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HECKE EQUIVARIANCE OF GENERALIZED BORCHERDS PRODUCTS
OF TYPE 0(2,1)

DAEYEOL JEON, SOON-YI KANG AND CHANG HEON KIM

ABSTRACT. Recently, a weak converse theorem for Borcherds’ lifting operator of type O(2,1)
for To(V) is proved and the logarithmic derivative of a modular form for I'o(N) is explicitly
described in terms of the values of Niebur-Poincaré series at its divisors in the complex upper
half-plane. In this paper, we prove that the generalized Borcherds’ lifting operator of type
0(2,1) is Hecke equivariant under the extension of Guerzhoy’s multiplicative Hecke operator on
the integral weight meromorphic modular forms and the Hecke operator on half-integral weight
vector-valued harmonic weak Maass forms. Additionally, we show that the logarithmic differ-
ential operator is also Hecke equivariant under the multiplicative Hecke operator and the Hecke
operator on integral weight meromorphic modular forms. As applications of Hecke equivariance
of the two operators, we obtain relations for twisted traces of singular moduli modulo prime
powers and congruences for twisted class numbers modulo primes, including those associated to
genus 1 modular curves.

1. INTRODUCTION

Borcherds isomorphism, established in his seminar paper [5, Theorem 14.1], is a correspon-
dence between the additive group of weakly holomorphic modular forms of weight 1/2 with
respect to I'g(4) which satisfy Kohnen’s plus-space condition and the multiplicative group of in-
tegral weight meromorphic modular forms for some character of SLy(Z) with integer coefficients
and leading coefficient 1 with Heegner divisors. Borcherds raised several questions in connec-
tion with this theorem in [5, 17.10 and 17.11], including how to generalize the isomorphism to
the level greater than one and whether his isomorphism commutes with the action of Hecke
operators.

The former was partially answered by himself in [6], in which he simplified the proofs of his
earlier results and extended them for both weight and level. To be more precise, he constructed a
multiplicative lifting map from weakly holomorphic modular forms of weight 1—n/2 for the Weil
representation associated to an even lattice L of signature (2,n) to meromorphic modular forms
for the orthogonal group of L whose divisors are linear combinations of Heegner divisors. These
meromorphic modular forms have infinite product expansions so called Borcherds products if the
underlying quadratic space contains Q-isotropic elements. Borcherds then asked in [6, Problem
16.10] whether one can reverse this lifting and it has been answered affirmatively for a large class
of arithmetic subgroups I' of the orthogonal group of L. In [7, Theorem 5.12] and [8, Theorem
1.2], Bruinier proved that if n > 2, the converse theorem holds true if L splits off the orthogonal
sum of two hyperbolic planes over Z. Even so, the Borcherds lifting is not surjective for n = 1,
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ie.,, when I' = I'g(N), but in [13], Bruinier and Schwagenscheidt recently established a weak
converse theorem for Borcherds products on I'g(N). They proved that if F' is a meromorphic
modular form for I'y(/N) with a unitary multiplier system whose divisor on the complex upper
half-plane H is a linear combination of Heegner divisors and whose divisor at the cusps is defined
over the rational number field and invariant under the Fricke involution, then F' is (up to a non-
zero constant factor) the generalized Borcherds product associated to a unique harmonic Maass
form of weight 1/2.

The latter question was answered by Guerzhoy [18] who succinctly proved that the Borcherds
isomorphism is Hecke equivariant if one considers a multiplicative Hecke operator acting on the
integral weight meromorphic modular forms and the usual Hecke operator acting on the half
integral weight forms. In the present paper, we generalize this result to higher level by exploiting
the weak converse theorem for Borcherds products on I'g(/V) introduced earlier.

On the other hand, the well-known denominator formula for the Monster Lie algebra is derived
from the logarithmic derivative of the classical j-invariant. In [11], Bruinier, Kohnen and Ono
showed that the logarithmic derivative of a meromorphic modular form f on SLy(Z) is expressible
in terms of the values of Faber polynomials of j(7) at points 7 in the divisor of f, which
generalizes the denominator formula. These results have been generalized by Bringmann et al.
[10] and Choi, Lee and Lim [17] to Niebur-Poincaré harmonic weak Maass functions of arbitrary
level N. They proved that the logarithmic derivative of a meromorphic modular form for I'o(NV)
is explicitly described in terms of the values of Niebur-Poincaré series at its divisors in H. In this
paper, we verify that this logarithmic differential operator defined on the multiplicative group
of meromorphic modular forms for I'g(N) with a unitary multiplier system (possibly of infinite
order) is also Hecke equivariant under the extension of Guerzhoy’s multiplicative Hecke operator
and the Hecke operator on the weight 2 meromorphic modular forms for T'g(V).

