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CYLINDRICAL STOCHASTIC INTEGRATION AND
APPLICATIONS TO FINANCIAL TERM STRUCTURE
MODELING

JOHANNES ASSEFA AND PHILIPP HARMS

ABSTRACT. We develop a novel—cylindrical—solution concept for stochastic
evolution equations. Our motivation is to establish a Heath—Jarrow—Morton
framework capable of analysing financial term structures with discontinuities,
overcoming deep stochastic-analytic limitations posed by mild or weak solution
concepts. Our cylindrical approach, which we investigate in full generality,
bypasses these difficulties and nicely mirrors the structure of a large financial
market.
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1. INTRODUCTION

We develop a new mathematical framework, using cylindrical measure-valued
processes, for stochastic modelling of financial term structures with discontinuities,
as observed in energy and interest rate markets.

Cylindrical random variables came up in the 1960s and 1970s in the development
of probability theory on Banach spaces and locally convex vector spaces . Their
raison d’étre is that they are easy to construct, for instance by specifying their
Fourier transform or by writing down a stochastic integral equation in weak form.
However, it can be notoriously difficult to verify that a cylindrical random variable
is non-cylindrical, i.e., a random variable in the usual sense. This is one of the main
challenges in the construction of infinite-dimensional stochastic integrals, and the
answer is negative beyond e.g. nuclear spaces or UMD Banach spaces .

We circumvent these difficulties by fully embracing the cylindrical approach.
Thus, we give up on the hard problem of constructing non-cylindrical integrals and
instead work with much simpler cylindrical integrals. Specifically, given any existing
integral, stochastic or not, we define a new cylindrical integral by a canonical and
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simple construction; see Theorem In important special cases, this yields the
cylindrical Brownian or Lévy integrals of 3} |8} 130} 32]. Importantly, bounds for the
non-cylindrical integral translate into bounds for the induced cylindrical integral.
This allows us to develop a theory of cylindrical stochastic evolution equations with
suitable a-priori estimates; see Theorem

From a financial perspective, cylindrical processes can be seen as models of large
financial markets. Indeed, a large financial market is simply a collection of tradeable
assets, all of which are semimartingales, with no further structure imposed [17]. If
one assumes without loss of generality that linear combinations of tradeable assets
are tradeable, then a large financial market is precisely a cylindrical semimartingale,
i.e., a collection of semimartingales indexed by the elements of some linear space.

We exploit this connection to define cylindrical models for financial term struc-
tures with discontinuities. The discontinuities are caused by jumps in the un-
derlying at predictable times and are empirically well documented in real-world
markets. For example, interest rates are influenced by policy updates of the central
bank, stock prices are influenced by earnings announcements of the company, en-
ergy prices are influenced by maintenance works in the power grid, and all of these
events tend to happen at pre-scheduled times; cf. Figs. [I] and 2l The immediate
modeling implication is that the forward rates cannot be continuous functions of
the time to maturity but must be measure-valued |15, 27].

More precisely, we develop a Heath—Jarrow—Morton (HJM) framework for measure-
valued forward rates as in [27]. Actually, the forward rates are merely cylindrically
measure-valued because measure-valued stochastic convolutions are ill-defined, as
explained in Remark [£.1] Nevertheless, bond prices and a roll-over bank account
are well-defined, as shown in Theorem and the corresponding large financial
market satisfies no asymptotic free lunch with vanishing risk [17] if a HJM drift
condition is satisfied under an equivalent probability measure. Extensions to more
general driving noise would be possible within the same framework, thanks to the
general construction of the cylindrical stochastic integral. Our modeling framework
is versatile and can be applied to other financial markets, as well, including energy
markets. In principle, it also lends itself to numerical discretization by similar
methods as for non-cylindrical models [1, [12], but we have not explored this any
further.

Markovian methods constitute an interesting complementary approach for con-
structing measure-valued processes. They can be used to treat non-Lipschitz co-
efficients as for instance in super Brownian motion [25] and more general affine
or polynomial measure-valued processes |14} |16} [19]. Notably, these processes are
non-cylindrical and take values in the cone of non-negative measures. There are
wide-ranging financial applications in stochastic portfolio theory 18], rough volatil-
ity modeling [20], and recently also term structure modeling [15]. The connection
to cylindrical stochastic analysis is via martingale problems with cylindrical test
functionals, as explained in Remark

The structure of the paper is as follows. Section [2| develops the cylindrical inte-
gral in full generality. Section [3| considers the special case of stochastic integration
and establishes well-posedness of cylindrical stochastic evolution equations. Sec-
tion [4 develops applications to cylindrically measure-valued forward rate models.
Appendix [A] explains relations to cylindrical vector measures, which are of inde-
pendent interest but not needed elsewhere in the paper. Appendix|B|contains some
auxiliary results on measurable versions of stochastic processes.
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FIGURE 1. EONIA rates jump at predictable times due to pre-
scheduled monetary policy meetings of the ECB and due to regu-
latory constraints coming into effect at pre-scheduled dates. Figure
taken from [27].
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FIGURE 2. Half hourly electricity prices in the UK jumped at pre-
dictable times in October 2016 due to pre-scheduled maintenance
work on French nuclear power plants. Figure taken from .

2. CYLINDRICAL VECTOR INTEGRATION

This section describes both abstractly and by examples how any given integral
can be turned into a cylindrical integral. The construction is canonical and simple.
Throughout this section, F, F'; G, and H are Banach spaces, and there is a contin-
uous bilinear function F' x G — H, which is denoted by juxtaposition. Moreover,
S is a set, A is an algebra of subsets of S, and ¥ is the sigma algebra generated
by A. A finitely additive map p : A — G is called vector measure. A function
f S — F is called elementary if it is measurable and has finite range. The set
of elementary functions f : S — F is denoted by £(S,F). Limits of pointwise
converging sequences of elementary functions are called strongly measurable.

