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ABSTRACT. A finite group G admits an oriented regular representation if there exists a Cayley digraph of G such that it has
no digons and its automorphism group is isomorphic to GG. Let m be a positive integer. In this paper, we extend the notion of
oriented regular representations to oriented m-semiregular representations using m-Cayley digraphs. Given a finite group G,
an m-Cayley digraph of G is a digraph that has a group of automorphisms isomorphic to G acting semiregularly on the vertex
set with m orbits. We say that a finite group G admits an oriented m-semireqular representation if there exists a regular
m-Cayley digraph of GG such that it has no digons and G is isomorphic to its automorphism group. In this paper, we classify
finite groups admitting an oriented m-semiregular representation for each positive integer m.
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1. INTRODUCTION
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All groups and digraphs considered in this paper are finite. For a digraph T', we denote by V(I') and A(T') the set of
'D_:'V6rtices and the set of arcs respectively, where V(') # () and A(T') C V(I') x V(T'). A digraph T is called a graph if the
binary relation A(T") is symmetric, that is, A(T") = {(y, ) | (z,y) € A(I")}. A digraph is called regular if each vertex has the
same in- and out-valency. Let I" be a digraph. An automorphism of I" is a permutation o of V(I") fixing A(T") setwise, that
s, (7,y7) € A(T) if and only if (2,y) € A(T). The full automorphism group of I is denoted by Aut(T").

E Let G be a group with a subset R C G \ {1}. A Cayley digraph T' = Cay(G, R) is the digraph with V(I') = G and
A) = {(g,79) | g € G, € R}. In particular, T is a Cayley graph if and only if R = R~!. The right regular represen-
tation of G gives rise to an embedding of G into Aut(I'), and thus we identify G with its image under this permutation
= representation. We say that a group G admits a (di)graphical regular representation (GRR or DRR for short) if there exists
C%] a Cayley (di)graph T' of G satisfying G = Aut(T"). Babai [I] proved that except Qs, Z3, Z3, Z3 and Z2, each finite group
—] admits a DRR. It is clear that if a group G admits a GRR then G admits a DRR. However, the converse is not true. Many
researchers proposed and investigated various kinds of generalizations of the classifications of DRRs and GRRs. Despite the
(V) classification of groups admitting a DRR by Babai [I], the classification of groups admitting a GRR needs considerably more
O work. For more results along this way, we refer the reader to [7, 10, 11, A8, 19]. A tournament is a digraph T' such that for
“5 any two distinct vertices x,y € V(T'), exactly one of (z,y) and (y,x) is in A(T"). Note that Cayley digraph Cay(G, R) is a
O tournament if and only if RNR™ = ) and RUR™! = G\ {1}, where 1 is the identity of G. It is known that if Cay(G, R) is a
O\l tournament then the order of G is odd. We say that a group G admits a tournament reqular representation (TRR for short)
1 if there exists a Cayley digraph I" of G such that I' is a tournament satisfying G = Aut(I"). Babai and Imrich [2] proved that
= except Z3, each group of odd order admits a TRR. An oriented Cayley digraph is a Cayley digraph Cay(G, R) satisfying
'>2 RN R~ =0 (ie., it has no digons.). We say that a group G admits an oriented reqular representation (ORR for short) if
there exists a Cayley digraph I' = Cay(G, R) of G such that RN R~! = () and G = Aut(T") both hold. It is clear that if a
R group G admits a TRR then it admits an ORR. In 2017, Morris and Spiga [I5] proved that each finite non-solvable group
admits an ORR. Spiga [20] proved that generalized dihedral groups do not admit ORRs. Morris and Spiga [16] completely
classified the finite groups admitting ORRs. For more results, we refer the reader to [8] [[3] 14, [17, 21}, 22| 23].

—

Let G be a permutation group on a set Q and let w € Q. Denote by G,, the stabilizer of w in G (i.e., the subgroup of
G fixing w.). We say that G is semiregular on Q if G, = 1 for every w € Q, and regular if it is semiregular and transitive.
For a positive integer m, an m-Cayley (di)graph of a group G is defined as a (di)graph which has a semiregular group
of automorphisms isomorphic to G with m orbits on its vertex set. Note that 1-Cayley (di)graphs are the usual Cayley
(di)graphs. For m = 2, 2-Cayley (di)graphs are called bi-Cayley (di)graphs (For more concrete definition, see Section 2.).
We say that a group G admits a (di)graphical m-semiregular representation (GmSR or DmSR for short) if there exists a
regular m-Cayley (di)graph I" of G satisfying G = Aut(T"). In particular, a G1SR (D1SR, respectively) is the usual GRR
(DRR, respectively). In [4], Du, Feng and Spiga classified finite groups admitting a GmSR or a DmSR for each positive
integer m.

Now we consider n-partite digraphs. We say that a group G admits an n-partite digraphical representation (n-PDR for
short) if there exists a regular n-partite digraph I such that G = Aut(T"), Aut(T") acts semiregularly on V(T') and the orbits
of Aut(T") on V(T') form a partition into n parts giving the structure of I". It is known that each n-PDR is also a DnSR,
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but the converse is not true. Recently, Du, Feng and Spiga [5] 6] classified the finite groups admitting an n-PDR for each
positive integer n.

In this paper, we extend the notion of oriented regular representations to oriented m-semiregular representations using
m-Cayley digraphs. We say that for a positive integer m, a group G admits an oriented m-semigular representation (OmSR
for short) if there exists a regular oriented m-Cayley digraph ' of G satisfying G = Aut(T"). In particular, an O1SR is the
usual ORR. Finite groups admitting ORRs are completely classified (see Proposition [16]).

Now we introduce the main result of this paper. In Theorem [I.I} we classify the finite groups admitting an oriented
m-semiregular representation (m > 1) as follows.

Theorem 1.1. Let m be a positive integer and let G be a finite group. Then G satisfies one of the following:

(1) G admits an OmSR;

(2) m =1, and G is isomorphic to either a generalized dihedral group of order greater than 2 or one of the 11 exceptional
groups listed in TABLE 2.1}

(3) m =2, and G is isomorphic to either Zy, Ly, 73, 73 or Z3;

(4) 3<m <6, and G is isomorphic to Z;.

This paper is organized as follows. In Section 2, we set up notations and review known results which will be used in this
paper. In Section 3, we prove Theorem We first show in Lemma [3.1] that any finite group G of order at least 3 admitting
an ORR must admit an OmSR for any integer m > 2. To consider finite groups which do not admit ORRs, we mainly
consider elementary abelian 2-groups and non-abelian generalized dihedral groups. First, we consider when elementary
abelian 2-groups admit an OmSR for positive integer m. To show this, we divide into two cases: groups of order at most
16 (Lemma ; groups of order greater than 16 (Lemma . On the other hand, we prove in Lemma that finite
non-abelian generalized dihedral groups always admit an OmSR for any integer m > 2. Using these results, we classify the
finite groups admitting an oriented m-semiregular representation for each positive integer m (Theorem [1.1)).

2. ORRs, m-CAYLEY DIGRAPHS AND NOTATIONS

In this section, we set up notations and review several results which will be used in this paper.

As usual, for a positive integer n and a prime p, we denote by Z,, Zy, Qs and D, the cyclic group of order n, the
elementary abelian group of order p”, the quoternion group of order 8 and the dihedral group of order 2n, respectively. For
an abelian group H, the generalized dihedral group over H is the semidirect product of H with the cyclic group of order
two, with the non-identity element acting as the inverse map on H. In the following remark, we note some properties of
generalized dihedral groups which will be used later.

Remark 2.1. Let G be the generalized dihedral group over an abelian group H. Then we have the following.
(1) The exponent of G is the least common multiple of 2 and the exponent of H.
(2) G is abelian if and only if G is an elementary abelian 2-group.

To state finite groups admitting ORRs, we first give the following table which shows 11 exceptional groups admitting no
ORRs (see [16]).

Group Comments
Qg, Z4 X Zg, Z4 X Z%, Z4 X Zg, Z4 X Z%, Zg, Zg X Zg

Hy = (z,y |2t =y* = (ay)? = (2y~')? = 1) order 16

Hy:=(z,y,z |2t =yt =2 =(y2)? = (yz ™ 1)2 = (y2)? = (yz71)2 =1, 2 = ¢y? =22, 2" = 27 1) order 16

Hy = (z,y,2 |2t =yt =2 = (2y)? = (ay™1)? = (22)? = (zz71)? = (y2)? = (yz71)? = 22?22 = 1) | order 32

Dy o Dy (the central product of Dy and Dy) order 32

TABLE 2.1. The exceptional groups admitting no ORRs

The following is the classification of finite groups admitting ORRs.

