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EQUIVARIANT TOPOLOGICAL SLICE DISKS AND NEGATIVE
AMPHICHIRAL KNOTS

KEEGAN BOYLE AND WENZHAO CHEN

ABSTRACT. We show that any strongly negative amphichiral knot with a trivial Alexander
polynomial is equivariantly topologically slice.

1. INTRODUCTION

In the 1980s, Freedman proved that any knot with a trivial Alexander polynomial is topo-
logically slice [Fre84, FQ90], an instrumental theorem in producing topologically but not
smoothly slice knots. Apart from distinguishing topological and smooth sliceness, topolog-
ically but not smoothly slice knots also imply the existence of exotic smooth structures on
R* [Gom85, Lemma 1.1]. In addition, Freedman’s proof implies that any slice disk D with
71 (B* — D) = 7Z is unique up to topological isotopy (see for example [CP19, Theorem 1.2]),
which has been used in producing disks in B* which are topologically but not smoothly
isotopic relative to their shared boundary [Hay20, DMS22].

It is natural to ask for analogous results which guarantee the existence of an equivariant
topological slice disk bounded by a symmetric knot. In the case of strongly invertible knots,
Issa and the first author showed that there are knots with trivial Alexander polynomial
which do not bound any equivariant topological slice disk [BI21a, Example 4.8]; see Question
1.7. In contrast, for strongly negative amphichiral knots we show that the topological slice
disk implied by the trivial Alexander polynomial condition respects the strongly negative
amphichiral symmetry.

Definition 1.1. A strongly negative amphichiral knot (K, p) is a knot K C S® and an
involution p : S — S3 such that p(K) = K, and the fized-point set of p is two points on K.

An involution with exactly two fixed points in S? is conjugate to point reflection [HS59,
Liv63], so a strongly negative amphichiral knot always has a symmetric diagram as seen in
Figure 1.

Theorem 1.2. Let (K, p) be a strongly negative amphichiral knot with Alezander polynomial
Ak(t) = 1. Then (K,p) is equivariantly topologically slice with a slice disk D such that
T (B*\D) = Z.

One motivation for this theorem is the existence of the half-Alezander polynomial [BC22,
Definition 4.1], which acts in many ways as an equivariant analog of the Alexander polynomial
for strongly negative amphichiral knots. For example, it satisfies a version of the Fox-Milnor
condition to obstruct equivariant sliceness [Kaw76, Lemma 3.6] and it satisfies an equivariant
skein relation analogous to the Conway polynomial [BC22, Theorem 1.1]. Hence one might
expect that a strongly negative amphichiral knot with a trivial half-Alexander polynomial is
equivariantly topologically slice. Since knots with a trivial half-Alexander polynomial have

a trivial Alexander polynomial, this would imply Theorem 1.2.
1



2 KEEGAN BOYLE AND WENZHAO CHEN

FIGURE 1. A strongly negative amphichiral knot. The symmetry is given by
point reflection (z,y,z2) — (—x,—y,—z) across the indicated point (0,0,0),
and the two ends connect at infinity (the other fixed point).

We know of two approaches to proving that a knot with trivial Alexander polynomial is
topologically slice: Freedman’s original approach using surgery theory, and the approach of
ambient surgeries on Seifert surfaces used by Garoufalidis and Teichner [GT04]. Our proof of
Theorem 1.2 follows a simplified version of the surgery theory approach (see [BKK*21, Theo-
rem 1.14]) since strongly negative amphichiral knots do not admit equivariant Seifert surfaces.
The main difficulty in our setting is the orientation-reversing nature of the symmetry. In
particular, we must work with non-orientable 4-manifolds. For an overview of the techniques
involved, see Section 2.