Definition 2.1 (Elementary integrals). The elementary integral of u with respect
to the bilinear form F' x G — H is the linear operator

&6.F)3 o [ fni= 3 i) €
=1
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wheren € N, f; € F', and A; € A are such that f = Z?:l fila,. The operator norm
of this elementary integral, with (S, F) carrying the supremum norm, is called
semivariation of p and is denoted by ||u||F,¢ m. Moreover, for any f € £(S, F), the
function

fp:ABAH/IlAfMGH
s

is finitely additive, and its semivariation with respect to the canonical bilinear form
R x H — H is denoted by || f|, == ||fllr, a8

Remark 2.2 (Notation). The above notation is quite concise and has been chosen
carefully. For greater clarity, we add some remarks.

(a) Integration is denoted by [ fu instead of [ fdu. The advantage is that this
results in the common notation f fdX in the special case where y = dX is the
differential of a semimartingale X. This is described in Section

(b) The expression fu implicitly uses the bilinear form F' x G — H, which by
convention is denoted merely by juxtaposition. Accordingly, fu is a finitely
additive function A — H.

(c¢) The semivariation ||u|| r ¢, m is defined by integrating F-valued integrands over
the G-valued integrator p and measuring the outcome in the norm of H.

(d) Inthe special case F' = R and G = H, the semivariation || fuu||g, i & is defined by
integrating R-valued integrands over the H-valued integrator p and measuring
the outcome in the norm of H. This integral uses the canonical bilinear form
Rx H— H.

A major challenge in building a good integration theory is to extend the elemen-
tary integral to a large set of integrands. We next list a selection of well-known
examples. All of these are non-cylindrical integrals, which can subsequently be
cylindrified with the help of Theorem

Example 2.3 (Integral on bounded measurable functions). [22] Assume that F is
finite dimensional. Then, £(S, F) is dense in the set £>°(S, F') of bounded (strongly)
measurable functions with the supremum norm. Indeed, bounded subsets of F' can
be covered by finitely many e-balls, for any € > 0, and projection to the nearest
center of a ball defines an e-approximation in £°(S, F). If ||u|lFc,a < oo, then
the elementary integral extends uniquely to a continuous linear operator

L>(S, F) afw/fueH.
S

A set A C S is called a p-null set if

inf{z La,ullrcm:Aie A, AC U Ai} —0.

ieN ieN
The space L*°(S, F') is defined as the quotient of £>°(S, F') modulo equality up to
null sets, and the elementary integral factors through a continuous linear operator

L>(S, F) afw/fueH.
S

The disadvantage of this integral is that the uniform topology on the space of
integrands is quite strong. A more elaborate version, which comes with a dominated
convergence theorem, is presented next.

Example 2.4 (Bartle integral). [5] Let 4 : ¥ — G be countably additive on A = X
with ||pllre.r < oo and suppose that there exists a control measure v, ie., a
countably additive function v : ¥ — Rx¢ such that v(A) — 0 is equivalent to
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L ap||r.c,r — 0. Then, the elementary integral extends uniquely to a continuous
linear map

L>(S, F) 9f»—>/fueH,
S

where £°(S, F) carries the Structureﬂ of boundedly pointwise convergence. As
before, one may pass to the quotient space L>°(S, F).

The take-away is that existence of a control measure already implies dominated
convergence, even in the general context of vector integration. This is extremely use-
ful in many applications, including stochastic integration, but is limited to bounded
integrands. The most general class of integrands can be obtained by an isometric
extension of the elementary integral, as shown in the subsequent two examples.

Example 2.5 (Lebesgue integral). Let F' = G = H = R with bilinear form
R x R — R given by multiplication. Assume that g : ¥ — R>( is countably
additive on A =X, i.e., p is a measure. Let L!(S,R) be the completion of £(S,R)
with respect to the seminorm || - ||,. Then, L'(S,R) can be identified with the
Lebesgue space of integrable real-valued functions modulo equality up to null sets.
Moreover, the elementary integral extends to a linear operator

L'(S,R)> f — / fueRr
s
with operator norm less than or equal to 1.

Example 2.6 (Bochner integral). [10] Let F' = H and G = R with bilinear form
F xR — F given by vector-times-scalar multiplication, let 1 : ¥ — R>( be non-
negative and countably additive on A = ¥, and let L(S, F) be the completion
of £(S, F) with respect to the seminorm | - ||,. Then, L*(S, F) can be identified
with the Bochner space of strongly measurable functions f : S — F such that
Ilf]l € L*(S,R), modulo equality up to null sets. Moreover, the elementary integral
extends to a linear operator

Ll(S,H)BfH/quH
S

with operator norm less than or equal to 1.

Some further examples of integrals are presented in Section The common
point is that the elementary integral has a continuous extension to some Banach
space of integrands, which contains the elementary integrands as a dense subspace.
We next show that any such integral can be turned into a new cylindrical integral
in a canonical and general way.

Theorem 2.7 (Cylindrical integration). Assume that the elementary integral in
Definition[2.1] has a continuous extension to some normed space I of integrands:

Iafn—>/fueH.
S

If E is non-trivial, then the linear operator
L(E,I)> f s (E Sem / fle)u e H) € L(E, H)
S

has the same operator norm as the original integral and is called cylindrified integral.