Proposition 2.2. [I6] Theorem 1.2] Let G be a finite group. Then G admits an ORR, except

(1) G is a generalized dihedral group of order greater than 2;
(2) G is isomorphic to one of the 11 exceptional groups given in TABLE (2.1}
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Let m > 1 be an integer. Recall that an m-Cayley digraph of a finite group G is defined as a digraph which has a
semiregular group of automorphisms isomorphic to G with m orbits on its vertex set. Now, we consider more concrete
definition for m-Cayley digraphs. For each i € Z,,, put G; := {g; | g € G}. For any subset H C G and i € Z,,, we also
denote H; := {h; | h € H}. Similar to Cayley digraphs, an m-Cayley digraph I" can be viewed as the digraph

Cay(G,T;; : 4,5 € Zp,)

with the vertex set and the arc set:

U Giand | {(g:(tg);) | t € To 5}

i€ 1, €%m,
respectively, where T; ; (i,j € Z,) are subsets of G satisfying 1 ¢ T; ;. In particular, the above digraph Cay(G,T; ; : i,j €
Z,) is also an m-Cayley digraph of a group G (with respect to T;; (i,j € Z.,) ). Note here that an m-Cayley digraph
Cay(G,T;; : i,j € Zy,) is an oriented m-Cayley digraph if and only if T; ; N T;il = () for all ¢,j € Z,,. Without loss of
generality, let I' = Cay(G,T;; : %,j € Z,) be an m-Cayley (di)graph of a group G with respect to T} ; (4,5 € Z,). For
any element g € G, the right multiplication R(g) (i.e., mapping each vertex z; € G; to (zg); € G, for all i € Z,,) is an
automorphism of T, and R(G) is a semiregular group of automorphisms of G with G; as orbits, where

R(G) :=={R(g) | g € G}.
In particular, 2-Cayley (di)graph Cay(G,T; ; : i,j € Zs) is called a bi-Cayley (di)graph and it is also denoted by
BiCay(G, R, L, S, T)
where R =Ty, L=T11,S=Tp1 and T =T .

The following proposition gives a result of the automorphisms between bi-Cayley digraph BiCay(G, 0,0, S,T) and Cayley
digraphs Cay(G, S) and Cay(G,T).

Proposition 2.3. [B, Lemma 3.2] Let G be a finite group and let o be a permutation of G. Denote by o’ the permutation
of Go UG mapping g; to g7 for each g € G and i € Zs. Then the following are equivalent.

(1) o € Aut(Cay(G, S)) N Aut(Cay(G,T))

(2) ¢’ € Aut(BiCay(G,0,0,5,T))

To end this section, we set up some notations for this paper.

Notation 2.4. (1) Let T be a (di)graph. For any subset X of the vertex set V(I'), denote by T'[X] the induced sub-
(di)graph by X in T'. We simply write [X] for T'[X] if there are no confusions.
(2) Let T be a digraph. For a vertex x € V(T'), denote by I't(x) and I'"(x) the out- and in-neighbors of z in T,
respectively. For a subset X C V(T'), define

I(X):= |JTH@) and T~ (X) == | I (2).

reX zeX
(3) Let T be a digraph and let X,Y be subsets of V(I'). Recall that A([X]) is the set of arcs of the induced sub-digraph
[X] by X in T (i.e., the set of arcs of T in X x X ). Denote by A(X,Y) the set of arcs of T in X xY. If X =Y
then we simply write A(X) instead of A(X, X). If X = {a} or Y = {y} then we simply write
A, Y) = A({z},Y), A(X,y) := A(X,{y}) and A(z,y) := A({z},{y})

if there are no confusions.

3. PROOF OF THEOREM [[.T]
In this section, we prove Theorem We first consider the case when given group admits an ORR.

Lemma 3.1. Let G be a finite group of order at least 3. If G admits an ORR, then G admits an OmSR for any integer
m > 2.

Proof. Assume that G admits an ORR. That is, there exists a subset R C G such that Cay(G, R) is an ORR of G. If R = ()
then Cay(G, R) is the union of |G| isolated vertices. Since Cay(G, R) is an ORR, G is Z; or Zy which is impossible as
|G| > 3. Thus

R #10.
Let ¥ := Cay(G,R), ® := Cay(G,R™ ') and Ey = {(v,y,2) | #,y,2 € Hyxy = 2} for H € {R,R™'}. As (x,y,2) € Eg
if and only if (y~t,271,27!) € Er-1, we have |Eg| = |Eg-1|. Put k := |Eg| = |Eg-1|. As |[A([ZT(1)])| = |Eg| and
|A([®*(1)])| = |Eg-1| hold (see Notation [2.4), we obtain
(1) AT =A@ (W) =k
where 1 is the identity of G. As R # (), take a € R. Note that
(2) RNR'=0, acR, a'¢R, ola)>3, 1¢RUR™!
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FiGUre 3.1. The digraph I'), for m > 3

all hold, where o(a) is the order of a in G. Now, we divide the proof into two cases: m = 2 (Case 1) and m > 3 (Case 2).

Case 1: Show that G admits an O2SR.

Proof of Case 1. Let I'y := BiCay(G, R, R™1,{1},{a"'}) and A := Aut(I'y). Then I'y is an oriented 2-Cayley digraph of G
with valency |R| + 1 satisfying T (19) = {ro, 11 | 7 € R}, T3 (11) = {r1 },ap" | » € R} and T (1;) = {r1,1o | r € R}.

We first show that A is not vertex-transitive by considering |A([T'] (10)])| and |A([T5 (11)])]- As [T5 (1o) NGo] = [EH(1)], we
need to count the number of arcs between rg and 17 for » € R. Since

Iy (1) NT(1g) =0 and T, (1) NT5(1g) =0

holds (see ), 1; is an isolated vertex in [I'J (19)]. Hence |A([T3 (10)])| = |A([Z+(1)])| = k follows by (1). On the other
hand, [A([T5(11)])] > |A([®F(1)])| +1 = k + 1 holds since (ag',a;?) is an arc in [I'y(1;)] by To, = {1}. Therefore
T3 (10)] 2 [['5 (11)] and A is not vertex-transitive. Recall that R(G) is a group of automorphisms of I'y with two orbits Gy
and G1, and A also has two orbits Gy and G; satisfying A = R(G).A;,. Since A;, fixes Gy setwise and [Go] = ¥ is an ORR,
Ay, fixes Go pointwise. Moreover, A, fixes Gy pointwise as Tp; = {1}. Therefore, A;, = 1 and A = R(G)A;, = R(G).
This shows that I's is an O2SR of G. This completes the proof of Case 1. (]

Case 2: For m > 3, show that G admits an OmSR.
Proof of Case 2. For m > 3, define a subset T; ; C G (i,j € Zy,) as follows:

To1 = {1}, Tio={a1'}, Th1 =R, Tp_10={a};

Tiioi={1}, Tii=R fori#1;
Tiiv1={a™'} fori #0,m—1;
T, =0 for i # 7,7+ 1.

Let Iy, := Cay(G,T;; : i,j € Zy,). Then T',, is an oriented m-Cayley digraph of G with valency |R| + 2. To complete the
proof for Case 2, we need the following claim that counts the number of arcs in the induced digraph [T} (1;)] for i € Z,,.

Claim:

(i) |A(ITF (Lo)))| =k + 2, [A([TH (1)) = k +1 (m > 4).
(i) [A(T5 (1)D] = &+ 3, [A([TH Q)N =k + 2 (m > 4)
(iii) A, (Lm—)])| =k + 1 (m > 3).

(iv) [A(TL ()Nl =k (2 <i <m —2).

Proof of Claim. We first need to consider the set of out- and in- neighbors of 1;, a; and a;l in I,,, for i € Z,,. With the aid
of FIGURE we find the following:

I (Lo) = {ro, 11, L1 \ r € R}, I, (Lo) = {rg ' a1, a,", | 7 € R},
Fiz(ll)_{rllaGQ ) & ‘ r € R}, Lo (1) ={ri,12,10 | r € R},

F;(lm 1) - {Tm 1,&0, m—2 ‘ re R}

Fj;l(lz :{’I““ z+1’ 1,1 | TER} (2<z<m—2) F;(li):{r;1,1i+1,ai,1 | ’I"ER} (i#071),
F:rn(aal) - {(rail)Oaal 1aam—l | re R}a F:n(aal) - {(T71a71)07 11aa;12—1 | re R}a
T(ag,1) ={(ra” )m-1,10,a;, 5 | 7 € R}

Lh(aih) = {(ra s 05,07 | r € RY (1<i<m—3),

() ={(rra ™ )ig1 a5, 1 | 1 € R} (i # 0,m — 1),
T

Tt (ag) = {(ra)o,a1,am_1 | r € R}, —(ao) = {(r~ta)o,a?, 1,,_1 | 7 € R}.

