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Abstract

This paper presents a Fourier integral pseudospectral (FIPS) method for a general class of nonlinear, periodic op-
timal control (OC) problems with equality and/or inequality constraints and sufficiently smooth solutions. In this
scheme, the integral form of the problem is collocated at an equispaced set of nodes, and all necessary integrals are
approximated using highly accurate Fourier integration matrices (FIMs). The proposed method leads to a nonlin-
ear programming problem (NLP) with algebraic constraints, which is solved using a direct numerical optimization
method. Sharp convergence and error estimates are derived for Fourier series, interpolants, and quadratures used
for smooth and continuous periodic functions. Two nonlinear examples are considered to show the accuracy and
efficiency of the numerical scheme.
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1. Introduction

The improvements in performances and efficiency induced by periodic operations and controls have been increas-
ingly valuable in the current world. The optimization of periodic processes and phenomena leads naturally to periodic
optimal control (OC) problems, which has been the subject of several studies and applications such as computing pe-
riodic orbits for space systems, flight enhancements and optimal mission planning, automobile test-driving, reduction
of railway noise and vibration effects in mechanical systems, reduction of energy demand of continuous distillation
processes, controlling periodic adsorbers and reactors, the design of walking robots, production planning, sustainable
harvesting of ecological, biological, and energy resources, determining fast switching periodic protocols for COVID-
19; cf. [1-27]. For autonomous problems, optimal periodic controls that improve the steady-state solution exist and
can be derived using the m-test ; cf. [3, 28].

Several methods were presented in the literature to solve periodic OC problems. The maximum principle was
perhaps the standard approach to solve periodic OC problems in the 1970s and 1980s; cf. [29-37]. More recent
applications of the maximum principle for solving periodic OC problems can be found in [38—45]. Other methods
include a describing function approach [46], Fourier series expansions [47—-49], Hermite collocation [50], asymptotic
expansions [51-54], shooting methods [6, 14, 55-57], finite-difference schemes [26, 55, 58], Fourier pseudospectral
(PS) method [59], Hermite-Simpson, Hermite-Legendre-Gauss-Lobatto, Chebyshev-Legendre, and Jacobi-PS meth-
ods [58], value iteration method [60], Markov chain and symplectic methods [61], multiharmonic finite element
(FEM) approximations [62—64], preconditioning techniques [65], adaptive dynamic programming [66], modified Q-
Learning method [67], etc. For periodic problems with smooth solutions, however, the series expansion and function
classes that have proven to be the most successful by far are Fourier series expansions and Fourier interpolant functions
for many reasons including, but not limited to: (i) both classes converge exponentially fast with increasing expansion
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terms faster than any polynomial rates [68—72], (ii) the periodicity conditions are satisfied automatically when the
solution is represented by any of the two classes without additional constraints, (iii) the coefficients of differenti-
ated/integrated Fourier expansions/spectral interpolants are easily obtained [71], (iv) the conversion between Fourier
coefficients and the function values at the collocation/interpolation nodes is very fast through the FFT algorithm, (v)
Fourier basis functions can represent a wider range of frequencies than Chebyshev and Legendre basis functions of-
ten used in common direct PS methods for solving OC problems, which means that they can capture more detail in
the solution, leading to greater accuracy, (vi) Legendre basis functions are only defined on a finite interval, which
makes them less appealing for problems with periodic boundary conditions, as they can introduce discontinuities at
the boundaries, (vii) for large expansion terms, the derivative of Fourier interpolants can be efficiently computed us-
ing the FFT in just O(N log, N) operations, where N is the number of terms of Fourier approximation [73], (viii) the
Fourier differentiation matrix for the first derivative is skew-symmetric, which ensures stability of discretization for
evolutionary, linear PDEs with time-varying coefficients [74], (ix) although the Fourier integration matrix (FIM) is a
dense matrix, its first row is a zero row and the remaining rows form “a row-wise element-twins matrix” in the sense
that each element in each row has exactly one twin element in the same row allowing for faster computations [75], and
(x) the FIM constructed using equi-spaced nodes on any finite interval of length 7 can be normalized and generated
efficiently using a T-invariant constant “basic/principle/generating/natural” FIM, which can be constructed and stored
offline and invoked later when running the solver codes [76]. These reasons and more furnish little incentives to seek
alternative bases than Fourier basis functions for periodic OC problems.