As applications, we first obtain relations for traces of singular moduli modulo prime powers
similar to those found in [1]. In another application, we establish a similar relation modulo
prime for the twisted traces defined in terms of the canonical basis of the space of the weakly
holomorphic modular functions associated to modular curves of genus 1 of prime levels. The
second application offers a congruence relation for the corresponding twisted class numbers
modulo primes.

In the following section, we will introduce vector-valued harmonic Maass forms, generalized
Borcherds products, and the logarithmic differential operator, along with results that will be used
later. Then, in Section 3, we demonstrate the Hecke equivariance of the generalized Borcherds
lifting and the logarithmic differential operator, and in Section 4, we discuss its applications.

2. PRELIMINARIES

2.1. Generalized Borcherds Product. We recall from [6, 9, 12, 13] some fundamental facts
regarding vector valued harmonic Maass forms for the Weil representation. Let N be a positive
integer and V' be the rational quadratic space

V= {X € Maty(Q)|tr X = 0}
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with the quadratic form Q(X) = —Ndet(X). The corresponding bilinear form is given by
(X,Y) = Ntr(XY) for X,Y € V and the signature of V' is (2,1). We choose the lattice

Ly = {<Zc) _C_L/bN> :a,b,cGZ},

which has level 4N and the dual lattice
o= {<b/iN :b(1//2]]\<7> ca,b,c € Z}.

The discriminant group L\ /Ly is identified with Z/2NZ with quadratic form Q(y) = v*/4N.
We denote the standard basis elements of the group algebra C[Ly /L] by ¢, for v € L’y /Ly, and
write (-,-) for the standard scalar product, anti-linear on the second entry, such that (e,,e,) =
0 ~- The weil representation py associated with L’y /Ly is a unitary representation of the
integral metaplectic group Mpy(Z) on C[L)y/Ly]. We denote by pn the corresponding dual
Weil representation.
A smooth function f : H — C[L/Ly] is called a harmonic weak Maass form of weight & for

pn for the group Mpy(Z) if

(1) f transforms like a modular form of weight k for py under Mp,y(Z),

(2) Ag(f) =0, where Ay is the weight k& hyperbolic Laplace operator,

(3) f is at most linear exponential growth at the cusp [ico].
Let Hy, ,, be the space of C[Ly/Ly]-valued harmonic weak Maass forms of weight k and type
pn. The Fourier expansion of any f € Hy ,, gives a unique decomposition f = f* 4 f~, where

Fo= 3 Y fmmeive,,

cLl’, /Ly neQ
Y N/ Nn>>_Oo

f(r) = Z Z ¢ (n, )T (1 —k, w> give,,

EL/ LN nEQ
Vel / n<0

where ¢ := €2™7 for 7 € H and I'(a, x) = f;o e~'t*1dt is the incomplete gamma function. One
sees from the transformation property for py that cf(n, —y) = (—1)k_1/2cf(n,7) for all n € Z,
v € Ly/Ln, and cjf(n,’y) =0 unless n = 2 (mod 4N).
Let A be a fundamental discriminant and let 7 € Z such that A =2 (mod 4N). Also put
~ __ J PN, if A >0,
PN =\ on, if A <0.

Bruinier and Ono established the following generalized Borcherds lift for harmonic weak Maass
forms.

Theorem 2.1. [12, Theorem 6.1] Let f € Hy 3, be a harmonic weak Maass form with real
coefficients ¢t (m,~y) for allm € Q and v € L'y /Ln. Moreover ¢™(n,v) € Z for alln < 0. Then
the infinite product

(2.1) Uan(n )= T] [ (1 — (Aq"

n>0b(A)

9

> (% )c}r (An?,rn)
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where ¢ = 2™/t v € R is the Weyl vector at the cusp [ico]| associated with f, converges
for Im(7) sufficiently large and has a meromorphic continuation to all of H with the following
properties:

(1) It is a meromorphic modular form for T'g(N) with a unitary character o which may have

infinite order.
(2) The weight of WA (T, f) is C}_(0,0) when A =1, and is 0 when A # 1.
(3) The divisor of Wa (7, f) on Yo(N) :=To(IN)\H is given by the linear combination

ZA,r(f) = Z Z C}_ (’I’L, ’7)ZA,r(n7 /7)

of the twisted Heegner divisors Z r(n,v) that are defined in [12, Section 5].

