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SMALL BALL PROBABILITIES FOR THE FRACTIONAL STOCHASTIC
HEAT EQUATION DRIVEN BY A COLORED NOISE

JIAMING CHEN

ABSTRACT. We consider the fractional stochastic heat equation on the d-dimensional torus
T? := [~1,1]%, d > 1, with periodic boundary conditions:

du(t,x) = —(=A)2u(t,x) + o(t,z,u)F(t,x) =T teRT,

where a € (1, 2] and F (t,x) is a white in time and colored in space noise. We assume that o
is Lipschitz in v and uniformly bounded. We provide small ball probabilities for the solution
u when u(0,z) = 0.

1. INTRODUCTION

In this paper we consider small ball probabilities for solutions to the fractional stochastic
heat equation of the type:

(1.1) duu(t,x) = —(—=A)*%u(t,x) + o(t,x,u)F(t,x) x e TteR",

with given initial profile u(0,-) = ug : T — R where T¢ := [—1,1]¢ is a d-dimensional torus.
The operator —(—A)®/2, where 1 < a < 2, is the fractional power Laplacian on T?. The
centered Gaussian noise F' is white in time and colored in space, i.e.,

E (£(t,x), F(s,y)) = do(t = s)A(x — y),

where 4 is the Dirac delta generalized function and A : T — R is a nonnegative generalized
function whose Fourier series is given by

(1.2) A(x) = Z A(n) exp(min - x)

nezd

where n - x represents the dot product of two d-dimensional vectors. We will need the
following two assumptions on the function o : Ry x T¢ x R — R.

Hypothesis 1.1. There exists a constant D > 0 such that for allt >0, x € T¢, u,v € R,
(1.3) lo(t,x,u) — o(t,x,v)| < Dlu—wv|.

Hypothesis 1.2. There exist constants Cy, Co > 0 such that for allt >0, x € T¢, u € R,
(14) C1 < O'(t, X, U) < CQ.
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In fact, () is not well-posed since the solution w is not differentiable and F' exists as a
generalized function. However, under the assumptions ([L3)) and (L4]), we define the mild
solution wu(t,x) to (1.1) in the sense of Walsh [Wal86] satisfying

15) )= [ ptx- vy + [ - s x-y)otey s y) Fldsdy)

where p: R, x T? — R, is the fundamental solution of the fractional heat equation on T¢
atﬁ(tv X) = _(_A)a/2ﬁ(t7 X)
]5(0, X) = 50(X).

Following [Dal99], it is well known (see also [DKM™09]) that if A(n), the Fourier coefficients
of A(x), satisfy

(1.7) 3 Am)

o
= 1+ |n]

(1.6)

where | - | is the Euclidean norm, then there exists a unique random field solution u(t¢,x) to
equation (LIH). Examples of spatial correlation satisfying (1) are:

1. The Riesz kernel A(x) = |x|™#, 0 < B8 < d. In this case, there exist positive constants
c1, ¢ such that for all n € Z¢,
(1.8) cifn[ "7 < An) < eofn| 7@,
and it is easy to check that condition (7)) holds whenever 5 < a.

2. The space-time white noise case A(x) = dp(x). In this case, A(n) is a constant and
(L) is only satisfied when o > d, that is,d =1 and 1 < o < 2.

Small ball probability problems have a long history, and one can see [LS01] for more surveys.
In short, we are interested in the probability that a stochastic process X; starting at 0 stays
in a small ball for a long time period, i.e.,

P < sup | Xy < a)
0<t<T

where ¢ > 0 is small. A recent paper [AJM21] has studied this problem when X, is the
solution of the stochastic heat equation with d = 1, a = 2 and A = §y. The objective of this
paper is to generalize their results with the Riesz kernel.

2. MAIN RESULT

Theorem 2.1. Under the assumptions (L3)) and (L4), if u(t,x) is the solution to (I.I]) with
uo(x) = 0, then there are positive constants Cy, Cy, Cs, C3, Dy depending only on Cy,Co, «,
B and d, such that for all D < Dg,e9 > >0, T > 1, we have

(a) whend =1 and o > 203,

Cyexp <_£> < P | sup |u(t,x)|<e| < Cyexp (_ﬂ) ’

2(2a—5 3ath
c et 0<t<T e etd)
d
xeT
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(b) or in other cases,

CsT )
0<P| sup |u(t,x)|<e|] <Csexp | — — .
- 0<t%T‘( ) : p( s (1 Z)N(*7))
x€eT

Here we make a couple of remarks. These could be of independent interests.

Remark 2.1. (a) The lack of lower bound for small ball probability in part (b) is due to
an exponential growth number of grids in space.

(b) When d > 2 and A(x) = do(x), the solution ezists as a distribution. Is there a way
to estimate the small probability for some norm of this solution?

(¢) The small ball probability estimation has a close relation with the Chung’s type Law
of the Iterated Logarithm (see [LSOQ1] for more details). Can we follow the idea from
[LX21] to get a similar result for non-Gaussian random fields/strings?

Here is the organization of this paper. In Section 3 we state the key proposition and how
this proposition relates to the main result. In Section 4 we give some useful estimations. In
Section 5 we prove the key proposition.

Throughout the entire paper, C' and C’ denote positive constants whose values may vary
from line to line. The dependence of constants on parameters will be denoted by mentioning
the parameters in parenthesis.

3. KEY PROPOSITION

We decompose [—1,1] into intervals of length € on each dimension and divide [0, 7] into
intervals of length coe* where ¢, satisfies

(3.1) 0<c¢p<ming 1 __G% "
' 0 "\ 36C21In C;

where Cy, (s are constants specified in Lemma [4.5l Moreover, for Ve > 0 and C is specified
in Lemma [5.2], we require

20:d—48

(3.2) 0<co<Ce 7

Remark 3.1. Unlike the white noise case in [AJM21], ¢y needs to be selected depending on
€ in this paper. Indeed, cy does not appear in the bounds for small ball probability.

