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PINCHUK SCALING METHOD ON DOMAINS WITH
NON-COMPACT AUTOMORPHISM GROUPS

NINH VAN THU, NGUYEN THI KIM SON AND NGUYEN QUANG DIEU*2

ABSTRACT. In this paper, we characterize weakly pseudoconvex domains of finite type
in C" in terms of the boundary behavior of automorphism orbits by using the scaling
method.

1. INTRODUCTION

Let © be a domain in C". The set of all automorphisms of €2, denoted by Aut((2),
makes a group under composition and this group is also a topological group with the
topology of uniform convergence on compact sets of ). By a classical theorem of H. Car-
tan (see [Na7l]), for a bounded domain €2 in C", it follows that Aut(€2) is non-compact
if and only if there exist a point a € €2, a point p € 02, and automorphisms ¢; € Aut(2)
such that p;(a) — p as j — oo. Such a point p is called a boundary orbit accumula-
tion point. The local geometry of the boundary orbit accumulation point in turn gives
global information about the characterization of domains. In particular, Greene and
Krantz [GK93| posed a conjecture that for a smoothly bounded pseudoconvex domain
admitting a non-compact automorphism group, the boundary orbit accumulation point
is of finite type in the sense of D’Angelo [D’A82]. (In this paper, the finiteness of type
is understood in the sense of D’Angelo.) The interested reader is referred to the recent
papers [IK99, [KN15, [Kr21] for this conjecture.

In this paper, we study the problem of characterizing domains in C" with non-compact
automorphism groups. The main results around this problem are due to B. Wong and
J. P. Rosay [WoT77,[Ro79], E. Bedford and S. Pinchuk [BP89, [BP91, BP9, BP99|, K.-T.
Kim [Ki90], F. Berteloot [Be94| Be03], A. Isaev and S. Krantz [IK97], Do Duc Thai and
the first author [DN09], the first and third authors [NN20]. Almost all previous work
requires the finiteness of type and either the strong pseudoconvexity (or even convexity),
or pseudoconvexity only in dimension 2. In contrast to these results, we provide a new
characterization of weakly pseudoconvex domains of finite type in terms of the boundary
behavior of automorphism orbits by using the scaling method, introduced by S. Pinchuk
[Pi&1].

The scaling method may be briefly described as follows. Let Q be a domain in C"*!
and {¢;(a)} be a sequence of automorphism orbits converging to a boundary point &.
Let us fix a small neighborhood Uy of §y. By using the reasonable composition, say 77, of
polynomial automorphisms of C"*!, including translations and dilations, the sequence
of domains D; := T;(Uy n §2) converges normally to a model Mp, given by

Mp = {(z,w) e C" x C: Re(w) + P(z,2) <0},
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where P is a real-valued polynomial on C*. When P is a homogeneous plurisubharmonic
polynomial, Mp is called a local homogeneous model at &.

The sequence F}; := Tj o p; is in turn called a Pinchuk scaling sequence. The most
difficulty is to prove that the Pinchuk scaling sequence {F}} is normal, i.e., there exists
a subsequence of {F}} that converges uniformly on compacta from Q to Mp. We first
assume, temporarily, that €2 is a bounded domain in C". Then the approach of Bedford
and Pinchuk conveniently splits into two steps. In the first step, E. Bedford and S.
Pinchuk [BP89. BPI1 BPI5, BP9 considered, alternatively, the convergence of the
backward scaling sequence {Fj’l}. Thanks to the boundedness of €2, the Montel theorem
ensures that this sequence {F{l} contains a convergent subsequence. Next, that limit,
say G, was showed to be one-one from Mp into €2 by using the uniform estimates
of the Kobayashi metric (cf. [Cat89] for n = 1), or the Sibony metric (cf. [Sib81] for
corank one domains) on a family of the scaling domains {D,}. In addition, the existence
of a plurisubharmonic exhaustion function for Q (cf. [DF77]) yields the holomorphic
map G is surjective. In the second step, they treated a one-dimensional subgroup
{hi}ter < Aut(Q)) defined by hi(z) = G (G(2) + (0',it)), z € €. This subgroup is
parabolic in the sense that h(z) tends to some boundary point p € 092 as j — +co for any
z € Q. A careful analysis of the holomorphic vector field H(z) := & |,_o h(z), defined
on Q and tangent to 092 (by [Fe74] each hy,t € R, extends smoothly to the boundary),
at the parabolic fixed point & shows that the polynomial P is a weighted homogeneous
polynomial such as P(z1,7;) = c|z1|*" forn = 1 and P(2,2) = c|z1 "™ + |20+ - -+ |2,]?
for corank one domains, where ¢ is a positive constant.