The Jacobi symbol (%) in (2.1) is defined by 1 if A = 1 and 0 otherwise, when b = 0. We
note that W := Wa (7, f) is a map from H/y 5, to the multiplicative group of integer weight
meromorphic modular forms for T'g(/NV) with a unitary multiplier system (possibly of infinite
order).

Recently, Bruinier and Schwagenscheidt proved that this lifting is reversible. Let M(N) be
the multiplicative group of meromorphic modular forms F' for T'g(/V) with a unitary multiplier
system (possibly of infinite order). When A = 1, we suppose that the divisor of F' on Yy(V)
is a linear combination of Heegner divisors and whose divisor at the cusps is defined over the
rational number field and invariant under the Fricke involution. If A = 1, we suppose that the
divisor of F on Xo(N) := To(N)\(HUQU{[ioc]}) is a linear combination of the twisted Heegner
divisors Za »(n,v). Let M/(N) be the subgroup of M(N) composed of meromorphic modular
forms satisfying these conditions.

Theorem 2.2. [13, Theorem 1.1, Theorem 1.5] If F' € M'(N), then there exists a harmonic
Maass form f € Hyy 5, whose (twisted) generalized Borcherds product Wa ,(f,z) is a non-zero
constant multiple of F'.

2.2. Logarithmic Derivative. From now on, we assume k € Z and k € % + Z. Ramanujan’s

differential operator © := qd% = ﬁ% satisfies
© <Z a(n)q") = Z na(n)q".
n=h n=h
. . o kEs f
For a meromorphic modular form f of weight k£ on T'g(V), the Serre derivative O (f) := O(f) — D

preserves modularity with weight raised by 2, where Ej(7) is the Eisenstein series of weight
k. We let M""°(N) (My(N), resp.) denote the space of meromorphic (holomorphic, resp.)
modular forms of weight k& on I'o(N) and define a lifting (in fact, the logarithmic derivative)
D: M(N) — M3J*°(N) by

_ o) _ () kB

D(f): I T
As an example, consider the elliptic modular j-function

j(7) = q7' + 744 + 196884q + 21493760¢° + - - - .
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For the normalized Hecke operator T'(n), the weakly holomorphic modular functions given by
In(7) = (j(7) = T44)|T(n), (n=1)

and Jy(7) := 1 form a basis of the space of weakly holomorphic modular functions on T'g(1).
For every 7 € H, Asai, Kaneko and Ninomiya [3, Theorem 3| proved that

(2 D7) = §(:)) = gy s == Y Il
n=0

In [11, Theorem 1], Bruinier, Kohnen and Ono generalized this by proving that if

f@=d"+ > apn)g

n=h+1
is a non-zero weight & meromorphic modular form on I'g(1), then
EoS ord,(f)
D(f)=h——=— —=Jy e Myro(1),
D =n-g5- 2| E T o empra)
n= zEF1

where Fy is the fundamental domain of I'g(/V) and ey . is the ramification index of the covering
H — To(N)\H at 2.

Bringmann et al. [10] and Choi, Lee, and Lim [17] have extended these results to Niebur-
Poincaré harmonic weak Maass functions Jy, of arbitrary level N by proving that the loga-
rithmic derivative of a meromorphic modular form for I'o(N) is described explicitly in terms
of the values of Jy, at its divisors in H. In [22, Theorem 2.1], the authors showed that the
logarithmic derivative of a meromorphic modular form for T'g(/N) can be expressed explicitly in
terms of the values of weakly holomorphic modular functions. Let M, ]L (N) denote the space of
scalar-valued weakly holomorphic modular forms of weight k with respect to I'o(N) and M. ]3 (N)
be the subspace of M} (N) with poles allowed only at the cusp [ico]. We assume [ico] is not
the Weierstrass point. When gy is the genus of X((V), the canonical basis elements of Mg(N ),
denoted by fn m, have the Fourier expansions of the form

gN 00
v =™+ 3 an(m, —0g~ + > an(m,n)g", (m > gy +1).
/=1 n=1

In addition, fy0 =1 and fy,, = 0 for 1 < m < gn. (See [21] for the construction of the basis
in detail.) For every point z € H, we define

Fnao(1) = fna(2)d" =1+ > funl(2)d"
n=0 n=g+1

According to [22, Theorem 2.1], for a meromorphic modular form f of weight 0 on I'g(N), one
has

Z OrdZ(f)FN,Z(T) + o) € My(N).
2€FN oN.2 !
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3. HECKE EQUIVARIANCE

We first define the action of Hecke operators on half-integral weight vector-valued harmonic
weak Maass forms by their action on Fourier expansions following [12, Section 7] and [13, Section
2]. If g € H,, ;, and its holomorphic part has the Fourier expansion g+ = Z%n b;(n, ’y)qﬁ ¢y,
then for a prime p not dividing N, the Fourier expansion of the holomorphic part of g|Tj(p?) is
given by

GITe@*) T =D bhp (ny)giN ey,
v,n

where

(3.1) bz (n:7) = by (P°n,py) + p 2 <%n> bi (n,7) +p* 20} (n/p*,7/p)-
Here 0 = 1if py = pn, and 0 = —1if py = pn.