1.1. Examples. We indicate some constructions of strongly negative amphichiral knots with
trivial Alexander polynomial. One such knot was constructed by Van Buskirk in [VBS83,
Example 2]. An infinite family of examples can also be constructed via a modification of
the construction used in the proof of [BC22, Theorem 6.1]. Specifically, in [BC22, Figure 13]
choose any values of b; and ¢;, and replace the +1 surgery curve with its positive Whitehead
double and the —1 surgery curve with its negative Whitehead double. The result is a surgery
diagram for a strongly negative amphichiral knot with trivial half-Alexander polynomial
(which can be computed as in [BC22, Section 5]), and hence trivial Alexander polynomial.
See Figure 2 for the knot produced from this construction when all parameters are 0 except
c¢; = 1. Examples can also be produced through equivariant satellite operations, provided
that both the companion and pattern knots have trivial Alexander polynomials.

1.2. Open questions. We conclude with some open questions related to equivariant slice
disks.

Question 1.3. Ifp: B* — B* is a locally linear order 2 homeomorphism which restricts to
a point reflection p on S = OB, then is p conjugate to the standard involution (the cone of
p) in the homeomorphism group of B*?

Implicit in Theorem 1.2 is the construction of many such involutions on B*, so that
proving that a strongly negative amphichiral knot with trivial Alexander polynomial is not
equivariantly topologically slice with respect to the standard involution would answer this
question. On the other hand, all known equivariant smooth slice disks are invariant under
the standard involution on B* (see [BI21b] for some examples).

Question 1.4. Is there a strongly negative amphichiral knot with trivial Alezander polyno-
mial which is not smoothly equivariantly slice?
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FIGURE 2. A strongly negative amphichiral knot K with trivial Alexander
polynomial. The diagram on the left is an equivariant surgery diagram for K.
Blowing down the surgery curves produces a knot diagram for K which we
simplified using KLO [Swe| and SnapPy [CDGW] to produce the diagram on
the right.

Answering this question in the positive would immediately produce a strongly negative
amphichiral knot which is topologically but not smoothly equivariantly slice by Theorem
1.2. In fact, Issa and the first author have produced an obstruction to smooth equivariant
slice disks using Donaldson’s theorem [BI21b, Theorem 1.3]. However, this theorem does
not apply to any known examples of knots with trivial Alexander polynomial. Question 1.4
is closely related to [FT17, Problem 21|, which asks for an amphichiral knot with a trivial
Alexander polynomial which is not smoothly slice.

One may hope to answer Question 1.4 by developing an equivariant analog of knot Floer
homology, which may also be helpful for studying the following question (at least in the
smooth category).

Question 1.5. Are there equivariant slice disks for some strongly negative amphichiral knot
which are isotopic but not equivariantly isotopic?

We suspect that there are such disks; in the proof of Theorem 1.2 (specifically Lemma
3.4) there are two choices of p-invariant meridian to which we may equivariantly attach a
handle to construct an equivariant slice disk. These two slice disks are isotopic (since the
meridians are isotopic), but we suspect they are not equivariantly isotopic.

In [Fel16], Feller showed that the degree of the Alexander polynomial is an upper bound
for the topological slice genus, and it would be interesting to see if there is an equivariant
version of this theorem.

Question 1.6. Is the degree of the Alezander polynomial an upper bound on the equivariant
topological slice genus for strongly negative amphichiral knots?

Feller’s proof relies on a modification of a Seifert surface, and is closely related to the
ambient surgery technique used in [GT04]. In the setting of strongly negative amphichiral
knots, we do not have equivariant Seifert surfaces, and hence Feller’s proof cannot be directly
applied.
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Finally, as indicated by [BI21a, Example 4.8], any statement for strongly invertible knots
analogous to Theorem 1.2 must involve more than just the Alexander polynomial.

Question 1.7. Is there a homological condition which guarantees that a strongly invertible
knot is equivariantly topologically slice?

Question 1.7 is closely related to a question about slice links, as we can see from the
following construction. Extending a strongly invertible symmetry to the 0-surgery Sg(K) on
K produces a fixed-point set consisting of a 2-component link, and the quotient of S§(K)
is a homology S containing the image L of this 2-component link. Furthermore, K is
equivariantly slice if L is freely slice. Indeed, the double branched cover over a pair of freely
slice disks for L is a homotopy S! with boundary S§(K), which is an equivariant slice disk
complement for K.