The above sets enable us to prove the claim as follows.
Proof of (i). Tt is easy to find

T (1) NT3(1o) =0, T3(l2)NT3(1o) ={ao, 11}, T
Lr)NT (L) =0, TF(Ln—1) NI (L) = {ao}, Tyl

Ty (12) NT5 (Lo) =0
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As JA([T) (10)])] = |A(Ro) |+ A1y, RoU{lm-1})|+|A(Lm—1, RoU{11})| — |A(11, 1;n—1)| holds (see Notation [2.4), the result
(1) now follows by

|A(Ro)] = [T (Lo) NGoll = [[ET (D] =k ;
|[A(11, RoU{1l,1})] = [T (1) NT5L(To)| + [Ty, (1) N T (10)] 5
|[A(Lm—1, RoU{10})] = [T (1m—1) NTH(10) + |Tr (Ln—1) N5 (T0)] 5
[A(L1, )] = 1;
|A(L1, Lm—1)] 0

for m > 4.

Proof of (ii). It is easy to find

I3 (ag )ﬂFJr(l)—{afaaEl}, 3 (ag!) N3 (11) =0, F?(a51)ﬂrg+(11):{afl}7 I3 (ay )ﬂf+( 1) ={ag"};
Th(ag ) NTE (1) = {a7 '}, Do(ag)NTE (L) =0, Th(ay)NTL(L) = {a1'}, T(ay")NTL (1) =0 (m > 4).
The result (ii) follows by

[A(CLAOD] = k= A(ag ' a3 )] +

T (ag ) N TR (L)) + [T (ag ) NI ()] + [T (a3 ) N T3 (1)) + [T (az ) N T3 (1)
and |A(ay',a;")| =1 for m = 3, and |A(ag ', ayt)| = 0 for m > 4.

Proof of (iii). For m > 3, it is easy to find
I (a0) N (Ln-1) = {am—1}, Tp(a0) N (Ln1) = 0, Ty (Ln—2) NT5, (Ln—1) = 0, Ty (Lin—2) N Ty (1—1) = 0.
As |A(ag, 1;n—2)| = 0 holds by FIGURE 3.1} we obtain (iii):

JA(T (Lm—)D = k= [A(a0, Lm—2)| + T35, (a0) N T (Ln—1)| + [T, (a0) N T3 (Lin—1)|
+|F:;( m—2) NI (Ln—1)[ 4+ [T, (Ln—2) N T3, (Lin—1))|
= k+1.
Proof of (iv). Let m > 4. Since there are no arcs between 1;,_; and a;rll (2 <i<m—2), we obtain
(3) [A(Lis1,a7)[ =0 (2 < i <m —2).

We divide the proof of (iv) into three cases i =2,i=m — 2 and 3 <i <m — 3.
First, we consider 3 < ¢ <m — 3. Then m > 6 and

Ih(Lio) N (1) =0, T (Lio) NS (1) =0, Th(a ) N (1) =0, Tpa ) NI (1) = 0.
Using (3)), we have
JA(CL@D] = k= [A(Licy, ai )]+ [T (Lima) N T (L) + 105, (Lim) NI (L)] + T (ay) N T (1)) + [Tr, (aiy) N T (1))
= k

and this shows (iv) for 3 <i < m — 3.
Now we consider ¢ = 2. By and

Oh (1) NT (1) =0, T, (1) NI (1a) =0, T (a3 ') NTE(12) = 0, Tp,(azt) N (1) = 0,
we obtain

[A(, (12)])]

k—]A(Ly, a3 )|+ T35 (1) N (L) + [T (1) N T (1) + T (a3 ') N T (12)] 4 |0, (a3 1) N (12))]

k
and this shows (iv) for i = 2.
Finally, let ¢ = m — 2. Note that m > 5 follows by ¢ = m — 2 # 2 and m > 4. By and

L (L) VT (L) = 0, Ty (Lin—3) NI (Lo 2) =0, T (an,2 ) NI (Ln—2) = 0, 17 (a5,21) NI, (Lin—2) = 0,

we obtain (iv):

AT (Lm—2))| = k—\A(lmf&a;f_l)\+|F$(1mfs)ﬂf+( m=2)| + [ (Ln—3) N T}, (Ln—2)|
o (a,21) N T (L—2)| + [T (0t 1) N T (L))
= k.
This completes the proof of the claim. O

Now we are ready to complete the proof of Case 2 in Lemma by using the above claim. Let A := Aut(T',,). As
JA(TE (19)])] # JA([TE (1)])] (i # 1) by the claim, we have [[')} (11)] 2 [T} (1;)] (i # 1) and thus A fixes Gy setwise. By
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JA([TF (1o)])] # |A(IT} (12)])| (see the above claim), A fixes G; (i = 0,2) setwise. By [T 3| =1 and |T5,;| =0 (i # 1,2,3),
A fixes G5 setwise. Similary, we obtain that A fixes G; (i € Z,,) setwise. Recall that R(G) is a group of automorphisms
of Ty, with m orbits G; (i € Z,,). Then A also has m orbits satisfying A = R(G)A;,. Since Aj, fixes G; setwise and
[GoUG1] 2 Tg is an O2SR, A, fixes Gy and G pointwise. As Ty -1 = {1}, A1, fixes G;,—1 pointwise. Similarly, we find
that Aj, fixes G; (2 <i < m — 2) pointwise and hence A;, = 1. Thus, A = R(G)A;, = R(G) holds and therefore I',, is an
OmSR of G. This completes the proof of Case 2 in Lemma (3.1 O

Now, we consider elementary abelian 2-groups in two cases: of order at most 16 (Lemma [3.4)); of order greater than 16
(Lemma [3.6)). We need the following notation and remark on oriented digraphs with valency two.

Notation 3.2. Let A be an oriented digraph with valency two. Define C(A) by the set of oriented 3-cycles in A and let
V(C(A)) be the set of vertices in C(A). For a subset S C V(A), define Cs(A) by the set of cycles in C(A) containing at
least one vertex of S. For notational simplicity, put Cs(A) := C53(A). For a subset W C C(A), define NaA(W) by the set of
vertices and their neighbors of each cycle in W. Put Na(C) := Na({C}). If there are no confusions, we may omit (A) for
each notation; C(A), V(C(A)), Cs(A), Cs(A) and Na(W).

The following simple observation on oriented digraphs with valency two will be used in the proof of Lemma |3.4

Remark 3.3. Let A be an oriented digraph with valency two and let o € Aut(A). Suppose that o fixes a vertex v € V(A).

(1) If o fizes an out-neighbor and an in-neighbor of v, then o fizes every neighbors of v in A.
(2) Suppose that o fizes an oriented cycle C' € C(A) pointwise.
(i) Then o fixres Na(C) pointwise. Moreover, if s € C then o fizes every vertex of Na(Cs) in A.
(i1) Let S CV(A). If CNS # 0 and cycles in Cg are connected to one another, then o fizes Na(Cs) pointwise.

Lemma 3.4. Let m > 1 be an integer. Each group Z5 (0 < n < 4) satisfies the following.

(1) Zy does not admit OmSRs if and only if 2 < m < 6.
(2) Zy does not admit OmSRs if and only if m = 2.
(3) For each integer 2 < n < 4, Z% does not admit OmSRs if and only if m =1 or 2.

Proof. Let G := 75 (0 < n < 4). By Remark [2.1] and Proposition G does not admit O1SRs if and only if G = Z2,Z3 or
Z;‘. For the rest of the proof, we assume m > 2. We first show that

(4) if (m,G) € {(2,21),(3,Z1), (4, Z1),(5,Z1), (6,71), (2, Zs), (2,73), (2,Z3), (2,7Z3)} then G does not admit OmSRs.

Since any vertex-transitive digraph cannot be OmSR (m > 2), digraphs with valency 0, 1 cannot be OmSR (m > 2).
Moreover, digraphs of order less than 5 cannot be OmSR. Hence Z; does not admit OmSRs for 2 < m < 4, and Zs
does not admit O2SRs. With the aid of MAGMA [3], we can find that G does not admit OmSRs for each (m,G) €
{(5,21),(6,Z1),(2,73),(2,73),(2,Z4)}. This shows statement .

To complete the proof, we need to show that if G satisfies G = Z; with m > 7 or G = Z§ (1 < n < 4) with m > 3, then
G admits an OmSR. We divide the rest of the proof into five cases.

Case 1: Show that G = Z; admits an OmSR for any m > 7.

Proof of Case 1. For a given m, we will define a subset T; ; C G = Zy (i,j € Zy,) and Iy, := Cay(G,T;; : 4,j € Zp,). Let
A= Aut(Ty,), C :=C(T),) and Cg := Cg(T'y,) for a subset S C V(I',,,) (see Notation .

For each 7 < 'm < 11, define a subset T; ; C G (i,j € Z,,) as follows:

Tos=Tra=Ton=Tn12="Tjj2={1} for3<j<m-—2;

Ti,i+1 = {1} for i e Zm,

T;; =0 otherwise.
Then T, is an oriented m-Cayley digraph of G with valency two. With the aid of MAGMA [3], we find that T, is an OmSR
of G for each 7 < m < 11.