Next we define a multiplicative Hecke operator acting on M (), the multiplicative group of
integer weight meromorphic modular forms for I'g(N) with a unitary multiplier system (possibly
of infinite order). We let My(N) C M(N) denote the subset that consists of modular forms
of weight k. For a matrix a = (‘c” 3) with a positive determinant, the action of weight k slash

operator on meromorphic functions on H is given by

flile] = f (Z:j:;) (er + d)~F(deta)*/2.

Let p be a prime and f € My(N). Following Guerzhoy [18], we define the multiplicative Hecke
operator 7T (p) acting on M(N) by

p+1

FIT®) = fITa(p) := ep* @2 T flileil,
i=1

where ¢ is a constant chosen so that the leading coefficient of f|7 (p) is 1 and «;’s are the right
coset representatives of the action of I'g(N) for the set of 2 x 2 matrices with integer entries and
determinant p. Then 7 (p) maps elements of My (N) to elements of M ;1) (N).

Let M ,'g on be the subspace of vector-valued weakly holomorphic modular forms of Hj, ,, and
M{ /2 (4N) denote the space of scalar-valued weakly holomorphic modular forms of weight 1/2
with respect to I'g(4) which satisfy Kohnen’s plus-space condition. Borcherds established in
[5, Theorem 14.1] an isomorphism between the additive group M{ /2(4) and the multiplicative
group M(1). Recall the generalized Borcherds lifting ¥ : Hy /5 5, — M(N) in Theorem 2.1.
We generalize the Hecke equivariance of Borcherds isomorpshim in [18] to that of generalized
Borcherds products.

Theorem 3.1. Let H/. x be the additive subgroup of H,. 5. consisting of forms that satisfy the

) PN
conditions in Theorem 2.1. Then the following diagrams of groups and their homomorphisms
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are commutative when p is a prime not dividing N nor the discriminant A:

/
H1/2 N

lPTl /2(0?) J’T(p )

Hi s —¥ 5 M(N)

—¥ 5 M(N)

Proof. Let ¢ € H! . Then

1/2,pn

f \IJ(QS) \I’Ar T ¢ _qV¢ H H (1 _Cb n> T ¢(\A|n Y1)

n>0p(A

M(N).
We let
A
anir) = (5 ) 1k, m),

. A
i) = (3 ) el 1812

By the definition of 7 (p), we have

(32)  fIT() =/l [( Hf‘kK )]

_qu¢pH<V¢j Ve /P H H 1 _Cb pn cp(n,r) H H H 1 _CnJCb n/p)cb(nr

n>15b(A n>1b(A
_qu¢(p+1 H H 1 - Cb pn cp(n,r) ( Cb n pcb(pnr H H 1— Cpb nycp(n,r)
n>1b(A) n>1 (A
pin
I/¢(p+l b on pc (n,r) — 2
T IIa-ckgmyre U(olpTL(p?),

n>1b(A)

where the last equality follows from (2.1) and the penultimate equality follows from (3.1) along

with the fact
[TIT0 -t e ] [Ta _ (B taitm),

n>1 b n>1 b
pin pin

This proves that
V(9)|T(p) = ¥(¢|pT1/2(p?))-
O

Now we show that the divisor lifting ® also commutes with the action of the Hecke operators
T and T3, where T} acts on a meromorphic modular form g = o c(n)q" of integral weight
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k by
= c(pn k=1 "
(3.3) i = 3 ( (o) +p <p>) q

Recall from Theorem 2.2 that M’(N) is the subgroup of M(N) consisting of meromorphic
modular forms for which the generalized Borcherds product does have an inverse.