1.3. Organization. In Section 2 we give background for equivariant slice disks, surgery
theory, and Spin and Pin~ structures. In Section 3 we prove Theorem 1.2.

1.4. Acknowledgments. We would like to thank Liam Watson for some helpful comments,
and the authors of [BKK™'21] for an excellent introduction to Freedman’s work. The second
author is partially supported by the Pacific Institute for the Mathematical Sciences (PIMS).
The research and findings may not reflect those of the institute.

2. BACKGROUND

2.1. Equivariantly slice knots. We begin by introducing the definition of an equivariant
slice disk for a strongly negative amphichiral knot.

Definition 2.1. A strongly negative amphichiral knot (K, p) is equivariantly (topologically)
slice if there is a locally linear order 2 homeomorphism p': B* — B* and a p'-invariant
locally flat and properly embedded disk D C B* with D = K such that p' restricts to p on
OB* = S3. Here D is called an equivariant topological slice disk for K.

Here we require the involution p’ to be locally linear in order to avoid pathological fixed-
point sets, as is standard for studying group actions on topological manifolds. For conve-
nience, we recall the definition below.

Definition 2.2. An order 2 homeomorphism p on an n-dimensional topological manifold is
locally linear if each fixed point x of p has a p-invariant neighborhood which is equivariantly
homeomorphic to R™ with a linear Z /27 action.

2.2. A brief overview of surgery theory. The main technical input in the proof of The-
orem 1.2 is surgery theory, which we use to construct the equivariant slice disk complement.
Surgery theory provides a method to modify a given manifold M, by performing surgery on
spheres representing specific homotopy classes in M, in order to obtain a new manifold with
a prescribed homotopy type. In our case, we will modify a 4-manifold with a prescribed
boundary to obtain a homotopy S'. We will perform surgeries on 1- and 2-dimensional
spheres to achieve (M) = Z and mo(M) = 0, which is sufficient to guarantee that M is a
homotopy S! (see for example, [Ran02, Proposition 10.18]).

In order to perform surgery on a sphere, one necessary condition is that the sphere must be
framed; that is the normal bundle is trivial. A standard way of guaranteeing that the spheres
are framed is to work with manifolds with extra bundle data, usually packaged in a notion
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called normal maps. For simplicity, we will avoid normal maps and instead obtain framed
spheres by taking advantage of working in low-dimensions: a 1-sphere is framed if and only
if its normal bundle is orientable, and a 2-sphere is homotopic to a framed sphere if and
only if its self-intersection number is even. Even self-intersection numbers can be guaranteed
provided the 4-manifold admits a Pin~ structure. See Section 2.3 for a discussion on Pin~
structures.

In order to perform surgery on a sphere, the sphere must also be embedded. For 1-spheres
in a 4-manifold, this is automatic since every 1-sphere is homotopic to an embedded one by
Whitney’s embedding theorem.

The situation for 2-spheres is more complicated. Even if a 2-sphere is embedded, surgery
on this sphere may alter (M) since the meridian of the 2-sphere might be nontrivial in
the fundamental group of the new manifold. To avoid this, it is desirable to ask for a
geometrically dual sphere S’ to the sphere S on which the surgery is performed. Here,
S” (not necessarily embedded) and S intersect geometrically once and the presence of S’
provides a null-homotopy of the meridian of S in the manifold obtained from surgery. Hence
we would like to find a basis of mo(M) such that half of the basis is represented by disjoint,
framed, and embedded 2-spheres, each of which admits a geometric dual sphere. Here we
require the geometric dual spheres to form the other half of the basis. Then surgery on these
embedded spheres will annihilate mo(M).