On the other hand, consider Case 1 for m > 12. For each even integer m > 12, define a subset T; ; C G (4,5 € Zy,) as
follows:

(5) {1} = Top=Tipo=T3=T34=Tss=T56=Tsp0 ;
{1} = Thpo=Twiz=""=Tiito=""=Tm-am—2=Tm-2m1
(6) = Thoima=-=Tiio=---=T311=T111=T19;
{1} = Tou=Tyo=Tos=Tsr=Trs=Ts3=T35=Ts7=Trm-2="Tm-28="Tsm-1

To-m—a=Tp_sm3=-=T; 3=T;_3; 92="---=Ti310="Ti011 =T11,9 =To0 ;
0 = T,; otherwise .
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Then I, is an oriented m-Cayley digraph of G with valency two and I';,, consists of three oriented cycles which correspond
to —, respectively (see the left one of FIGURE [3.2)).

FIGURE 3.2. OmSR of Z; for m > 12

We first show A;, = 1 by using FIGURE 3.2] and Remark 3.3] By |C1,| = 1 and C1, = [{1¢, 11, 19}], Ai, fixes cycle Cy,.
By Remarkwith (0,5,8) = (A1y, Lo, {19, 110, L1, - -+, Im—1}), Ai, fixes N(Ciig.110,110, 1, }) POINtWise. On the other
hand, we find that |C1,| = 1 and two cycles C1, and C1, = [{14, 12, 15}] are adjacent. This implies that A;, fixes C;, pointwise,
and also N(Crig,1,0,110,+ 11} U C1,). Now Ay, = 1 follows as N(Ci1,1,0,110,,1m_13 U C1,) = V(I'yy). By the left one of
FIGURE [3.2] it is easy to find that {15,16,17,15} = V(I';,) \ V(C) and 15 € N(C) both hold. This implies that A fixes 15,
and A fixes directed path (15, 1¢,17) pointwise because the induced digraph [{15, 1, 17, 1g}] is the union of directed path
(15,16, 17,1g) and arc (15,17). Since 1y is a neighbor of 1g, A fixes 1o by Remark As Ay, =1, A fixes each vertex of
I';,. Now Case 1 holds for even integer m > 12.

Finally, we consider Case 1 for odd integer m > 12. Define a subset T; ; C G (i,j € Z,,) as follows:

®) {1} = Tou=Tio=Toz=T34=Ts5="T56="Ts0;
{1} = Too=T2="=Tii2="=Tm-s5m-3=Tm-38=T8m-1=Tm—1,m—2
9) = Thoma=-=T;o=--=T311=T111=T19;
{1} = Tou=Tao=Toe=Tor=Trs=Ts3=T35=Ts7=Trm-1=Tm-1.m-3=Tm—3m—2=Tm—2m—5
(10) = =T 1 =Tiq15-2="+=Ti213 = T13,10 = T10,11 = T11,0 = To0 ;
0 = T,; otherwise .

Then I',,, is an oriented m-Cayley digraph of G with valency two, and I';,, consists of three oriented cycles which correspond to
—, respectively (see the right one of FIGURE . With S := {19, 110,112 - - 1;n_3}, we can obtain Ay, = 1 in the same
way as Case 1 for even integer m > 12. By the right one of FIGURE [3.2] it is easy to find that {15, 16,17} = V(I's,) \V/(C) and
15 € N(C) both hold. This implies that A fixes 15, and A fixes directed path (15,16, 17) pointwise because induced digraph
[{15, 16, 17}] is the union of directed path (1s,16,17) and arc (15,17). Since 1y is a neighbor of 1g, A fixes 19 by Remark
B3] As Ay, =1, Afixes each vertex of I',. Now Case 1 holds for odd integer m > 12. This completes the proof of Case 1. [

For the remaining cases we need to use the following statement for new graph A from I',,, where I';, is the graph
defined in Case 1. For a positive integer m > 12 and a subset E C {(1e, 1o), (11, 12), (1s,13), (14,15)}, let A be a connected
oriented digraph with valency two containing I',,, —E as a subgraph, where I';;, — E is the subgraph of I';,, by deleting all arcs
in E. Note that the graph I',;, — E is connected and it contains every oriented 3-cycles in C(T',) U Cy,(T'y,) and arc (1o, 14),
where Cy,(I'y,) = [{14,12,13}]. For each e € E, we denote by v(e) the set of two vertices incident to e and let Aut(A) ()
be the subgroup of Aut(A) fixing v(e) pointwise. We now show that the following holds.

(11) Each group in {Aut(A),, Aut(A)i,, Aut(A) ) | e € E} fixes each vertex of I'y,.

First, we can show that Aut(A);, fixes each vertex of ', in the same way with Case 1. Let e € E. If e = (1g,1¢) then
Aut(A) ey fixes 1o. If e # (16, 1o), then e and Cy, (I'y,) has a common vertex. By Remark we obtain that Aut(A) )
fixes C1,(I'n) = [{14, 12, 13}] pointwise, and also fixes each neighbors of 14. Since 1y is a neighbor of 14, Aut(A) () fixes
1o and hence Aut(A)(y()) fixes each vertex of I';,. Now consider Aut(A);,. Since two out-neighbors of 15 in A are 15 and
17, and (1g, 17) is an arc, we obtain that Aut(A);, fixes cycle [{15, 16, 17}] pointwise. As 15 is adjacent to 1g, Aut(A);, fixes
15 by Remark Thus, Aut(A);, fixes cycle C1, (T'y) = [{14, 12, 13}] pointwise, and thus it fixes each vertex of T'y,. Now
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(11) follows and we are ready to use it.

For the remaining cases Case 2-Case 5, we will define a subset T; ; C G (i,j € Z,,) for each m and G, and let
Y = Cay(G,T;; : i,j € Zy,) and A := Aut(X,,). Then we can check that each ¥,, is an oriented m-Cayley digraph
of G with valency two.

Case 2: Show that G = (x) = Z5 admits an OmSR for any m > 3.
Proof of Case 2. For each 3 < m < 11, define a subset T; ; C G (i,j € Zy,) as follows. Let T; ; =0 (i,] € Zy,) except

form =3 Toi =Too =T ={1}, Tio=Ti2="To1 ={z};

form =4 T071 = T072 = T370 = T371 = {1}, Tl,O = Tl,g = {CC}, T2,3 = {1,13} 3

form =75 Tor=Tos=Too=Toa=T31 =T34 =Tu3=Tso={1}, Tio=T12={z};

form==6 Ton=Tos=Too=Tos=Ts1=T3a=Ta3=Ts4={1}, Tvo=Tr2="Tss=T52={z};

for 7<m <11 To1=Tos=Tao=Tos5=T31=T354=Tu3=Ts56="T;i+1 =Tm-14=1{1},
Tio=To=Tam-1=Ts2=T;i-1 =Tp—1,m—2={z} (6 <i<m-—2).

With the aid of MAGMA [3], we find that X, is an OmSR of G for each 3 <m < 11.

For m > 12, take T; ; (4,7 € Z,,) the same as Case 1 except T 0 = {z}. Note that we denote by I',,, (X,,, respectively)
the m-Cayley digraph defined in Case 1 (Case 2-Case 5, respectively). Clearly, X, has two layers: vertex sets {1, | i € Z,,}
and {z; | i € Z,,}. They are called 1-layer and z-layer of ¥,,, respectively (this notation i-layer will be used in Case 2-Case
5). For each g € {1, z}, the induced subgraph of g-layer is isomorphic to the subgraph I',, — {(16,1¢)} of I';,. By , A,
fixes 1-layer pointwise. Since 1-layer has only two neighbors in z-layer (say, xg and zg), A1, fixes 29 and zg, respectively.
As A({zy,26}) fixes each vertex of z-layer, Aj, fixes every vertex of ¥, (i.e., A;, = 1). We also obtain A;; = A;, = 1 by
(11). In view of FIGURE we can check that for even m > 12, the vertices not on any oriented 3-cycle of 3, are the
vertices in G5 U Gg U G7 U Gg, and only G5 has two in-neighbors on an oriented 3-cycle; for odd m > 12, the vertices not
on any oriented 3-cycle of 3, are the vertices in G5 U Gg U G7, and only G5 has two in-neighbors on an oriented 3-cycle.
Thus, A fixes G5 setwise. Since R(G) is transitive on G5, we have A = R(G)A;, = R(G). Hence 3, is an OmSR of G.
This completes the proof of Case 2. (]

Case 3: Show that G = (z,y) = Z% admits an OmSR for any m > 3.
Proof of Case 8. For each 3 <m < 11, define a subset T; ; C G (i,j € Zy,) as follows. Let T; ; =0 (,j € Z,) except

form =3 Too =T =11}, To1 ={z}, Tho=Too = {y}, To2 = {zy} ;

for m =4 To1=Ti3=Ts0={1}, Toz=T51={z}, Tio=Too ={y}, To2 = {ay};

for 5<m <1l To1=T13=T34="Ti41 =Tm-1,2=A{1}, Tho="To0={y}, To2 = {zy},
Tom—1=T31 =Tii—1 =Tp-1,m—2={2} (4<i<m-2).

