of F such that »_|Uj|* < e},

and the upper box dimension is

S log N,.(F
dimgF' = lim sup M.
rso+  —logr

Turning now to notions of dimension which describe the local structure of sets, the Assouad

dimension is defined by

(2.3) dima F =inf {«: there exists C' > 0 such that for all z € F and
0 <r <R, we have N, (B(z,R)NF) < C(R/r)*}.
For 6 € (0,1), the Assouad spectrum of F at 6 is defined by fixing the scales R = r?:
dim{ F = inf { @ : there exists C' > 0 such that for all z € F and
0 < R <1, we have Ny (B(z, R) N F) < CR(-1/9) } .

Clearly dimpF < dimg F < dimp F for all 6 € (0,1). The Assouad spectrum is not always

monotonic in @ (see [24]). The upper Assouad spectrum at 6, however, is monotonic, and is
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MiF =inf { @ : there exists C' > 0 such that for all z € F' and
0<r<RY < R<1, we have N, (B(z, R) N F) < C(R/r) } .

The Assouad spectrum was introduced in [24] and has been calculated for various families of
fractals in [10] 22, [23] and other works. Recently, Rutar [40] has given a complete description of
the attainable forms of Assouad spectra of sets, showing that a wide variety of behaviour is
possible in general. The Assouad spectrum can be used to give information about dimensions
of orthogonal projections of sets |16], and has applications related to spherical maximal func-
tions |39] and conformal geometry [12]. The quasi-Assouad dimension, introduced in [29], can

be defined by
(2.4) dimga F:= lim dim{ F,

-1
or equivalently dimga F' = limy .- MiF (see |18, Corollary 3.3.7]). We always have
dimy F < dimpF < dim} F < dima F < dimga F < dimy F,

and all inequalities can be strict in general. We sometimes write dim} or ﬁi to mean the
quasi-Assouad dimension, and since ﬁiF — dimpF as § — 01, we sometimes write dimOA F
or ﬁgF to mean the upper box dimension of F'. The Assouad spectrum and upper Assouad
spectrum are continuous in 6 € (0, 1), see |20, 24]. In |20], Fraser et al. show that we always
have miF = SuPgre(0,] dimg F. Therefore if § — dim% F is monotonic (as holds for many
sets of interest, see Lemma then we can use the Assouad spectrum and upper Assouad
spectrum interchangeably. For a set F' C R? we define the quantity

(25) p=pp =inf{0c[0,1]:dim} F = dimgs F } = inf{0 € [0,1] : dim’y F = dimga F'},

which will often represent a phase transition in the Assouad spectrum of F'. The two expressions
are equal by [18, Corollary 3.3.3|.

2.2. Conformal iterated function systems. We follow the setup of Mauldin and Urbaniski [32,
33|, for which we need to introduce some notation. Given a countable index set I, define Iy := {@}
and I* :== [ J;2, I". We call elements of I* finite words and elements of IN infinite words. We
usually denote words by the letter w, and we write w = 41 -+ -4, and w = i1is... instead of
w = (i1,...,1,) and w = (i1, 49, ...) respectively. We say that a word in I" has length n, and
an infinite word has length oo. If w € I* U IN and n € N does not exceed the length of w then
we write w|, = wy ... w, € I", and w|p := @. If w € [y UI* UIN and v € Iy U I* then we say
that v is a prefiz of w if there exists n € {0,1,2,...} such that v = w|s,.

In the following definition, the assumption that the contractions are conformal maps (meaning
that they locally preserve angles) is especially important. In one dimension, conformal maps
are functions with a non-vanishing Holder continuous derivative, in two dimensions they are
holomorphic functions with non-vanishing derivative, and in three dimensions they are Mobius
maps (by Liouville’s theorem).
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Definition 2.1. Let d € N and let X be a compact, connected subset of R?, equipped with the
Euclidean metric. Consider a collection of maps S;: X — X, i € I, where I is a countable index
set. This system forms a conformal iterated function system (CIFS) if the following additional
properties are satisfied:
(1) (Open Set Condition (OSC)) The set X has non-empty interior U = Intgpa X, and
S;(U) C U foralliel, and S;(U)NS;(U) =@ for alli,j € I with i # j.
(2) (Cone condition) infyex inf,c(o 1) L4(B(x,r) N IntgaX)/r? > 0.
(3) (Conformality) There exists an open, bounded, connected subset V. C R? such that
X C V and such that for each i € I, S; extends to a CY*¢ diffeomorphism S; from V to
an open subset of V.. Moreover, S; is conformal on V, which means that for all x € V
the differential S; |5 exists, is non-zero, is a similarity map (so ||S; |+ (W)|| = |15 ||| ||yl]
for all y € RY), and is e-Hélder continuous in x. Furthermore, there exists £ € (0,1)
such that ||§/H < & for alli € I, where || -|| is the supremum norm over V.
(4) (Bounded Distortion Property (BDP)) There exists K > 0 such that ||S},|y|| < K|S}, |«||
forallz,y €V and w € I*.

For w € I" we define
Sw IZSwlo"'OSwn,
and we define Sy to be the identity function on X. Since [S,,, (X)| < £"|X| by the uniform

contractivity, the map

m IV X, w(w) =) Spp, (X)
n=1

is well-defined and continuous. We are interested in the following set, which will typically be

fractal in nature.

Definition 2.2. The limit set or attractor of a CIFS is defined by

)
F=nxI) = ] () Su.(X).
welNn=1

For w € I" define F,, = Fg, = Sy(F) and X,, = Xg, = Su(X). Now, F is clearly
non-empty and satisfies the relation
(2.6) F=|JF.

i€l

In fact there are many sets which satisfy , and F' is the largest of these by inclusion. If [ is
finite then F' is compact (and is indeed the only non-empty compact set which satisfies by
Hutchinson’s application of the Banach contraction mapping theorem [28]), but if I is infinite
then F' will not generally be closed. For w € I,, define

HSw(‘T) B Sw(y)H

I

= = 'f
T T Xty [l — ]

Sw(x) — Sy
R Re e syp USe@ = SuW
z,yeX,x#y HJ} - yH

(2.7)

I
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noting that 0 < 7y, < Ry < €. The value Ry, is the smallest possible Lipschitz constant for .Sy,.
Mauldin and Urbanski [32] introduced
Ya(t) =Y ISl
wel™

for n € N, t € (0,00), and defined the topological pressure function P: (0, 00) — [—00, 00] by

(2.8) P(t) = lim % log 1 ().

Mauldin and Urbariski [32, Theorem 3.15] proved that the Hausdorff dimension of the limit set
is given by

(2.9) h:=dimyg F =inf{t > 0: P(t) <0}.

Throughout the paper, we reserve the letter h for the quantity in . In fact, this formula
holds even if the cone condition is not assumed, see [42, Theorem 19.6.4]. However, the
cone condition is used in the proof of |4, Lemma 2.11|, which is in turn used in the proofs of
Theorem below. The condition will in particular be satisfied if X is convex or has smooth
boundary.

Since the pressure function is decreasing, the finiteness parameter of the system
(2.10) O :=inf{t>0: P(t) < oo} € [0, 0]

is always a lower bound for the Hausdorff dimension.
We will use many properties of CIFSs. It is well known (see |4, Lemmas 2.9 and 2.12], for
example) that for any CIFS there exists D > 1 such that for all w € I'*,

(2.11) D7H[S,|| € rw < Ruw < DI|S,|l;

(2.12) D7HIS,|| < |Ful < |Xuw| < DI|S,l-

In |4, Lemma 2.11] we proved that there exists M € N such that for all z € R? and r > 0, if
wi, ..., w; are distinct words in I* such that for all 4, j € {1,...,{}, w; is not a prefix of w;, and
(2.13) B(z,r) NSy, (X) # @ and | Sy, (X)| = r/2 for all i € {1,...,1},

then [ < M. We will use the following consequences of conformality of the maps when proving

results about the Assouad-type dimensions.
Lemma 2.3. For any CIFS and any X > 0 there are only finitely many w € I* with ||S.,|| = \.