The algebraic obstruction to the existence of such a basis is known as the surgery ob-
struction; this is the Witt class of a certain quadratic form on o (M), which is an element
of Wall’s obstruction group L4(Z[m (M)]"). (We refer the reader to [Liic02, Definition 4.22
and Definition 4.28] or [Wal99] for the definitions.) This group only depends on (M) and
the orientation character w: m (M) — Z/2Z. If the surgery obstruction vanishes, and the
fundamental group is good, then Freedman’s sphere embedding theorem produces a collec-
tion of spheres on which one can perform surgeries to annihilate mo (M) without modifying
m (M) (see for example [FQI0, Theorem 5.1A] or [BKK™21, Chapter 20.3]).

2.3. Spin and Pin~ structures. Recall that a compact oriented 4-manifold M admits a
Spin structure if and only if the intersection form is even. We will be considering non-
orientable manifolds, which cannot be Spin. Instead we use a Pin~ structure, which like
a Spin structure guarantees that the self-intersection pairing of elements in Hy(M;Z/27Z)
vanishes. We briefly recall some basic definitions and properties below; see [KT90] for details.

A Spin structure on an SO(n) bundle over a manifold is a lift of the SO(n) bundle to a
Spin(n) bundle, where Spin(n) is the (degree 2) universal cover of SO(n) for n > 3. When
n < 3, a Spin-structure on an SO(n) bundle is a Spin structure on some stabilization of
the bundle. Indeed a Spin structure on a vector bundle is a stable structure; the set of
Spin structures on an SO(n) bundle is in bijective correspondence with the set of Spin
structures on each stabilization of the bundle. A Spin structure on an oriented manifold is a
Spin structure on its orthonormal frame bundle (the choice of Riemannian metric does not
change the isomorphism class of the SO(n) bundle). An oriented manifold M admits a Spin
structure if and only if the second Stiefel-Whitney class wq(M) vanishes, in which case the
set of Spin structures has a non-canonical bijection to H'(M;Z/27).

A Pin~ structure on a (not necessarily orientable) compact manifold M is equivalent to
a Spin structure on TM @ det(T'M) for an arbitrary orientation on TM & det(T'M). When
M is orientable, det(T'M) is trivial so that a Pin~ structure on M is equivalent to a Spin-
structure on M. A manifold M admits a Pin~ structure if and only if wy(M) +w;(M)* =0
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(where w; (M) is the i-th Stiefel-Whitney class), in which case the set of Pin~ structures has
a non-canonical bijection to H'(M;Z/27).

Next we discuss the extension of a Pin~ structure from a 4-manifold M to a 4-manifold
M’ obtained from M by surgery along framed 1-spheres. Give a framed embedded 1-sphere
S in M, there are two choices of framing on S (since m(SO(3)) = Z/27Z). For one choice
of framing, the Pin~ structure on M extends to M’, and for the other choice of framing it
does not. Indeed, there is a unique Pin~ structure on the 2-handle h = D? x D3 which we
attach to M x I, and by attaching h so that the Pin™ structure on S agrees with the Pin~
structure on h we will get a Pin~ structure on the cobordism from M to M’ which we can
restrict to M’.

Finally, we will make use of Spin and Pin~ bordism groups, which we define here for
convenience. See [Swi75] or [KT90] for more details.

Definition 2.3. Let X be a topological space. Then the i-th Pin~ bordism group Q™ (X)
of X consists of bordism classes of triples [M, &, f], where M is an i-dimensional manifold
with a Pin~ structure & and a continuous map f : M — X. Here (M,&, f) is equivalent
to (N,v,q) if there is a Pin~ cobordism W : M — N and a map F : W — X such that
the Pin~ structure and map F on W restrict to (&, f) on M and (¢, g) on N. The group
operation is induced by disjoint union.

The Spin bordism groups QP"(X) are defined similarly. Note that both QF" (X) and
QPP (X) are generalized homology theories.

3. PROOF OF THEOREM 1.2

In this section we prove Theorem 1.2. Before we begin the proof, we state some necessary
lemmas. To begin, Lemmas 3.1 and 3.2 provide a 4-manifold on which we will perform some
surgeries.