In this work, we propose to solve generally nonlinear, periodic OC problems exhibiting sufficiently smooth solu-
tions using an integral PS (IPS) method'! based on Fourier basis functions. Although PS methods are known for being
easier, more flexible to implement, and computationally more efficient than the alternative Galerkin and tau approxi-
mations, especially in the presence of nonlinearities, variable coefficients, and boundary conditions; cf. [77-79], IPS
methods have the additional advantage of reformulating the dynamical system equations into their integral form first
as a prerequisite before the collocation step starts; thus, avoids the usual ill-conditioning associated with numerical
differentiation processes. One may perform the integral reformulation by either a direct integration of the dynamical
system equations in the presence of constant coefficients, or by representing the highest-order derivative of the so-
lution involved in the problem by a nodal finite series in terms of its grid point values and then solve for those grid
point values before successively integrating back to obtain the sought solution grid point values in a stable manner.
Our proposed method follows the former approach and enjoys all of the aforesaid merits; in addition, it (i) can be
easily programmed, (ii) can straightforwardly handle inequality constraints on the state- and control-variables, (iii)
dispenses the need to solve for the adjoint variables associated with the maximum principle, which often require pre-
cise initial guesses, and runs without sophisticated transversality conditions, and (iv) directly discretizes the periodic
OC problem on any time interval [0, 7], for 7 > 0, without the necessity to transform the domain first into the interval
[0, 27] as applied earlier in [59]. To the best of our knowledge, the present paper introduces the first direct Fourier
IPS (FIPS) method to date for solving periodic OC problems exhibiting smooth solutions in which the OC problem is
discretized into a nonlinear programming problem (NLP) in conjuction with FIMs by means of FIPS methods and the
solution is sought in the physical space. For periodic OC problems exhibiting bang-bang solutions, the reader may
consult our recent works in [27, 76] in which the solutions can be recovered within excellent accuracies using an FIPS
method and an adaptive h-IPS method? composed through a predictor-corrector algorithm. For periodic fractional
OC problems in which the system dynamics are described by fractional derivatives that preserve the periodicity of
periodic functions, the reader may consult our recent works in [80, 81]. The reader may consult further [82] for a
list of the advantages of direct IPS methods compared with other common methods for solving OC problems, such as
indirect and parameterization methods.

The organization of the paper is as follows. In the next section, we give some preliminary notations that we adopt
throughout the paper. Section 3 contains a statement of the periodic OC problem. Section 4 presents the necessary
tools we shall use to discretize the OC problem. Section 5 presents a rigorous study and sharp estimates on the
convergence rates and errors of Fourier series, interpolants, and quadratures for smooth 7-periodic functions. Section

! An IPS method is a robust variant of a PS method that is aka as a PS integration method.

2 An adaptive h-IPS method has the ability to recover the discontinuous/non-smooth solutions with high accuracy via the decomposition of the
solution interval into smaller mesh intervals or elements (s-refinement), and approximating the restricted solution on each element with a finite,
nodal expansion series in terms of the solution grid point values by means of interpolation [27].

2



6 outlines the method of approach. Numerical results on two test problems are contained in Section 7 followed by
some concluding remarks in Section 8 and a future work in Section 9.

2. Preliminary Notations

Logical Symbols. V, V,, V., and V; stand for the phrases “for all,” “for any,” “for each,” and “for some,” respectively.

Set and List Notations. The symbols € and & denote the sets of all complex-valued functions and all real-valued
functions; moreover, Zg, Z*, Zg , 7}, and IRE; denote the sets of non-zero integers, positive integers, non-negative in-
tegers, positive even integers, and non-negative real numbers, respectively. The notations i : j : k or i(j)k indicate
a list of numbers from i to k with increment j between numbers, unless the increment equals one where we use the
simplified notation i : k. For example, O : 0.5 : 2 simply means the list of numbers 0,0.5, 1, 1.5, and 2, while 0 : 2
means 0, 1, and 2. The set of any numbers yy, y»,...,y, is represented by {y;.,}. We define J, = {0 : n — 1} and
J;, = J,\{0} V,n € Z*; moreover, Ky = {-N/2 : N/2} and K}, = K\{N/2} ¥, N € Z}. Also, S, = {to.n-1} is the set of
n equally-spaced points such thatt; = T'j/nVj € J,.

Function Notations. For convenience, we shall denote g(#,) by g, ¥, g € €, unless stated otherwise.

Space Notations. Ty is the space of T-periodic, univariate functions ¥, T € R*. C*¥(Q) is the space of k times con-
tinuously differentiable functions on Q Vk € Z;.

Vector Notations. We shall use the shorthand notation ¢y (or tf): ~—1) to stand for the column vector [, 71, . . ., tvo1]’.
go.n—-1 and g(o”‘) denote the column vector [go, g1, . - ., gn—1]" and the column vector of derivatives [g, g’,. . ., g(")]’ VYn e

Za in respective order. In general, ¥, 4 € & and row/column vector y whose ith-element is y; € R, the notation
h(y) stands for a vector of the same size and structure of y such that A(y;) is the ith element of i(y). Moreover, by
h(y) or hy.,,{y} with a stroke through the square brackets, we mean [A(y), ..., h,(¥)]" ¥, m-dimensional column vec-
tor function h, with the realization that the definition of each array /,;(y) follows the former notation rule V¥, i. If y
is a vector function, say y = y(f), then we write h(y(¢y)) and h(y(ty)) to denote [h(y(t)), h(y(t1)), ..., h(y(ty-1))]
and [h(y(t0)), h(y(11)), ..., h(y(ty-1))]" in respective order. One can naturally extend these notations into higher di-
mensions; for instance, h(y(¢y), ty) and h(y(¢y), ty) simply means the column vector [h(y(ty), to), h(y(t1),t1), . ..,
h(y(tny-1), tx—1)]" and the N X m matrix [h(y(t), to), R(y(t1),t1), ..., h(y(ty-1), tn—1)]', respectively, and so on.

Interval Notations. The specific interval [0, c] is denoted by Q. V¢ > 0. For example, [0, t,] is denoted by €, ;
moreover, €, . stands for the list of intervals ,,€,,, ..., ,.