Let us emphasize that the above-mentioned method does not work for unbounded
domains. Therefore, an alternative approach is to prove directly the normality of {F}}
and then the tautness of {2 indicates that {Fj_l} is also normal. Then, [GK87, Lemma
4.1](see also [DNQ9, Prop. 2.1]) guarantees that the limit of {F}} is a biholomorphism
from €2 onto Mp. The tautness of ) easily follows from the existence of a plurisubhar-
monic peak function at &, (cf. [Be94, Prop. 2.1]). Therefore, our work boils down to
verify the normality of {F}}.

In 1991, S. Pinchuk [Pi91] himself considered the case that &, is strongly pseudo-
convex. Thanks to the locally convexifiability of €2 near &, S. Pinchuk proved that
{F;} is normal. Therefore, €2 is biholomorphically equivalent to the unit ball B", which
gives a local version of the Wong-Rosay theorem. Similar result was achieved by A. M.
Efimov [Ef95] for unbounded strongly pseudoconvex domains in C". In addition, for
convex domains in C" the normality of our Pinchuk scaling sequence can instead be
easily established (cf. [BP95l [Ga97, [Ni09]). However, the Frankel scaling method given
in [Fra89] can be applied for convenience (cf. [Ki90, Ki01l, [Zi17, [Jo18§]).

For unbounded weakly pseuconvex domains of finite type in C?, F. Berteloot [Be94,
Be03), Be06] obtained a significant progress by using the properties of polydics con-
structed by D. Catlin (see [Cat89]) and the corresponding estimate of Kobayashi metric
near &, to show the normality of the Pinchuk scaling sequence. Hence, €2 is biholomor-
phically equivalent to some local homogeneous model Mp. This result was generalized
by Do Duc Thai and the first author [DN09| for corank one domains in C".

Recently, the first and third authors [NN20] investiaged a pseudoconvex domain 2
C™ which is of finite Catlin’s multitype near & € d€2. When Mp is a homogeneous
model of finite type, there exists a plurisubharmonic peak function for Mp at the origin.
Therefore, the attraction property of analytic discs yields the normality of the Pinchuk
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scaling sequence. Consequently, €2 is biholomorphically equivalent to Mp provided that
the automorphism orbit {¢;(a)} converges A-nontangentially to &, (cf. Remark 3.1 and
[NN20, Theorem 1.1]).

One observes that the local homogeneous model Mp depends heavily on the boundary
behavior of {y;(a)}. More precisely, the boundary behavior of {¢;(a)} suggests some
choice of dilations. The purpose of this paper is to give a characterization of local
homogeneous models when the automorphism orbit {¢;(a)} accumulates at &, “very”
tangentially to 0€2 - the remaining possibility (cf. Definitions B.1] and [4.]).

The first aim of this paper is to prove the following theorem, which says that only the
unit ball admits an automorphism orbit accumulating at &, uniformly A-tangentially to

0 (cf. Definition [B.1]).

Theorem 1.1. Let Q be a pseudoconvex domain in C**1 with C*-smooth boundary oS).
Let & € 092 be strongly h-extendible with Catlin’s finite multitype (2my, ..., 2m,, 1) and
let A = (1/2my,...,1/2m,) (see Definition[3.3). Suppose that there exists a sequence
{o;} < Aut(Q) such that {p;(a)} converges uniformly A-tangentially to & for some
a € Q (see Definition[31]). Then §2 is biholomorphically equivalent to the unit ball B"!.

Remark 1.1. The uniform A-tangential convergence of {¢;(a)} allows us to choose a
suitable sequence of dilations (cf. see Equation (B]) in Section B) so that our model is
an analytic ellipsoid that is biholomorphically equivalent to B"*!. However, Example
in Section B points out that without this uniform A-tangential convergence, there
still exists an alternative sequence of dilations to get such a model. In addition, the
explicit description for the automorphism group of the Thullen domains or the finite
multitype models (cf. [NNTK19]) demonstrates that any sequence of automorphism
orbit converges A-nontangentially to some boundary orbit accumulation point. There-
fore, it seems reasonable to expect that may drop the requirement of the uniformity of
A-tangentially convergences (see Remark B.3)).

Now we turn to pseudoconvex Levi corank one domains in C"*! which includes pseu-
doconvex domains of finite type in C?. Then, the point &, is h-extendible (cf. [Yu95]).
In addition, if n = 1 and & is strongly h-extendible, then €2 is biholomorphically equiva-
lent to B2 by Theorem [T However, without the strongly h-extendibility, the notion of
spherically ﬁ—tangential convergence is necessary to determine if €2 is biholomorphically
equivalent to B"*! (cf. Definition ET]).

The second aim of this paper is to prove the following theorem.