Lemma 3.1. [Kaw09, Proof of Lemma 2.3] The strongly negative amphichiral symmetry p
induces a free involution on the 0-surgery Ss(K). Furthermore, the quotient Q = S3(K)/p
has HY(Q;Z) = 7.

Note that @ has two Pin~ structures, since H'(Q,Z/2Z) = Z/2Z. We will arbitrarily
choose one such structure £ to work with, and let f : @ — S! be a map corresponding
to a generator of H'(Q;Z). Note that [Q,&, f] is an element of the Pin~ bordism group
Qb= (Sh.

Lemma 3.2. The bordism class [Q, &, f] is trivial in QY™ (SY) if and only if Arf(K) = 0.
Moreover, the null-cobordism (Vy, f : Vo — S') can be chosen so that for each simple closed
curve v C Vo, if fo([y]) = 0 € H{(S';Z) then the normal bundle of ~y is orientable.

Proof. First, observe that there is an isomorphism ©: QF" (S') — Q"™ (x) by applying the
Meier-Vietoris sequence for generalized homology theories (see for example [Swi75, Theorem
7.19]), and using the fact that Q™ (x) = 0 (see for example [KT90, Theorem 5.1]). Let
F = f71(x) for some regular value * of f. Then the image O([Q, &, f]) is represented by F
together with the Pin~ structure {|r it inherits from ). The Brown-Arf invariant ( classifies
QP (x) = Z/8Z (see for example [KT90, Lemma 3.6]), so we need to show that B([F,&|r])
vanishes if and only if Arf(K’) vanishes.
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In fact F is orientable, and hence {|r lifts to a Spin structure € so that [F, €] is a class in
Q5P (%) = 7,/27, which is classified by the Arf invariant Arf([F,€]). Furthermore, by [KT90,
Proposition 3.8], there is a commutative diagram

Q7" (x) > Q" (%)

o b

7.)27. — /3.

where the map Z/27Z — 7 /87 is the unique injective homomorphism. Hence B([F,&|r]) =0
if and only if Arf([F,£]) = 0. Now F lifts to a pair of orientable surfaces Fy and F} in S§(K),
and [F, €] 2 [Fy, 7], where 7 is the restriction of the Spin structure on S3(K) to Fy. Hence
AT([F8)) = Ari([Fy, 7]) = Arf(K).

For the second statement we will construct the null-cobordism with the desired property
directly. First, note that by an appropriate isotopy of f, we may assume that F' = f~!(x)
is connected. Since Arf([F,&]) = 0, there is a Spin handlebody H with OH = F. Now take
Q@ % [0,1] and glue H X [—¢,¢] to @ x {1} in a neighborhood U of F' x {1}. Indeed, * is a
regular value so that U = F x [—¢,¢], and hence we can identify 0H x {z} with F x {x}
for all x € [—¢,¢]. Call the resulting cobordism Wy, and let M = 0W, — Q). Now since F is
dual to wy (@), (Q x {1}) — U is orientable (see for example [KT90, Lemma 2.2]). Hence M
is orientable, since it is obtained from () — U by gluing on two 3-dimensional handlebodies.
In particular, the Pin~ structure on M lifts to a Spin structure, and M then bounds a Spin
4-manifold W; since Q57" (%) = 0. In fact, we can take IW; to be simply connected [Kap79).

We can now define Vy = Wy Uy Wi, and we can extend f from ) to Vg as follows.
First, extend f to Q x I by f(z,y) = (f(x),y). Identifying U = F X [—¢,¢], we may
assume (up to isotopy) that f|y is projection to the second coordinate, where we identify a
neighborhood of the regular value x with [—&,¢]. We can then extend f to Wy by defining
flix[-e. as projection to the second coordinate. With this extension of f, we can see
that f(M) is contractible in S! since it does not contain *. Hence after an isotopy of
f in a collar neighborhood of M in W, we can assume f(M) is a single point. We can
then extend f to Vy by taking f(WW;) to be the same point. Now let v: S' — V1 with
[for] =0 € H{(S';Z). Note that ~ is homologous to a curve 7' in @ by the construction
of Vp, and hence wy(Vy)[y] = w1 (Q)[y/]. Since [f o ~] is even in H;(S'), wi(Q)[y] = 0 and
hence the normal bundle of 7 is orientable.