1Boundedly pointwise convergence is a non-topological notion of convergence; see e.g. [24].
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Proof. As E is non-trivial, the functor L(F, -) is norm-preserving. To spell this out
in further detail, let T': I — H be the given integral, and let

T:L(E,I) = L(E,H),  f~ (e~ T(fe))

be the cylindrified integral, obtained by applying the functor L(FE,-) to T. Writing
O for the unit balls in the respective spaces, we have

1Tl e neem = s NTfluem= s sup [(Tfelu
fEOL(E,I) fEOL(E,I) e€OE
= sup sup [[T(fe)llu < sup | Tflla =Tl m),
feEQL(E,I)eeQF fellr
where the inequality is actually an equality because E is non-trivial. O

The take-away is that any integral can be turned into a cylindrical integral,
which is an element-wise application of the original integral. As an aside, the
name cylindrical integral stems from stochastic integration: There, H is a space of
random variables, and elements of L(F, H) are called cylindrical random variables;
see Section Cylindrification can be expressed also in the language of vector
measures, as explained in Appendix [A]

3. CYLINDRICAL STOCHASTIC ANALYSIS

This section describes some stochastic integrals together with their cylindri-
fied counterparts and establishes well-posedness of cylindrical stochastic evolution
equations under Lipschitz conditions on the coefficients. Throughout this section,
(0, F,F = (Fit)epo,r], P) is a filtered probability space satisfying the usual condi-
tions, Qr = [0,T] x Q, R is the semi-ring of predictable rectangles in Qr, i.e.,

R={{0}xA:Ac F}U{(s,f] x At Ae F,,0<s<t<T},

A is the algebra generated by R, and P is the sigma algebra generated by .A.
As any set in A is a finite union of sets in R, the elementary functions over R
and A coincide and are denoted simply by £(€27,R). Unless specified otherwise,
Qr carries the predictable sigma algebra P. Subscripts F in names of functions
spaces denote adaptedness to the filtration F, examples being Cr([0,T], L*(Q, H))
or LZ(Q,L?([0,T], H)). The space of Hilbert-Schmidt operators between Hilbert
spaces U and H is denoted by Lo (U, H).

Example 3.1 (Semimartingale integral). [9, 23, 29, |30] Let p € [1,00), let X :
[0,T] — LP(2,R) be a stochastic process which is adapted and right-continuous in
probability, and let dX : R — LP(,R) be given by

dX ({0} x A) = Xol 4, AeF,

dX((s,t] x A) = (X¢ — Xs)1a, Ae F,0<s<t<T.
Then, dX extends uniquely to an additive function dX : A — LP(Q,R) because
any set A is a finite union of sets in R. Moreover, the following are equivalent:

(a) dX extends (uniquely) to a countably additive function dX : P — LP(Q, R).
(b) The elementary integral

EQr,R)> fr fdX e LP(Q,R)
Qr
is continuous with respect to the supremum norm on £(Q7,R) and therefore
has a unique continuous extensiorﬂ

LX(Qr,R) > f— fdX € LP(Q,R),
Qr

2The set E(Qr,R) is dense in L (27, R), as shown in Example
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whose operator norm [|dX ||, zr(q),Lr () is the semivariation of the vector mea-
sure dX and is called LP-Emery metric.

(¢) Up to a modification, X = M + A for a p-integrable martingale M and a process
A of p-integrable variation.

As usual, one may pass from £ (Qr,R) to its quotient L (7, R). Moreover, for
any Banach space F, the resulting cylindrified integral is of the form

L(E,L®(Qr,R)) > fs | fdX € L(E,LP(Q,R)).
Qr
Example 3.2 (It6 integral). [13| |31] Let H and U be separable Hilbert spaces,
and let W be U-cylindrical Brownian motion, i.e., W : L*([0,7],U) — L?*({,R)
is a linear isometry with values in centered Gaussian random variables. Then, the
elementary integral

EQr, Ly(U H)) > f faw e L*(Q, H)
Qr

is well defined and extends to the Ito isometry

L*(Qr, Lo(U, H)) = Lg(Q, L*([0,T], Lo(U, H))) > f+— [ fdW € L*(Q, H).
Qr
The equality above is due to the fact that [0, 7] carries an absolutely continuous
measure [33]. More generally, if H is merely UMD Banach and p € (1,00), the
elementary integral extends to an isomorphism

LE(Q,~v(L*([0,T),U)),H) > f + i fdW € LP(Q, H),
T

where « stands for «-radonifying linear operators. Even more generally, if H is
merely an abstract L! space, one retains a continuous (but not necessarily isomor-
phic) integral of the above form. However, beyond these settings, there are Banach
spaces H such that the above extension of the elementary integral does not exist.
Nevertheless, by Theorem it always exists in a cylindrical form, namely, as a
linear isomorphism

L(E, Lg(Q, L*([0,T),U)) 3 f = [ fdW € L(E, LP(,R)).
Qr
This generalizes the above integrals if E is a dual or pre-dual of H because LP(Q2, H)
is then continuously included in L(E, LP(Q2, R)).

Example 3.3 (Stochastic convolutions). Let H and U be separable Hilbert spaces,

let W be U-cylindrical Brownian motion, let E be a Banach space, and let S :
R>¢ — L(FE) be a strongly continuous semigroup. For any f € L(E, L*(Qr, L2(U, H))),
the function

E x [OvT] & (evt) = ((va) — ﬂ[O,t] (S)f(St—se)(svw)) € Lz(QTvLZ(Uv H))
is continuous. Applying the It6 integral of Example 3.2 yields a continuous function
t
E x1[0,T] > (e,t) n—)/ f(Si_se)(s)dW, € L*(Q, H).
0
The integral is continuous and adapted in ¢ € [0,7] and continuous and linear in
e € E. Thus, writing f(S;_se) as (S;_,f)e, which is a pull-back of f along S;_s

followed by evaluation at e, one obtains a continuous linear operator

L(E, L*(Qr, Lo(U, H))) > f / 5% fudW, € L(E, Cs([0,T], L*(Q, H))),
0
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which shall be called cylindrical stochastic convolution. Similarly, using pathwise
Bochner integrals instead of It6 integrals, one obtains a cylindrical deterministic
convolution

LE.L(Q0 H)) 3 = [ 87 uds € LUE.Co (0T, L9 1)),

The cylindrical convolutions in Example [3.3| can be used to develop a theory of
cylindrical stochastic evolution equations, as shown next.