Theorem 3.2. Let p be a prime not dividing N nor the discriminant A. Then the following
diagrams of groups and their homomorphisms are commutative:

M/(N) —2— Mp*r(N)

lT(p) sz (»)

MI(N) 25 Mgere(N)

Proof. Let ¢ := (o = e*™/2 and f € M'(N) of weight k. Then by Theorem 2.2, there is a
harmonic weak Maass form ¢ € Hj 2,58 such that

f=U(¢) = Va (1,0) = ¢" H H (1 Cb n)%(n,r)'

n>0b(A)

Taking the logarithmic derivative of f gives

T: —ZZCZ;HT Cb": ZZZcbnranmnm

b(A)n=>1 b(A)n>1m>1
bn n bn n
e 5 (S atmrnc® | = v X [ S atmrinct | o
b(A)n>1 \m|n n>1 \b(A) mln

Hence
bn n k
D) =ve— > [ DD almrme= |q - ke
n>1 \b(A) m|n

and similarly from (3.2), we have

D(IT(p) = (p+ e — Y chbmrpmg'in" PR

n>1 \b(A) m|n

Then by the definition of T5(p) in (3.3), we have

DUNITr) = o+ e — Iy 43 Amyg
n=1
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where

(3.4) ZZcbmr Cbm ZZcbmrpmgﬁzl.

b(A) m|pn b(A) m|n/p

So it remains to prove that

(3.5) A(n) =" 3" cp(m,r)pm¢

b(A) m|n

to finish the proof. By (3.1), the right-hand side of (3.4) equals

a6) XX {atmrme® + (2 ammc® +atm/primc |

b(A) m|n p

If p 1 n, it follows from (3.4) that

ZZcbmr Cbpn ZZcbpmrpm( +chbm7" (bﬁl)",

b(A) m|pn b(A) m|n b(A) m|n
An?\ (A A
which is equal to (3.6), because <Tn> (b_p> = <3>, and thus (3.5) holds. Now assume p | n,
and let n = p*n/ with k& > 0 and p{n’. Then the first sum of A(n) in (3.4) is
k+1 !’
Z Z (m,r m(
b(A) mlphtin/
bp* n’ A? p)pFn’
=2 3 almrmc= 25 (50 (5 atmome s
p
b(A) mlpkn’ b(A) m|pkn/

=3 S atmrmcE + 55 (B2 esmrimc
b(A) m|n b(A) min b

and the second sum of A(n) in (3.4) is

Z Z mrpm( o ZZcbm/p, mCm.
A) m|pk—1n/ b(A) min

Hence (3.5) holds when p | n as well. Therefore,

DT ) = D()Ta(p)-
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4. APPLICATIONS

By Theorems 3.1 and 3.2, all diagrams below are commutative:

H 5 —— M/(N) =2 M™(N)

lpTl /2 (p?) JT(P) JTZ (»)

H 5 —— M/(N) —2—= M"(N)

The values by ¥ may not be in M’ but we consider only the functions that justify this diagram.
Throughout this section, A € Z is a fundamental discriminant and r € Z such that A = 72
(mod 4N) and d is a positive integer such that —d is congruent to a square modulo 4N. We
denote by Oa n the set of positive definite integral binary quadratic forms

Q = [a,b,Nc| = aX? +bXY + cNY? (a,b,c € Z)

of discriminant A, with the usual action of the group I'g(N). To each @ € Qa n, We associate
its unique root ag € H, called a CM point. The values assumed by the modular functions at ag
are called singular moduli, which play important roles in number theory. The genus character

for A = (b/ iN —_ba//2]ZV\7> € L'y is defined by
(%), if A |b? —4Nac, W =0 (4N), and ged(a,b,c, A) =1,
0, otherwise.

xa(A) = xa(la,b, Nc]) = {

Here n is any integer prime to A represented by one of the quadratic forms [Nia,b, Noc] with
NNy = N and Ny, Ny > 0. For f € M}(N), we define the twisted trace of singular moduli

Traan(f) = > ) gf(i](\%f(%z),
Q€Qaa,n/To(N)

where I' = T'/{£I}. We drop N when N =1, i.e., Tra a(f) := Tra.q1(f) and define the twisted
class number by

HN(D, d) = TTA,d,N(l)-

After Zagier’s influential work on traces of singular moduli [28], several authors have studied
congruences for Tra 4(J,) modulo prime powers and congruences for class numbers. We will
add new results for each of them in the subsections below.