Integral Notations. By closely following the convention for writing definite integrals introduced in [75], we denote
fot' h(t)dt by I Ef)h V, integrable i € Tr. If the integrand function 4 is to be evaluated at any other expression of ¢, say

u(t), we express fot’ h(u(t)) dt with a stroke through the square brackets as 7 g)h{u(t)}. We adopt the notation 1 gzh to

. . ! .
denote the Nth-dimensional column vector [I g)h, I ﬁf)h, o1 ﬁfv)_] h] . Furthermore, we write 7 %h to denote the N X m
t
matrix [I g)h, I g)h, e, 1 gv)il h] ¥, m-dimensional vector function A.

Matrix Notations. O,, 1,, and I,, stand for the zero, all ones, and the identity matrices of size n. C,,, indicates that
C is a rectangular matrix of size n X m; moreover, C,, denotes a row vector whose elements are the nth-row elements
of C, except when C,, = O,, 1,,, or I,,, where it denotes the size of the matrix. For convenience, a vector is represented
in print by a bold italicized symbol while a two-dimensional matrix is represented by a bold symbol, except for a
row vector whose elements form a certain row of a matrix where we represent it in bold symbol as stated earlier.
For example, 1,, and 0,, denote the n-dimensional all ones- and zeros- column vectors, while 1,, and O,, denote the
all ones- and zeros- matrices of size n, respectively. Finally, the notations [.;.] and vec(.) denote the usual vertical
concatenation and vectorization of a matrix, respectively.

3. Problem Statement

Letm,n,pe Z*,T e R", U = {u : Rg — R™s.t. wis a T-periodic, smooth vector function}, and consider the
dynamical system model
x(0) = f(x@®),u(),, VteQr, (3.1a)
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subject to the periodic boundary conditions
x(0) = x(7), (3.1b)

and the inequality path constraints

c(x(0),u(®),1) < 0p, (3.1¢c)
where x : Rj — R"u € U, f = (fi)i<i<n : R* XR" xRj — R”, and ¢ = (c)i<icp : R" X R" x Ry — R” with
fi.ci € Ck(Rar ) ¥k > 1. For a given time period 7', we aim to find the optimal T-periodic waveforms x* : R} — R”
and u* € U, which satisfy Conditions (3.1a)-(3.1¢) and minimize the performance index functional

1
J(u) = ;I;”g{x(r), u(t), d,

where g : R" X R” x R{ — R such that g € C"(]Rg ) ik > 1. We refer to this problem by Problem #. Such a
problem is a periodic, finite-horizon OC problem in Lagrange form where x and u are the state and control variables,
respectively. We assume that both g and f are T-periodic. If we integrate both sides of Eq. (3.1a) over the time
interval , V; t € Q7\{0}, we transform the OC problem into its integral form where the same performance index J is
minimized subject to the integral equation

x() = x(0) + 117 fix(0), u(1), 7},

and Conditions (3.1b) and (3.1c). We refer to this integral form of Problem # by Problem 7. Although Problems #
and 7P are mathematically equivalent, they are not necessarily numerically equivalent in floating-point arithmetic. In
particular, Problem 7% often admits better approximate solutions in practice due to the well-conditioning of numerical
integration operators in general; cf. see [8§3—-88] and the Refs. therein.

4. FPS Interpolation and Integration Matrices

Let v* be the complex conjugate of v ¥,v € €, N € Z},t; € SyVj € Iy, fj = f(t;) Vo f € Tr, and consider the
N/2-degree, T-periodic Fourier interpolant, Iy f, such that (Iy f)o.y_; = fo.n—1 so that

Infy=Y" fe™, @.1)

|kl<N/2

2na 5. . . . . .
where w, = T Va € R, f; is the discrete Fourier interpolation coefficient given by

N-1

e, vk eKy,

J=0

1
fk=ﬁ

and the primed sigma denotes a summation in which the last term is omitted. Notice that fy;» = f_y/2, and the DFT
pair is defined by

Zf‘j —iwyt; —— Zf, *lﬂ)/k’ k e K;V’ (4.23)

fi= Z feei= 3" @, Vjelw,

[ki<N/2 [kI<N/2

where &y = 2nk/N Vk. Substituting Eq. (4.2a) into Eq. (4.1), and then swapping the order of the summations, express
the interpolant in terms of the following function grid point values form

N-1

Inf@) = Y fiF50), 43)
=0



where F(¢) is the N/2-degree, T-periodic trigonometric Lagrange interpolating polynomial given by

Fi(t) = % Z' i) = [% sin (g (t - tj))cot(% (t - t_,'))} ,

[kI<N/2 1#1j

Vj € Jn. Notice that F;(;) = 6,V j,l € Jn, where 6, is the kronecker delta function of variables j and /. The Fourier
PS interpolation operator Iy f defined by (4.3) is an orthogonal projection on the space span {eiwk’ tke K;\,} with the

discrete L? inner product
N-1

T
u,v)y = i Zujv_’;, You,veQg.
j=0
Integrating Iy f over the interval €, yields
N-1
I0Un) =) Oty Vi€ Iy, (4.4)
j=0
where
1 Ti r 1 .
Oj=~ |+ —e M (1 =)\, VL, jey,
N 271‘ leZN:/Z
k#0

are the entries of the first-order square FIM, @, of size N; cf. [27]. The definite integrals of I f over the intervals