With the aid of MAGMA [3], we find that %, is an OmSR of G for each 3 <m < 11.
For m > 12, define a subset T; ; C G (i,j € Z,,) the same as Case 1 except

Ts0 = {x} and T1 5 = {y}.

Then ¥, has four layers. The induced subgraph of each layer is isomorphic to the induced subgraph of 1-layer, which
is exactly the subgraph I', — {(1g, 1o), (11, 12)} of T';,. By (1), Ay, fixes 1-layer pointwise, and also it fixes each vertex of
{0, x6,y1,y2}. Again by , A({zo,ye}) fixes x-layer pointwise; A(qy, 4,}) fixes y-layer pointwise; A(gy, y,1) fixes (zy)o and
(wy)e because they are adjacent to ys and yo, respectively. Therefore A(f(zy),,(zy)s}) fixes zy-layer pointwise, and hence Aj,
fixes every vertex of X, (i.e., A;, = 1). Thus, A;, = A;, = 1. In the same way as Case 2, we can show that A fixes G5
setwise, and X, is an OmSR of GG. This completes the proof of Case 3. O

Case 4: Show that G = (z,y, z) = Z3 admits an OmSR for any m > 3.
Proof of Case 4. For each 3 <m < 11, define a subset T; ; C G (i,j € Zy,) as follows. Let T; ; =0 (4,7 € Z,) except
for m =3 Toq =Tz ={1}, Toq = {z}, Too =1y}, T10="To2=1{z2};
form =4 Ton=T3=Ts2={1}, Toz=T31={x}, Ta0={y}, To2=1{z2};
for 5<m <11 Ty =Ti3="T34="Tiit+1=Tm-12=1{1}, Topo={y}, Tio=To2 = {2},
Tome1 =T31=Tii—1=Tm-1,m-—2={z} (4 <i<m-—2).
With the aid of MAGMA [3], we find that X, is an OmSR of G for each 3 <m < 11.
For m > 12, define a subset T; ; € G (4, ) € Z,,) the same as Case 1 except

Ts0 = {x}, Ti2 = {y}, Tsz = {z}.
In the same way as Case 3, we can show that >, is an OmSR of G. This completes the proof of Case 4. O



Case 5: Show that G = (z,y, z, w) = Z3 admits an OmSR for any m > 3.
Proof of Case 5. For each 3 < m < 11, define a subset T; ; C G (i,j € Zy,) as follows. Let T; ; =0 (,] € Zy,) except

form =3 Toq ={l,y,zy}, Th o ={1,z,w}, Too = {y,w,zw} ;
ford <m <11 To1=A{l,y, 2y}, T12={1l,2zw}, Tph-10={y,w, 2w}, T; ;11 ={z,y,w} 2<i<m-—2).

With the aid of MAaGMA [3], we find that X, is an OmSR of G for each 3 < m < 11.
For m > 12, define a subset T; ; C G (,j € Z,,) the same as Case 1 except

Too =A{z}, Ti2 ={y}, Tes ={z}, Tus ={w}
In the same way as Case 3, we can show that X, is an OmSR of G. This completes the proof of Case 5. Now Lemma
follows. 0

Remark 3.5. The oriented m-Cayley digraphs constructed in Lemma have valency two. In particular, Z, admits an
OmSR with valency two if and only if m > 7, and 23 (1 <n < 4) admits an OmSR with valency two if and only if m > 3.

Lemma 3.6. For any integers n > 5 and m > 2, Zy admits an OmSR.

Proof. For a given integer n > 5, let G := Z = (x1,x2, ++ ,&pn), T := T1X2 -+ &, and T; := ax; (1 < i < n). Take subsets
S, R, T C G as follows:

S={l,z;|1<i<n}, R={x,T; |1 <i<n}, T={r1220n—2Tn_1, T1T2Tp_1Tn, ;Ti11 | 1 <i<n—1}.
It is easy to see that R = xS and |R?| = |S?| = |{1, @y, zx; | 1 <i,j < n}| = 1+n+% hold. Since set {z;z; 11242 |1 <
1 <n — 2} appears twice in ST where
ST =TU{x;, zpxjzjr |1 <45,k <n,j#n, k#7j+1}U{z12emizn_0Tn_1, T122T;Tn—1%pn | 3<14,j <n—2,i # n—2},
we obtain

IST|=n+14+n+n—-1Dn-3)+n-5)+n—-4)—(n—2)=n?>—n—3.

By 120 € ST, x120 ¢ SR, T1 € SR and 77 ¢ ST, we have the following :
(12) |R?| = |S?| = |SR|, |RT| = |ST| > |R?|, ST € SR, SR ¢ ST.
We divide the proof into two cases: m =2 (Case 1) and m > 3 (Case 2).

Case 1: Show that G admits an O2SR.
Proof of Case 1. Let T's := BiCay(G,0,0,5,T) and A := Aut(I'3). Then Iy is an oriented 2-Cayley digraph of G with
valency n + 1. If n =5, then we find that I'; is an O2SR of G by using MAGMA [3]. Let n > 6. Note that

I3 (10) = S1 = {11, (w1 | 1 <i <n}, T = {&i2;@j11, Tid1%2Tn—2Tp—1, TiT1T2Tp_12y | 1 < j<n} (1<i<n)
all hold. Since R(G) € A and G is abelian, we have
) and ;T Nxi4oT = {$i+1; xixi+1$i+2} (1 <i1<n-— 2) that

It follows by TNa; T =0 (1 < n
<i<n)and 'Y ((z:)1) NT3 (Tig2)1) = {@ip1, Tiig1Tipato (1 < i <n—2).

]
(13) T3 ((@)1) NT3 (1) =0 (
This shows that 1; is the only vertex in I'j (1p) that has no common out-neighbor with any other vertex in I'j (1), and

xi)1 (1 <4 < n) has at least two common out-neighbors with some vertex in 0). Hence A, fixes 1 and thus A;, C A4,.
1 <i < n) has at least t t-neighb ith tex in T (1p). H Ay, fixes 1; and thus A;, C A,
Similarly, the out-neighbors of 1; can be written as

<
1

IS (1) = To = {(z122%n—2Tn—1)0, (T122Tn_1T0)0, (TjTj41)0 | 1 < j <n—1}.
We also find '] (t9) = (tS)1 (to € Tp) and the following:

:vjxjHSﬂxijjJrQS = {ijrl, $j$j+1$j+2} (1 S j S n — 2),
T1ToTp—2Tn—1S NT172S = {21220 2, T12T2Tp_1},
$1$2$n_1$ns N ZZ:n—lxns = {'Tll'n—lzna IZIH—LTH}-

This shows that each vertex in I'j (1;) has at least two common out-neighbors with some vertex in T'J (1;). As I'y cannot
be vertex transitive by (13), A fixes Gy and G; setwise. As R(G) C A, A has exactly two orbits Gy and Gy and hence
A = R(G)A1, = R(G)Ay,. Since R(G) is semiregular and Ay, C Ay, A1, = A, N A= A;, N R(G)A;, = Ay, holds and
so Agy, = Ag, (g € G). Let 0 € A. Suppose {go, 9117 N{go,91} # 0. Then it follows by Ay, = Ay, and A fixes G; (i =0,1)
that
g6 = go and g7 = g1

both hold. This means that {{go,g1} | g € G} is a block system of A on V(I's), and hence there is a permutation & of G
satisfying (7)o = (g0)7 and (¢7)1 = (¢1)° for each g € G. By Proposition o € Aut(Cay(G,T)). Since Cay(G,T) is a
GRR of G by [9, pp.654], we obtain & € R(G). This implies ¢ € R(G) and hence A = R(G). Therefore, I'y is an O2SR of
G. This completes the proof of Case 1. O
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FiGUrE 3.3. The digraph I',, for m > 3

Case 2: Show that G admits an OmSR for any m > 3.
Proof of Case 2. Let m > 3 and take a subset T; ; C G (¢,j € Z,,) as follows:

Tvo=T, Togn =Tiit1 =5 Tii-1=R, Tj;=0fori#1, j#i+1
Let Iy, := Cay(G, T} : 4,j € Zy,) and A := Aut(T',,). Then I',, is an oriented m-Cayley digraph of G with valency 2n + 2
(See FIGURE [3.3). It is easy to see that T}, (11) = So UTp and T'},(1;) = S;41 U R;_1 for each i # 1. Recall that I'}; (I'}(1;))
is the set of out-neighbors of T'}\, (1;) (See Notation . Since G is abelian, we obtain

Ik (1)) = 1“+ T (S1URm_1) = (S?)2U(ST)o U (SR)o U (R?*) 12 ;
OH(T5 (1) = T (S2UTh) = (5%)3U (SR), U(ST)1 U(TR)m_1 ;
IH(h(15)) = T (S3URy) = (S%)4U(SR)2 U (RT) ;

Pr(Ch(L) = Th(Sisn URi—1) = (5)it2 U(SR); U (R?)i2 (3 <i<m—1).