Define t; = icoe?, z; = je? and
ny :=min{n € Z : ne> > 1},
where ¢ € N and j € Z. Consider a sequence of sets R; ; C R x R? as
(3.3) Rij={(ti,zj,, x5, .xj)| —1+1<jp <j k=12 .,d}.
By symmetry, (x;,,2j,, ...z;,) lies in [—1, 1] when

(3.4) —m+1<p<n—1lfork=12..d
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For n > 0, we define a sequence of events that we can use for the upper bound in Theorem

2.1,
a=g
(3.5) F, = {|u(t,x)| <t,* forall (t,x) € Rn,nl_l} :

In addition, let £_; = € and for n > 0, we define a sequence of events that we can use for
the lower bound in Theorem 2.1

(3.6)
1 26a- e
E, = {|u(tn+1,x)| < gg—” = and Ju(t,x)| < =% for all ¢ € [ty, tup], X € [—1, 1]d}.

The following proposition along with the Markov property will lead to Theorem 2.1

Proposition 3.1. Consider the solution to (L) with ug(x) = 0. Then, there exist 1 > 0
and Cy, Cs, Cg, C7, Dy > 0 depending only on Cy, Ca, o, B, and d such that for any 0 < & <

g1 and D < Dy,
n—1 C
P <Fn N Fk> < Cyexp <—75 ) ,

(a)
ap
k=0 €2+ D%,
(b) and when d =1 and a > 23,
n—1 C
7
P <En m Ek) > Cg exp <— 4((1/3)2) .

k=-1 g B
Next we show how Theorem 2.1 follows from Proposition 3.1l

Proof of Theorem 2.1} The event F,, deals with u(¢,x) at the time ¢,, so putting these
events together indicates

4]

kT d
F= ﬂ Fn D {|U(t,X)I <t . tel0,T],xe[-1,1] }

n=0
n—1
k=0
With wuy(x) = 0, Proposition B.1] immediately yields

[#]

C t C.T

C4exp (—%)] < Ci; exp <_ 2 2a6>
g2 + D%, > g2ty + D, °

CsT

(1+22)M (52
ty

and
|£] %]
P(F)=P|(F.|=PE) ][] P <Fn

n=0

P(F) <

< Cz exp | —
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The last inequality follows from the inequality of ¢y in (3.2]) and D < Dy. Therefore we have

p({|u(t,x>|St?_f,te[o,T],xe[—l»ﬂd})<CzeXp ) |

a—p3

then replacing ¢,>* with e and adjusting ¢; to & give the upper bound in Theorem 2.1

For the lower bound, the event F,, deals with u(¢,x) in the time interval [¢,,t,.1], so putting
these events together indicates

5]
E= () Enc{|u(t,x)|gg““o?m,te[o,T],xe[—l,l]d},

n=-—1

and

[ [
P(E)=P| () E.| =PEo) [] P(En

n=-—1 n=0

n—1
k=—1

With ug(x) = 0, Proposition B immediately yields

T
Cr B C.T
Cg exp (_74@@2 )] > Cg exp (—74(aﬂ)2 .
g ob t1e B

Therefore, from the inequality of ¢ in (5.27]), we have

. C\T
P({Jut x| <™ te 0,7),x € [-1,1"} ) > Coexp (—74@5(2&@) :
T A

P(E) =

2(a—p)

then replacing ¢~ o« with ¢ and adjusting £; to gy give the lower bound in Theorem [2.1]

4. PRELIMINARY
In this section, we provide some preliminary results that are used to prove the key proposition

B.1

4.1. Heat Kernel Estimates. For x € R? p(¢,x) is the smooth function determined by
its Fourier transform in x

p(t,v) = / p(t,x) exp(27iv - X)dx = exp(—t(27|v])*), v € R
R4

For x € T, from the standard Fourier decomposition we have

(4.1) plt,x) =27" Y " exp (—7°|n|"t) exp(rin - x).

nezd

The following lemma gives an estimation on heat kernel p(t,x), which is similar to Lemma
2.1 and Lemma 2.2 in [Lil7].
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Lemma 4.1. For allt > s > 0 and x,y € T9, there exist constants C,C" > 0 depending
only on a,d such that

(12) Pty — %) — plty)ldy < C (u A 1)

Td

(43) 5(t, %) — (s, %) dx < C" (1og (t) A 1) |

Td

Proof. We begin with inequality (4.2]),
> [p(t,y — x+2n) — p(t,y + 2n)]

/ Bty — %) — Blt, y)|dy = /
Td Td nezd

/ > |plt,y —x+2n) — p(t.y + 2n)| dy
(44) nezd

- /Rd Ip(t,y —x) — p(t,y)|dy

dy

< [ x| sup |Vap(t,y — cox)| dy.
R4 co€[0,1]

By Lemma 5 in [BJ07] and (2.3) of [JS16], we have

fa
(d+2)/
(4.5) V.p(t,2)| < C(d, )|z (\z\f”“a At ) < O(d, ) G e
We put (&3) into (£4) to get
_ _ tly]
t,y —x)—p(t dy < C(d d
[ 1ptt.y =) = ptt.y)ldy < Cld.allxl [ ot ay

o tx _
< C(d,a)lx / e )wad e

)l N
tl/a 1 + 'LU d+2+a
C(d, a)|x\
< tl/a ’
Clearly, [1.|p(t,y —x)—p(t,y)|dy < 2, so that ([£2) follows. For inequality (E3), we have

Z [p(t,x 4+ 2n) — p(s,x + 2n)]| dx

Zd

[ 1ot = s, 0ax = |

/ Z|ptx+2n —p(s,x+ 2n)|dx
(46) nezd

= [ ttx) =l lax

t
< / 10,p(r, x)|drdx.
Re J s



SMALL BALL PROBABILITIES FOR SPDE WITH COLORED NOISE 7

Proposition 2.1 in [VAPQR17] shows

C(d,a)
4.7 —A)*2p(r,x)| < —
(4.7) [(=A)*p(r, x)| e+ ) B

Applying (L0), (A7) and Fubini’s theorem to (A6 yields that

t
1
Ip(t,x) — p(s,x)|dx < C(d, a)/ / o drdx
Td s (r?e+ |X\2) z

da// 7“2/0‘+x2 d;adzdr
—C’da/dT/ a 2d+ad11)
+w 2

< C(d, a) (log(t) —log( ).