Theorem 3.4 (Cylindrical stochastic evolution equations). Let U and H be sep-
arable Hilbert spaces, let W be U-cylindrical Brownian motion, let E be a Ba-
nach space, let S : R>o — L(E) be a strongly continuous semigroup, let Xo €
L(E,L?((Q, Fo,P), H)), and let F and G be Lipschitz functions

F: L(E,Cx([0,T],L*(Q, H))) = L(E,Cx ([0, T], L*(2, H))),
G : L(E,Cr([0,T],L*(Q, H))) — L(E, Cx([0,T], L*(Q, L (U, H)))).
Then, there exists a unique X € L(E,Cg([0,T], L*(Q, H))) which satisfies
t ¢
X = 57 Xo +/ SLSF(X)Sds—k/ S;_G(X)sdWs,
0 0
for all t € [0,T], where the integrals are E-cylindrical, S;_ F denotes the pull-back
of F' along Si—s, and similarly for S;_,G.

Proof. We first verify that the right-hand side of the integral equation is well-
defined. For any X € L(E,Cr([0,T], L?*(, H))), the integrands are given by

F(X) € L(E,Cr([0,T), L*(Q, H))), G(X) € L(E,Cg([0,T], L*(, L2(U, H)))).

Any continuous adapted function with values in L2(Q, H) or L?*(Q, Lo(U, H)) has
a predictable version by Lemma giving rise to continuous inclusions

O]F([OvTLI?(Q’H)) - LZ(QTaH)v
Cr([0,T), L*(Q, Lo (U, H))) — L*(Qr, Lo (U, H)).

For later use, we note that the operator norm of these inclusions is v/7T'. Via these
inclusions, the integrands are given by

F(X) e L(E, L*(Qr, H)), G(X) € L(E, L*(Qr, Ly (U, H))).

By an application of the cylindrical stochastic convolutions in Example [3.3] one
obtains that the right-hand side of the integral equation,

K(X) = S* Xo + /O St _F(X).ds + /0 S*_G(X).dW,

belongs to L(E, Cg([0,T], L?(2, H))). The function
K+ L(B, Co([0,T], I(©, H))) — L(E, Cs([0, T}, (2, 1))

is Lipschitz continuous as a composition of Lipschitz functions. The Lipschitz
constant of K is bounded by a constant times /7. Thus, for sufficiently small T
the operator K is a contraction and has a unique fixed point by the Banach fixed
point theorem. For arbitrary T', one obtains a unique fixed point by concatenation
of solutions on small sub-intervals of [0, T]. O
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4. CYLINDRICALLY MEASURE-VALUED TERM STRUCTURE MODELS

This section is devoted to cylindrical random measures and applications to fi-
nancial term structure models. Throughout this section, T* € R, (Q,F,F =
(Ft)telo,r+), P) is a filtered probability space satisfying the usual conditions, Q- =
[0,T*] x  with the predictable sigma algebra P, W is U-cylindrical Brownian
motion on a separable Hilbert space U, B(Rsq) is the Borel sigma algebra on the
positive half-line Ro = (0,00), and Cy(Rs() is the Banach space of continuous
functions f : Rsg — R with lim,_,o f(z) = lim,; o f(x) = 0. By the Riesz—
Markov—Kakutani representation theorem, Co(R~¢)* is the space M(Rsq) of signed
measures £ : B(R~o) — R with finite total variation ||u[|c,®.o)+ = [#llr R R Sim-
ilarly, for any Banach space E, M(Rxg, E) denotes the set of countably additive
vector measures p : B(Rso) — E with finite semivariation ||u||r, g 5-

The origin of this paper lies in the difficulty of constructing measure-valued
stochastic integrals, as needed for Heath—Jarrow—Morton models of discontinuous
term structures. This difficulty is explained next, and a solution via cylindrical
random measures is developed subsequently.

Remark 4.1 (Measure-valued stochastic integration). The development of measure-
valued stochastic integrals meets several difficulties. As the space M(Rsq) is not
UMD, there is no It6 isometry in the sense of Example However, M(R~g) is
an abstract L' space, i.e., a Banach lattice such that ||z + y|| = ||z| + ||y|| for any
non-negative elements x and y whose infimum « A y vanishes. Thus, it is lattice
isometric to some L' space [2, Theorem 4.27]. Therefore, a decoupling inequality
holds [11, Corollary 3.21], which implies that the elementary It6 integral extends
to a continuous linear map [11, Theorem 3.29]

T
LA(Q,~(L2([0,T],U), M(Rs)) > fl—>/0 faw e L*(Q, M(Rsy)),

where v denotes the space of gamma-radonifying operators. This integral can be
used to build measure-valued term structure models which are parameterized by
time-of-maturity. However, it is ill-suited for parameterization by time-to-maturity,
as in Heath—Jarrow—Morton models, because measure-valued stochastic convolu-
tions involving the shift semigroup are ill-defined. For example, if W is scalar
Brownian motion, d € M(Rs¢) is the Dirac measure, and S is the semigroup
of left-shifts of measures, then the integral fot Si_s00dW, is almost never a mea-
sure because it is the distributional derivative of a Brownian path: indeed, for any
fe((0,1)),

t t t
/0 Si—s00(f)dWy = /0 flt—s)dWs = /0 fi(t — s)Wsds.

Abstractly, the problem is that the shift semigroup on M(Rx¢) is not strongly mea-
surable and not Rademacher-bounded. Replacing the norm topology on M(Rxg)
by the weak-* topology does not help because the stochastic integral in the above
example is not a measure-valued random variable despite the integrand s — S;_sdg
being bounded predictable. The integral is, however, a cylindrical measure-valued
random variable, i.e., an element of L(Co(Rso), L*(2)). This is detailed in the
sequel.