Theorem 1.2. Let Q be a pseudoconvex domain in C*1 with C*-smooth boundary 0€.
Suppose that &y is a boundary point of 2 of D’Angelo finite type such that the Levi form
has corank at most 1 at & and there exists a sequence {¢;} < Aut(Q) such that ¢;(a)
converges spherically ﬁ—tangentially to & for some a € Q (cf. Definition[{.1). Then 2
is biholomorphically equivalent to the unit ball B!,

Now let 2 = C? be a pseudoconvex domain of finite type near & € 02 with the
type 2m. Then the notion of uniformly (5-)-tangential convergence (cf. Definition
[B.1]) reduces to that of (ﬁ)—tangential convergence. Moreover, the notion of spherically
ﬁ—tangential convergence is exactly Definition [L.Il Therefore, Theorem yields the
following corollary.

Corollary 1.3. Let Q be a pseudoconvex domain in C* with C*-smooth boundary 0SQ.
Suppose that & € 02 is of finite type 2m. Suppose that there exists a sequence {p;} <
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Aut(Q) such that p;j(a) converges spherically ﬁ-tangentmlly to & for some a € Q (see
Definition[{-1]). Then Q is biholomorphically equivalent to the unit ball B2,

In the case that {¢;(a)} does not converge spherically ﬁ—tangentially to & for some
a € €2, we prove the following proposition, in which our model may be defined by a

homogeneous polynomial of degree larger than 2.

Proposition 1.4. Let Q be a pseudoconvex domain in C?* with C*-smooth boundary 0S.
Suppose that &y € 0S) is of finite type 2m. Suppose that there exist a number 2 < v < m,
a € Q and a sequence f; < Aut(Q) such that fj(a) converges spherically ﬁ-tangentmlly
of order 2v to & (see Definition[51). Then ) is biholomorphically equivalent to a model
of the form

Mg := {(z,w) € C*: Re(w) + Q(z) < 0},

where Q) is a homogeneous polynomial of degree 2v which is not harmonic.

Remark 1.2. We note that Example 5. in Section [ illustrates that if the sequence
of automorphism orbits does not converge spherically ﬁ—tangentially to a boundary
point, then our domain €2 is not biholomorphically equivalent to the unit ball B? but to

Mg with deg(Q) = 4.

The organization of this paper is as follows: In Sections 2l we recall some basic
definitions and results needed later. In Section [3 we present the notion of A-tangential
convergence and give a proof of Theorem [Tl Next, the notion of spherical ﬁ—tangential
convergence and the proof of Theorem [L.2lare introduced in Sectiondl Finally, the proof
of Proposition [[.4 is given in Section [Bl

2. PRELIMINARIES

First of all, we recall the following definition (see |[GK87, [Kr21], or [DNO9]).

Definition 2.1. Let {€;}°, be a sequence of domains in C". The sequence {€2;}, is
said to converge normally to a domain €2y < C" if the following two conditions hold:

(i) If a compact set K is contained in the interior (i.e., the largest open subset) of
ﬂ (1; for some positive integer m, then K < €.
-
(ii) if a compact subset K’ < Qg , then there exists a constant m > 0 such that
K, [ ﬂ Qj.
j=m
In addition, when a sequence of map ¢;: 2; — C™ converges uniformly on compact
sets to a map ¢;: 2 — C™ then we shall say that ¢; converges normally to .

Next, let us recall the following definition (cf. [Yu95]).

Definition 2.2. Let A = (A\y,..., \,) be a fixed n-tuple of positive numbers and p > 0.
We denote by O(u, A) the set of smooth functions f defined near the origin of C" such
that

D“Eﬁf(()) = 0 whenever Z(Ozj + Bi)A; < p.

J=1
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If n =1and A = (1) then we use O(u) to denote the functions vanishing to order at

least u at the origin. Here and in what follows, D and D’ denote the partial differential
operators

olod Pl
=~ s~ _— and ————————,

respectively. Furthermore, < and = denote inequality up to a positive constant. More-
over, we will use ~ for the combination of < and =

Finally, in order to give proofs of Theorem [[.1l and Theorem [[.3 let us recall the
following proposition that is the main ingredient in our argument (see [NN20, Prop.
4.3]).

Proposition 2.1 ([NN20]). Let w be a domain in C*, a € w and oj: w — € be a
sequence of holomorphic mappings such that {c;(a)} € Mp. If Mp is of finite type,
then {o;} contains a subsequence that converges locally uniformly to a holomorphic map
o:w— Mp.

3. THE BEHAVIOUR OF AUTOMORPHISM ORBITS ACCUMULATING AT A BOUNDARY
POINT OF AN h-EXTENDIBLE DOMAIN IN C"

3.1. A-tangential convergence. Throughout this subsection, let {2 be a domain in C"
and assume that £, € 02 is an h-extendible boundary point (cf. [Yu95, [DH94]). Let p be
a local defining function for € near &, and let the multitype M (&) = (2my,...,2m,, 1)
be finite (see [Cat84]). (Note that because of the pseudoconvexity of 2, the integers
2my,...,2m, are all even.) Let us denote by A = (1/2my,...,1/2m,,). By the definition
of multitype, there are distinguished coordinates (z,w) = (z1, . . ., z,, w) such that & = 0
and p(z,w) can be expanded near 0 as follows:

p(z,w) = Re(w) + P(z) + Q(z,w),

where P is a A-homogeneous plurisubharmonic polynomial that contains no plurihar-
monic monomials, ) is smooth and satisfies

Q(z,w)| < C <|w| + Z |zj|2mj)
=1

for some constant 7y > 1 and C' > 0. In what follows, dist(z, 02) denotes the Euclidean
distance from z to 0f2.