Similarly, [. [B(t,x) — p(s,x)|dx < 2, so that (Z3) follows. O

4.2. Noise Term Estimates. We denote the second integral of (ILH]), i.e. noise term, by
(1.9 Ntx) = [t sx - ¥)ols.y.uls.y) Fldsdy),

[0,¢] x T4
We will now estimate the regularity of N(¢,x) in the following two lemmas.

Lemma 4.2. There exists a constant C > 0 depending only on «, 3,d and Cy in (L4]) such
that for any & € (O, é A O‘T_ﬁ), t €[0,1] and x,y € T¢, we have

E [(N(t.x) — N(t.y))"] < OCJx—y|*.

Proof. To simplify our computation, fix ¢, s, X,y and we denote
K(z) :=p(t—s,x—12z)—p(t— s,y —z).

Using Fubini’s theorem, (I.4]) and the triangle inequality, we have
— N(t,y))’]

//Td TdK (W)A(W — 2)E[o(s,2,u(s, z))o(s, w, u(s, w))]dwdzds

4.9
(4.9) < supE [o(r,u, u(r,u))?] /0 /Td y |K(z)|| K (w)|A(w — z)dwdzds

< C2/ / |K(2)|[p(t — s,x —w) 4+ p(t — s,y — W)|A(wW — z)dwdzds.
T4 J1d
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Then we use the standard Fourier decomposition (£1]) to estimate the spatial convolution,

(4.10)
/po(t—s,x—w)A( —z)dw = C(d Z A(n) exp(—7%|n|*(t — s)) exp(min - (x — z))
(@) 3 Am) exp(—r*nf*(t = )
d) Y o]~ exp(—m[n|*(t - s))

< C(d) / 2~ exp (=2 (t — 5))a? da
0

—Q

=C(d)(t—s)7P /000 x5 exp(—x)dx
= C(a, B,d)(t — s)7P/~.

We can get a similar result for [, p(t — s,y — w)A(w — z)dw. Applying (@.I0), Lemma E.T]
to [A9) and since 1 Az < 2°¢ for all z > 0,£ € (0,1/a), we get

B [(N(t%) ~ N(.y)] < Clausid)cs [ [ |G s)dads
< O(a, B,d)C2 /0 t(t _ )l (% A 1) ds
< C(a, B,d)C3|x — y|** /t(t — 5) ¢ Pl

0
Cla, B,d)C3|x — y|*.

Note that the integral f;(t — 5)~¢-P/ads converges provided & € (07 é A %) O

Lemma 4.3. There exists a constant C > 0 depending only on «, B,d and Cy in (L4]) such
that for any ¢ € (O, %), 1>t>5>0and x,y € T, we have

E [(N(t,x) — N(s,x))?] < CC3|t — s
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Proof. Using Fubini’s theorem, (L4 and the triangle inequality, we have
E[(N(t,%) = N(s,%))’]
- [(/ / p(t — 1% — 2) = pls — 1, — )] o(r, 2, ulr, ) Fdadr)
Td

+/ /Td p(t —r,x —z)o(r,z,u(r, z))F(dzdr))2]

SsupE[(ruuru </ /d d\pt—rx—z) p(s —r,x—z)|
r,u Te JT

p(t —r,x —w)+p(s —r,x —w)|A(W — z)dwdzdr

//W/Td (t=rx—2)p(t -7 x - )A(W—Z)dezdr)

= C2(L+1).

Applying (£I0) and Lemma EETl to I; and since 1 Alog(1 + x) < 2¢ for all z > 0,¢ € (0, 1),
we get

(4.11)

I, < C(a, B, d) /0 (log (t - T) A 1) (= 1) (5 — )P g

S—rT

s t—s+x —B/a
(4.12) < C(a, B, d)/o (log (73: ) A 1) x dx

< Cla, B, d)(t — s)° /Osx—ﬂ/a—@‘dx

C(a, B,d)(t — 5)°.

Note that the integral fos x8/*=Cds converges provided ¢ € (0, O‘T_B) In order to estimate
I, we use the standard Fourier decomposition (4.1]) to bound the spatial convolution,

/Td /Tdﬁ(t —rx—2z)p(t —r,x —w)A(w —z)dw = C(d Z A(n) exp(—27%|n|*(t — 1))

nezd
<) [n] P exp(—2r[n|*(t — 1))

nezd
< C’(d)/ 2P exp(—2n%2(t — 1))z ldx
0

—Q

— Cd)(t — r) Pl /0 " 5 exp(—a)da

= C(a, B,d)(t — )Pl
Then for I, in (A1), we have

(4.13) I, < C(a,p,d) /t(t — )y Pedr = Cla, B, d)(t — s)aTﬁ.

By (@.11), (412) and (4.13]), we conclude
E [(N(t,x) — N(s,x))?] <CC3(t — s)C.
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O

Lemma 4.4. There exist constants Cy,Cy, C3,Cy > 0 depending only on o, 5,d and Cy in
(L4) such that for all0 <s<t<1,x,y€ T4 ¢ (O,é/\%ﬁ),ge (O,o‘_ﬁ), and k > 0,

e

02/‘{,2
: - < A —
(4.14) P(IN(t,x) — N(t,y)| > k) < Ciexp ( Cx — y‘ag) :
C4I{2
(4.15) P(IN(t,x) = N(s,x)| > k) < Czexp | =g | -
Cs|t — s|¢

Proof. For a fixed t, define
Nisx)i= [ gt —rix—y)olnyutry)) Fdrdy).
[0,s]xT

Note that Ny(t,x) = N(t,x) and Ny(s,x) is a continuous F!" adapted martingale in s < ¢

since the integrand does not depend on s. For fixed t,x and y, let

Ms = Nt(S,X) - Nt(sa y) = / [ﬁ(t -—rX—- Z) - ﬁ(t -y - Z)]U(Ta Z, U(T, Z))F(d’f’dZ),
[0,s] x T4
and it is easy to check that M; = N(t,x) — N(t,y). As M, is a continuous F adapted

martingale with My = 0, it is a time changed Brownian motion. In particular, we have