The following lemma @ describes cylindrical random measures as a general-
ization of random measures and (b)) explains their relation to L?()-valued vector
measures. An important consequence of (]ED is that cylindrical vector measures can
be integrated not only against C functions, as suggested by their definition, but
also against bounded Borel-measurable functions.
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Lemma 4.2 (Cylindrical random measures). (a) For any p € [1,00|, there is a
continuous inclusion

L2 M(Rs0)) 3 s (f / f1) € L(Co(Rso), ().

(b) For any p € (1,00), there is an isometric isomorphism
M(Bo0, L) 3 > (£ [ fir) € L(CalRo0). L)

Proof. (a) Let i denote the function in @ To show that ¢ is injective, let p €
LP(Q, M(Rsg)) with ¢(xx) = 0. Then, the support of u is {0} because for
any non-zero v € M(Rsg), there is f € Co(Rso) with [ fv # 0, and then
Up ={v € M(Rx) : [ fU # 0} is an open neighborhood of v which satisfies
Plu € Us] = P[J fu # 0] = 0. Therefore, p vanishes, and i is injective.
Furthermore, i is continuous thanks to the following inequality, which holds for
all p e LP(Q, M(Rxo)) and f € Co(R>o):

ez

(b) Let i denote the function in (]E[) Then, 4 is well defined because the elementary
integral of any u € M(Rsg, LP?(€2)) extends isometrically to a continuous linear
operator L*(Rs() — LP(Q), as explained in Example and then restricts
to a continuous linear operator i(u) : Co(Rsg) — LP(2). The semivariation
of p is the operator norm of the elementary integral of p and coincides with
the operator norms of the above extension and restriction. Thus, 7 is an isom-
etry. The surjectivity of i follows from a version of the Riesz representation
theorem; cf. [22, Section VI.2]. Thanks to the reflexivity of L?(2), the bi-dual
of any T € L(Cy(Rsp), LP(2)) is an extension T** : Cy(Rso)*™* — LP(2) of
T. Let B(Rsg) be the closure of £(Rs¢) in the uniform norm. As B(Rsg) is
isometrically included in Cp(Rso)** and contains all indicators of Borel sets,
one can define p : B(Rsg) 2 A — T*14 € LP(?). As T** is weak-* to
weak-* continuous, p is weakly countably additive and, by the Orlicz—Pettis
theorem [22, Corollary 1.4.4], countably additive. Moreover, i(u) = T because
the two operators coincide on the dense set of elementary integrands. Thus, 4
is surjective.

iy < Mo oo lloy = 1 leo@n lullr@m@so-

O

Remark 4.3 (Countable additivity). Let p € (1, 00). Then, any cylindrical random
measure 4 € L(Co(Rso), LP(Q2)) is ‘almost’ countably additive in the following
sense: for any sequence of disjoint sets A; € B(Rxg),

M(UAz') = Z#(Ai)

up to a null set, which may depend on the sequence A;. If y is non-cylindrical, i.e.,
w € LP(Q, M(Rsp)), the null set can be chosen independently of the sequence A;.
This difference is minor in financial applications.

Cylindrically measure-valued processes can be constructed by solving cylindrical
stochastic evolution equations, as shown next. The corresponding theory has been
developed in Theorem [3:4 For financial applications, the two most important
cases are where the semigroup acts via right-shifts on Cy(Rso) and where the
semigroup acts trivially as the identity on Cy(Rsg). Note that right-shifts on
Co(Rs¢) correspond to left-shifts on the dual space M(Rs), in line with the Heath—
Jarrow—Morton framework.
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Corollary 4.4 (Cylindrically measure-valued evolution equations). Let S : R>¢ —
L(Cy(R=q)) be a strongly continuous semigroup, let Xo € L(Co(Rso), L2(Q, Fo, P)),
and let F' and B be Lipschitz functions

F : L(Co(Rxo), Cr([0,T), L*(2))) = L(Co(Rxo), Cr ([0, T, L*(2))),
G: L(CO(R>O)7 C]F([O7 TL LQ(Q))) — L(CO(R>O)7 C]F([O? T]? LQ(Qv U)))

Then, there exists a uniqgue X € L(Co(Rso), Cr([0,T], L3(Q))) which satisfies for
all t € [0,T] that

t t
X, = SiXo+ / i P(X)yds + / i GX)sdW,.
0 0
Proof. This is a special case of Theorem O

We next describe financial term structure models where the collection of forward
rates is given by a cylindrically measure-valued process, as given by Corollary [£-4]
above. Then, the prices of bonds or futures are obtained as usual by integration
of maturities and exponentiation, i.e., by the application of cylindrical functionals.
This yields a large financial market, whose tradeable assets are cylindrical func-
tionals of a cylindrical process. Besides the minimal assumption that linear combi-
nations of tradeable assets are tradeable, there is little extra structure imposed. In
particular, it is not assumed that the tradeable assets constitute a non-cylindrical
process, and this assumption would also be lacking an economic foundation.

As a proof of concept, we present in Theorem below a term structure model
with two components: one for interest rates, parameterized by time-to-maturity,
and another one for energy prices, parameterized by time-of-maturity. The moti-
vation is that both interest rate and energy markets exhibit jumps at predictable
times, which force the forward rates to be measure-valued. Moreover, the param-
eterization by time-to-maturity is well suited for dynamics depending foremost on
market structure, as in the case of interest rates, whereas the parameterization by
time-of-maturity is well suited for dynamics depending strongly on seasonalities,
as in the case of energy markets. The additive structure of energy forwards cor-
responds to advance settlement of future contracts and is broken for continuous
or terminal settlement unless the interest rate is constant |6, Section 4.1]. We do
not know how to model continuously or terminally settled contracts with stochastic
interest rates in the present generality; cf. [7].