4.1. Twisted traces of singular moduli. Consider the case when N = 1 discussed in [12,

Section 8.1]. In this case, L}/L1 = Z/2Z, Hy/35, = 0, and Hyjp, = Mi/Z,pl = Ml!/2(4). The

basis elements of M{ /2(4) found by Zagier are given by

fa=q '+ ) A d)q"

0<n=0,1 (4)
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for all negative discriminants —d. We let A > 1. Then r € Z satisfying A = 72 (mod 4) is either
0 or 1 depending on the parity of A. By Theorem 2.1, the generalized Borcherds product of f,

oo [Al-1

Wi = warir s = I 11 (1- ¢k

n=1 b=0

) (2)A(An? d)

is a weight 0 meromorphic modular form for the group I' := I'g(1) with a unitary character. By
identifying a vector A € Lag of negative norm with a quadratic form @ = [a,b,c] € Qag, it was
shown in ([12, Eq. (8.2)]) that

V(i) = ] G(r) - ilag))xa@/Tal,
QeQaq/T
Hence we deduce that

. _ 1 xa@  J() xa@) n
(Do W)(fa) 27Ti@eg§,l/f Tol 70— j(ag) 2 QEQ%J/F T nlee) | d"

where the second equality follows from (2.2). Thus we may write the composition © o ¥ lift of
fa as the generating function of the twisted trace of singular moduli:

(Do) (fq) = ZTTAd

o
Let p be a prime and m be a non-negative integer. For a modular form g = Z c(n)q" of weight

n>ng

k, it is found in [26] that

n
(4.1) 91Tx(p™) = p-p. +ZZP(’“ b C<p = >

n>1t=0

where p.p represents the principal part and ¢ = min(ord,(n), m). By (4.1) then, we deduce

[e's) 0
(4.2) (Do W)(fa)|T2(p™) = — Z (Z ptTT‘A,d <Jp;n2tn>> q".

n=0 \t=0

On the other hand, if we write d = p*“d’, where p? { d and u > 0, then by [4, Proposition
2.4], we have

m
Z Jp2u—amiarg, if 0 <m <,
=0
fd‘me1/2(p2m) = fn—u _d m—u—t u
Z <—> pufp%d/ + Zpu_tfp2m—2u+4td/, if m > u.
o\ P t=1
Hence we obtain from (4.1) that

(4.3) (D o ) (falp™T1 2 (p? ZT A, d,n)q
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where

me_tTT‘A’pzufzmjultd/(Jn), if 0 <m< u,

T(A, d7n) = m:—o _d m—u—t u
Z <—> puTTAmth/(Jn) + Zpu_tTTA’pzm—2u+4td/(Jn), if m > u.
t=0 p t=1

We recall from Theorem 3.1 and Theorem 3.2 that it holds for pt A,

(D o W)(falpT1/2(p%)) = (D © V) (f))|T2(p)-

Let m be a positive integer. Using mathematical induction on m along with the following
recursive relations satisfied by the Hecke operators on the integral and half-integral weights

Ti(p™ ) = Tu(p) e (™) — 0" Te(p™ ),
Tﬁ(p2m+2) — Tﬁ(p2)Tn(p2m) o pzn_2Tﬁ(p2m_2),
we obtain

(4.4) (D 0 W) (falp™ T1/2(0*™)) = (D 0 )(fa))| T2 (P™)-

Applying (4.2) and (4.3) to (4.4), we derive the following relation for the twisted traces of
singular moduli pertaining to prime powers.

Theorem 4.1. Let p be a prime not dividing a discriminant A > 1 and m,n be non-negative
integers with n > 0. For a negative discriminant —d, we write d = p*“d’ where p> { d' and u > 0.
Then when £ = min(ordy,(n), m), we have

’ me_tTrA,p2uf2m+4td/(Jn), if 0 <m < u,
ZPtTTA,d <Jp’g;> =10 N u
t=0 ! Z <7> PUIr A p2rg (Jn) + Zp“_tTrAmszzthd/(Jn), if m > u.
t=0 t=1

Assume A,,(n,d) denotes the coefficient of ¢™ of the image of f; under the Hecke operator of

index m? and weight 1/2. Then A,,(n,d) are integers for all m,n and d and by [28, Eq.(25)],
Traa(Jn) = VAAL(A,d).
Hence if p1d and m = 1, it holds by Theorem 4.1,
—d
Apn (A, d) — <?> Ap(A,d) — Ap(A,dp?) =0 (mod p).

More generally, we obtain the following corollary of Theorem 4.1.

Corollary 4.2. Let p be a prime not dividing a discriminant A > 1 and m,n be non-negative
integers with n > 0. For a negative discriminant —d, we assume ord,(d) < 2. Then for
¢ = min(ord,(n),m), we have

V4 m m—t
—d
¢ _ 2t
tg_op A,,pmtn (A,d) = ;—0 <_p ) A (A, p™d).