My = By
and Lemma gives a uniform bound on the time change as
(M), < CCilx — y|*°.
Therefore, by the reflection principle for the Brownian motion By,
P(N(t,x) — N(t,y) > k) = P(My > k) = P(Buuy, > K)

t)

<P ( sup B, > H) =2P (Bccg‘x_y‘aﬁ > Ii)

s<CC2|x—y|*¢

02/{2
< Grexp (‘C§|x—y|af> |

Switching x and y gives
P(—=N(t,x) + N(t,y) > k) = P(M, < —k) < 2P (Bccax_y‘ag < _H>
02/{2
<C LR )
= 1 €Xp < C22|X—y|a§)
Consequently, for V¢ € (0,1 A 0‘_‘5),

«

Cglfz
P(IN(t,x) = N(t,y)| > k) < Crexp Tk —y€ )
2

which completes the proof of (4.14]). For a fixed x, we define

U= [ o= —y) = pls =yl y.ulr ) Fldiy)
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where 0 < ¢; < s. Note Uy, is a continuous .7:;; adapted martingale with Uy = 0. Also define
Vo [ pl—rx—y)atny.uty)Flardy)
[svs+Q2]XTd

where 0 < ¢ <t — 5. Note V,, is a continuous .7-";; adapted martingale with Vj = 0. Thus,
both U, and V,, are time changed Brownian motions, i.e.,

Ut = B(U} and V;g_s = BZVH—S

where B, B" are two different Brownian motions. Note that N(t,x) — N(s,x) = U; + V;_g,
then

t

P(N(t,x) — N(s,x) > k) < P(U; > k/2)+ P(Vi_s > K/2).
Lemma provides a uniform bound on the time changes as
(U)y < CC2(t — )¢ and (V),_, < CCi(t — s)°.

By the reflection principle for the Brownian motions B,

and ngti ,

S

P(N(t,x) — N(s,x) > &) < P (Buy, > £/2) + P (B, , > r/2)

R R
S 2P ( sup B/r > 5) = 4P (Bccg\t—ﬂc > —>

r<CC2lt—s[¢ 2
C4/€2
< C ex — = .
= p( C§|t—s|<)

In addition,
P(=N(t,x) + N(s,x) > k) < P(U; < —k/2) + P(Vi_s < —K/2)

K
< 4P (Beey < —5)
C4I{2
< C _ .
= 3‘°’Xp< C§|t—s|<)

Consequently, for V( € (0, %),
C4I<L2
P(‘N(t,X) - N(S,X)‘ > li) S C3€Xp <—m) s
which completes the proof of (£.I5]). O

Definition 4.1. Given a grid

Pk k
Gn:{<‘7 Lo —d):Ogj§22",O§k:l,...,kdg2",j,k1,...,kd€Z},

we write - )
(n) _(n) m\ _ (J 1 d
(t] ,:Ekl ,...,[lfkd) = (2%, %,..., 2—n) .
Two points (t™, 2™ () () ) () lled t neighbors if cith
points (L5, wp s s mp )5 (80, 2y ey Tpy are called nearest neighbors if either

1. j=j' |ki— k| =1 for only one i and k; = k] for the other indices [, or
2. |j— | =1 and k; = k! ¥i.
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The following lemma generalizes the Lemma 3.4 in [AJM21], which plays a key role in
estimating the small ball probability.

Lemma 4.5. There exist constants Cs,Cg > 0 depending on «, 3,d and Cy in (L) such
that for all v,k,e > 0 and ve* < 1, we have

2(a—h)

C Cok?
Pl sup |N(t,x)| > ke < —= _exp —% .
0<t<et 1A /A C3y e

x€[0,e2]¢

Proof. Fix v > 1, and consider the grid

k k
G, = {(2‘7% 2_711 2—5) 10 < <A 0 < Ky, kg <227, Ky kg € Z} .

Let

(4.16) no = [log, (v""%7%)],

and for n < ng, G, contains only the origin. For n > ng, the grid G, has at most
(,}/5422n_|_ 1) X (822n+ ].)d S 2d+1+(2+d)n€2d+4,}/ S 22d+32(2+d)(n—n0) many pOiIltS. We will
choose two parameters 0 < d1(c, 5) < dp(, 5) < % satisfying the following constraint

(@ —5)

2

where ¢ € (O, é A O‘T_ﬁ) ,C e (0, %) Fix the constant

1—-27%

M= Grapmmm

and consider the event

2(a=8)
«

A(n, k) = {|N(p) — N(q)| < kMe 2~ 0mdono for all p, q € G, nearest neighbors} :

If p,q € G,, are the case 1 nearest neighbors in the Definition 1.1} (4.14]) implies

o— C 2 2 @
P (IN() = N(@)| > kM=T270m20m ) < Crexp (‘ a2 |
2

If p,q € G, are the case 2 nearest neighbors in the Definition LT} (£15]) implies

2(a=p)

2 9 Aa=p)
P (‘N(m — N(g)| > kMe ™= 2_51n250n0) < Csexp <_C4,i s 2_251"2250n0) .

2200 C3
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Therefore, a union bound gives

PAmr) < S P(ING) - N(g)| > sMe™ g tmgim)

P,q€Gn
nearest neighbors
12 p g2 2B
S C2(2+d)(n—no) exp ( C'k ./\/Cl2 on (2<Aa5)2—251n2250n0>
2

2 2
— 2@t n=n0) oy <_Cl“ 2/\/1 (EMQM) 2n(2¢m§)2_251n2250no)
C3

Y

/,.2 2
< C2(2+d)(n—no) exp ( C'w M 2 2CAa§—261)(n—nO)>

where C, C’ are positive constants depending only on «, 8, T,d. The last inequality follows

from that e a2 >y" by the definition of ng in (AIG), and our choice of dy, &
in (£I7). Let A(k) = ) A(n, ) and we can bound P(A°(k)) by summing all P(A(n, k)),
n>ngo

8) < 3 P (A ) < Y 0200 e ( C'r2M? <2<Aaa—251)(n—no>>

o (=B
n>ng n>ng C227 «
06K2M2
S 05 exXp T el |-
"