Theorem 4.5 (Cylindrical term structure models). Let S : R>¢ — L(Co(Rx0)) be
the semigroup of right shifts, let F,F € L(Cy(R=p), Cr([0,T*], L%(2))), let G,G e
L(Co(Rso), Cr([0, T*], L*(Q,U))), and let X, X € L(Co(Rso), Cr([0,T*], L*(Q)))
satisfy for all t € [0,T*] that

t t
Xt:St*XOJr/ Sz‘_stder/ S;_GsdWy,
0 0
~ ~ t ~ t ~
Xt=X0+/ Fsds+/ GsdWs.
0 0

Then, the following statements hold, with operators on Co(Rso) viewed as vector
measures using the Riesz representation in Lemma :

(a) For every T, Ty, Ty € [0,T*], the bond price and energy futures processes
Pt,T)=exp(— X:(0,T — 1)), P(t,T1,Ty) = X,(Ty, T»), t€[0,T7],

have a predictable version, which is unique up to dt @ P-null sets.
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(b) The roll-over bank account process

— 1 ;o : -1 *
B, = nll_)rr;OI:[lP(t(z 1)/n,ti/n)"", te 0,77,

exists, has a predictable version, and is given by
t t

B, = exp (Xo(0.1 +/ Fu0,t— s]ds—i—/ G0, saw,). te0.1].
0 0

(c) For every T,T1,T> € [0,T], the discounted bond price P(t,T)/B; and the
discounted energy future P(t,Ty,Ts)/By are local martingales if and only if the
following drift conditions hold:

1
F(0, T —t] = §||Gt(O,T —t|1%, Fi(Ty,Ty) = 0, dt @ P-almost surely.

(d) If the drift condition is valid for oll T,T1,To € [0,T*], then there is no
asymptotic free lunch with vanishing risk under any probability measure equiv-
alent to P in the large financial market whose primary traded asssets are the
discounted bond prices P(t,T)/B; together with the discounted energy futures

P(tv T17 TQ)/Bt7 fOT' Tv T2a T2 € [07 T*] :
Proof. (a) Thanks to the continuous linear inclusion [35]
Cr([0,T"], L*()) = L*(Qr-),

which amounts to the choice of a predictable version, the process X is a con-
tinuous linear operator

X : Cp(Rsg) — L*(Qp-).

Then, by the same argument as in Lemma (]ED7 X has a Riesz representation
as a countably additive vector measure

X : B(Rsq) — L*(Qg-).
Thanks to the countable additivity, the function
R >z X(0,7] € L*(Qr-)
is right-continuous with left limits. By Lemma|[B.]] it has a measurable version
R X Qr- 3 (x,t,w) — X(0,z](t,w) € R.
As for any T € [0,T*], the function
Qr« 3 (t,w) = (T —t,t,w) € R x Q-
is measurable, one obtains the measurability of the function
Qr« 3 (t,w) = X(0,T — t](t,w) € R.
This function is uniquely determined up to dt ® P-null sets because, for any X
which originates from another choice of measurable version above,

/T* E[(X(O,T — )(t,w) — X(0,T — t}(t,w))z]dt = 0.
0

Thus, by exponentiation, one obtains that the bond price process P(-,T) has
a predictable version, which is determined uniquely up to a dt ® P-null set. A
similar reasoning applies to the energy futures process P(-,T1,T5).
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(b) For the purpose of the proof, let B; be defined for any ¢ € [0, T*] as

¢ ¢
B, = exp (XO(O,t] +/ FS(O,t—s]ds—i—/ Gs(o,t—s}dWs).
0 0
These integrals are well-defined because for any t € [0,T7*], the integrands have
predictable versions
Qp« 3 (s,w) — F(0,t — s](s,w) € R,
Qp- 3 (s,w) — G(0,t — s](s,w) € U,

which are uniquely determined up to ds ® P-null sets and square-integrable, as
can be seen similarly to @ To define the roll-over bank account process, let
t€[0,T*], n €N, t; = ti/n, and

Btn = H P(tifhti)_l = exXp (ZXti—l(Ovti - tifl]).
i=1 i=1

Then, by the evolution equation for X,

ti—1

log By =S5 Xo(0,t; — tia] + Z/ Sf  _ Fu(0,t; — ti_1]ds
i=1 i=170

n

ti—1
+ Z/O S;fl_sGs(Oati - ti_l]dWS

i=1

n ti—1
= XO(O,tn] + Z/ Fs(ti—l — S,ti — S]dS
i=1"0
n ti—1
+Z/ Gs(ti71 —S,ti—s]dWS.
i=170
In terms of the round-up-to-the-grid operator
[s]n = min{t; : 4 € N,t; > s}, s €1[0,t],

this can be rewritten by purely algebraic manipulations as

t t
1ogB”=X0(o,t]+/ Fs([s]n—s,t—s]ds+/ Go([s] — 5,1 — s|dW..
0 0

For large n, [s], —s tends to 0 from above. As F' and G are countably additive
vector measures on B(Rsg), it follows that

nlggo | Fs([s]n —s,t —s] — F(0,t — 5]||L2(Q) =0,
nhﬁngo Gs([s]n —s,t — 8] = Gs(0,t — s}l 2(,u) = 0.
Moreover, one has the uniform bounds

[ Fs(Ts]n — s, = s]llz2() < IF[IL(CoR=0).Cr(j0,T7%],L2(2))) 5
1Gs(Ts1n = s,t = slllL2,0) < IGlL(co®s0).Co(10,77], L2 (2,0))) -

Thus, by the dominated convergence theorem,

t
lim ||Fs(fs]n—s,t—s]—FS(O,t—8]||2L2(Q)ds=O,

0
t
lim / 1Ga([1n = 5,8 — 5] = Ga(0,t — 5|2 0,17,ds = 0.
0

n—oo

This ensures convergence of the integrals in the above formula for log B}*. Thus,
we have shown that B}’ converges to B; as n tends to infinity.