Proof. Let D be as in (2.11]), (2.12)). Note that there exists a ball B(z,r) C Intga(X). For n €
{1,...,N =1} let S, :={w e I" : ||S},|| = A }. For each w € L,,, Sy,(Intga(X)) contains a ball
B, of radius A\r/D by . Moreover, if w,v € L,, are distinct then by the OSC, B, N B, = &.
Therefore by a Lebesgue measure argument, #L,, < oco. But if N € N is large enough that
EN <\ then #L,, =0 for all n > N. Thus #{w € I"* : ||S,|| = A} =302 | #L,, < <. O

Lemma 2.4. There exists D' > 0 such that for allY C X, w € I* and r > 0,
(D)INA(Y) < Nyjgr 1p(Sw(Y)) < D'No(Y);
(D) 7INA(Y) < Nixr (Su(Y)) < Nigyjr (Sw(Y)) < D'No(Y).
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Proof. Let D' be the constant A42p from . Let Y C X, w € I* and r > 0. For the upper
bound note that there exist balls By, ..., By, (y) of radius r which cover Y. Assume without
loss of generality that each of these balls intersects Y. Then by the upper bound of , for
each j,
1Su(B; 0 X)| < D|ISL|| - [B; N X| < DIIS,|I - [B| = DIISLI(2r).

The B; cover Y so {S,,(B; N X)}; covers S, (Y). For each j we can cover S,,(B; N X) by D’
balls of radius [|S;,||r, so Njjgr |1 (Sw(Y)) < D'N.(Y).

For the lower bound, note that there exist balls By, ... ’Bﬁvus,gjur(sw(y)) of radius ||S},||r which
cover S,,(Y), each intersecting S,,(Y). By the lower bound of (2.11)), for each F,

1S5 (B, N Sw(Y)) < D|ISy, |7 - [By, N Sw(Y)]
< D[S, |17 By
= D|IS,, I~ 2lIS,[Ir)
=2Dr.

The {S (B}, N Sw(Y))}k cover Y. We can cover each of these sets by D’ balls of radius 7, so
N.(Y) < D'Nyjgr, |1 (Sw(Y')), proving the lower bound. In light of (2.12) we may increase D’
further to ensure that the second string of inequalities also holds. O

The following lemma is similar to [33, Proposition 2.9] and [4, Lemma 3.3|. Recall the
notation from (2.1)), and recall that M is defined in ([2.13)).

Lemma 2.5. Consider a CIFS and fiz n € N. If P and Q are both subsets of U;S;(X) which
intersect Sy, (X) in exactly one point for each w € I™ then for all x € X and R,r > 0,

(2.14) N.(PNB(x,R)) < (Ags + M)N,.(Q N B(z, R)).
Moreover, dimy P = dima Q, and dim% P = dim{ Q and ﬁip = MiQ for all 6 € (0,1).

Proof. The set of maps corresponding to words of length n forms another CIFS, so we may

assume without loss of generality that n = 1. Suppose z1,...,xy € X are such that the balls
B(z1,7),...,B(zy,7) cover Q. For each j =1,..., N let y;1,...,¥54,, € X be such that
Adae
B(z;,3r) C U B(y;i,7)-
=1
Then this union covers S;(X) for each i € I such that |S;(X)| < r and S;(X) N B(xj,r) # @.
By |4, Lemma 2.11] there exist i1,...,ip € I, depending on j and not necessarily distinct,

such that S;, (X) N B(zj,r) # @ for k = 1,..., M, and such that if i € I\ {i1,...,ip} and
|S;(X)| = r then S;(X) N B(z;,r) =@. If k=1,..., M then we can cover the single element
of PN S;, by a ball B}, of radius r. Since {B(xj,7)}; covers @,

Ad6

M
PC U U B(yj,r)U U Bji | »
=1 k=1

J
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proving ([2.14). It follows immediately that dims P = dima Q and dim{ P = dimf Q for all
6 € (0,1). Since diimeAF = SUPgc(0,0] dimﬁF for all F C RY (see [20]), it also follows that
dim’y P = dimy Q. O

3. ASSOUAD DIMENSION OF THE LIMIT SET

Theorem [3.1] gives a simple formula for the Assouad dimension of the limit set under an
additional separation condition, which we assume in this section only. As discussed in Section [7]

we do not know whether the additional assumption can be removed. Recall that h := dimpg F'.

Theorem 3.1. Consider a CIF'S with notation as in Deﬁm’tion and assume that S;(V) N
S;(V) =@ for all distinct i,j € I. Let P be a subset of U;S;(X) intersecting S;(X) in ezactly
one point for each i. Then the limit set F satisfies

dimp F' = max{h,dimp P}.

Proof. Let x € F and 0 < r < R < |F|, and write B := B(z, R). We will cover BN F efficiently
at scale r by noting that by the separation condition, the cylinders with size much greater than
R which intersect B must form a nested sequence. Within the deepest of these cylinders, we
will count subcylinders of a given size between r and R using the Assouad dimension of P and
cover each using the box dimension of F', and we use dima P to cover all cylinders which are
smaller than r.

Fix ¢ € (0,dist(X,R?\ V)), and let X’ be the closed d-neighbourhood of X. By the proof
of [4, Lemma 2.9], we may increase D (which is defined near (2.11))) so that holds even if
the infimum and supremum in the definition of r,, and R,, respectively (see (2.7])) are taken
over X’ instead of X. First observe that by the assumed separation condition, there is a unique
w € I* such that F,, N B # @ and |F,| > D?*R/§ and such that if v € I* satisfies F, N B # &
and |F,| > D?R/6 then v is a subword of w. Then BN F = BN F,. It is possible that w
could be the empty word, in which case recall that Sy is defined to be the identity map. If
i € I is such that S;'(B) N F; # @, then |F;| < D3R/(5||S%,||). Let ko = 0 be such that
D3R2-(kot1) /5 < » < D3R27%0 /5. For 0 < k < ko, define

L= {ie1:F;nS, (B) # @, D*R2- "V /(8|S, |) < |F| < D*R27%/(5]IS, 1) }-

Let t > s > max{h,dima P} and let C' > 0 be the constant from the definition of Assouad
dimension (2.3]) corresponding to exponent s. Since ¢t > dimgF, we may increase C' further so
that for all v’ € (0,|F|] we have N,v(F) < C(r')~*. Then
#Ie < #{i € 1: X; C B(S,' (), 2D*R/ (3], ),
D*R2-WD/(8)|8,[) < |Fil < D*R/(81S,,]1) }
< MNDSsz(k+1)/(5||sm|)(P N B(S;l(m), 2D3R/(5||S’I{UH))) (M is from (2.13))
<

If ¢ € Iy then by Lemma and ,
Nois, 1 (F2) < D'Neyqusy s (F) < CD'(DUR274/(6r))" = CD'DY5 27 (R/r)'.
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We also define
SMALL = {j € I : F;n B(S,"(z), DR/||S,||) # @, |F;| < D*R2- %D /(5]|5,,]]) }.
Then since s > dimy P, recalling that Ag 3 is from (2.1)),

DR/[S,1)*
w =A D? 5.
syl )~ AeCP )

Also, §,1(B) N F C B(S,'(x), DR/||S,,[[) N F, so by Lemma[2.4
N (BNF) < D'N, (S (B) N F)

Nr/||S§U||({ Fj 1] € SMALL}) < Ad,SC <

ko
k=0

o0

<D <4MC’2D’D4t5t D orlimak g Ad730Ds> (R/r)t.
k=0

Since s,t were arbitrary, the result follows. O

The Assouad dimension is related to porosity. A set is said to be porous if there exists
a € (0,1/2) such that for all x € F and r > 0 there exists y € B(z,r) such that B(y, ar)NF = &.

Corollary 3.2. Suppose a CIFS on R? satisfies S;(V) NS;(V) = @ whenever i # j. Let P be
a subset of U;S;(X) intersecting S;(X) in exactly one point for each i, and assume the limit set
F satisfies dimpg F < d. Then F is porous if and only if P is porous.

Proof. A subset of R? is porous if and only if its Assouad dimension is less than d (see for
example [18, Theorem 5.1.5]). Therefore the result follows from Theorem [3.1] O

4. BOUNDS FOR THE ASSOUAD SPECTRUM

4.1. The bounds. The following lemma shows that there is a certain uniformity in the definition

of the upper Assouad spectrum.