Now we consider a point (¢, x), which is in a grid G,, for some n > ng. From arguments
similar to page 128 of [DKM™09|, we can find a sequence of points from the origin to (¢, x)
as (0,0) = po,p1,..-,pr = (t,x) such that each pair is the nearest neighbor in some grid
Gum,ng < m < n, and at most (3 + d) such pairs are nearest neighbors in any given grid. On
the event A(k), we have

N
—

IN(t,x)| < IN(p;) = N(pjs1)| < (3+d) Z kMe T gaingdone < o 0T

J

Il
o

n>ng

Points in G,, are dense in [0, ve'] x [0, %], and we may extend N (¢,x) to a continuous version.
Therefore, for v > 1,

a- Cek?
P | sup |N(t,x)|> ke | < C5 exp 6/: = |
OStSPYa C2’}/ a
x€[0,¢2]4
For 0 < v < 1, a union bound and stationarity in x imply that
(a=B) (a=B)
VYIP | sup |N(t,x)| > ke w | <P sup |N(t,x)| > ke a

0<t< et 0<t< et
x€[0,¢2]4 x€[0,,/7e2]¢
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2(a—B) C 2
=P sup  |N(t,x)| > . (71/45) * < Csexp | — LA
a=p 9 a8
0<t<(y7e?)? V= Cyy =
x€[0,,/7e2]4

As a result,

(a-8) C Cor?
Pl sup |N(t,x)|> ke T <—2 _expl|-— 65 - | -
0<t<~e* 1A V f)/d 27 «

x€[0,62]¢

O

a8
Remark 4.1. If we suppose o in ([AR) satisfies |o(s,y,u(s,y))| < C(ye*) 2=, then the
probability in Lemmalf.5 is bounded above by

Cﬁli2
1/\/— 02782)(13) ’
which can be proved similarly to the above lemma.

5. PROOF OF PROPOSITION [3.1]

The following lemma gives a lower bound for variance of the noise term N(¢;,x) and an
upper bound on the decay of covariance between two random variables N (t1,x), N(t1,y) as
|x — y| increases.

Lemma 5.1. Consider noise terms N(ti,x), N(ti,y) with a deterministic o(t,x,u) =
o(t,x), then there exist constants C, Cs > 0 depending only on Cy, Co, d, o, and [ such that

Crty® < VarlN (1, %),

Cov[N(t1,x), N(t1,y)] < Cst1 |x —y| ™.
Proof. We use the Fubini’s theorem, (L8] the expression (L.2) and (1)) to show that

VarlN (11, x / / d / Bty = 5, x = y)p(t = 5,x = 2)a(s,y)o (s, 2)A(y — 2)dydads

> C C2 (Z )\ / e—27r“|na(t1—s)ds>

ncZzd

—c@e [Mom+ Y am)
nezZd n#£0

o] 1— 27ty
> C(d,C) / ST gl
1

27Taxd+a—ﬁ
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th —or

The last inequality follows from that f “nl*(1=9)ds decreases as |n| increases. Changing

variable to w = 27%x*t; yields
o] 1— 6—27r % a—p 00 1—e ¥ P ﬁ 00 1—e ¥
[ de = C(Oz,ﬁ, d)tl /27rat1 de > C( B d) /ﬂa de

The last integral converges with 0 < § < a A d, which completes the proof of the first part.
In addition, we use the definition of A(x) in (I.2) and the fact 1 — e™ < x to derive the
upper bound of covariance between N(¢1,x) and N(t1,y) when x #y,

Cov[N(t1,x), N(t1,y)] = E[N(t1,x)N(t1,y)]

t1
< O(d)C? (Z A(n) exp(min - (x — y))/ 6_2”a|“a(t1_5)ds>
0

nezd

< Csty Z A(n)exp(min - (x —y)) = Cstq |x — y|_5.

nezd

U

Proof of Proposition B.Jl(a) The Markov property of u(t,-) (see page 247 in [DPZ14])
implies
P (Fjlofu(ti, ) }o<ics) = P (Fjlu(tj-1,-)) -

If we can prove that P (Fj|u(t;_1,-)) has a uniform bound Cyexp (—%), then it
e24D2¢; &

is still a bound for the conditional probability P (FJ| ﬂ{;g Fk>, which is conditioned on a
realization of u(tg,+),0 < k < j. Thus, it is enough to show that

P(Fl) S C4€Xp (-%) s
g2+ D%~

where Cy4, Cs do not depend on ug. Consider the truncated function

a=f
X x| < ¢,
Re=0% L, M=

\x| tlm |X| > tlw

and, particularly, we have |f.(x)| < tl%ﬁ . Consider the following two equations
d(t,x) = —(=A)*?0(t,x) + o(t,x, f-(v(t, %)) F(t,x),
and
Dyvg(t, %) = — (=)0 (t, %) + o (t,x, f-(uo(x))) F(t,x)
with the same initial ug(x). We can decompose v(t,x) by
v(t,x) = vy(t,x) + D(t, x)
with

D(t,x) = /[ P Sl ¥, (5, ) ~ ol () (dsdy).
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The Lipschitz property on the third variable of o(¢,x, ) in (3] gives

- o (5,5, f-(v(5,¥))) — o (5,5, fe(uo(¥))| < D|fe(v(s,y)) = fo(uo(y))|
51) < oDt

Recall that R;; in (3.3) and define a new sequence of events,

a—f
1, = {|v<t,x>| <7 V(%) € Ruy\ Rm_l} |

Clearly, the property of f.(x) and (8.3) imply

ni—1

F1: ﬂ Hj.

j=-ni+1

Also, define another two sequences of events

a—f
4, = {|vg<t,x>| < 267 V(t,x) € Ruy \ Rm_l} ,

a—p
Bj = {|D(t,X)| > tlza ,El(t,X) € Rlvj \ R17j_1} .
It is straightforward to check that
H7 D Aj N B,

which implies

P(F) =P nﬁl Hj> gP( nﬁl [AjUBj]>

Jj=—n1+1

([, 4)u(U,»)

(52) ny—1 ny—1
<P Aj> +P ( Bj>
j=—n1+1 j=—n1+1
ny—1 ny—1
<rl N Aj> + > P(By).
Jj=-ni1+1 j=—ni+1
The second inequality can be showed by using induction. Moreover, for j = —nq + 1,
a—B
(5.3) B; C sup [D(s,y)| >t ¢,
0<s<cpe?