14 JOHANNES ASSEFA AND PHILIPP HARMS

(¢) This follows along the lines of |26, p. 61ff]. Fix 0 < ¢t < T < T*. By the
evolution equation for X, one has

—log P(t,T) = X,(0,T — ]
t

t
:StXO(O,Tft]qL/ St_sFS(O,Tft]der/ S, G40, T — t)}dW,
0 0

t t
:Xo(t,T]—i—/ Fs(t—s7T—s]ds+/ Gs(t — s, T — s]dW5.
0 0

By the integral formula for By, the discounted bond price Z(¢,T) = P(¢,T)/ By
satisfies

t t
—logZ(t7T):XO(O7T}+/ FS(07T—s]ds+/ Go(0,T — s|dW,.
0 0

This is a semimartingale, and It6’s formula gives
K 1
Z(t.T) = 2(0,T) - / 2(s, T)(F(0,T = 8] = 511Go(0,T = s]|%)ds
0

t
- / Z(s,T)G4(0,T — s)dW,.
0

Thus, Z(-,T) is a local martingale if and only if the first drift condition in
statement (c)) is satisfied. A similar but simpler argument establishes the second
drift condition.

(d) Under the probability measure P, the value process of any admissible trad-
ing strategy in finitely many discounted bonds and discounted energy futures
is a supermartingale, thanks to the Ansel-Stricker lemma. Therefore, P is a
separating measure for the large financial market with discounted bonds and
discounted energy futures as primary traded assets. Consequently, no asymp-
totic free lunch with vanishing risk holds under P, and also under any measure
equivalent to it [17].

O

Remark 4.6 (Bank account process). The bank account process in Theorem (]ED
coincides with the usual one for ‘regular’ Heath—Jarrow—Morton models. Here, reg-
ularity refers to requirement that the forward rate measures X; are non-cylindrical
and have continuous Lebesgue densities f;, which are subject to some additional
regularity and integrability conditions [26, Conditions H1-H3 and C1-C4]. Under
these conditions, the bank account process may equivalently be defined by the well-
known formula B, = exp(fot rsds), where r; = f5(0) is the short rate. In particular,
the bank account process is a semimartingale. Moreover, by no-arbitrage consider-
ations, the discounted bond prices, and consequently also the undiscounted ones,
are semimartingales. In contrast, beyond the regular case, the bank account pro-
cess and the undiscounted bond price processes may not be semimartingales. For
instance, this happens if X; = S} Xy is deterministic and X, has infinite variation.

Example 4.7 (Cylindrical term structure models). It is easy to specify coefficients
F,F and G, G which satisfy the assumptions and drift conditions of Theorems
and as demonstrated in the following simple example. Let e € L®(Rs¢)",
and let g,g : R® — N3(U, M(Rs¢)) be bounded Lipschitz functions, where N3
denotes 2-nuclear operators. Then, for any X € L(Co(Rxo),Cr([0,T], L*(2))),
one has Xi(e) € L*(Q,R") via the Riesz isomorphism in Lemma ([B), and
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g(Xi(e)) € L=(Q,No(U, M(Rx0))) thanks to the boundedness of g. Thus, one
obtains Lipschitz functions

G, G : L(Co(R>0), Cx ([0, T], L*(2))) = L(Co(R>0), G ([0, T], L*(2, U)))
by identifying U with U* and setting

GX)(N(1) = g(Xe(e))(f),  GX)N() = §(Xi(e))(f)-
Moreover, one obtains Lipschitz functions
F,F : L(Co(Rx), Cr([0,T], L*(2))) = L(Co(R>0), Cr ([0, T, L*(2))),

which satisfy the drift conditions of Theorem [L.5] by the following definition, where
the product of a measure 1 € M(R~) with its distribution function [y € £>(Rs)
is denoted by p [ 1 € M(Rs), and where Tr denotes the trace on U:

P = 5Tr(o(Xi(e) fo(Xue)) (), FX) =0,

Alternative specifications are possible. For instance, the coefficients could be time-
dependent and could depend simultaneously on X and X. Note that G, as specified
here, is non-cylindrically measure-valued. We have not been able to construct
F subject to the drift condition when G is merely cylindrically measure-valued.
Nevertheless, even for non-cylindrical G, a cylindrical setting is needed because the
solution X will be merely cylindrical, as noted in Remark

Remark 4.8 (Measure-valued processes via martingale problems). A well-trodden
path for constructing measure-valued processes is via martingale problems. Re-
cently, this approach has been used to define models for discontinuous term struc-
tures [15], similarly to the ones defined here via cylindrical stochastic analysis. The
two approaches are closely related, as described next. Let X be a mild solution
of the stochastic evolution equation in Corollary [£.4] with Markovian coefficients
F(X)s; = F(X,) and G(X)s = G(Xy), i.e.,

t t
X, = S; Xo+ / Sy F(X,)ds + / Sy JG(X,)dWs.
0 0

Then, thanks to the (square) integrability of the coefficients, X is also a weak
solution of the stochastic evolution equation [21, Theorem 6.5], i.e., letting A denote
the generator of the shift semigroup S, one has for all e € D(A) that

¢ ¢ ¢
Xi(e) = Xo(e) +/ XS(Ae)der/ F(Xs)(e)der/ G(Xs)(e)dWs.
0 0 0
Thus, for any cylindrical functional f(z) = ¢(z(e1),...,z(en)), where ¢ € Cp°(R™,R),
n € N, and ey, ...,e, € D(A), the process

F(X0) — F(Xo) — /0 AF(X)X.ds — /0 F(X)F(X,)ds

1 t
—5 [ 66X
0
is a local martingale, where Af’ is interpreted in the following sense:

Af'(x)y = g'(x(e1), ..., z(en))(y(Aer), ..., y(Aen)).