Q, .., % M-random set of points {yo.»—1} C Q7 \{0} : y; € S\VM € Z*, 1 € Jy are given by
N-1
IVUnf) = ) Ouif; V1€ Tu, (4.5)
J=0
where
A 1 Ti 2 .
by = 1%, = < v+ 2—’ —et (1 = g | (4.6)
T yi<ny2
k0

VYl € Jy, j € Ju, are the elements formulas of the associated rectangular FIM, 0= (9,, j) 21l e Jy,je Jy. One can
further write Formulas (4.4) and (4.5) in matrix notation as

IiZ(INf) =0Ofyy-1 and I;tL(INf) = (:)fO:N—h

respectively. In the special case when y; = T, Formula (4.6) reduces to 9,, j =T/NVj € Jy. For convenience, we
denote 9,, ; by 6y,; in this particular case and define @y = %15\, so that

13 T t
IPUNS) = Oxfon-1 = 5 (Ivfon-1). 4.7)

Further information about the peculiar structure, characteristics, and algorithmic construction of FIMs can be found
in [27, 75].
5. Errors and Convergence Rate for Smooth, 7-Periodic Functions

In this section, we study the convergence rate for smooth 7-periodic functions and the error analysis of their
truncated Fourier series, interpolation operators, and integration operators. Let 8 = [, 8] VB > 0,

Crpg={x+iy:xeQr,yep}, VB>0,
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and L?(€Qr) be the Banach space of measurable functions u defined on Qr such that ||u||;, = (IQT|u|p)1/” < oco. Let
also

H*(Qr) = {u € Lioe(Qr), D"ue LX(Q),lal < s}, VseZ,
be the inner product space with the inner product (u, v); =
Z‘ < I g)r (D% D), where L;,.(Q7) is the space of locally integrable functions on Q7 and D*u denotes any deriva-
tive of u with multi-index «. Define

H; = {ue H'(Qr), u® € BV, u®™D(0) = u®™ (1)},

where BV = {u € L'(Q7) : |lullpy < oo} with the norm |lullp, =
sup {74 (ug"), ¢ € D(), gl < 1 such that

D(Q7) = {u € C7(Qr) : supp(u) is a compact subsect of Qr}.
Define also
Arp = {u € H; : uis analytic in some open set containing Cr g},

with the norm ||u||ﬂm = ||u||Loo(Cm). For convenience of writing, we shall denote ||-||;2(q,) and e“* by ||-|| and ¢ (x) Yk,

[leel] 7
respectively, and call a function u € Ay g “a B-analytic function” if u is analytic on Cr . and gim LA

—oo  eWB

Theorem 5.1 (Decay of Fourier Series Coefficients for analytic, 7-periodic functions). Supposethat f € Arpg¥ B > 0,
is approximated by the N|2-degree, T-periodic truncated Fourier series

Myfx) = > fige), YNeZ, (5.1)

[kI<N/2
where f_y2.n/2 IS the Fourier series coefficients vector of f, then

|fel = 0 (™), as |kl - . (5.2)

N/2
k=—-N/2

function w(x) = 1Vx € Qp such that (¢,,¢,) = I (Tx) (¢n ®;,) = T6ym, Where 6, is the Kronecker delta function
defined by

Proof. Notice first that the set of complex exponentials {¢y} is orthogonal on Q7 with respect to the weight

Therefore, (¢,, ¢,) = I (Tx) (pnor) =1 (Tx) (|¢n|2) = ||¢n||2 = T. Fourier coefficients, ﬂ of f can thus be determined via
the orthogonal projection (f, ¢x), which produces

A 1 1
fo==(f.0 = =17 (fo0)

F17(fix — iBYp_idx — iBY) Vk > 0,

LT (fix + iB¥_dx + iBY Yk <0

7D (fx — iBY) Yk >0,

8T (fx + iBYg i) VK < 0.
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Therefore,
7l < 1l e Yk e Ky, (5.3)

from which the Asymptotic Formula (5.2) follows. O

Theorem 5.1 enables us to measure the decay rate of the error in approximating an analytic, 7-periodic function
by a truncated Fourier series.

Theorem 5.2 (Fourier truncation error for analytic, 7-periodic functions). Suppose that f € Arpg¥ B > 0, is approx-
imated by the N/2-degree, T-periodic truncated Fourier series (5.1), then

If =TIvfll = O (e7*?), as N — oo (5.4a)

Moreover, if f is B-analytic, then
If =Txfll =0, VNeZ,, (5.4b)

ie., f € span {¢—N/2:N/2}~

Proof. Observe first that

I =TI = 20| > fude D fiom

KsN2 SN2
= Z Z Fhi TP s = Z Z Tili' @ o)
KiN/2 N /2 K> /2 >N /2
A 2
=7 ), Vil
Ki>N /2

The above equation together with Ineq. (5.3) yield

2T 1Ifll, , €
If =T fIP S TUfI,, D, e = —— =

2w
isN/2 e —1
2T o
= [If —Myfll < \/mﬂfﬂ«ﬂwe o,
from which Formulas (5.4a) and (5.4b) are derived. O

FPSI methods often introduce aliasing errors. The following theorem shows that the aliasing error, for analytic,
T-periodic functions, decays faster than N™*V, s € Z"; in fact, the aliasing error has the same order of convergence of
Fourier truncation error.