y€[(—n14+1)e2,(—n1+2)e?]?
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and for 7 > —n; + 1,

a—p
B; C { sup |D(t,x)| > t,> }
(%)

ERl,j\Rlyjfl
(5.4)
a=f
c U sup  |D(s,y)| > £,
4
(tx)ER1 j—1\R1,j—2 yoeiig[g?fz}d
From (5.)) and Remark 1], we get
a=p C C
(5.5) Pl sw [Dsy)>67 | € —Z—exp | ——2 ).
0<s<coe? 1A vV Co 4'D2tT
yEx+[0,£2]¢ 1

where the proof does not rely on x since ug(x) = 0. Therefore, (5.3) implies

B

(5.6) P(B_1) <P | sup |D(s,y)>t> |,
0<s<cpe?
y€E[0,e2)4

and (54) implies, for j > —ny + 1,

a—p
(5.7) PB)<[G+m—-1D'—(+n -2 P| sup DG y)| > 1
0<s<cgpe
yelo.e?)d

Hence, using (5.0), (£.6) and (5.7), we conclude that

ni—1

! C(d) Cs Cs
. §jPB-<2—2d1< : —_— .
58) (B) < (Gm =27+1) < 25 LA Ve eXP( 4D2tf“ﬁ>

Jj=—ni+1

To compute the upper bound for P (ﬂ;i__zl 4 Aj), we define a sequence of events involving
g,

a—f
I; = {|vg(t,x)| <2t V(t,x) € Rm} and [, = Q.

Then we can write P (ﬂ;i__zl + Aj) in terms of conditional probability as

(5.9) P( N A]—)=P<Im_1>=P<Lm> I o= I P,

Jj=—ni+1 Jj=—-ni1+1 Jj=—-n1+1

Let G, be the c—algebra generated by

Ntx) = [ [ = sox = vty flunly) Fldyds), () € Rus

If we can show that there is a uniform bound for P (I;|G;_;), then it is still a bound for
the conditional probability P (I;|I;_1). Notice that o(s,y, f-(uo(y))) is deterministic and
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uniformly bounded, then by Lemma 5.1l we have

a—B
(5.10) Var[N(t1,x)] > Cqt, =~

and for (t,x) € Ry; \ Ry j—1, one can decompose

G.11) oltx) = [ ptx = y)unly)dy + X+,
Td
where X = E[N.(¢,x)|G;_1] is a Gaussian random variable, which can be written as

(5.12) X= Y g9x)N.(t,x),

(t7X)ER1,j,1

for some coefficients (n\9(t,x)) . Then the conditional variance equals

(t7X)ER1,j,1

Var(Y[G;-1) = E[(N.(t,x) - X|G;-1)?] — (E[N.(t,%) — X|G;_1])?
= E[(N.(t,%) — E[N.(t,%)|G;-1]|G;-1)*] = Var[N. (¢, %)[G;1].

Since Y = N.(t,x) — X is independent of G,;_;, we write Var(Y) as
Var(Y) = Var(Y\gj_l) = V&I'[Ng(t, X)|gj_1].

In fact, for a Gaussian random variable Z ~ N(u,0?) and any a > 0, the probability
P(]Z] < a) is maximized when p = 0, thus
gj 1)

P(1,1G,) < P (|vg<t W)l < 26, (t,x) € Ruy \ Ruyos

2t12a
V/ Var[N.(t,x)|G;_1]

<P||Z<

where Z' ~ N(0,1). Let’s use the notation SD to denote the standard deviation of a random
variable. By the Minkowski inequality,

SD(X) < Y [n(t,x)] - SD[N.(t,x)],

(tx)€R j—1
and
SD[N.(t,x)] < SD(X) + SD(Y).
If we can control coefficients by restricting
Z }n(j)(t,x)} < %’
(tx)€R j—1

then the standard deviation of X is less than one half the standard deviation of N.(¢,x),

SDN.(t,x)] < SD(X) + SD(Y) < %SD[NE(t, %)] + SD(Y).
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a—g
From (5.10), Var(Y) is bounded below by C7t,« |, so that we can derive the uniform upper
bound of P(I;|G;-1),

a—pB
P(L;|G;_) < P |7 < Qtlm
JjI¥i=-1) = =
v/ Var[N.(t,x)|G;_1]
a—f
2t12a

<P(Z]<——
\ Crt o

—P(z| <) <1,
where C” depends only on Cy, d, a, and 5. A bound (3.4)) on 5 and (5.9]) together yield

n1—1 !
(5.13) P< N Aj) <C¥’ = Oexp< S) ,

Jj=—ni+1

where C, C" depends only on Cq, d, a, and . The following lemma shows how to select ¢

tomake Y. |n¥(t,x)| <1, which completes the proof.
(t7X)ER1,j,1

Lemma 5.2. For a given € > 0, we may choose ¢ > 0 in ([B.2) such that

, 1

(t,x)ER1 j—1

Proof. Let X and Y be random variables defined in (5.11]) and (5.12). Since Y and G;_; are
independent, for V(¢,x) € Ry j_1,

Cov|Y, N.(t,x)] =0
and for (t,y) € Ri; \ Ri1 -1, we have
(5.14)
Cov[N.(t,x), Ne(t,y)] = Cov[N.(t,x), X] = > nO(t,x)Cov[N.(t,x), No(t,x))].
(t,xl)ERlyjfl
We write the equation (5.14]) in a matrix form as
(5.15) X =3,

where the vector n = (n(j)(t,x))ax)em’ , the vector X = {Cov[NV.(t, x), N, (t,y)]}(t X)ER1 ;1

and X is the covariance matrix of (N, (¢, x ))(t,x) ery,;_,- Let |[][1,1 be the matrix norm induced
by the || - ||;; norm, that is for a matrix A,

A
||A||11 SU.pH X||ll.
20 |[%/|1y

It can be shown that ||A||;1 = max ) |a;;| (see page 259 of [RB00]). Therefore, we have
ioi=