Assuming that F' and G map non-cylindrical random measures to non-cylindrical
random measures, as for instance in Example it follows that X solves the
martingale problem with extended generator

Lf(x) = Af @)a + ['@)F(@) + 1 f(@)(C(a), Ga), o€ M(Rso)
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Under suitable conditions, existence and uniqueness of solutions to such martingale
problems can be shown directly by Markovian methods. Notably, this allows one
to construct non-cylindrical processes with values in the cone of non-negative mea-
sures. Of course, coefficients which lead to genuinely cylindrical processes, as for
example in Remark are excluded. Solutions of the martingale problem are, in
great generality, again weak and mild solutions as above, for some Brownian motion
reconstructed from the solution on an extended probability space |21, Theorem 8.2].

APPENDIX A. CYLINDRICAL VECTOR MEASURES

This section explains cylindrification from the perspective of vector measures.
Specifically, we show that @ cylindrical integrals in the sense of Theorem
are integrals with respect to cylindrical vector measures and conversely that (b))
cylindrical vector measures give rise to a cylindrical integral similar to Theorem
Moreover, cylindrical vector measures can be identified with operator-valued
vector measures. These relations are clearest in the case I = £>°(S, F'), which shall
be assumed here.

(a) The space L>(S,L(E,F)) of non-cylindrical integrands is continuously in-
cluded in the space L(E,L>*(S,F)) of cylindrical integrands. Therefore, the
cylindrical integral restricts to a continuous linear operator £L°(S, L(E, F)) —

L(E, H) or, equivalently, a continuous linear operator E — L(L>(S,L(E, F)), H).

In other words, for any e € E, the function e ® 1 : A — E®QG belongs to the
space ba of finitely additive functions A — E&G with finite semivariation
I - HL(E,F),EQ‘@G,H’ where & is the projective tensor product. Consequently, x
(or rather the linear map e — e ® u) belongs to L(F,ba). In this sense, u is a
cylindrical vector measure, and the cylindrical integral is a continuous extension
of its elementary integral.

(b) Of course, not all elements of L(E,ba) are of the simple form e — e ® p.
To treat the general case, let u € L(E,ba), where ba now denotes the set of
finitely additive functions A — G with finite semivariation | - ||r,g,z. Under
the mild assumption that for all e € F, the elementary integral with respect
to u(e) extends continuously to £%°(S, F'), one obtains a continuous integral
L>®(S,F) — L(E,H). Thus, starting from an E-cylindrical vector measure,
one obtains an integral with values in the space L(F, H), similarly to Theo-
rem 27

(c) Cylindrical vector measures y1: E — (A — G) in the sense of (b)) can be identi-
fied with operator-valued vector measures v : A — (E — G) by a flip of coordi-
nates: v(A)(e) = p(e)(A). This identification is a Banach isometry. To see this,
recall that the semivariation norm of a vector measure is the operator norm of
its elementary integral and use the fact that L(E, L(F,G)) = L(F, L(E,G)) for
any Banach spaces E, F', and G. Similar results for countably additive vector
measures have been obtained in [4, Theorem 4.2] building on [2§].

APPENDIX B. MEASURABLE AND PREDICTABLE VERSIONS

Lemma B.1 (Measurable version). Let T' € Ry, let (S, %, 1) be a measure space,
let E be a Banach space, and let D([0,T], L?(S, E)) be the Banach space of cadlag
functions [0,T] — L?(S,E) with the supremum norm. Then, any process X €
D([0,T), L3(S, E)) has a strongly measurable version Y : [0,T] x S — E, which is
uniquely defined up to dt ® p-null sets, thereby giving rise to a linear embedding
with operator norm bounded by /T :

D([0,T],L*(S,E)) > X — Y € L*([0,T] x S, E).
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Proof. We follow the lines of |21} Proposition 3.2] with continuity replaced by right-
continuity with left limits. Let X € D([0,T], L3(S, E)). For any n € N, there exists
a finite set A,, C [0,T], which contains zero and satisfies
sup || X — Xy, 22,8 <277,
te[0,T]

where [t|, = max(4, N[0,¢]) denotes rounding down to the grid A,,. For any
t € [0,7], let Ny be the set of all s € S such that X, (s) does not converge
to Xy(s). By Borell-Cantelli, N; is a null set. The set N = U;c(o r{t} X N is
measurable and a dt ® p-null set. Define YV : [0,T] x Q — E as limy, 00 Xt([$]n)
for (t,s) ¢ N and as zero otherwise. Then, Y is a version of X and is strongly
measurable as a pointwise limit of strongly measurable functions. The L2-norm of
Y is bounded by v/T times the supremum norm of X. In particular, for any other
strongly measurable version Y, the L2 norm of Y — Y vanishes, which implies that
Y is determined uniquely up to dt ® P-null sets. O

Lemma B.2 (Predictable version). Let T' € Ry, let (Q, F,F = (Ft)ep0,77, P) be a
filtered probability space satisfying the usual conditions, let E be a Banach space, let
Cr([0,T), L3(2, E)) be the Banach space of adapted processes in C([0,T], L*(Q, E)),
and let Qp = [0,T] x  be endowed with the measure dt @ P restricted to the pre-
dictable sigma algebra. Then, any process X € Cy([0,T], L*(Q, E)) has a predictable
version Y : Qp — E, which is uniquely defined up to dt @ P-null sets, thereby giving
rise to a continuous linear embedding of operator norm bounded by \/T':

Cr([0,T],L*(R2)) > X — Y € L*(Q7).

Proof. See [21}, Proposition 3.7] or |35, Lemma 2.4] for the existence of a predictable
version and |35, Lemma 2.4 and Proposition 2.5] for the continuous linear embed-
ding. O
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