Theorem 5.3 (Fourier aliasing error for analytic, T-periodic functions). Suppose that f € Arpg¥ B > 0, then
IEnfIl = O(e”“¥”), as N — oo, (5.52)

where Eyf(x) = (IUyf — Inf) (x) is the aliasing error in approximating [ by the T-periodic Fourier interpolant
Inf, YN € Z}. Moreover, if f is analytic on Cr ., then

lExfll=0, VYNeZ]. (5.5b)



Proof. Replacing f in (4.2a) by its Fourier series yields

R ) NER=
fe=v Z [Z Ji ¢I(Xj):| ¢-i(x)) = Z fi {N Z ¢lk(xj)}

j=0 Liez =7 =0

= [Z fz&k,,w} = fu + Z fk+pN, Yk e K.
Pl

leZ pEle

Formulas (5.3), (5.6), and the Triangle Difference Ineq. imply that

“|ENf|| - llfN/2¢N/2”|2 < ”ENf - fN/2¢N/2”2

= I¥)£ Z/ Z fk+pN¢k : Z, Z ﬁipN(ﬁ—l]

kI<N/2 pele [I<N/2 peZe

2
’ ’ A A ’ A
= Z Z Z fk+pN Z fzipNI(Tx)‘ﬁk—l = Z Z fk+pN ”¢k||2
II<N/2Jl[<N/2 peZe pele i<N/2 | peZer
2
’ N 4 ~ 2
=T Z ka+pN <T Z Z fk+pN|
IKI<N/2 |pezZe KN /2 peZe
< T”f”é{m Z' Z e~ 2@k
WI<N/2 pele
NJ2
=T f”;m [ZZ Z e~ 2@kioNE _ Z (e—Zw\pr + e—ZwlN/szw)}
k=0 peZe Pl
NJ2
=TIf ||§(T . ZZ [ezwkﬁz €720 4 o7204p Z ez‘”l’Nﬂ]
k=0 p=1 p=1
~2(1 + cosh(wpp)) Z e 29ms
p=1
N2
=TIfl,, |4 Z (Cosh(Za)kﬁ) Z e—zwﬁ] — e coth(wNﬁ/z)}
k=0 p=>1
4 N/2
=T ”f”?’(m v Z cosh(Ruwyg) — e coth(wNB/z)}
k=0

= T coth(wp) |17, e

= HENf - fN/2¢N/2|| < /T coth(wg) ||f||ﬂmefw/vﬁ/z.

(5.6)



Since || fyjptnial| = VT |fyjal = VT 1Ifllm, 6" by Eq. (5.3), then

lENfII < llfN/2¢N/2|| + ”ENf - fN/2¢N/2||

< T (1 + /Coth(wﬁ)) 1fln, e,

from which Formulas (5.5a) and (5.5b) are derived. O

Now we are ready to state the following two main results of this section: the Fourier interpolation and quadrature
errors for analytic, T-periodic functions.

Corollary 5.1 (Fourier interpolation error for analytic, T-periodic functions). Let N € Z; and suppose that f €
Arpg VB >0, then
IIf = Infll = O(e™“™?), as N — oo.

Moreover, if f is B-analytic, then

lf = Infll =

Proof. The proof is established from the fact that the aliasing error is orthogonal to the truncation error f — IIy f in
the L? sense:

If = InfIP = 1f =T fIP + IEN f1P

2 2
<T [62% 3 + (wlcoth(wﬁ) + 1)

= f = IvfIl < prplflla,, €72,

2 —
A1, e

where urg = \/ 2T ( /coth(wg) + coth(wﬁ)). The upper bound collapses to zero if f is S-analytic as proved by Theo-
rems 5.2 and 5.3. O

We conclude this section with some useful convergence results on the error of Fourier PS quadrature (FPSQ)
constructed through the FPSI matrix.

Corollary 5.2 (FPSQ error for analytic, T-periodic functions). Let N € Z} and suppose that f € Arg¥f > 0, then
|I§jfv)f - @fow_]l =0 (e “¥21y), asN — oo.

Moreover, if f is B-analytic, then
|70 = @ fon-1] = On.

Proof. The proof is established through Corollary 5.1, the Triangle Ineq., and Schwarz’s Ineq. by realizing that
|73 f = O fon-| = lf“’ IOy + IUnf) = O foon-|

(X) (x) (x)
W” Ql#m[ll"f’lf;ﬁ{) = fOH

which decay to zero if f is S-analytic. |

Corollary 5.2 shows that

750 f = ©fonal|, < urgllflla,, e || Vew], - (5.9)

VN € Z},f € Arpg : B > 0, where |||, is the Euclidean norm for vectors. We refer to the upper bound (5.9) by
the “FPSQ error upper bound for analytic, T-periodic functions,” or shortly by the “FPSQ-ATP error upper bound.”
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Figure 1: The figure shows the infinity- and Euclidean- error norms in the FPSQ approximation of the three functions fi(f) = 2sin(3r — 1) + 1 (left

1
upper and lower plots), f>(f) = (middle upper and lower plots), and f3(r) = e (right upper and lower plots), for N = 10 : 10 : 100.
sin“7 +

2 —cost

Notice that the factor u7 g is a monotonically decreasing function for increasing values of 3, since
bis (2 +/coth ((L)'B) + 1)csch2 ((l.)ﬁ)
Hrp =~
V2 \/coth (a)ﬁ) \/T (coth (a)ﬁ) + /coth (wﬁ))

VB > 0 with limg_,eourg = 2 VT. In fact, Hrp — 2 \NT exponentially fast, since coth(wg) exponentially converge to
1 as B — oo. Therefore, the larger the §-value, the much faster the error convergence rate, as both factors uz g and
e~ M2 decay exponentially fast with 8. We therefore say that Fourier quadrature approximation has “an infinite order
accuracy.”