0l
)

Definition 3.1. We say that a sequence {n; = (¢, 5;)} < Q with o; = (aj1,...,a5n),
converges uniformly A-tangentially to & if the following conditions hold:

(a) [Im(6;)| < |dist(n;, 0Q)|;

(b) |dist(n;, 6)| = o(|ayx*™*) for 1 < k < n;

() foja ™ ~ Jaa[*™ ~ - ~ oy ™.

Remark 3.1. It is well-known that {n;} < Q converges nontangentially to & if |[Im(5;)| <
|dist(n;, 0Q)| and |ajx| < |dist(n;, )| for every 1 < k < n. Nevertheless, such se-
quence converges A-nontangentially to & if [Im(5;)| < |dist(n;, dQ)| and |ayx[*™ <
|dist(n;, 0Q2)| for every 1 < k < n (cf. [NN20]).
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Denote by

o(z) = Z | 2 2™

k=1

Definition 3.2. We say that a boundary point & € 0€0 is strongly h-extendible if there
exists § > 0 such that P(z) — do(z) is plurisubharmonic, i.e. dd°P > ddd‘o.

Remark 3.2. The notion of strongly h-extendibility is exactly that Mp is homogeneous
finite diagonal type given in [He92, [Hel6]. Let & € 09 be strongly h-extendible. Then
by dd°P = dd°c, it follows that & € 0f is in fact h-extendible and

n n
X gz 3 T
6zkézl ] — 6zk&zl J

k=1

\/

?|041|2m1 wi* + - mp a7 [w, |
for all a, w € C™.

In the sequel, we will assume that & € 0f) is a strongly h-extendible point and
let {¢;} < R* be a given sequence. Then we define the sequence 7; = (7j1,...,Tjn),
associated to {e;}, as follows:

.. 1/2
Tk 1= ||, (7j) ,j=L1<k<n.

| v [P

mp—1
. . 9 .
A simple calculation shows that 73" = e;. -
jk} J ‘O{Jkl k

N

€;. Hence, we get the
following estimates

(1) G ST e”z““f
In what follows, we assign weights ﬁ, cee 2 ,1 to the variables zi,...,z,, w, re-
spectively and denote by wt(K) := 3>7_, 5+ 2 the Welght of an n-tuple K = (ky,...,k,) €

Z%,. We note that wt(K + L) = wt(K) + wt(L) for any K, L € 22,
In order to prove Theorem [[LT] we need the following lemmas. First of all, from ()
one easily obtains the following lemma.

Lemma 3.1. Let f(z,w) be a C*-smooth function defined in a neighborhood of the
origin in C"*! vanishing to weight order greater than 1 at the origin. Then

f(Tj121, - Tinzn, €jw) = 0(€;).
For monomials with weight order < 1, we have the following lemmas.
Lemma 3.2. Let p,q € N* be two multi-indices. Then, for all polynomials P one has
ej_l \DpﬁqP(aj)Terq\ — 0
for |p| + |q| > 2. In addition, if |p| = |q| = 1, then
’1 }DpD P(ao p+q‘ < 1.

Moreover, if P(z) — do(z) is plumsubharmomc for some 6 > 0, then

6_1 n02pP ()t - >, 91 19
j Z DTrTpwgy 2 milw? 4 - mi w, ).
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Proof. 1t suffices to prove the lemma for P(z) = 25zF and K > p, L = ¢q. Then we have

_1 p_q g B 1 k1+ll 7_]1 p1+q1 kn+ln Tjn Pntqn
;' |[DPD P (o) = ¢ |aj] L ol
i |t

Fi+ly _pita1 kn+ln _ pn+tan

B |aj1|2m1 2my 2 |&jn|2mn 2mn 2
- €5 €5

n
ks+ls Pjtaj [pl+]ql
2 - 2 1-
N (|&j1| ml)sgl 2ms 2 B (|04j1| m1) 2
€j €5

e, |DPD"P(ay)7t*| — 0

Therefore, we get

as j — oo for |p| + |g| > 2 and
&' ‘Dpﬁqp(aj)Terq‘ <1

for |p| + |¢| = 2. Finally, by Remark 3.2 one obtains that

L PP ~ ™ %o B
;! (o)) TjpTjwptty = €; " ——— () TR Tjw, W
j e 31k T GIWEWE < €5 3)1jk 11050

P 02,07 k=1 020
2 et (milaa P2 o P+ - om0 wa )
z mifun]® + -+ mpfw, |’
for every w € C". -

In the same fashion we have the following lemma.
Lemma 3.3. Let Q(z) be a polynomial in z € C" such that Q € O(1,A). Then we have
;1| D"D'Q(ay)7I | — 0
as j — o0 for |p| + |q| = 2.