Lemma 4.1. For all bounded sets F C R? & >0, 0 < 8 < 1 there exists Rppe € (0,1) such
that for all § € (0,8) and x € F, if 0 < < RY? < R < Rp g then

N,(B(x, R) N F) < (R/r)TmaF+e,

Proof. Since MQAF is a continuous function of #, for all § € (0,1) there exists n =1y > 0
small enough that 7 < max{#,1 — 6} and HQAH?F < ﬁi_nF + ¢/2. There exists a € (0, 5)
small enough that dimyF < dimpF + /2. Since [, 3] is compact, there exists a finite set
01,...,0, € [, B] such that [«, B] C U (6; —ng,, 0 + np,). By definition of the upper Assouad
spectrum, for each i there exists C; > 1 such that for all 0 € (6; — ng,,0; + 19,), * € F and
0<r<RY<R<1 (sor < Rl/(ei+779i)), we have

.701'_77 B —
N,.(B(z,R)NF) < Ci(R/,r)dlmA i pte/2 < Ci(R/,r)dlmiF—&-a/Q'

There exists Cp > 1 such that for all € (0,a], z € F, 0 <r < RY? < R <1 (so r < RY®),
we have - -
NT(B(SL', R) a F) < Co(R/T‘)dimBF+€/2 < Co(R/T)dimAF+€/2.
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Let Cp . == maxo<i<n C;. Choose Rp g € (0,1) small enough that R%B_IE_I)

0<7<RY"<R<Rpg. <1 Then

/2 < Cfi. Suppose

0 — 9
NT(B(x, R) N F) < Cﬁ,g(R/T‘)dlmAF+€/2 < (R/T)dlmAF—‘rE’
as required. n

In |24] Section 8| it was shown that the Assouad spectrum of sets is not always monotonic,

but the following lemma shows that for limit sets of a CIFS it is in fact monotonic.

Lemma 4.2. If F is the limit set of a CIFS then the function 6 — dimi F is increasing in
6 € (0,1).

Proof. Suppose 0 < 6 < ¢ < 1. The idea is that if a part of F' is difficult to cover at a scale
corresponding to 6, then the image of this part of F' within a cylinder with an appropriately
chosen contraction ratio will be difficult to cover at the scale corresponding to ¢. Moreover,
we can iterate any given map to choose a cylinder with the desired contraction ratio up to a
constant multiple.

Let t € (0,dim% F). Then there exist sequences x,, € F and r,, € (0,1) such that r,, — 0 as
n — oo and

(4.1) =N, (F N Bz, %)) = 0o as n — .

n

Let S be any map in the IFS and define S° to be the identity function on V', and S* := So---0S,

[ times, and Fj := S!(F). Fix n € N. Noting that |[(S")’|| is decreasing in [, let k = k(n) be the
1

smallest natural number such that ||(S*)'|| < (Dr$ ?)3-1, where D is from (2.11)). Then

Nij(s#y e (F 0 B(S* (z0), ([|(S*)llra)?))

> Njj(sty|m, (F N B(S* (@), D||(S*)||r5)) by the definition of &
> Nj(stylr, (S*(F 1 B(an, 7)) by
> (D)7, (F 0 B, TZ)) by Lemma [2.4

It follows that

(1CS*Y rn) =2 Ny gy, (F 0 B(S* (@), (1(S*) 1))
> ([(S*Y 1 NS ) (D) TN, (F 0 B, ) by the BDP
> (Drf=4Y71)||S/ || K~ 1r) 9 (D)) "IN, (F O B(n,7%)) by the definition of k
= D7 O KO (D) e (ON,, (F 0 B, 1))

— 00 as m — 00 by (4.1)).
Therefore dimi F > t, and letting t — (dimi F)~ gives dimi F> dimi F, as required. O

Fix an arbitrary P C U;S;(X) intersecting S;(X) in exactly one point for each i. For 6 € (0, 1)
and ¢ € [0,1], we introduce the continuous function
(6! — )dimy P + (0~ — ¢~ )dimpF
-1 —1 '

(4.2) f(0,¢) =
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By Lemma the function f(6,¢) does not depend on the choice of P. Recall that dimgF =
max{h,dimg P} by [4, Theorem 3.5]. Note in particular that f(6,6) = HOAP and f(0,1) =
dimpF. It will be important to note that by the continuity of the upper Assouad spectrum, for
fixed 0 € (0,1), the function ¢ — f(6, ) is continuous, and hence attains a maximum, on the
interval ¢ € [0,1]. The following technical lemma will be used in the proof of Theorem .

Lemma 4.3. If0<0' <0 <1 and ¢ < ¢ <1 then f(0',¢") < maxyecpp 1 f(0,0).

Proof. We may assume 0" < 6. Let ¢1 € [¢',1] be such that maxgcig 17 f(6',0) = f(0, ¢1).
If dimpF > ﬁﬁlP then clearly ¢1 = 1 (so in fact mﬁlp = dimga P by definition), and
f(0',¢1) = dimpF = f(0,1) = maxyeg) f(0,¢). Therefore we may henceforth assume that,
dimpF < H?P. Using the quotient rule, if 8" < ¢; then for all 6, € (', min{¢;,0}) we have
%(Gl,gbl) > 0. Thus

f(O',¢") < f(0',01) < f(min{ey, 0}, b1).
Therefore if ¢1 < 6, then

F(0,0) < f(b1, 1) = dmy' F < dmy F = f(6,0) < s 1(0,9).

bel6,1]
If, on the other hand, ¢; > 6, then
o, 0,0).
FO0, ') < f(0,¢1) < ¢Ien[3§]f( , @)
In either case, the required bound holds. O

Theorem [£.4] provides bounds for the Assouad spectrum of a CIFS, and is the main result
of this section. These bounds will be illustrated by examples and figures in Section [5| which
also show that the bounds are sharp. Here and in subsequent sections, we assume only the
conditions in Definition and not the additional separation condition from Section [3] Recall
the definition of f(, ¢) from (4.2)), and recall that & := dimpy F.

Theorem 4.4. Let F' be the limit set of any CIFS with notation as above. Let P be any subset
of U;S;(X) which intersects S;(X) in exactly one point for each i. Then for all 6 € (0,1),

max{h, dlmAP} dlmAF dim§ F < m[z;%]f(G ,0).
o€

Proof. Fix any 6 € (0,1). By Lemma we may assume without loss of generality that
P = {Si(z) : i € I} for some z € Intga(X) N F. Since MQA is monotonic for subsets,
dimy P < dimy F, and by [32, Theorem 3.15], h = dimy F < dimaF so max{h, dimy P} <
ﬁiF. Lemma says that the Assouad spectrum of F' is monotonic, so since miF =
SUPgre(0,] dim?{ F, we have miF = dim} F

It remains to show that miF < maxyepp,1) f(0,¢). Let t > maxyep ) f(0,¢) and fix
s € (maxgep,1) f(0,0),t). Let

(4.3) €= %(s — max_ f(0, d)))
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Let C. > 0 be large enough that for all » € (0,1], N,.(F) < Cor~({@mel+e) - We use the
same constants Ag,, D, D', M from (2.1), (2.11)), (2.12]), Lemma (2.13]). We introduce the

constants:

— d
Csmall = Ad,32 +6>

[o¢]

Clsum = M?2243¢2p/C. > 9~ (k+1)(e/2)
k=0

Cled = M29T¢D'C.,

Chig = MD'D?,

Ciot = 4max{Csmall; Csum; Cmed; Chig } -
Note that Ciot > Cyman > 1. Fix A € (0,1) small enough that
(4.4) A1=07D6=0 < ol

We now want to make all the contraction ratios small enough so that the constants in the
induction argument below do not grow too fast. Suppose ||S;, || = max;es [|S|| = A. Then we
can form the new CIFS {S;:i e I\ {i1} }U{S;;:j €} Inasimilar way, we can replace
a map in this new CIFS whose derivative norm is largest. By Lemma [2.3] after repeating
this finitely many times we will obtain a set { 7} : j € J } with each ||T}|| < A. By induction,
{T;} will form a CIFS with the same limit set as {S;}, namely F. Moreover, [2.11)), (2.12),
Lemma and [4, Lemma 2.11] will hold with the same constants D, D', M. Recalling that
P = {Si(x) :i € 1}, define Q := {Tj(x) : j € J}. Then Q is the union of finitely many
bi-Lipschitz copies of cofinite subsets of P. Thus if dim is any notion of dimension that is stable
under bi-Lipschitz maps (for example any of the dimensions considered in this paper) then
dim{ Sij(z):iel}=dim{T;(z):j€J}.

