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Abstract

In this paper we proved the following: Let K, L C R3 be two O-symmetric
convex bodies with L C intK strictly convex. Suppose that from every x in bdK
the graze X(L,x) is a planar curve and K is almost free with respect to L. Then
L is an ellipsoid.

1 Introduction

A very important problem in Geometric Tomography is to establish properties of a
given convex body, i.e., a compact and convex set with non-empty interior, if we know
some properties over its sections or its projections. An interesting result was given by

C. A. Rogers [12]:

Let K C R™ be a convex body, n > 3, and p be a point in R™. If all the 2-dimensional
sections of K through p have a centre of symmetry, then K also has a centre of sym-
metry.

In the same article, Rogers also conjectured that K must be an ellipsoid if we also
have the condition that p is not the centre of symmetry of K. This conjecture was first



proved by P. W. Aitchison, C. M. Petty, and C. A. Rogers [1] and is known as the False
Centre Theorem. Later, L. Montejano and E. Morales-Amaya gave a simpler proof of
the False Centre Theorem in [I0]. In the following theorem, due to S. Olovjanishnikov
[T1], the considered sections of K are not concurrent:

A convex body K C R", n > 3, is an ellipsoid provided all hyperplanar sections of K
that divide the volume of K in a given ratio X # 1 have a centre of symmetry.

In [2], J. A. Barker, and D. G. Larman conjectured the following, which is a variant
of Olovjanishnikov’s theorem: Suppose K,L C R" are convex bodies, with n > 3 and
L C intK. Suppose that whenever H is a hyperplane supporting L the section H N K
of K 1is centrally symmetric. Then K is an ellipsoid.

Another variant of Olovjanishnikov’s theorem would be the following conjecture by G.
Bianchi, and P. M. Gruber [3]: Let K be a convex body in R™, n > 3, and let § be
a continuous real function on S*' such that for each vector u € S™~1 the hyperplane
{z : {(x,u) = d(u)} intersects the interior of K. If any such intersection is centrally
symmetric and (with, possibly, a few exceptions) does not contain a possibly existing
centre of K, then K is an ellipsoid.

There is another kind of characterizations of the ellipsoid considering properties of the
intersections of cones or cylinders with the body. Given a point x € R" \ K we denote
the cone generated by K with apex = by C(K,z), i.e., C(K,z) :={zx+ XNy —x) :y €
K, A > 0}. The boundary of C(K,z) is denoted by S(K, ), in other words, S(K, z) is
the support cone of K from the point x. We denote the graze of K from x by (K, z),
ie., X(K,z) := S(K,z) N OK. Using this notion of grazes, A. Marchaud proved the
following in [9]:

Let K C R3 be a convex body and H be a plane which is either disjoint from K or meets
K at a single point. Then K is an ellipsoid if for every point x € H \ K, the graze
Y(K,x) contains a planar convex curve vy such that conv~y Nint K # ().

However, if we change the plane H for a surface I' which encloses K it is not known
whether K is an ellipsoid or not. Marchaud’s theorem is also true if the apexes of the
cones are points at infinity. In this case the grazes are called shadow boundaries and
are obtained by intersections of 0K with circumscribed cylinders. The first proof that
a convex body is an ellipsoid if and only if every shadow boundary lies in a hyperplane
is due to H. Blaschke [4]. We suspect the following is true.

Conjecture 1. Let L C int K C R" be convex bodies such that for every point x € 0K
it holds that (L, x) lies in a hyperplane. Then L is an ellipsoid.

With the additional condition that the grazes are ellipses, it was proved in [5] that L is
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an ellipsoid. In this work we give another progress in order to prove this conjecture, and
was very unexpected that under the hypotheses of Theorem [I| the grazes of the body L
result to be centrally symmetric (Lemma |l]). Before we give the statement of the main
result in this work, we give some more definitions and notation. Let L and K be two
O-symmetric convex bodies in R?, with L C intK. We say that the points x,y € bdK
are free with respect to L if the line through = and y, ¢(x,y), does not meet L. Suppose
that for every point x € bdK, the graze (L, x) is a planar curve and denote the plane
where it is contained by A,. The body K is said to be almost free with respect to L if
for each z € bdK and w € II, N bdK, where II, is a plane through O parallel to A,
the points z and w are free with respect to L (see Fig. [1f).

Wz

Figure 1: K is almost free with respect to L

The main result of this article is the following.

Theorem 1. Let K, L C R3 be two O-symmetric convex bodies with L C intK strictly
convex. Suppose that from every x in bdK the graze (L, x) is a planar curve and K
15 almost free with respect to L. Then L is an ellipsoid.

It is worth to notice that Theorem [1]is not only evidence for the veracity of Conjecture
[ Once we have the conclusion of Lemma [I] we arrive to a particular cases of, for
one hand, the Bianchi and Gruber’s conjecture and, on the other hand, the Baker and
Larman’s conjecture mentioned before, and Theorem [I| gives a positive answers to this
cases.



2 Main result

We first prove two lemmas.

Lemma 1. For each x € bdK the graze (L, z) is centrally symmetric with centre at
the point O, = l(x,—x) N A,.