Figure 1 shows the infinity- and Euclidean- error norms in the FPSQ approximation of the three functions f(f) =

2sin(3t—-1)+1¢€ \ﬂzﬂ/lo@, fz(t) = m S ‘ﬂZr(,[Im(cos"(Z))]?’ and f3(t) = m € ﬂr{,[sinhfl(ét)]i’ for N =10 :

10 : 100, where Im(z) denotes the imaginary part of a complex number z and a~ means a number sufficiently close to
a and less than a ¥, a € R. Since f is S-analytic, Corollary 5.2 indicates that the Euclidean-error of the FPSQ is zero
using exact-arithmetic. However, in double-precision arithmetic, where numbers are represented in 15 significant
figures, we would expect the errors to immediately plateau at an O (10‘15) level and cease to decrease but instead
bounce around randomly, as seen in the lower left plot of the figure. This plateau is the result of the accumulation of
round-off error in the FPSQ computation. Observe also that the present algorithm produces generally smaller errors
compared to [75, Algorithm 3.1] due to the slight reduction in computational cost as argued in [27]. On the other
hand, the function £ is analytic on ., but not entire, since it has poles at 27n + cos™' (2) Vn € Z in the complex
plane. Also, the function f; is analytic on , but not entire, since it has poles at 27n + i sinh™!(4) ¥n € Z. Therefore,
/3 has a radius of analyticity that is larger than that of f, by about 60%. Combining this data with the fact that the
FPSQ-ATP error upper bound decays exponentially fast as 8 grows larger, we foresee that the quadrature errors of f3
will collapse and reach the plateau level much faster than the quadrature errors of f>, for increasing values of N. This
is clearly observed in the figure where the errors rapidly decay for f3 and plateaus very early near N = 20 compared
with the quadrature errors associated with f, which cease to decrease at around N = 50. Notice in both cases that the
FPSQ-ATP error upper bound is larger than the observed quadrature errors until the plateau is reached, in agreement
with the theoretical results of Corollary 5.2.

<0,
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6. The FIPS Method

In this section we demonstrate the FIPS approach to discretize Problem 7#. Using Formula (4.7) and following
the writing convention introduced in Section (2), we can approximate the performance index by the following formula:

1 1
J=Jy= 7@1\1 g(x(tn),u(ty), ty) = ngv g(x(ty), u(ty), ty). (6.1)

Next, let F = [Fin,Fon,....,Fon]l @ Fin = fiov-1 and fi; = fi(x(@)),u(t)),t))Vi € I,,j € Jy, where f; is the
ith-element of f Vi. Then

IV fix(1),u(r), 1} = [OF 1 v, O:F oy, ....0,F, ] = (O:F),

Vi € Jn. Therefore,
IV fix(0),u(r), 7} ~ (O F), (O F)',...,(Oy_ 1 F)']' = OF. 6.2)

Since

F=[F\n,Fon,....FoN]1 = [F| i Fy s F T
= f(x(tn), ulty), tn), (6.3)

then Egs. (6.2) and (6.3) imply
I fix (o), u(r), 1 ~ Of (x(ty), ulty), tw).

Hence, collocating the system dynamics in integral form (4.4) at the Fourier nodes set Sy yields the following system
of algebraic equations:
x(ty) = x(0) ® Iy + vec (O f(x(ty), u(ty), ty)). (6.4)

Finally, the inequality path constraints at Sy reads

c(x(ty),u(ty), ty) < ON,p' (6.5)

Problem 7% is now converted into a constrained NLP in which the goal is to minimize the discrete performance index
(6.1) subject to the equality constraints (6.4) and the inequality constraints (6.5). The constrained NLP can be solved
using well-developed optimization software for the unknowns x(¢y) and u(¢y), and the approximate optimal state and
control variables can then be calculated at any point t € Q7 through the Fourier PS expansions

x(t) = x(ty)Fn@ and u() = u(ty) Fu),

where F n (1) = Fo.n-1$1}. In this work, we shall use MATLAB fmincon solver employing the “interior-point™ algo-
rithm, considered to be one of the most efficient algorithms in numerical optimization, to solve the constrained NLP.
We refer to the FIPS method applied together with the above NLP solver by the FIPS-fmincon method; moreover, the
approximate optimal state- and control-variables obtained by this method are denoted by by ¥* and @*, respectively.
Notice here that all integrals involved in Problem 7¥ were efficiently computed using matrix vector multiplication
without the need for the FFT, since the FIM can provide nearly exact integrals with exponential rates of convergence
using relatively coarse mesh grids as proven in Section 5. This also shows that the FIPS method converges exponen-
tially fast to the smooth, T-periodic solutions of Problem %, since the quadrature errors induced by the FIM are the
main source of errors in the NLP described by (6.1), (6.4), and (6.5), which decay with exponential rates by Corollary
(5.2) and remarkably vanish for S-analytic integrand functions.