1l = 1127 Xy < 27l XL,
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We rewrite 3 = DTD, where D is a diagonal matrix with diagonal entries /Var[N.(¢,x)],
and T is the correlation matrix with entries
Cov[N.(t,x), N.(t,x')]
Exx! = .
V/ Var[N.(t,x)] - \/Var[N.(t, x')]
Thanks to Lemma [5.1] for x # X/, |exx| can be bounded above by
/|—ﬁ

Cgtl |X — X
Cotie
Define A =1 — T. Because A has zero diagonal entries, we can bound ||Al]; by

Cgtf/a _B
[Al=max Y ool < D0 eox = . Y I

x#£x! (t,x)ER1,nq —1 (tX)ER1,ny —1

C(d)Cst? /ﬁ“ sy _ CdACs (e
6’7525 0 C7 g2d .

|exx’| S

a/p 20d—4p
For any € > 0, we denote C = (30(5%) and choose ¢g < Ce 7  in (3.2)), which makes

|A|[1,1 < . Therefore, summing the geometric series gives that
1
1—[|Af1.

_ 3
1T o = [T = A) i < <3

_a=p
and [|Z7Y |11 < [ID7Y|ia - [T Y] - [ID7H g < 2C7 %, @ . Substituting the bounds into
(515) and choosing ¢ as in ([8.2), we obtain

3 g, 3
Ioll < SC7 Iy < 5

Combining (£.2)), (5.8) and (5.13)) yields

C(d)Cs5 Cs C’
P(F) < WQXP (_47&> + Clexp <_§)

d C C’
< Cjexp <—§ Int; — 76&) + Cexp <—§>
AD2, "

We choose a Dy depending only on «, 8 and d such that for any D < Dy,

/ /
P(Fy) < Ciexp (— CSB> + Cexp <—S—2)

D2,

C
< Cyexp (—75 a_ﬁ> .
g2 4 D%, ~

which completes the proof of Proposition Bl (a).

Proof of Proposition [3.1] (b) We first state the Gaussian correlation inequality, which is
crucial to proof Proposition B] (b).
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Lemma 5.3. For any convex symmetric sets K, L in R? and any centered Gaussian measure
w on R, we have
(KN L) = p(K)p(L).

Proof. See in paper [Roy14], [LM17]. O

By the Markov property of u(t,-), the behavior of u(¢,-) in the interval [t,,t,,1] depends
only on u(t,, ) and F(t,x) on [t,,t] x [-1,1]%. Therefore, it is enough to show that

C
P(E(]) Z CG exp (—sz) s
I B

2(a—p)

where Cg, C7 do not depend on ug and |ug(z)| < 3¢« . Now we are ready to compute
the lower bound for the small ball probability with a smooth and deterministic o(s,y,u) =
o(s,y), which is a Gaussian case. For n > 0, define a sequence of events

(5.16)
1 « 2 o
Dn = {‘ ( nt1, X )| < _82( aﬁ) and ‘u(t X)‘ 3 2( QB) vt € [tnutn-l-l]vx S [_171]d} :

Denote
pu)(0) = plt. ) <o) = [ pltx = ¥)uo(y)dy.
']Td
and we have

_ 1 26-p
(5.17) (o) (x) < sup fuo(x)| < Z& %

We consider the measure () given by

dQ 1
P = exp (Zt1 — §<Z>t1)

where
Zi== [ fsy)Fsdy)
[0,t1] x T4
If Z;, satisfies Novikov’s condition in [AII98], then
ﬁ(t,X) = F(t,X) o <F('7X)7Z>t
is a centered spatially homogeneous Wiener process under the measure @) (see [AlI98] for

more details). Therefore, for x € [—1, 1]¢, Fubini’s Theorem with the covariance structure
of F(t,x) gives

F(t,x) = F(t,x) + [ 7y)A =)y,

ﬁt(uE))O;)
t1o(t,x

and A(x) is the Riesz kernel on T¢, [RS16] shows that there is a continuous formula for the
fractional Laplacian of ’”(7() on ']I‘d so that one may assume that there is a function f(¢,y)

t,x)
such that,

which is a colored noise under measure (). Since is smooth and bounded function,

Pr(uo) (%)

WﬂtwA&—ywyth@Xy
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Moreover, A(x) > d~#/? and (5.17) imply
(5.18)
E[(Z,)?] =E l /[0 - /0 LY f(t,z)F(dsdy)F(dtdz)}

I/ﬁAdwﬂ&WN&@(—mmwm&i/ [ o B0

2=
1 _26ap) C(d,p /

—dyds < ———— S 1—y)dyd

/ Tdf ( ) Y C1t1 Tdf YA —y)dyds

4(a—B)

C(d, B)e* " Ps(uo)(1) 3

<
Cltl A tlU(S, 1) dS - C(d’ ﬁ’ Cl) tl

< 00,

which satisfies Novikov’s condition with a deterministic f. Thus, we can rewrite equation
(1.1) with deterministic o as

ultx) = plun) ) + | mwwx—wdawaMw—&@ﬁﬂww

[0,] xTd tio(s,y)
tpe(uo)(x _
= o)) — PO [ syt Fldsdy
1 [0,¢] x T4
¢ -
(1) e+ [ ple s y)otey) Fldsay).
1 [0,¢]xTd
The first term is 0 at ¢1, and |ug(x)| < %EM%), we have
t\ _ 1 26-9) d
(5.19) 1-— - De(ug)(x)| < 3¢ —1,1]%t <ty
1

Define

Nuxwzf Bt — 5, % — y)ols, y) F(dyds),
[0,¢] x T4

and suppose ¢g < 1, then applying Lemma to F gives

~ 1 2(a- C
Q| swp [N(x)|> e s%wpﬁ_—%T),
coet o
feﬁ[éiogg}d 36C3c,

a—p

N -1
where v = ¢;' > 1 and k = (600“ ) . To make sure that the right hand side is strictly

Co < min« 1 i 7
0 "\ 36C21In C5 ’

less than 1, we require
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which is mentioned in (3). By the Gaussian correlation inequality in Lemma[5.3] we obtain