The main step in the proof is the following claim. Inspired by Mauldin and Urbarski’s proof
of [33, Lemmas 2.8 and 2.10] for the upper box dimension, this is proved using an inductive

argument to construct efficient covers at smaller scales using efficient covers at larger scales.

Claim 4.5. There exists a large constant A € [1,00) such that for allm € N, if z € X,
NM<RL1 (md0<r<R1/e, then

N, (FNnB(z,R)) < AC{(R/T)°.
Proof of claim. First note that s > f(6,1) +¢ = dimgF +&. Therefore we can choose 3 € (0,1)
to be close enough to 1 that

(4.5) <;—1) (d+e) < (:)—1> (s — dmpF — ¢).

Let N € N be large enough that A~(V-1) < Rg g.e/2/2 and AN-1D/8 < )\(N_l)/ﬁ/m, where
Rg g2 is the constant from Lemma . Since s > f(#,1) = dimpF, by choosing A large
enough we may assume the claim holds for n = 1,2,..., N. Suppose n > N and assume the
claim holds for 1,...,n — 1. We may assume that A\» < R < A\*~!. Suppose 2 € X and
0 <7 < RY?. Define 0, € (0,6] and k, € N by R = 7% and RY/A2-(kr+2) < < RY/B2=(krt1),
We break up the set of cylinders which intersect B(x, R) into pieces depending on size. We will
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then bound the number of balls of radius r needed to cover each piece separately. The following
sets depend on x and n:
SMALL :={j e J:F;nNB(z,R)
I ={jeJ:FnB(z,R) # @, R/P2-* D | x,| <RYP27*}  for 0 < k <k,
MED = {j e J: F;n B(z,R) # @, R/ < |X;| < R},
BIG:={jeJ:F;nB(z,R) # @, |X;| >R},

# @, |X;| < RMYP2- (ki)

Note that these sets are different to the sets SMALL and I from the proof of Theorem
those sets described indices whose cylinder sets intersect a different ball (not B(zx, R)).

First consider SMALL. The cost of covering elements of SMALL at scale r is comparable to
the cost of covering the corresponding elements of Q, so we will use the upper Assouad spectrum
of @ to obtain a bound. Since 2R < Rg g /2, there exist at most (2R/r)dTniQ+5 balls of radius
r which cover Q@ N B(x,2R). If j € SMALL then Q N X; € B(x,2R), so the set of balls with
the same centres and radii 3r will cover { X; : j € SMALL}. By covering each of these larger
balls with balls of radius r,

(4.6) Nl U X | < Aag2™ e (R/r) AR < Cpan(R/)*
JESMALL
The last inequality holds since s > f(0,0) +¢ = MiQ +e.

Now consider I. We will bound the number of such cylinders using the upper Assouad
spectrum of @, and bound the cost of each using the upper box dimension of F'. This is where
the form of the function f(6, ¢) comes from. Let ¢y, € [6,, ) be such that RY/#2-(k+1) — Rl/%k,
For 0 < k <k,

#I, <#{jeJ:X; C B(z,2R), RY% < |X;| < R}

< M0, (Q 1 B2, 2) (M is from (ZT3))
< (Rl/d’k> by Lemma [4.1]

< M2d+a/2R(l—¢;1)(ﬁikQ+a)2—(k+l)(a/2)7

where in the last line we use that R1=57" > 1. If j € Iy then by Lemma
N, (Fy) < D' Nyjpxe (F) < D'Ce(r | X;])~(Tmer+e) < p/C e plon =0 ) (implee),

Therefore
ky
N, U X; gZNT UXj
(4.8) jeukr 1, k=0 JEI,
< oy RO-00 V@mE Qo)+ (0! ~07 ) (@m Fte)
< Csum(R/7)".



ASSOUAD TYPE DIMENSIONS OF INFINITELY GENERATED SELF-CONFORMAL SETS 15

The last inequality is since s > maxyeig 1] f(0, ) + 2¢ > f(0;, ¢1) + 2¢ by the definition of €
in (4.3) and Lemma
Now consider MED. We will use that § is close to 1 to show that the cardinality of MED is

not too large. We then use the upper box dimension of F' to bound the cost of each element of

MED. As in (4.7),

< M2d+eR(lfﬁ_1)(d+e)'

2R HiQJrs
Rl/,@)

#MED < M<

If j € MED then

No(Fy) < D'Nyyp(F) < D'Ce(r/R)~(@mat+e),
Using the definition of 5 in (4.5)), and since r < RY/ 97

49 N | x| < M2dteROANER e (r) R)TEmREYE) < Opa(R/r).
JEMED
Finally, consider BIG. The conformality and OSC give an absolute bound for the cardinality:
#BIG < M from . We now use conformality (through Lemma to compare the cost
of each piece with the cost of its (larger) preimage, which can be bounded using the inductive
hypothesis. Indeed, if j € BIG then

Ny (B(z,R) N Fj) < D'Ny iy (T;(B(z, R) N Fy)) by Lemma 2.4
DR/|IT!\°
< D'ACT? M by inductive hypothesis
r/||T]]
= ACT ' D'D*(R/7)5.

We were able to apply the inductive hypothesis at the crucial step because r < RY? and
Iy < A< 150
0 0
r/ITH < (R/|| T}V < (RD/||THI)Y

and

DR/||Tj|| = R/A = A"1.
Now,
(4.10) N U X5 < ACiCl (R’

jEBIG

Putting together (4.6, (4.8)), (4.9)), (4.10) and using the definition of Cio gives
N (FNB(2,R)) < (Csmall + Csum + Cned + AChig Oy ) (R/7)* < ACE (R/7)*,
completing the proof of the claim. O

We now complete the proof of Theorem fneN, N*<R<1,z€Xand 0<r < RY?,
then

(4.11) N,(F N B(z,R)) < AC" (R/r)* < ACI", R~ 9_1)(s’t)(R/r)t
< ACp AT (R /)t
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< A(R/r).
The last inequality is by the definition of A in (4.4]). Thus dim, F' < ¢, as required. O

In , we exploited the exponential gap between the scales r < RY? and R that is in
the definition of the Assouad spectrum but not the Assouad dimension. This allowed us to
complete the proof of Theorem [£.4] without assuming the separation condition that is assumed
in Theorem [3.11

4.2. Consequences of Theorem[4.4, We now consider what can be deduced from Theorem [-4]
about the general form of the Assouad spectrum of infinitely generated self-conformal sets.
Throughout Section F will denote the limit set of a CIFS, P will denote an arbitrary subset
of U;S;(X) intersecting S;(X) in exactly one point for each i, and h = dimyg F. Recall that the
quasi-Assouad dimension is defined in (2.4)).

Corollary 4.6. We have dimga F' = max{h, dimqs P}.

Proof. Since dimpF = max{h,dimpP}, we have maxycg 1) f(0,¢) < max{h,dimga P} for all
6 € (0,1), so the result follows from Theorem upon letting 6 — 1. g

Corollary 4.7. If h > dimga P then dim} F = h for all 6 € (0,1).

Proof. Immediate from Corollary [4.6] O

Corollary 4.8. If dim% P = dimgP for all 0 € (0,1) then dim% F = dimgF for all 6 € (0,1).

Proof. This follows from Corollary 4.6/ and the fact that dimgF = max{h, dimg P}. O
Recall that the phase transition pp for the Assouad spectrum of a set F' is defined in ([2.5)).

Corollary 4.9. If h < dimga P then pr = pp.

Proof. Tt follows from Lemma 2.5 and Corollary [4.6] that pr < pp, so it remains to prove the

reverse inequality. Fix 6 € (0, pp), so f(0,0) = ﬁiP < dimga P. If ¢ € (0,1] then

(6! — 1) dimga P + (0~ — ¢~1) max{h, dimy P}
-1 —1

Therefore ﬁiF < dimga P by Theorem so pr = 0. It follows that pr > pp, as
required. O

f(0,¢) <

< diqu P.

In light of Corollary when there is no confusion we will sometimes write p for the common

value pp = pp.