Proof. As in the proof of Lemma B.2] it suffices to consider Q(z) = 25zl and K >
p, L = q with d := wt(K + L) > 1. Then following the proof of Lemma 3.2 one has

_ lpl+ld]
d 2

~1 | prD* pra) _ [ lapn]*™
& | Qay)7™| ~ T
-1 np? NPta ;
Therefore, we conclude that ¢;' |[DPD"Q(a;)70 | — 0 as j — o for [p| + |¢| = 2, as
desired. O

3.2. Proof of Theorem [I.1l Let 2 and & € €2 be as in the statement of Theorem
LIl Let M(&) = (2my4,...,2m,, 1) be the finite multitype of Q at & and denote by
A= (1/2my,...,1/2m,). As in Subsection B}, one can find local coordinates (Z,w) =
(21, ..., Zp, W) near & such that £, = 0 and the local defining function p(Z,w) for Q can
be expanded near 0 as follows:

p(Z,w) = Re(w) + P(2) + Q(Z,w),
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where P is a A-homogeneous plurisubharmonic polynomial that contains no plurihar-
monic monomials, () is smooth and satisfies

n g
QE w)| < C <|7D| +) |2jl2’”j> ,
j=1

for some constant v > 1 and C' > 0.

By hypothesis of Theorem [[T], there exist a sequence {y;} < Aut({2) and a point
a € Q such that n; := ¢,(a) converges uniformly A-tangentially to &. Let us write
nj = (o, B;) = (&1, ..., @jn, Bj). Then one has

(a) [Im(B;)] < |dist(n;, 09Q)[;
(b) |dist(n;, d2)| = o(|ayx*™*) for 1 < k < n.

2mq 2mo  ~_ 2mp
| | |7

(¢) laj|®™ ~ |ajo*™2 ~ -+ ~ |ay,

By following the proofs of Lemmas 4.10, 4.11 in [Yu95|, after a change of variables

z =z
{U} =w + bl(g)ﬁ} + bz(g)’lIJ2 + bg(g),

where by, by, by are holomorphic functions of Z satisfying by = O(|Z|?), k = 1,2, 3, there
are local holomorphic coordinates (z,w) in which & = 0 and €2 can be described near 0
as follows:

Q= {(z,w) e C"*': p(z,w) = Re(w) + P(2) + Ri(z) + Ro(Imw) + (Imw)R(z) < 0},

where Ry € O(1,A), Re O(1/2,A), and Ry € O(2). We would like to emphasize that in
the new coordinates the sequence {n;} still has the properties (a), (b), and (c).

Let Uy be a fixed small neighborhood of §; = 0. Then for any sequence {n; = («;, 5;)}
of points converging uniformly A-tangentially to the origin in Uy n {p < 0} =: Uy, we
associate with a sequence of points ; = («a;, a;+¢€;+ib;), where ¢; > 0 and 3; = a;+1b;,
such that 1} = (o, 8}) with 8; = a; + €; + ib; is in the hypersurface {p = 0} for every
j € N*. We note that €; ~ dist(n;, 0Q)

Before we begin the scaling procedure, we make several changes of coordinates.
Firstly, let us consider the sequences of translations Ln; : C" — C™ , defined by

LW}(’Z?w> = <Z7w> _77;' = (Z — Q5 W — 6;)

Then, under the change of variables (Z,w) := L,ﬁ(z,w), ie.,

w — f = w;
Zk—()éjkzgk,kzl,...,n,

one observes that L, (a;, 3;) = (0, —¢;) for every j € N*.
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Now let us write w = u+iv, v = bj+(v—>b;) = bj+Im(w), and z = a;+(z—a;) = a;+2.
Since Ry € O(2) and R € O(1/2,A), by using Taylor’s theorem, we have
Ry (v) = Ra(by) + Ry (b;) (v — bj) + ol|v = bj]) = Ra(b)) + Ry (b;)Im () + of[Im(w)[);
vR(z) = (bj + (v —b;))R(c; + 2)

= (b; + Im(w)) (R(aj) +2Re )

1<|p|<2

=R+ b (2Re Y PP+ 5 D) 2 (a))55)

1<|p|<2 p: k=1
+0(|2*) + o([Im(w))).