()’
0062

~ 1 2a- ~ 1 26a-
Q| sw [Ntx)|< %7 |>Q| sw [Ntx)|< e
0<t<t; 6 0<t<t; 6
x€[—1,1]¢ x€[0,c0e2]?
(:z2)
C05
> [1 — Csexp (—%)] )
36C2¢, >
From (5.10) and (5.19), we get
~ 1 20-8
QDo) 2@ | s Vx| 2 |,
0<t<t
x€[—1,1]¢
and if we replace f(s,y) with 2f(s,y) for Z;,,
dQ 1
(520) 1 = E ﬁ = E exp Ztl — §<Z>t1 = E[GXP (2Zt1 — 2<Z>t1)]

Because f(s,y) is deterministic, we may estimate the Radon-Nikodym derivative,

E <§—g> = Elexp (2Zy, — (Z)1,)] = Elexp (22, — 2(Z)1,) - exp({Z)4,)]

4(a=pB)
< exp <C<d,/3,c’1>€ - ) :
1

The last inequality follows from (5.I8]) and (5.20). The Cauchy-Schwarz inequality implies

dQ\*
dpP
and as a consequence, we get

4(a—B) ,
(5.21) P(Dy) > exp <—C8 . ) exp <di In

Q(Dp) <, |E

VP (D),

36C2c, >

where C, C" depend only on d, 8, C;. For the lower bound with a non-deterministic o (¢, x, u),
we write

u(t,x) = uy(t,x) + D(t,x)
where u4(t,x) satisfies the equation
Dyug(t,x) = —(—A)2uy(t,x) + o(t, %, ug(x)) F(t, %)
and

D(t,x) = /M Pt sx=ylols,yuls,y)) —als,y, w(y))| F(dsdy)
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with an initial profile uy. Since u4 is Gaussian, for an event defined as

1 20-8 2 2(a-8)
4

130 = {\ug(tl,xﬂ < 65 o ,and |uy(t,x)| < §€ Vit € [0,t1],x € [—1,1]d},

we can apply (5.21)) to it and get

4(a—p) ,
(5.22) P(Dy) > exp (—057@> exp ( dczd In [1 — Csexp (—%)]) .
b ‘e 36C3¢, "

Define the stopping time

T = inf {t s u(t, x) — ug(x)| > 25 for some x € [—1, 1]d} :
a=p)

2(a—

and clearly we have T > t; on the event Ey in (3.6) since |ug(z)| < ie , and |u(t, z)| <
eX T for Vit € [0,¢1] on the event E,. We make another definition

Bt x) = /[ P 3oyl A7) = (0,3 ol ) (),

and D(t,x) = D(t,x) for t < t; on the event {7 > t;}. Moreover, from (B.6]), we have

~ 1 2(a—
P(E) =P | Do) sw [D(t.x)|< e o
0<t<t; 6
x€[-1,1]¢
3\
~ 1 20-8
5.23 =P D su D(t,x)| < —¢ T>1
(5.23) o) Sup ID(x)] < ¢ (>t}
x€[—1,1]¢ )
_ 1 208
D su D(t,x)| < =¢ T<t
U [ DN} s 1091 < Nir <t}
x€[—1,1]¢

On the event {7 > t;}, we have

sup |D(t,x)| = sup [D(t,x)],
0<t<ty 0<t<ty
x€[—1,1]¢ x€[—1,1]¢

and on the event Dy N {r < t1}, we have, for some x,

2 2(a-8) 2(a—p)

[ug(r, )| < ™=, fu(r, %) —uo(x)| > 2e™= and fup(x)| <

The above leads to

sup | D(7,x)| = sup |u(7, %) — uy(7, x)| = sup(Ju(7, x)| = Juy (7, %))

2 2(a—8) 2(a—p) 1 20a-8) 2 2(a-8)
>sup |u(r,x)| — =~ e« >2 ¢ ——g a ——¢
x 3 3 3
2(a—5) 1 208
> ¢ > - a
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which implies

~ 1 20-8

DonN sup |D(t,x)| < Zett
0<t<ty 6
x€[—1,1]¢

ﬁ{TStl}:QS.

Combining the above with (5.23]) yields

~ 1 208
P(Ey) > P | Do[){ sup [D(t,%)] < e (>t}

0<t<t .,
(5.24) *€l-11]
- ~ 1 a—
> P(Dy)— P | sup [Dt,x)|> -],
0<t<t 6
x€[—1,1]¢

2(a

and |u(t,x) — up(x)| < 2 for all t € [0,¢;] and x € [—1,1]¢. We apply the Lipschitz
property on the third variable of o(¢,x,u) in (I.3) to Remark [A1] and use a union bound
from (B.8)) to get

~ 1 260-p Cs Cs
5.25 P sup |D(t,x)| > =~ = < ———exp | — — |-
( ) O?tgtl}d ‘ ( )‘ 6 (0054)d/2 ( 1442)2(0054)7’8 )
xe[—1,1

Consequently, from (5:22)), (5:24) and (5.25), we conclude that,

4(a=pB)
Ce™ = o4 C
P(EQ) Z exp (—Eti> exXp (d—Zd ln ]_ — 05 exXp <_76a5>]>
1 o= 36C2c,

N B Co
(coet)/? 144D2(coe) "

4(a—p)
C
36C2c, "

( ce'”
=exp | — +——;In
d
- C5€Xp <—§1Ht1 - Laﬁ) .
144Dt «

When d =1 and « > 23, we may choose ¢ in (3.2) satisfying

(5.26)

4a—8p3 2a—48

(5.27) Ce 7 <cp<Ce 7 |
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where 0 < C'" < C and ¢ is small enough. Then choose a Dy depending only on «, 5 and d
such that for any D < Dy , we have

—4(a—p)> Cy
P(Ey) > exp (—C’e aB ) — Clexp —7L
D2,
—4(a—p)2 C
> Cexp (—0’6 o ) — C5exp PP
20" ar
Cr
> Ceexp | —— 57
g o

When d = 1 and a < 23, we may choose ¢ in (8]). However, the second term could exceed
the first term in (5.26) for small enough ¢ and we may not achieve a lower bound for small
probability for any 0 < € < gy. Similarly, for d > 2, the first term decays exponentially
from (£.22) and the second term grows exponentially from (5.25]), hence we cannot achieve
a lower bound for small probability for any 0 < € < €y, which completes the proof.
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