Definition 4.10. If G C R? is non-empty and bounded then we say that the Assouad spectrum
of G has the three-parameter form if either dimpG = dimga G, or else

(1—pg)0

dim%G = min {dimBG+ (dimga G —MBG),diqu G}
(1=0)pc

for all 0 € ]0,1).
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The three parameters are the upper box dimension, the quasi-Assouad dimension, and the

phase transition pg € |1 — dﬁiGG’ 1} (defined in (2.5)). The Assouad spectrum of many natural

sets, such as polynomial sequences and spirals, Bedford-McMullen carpets, Kleinian limit sets
and Julia sets happens to take the three-parameter form (see |18, Section 17.7] and [22]). It is
perhaps noteworthy that infinitely generated self-conformal sets do not necessarily satisfy the
three-parameter form (as we will see in Theorem [5.1)). However, they sometimes will satisfy

this form, as the following result shows.

Corollary 4.11. Assume that the Assouad spectrum of P is non-constant and has the three-

parameter form as in Definition [{.10, Then the upper bound of Theorem [{.4 is the three-

parameter form for F', namely

(4.12) dim% F < max f(6,$) = min {dlmBF + w(d mga F — dimpF), dimga F}
gel6.] (1=0)pr

In particular, if h < dimg P then the bounds in Theorem coincide, with dim§ F = dim{ P

for all 6 € [0,1]. If, on the other hand, we have dimgpP < h < dimga P, then the upper and

lower bounds of Theorem differ for all 6 € (0, pp).

Proof. Case 1: If h > dimga P then clearly maxyejg 1) f(0,¢) = f(0,1) =

Case 2: If h < dimpP = dimga P then maxycg 1) f(0,¢) = f(0,0) = dimp

Case 3: If h < dimpP < dimga P then maxyepp 1) f(6,0) = f(0,¢') = dlmAP for all
¢ € [0, pp], and the bounds coincide.

Case 4: If dimpP < h < dimga P then a direct calculation shows that for § € (0, pp),

max £(6,6) = (6, pp) = h+ G—Pr)0

di P —h) > dim% P
o, (1= 0)pp WMar P = h) > dimj

We see that in all cases dim} F' has the three-parameter form. g

One setting where Corollary is applicable is where the maps are concentrated around
the sets F), == {i7? :i € N}, where p € (0,00) is a constant. Fraser and Yu |24} Corollary 6.4]
showed that

. . 1
(4.13) dim{ F, = min {(l—l—p)(l—e)’ 1} .

This is the three-parameter form with dimpF, = (p+1)~', dimga F), = 1, PE, = #.
Lemma 4.12. Let p € (0,00), t € [p+ 1,00) and h € (1/t,1). Then there exists a CIFS on
X =[0,1] with I ={2,3,4,...} and limit set F' such that the following hold:
e For alli € N, i > 2 there exists ¢; € (0,(: — 1)™P — i7P) such that Sj(z) = c;x + i P
for all x € [0,1], so S; is a similarity map with contraction ratio ¢; and i~P = S;(0) <
Si(1) < (i— 1)
e There exists N € N such that ¢; = pi~t for alli > N
o dimgF =h

In fact any CIFS which satisfies the first two conditions will have finiteness parameter © = 1/¢
and dimg F € (1/¢t,1].
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Proof. By a mean value theorem argument, (i —1)™? —i 7P > pi~ @D for all i € N, ¢ > 2
By (2.9) we have h =inf{s > 0:>"°, ¢ < 1}. Therefore since 1/t < h < 1, we can choose
N > 2 sufficiently large that p" Y2\ i7" < 1 and SN (G —-1)P = i*p)h 1. By an

intermediate value theorem argument, there exist ¢; € (0,(j — 1) — j7P) for 1 < j < N such
that
S 3
i=N+1
It now follows from [32, Theorem 3.15] that dimg F' = h. O

We now use Lemma to give an example with dimgF = dimpF), and the Assouad

spectrum satisfying the three-parameter form.

Corollary 4.13. Consider a CIFS satisfying the three conditions in Lemma [{. 14 with t > p+1
and h = dimyg F' € (1/t,(p+ 1)"Y. Then for all 6 € [0,1],
1
.0 .0 .
dimj F' = dimy F}, = min {(1—#]))(1—9)’ 1} .
Proof. This is immediate from Corollary O

5. SHARPNESS OF THE BOUNDS AND ATTAINABLE FORMS OF ASSOUAD SPECTRA

Theorem provides a family of examples with dimg F' = dimyg F =: h which show in
particular that the bounds in Theorem [£.4] are sharp in general. The graph of the Assouad

spectrum for a certain choice of parameters is shown in Figure [T

Theorem 5.1. Consider a CIFS satisfying the three conditions in Lemma with h €
((p+1)~"%,1). There are three different cases depending on the parameter t:

(1) Ift=p+1 then
h+ sqlgy (L= h), for0<6<

p
Tp
1, for 55 <0 <

dmgF—{
(2) Ifp+1<t<p+h! then

h4-hp—1
h+p(1 g(L—h(t—p)),  for0<O< %

A 1 (h+hp 1)
dlmAF— W, form<9<ﬁ
1, for 1+p<9<1

(3) Ift =p+h~! then

h+hp—1

h, for 0 <0 < Fa5

-0 _ 1 h+hp—1 P
dimy F = (I+p)(1-0)° for h(l+p) 0 <15
1, for =2 SE <h«<1

By Corollary . 4.11} the bounds from Theorem |4.4 - (or from Corollary - differ if 0 < 6 <

PE, = Tip +p Moreover, in . the upper bounds are attained, in . dim’, A F' lies strictly between

the bounds for all § € (0, %), and in (3]) the lower bounds are attained. We note that

the formula in does not depend on the precise value of t € [p+h™!, 00).
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dimi F

.
i
0
_p_ 1
0 T4p

FIGURE 1. Assouad spectra of the sets in Theorem for p=1.8 and h = 0.5.
In black: the upper bound (attained when ¢ = p + 1). In brown: the lower
bound (attained when ¢t > p + h~!). In dashed blue: some more choices of
t € (p+1,p+h~1). In dotted green: the case t = 2p, which is also the dimension

of the continued fraction set from Proposition [6.3

We now give a technical lemma that forms the main part of the proof of the upper bound of

Theorem .

Lemma 5.2. Consider a CIFS satisfying the conditions of Lemma with (p+ 1)t < h <1
and p+1 <t <p+h=t. Since for each i > 2, S;([0,1]) and S;11([0,1]) are sufficiently well
separated, we can choose ¢ > 0 large enough that for any interval B (of length R, say) there
exists at most one i € I such that |F;| = c¢R and F; N\ B # &. Let s be any number greater than
the claimed formula for dim%F m Theorem . Then if 0 < r <1 and B is any interval
of length ¥ such that whenever i € I is such that BN F; # @ we have |F;| < cr?, then

N.(BNF) < r0-1s,
where the implicit constant in < can depend on p, h,t, F, s but not on r or B.

Proof. By increasing the implicit constant if required, we may assume that r is small enough
that if BN S;([0,1]) # @ then S;([0,1]) = [i 7P,i"? + pi~!]. Since BN F C UieI:BmFﬁéz F;, it
suffices to prove that No(U,cr.prp 20 Fi) S (=15 First note that since s > dim§ P,

N, U Fi | SN.(BnP) <008,
ieI:BﬂFHé@JFiKr

Therefore it remains to prove that Nv(U,er.pnp20r<| 5 <ot Fi) S r®=1s_ Ty do so, we consider

three cases depending on the value of 6, corresponding to the location of the point ¢7P that
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t

po .
satisfies it ~ 7. For such an 7, in Case 1, i P < 7% in Case 2, 7 <i™P < 7#+1, and in Case 3,

TPPTGI < ¢7P. The significance of rPLfl is that this is where gaps between consecutive elements of
P are =~ 19
Case 1: Assume 0 < 6 < p/t. Since s > h = dimp F, we have
—
N, U Fi| s Z N, (F
i€l:BNF;#0,r<|F;|<rt0/p i=|r—0/p|
P/t

/ (rat)"dx
7"*0/?

5 Tfh(rlfth)fO/p

%

g T(Gfl)s.