By , it is easy to find the following:

0o (T (10)] > [T (T (1)), [T (T (11))| > TR (T (L) (3 < i <m —1)

T (T (1)) > T (T (12))], [T (T (L)) > [T (T3 (12))]-
So A fixes Go U G7 setwise. Since [GgUG1] = T’y is an O2SR of G, A fixes Gy UG pointwise. Since all out-neighbors of G
are in Gy U G2, A fixes G setwise. Take g,h € G with g # h. Then
As gS # hS, A fixes Go pointwise. In the same way, we can show that A fixes G; pointwise (3 < i < m — 1). Therefore,
A, =1 and thus A = R(G) A1, = R(G) (i.e., Ty, is an OmSR of G). This completes the proof for Case 2 of Lemma[3.6] O

Now we consider finite non-abelian generalized dihedral groups.

Lemma 3.7. Let G be a finite non-abelian generalized dihedral group. Then G admits an OmSR for any integer m > 2.

Proof. In view of Remark[2.1] take an abelian group H of exponent greater than 2 and an element b € G satisfying G = (H, b),
o(b) = 2 and bhb = h™! for each h € H, where o(b) is the order of b in G. Now, we divide the proof into two cases.

Case 1: H admits an ORR.
Proof of Case 1. Let R be a subset of H such that ¥ := Cay(H, R) is an ORR of H. If R = (), then H is Z; or Zs and
thus G is Zy or Z3. This is impossible as G is non-abelian. Thus, R # () and take a € R. Since b ¢ H, note that

(14) 0o(a)>3, acR, a¢R*' 1¢R, bdRUR' H=(R), ROR ' =0
all hold. Put k := |A([7(1)])|. Now, we divide Case 1 into two subcases: m = 2 (Subcase 1.1) and m > 3 (Subcase 1.2).

Subcase 1.1: Show that G admits an O2SR.
Let I'y := BiCay(G, R, R™',{1,a},{a,b}) with Tp1 = {1,a} and Ty ¢ = {a,b}. Let A := Aut(I'y). Then I'y is an oriented
2-Cayley digraph of G with valency |R| + 2. In the same way as Lemma we first show that A is not vertex-transitive by
counting |A(['] (10)])| and |A([T'5 (11)])|. In the beginning, we find the following:

F+(10) = {7’0, ].1,(11 | re R}, F_(].()) = {7‘0_ ,bl,al_l | re R},

F+(11)—{r1,a0,b0 | r € R}, (1) = {rt ,ao 10| r € R},

I3 (a1) = {(ra)1,ag, (ba)o | r € R}, z_(al) {(7"’ a)i,1o,a0 | 7 € R},
F+(a0) {(ra)o,a1,af |r € R}, Ty (ao) = {(r" )Oa(ba)l’ll | r € R},
) {(rb)o, b1, (ab)y | r € R}, Ty (bo) = {(r~'b)o, 11,(a"b)1 | 7 € R}.

Using the above sets, and bh € H (for h € H), it is easy to find the following:

Iy (1 )ﬂl“+(1o) = {ao,al}, Ty (11) T3 (1g) =0, Ty (a1) NT3 (Lo) = {11, a0},
IS (a1)NTS (19) = {ad} if a® € R, Iy (a1)NTS(1p) =0 if a®> ¢ R,

I3 (bo) NT3 (11) =0, Ty (bo) T3 (11) =0, Ty (a0) NI (11) =0,
F;L(a()) N F+(11) { 17(1%} if a2 € R, P;L(a()) N F;(ll) = {al} if a2 ¢ R
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Ficure 3.4. The digraph I',, for m > 3

As [T3(19) N Go) = [ *(1)], we obtain

[A(L3 (L)) = k—[A(L1, )| + T3 (1) N T3 (Lo)| + [T (1) NT3 (Lo)] + T3 (a1) N T3 (L0)| + T3 (a1) N T3 (Lo)-
As (11,a7) is an arc in T's, |A(11,a1)] = 1 and thus
(15) Al[TF(10)]| =k +4if a®> € Rand A|[T (10)]| =k +3ifa®* ¢ R
hold. As [T (11) N G4] = [£+(1)], we obtain

AT D] =k — |A(do, bo)| + T3 (a0) N T3 (1) + T3 (ao) N TF (11)] + |1 (bo) N TF (1)] + [T (bo) N T (11)]-
As |A(ag, bp)| = 0, we can find
(16) AlfT ()] =k +2ifa* € Rand A|[TF (1)]|=k+1 ifa®*¢ R.

By —, [[3(19)] 2 [[3(11)] holds and thus T'y is not vertex-transitive. Recall that R(G) is a group of automor-
phisms of 'y with two orbits Gy and G;. Then A also has two orbits Go and G satisfying A = R(G).A;,. Note that
G; = H; U (Hb); (i =0,1) and [H;] = [(Hb);] = 3. Since A;, fixes G setwise and [H;] is an ORR of H, A;, fixes H;
pointwise. Since [ (11)] = ((a™1)o, 1o) is an arc, Aj, fixes 1g. Since [Hg] is an ORR, Aj, fixes Hy pointwise. On the other
hand, it follows by [['J (11)] = (ao, (ab)o) that A;, fixes (ab)y and thus it fixes (Hb)o pointwise. By [I'5 (bo)] = ((ab)1,a1),
A, fixes (Hb); pointwise. This shows A;, = 1 and thus A = R(G)A:, = R(G). Therefore, I'; is an O2SR of G. This
completes the proof for Subcase 1.1.

Subcase 1.2: For m > 3, show that G admits an OmSR.
For m > 3, define a subset T; ; C G (i,j € Z,,) as follows:

Too=Tia=Tm-1m-1=R, Tio={a},Tor ={1},T-om-1=1{b},Tm10=1{a"'};

T;i=R! for i #£0,1,m — 1;
Tii—1={1} for i # 1;

Tiit1 = {a} fori#0,m—2,m—1;
T,; =10 for i # j,j+ 1.

Let Ty, := Cay(G,T;; : 1,j € Zy,). Then I'y, is an oriented m-Cayley digraph of G with valency |R| + 2 (See FIGURE [3.4).
To complete the proof for Subcase 1.2, we need the following claim that counts the number of arcs in the induced digraph
;5 (1;)] for i € Zny,.

Claim:

(i) A3 (Qo)])| =k + 2, [A(L], (10)))] =

(i) |A(C3 (1)) =k + 1, [A(TLA)D] =k +2 (m
(iif) [A([T (Lm—1)])| =k (m > 3).

(iv) [A(C (Lm—2)])| =k (m = 4).

() A4 LD =k (2 < i <m—3).

Proof of Claim. With the aid of FIGURE we find the following:

F +(10) = {ro,11,1m—1 | r € R}, I (1) = {ral,afl,am,l | r € R},
(11) = {7“1,()2,0,0 | re R}
an( 1) ={ri,az,a0 | 7 € R} (m > 4), I, (1) = {r; 12,19 | 7 € R},
F;;(lm 2) - {rml 27bm 1, l’m 3 | re R} (m > 4)
F:T_L(]‘m 1) = {rm 1,0 »1m 2| T € R} L (Ln1) :{ T 1a107 m—2 ‘ e R}
Fi(lz)—{r sy, Lo |1 € R (2<1<m—3), L (L :{212+1711|TGR}(2<Z<m_2)
'Y (a0) = {(m)o,al,az | r € R}, I (ao) = {(r~'a)o, 11,03 | 7 € R},
I (4 2) = {(r @2, (W01, am_s | 7 € R} (m > 4),
F?ﬁ(azﬂ) {(rta)iy1,0} 0,00 [T € R} 1<i<m—4), T (air1) = {(r )z+1»az+271 | r€ R} (1<i<m-3),
I (ag)) = {(raVo,ar Laly | v € R}, I (ag ) = {0—a oy, Ly | 7€ R,
I (b 1) = (D)1, (0~ B)osbs | 7 € R}, D (b 1) = {7 D) 1,0, L2 | 7 € R},



12 JIA-LI DU, YAN-QUAN FENG, AND SEJEONG BANG

The above sets enable us to prove the claim as follows.
Proof of (i). Tt is easy to find by the above sets and that

Ly (1) NT3 (o) = {ao}, T3(12)NTF(Lo) = {11}, T5(11)NT3 (o) = {12},
Or () NTH (L) = {aot, T (Lm—1)NTH (L) =0, T;,(11) NI} (1) = 0,

As [T} (1) N Go] = [ET(1)], we obtain
AT (LoD =k —[A(1, Ln-1)| +
T (1) NI (o) + [T, (1) N T ()| + T3 (Ln—1) N T (L0)] + [Ty (Lm—1) N T (To)-
The result (i) follows by |A(11,12)| =1 and |A(11,1,,—1)] = 0 (m > 4) (See FIGURE |3.4)).