DPR - 1« PR - = 12
o )+ 5 3 Sl a+ o)

Hence, using again Taylor’s theorem we see that the hypersurface Ly ({p = 0}) is defined
by an equation of the form

P (Lfl(z, w)) — Re(w) + Ry(b;)Im(w) + R(ay;)Im ()

5 +
Drp I o & L=
+ 2Re Z —!(Ozj)(z)p +3 2 — ()22

1<|pl<2

+ 2Re Z Dp——'Rl(aj)(Z)p—F

1<|pl<2

+b; <2Re Z

1<lp|<2 P k,l=1

Next, to remove the pluriharmonic terms in (2) let us define a sequence {Q;} of
automorphisms of C*™! by

wim b+ (Ryby) + Rl))im+2 Y ZP(a)(Ep+2 Y D))
1<pli<2 ¥ 1<pl<e ©
+b; D;R(aj)§

1<|pl<2

Z =z, k=1,...,n.
Then the composite Q; o Ly € Aut(C") and satisfies that
Qj o Ly (g, 8;) = (0,...,0,—€; — i(R(b;) + R(ey))e;)

for every j € N*. Moreover, the hypersurface @), o Ln;({p = 0}) is given by an equation
of the form

k=1 8zk82
1 = aQRl b] n (32 )
2 Aty )zkz + -0
2 2 0207 %)% 2 klz=:1 02:0% (o) zrz + o(]2]7)
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Finally, let us recall the following notation
. 1/2
Lyp— . —j
= ol () 1<k
and we define an anisotropic dilation A;: C* — C" by settings:
. Z1 Zn W
3 A; =AY e ZpW) = | —, ., —,— | .
3 o) s= 8 (1) = (2, 22,2
Then it follows that AjoQjo Ly, (0, B;) = (0,...,0, =1 —i(R5(bj) + R(ej))) — (0", —1)

as j — o0. Furthermore, the hypersurface Aj o Q; o Ly ({p = 0}) is now defined by an
equation of the form

J J

_ 5 1 & %P B _
W - olalm(@)) + 5 3, oz = (0)e T

" 0’R =
2 — T(Oéj)TjijleZl + = O,
k=1 8zkézl

where the dots denote remainder terms. Note that by Lemma [3.T] the terms with weight
order greater than one must converge uniformly on compacta of C**! to 0. Hence, we
consider only the convergence of monomials from () with weight order < 1.

Since the sequence {n; := ¢;(a)} converges uniformly A-tangentially to & = (0’,0),
it follows that

g P agal®™ g
€j €j €j
Thus Lemma 3.2 yields
DrDp
5 [Pt | o
b:q:

as j — oo for |p| + |¢| > 2 and, after taking a subsequence if necessary, we may assume
that

1. 0P
— lim ——
2 jox (32]492[

Qo= (aj)e]flTjijl, 1<k l<n.

Moreover, by Lemma we also have

D'D'R,
plg!

-1

6] (&> p+q

as j — oo for [p| + [¢| > 2. In addition, since |¢;'b;] < 1, we obtain that

as j — oo for |p| + |¢| = 1. Therefore, after taking a subsequence if necessary, we
may assume that sequence of defining funtions given in () converges uniformly on
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compacta of C"™! to p(z,w) := Re(w) + H(Z). Consequently, the sequence of domains
Q;:=Aj0Q;o0 Ln;- (U, ) converges normally to the following model
My :={(2,w) e C" x C: p(z,w) := Re(w) + H(Z) < 0},
where .
H(g) = 2 akléké_l.
k=1

Note that My is a limit of a sequence of the pseudoconvex domains A;o0Q);o Ln;- (Uy).
Hence, My is also pseudoconvex, and thus H is plurisubharmonic. In addition, it follows
directly from Lemma[3.2]that H is positive definite. Therefore, My is biholomorphically
equivalent to unit ball B"*! (cf. [Gra75, Prop. 2]).

For simplicity, let us denote by T := Aj0Q;o Ly and 0 := Tjo ;- go;l(UO’) — Q.
Then Tj(n;) = (0/,—1 — i(R5(b;) + R(ay;))) and {o;} is a sequence of biholomorphic
mappings satisfying

oj(a) =b; == (0', =1 —i(Ry(bj) + R(e;))) — b:= (0", —1).

as j — oo. Thus, by Proposition 2.1l after passing to a subsequence, we may assume
that o; converges locally uniformly to a holomorphic map o : €2 — My which satisfies
o(a) =b.