Let 1 be such that sup B = r"7. We may assume without loss of generality that n < 6. We now

have two subcases depending on the value of 7.

e Subcase 1.1: Assume n > 1% If th > p+ 1 then W < h, whereas if

th <p+1 then %W < h—i—m(l — h(t —p)), so if we define

€= 1_2p/t <s— <h+p(10_9)(1—h(t—p)))> >0

then "(p+1;(ah2;)ph_p9 + 172p/t€ < 5. Then

#{i€I:BNF £ 2,|F|>r} /P — (71 4 10) 7
=77 P(1 — (1 +r077)71/P)

< pn/pt0-n—¢
~Y Y

where the last bound is by Taylor’s theorem. Furthermore, if F}, N B # & and |F;| > r
then |F;| = /P and N,.(F;) & N,1_pep(F) < r~Un/P)(h+2) - Pytting this all together

gives
N, U F | < pon/pto-n—e—(-nt/p)(h+e)
i€:BNF;#2,|F;|>r
0D )
< T(Gfl)s'
e Subcase 1.2: Assume 7 < . Then since |B| = 7%, we have #{i € I : BNF; # @} < 1.
Therefore

N U B SNyge@)$rPhe,
i€l:BNF;
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Case 2: Assume p/t < 0 < (p+1)/t. Again let n be such that sup B =r". If n > 1% then

by a similar argument to the proof of Subcase 1.1 we have

N, U Fy| $r07hs,
1€:BNF;#3,|F;|>r

If, on the other hand, n < 1%, then as in Subcase 1.2 we have #{i € [ : BN F; # @} <1 so
Ne(Uiersnr20 Fi) S r(0=s,
Case 3: Assume (p+ 1)/t < 0 < 1. Then if r < |F| < e and BN F; # @ then

[
sy < P/t < inf B. Therefore
#liel:BNF#2,r<|Fl<a’} S

Consequently,

N, U Fy | <r0-Ds, O
i€l:BNF;#2,r<|F;|<cr?

Proof of Theorem[5.1 We begin with the upper bounds. Case follows from Theorem .
Assume p+1 <t < p+ h~! and let s be larger than the claimed upper bound. The argument
now uses a similar trick to the proof of Theorem Let 0 <7 < 1 and let B be a ball of radius
¥ intersecting F. Recall the constant ¢ from Lemma Let w € I'* be the unique word such
that Fi, N B # @ and |F,| > cr? and such that if v € I* satisfies F, N B # & and |Fy| > er?
then v is a subword of w. Then BN F = BN F,,. If ¢, is the contraction ratio of S,, then

N.(BNF) =N,/ (Su (BONF)) < Nyje, (Sp (B)N F) < rl07 s

by Lemma [5.2] since the claimed formula is increasing in . The upper bound now follows.
Case [3| can be proved using a similar (but easier) argument.

We now consider the lower bounds. Case (3)) follows from Corollary [4.11} so assume t < p+h~L.
The bound for § > % is immediate from Theorem Since p/t > %, it suffices
to prove

dim{ F > h + (1=h(t—p))  forallde(0,p/t).

0
p(1—19)
Fix € € (0, (th — 1)/t). In the < notation below, the implicit constant can depend on p, h,t, e
only. Since dimp F' = h we have N,.(S;(F)) ~ N,;(F) = (rit)~ ("= for sufficiently small > 0
and all i € N such that r <i7¢, by Lemma Therefore

L=/t
N(FN0,r) z > (rif)y=)
i=|r—9/7|

r—1/t

~ T,(hs)/ oth=e) g
T*G/P

o p—(h=e) .~ F (1=t(h—e))

_ r(e-1)(h+ﬁ(l—h(t—p))-%f) '

Since € was arbitrary, this completes the proof. O
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We note that the Assouad spectrum can be used to distinguish between different sets in this
setting in cases where no other notion of dimension is able to. For any fixed p € (0, c0), consider
two sets from Theorem [5.1] that are chosen to have the same Hausdorff dimension h but use
different values of ¢ € [p + 1,p + h™!], so have different Assouad spectra. Since the Assouad
spectrum is stable under bi-Lipschitz maps, we deduce that the two sets cannot be bi-Lipschitz
equivalent. In fact, [24, Proposition 4.7] can be used to give quantitative information about
the possible exponents of bi-Holder maps between two such sets. However, the Hausdorff, box
and intermediate dimensions (studied in [4]) of each of the sets will be h, and the Assouad and
quasi-Assouad dimensions will be 1, independent of ¢, so none of these other dimensions provide
information about Lipschitz equivalence or Holder distortion.

The Assouad spectra of the sets in Theorem satisfy the three-parameter formula and
so have only one phase transition. The sets in (2]) and (3), on the other hand, are sets which
exhibit self-similarity and whose Assouad spectrum displays interesting behaviour in that it

e does not satisfy the three-parameter formula,
e has two phase transitions.

These are the first examples of dynamically defined fractals whose Assouad spectrum has two
phase transitions, though the elliptical polynomial spirals in [10] can also have Assouad spectrum
with two phase transitions. We will see in Section [6] that this behaviour can also be observed for
classes of infinitely generated self-conformal sets defined using continued fraction expansions.

If we do not insist that the set of fixed points forms a polynomial sequence, then we will see in
Proposition [5.4 by making the contraction ratios extremely small that the Assouad spectrum of
the limit set can be very wild, and indeed display behaviour that is as general as what is possible
for arbitrary sets. To prove this we need Lemma[5.3] whose proof uses homogeneous Moran sets.
These are topological Cantor sets formed by starting with a closed interval, removing an open
interval from its centre, removing an open interval from the centre of each of the remaining
intervals, and repeating this process indefinitely. The size of each interval removed is constant
at each level but can vary between levels, resulting in a set which is very homogeneous at each
given scale, but which can look much sparser at some scales than others. Homogeneous Moran
sets have proved very useful in the theory of dimension interpolation and are described more
formally in |7, 40].

Lemma 5.3. If G C R is non-empty and bounded then there exists a countable set P C R which
accumulates only at 0 such that dim P = dim% G for all 6 € (0,1).

Proof. Tt is known that there exists a homogeneous Moran set M (whose initial interval is
[0,1], say) with dim} M = dim% G for all § € (0,1). Indeed, this was first proved in [40] using
techniques from [7], and a more explicit proof was subsequently described in [8, Remark 1.4].
For each n > 2, let P,, be a maximal n~"-separated subset of M N[0,1/n], and let P := U2, P,,
so P is countable and accumulates only at 0. Since P ¢ M, dim} P < dim{ M = dim{ G for
all 6.

For the reverse inequality, we note that for all § € (0,1), for all n sufficiently large (depending
on @) and 7 € [n=Y% n=1, N, (PN[0,1/n]) =~ N.(M N[0,1/n]). But since M is a homogeneous
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Moran set, N,.(M N [0,1/n]) = N.(M N [z,z 4 1/n]) for all z € R. Therefore dim} P >

~

dim% M = dim% G, completing the proof. U

Proposition 5.4. Let G C R be any non-empty bounded set with dimqa G > 0. Then there
exists a CIFS of similarity maps on [0,1] whose limit set F satisfies dim% F = diimiG for all
0 €(0,1).

Proof. Let P be the set from Lemma associated to G, and write P = {p1,po, ...} where
p1 > p2 > - --. Choose positive numbers {cy, ca, ... } small enough that { S;(x) = ¢,z +p; i €
N }ier forms a CIFS on [0, 1]. Since dimga G > 0, it is known from work in |20} 24, 26| that
dimpG > 0. By decreasing the ¢; if necessary, we may assume that the Hausdorff dimension
h of the limit set F' of our CIFS satisfies h < dimpG. Decreasing the ¢; even further, we may
assume that ¢,41 < ¢} for all n € N. Then following the proof of Theorem [£.4] we see that for
all # € (0,1) and n sufficiently large (depending on #), the sets defined in Claim satisfy

kr.

# <MED vl Ik> e {0,1},
k=0

so in this case the same proof strategy gives dimy F' = max{h,dim, P}. Therefore by Lemma

and [20], dimf F = mZP = MZG, as required. O

In particular, different possible forms for the Assouad spectrum of the limit set include
being concave on open intervals, being a non-trivial differentiable function on (0, 1), or being
non-differentiable on every open interval, see [40]. However, these exotic behaviours are coming
from the set of fixed points rather than from the dynamical structure of the limit set. After
submitting this paper, the authors in collaboration with Kolossvary and Rutar |5] have shown
that for a class of finitely generated self-affine sets called Gatzouras—Lalley carpets, the Assouad
spectrum can also have interesting behaviour, such as being concave on open intervals, or being

a non-trivial differentiable function on (0,1), or having many phase transitions.