(12) NI (1g) =0 ;

I
I (1no1) N (L) = 0 (m > 4).

3
m

Proof of (ii). By 7 we have

Ty (ag) T3 (1) = {ar}, T35 (b2) NTH(11) =0,
Tf(ao) NTE (1) = {ar}, T (a2) NTH(L) = {a1},

As [[5(11) N Gy] =2 [T (1)], we have
AT AN = k= [A(b2, a0)| + |T5 (b2) NT (11)] + [T (b2) NI (11)] + [T (a0) N T3 (1)] + [T5 (a0) N T (11))-

This shows A|[T'5 (11)]| = k + 1 by |A(ao, b2)| = 0 (see FIGURE [3.4).
On the other hand, consider m > 4. As [I'} (1) N G1] = [XT(1)], we also obtain

AT, A)D] = k= [A(az, a0)| + [T, (a2) VT, (11)] + [Ty (a2) NI (10)] + 05 (a0) N Ty (1)) + [T, (a0) N T3 (1)
Now Claim (ii) follows by |A(ag,as2)| =0 (m > 4) (see FIGURE |3.4).

Proof of (iii). The result (iii) follows by |A(ag*, 1m_2)| =0 (m > 3) and
Ii(ag ) NI (Lno1) = 0, Tp (L) N T (Ln—1) = 0, Ty (a0) N5 (Le1) = 0, T (Lin2) N5 (L)

|
=

Proof of (iv). The result (iv) follows by |A(bm—1,lm—3)] =0 (m > 4) and
F;L(bﬂ'l_l) nry, m(Im—2) = 0, T ( -3)N F:;L( m-1) =0, L (bm—1) N Fm(lm—Z) =10, I (lm—3) N FnJrq(lm—l) =0.

Proof of (v). Let m > 5. For each 2 <i <m — 3, we find
T (aiv) NI (1) =0, T (Lio) NT (1) = 0, T (ain) NI (L) =0, T (L) N (1) = 0.
The result (v) follows by |A(a;+1,1;—1)] = 0 (FIGURE [3.4). This completes the proof of the claim.
Now we are ready to complete the proof of Subcase 1.2 in Lemma by using the above claim. Let A := Aut(T,,).
By JA([T55, (Lo)DI # AT, (1)])] (@ # 0) and [A([T, (10)])] # [A(IT,(1;)])] (7 # 1) (see the above claim), we obtain
[ (10)] 2 [T, (10)] (i # 0) and [T, (11)] 2 [T, (15)] (5 # 1)

Thus A fixes Gy and Gy setwise. By [T 2] =1and T1; =0 (3 <i <m—1), A fixes G2 setwise. Similarly, we obtain that A
fixes G; setwise for each i € Z,,. Recall that R(G) is a group of automorphisms of T',,, with m orbits G; (i € Z,,). Then A
also has m orbits satisfying A = R(G).A;,. To prove I',, is an OmSR, we only need to show A;, = 1. Let 0 € A;,. Then o
fixes G; setwise, where G; = H; U (Hb); (i € Zy,). Since [Hp] = ¥ is an ORR of H, o fixes Hy pointwise. By Tp 1 = {1}, Ay,
fixes Hy pointwise. By T} j41 = {a} (1 < j <m—3), Ay, fixes H; (2 < i < m —2) pointwise. As Tp,,—2.m—1 = {b}, A1, fixes

H,,_1 pointwise. On the other hand, it follows by T,,,_2m—1 = {b} that A;, fixes (Hb),,_1 pointwise. By T},_10 = {a"'},

A, fixes (Hb)o pointwise. We can also obtain by T} ;41 = {a} (1 < j < m — 3) that A, fixes (Hb); (1 < i < m —2)
pointwise. As G = H U Hb, we conclude that A, fixes G; (i € Z,,) pointwise (i.e., A1, = 1). Therefore Subcase 1.2 follows.

This completes the proof of Case 1.

Case 2: H does not admit ORRs.

Proof of Case 2. Recall that H is an abelian group and G is a non-abelian generalized dihedral group over H. By Remark [2.1]

and Proposition 2.2) H = Zy x Zo, 73, Zy x 73, Ty x 73, Ty x Z3 or Zy x Z3. For each group H, take two subsets R, L C H
as follows:
(1) R={z,2b} and L = {x, 2 Yy} for H = Zy x Zy = {x,y| 2* = y?> = 1,0y = yz) ;
(2) R={z,zb} and L = {x, 271y} for H =73 = (x,y| 23 = y> = 1,2y = yx) ;
(3) R={z,ry} and L = {w, 2 tyz} for H =74 x 73 = (w,y,z | 2* = y? = 22 = 1,2y = yx, 22 = z22,9y2 = 29) ;
(4) R={z,ry,zz,2w} and L = {z, 22, v2w,x " yzw}

for H =73 x 73 = (xy,zw|x3—y —zQ—wQ—la:y—yxmz-zxyz-zy,xw—wa:yw-wy,zw-wz};
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F1GURrE 3.5. The digraph I'), for m > 2

(5) R={x,ry,zvz, 2w} and L = {z, 22, r2w, v~ yzw}
for H=174 x 73 = (x,y,z,w | x4*y *zszQ*l ,TY = YT, TZ = 2T, Yz = 2Y, TW = WL, YW = WY, 2W = W2) ;
(6) R={z,2y,zz,2w,zu} and L = {z, zz, a: “lzw, zyzw, v z2wu}
for H= 74 x Z3 = (z,y, z,w,u | a* =y —zQ—wQ—u = 1,0y = yx,x2 = 22,Y2 = 2y, TW = WT, YW = WY, 2W =
W2, TU = UL, YU = UY, 2U = UZ, WU = UW).
Note that for each case, R and L satisfy
|IR|=|L|and RONR™'=LNL'=0.
For each case in (1)-(6) and for each m > 2, we define a subset T; ; C G (4,j € Z,,) as follows:

Too=R, Tio={z"'}, Toq={b};
Tii=L, Tiyp1={1} fori#0;
Tiior=A{a} fori#1;
T =0 for i # j,7 + 1.
Let Iy, := Cay(G,T;, : i,j € Zy,) and A := Aut(T',,). Then I',, is an oriented m-Cayley digraph of G, where the valency
of I, is |R| + 1 for m = 2 and |R| 4 2 for m > 3 (See FIGURE [3.5). With the aid of MAGMA [3], we can find that I', is an
OmSR of G for m = 2, 3. In the rest of the proof, we will show that I';, is an OmSR of G for all m > 4. Let ¥ := Cay(G, R)
and ® := Cay(G, L). It is easy to see that |A([XT(1)])| = |A([®T(1)])| = 0 holds for each case. By the definition of T, and
R(g) € A for g € G, we find the following:

Tt (10) = {To,bl,xm 1 | re R}, F:n(lo) = {’/‘01 .131, m—1 | re R}

D2 (1) = {1 Loy ' | L€ L}, U (1) = {0 2 7bo|l€L}

PE() = {l g i [T€L} @ <i<m—1), Tl ={ Lary, Ly |[1€L} @ <i<m—1),

LF (b1) = {(1b)1, b2, (x~'b)o | 1 € L}, I (b)) = {(I710)1, (Iflb)mlo | le L},

P;Q(:El) = {(lm)lvx% 1o | le L}a 1—‘;1(‘%1) = {(lilx)lv 1o, (bl’)() | le L}v

TF(zio1) = {(Ix)i—1, 25,22 5 | L€ L} B3<i<m—1), T, (zie1)={{"t2)i—1,li,zi2|l€L} (B3<i<m—1),
F,J?L(wm 1) = {(@)m—1, 20,25, 5 | L € L}, U (@m1) = {(7'®)m—1,10,Tm—2 | L € L},

I (2g1) = {(re o, (b2~ )1s L1 | 7 € RY, To(zy 1) = {(r "2 Do, Ty, amly | 7 € RY.