On the other hand, since Q is taut (cf. [DN09, Prop. 2.2]), the sequence oj_l: Q; —

<pj_1(U0_) < 2 is also normal. Since aj_l(bj) =aeQwithb; - beQasj— w0, we
may also assume, after switching a subsequence, that aj’l converges locally uniformly
to a holomorphic map o* : My — Q. It then follows from [DN09, Prop. 2.1] that Q is
biholomorphically equivalent to My. Hence, € is biholomorphically equivalent to B"*!,

and thus the proof of Theorem [[.1] is finally complete. ]

3.3. Example. Denote by E) 34 the domain in C3, given by
E172’4 = {(2’1, ZQ,U)) € (Cgi Re(w) + |21|4 + |Zl|2|2’2|4 + |22|8 < O}

Denote by P(z2) = |z1|* + |21} 22|* + 22| and o(2) = |21]* + |22/®. Then a computation
shows that

dd°P(2) = (4]21* + |22|*)dz1dZ) + 221 25| 20 |Pd21dZs + 221 %] 2| PdZ1d 2,
+ (16]|2]° + 4|21 |*| 22| d2od 2,
= 4|22 dz1dz; + 16|20|%d20dZy + |22|*|22dZ1 + 2Z1d 20|
> ddo(z).

Therefore, the origin is strongly h-extendible with multitype (4, 8, 1) and thus the weight

A is now given by A := (3, 3).
1

Now we consider the sequence {(ﬁ, It —% - j%
but not uniformly to (0/,0). We are going to show that {r;} is not a sequence of
automorphism orbits, that is, there do not exist a sequence {f;} < Aut(E;24) and
a € Ey54 such that f;(a) = (jﬁ, s, —% - J% - ]%) for all n € N*. Assume for the
sake of seeing a contradiction that {f;} and a exist. Then, although we cannot apply

a scaling given in the proof of Theorem [[LT| an alternative scaling can be introduced

as follows. Indeed, let p(z1, 29, w) = Re(w) + |z1|* + |21[*[22]* + |22/® and let n; =
(ﬁ, ﬁ%’ —%— % — 5) for every j € N*. We see that p(n;) = —2 ~ —dist(n;, 01 2.4).

— j%)} that converges A-tangentially
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Set €; = |p(n;)| = % In addition, we consider a change of variables (Z, @) := L;(z,w),
i.e.,
w = w;
1 -
1 — 1 = 21,
J
1 -
29 — —og = R2.
7378
Then, a direct calculation shows that
POL;1(1D,21,22) = Re(w) + | =3 1/4 + 45+ =5 1/4 + 7112 s 3/8 N e o 3/8 + 5[0
i 2 1 4 o
= Re(w) + /4Re(21) + W|Zl| i (2Re(2)))* + ﬁ|21| Re(z1) + 71|

<i/ — (21)+|21|2>><

. 2
<j3/2 + j 9/8 RG(ZQ) + W|Zz

4 5 5 1 -
——(2Re(%))* + W|22|2Re(22) + |22|4) + |j— + 58

To define an anisotropic dilation, let us denote by 7; := 71 (n;) = 2].%/4, Toj 1= Ta(n;) =
%/8 for all j € N*. Now let us introduce a sequence of polynomial automorphisms ¢,
of C" (j € N*), given by

Gy (21, 22, 0)
B ( 1 1 1 11 4 2 2)

j1/4 + lezl, j3/8 + 7'2]'22, —; - P — ]—3 + Ej 3/47'1]21 j1/2 (TU) 21

Therefore, for each j € N* the hypersurface ¢,,({p = 0}) is then defined by

6;1p © (b;jl(glv 72, U~J)

1 1 _ 1 1 1 _ 4 2 9.9
=€ P(W + 721, j37 + Toj22, —3 -5 3 T&w— Wlezl - W(le) zl>

7
=R Lz L s PRee ( 1*=1)+0 Lo 0.
= e( )—|—|Z1| +16 | 1| 2jl/4|2’1| 6(21) |22+ | — 1)+ (j )-i- <j>
Hence, the sequence of domains Q; := ¢,,(E124) converges normally to the following

model
Mo = {(%1, 2%, w) € C*: Re(w) + |5 > + (|22 + 1|* — 1) < 0},
Finally, by the same argument as in the proof of Theorem [L.1l we conclude that E} 5o
is biholomorphically equivalent to M; o that is biholomorphically equivalent to

{(21, 22, w) € C*: Re(w) + |z1]* + |22|* < 0}.
It is absurd by [CP01, Main Theorem].

Remark 3.3. We consider a sequence {(#,’I]jg, _P(ﬁﬂ?ﬂ) - ]%} that converges A-

tangentially but not uniformly to (0’,0). Then, following the argument as in Example
B3, we may assume that Q; := ¢, (1 24) converges normally to the following model

{(51,52, @) € C*: Re(d )+|z1|2+P(z2)<0}
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where
i) P(%) = |% + al* — |a|* for some a € C if |n;| ~ jg)%;
i) P(%) = 5/ if || =0 (75 );
i) P(2) = |52 if =k = olInsal)
This indicates that our model depends deeply on the behavior of the orbit {n;} < 2.

4. THE BEHAVIOUR OF AUTOMORPHISM ORBITS ACCUMULATING AT A BOUNDARY
POINT OF A PSEUDOCONVEX LEVI CORANK ONE DOMAINS IN C**!