6. APPLICATIONS: CONTINUED FRACTIONS AND PARABOLIC IFSs

In this section we apply our methods to calculate the Assouad spectra of several interesting
families of fractal sets. Sets of real or complex numbers which have continued fraction expansions
with restricted entries are especially well-studied in the dimension theory of dynamical systems,
see for instance [4, [L1} 33| and |18, Section 9.2|. For a non-empty, proper subset I C N, define

1
——,bpelforallneN

Fr=<2€(0,1)\Q:z=
bl_*—bz-‘rL

Then F7 is the limit set of the CIFS given by the inverse branches of the Gauss map G: [0,1] —
[0,1] (given by G(z) = {1/x} where {y} denotes the fractional part of y > 0) corresponding to

the elements of I.

Lemma 6.1. Working in R, letting X = [0,1] and V = (—1/8,9/8),
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o If1¢1 then{Sy(x) =1/(b+=x):be€ 1} isa CIFS with limit set F7.
o If1 €1 then { Sp(z) = 1/(b—|—x):b€[,b7é1}u{51b(:v) :—11:()6[} is a CIFS

b+1-T—c
with limit set F7.
Proof. This is well known (see [33, page 4997, for example). O

Lemma [6.1] shows why our general results can be applied in this setting, and is one of the
reasons why we proved the general bounds above for conformal contractions rather than just for
similarities. Recall that by [32, Theorem 3.15|, the Hausdorff dimension h can be determined
by the topological pressure function.

We first show that subsets of N which satisfy an asymptotic condition give rise to continued
fraction sets whose Assouad spectrum satisfies the three-parameter form and attains the upper
bounds of Theorem [4.4] and Corollary

Proposition 6.2. If I C N satisfies

=1

: log #(I N [1, N])
6.1 1
o) Now | logN
then for all 0 € (0,1) we have

dimf F; = {

Proof. If I C N satisfies the condition (6.1]) then by the proof of |18, Lemma 14.1.4],

h+ gy (L—h), for0<6<1/2
1, for1/2<6<1

dimf{1/b:bel} = min{2(11_9), 1}

for all @ € [0,1]. This will equal the Assouad spectrum of the set of fixed points of the
contractions comprising the CIFS from Lemma[6.1]even if 1 € I, because the Assouad spectrum
is finitely stable and unchanged under bi-Lipschitz transformations. Fix an integer k£ > 10.
By there exists a sequence of integers My < My < -+ such that M, > Mff/(k_m and

k-1

(1N [1L,MY P2 > (MF/FDV-1/k o all € N. Then #(1 N [M, MY #2)) > a2
with the implicit constant independent of n. Now

NSRS N o)y g\ koL
P USE=DY > (b2 2 2 ) M (ME/F2)72) o0 = oo,
n=1 bel n=1

bel
M, <b< My F2
The finiteness parameter (recall (2.10)) of the system therefore satisfies © > % Letting

k — oo shows that © > 1/2, so dimg F' = h > 1/2. Fix s < h and 6 € (0,1/2). By Lemma [2.4]
N, oo (F 0, M) 3 N, oo (F M 62 A1)

n n

_ —2k/(k—2)\

~ 1/6
My,
—(1-1/0) (5(1—2k9/(k—21))j(;9(k—1)/(k—2))

= n

The result follows upon letting s — A~ and k£ — oc. O
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In Propositions and we consider the Assouad spectra of continued fraction sets for
particular families of infinite subsets of N. In Proposition the numbers that we allow to be
included in the continued fraction expansions are eventually spaced apart like { [n?| : n € N}
(similar to |4, Example 4.4] for the intermediate dimensions). However, we need to allow an
arbitrary choice for the first finitely many digits of I to ensure that the Hausdorff dimension
can be in the range that yields non-trivial behaviour for the Assouad spectrum (such as two
phase transitions).

Proposition 6.3. Fiz p € (1,00). Assume that I C N is such that the symmetric difference of
I and { |n?| :n € N} is finite and that h € (1/(p+1),1/p). Then

ht -2 (1 —ph),  for0<0< Athlp

; 110(1*9) (hthp1) (1+p)(2ph—1)

: _ p—1)p

dimp Fr =4 e Jor Ay <9< 1%
1, for % <6<1

In particular, dim%F has two phase transitions and lies strictly between the bounds in
Theoremfor all 6 € (0, %).

Proof. We start with the appropriate CIFS from Lemma (depending on whether or not
1 € I). Although the OSC always holds, the separation condition in Theorem does not hold
if I contains consecutive digits. To deal with this, we use the same trick as in the proof of
Theorem [£.4] namely to iterate finitely many times to form a new CIFS where each conformal
copy of F' is very small and use an induction argument. The proof is now very similar to the
case t = 2p of the proof of Theorem , but with the additional technicality that the
bound from Lemma [2.4 needs to be used since we are in the self-conformal (rather than strictly
self-similar) setting. The details are left to the reader. O

In Proposition if h € (1/(2p),1/(p+1)] then the bounds coincide at the Assouad spectrum
of the set of fixed points (which equals dimi F, = min {m, 1}) by Corollary |4.11} If,

on the other hand, h € [1/p, 1), then the lower bounds are attained. The Assouad spectrum for
the above sets for a certain choice of parameters is shown in green in Figure [T}

In Proposition the elements of I are very clustered together (in contrast to Proposition,
resulting in the upper bound from Theorem and the three-parameter form being satisfied.

Proposition 6.4. Fiz o € (0,1) and let I C N be such that the symmetric difference of I and
NN [2F, 28 + 2% s finite. Then the phase transition is p =1 — /2, and

af
thm(l—h), for0<O<p

dimf Fy = -
At {1, forp<o <1

Proof. A direct calculation shows that dimjl;a/ ? P =1, and combining this with [18, Lemma 3.4.4|)
shows that dim% P = min {ﬁ, 1} for all 6 € (0,1). Moreover, dimp F' = h > a/2, since the

finiteness parameter is easily calculated to be © = /2 in this case. Moreover, for all ¢ > 0 and
k € N we have 27F — (275 4 2k)=1 x 2-k(2-2) with the implicit constant independent of k.
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Therefore by Lemma

- - - 9 2%k h—e
Nyl (24 = 2780 00 z e ()

_ 2]‘3[—(2—0)(1—971)(’“‘%(1—h))—(2_Ta—2)5}.
Since € was arbitrary, this completes the proof. O

We now calculate the Assouad spectrum of a special set related to complex continued fraction

expansions. Namely, define

1
Fnizi=q2€Ciz=————F— by €N+ ZiforallneN
bl—i_bz-&-L

It is clear from [32) Section 6] that

(6.2) {Sp(z) =1/(b+2):be (N+Zi)\ {1} }U {Slb(z) =—— b€ N+Zi}

I+z
is a CIFS with limit set Fyyz;- Estimates for the Hausdorff dimension h = dimyg Fyyyz; are
given in [32, Section 6] and [27, |37]. To our knowledge, the tightest bounds to date are
1.85574 < h < 1.85589 from [17]. The following result states that the Assouad spectrum satisfies

a formula in terms of the Hausdorff dimension, given by the upper bound from Theorem

Proposition 6.5. We have

h+ 1252 —h), for0<6<1/2

dimf Fiyiz; =
HIA TN {2, for1/2<6 <1

Proof. Let P be the set of fixed points of the CIFS in . A similar proof to the proof of
the p = 1 case of in |24, Corollary 6.4] shows that dim% P = min{(1 — #)~',2}. Fix
0 < 0 < 1/2 and very small ¢ € (0,1), and suppose 0 < R < 1. Let Ig, == {i € N4+ Zi :
R*® <z < Rfor all z € F;}. Then #lp. ~ R~2, with the implicit constants depending on
e but not on R. Using the Koebe distortion theorem we have |F;| 2 R2(+4e) for all i € Ip..
Therefore by Lemma

h—e
_ R2(1+€) —_p—1 /] _1-26¢
NRl/e( (0 R N FN—I—Zz Z NR1/9 > > Rp2 (W = R(l )(f( ,1/2) 0 E)_
ZEIR e
Letting e — 0% gives dim% Fiyz; > f(#,1/2), from which the result follows. O

It would be possible to study the Assouad spectra of the limit sets of appropriately chosen
subsystems of the CIFS in , but we will not pursue this.