7. Computational Results

In this section we apply the developed FIPS-fmincon method on two test problems well studied in the literature.
The first problem has no inequality constraints on the state and control variables, while the second problem has lower
bounds on the states and controls. Both test problems are instances of Problem #. All computations were carried

11
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Figure 2: The profiles of the approximate optimal state- and control-variables and the ADFEs obtained at the collocated nodes set Sy, for Problem
1 using the FIPS-fmincon method. Here n = 2, N = 12, and the plots of the state and control variables were generated using 100 linearly spaced
nodes in Q4A431736~

out using MATLAB R2022a software installed on a personal laptop equipped with a 2.9 GHz AMD Ryzen 7 4800H
CPU and 16 GB memory running on a 64-bit Windows 11 operating system. The fmincon solver was performed with
initial guesses of all ones and was stopped whenever

e =0, <107 or -0, <107

where x® and JI(\’,‘) denote the approximate minimizer and optimal cost function value at the kth iteration, respec-
tively. The quality of the approximations are measured using the absolute discrete feasibility error (ADFE) 3,
Ey = (E)o<i<nn-1, at the collocation points, which we define by

En = 1x(0)® Iy + vec (O f(x(ty), u(ty), ty)) — x(tn)l.

Problem 1. Consider Problem P with g(x(1), u(7), 1) = 0.5x7 +0.25x5 — 0.5x% +0.5bu* and f (x(1), u(?), ) = [x; u]
with free periodic boundary conditions and a weighting parameter b for the control variable. For b < 0.25, the n-test
guarantees the existence of periodic solutions which improve the performance index more than the static extremal
solutions. Moreover, the quartic term in the integral cost function dominates the negative quadratic term for large
values of x,, thus bounding the amplitude of the optimal minimizing solutions; cf. [89]. This problem was solved
earlier by Evans et al. [89] using the Lindstedt-Poincaré asymptotic series expansion and later by Elnagar and Kazemi
[59] using a FPS method. Figure 2 shows the profiles of the approximate optimal state and control variables and the
ADFEs obtained at the collocated nodes set Sy, using the FIPS-fmincon method, for 7' = 4.431736 and b = 0.2475.
The elapsed time required to run the FIPS-fmincon method and obtain the required approximations is about 0.209
seconds (s). Table 1 shows the approximate minimum values of the performance index obtained by the current method
and the method of [59] for several values of b, T, and 2m = N. Clearly, the approximate optimal objective function
values obtained by the FIPS-fmincon method are lower than those obtained by the method of [59] for all parameter
variations shown in the table with negligible ADFESs that are approaching the machine epsilon.

Problem 2 (Solar Energy Control). This problem is taken from Refs. [2, 48] with slight modifications: Consider
the following linear control mathematical model of a collector/storage/ enclosure type solar heating system

(me)ETE = Quux + Os — (UA)E (T —=Ta),
(mCy),Ts = Qc = Qs — (UA)s (Ts — Ta).

where m is the mass (kg), C, is the specific heat coefficient (k] C™! kg™!), A is the area (m?), U is the heat transfer
coefficient (k] h™! C~! m~2), Qs(¢) is the heat flow rate (kJ h™') from storage to enclosure, Qc¢(?) is the insolation or

3The ADFE at a collocation node measures the amount by which the approximate optimal solutions fail to satisfy the discrete constraint
equations (6.4) being used for the approximation at that node.
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Table 1: Comparisons between the FIPS-fmincon method and the method of [59] in terms of the approximate performance index minimum values
obtained for several values of b, T, and 2m = N. The values of J»,,, Jy, and ||ADFE]||, are rounded to the displayed number of significant digits.

Problem 1
Method of [59] The FIPS-fmincon Method
b T 2m =N Jom Iy [|ADFE]|,
0.2475  4.431736 12 —4.18880200x 107 —4.02232772x 1072 4.441 x 107'¢
0.2475 4.43173625 16 —4.18880203 x 107 —4.08422489x 1072 4.441 x 107'¢
0.2250 4.32786300 12 -4.38802000x 10™*  —4.42143743x 1072 2.220x 10716
0.2250 4.32786260 16 —4.38880203 x 10™*  —4.48293692x 1072 6.661 x 107'6
0.1000  3.6343100 12 -1.97810000x 1072 -7.75663473 x 1072 2.220x 107'6
0.1000  3.6343132 16 -1.97813000x 1072 —7.81094298 x 1072  3.331 x 10~'¢

the heat flow rate (kJ hr™!) from collector to storage, Q. (f) is the heat flow rate (kJ h™!) from auxiliary heat source
to enclosure, T4(?) is the ambient temperature (°C), T5(?) is the storage temperature (°C), and T(?) is the enclosure
temperature (°C). The subscripts in the parameters denote values for storage element or enclosure element. Given the
24 h-periodic disturbance inputs Q¢ () and T4 (%), we seek the 24 h-periodic control inputs, Q. (f) and Qs (¢), which
minimize the following performance index

J= %I;’i [1OOO(TE - TE)2 +10(Ts — T )2 + 0.1 Quur Qm)2
+Qaux] 9

which gives the average steady-state value of an integral quadratic measure; in particular, it penalizes the enclosure
and storage temperatures deviations from given set points and the auxiliary heat input from its mean value. The
last term, integrated over a period, represents the average auxiliary energy consumed. The bars and hats above the
variables denote fixed set levels and average levels, respectively. A depiction of the solar heating system is shown
in Figure 3. The parameter values used for the solar heating system are shown in Table 2. The ambient temperature
and insolation are given by T4(f) = —10sin(wt) and Qc(f) = 13333[1 — cos(wr)], respectively, where w = n/12 h!.
Some care is required in this problem in order to avoid negative values of Q,,, and Qg and unreasonable values of
temperatures. We assume here that Q. (t) > 8,000 kJ h™', Os(H) > 0kI h™!, and Tx(), Ts(¢) = 0°C Yt € Qoq.