F+(b1)mr+(10) =0, F;L(b )N (19) = 0,
(.Tm 1) NIt (10 = {56‘0}7 Fr_n(xm 1) NIt (10) = (Z),
rf(12)N F+(11) ={x1}, T, (12 )OF+ (1) =0,
I () N T (1) = 0, Lo (e ) NTE (1) =0,
It (13) NI (12) = {2}, I (13) N5 (12) = 0,
I (1) NI (12) = {22}, I (1) NI (12) = 0,
Ih (L) NTH (1) ={z;} B3<i<m—1), T, (1i41)N F+(1i) =0 (3<i<m-—1),
I (i) NTE (L) ={2:} B<i<m—-1), T, (z;-1)NTLH(1)=0B<i<m-—1)
In the same way as Lemma we first show
(17) Amad={ ) iz

Let i = 0. As |A(Ro)| = |[T}(10) N Gol| = [A(ZF(1)])| = 0 and |A(b1, Zm—1)| = 0, we find for i = 0 by
[ AT (L)) = 0 = [A(b1, 2m—1)| + L5, (b1) N T35, (Lo)| + [Ty, (br) N T (Lo)| + T (wm—1) N Ty, (Lo) | + [T, (2m—1) N T35 (o).
Let i = 1. As |[A(L1)| = [T (11) N G1]| = |A([@F(1)])] = 0 and |A(12,25 )| = 0, we find (17) for i = 1 by

[ AT (LD = 0 = |A(L2, 25 )| + [T, (12) N T (L0)] + 17, (12) N T (L) + [T (2g) NI (L)] + [T (zg ) NI (L)

Finally, we consider ¢ # 0,1. Since there are no arcs between 1,11 and x;_1, we have |A(1;41,2;-1)] = 0 (i # 0,1). Now
for i # 0,1 follows immediately.
Since [T}, (10)] 2 [T54 (15)] and [T (11)] 2 [T, (1:)] (i # 0,1) all hold by (17), A fixes Go U Gy setwise. Since [Go U G1] =
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FI1GURE 3.6. The digraph I'), for m > 2

is an O2SR, A fixes G; (i = 0,1) setwise. By Ty o = {1} and 7, = 0 (i # 0,1,2), A fixes G5 setwise. Similarly, A fixes
G; setwise for each i € Z,,. Since [Go U G1] = T'y is an O2SR, A,, fixes G; (i € Z,,) pointwise and so A;, = 1. Hence
A = R(G)A1, = R(G) and so Iy, is an OmSR of G. This completes the proof for Case 2 of Lemma [3.7] O

Now, we are ready to prove Theorem

Proof of Theorem [1.1l Let G be a finite group and m > 1 be an integer. Without loss of generality, we may assume
that G does not satisfy Theorem [I.1(1), that is, G’ does not admit OmSRs. If m = 1 then Theorem [.1(2) follows by
Proposition 2.2 Now assume m > 2 and G does not admit OmSRs. To complete the proof, we consider two cases, G admits
an ORR or not.

If G admits an ORR, then G is Z; or Zs by Lemma Hence, we obtain that G is either Z; with 3 < m < 6 (i.e.,
Theorem [1.1(4)) or Z1, Zy with m = 2 by Lemma [3.4]

If G does not admit ORRs, then it follows by Proposition [2:2]that G is either a generalized dihedral group of order greater
than 2 or one of the 11 exceptional groups given in TABLE [2.1] We first consider that G is a generalized dihedral group of
order greater than 2. Then G is an elementary abelian 2-group by Remark and Lemma Moreover, G has order at
most 24 = 16 by Lemma Now, Theorem (3) follows by Lemma To complete the proof, we now show that none
of the 11 exceptional groups in TABLE does not admit OmSRs for any m > 2. For each group G in TABLE take two
subsets R, L C G as follows:

(1) R={z,zy} and L = {x, 2~ Yy} for G =7y x Loy = (z,y | 2* =y = 1,2y = yz) ;
(2) R={z,zy} and L = {z, 271y} for G=Qs = (z,y | 2t =y* = 1,22 =y, 2¥ = 27 1) ;
(3) R={z,ry} and L = {x, 2 Yy} for G =73 = (z,y | 2® =y = 1,2y = yz) ;
(4) R={z,ry,2z} and L = {z, 271y, 27 tyz}
for G =74 x 72 = (w,y,z | 2* =9y? =22 = 1,2y = yx, 22 = 22, yz = 2y) ;
(5) R={z,vy,zz,2w} and L = {x, 2~ 'y, yz, 2~ lyzw}
for G =73 x 73 = (w,y,z,w | 2° = y? = 22 = w? = L,y = yz, 02 = 22,y2 = 2y, TW = WT, YW = WY, 2W = WZ) ;
(6) R={z,ry,zz,2w} and L = {z, 2"y, 2" Lyz, 2~ lyzw}

for G =74 x 73 = (m,y,z,w | 2 = y? = 22 = w? = L,y = yz, 02 = 22,y2 = 2y, TW = WT, YW = WY, 2W = WZ) ;
(7) R={z,ry,zz,2w,zu} and L = {z, 2~ ty, 27 yz, 2~ tyzw, 2~ yzwu}
for G =7y x 73 = (z,y,z,w,u | 2* =y? = 22 = w? = u? = 1,2y = y2, 02 = 200, y2 = 2y, TW = WT, yw = WY, 2W =

Wz, TU = UT, YU = UY, ZU = UZ, WU = UW) ;
8) R={z,zy} and L = {x, 2~ 'y} for G = H; ;
9) R={z,ry,22} and L = {z,2 1y, 2~ tyz} for G = Hy ;
0) R={z,ry,22} and L = {z,2 1y, 2 tyz} for G = Hj ;
1) R={z,zy,zz,7w} and L = {x, 7y, 2~ tyz, 2~ tyzw}
for G=DyjoDy= (v,y|zt=9y>=12Y=a Yo (z,w|2* =w?2¥ =2"1).
Note that for each case, R and L satisfy

(
(
1
(1

IR|=|L|and RNR™*=LNL"'=0.
For a given G in (1)-(11) and for each m > 2, we define a subset T; ; C G (i,j € Z,) as follows:

Too = R, Tio={z""};

T,, =1L, T;i—1 = {x} fori#1;
Ti7i+1 = {1} for 7 € Zm ;
T,; =0 fori # 4,5 £ 1.

Let Iy, := Cay(G,T;; : i,j € Zy,) and A := Aut(T';,). Then I'y, is an oriented m-Cayley digraph of G, where the valency
of Ty, is |R| + 1 for m = 2 and |R| + 2 for m > 3 (See FIGURE [3.6).

With the aid of MAGMA [3], we can find that T',, is an OmSR of G for m = 2, 3. In the rest of the proof, we will show that
I, is an OmSR of G for all m > 4. Let ¥ := Cay(G, R) and ® := Cay(G, L). Both ¥ and ® are oriented Cayley digraphs
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of G satisfying |A([S1(1)])] = |A([®T(1)])| = 0. By the definition of T',,, and R(g) € A for g € G, we find the following:
Tt (10) = {7‘0, ll,l‘m 1 | re R}, F:n(lo) = {T()_l,xl,lm_l | re R},

F%(ll)—{ll,l%xo ‘ lEL},
5 (1y) ={li, Lix1, @i [ LEL} 2<i<m—1), Uo(L) ={ e, i [le L} (1 <i<m—1),
F;(l’l) = {(ll’)l,l'g, 1o ‘ l 6 L} F;L(xl) = {( )1, 15, 29 | le L},
(i) = {(lm)z,l,xz, Z s 1eLl}(3<i<m-—1), 1";1(:1:2, y={("t2)i—1, Lm0 | L€ L} B3<i<m—1),
Ih(egh) = {(rz™ o, a7 Imr | 7 € R}, Do(ag ') = {(r 2o, Lia,Ly | 7 € RY:.
Usingr € RNL,z ' ¢ RUL,1¢ RULUR UL~ and the above sets, it is easy to find the following:

I (1) NI (1o) = 0, I (1) NI (1o) = 0,

I (@m—1) NT7, (1) = {zo}, Lo (#m—1) N T, (Lo) = 0,

D (rg ) NI (1) =0, (g ') NI (1) = 0,

T (L) V(L) = {2} (1 £0),  Tallign) NTh(L) =0 (i £0),

Lo (@ioa) NI (L) = {a} (0 #0,1), T (zi) NI (L) =0 (0 #0,1).

{z;
Note that |A(11, 2 1) = |[A(l2,25")| = |A(Liy1,25-1)] = 0 holds for 2 < i < m — 1. In the same way of claims in
Lemma [3.1] and Lemma [3.7] we can obtain

[A(C LoD =1, [A([Ty, (1)) =1, JA(T5, (1)) =2 (i #£0,1).
Since A fixes Go U Gy setwise and [Go U G1] = Ty is an O2SR, A fixes G; (i = 0,1) setwise. By T2 = {1} and T7 ; = 0
(1 #0,1,2), A fixes G5 setwise. Similarly, A fixes G; setwise for each i € Z,,. Since I'y is an O2SR, A;, fixes G; (i € Zy,)
pointwise and so A;, = 1. Thus, A = R(G)A;, = R(G) and hence T'y, is an OmSR of G. Therefore, none of the 11
exceptional groups in TABLE does not admit OmSRs for any m > 2. This completes the proof of Themrem O
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