Proof. Let Q, = S(L,x) N S(L,—z). By Lemma 2.2 in [§] we have that Q, is a
simple and closed curve, moreover, since L is centred at O we have that 2, is centrally
symmetric with centre at O. Let a € ¥(L, z) be any point and let z be the point where
the line {(z, a) intersects €2, (see Fig. [2). Consider the point b € 3(L, z) such that [a, b]
is an affine diameter of 3(L, z). Suppose that O, & [a,b] and let a’ be the point where
[—z, z| intersects 3(L, z). Let H, be a support plane of L through the points = and z,
and let £, :== A, N H,, and let £, be the support lines of (L, z) and 2, through a and
z, respectively, with ¢, parallel to ¢,. Let ¢, be the support line of (L, x) through b
and parallel to £, (this line exist since [a, b] is an affine diameter of X(L, x)), and let H,
be the support plane of L through ¢, and x.

Figure 2: €1, is a planar and closed curve



Now, since (), is an O-symmetric set, the line —¢, is a support line of €2, through
—z. The plane H, through —¢, and z contains the line ¢(x, —z), hence, the line
ly == A, N Hy is a support line of (L, ), parallel to ¢,. This can happen only if
a’ = b, otherwise we obtain that one of H, or H, is not a support plane of L. We
have proved that the affine diameter [a, b] passes through O,, and the same happens for
any other affine diameter of ¥(L,x), by a theorem of P. C. Hammer [6] we have that
(L, x) has centre of symmetry at O,. n

Lemma 2. For every v € bdK we have that Q, is a planar curve parallel to (L, x).

Proof. We use the notation of Lemma[I] and Fig. 2] Since the points z, b, —z, z, a, are
coplanar and O, and O are the midpoints of the segments [b, a| and [—z, 2], respectively,
by elementary Geometry we have that [—z, z] must be parallel to [b,a]. It follows that
(), is parallel to (L, z), indeed, they are homothetic with centre of homothety at . [

Remark 1. If K is a Euclidean ball then we can prove at this point that L is also a
Euclidean ball. It is not difficult to prove that for every x € bdK, by Lemma[3, the
intersection S(L,x) N S(L,—x) is a planar curve contained in x*. It was proved in [5]
(Theorem 2) that under this condition the body L is a Euclidean ball.

Lemma 3. For every u € S* there exists v(u) € S? such that for every x € ut NbdK,
the plane A, is parallel to v(u).

Proof. Consider a point € u* NbdK, and let y, —y € bdK be such that the planes
A,, and A_, are parallel to u*. We claim that A, is parallel to ¢(y, —y). Suppose to
the contrary that A, is not parallel to ¢(y, —y). By virtue of Lemma [1| we have that

(L, —y) = 5(L,y) =20, (1)

Let p := conv(X(L,x) N X(L,y)) be the chord with extreme points in the intersection
Y(L,z) N X(L,y). Notice that the chord p is well defined since K is almost free with
respect to L. By , the chord 1 —2- O, belongs to A_, but, since A, is not parallel to
{(y, —y), this chord is not contained in A,. On the other hand, by virtue that A, and
A_, are at the same distance from u* and given that ¥(L, z) has centre at O, € u*, the
image ¢ of u, under the central symmetry with respect to O, restricted to the plane A,
is in A_, (see Fig. [3). Applying the same argument for —z, it follows that ¥(L, —y)
has four parallel chords of the same length which contradicts the strict convexity of L.
Thus A, is parallel to ¢(y, —y). Finally we define v(u) as the unit vector parallel to



Figure 3: A, is parallel to ¢(y, —y)

Proof of Theorem . Let x be a point in bdK and we define the unit vector z = %

Let u € 2zt N'S%. We are going to prove that u™ N A, is a line of affine symmetry of
Y(L,x). In order to show this, we are going to prove that through the extreme points
of the chords of X(L, z) parallel to v(u), v(u) given by Lemma [3 there passes support
lines of ¥(L,z) that intersect each other in a point in ut N A,. By this property and
since one of the chords pass through the centre of 3(L, z), we have by Lemma 3 in [7]
that ut N A, is a line of affine symmetry for X(L, x).

Let y € bd(utNK) be a point such that line £(z, y) is contained in u\C(L, z) (see Fig.
. We denote by I'y,I's the supporting planes of L containing the line ¢(z,y), by a,b
the common points between bdL and I'y, 'y, respectively. Since 'y, 'y are supporting
planes of C(L, z) it follows a,b € ¥(L, x). Analogously we conclude that a,b € X(L,y).
Hence {(a,b) = A, N A,. By Lemma 3| A, and A, are parallel to v(u). Thus the line
A,NA, is parallel to v(u). We denote by Ly, Ly the lines I'1 NA,, T'oNA,, respectively,
and by c¢ the point £(x,y) N A,. It is clear that ¢ € ut N A, and that L, L, are
supporting lines of (L, x) passing through ¢ and a and ¢ and b, respectively. Varying
y € bd(ut N K), such that line £(x,y) is contained in u*\C(L, z) it follows that X(L, z)
satisfies the required property and, consequently, u* N A, is a line of affine symmetry
of ¥(L, x). Finally varying u € (2 NS?) we conclude that ¥(L, x) is an ellipse. Finally,
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we conclude, using Theorem 5 in [5] that L is an ellipsoid. 0J

Figure 4: u* N A, is a line of affine symmetry for $(L, r)
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