O

In the course of performing surgeries we will need to ensure that the surgery obstruction
vanishes. In our case, this surgery obstruction lies in the L-group L4(Z[Z™]), where Z~ refers
to the integers together with the non-trivial homomorphism Z — Z/27.

Lemma 3.3. [Wal99, Section 13A] The L-group L4(Z[Z7)) is isomorphic to Z/2Z, and is
generated by the Eg form.

Proof. Let Z[1] indicate the group ring of the trivial group. By [Wal99, Theorem 12.6], there
is an exact sequence

La(2[1]) = La(Z[1]) = La(Z[Z7]) = 0,
where, Ly(Z[1]) = Z generated by the Fg form [Wal99, Theorem 13.A.1], and the first map
is multiplication by 2. Hence L4(Z[Z~]) = Z/2Z, and is also generated by the Eg form. [
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The following lemma provides an equivariant attaching curve allowing us to extend a
symmetry along a 2-handle attachment, which we use to construct an equivariant slice disk.

Lemma 3.4. Let (K, p) be a strongly negative amphichiral knot. Then there is a p-invariant
meridian u of K with an S*[0] x D?[r, ¢| neighborhood where p acts by

O0,r,0) — (0 +7,r,—¢), with 0,6 € [0,27) and r € [0, 1].
Furthermore, this parametrization of the neighborhood of p gives the Seifert framing in S3.

Proof. Let x be a fixed point of p on K. Then there is a neighborhood of x which is
homeomorphic to R?® with the action (xy, 29, 3) — (—x1, —T2, —23), where K is the z;-axis
and z is the origin (see [HS59] and [Liv63]). We can then take

= {r :0,333—1—:63:1},

which has an S' x D? neighborhood with the desired p action under an appropriate parametriza-
tion. 0

Apart from guaranteeing that the Arf invariant vanishes (see Lemma 3.2), the vanishing
Alexander polynomial is also used in the following lemma, which will guarantee that a certain
quadratic form is non-degenerate.

Lemma 3.5. If Ak (t) =1, then Hl(@; Z) =0, where Q is the infinite cyclic cover of Q.

Proof. By [KawT76], Q) is homeomorphic to the infinite cyclic cover :S’E(K ) of S3(K), and
by [Cro64],

Hi(S3(K); Z) = 0
when Ak (t) = 1. O
We can now prove Theorem 1.2.

Proof of Theorem 1.2. We will build a compact 4-manifold W with boundary S§(K), along
with an involution on W which restricts to the involution on S3(K) induced by p (see
Lemma 3.1). Furthermore, we will guarantee that W is a homotopy S* and that H,(W;Z)
is generated by a meridian p of K. Once we have constructed W, gluing a 2-handle h =
D? x D* to W along p then produces a topological 4-ball in which the co-core of h is a
slice disk for K. Moreover, h can be attached equivariantly with respect to p so that K is
equivariantly topologically slice. Indeed, we attach h to the p-invariant neighborhood of u
as described in Lemma 3.4, and we equip h = D?[s, 0] x D?[r, $] with the involution given
by p(s,0,7,¢) = (s,0 + 7,7, —¢), which restricts to the involution in Lemma 3.4 as desired.
(Observe that the fixed-point set is the diameter (0,0,r,0) U (0,0, r,7) of the co-core of h.)

To build W, we first consider Q@ = S5(K)/p. We will show that @ bounds a (non-
orientable) 4-manifold V', which is a homotopy S! and for which H,(V;Z) is generated by a
circle v which lifts to a meridian p of K. In fact, W is the orientation cover of V' and hence
also a homotopy S*, and the deck transformation involution is the desired involution.