This problem has the form laid out in Section 3 with x = [Tg; Ts],u = [Quux; Os], g (x(®),u(t),t) = 1000(x; —
20)2 + ]0()62 - 30)2 +0.1(M1 - ft])z + up,

T (ur +uy = (UA)g (x1 — Ta))
[ x@),u),1) = (mCo), :

1
——— (Qc —uz = (UA)g (x2 — Ty))

(me )s
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Figure 3: A graph of the solar heating system as taken from Ref. [2]. The capital initials “AUX” are replaced with small letters.

Table 2: Parameter values used for the solar heating system.

Parameter S E Unit

UA 20.07 9495 KkJ/(°Ch)
mC, 19000 18890  kJ/(°C)

T 30 20 °C

and ¢c(x(?), u(t),t) = [—x; 8000—u;; e—u»], where it; = 2—14] (ztiul is the average value of the heat flow rate from auxiliary
heat source to enclosure over one period, and € is a relatively small positive number to keep u, always positive. In
practice, we may assume this constant to be the machine precision that is approximately equals 2.2204 x 107'¢ in
double precision arithmetic. Figure 4 shows the profiles of the approximate optimal temperatures distributions and
heat flow rates as well as the absolute differences between the average temperatures and their set points and the
ADFEs obtained at the collocated nodes set Sso using the FIPS-fmincon method. Observe how the FIPS-fmincon
method brings X — X as close to zero as possible, while on the other hand minimizes the cost of setting # to nonzero
values by selecting u; to be nearly its lower bound. It is realistically consistent to observe through the plots that the
storage is slowly heating up during the day and cools down during the night. A similar observation holds true for the
enclosure which receives heat during the day due to the large thermal inertia (mC))g.

Remark 7.1. For more complex OC problems with bang-bang periodic solutions, the reader may consult our recent
works in [27, 76]. For further challenging fractional OC problems with periodic solutions, we refer the reader to our
recent works in [80, 81].

8. Conclusion

This paper presented a robust and computationally efficient Fourier-based algorithm for solving generally nonlin-
ear, periodic OC problems. The proposed FIPS method promises further to be a very appropriate tool for the design of
solar systems as demonstrated through numerical simulations. The developed method enjoys rapid convergence with
exponential rate and superior flexibility in treating problems with and without inequality constraints in the absence
of explicit use of extra necessary conditions of optimality. A key reason underlying the computationally streamlined
nature of the approach is the automatic satisfaction of the state and control periodic conditions due to the periodic-
ity of their Fourier interpolants. Another advantage of the approach lies in the integral reformulation of the system
dynamics, which allows for using numerical integration operators widely known for their well-conditioning. The con-
vergence of Fourier interpolation and quadrature is addressed in detail for smooth, 7-Periodic Functions leading to
the derivation of a sharp FPSQ error estimate as indicated by Ineq. (5.9) and sustained by Figure 1. The formulation
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Figure 4: The profiles of the approximate optimal temperatures distributions and heat flow rates (first row) as well as the absolute differences
between the average temperatures and their set points and the ADFEs obtained at the collocated nodes set Ss( (second row) for Problem 2 using the
FIPS-fmincon method. Here n = 2, N = 50, and the plots of the temperatures and heat flow rates were generated using 100 linearly spaced nodes
in Q4.

and analysis presented here can be smoothly extended to other generally nonlinear, periodic OC problems in Mayer
and Bolza forms.

It is important to remind the reader that no single direct optimization method is perfect for all types of OC problems
because different problems have different characteristics that make them more or less amenable to certain methods.
For example, methods designed to solve OC problems with nonsmooth methods are less efficient and more computa-
tionally expensive than those designed to solve OC problems with sufficiently differentiable solutions. The latter are
also less accurate than those designed to solve classes of problems with periodic, sufficiently differentiable solutions,
and so on. The proposed FIPS method works best for periodic problems with sufficiently differentiable solutions,
where it can can capture the smooth and periodic features of the solution very accurately with remarkable exponential
convergence, even with a relatively small number of grid points. This is in contrast to finite difference and other tra-
ditional methods implementing nonperiodic basis functions like Chebyshev or Legendre bases function, for example,
which typically converge more slowly than Fourier basis functions with higher costs.

As aresult of these advantages and the remarkable advantages of FIPS methods stated earlier in the Introduction
Section, we consider the proposed FIPS method to be at the front line of the methods of choice for solving periodic
problems with sufficiently differentiable solutions. For periodic problems with bang-bang solutions, the reader may
consult [27, 76] in which the solutions can be recovered in short time periods within excellent accuracies.

9. Future Work

One possible future work is to explore the application of the costate mapping theory on Problem % to ensure that
the results of the reduced NLP obtained by the direct FIPS method meet the first-order necessary conditions of the
OC problem in discrete manner.
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