Our results also have applications to the dimension theory of parabolic iterated function
systems. In such a system, each map S: X — X still satisfies ||S(x) — S(y)|| < ||z — y|| for
all z,y € X, but may contain a parabolic fized point p € X, meaning that S(p) = p but the

derivative of S (or an extension of S) at p has norm 1. The theory of parabolic IFSs has been
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developed by Mauldin and Urbaniski in [34], and they have also been studied in [35] 41], [18]
Section 9.2|, and many other works.

Given a (possibly infinite) parabolic IFS as defined in [34, Section 2|, one can associate an
‘induced” uniformly contracting infinite CIFS (see |34, Theorem 5.2|). It is clear that if F' is the
limit set of the parabolic IFS and F™* is the limit set of the induced CIFS then F* C F with
F'\ F* countable, and F' and F™* have the same closure. Therefore if dim is any of the notions
of dimension mentioned in this paper then dim F' = dim F*. In particular, |4, Theorem 3.5] for
the intermediate dimensions and Theorem [£.4] for the Assouad spectrum can be applied directly
to the induced system to give information about the corresponding dimension of F'.

As an example, we consider a finite parabolic IFS on the line with a single parabolic fixed
point of Manneville-Pomeau type at 0. In this setting, the Hausdorff dimension (denoted
h) equals the box dimension [41] and the Assouad dimension is 1 |18, Theorem 9.2.1]. In
Proposition [6.6] we show that the Assouad spectrum attains the upper bound from Theorem [4.4]

Proposition 6.6. Fiz N € N and £,q > 0. Suppose Si,...,Sn: [0,1] — [0, 1] satisfy |S;(x) —
Si(y)| < |z —y| for all x,y € [0,1] and extend to C1 ¢ maps on (—e,1+¢). Assume Sa, ..., Sy
are -Lipschitz for some § < 1 and that S;((0,1)) N S;((0,1)) = & whenever i # j. Finally,
assume S1(0) =0 and

x — S1(z)

xrl+a

Let F denote the limit set of this parabolic IFS. Then for 6 € (0,1),
h+ %1 =h), for0<6<
1, for li+q <f<1

-1 as z—0".

(6.3) dim} F = {

Proof. Let P be the set of fixed points of the induced CIFS
{S?OSi:nEN,QéigN}U{SQ,...,SN}.

Estimates similar to |35, (4.2)-(4.4)] show that dim§ P = dim% ({i~/¢:i € N}). The result
now follows by a similar argument to the proof of Theorem , using estimates similar
to [35, (4.1)]. OJ

More generally, one could consider a finite parabolic iterated function system that generates
a ‘parabolic Cantor set’ in the sense of [41]. Then several of the maps S; can have a parabolic
fixed point p; with local behaviour S;(x) = p; + a;(z — ;)9 +o((z — p;)1+9), and the Assouad
spectrum will take the form of with ¢ = max; g;.

Finally, we apply Proposition to calculate the Assouad spectrum of sets generated by

backwards continued fraction expansions. For I C {2,3,4,...,} define

1
— — byelforallneN
b1 —

Br=¢ze((0,1)\Q:2=1-
Recall that the Rényi map R: [0,1] — [0, 1] is defined by R(x) := {ﬁ} Then By is the limit
set of the (possibly parabolic, possibly infinite) IF'S consisting of the inverse branches of the

Rényi map corresponding to the elements of I.
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Corollary 6.7. If I C {2,3,4,...,} is finite with 2 € I then

h+25(1—h), for0<6<1/2

dimf B; =
AT {1, for1/2<6 <1

Proof. The inverse branch of the Rényi map corresponding to 2 € I is z — z/(1 + x), which
has a parabolic fixed point at 0, and all other branches are uniformly contracting. Therefore
using Taylor’s theorem, Corollary [6.7] follows from the ¢ = 1 case of Proposition O

7. FURTHER WORK

We conclude the paper with some potential directions for future research. While Theorem [5.1]
shows that the bounds in Theorem [£.4] are in a sense sharp, there are further questions that
one could ask about the possible form of the Assouad spectrum of the limit set of a CIFS. In
particular, suppose we fix a countable set such as P = F}, .= {i™? : i € N} where p € (0,00),
and fix h € (dimpP, dimga P). If we consider only those CIFSs whose set of fixed points is
precisely the set P, and vary the contraction ratios in such a way that the Hausdorff dimension
of the limit set F' stays constant at h, then the bounds from Theorem will stay the same,
but we expect it would be a delicate problem to give a precise description of how dimi F can
vary between those bounds.

Throughout this paper, as in |32, |33], we always assume at least the Open Set Condition
(OSC) (the separation condition from Definition 2.1)). In Section [, we additionally assume
that S;(V) N S;(V) = @ for all distinct 4,5 € I. This is satisfied in many natural settings. For
example, it holds for the family of CIFSs in Lemma with ¢ > p + 1. Nonetheless, it is
natural to ask whether the assumption is really needed, or whether the OSC suffices. The lower
bound dimp F' > max{h,dimy P} is immediate from Lemma even without the assumption,

but it is not obvious to us how to prove the other inequality without the assumption.

Question 7.1. In the statement of Theorem can the assumption that S;(V)NS;(V) =@
for all distinct i,j € I be removed?

For attractors of certain finite IFSs, one can say something about the Assouad dimension
even if the OSC is not assumed. Indeed, Fraser et al. |21] prove a dichotomy for the Assouad
dimension of self-similar sets on the line: if a condition called the Weak Separation Property
(WSP) holds then Hausdorff and Assouad dimension coincide, but if the WSP fails then the
Assouad dimension is 1. This result has a natural generalisation to self-conformal sets on the
line [1], and the Assouad dimension of overlapping self-similar sets in higher dimensions has
been studied in |25]. Ngai and Tong |36] and Chu and Ngai |13 study the Hausdorff, box and
packing dimensions of the limit sets of IIFSs with overlaps that do not satisfy the OSC but
do satisfy suitable extensions of the WSP. It is therefore natural to ask (though we will not
pursue this) what can be said about the Assouad type dimensions of the limit sets of infinite
iterated function systems with overlaps that do not satisfy the OSC but perhaps satisfy weaker
separation conditions such as those considered in [36].

Finally, as described in 18|, there are notions of dimension which are dual to the Assouad

type dimensions, and describe the ‘thinnest’ part of the set in question. The lower dimension
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of a bounded set F' € R? with more than one point is defined by

dimy, F = sup{ A : 3C > 0 such that Yz € F,Y0 <r < R < |F|,N,(B(xz, R)NF) > C(R/r)*}.
The lower spectrum at 6 € (0,1) is

dim? F = sup{ A : 3C > 0 such that Y& € F,¥0 < R < |F|, Npijo(B(z, R)NF) > CRN171/9 ).

These dimensions satisfy dimp, F' < dim% F < dimpF for all . For infinitely generated self-
conformal sets, these share some properties with the Assouad type dimensions. For instance,
although there are sets for which the lower spectrum is not monotonic in 6 (see |24, Section 8|),
for the limit set of a CIFS the function 8 — dim{ F' is monotonic by a very similar argument
to the proof of Lemma [£.2] It would be possible to calculate formulae for the lower type
dimensions of the sets in Lemma using a direct covering argument and ideas from the
proof of Theorem but we will not do this because this rather long calculation would not
illuminate new phenomena within the scope of this paper, whose main focus is on the Assouad
spectrum. One notable feature of the lower type dimensions in the context of infinite IFSs is

described by Proposition

Proposition 7.2. There exists a CIFS consisting of similarity maps whose limit set F' satisfies
dimp, F = dim{ F =0 for all 6 € (0,1).

Proof. For i > 2, let S;(z) == 2 % +i~!. This clearly forms a CIFS on [0,1]. But for all
6 € (0,1), for all i sufficiently large (depending on 6), FN(i~1 —27% /2 i=1 4279 /2) = S,(F), so
No—i(FN (7t =27%/2,i~1 4271 /2)) = 1. Therefore dim? F = 0, and so also dimy, F = 0. O

This result is in stark contrast to the situation for finite IFSs. Indeed, limit sets of finite self-
conformal IFSs with the OSC are known to be Ahlfors-David regular (see [18, Corollary 6.4.4]), so
all the dimensions considered in this paper coincide for such sets. Moreover, |18, Theorem 6.3.1]
implies that if F' is the attractor of an arbitrary finite IF'S of consisting bi-Lipschitz contractions,
and F is not a singleton, then dim{ F > 0 for some 6 € (0, 1).
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