The rest of the proof consists of the construction of V. Since Ag(t) = 1, we have Ar f(K) =
0 so that Lemma 3.2 produces a Pin~ 4-manifold V; with boundary @) and a map fo: Vo — S*
which restricts to f: Q — S, where the homotopy class of f corresponds to a generator of
HY(Q;7Z). First, we will perform surgeries in the interior of V4 to obtain a 4-manifold V; so
that the following diagram commutes and f; induces an isomorphism 7 (V}) — Z.
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To do so, consider a finite presentation for the kernel of (fy).: 71 (Vo) — m1(S?). By Lemma
3.2, the generators of ker((fy).) can be represented by framed (and embedded) circles since
they have orientable normal bundles. Performing surgery on each of these circles then
produces V;. Here we choose the framings so that V; inherits a Pin~ structure from Vj.

The existence of this Pin~ structure on V; implies that wy(V;) + w?(V;) = 0. Since
wo(V1) + wi(V}) is the second Wu class, we have that for any immersed sphere S repre-
senting an element of m5(V}), the self-intersection pairing ([S] U [S],[V1,@Q]) = 0 (mod 2).
By introducing local kinks, each of which changes the Euler number by +2, we may further
choose a representative immersed sphere S with trivial normal bundle for each class in w5 (V7).
Here S is unique up to regular homotopy [Hir59, Theorem 8.3]. We can then use these Euler
number 0 representatives to define an intersection pairing A: mo (V) x ma(Vy) — Z[m(V1)] as
in [BKK"21, Definition 11.2] (with arbitrarily chosen whiskers).

We will show that this intersection pairing A is non-degenerate so that \, together with
its quadratic enhancement s given by the self-intersection number, represents an element
(m2(V1), A, s) in the surgery obstruction group Ly (Z[m(V7)]"), where w is the orientation
character. To see that A is non-degenerate, note that X is isomorphic to the Z[m(V7)]-
equivariant intersection form

A: Hy(Vi; Z[m (V1)) x Ho(Vi; Zm (V1)]*) — Z[m (V)]
and that we have the following exact sequence:
(1) - = Hy(VisZ[m (V)]*) 5 Ha(Vi, Q5 Z[m (V1)]") — Hi(Q; Zmi (VA)]Y) = ---

Noting that H;(Q;Z[m (V1)]V) = Hl(@;Z) as abelian groups, Lemma 3.5 gives an isomor-
phism

Hy(Q; Z[m (V1)]*) = 0,

so that p in Equation (1) is surjective. Now for any class o in Ho(Vi; Z[m(V1)]"), Poincaré
duality produces a class in Hy(V1, Q; Z[m1(V1)]") which pairs non-trivially with a. Hence A
is non-degenerate and (ma(V1), A, s) € La(Z[m (V1)]Y).

Now observe that 71 (V) = Z and the orientation character w : w1 (V) — Z /27 is surjective
since V] is non-orientable. We may assume that the surgery obstruction (ma(V1), A, s) is trivial
in Ly(Z[m(V1)]") = La(Z[Z7)); if it is not, then by Lemma 3.3 we can replace Vi with its
connected sum with the Fg manifold V)# Fg to obtain a vanishing surgery obstruction.

Now since (m2(V7), A, s) is trivial in Ly(Z[r(V1)]"), we have a stabilization

‘/2 — ‘/1#(52 % S2)k

for which (my(V3), A, s) is hyperbolic. Along with the fact that Z is a good group, we can then
apply the sphere embedding theorem (see for example [FQ90, Theorem 5.1A] or [BKK*21,
Chapter 20.3]). The result is that m(V5) has a basis of framed immersed spheres

{Sla“-asnasiw"vs;z}’
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where the spheres Si,...,95, are embedded and pairwise disjoint, and for each ¢ the sphere
S! is geometrically dual to S;. We can then perform surgery on Sy,...,S, to obtain a 4-

manifold V. Note that V is a homotopy S', and the generator of H;(V; Z) lifts to a meridian
of K by construction.
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