The congruences for T'ra q(Jp) or Ay (A, d) followed by Theorem 4.1 are different with existing
congruences such as those found in [19] and [1]. (See [1] for details and more references.)
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4.2. Genus one case. Throughout this subsection we assume that N is prime and the genus
of To(N) is one. There are three such values, N € {11,17,19}, for which the genus of I'j (N),
the group generated by I'g(N) and the Fricke involution Wy := ( 5 '), is zero.

Congruences for singular moduli of f € M}(I'o(N)) when genus of Ty(N) is zero have been
discussed in numerous literature, including [2, 20, 25]. The motivation for this subsection is to
treat higher genus cases, but for the sake of expediency, we will only address the instance of
genus 1 case. Moreover, if the genus of I'g(NV) is one, then we can use the useful property that

the genus of I'§ (V) is zero.
For e € {—1,1}, we let M,i’sgn(e)(N) be the subspace of M (N) consisting of all eigenforms of

W with eigenvalue e. The canonical basis in [15, 16] of M(!)’Sgn(e) (N) consists of the form ff\,g’%e)
whose Fourier expansion is given by

]SVg;SE) =q¢ ™M+ Z asj\g,n(e)(m,n)q"

n>mgg"(€)

for every integer m > —ngn(e), where m§ = 0 and my = —2. In [15, 16] such a basis is

explicitly constructed and it is shown that asj\g,n(e) (m,n) € Z. We then observe that for m > 2

the canonical basis elements fy ., of Mg(N ) defined in Section 2 are given by

SN+ Fnm +an(m, =1) f 1 — ay(m,0)

(4.5) fNm = 5
For f € M0!’+(N), if we define
xa(@
TTX,d,N(f) = Z WEV))HC(QQ)’
QEQan,n/TT (V) 0 @

then we find that

2Tk , (), if f € MgT(N)

(46) Traax(f) = {0 i 7 € M-(V).

It then follows from (4.5) and (4.6) that for all m > 2,
Tra,an(Fnm) = TTZ,d,N(fJJ\r/,m) + ay(m, _1)TTI,d,N(f]¢,1) —ay(m, O)TTZ,d,N(l)-

Moreover, we have %TT‘Ad,N(fN,m) € Z since the coeflicients ay(m, —1),ay(m,0) € Z and

one has ﬁT L n( f;\r,n) € Z which follows from [24, Proposition 2.1].

Now we consider the modular form fqn € M{ /2(4N ) that is uniquely determined by its
Fourier expansion of the form

fan=q""+ Y A(n,dN)q"
n>1
n=0 (4N)
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By [14], we have an isomorphism from M; /2(N ) to M} Jo,py - SO We may treat fqn as an element

of M1/2

Pt

47 an) =Varrdan) = J1 0 (a0 = f(ag)e@Tetel
QEQna,n/TT (N)

which is a weight 0 meromorphic modular form for I'g(N). Hence

OW(fan)) _ 1 > xa(@Q) (1) (7)
V(fan)  2mi T8 (Mgl F5,(7) = Fa(ag)”

. Then by [23, 24], the generalized Borcherds product of f; y turns out to be

(4.8) D(Y(fan)) =
QEQqn,N/T§ (N)

In conjunction with the following result [27, Theorem 1.1]

1 (fn)()
21 (1)~ T2 ,;)f“ .
(4.8) yields
(4.9) (Do W) (fan) = ZTTAdN an)
n=0

Furthermore, we observe from (4.7) that the divisor of W(fy x) is given by

xa(@)l(ag) + Wrag)] _ xa(@)(aq)
2 g (Nl N 2 ITo(Nql

QEQna,n/T§ (N) Q€Qaa,n/To(N)

which implies that

(4.10) Z MFN,Z(T) = ZTTA,d,N(fN,n)qn

ze€FN €Nz n=0
Using (4.8), (4.9) and (4.10) in (2.2), we find that

(4.11) ZTTAdN (Fvn)a ZTrAdN(an)q € Ms(N).
n=0 n=0

o
Since the space Ms(N) is spanned by {gn—1,9n0}, Where gy 1 := Zanq" is the unique

n=1

24 )
+ <1 — N) gn,—1 = 14+ O(q*), the left

EQ(T) —NEQ(NT)
1-N

normalized cusp form and gy o(7) :=
hand side of (4.11) is written as

ZTT‘AdN an ZTTAdN an) TTZC@N(UQN,O - TTX7d7N(f;,1)9N,—1-
n=0 n=0

Here we used (4.6) and the fact fy; = 0. Consequently, (4.9) shows that

(4.12) (Do W) (fa,n) Z Traan(fnn)gd” + TTA d, N(l)gNO TTA d, N(f]v 1IN, -1
n=0
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Following the same procedure as in Section 4.1, we deduce from our Hecke equivariance that
forn >0 and pt A,
(4.13)

—d
T8y TS an ) = T8 g B (20 TR T g )
We also have that
(4.14) (Do W) (fan)|Ta(p) = (D 0 V) (fan|pT1/2(p?))

= (Do) (pfd/p2N+ fa,N + fap2, N>

()
b
d
<?> (Do U)(fan) + (Do V) (fape,n)-
We observe that gno|T2(p) = (1 +p)gno + 1= N( —1-—
We then have from (4.12) and (4.14) that

P)gn,—1 and gn,—1|T2(p) = apgn,—1.

(o @]
(4.15) - Z(TTA,d,N(fN,pn) +pTraaNFNnp)d"
n=0
n 24 + +
+ TTA,d,N(l) (1+p)gn, 1— N(O‘p —1-plgn-1) — TTA7d7N(fN,1)04p9N,—1

s —d
=— Z (PTTA,d/p2,N(fN,n) + <7> Traan(fNn) + TTA,de,N(fN,n)> q"

n=0

—d
+ <pTrZ7d/p2’N(l) + <?> TTI,d,N(l) +Tr} ey N(1)> IN 0

—d
- <pTTZ7d/p2,N(f]—|\},l) + (?) Traan(fu) + Trzdpzw(fz;l)) gN,~1-

Comparing the constant terms on both sides of (4.15) and applying (4.6) yields

—d
(416 @ DT (1) = DTS g0+ (=0 78 g (1) 4 T g 1)
Applying (4.13) with n = 1 and (4.16) to (4.15), we obtain the equality
(4.17) - Z(TTA,d,N(fN,pn) +pTraaNFnnp))d”
n=0

> —d
== (PTTA,d/pZ,N(fN,n) + <?> Traan(fvn) + TTA,de,N(fN,n)> q"
n=0

24
+ <_TTI,d,N(1)—1 — N(% —1-p)+ TTZ,d,N(fJJ\?J)% - TTZ,d,N(fﬁ,;;)) gN,—1-
Now we compare the coefficients of ¢ on both sides of (4.17) to find that

24
Traan(fnp) = TTI,d,N(l)m(ap —1-p)— TTZ,d,N(f]—Vi_,l)aP + TTI,d,N(f]—\F,p%
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by which (4.17) is simplified to
(4.18)

[e.e]

Z(TTA,d,N(fN,pn) +pTraaNFnn/p))d"

n=0

o
—d
=3 (pTTA,d/p%N(me) + <?> Traan(fvn) + TTA,dpz,N(fN,n)> q" +Traan(fvp)gn-1-
n=0

Finally, by comparing the Fourier coefficients ¢™ for n > 2 on both sides of (4.18), we obtain
the following identity: for n > 2,
—d
TraaN(Fnpn) +PTraaNFNnp) = PITA a/p2 N (FNn) + s TraaN(FNn) + 1A ap2 N (FNn)
+ anTragN(fNp)-
We summarize the results above as a theorem.

Theorem 4.3. Let p be a prime not dividing a discriminant A > 1 nor N and d be a positive
integer such that —d is congruent to a square modulo 4N. Then we have

—d
(1) (1 +p)TTI,d,N(1) = pTTZvd/p%N(l) + <?> TTZ,d,N(l) + TTZ,dp{N(l)v

24
(2) Traan(ing) =Tr3 45 (1)

m(% —1-p)— TTZ,d,N(f]—G,l)aP + TTZ,d,N(fJJ\?,p)v
(3) for integers n > 2,

—d
TraaN(FNpn) +0TrAaNFNnp) = PTTA 02, N (FNn) + <?> Traan(fnn)

+ T dp2, N (FNn) + anTraa N (v p)-
There is an immediate corollary to Theorem 4.3.
Corollary 4.4. Let p be a prime not dividing a discriminant A > 1 nor N and d be a positive

integer such that —d is congruent to a square modulo 4N. Then for a non-negative integer
n # 1, we have

Tradn(Fnpn) _ <—d> Traan(fnn) N Tra ap2,n(FNn) Traan(fnp)
VA B VA VA VA

In particular, we establish a congruence for the twisted class numbers from Theorem 4.3(1).

p

+ ap (mod p).

Corollary 4.5. Let p be a prime not dividing a discriminant A > 1 nor N and d be a positive
integer such that —d is congruent to a square modulo 4N. Then

0 (mod p) if _Td
Hy(A,dp?*) =  Hy(A,d) (modp)  if (=£) =0,
2HN(A,d) (mod p) if (=2
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