In this section, we are going to give a proof of Theorem [L2l To do that, let 2 be a
domain in C"*! such that 0 is pseudoconvex of finite type and has corank one near &.

4.1. Spherical ﬁ—tangential convergence. In what follows, let us write z = (21, ..., 2,)
and z* = (0,22,...,2,). Let 2m be the D’Angelo type of 02 at . Without loss of
generality, we may assume that & and the rank of Levi form at & is exactly n — 1.
Let p be a smooth defining function for 2. After an appropriate change of coordi-
nates (cf. [BP91), [Cho94]), we can find coordinate functions 2, ..., z,,w defined on a

neighborhood Uy of &, such that £ = 0 and

p(z) = Re(w) + P(#, z1) Z |zal® + Z Re(Q*(#1, 21)%a)

Ol )] + P4 =Pl [0+ ),

where P(z1,21), Q%(21, 21) (2 < a < n) are homogeneous subharmonic real-valued poly-
nomials of degree 2m and m, respectively, containing no harmonic terms.

Definition 4.1. We say that a sequence {n; = (¢, 5;)} < Q with o; = (aj1,...,q5n),
converges spherically ﬁ-tangentmlly to & if

(a) [Im(3;)] < |dist(n;, 0€)|;

(b) [dist(n;, 0Q)| = o(|ay1[*™);

(c) AP(aj1) = |aja[*™~2
Remark 4.1. Let ©Q be a pseudoconvex domain in C%  Suppose that & € 0Q is of
D’Angelo finite type, say, 7(0€2, &) = 2m. It is known that ) is h-extendible at &,. Let
{e;} = R* be a sequence such that 7 := (ay, B; + ¢;) is in the hypersurface {p = 0}
for every j € N*. Then the condition (c) simply says that € is strongly pseudoconvex
at 7 for every j € N*. Consequently, the condition (c) is clearly satisfied if the model
Mp := {(z,w) € C?: Re(w) + P(z1) < 0} is a WB-domain.

2m—1
4.2. Homogeneous subharmonic polynomials. Let us write P(z Z a; I ZAmd

Writing z = |z]e?, one defines g(#) by
P(z) = [2[""g(0).
Then we have
AP(z) = [2["™7% ((2m)*g(0) + g6 (0)) = 0.
(See cf. [BETS].)



14 NINH VAN THU, NGUYEN THI KIM SON AND NGUYEN QUANG DIEU'2

Given a sequence {¢;} < R*, we associate the sequence {7;} given by

. 1/2
7 o= T(ey, €5) = lay]. ( ; ) :

|y [P

To give a proof of Theorem [[.2] it suffices to check the following lemma that is similar
to Lemma 3.2

Lemma 4.1. We have
okp
0z 0zk1 (o)) €
In addition, if k =2 and j =1, then

0P
(o)

020%
Proof. Tt suffices to prove the lemma for P(z) = 252" for 1 < s < 2m — 1. Indeed, a
simple computation shows that

okpP {23l22ms(kl) ifl<s,k—1<2m-—s
0

&7 = (2m)*g(6;) + goe(0))-

Fpr- l<z) =

if otherwise

and

ok P

k
B o B T
l(/ - l( j) 6]‘ 17_jl<: § | i 2m kEj 17_]k | j|2m€j1 < —J‘ )

k/2 k/2—1
o / (& / .
TG \ayPm |y 2
|12m 1-
J

for k£ > 2. Furthermore, in the case that £ = 2,1 = 1 one has

TP )| 72 = oy P (2m)20(0)) + 9u0(0,)) w( g )

020% lavj[2m
= (2m)*g(0;) + goo(0)-

Therefore, we get
okp
0zt ozk—! (a)

g

4.3. Proof of Theorem Throughout this section, the domain €2 and the boundary
point & € 02 are assumed to satisfy the hypothesis of Theorem [[L2l Let 2m be the
D’Angelo type of 02 at &. Without loss of generality, we may assume that §, = 0e€ C"
and the rank of Levi form at &, is exactly n — 1. Let p be a smooth defining function
for Q. After an appropriate change of coordinates (cf. [BP91, [Cho94]), we can find the
coordinate functions zq, ..., z,,w defined on a neighborhood Uy of &, such that & = 0
and

p(z,w) = Re(w) + P(z1, %) Z za|® + Z Re(Q*(z1, 21)%a)

Ol )] + 2P =Pl 4 ),
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where P(z1,21), Q%(21, 21) (2 < a < n) are homogeneous subharmonic real-valued poly-
nomials of degree 2m and m, respectively, containing no harmonic terms.

By hypothesis of Theorem [[.2] there exist a sequence {y;} < Aut({2) and a point
a € Q such that n; := ¢;(a) converges spherically ﬁ—tangentially to &. Let us write
n; = (aj,8;) = (aj, Bj). Then one has

(a) [Tm(8;)] < [dist(n;, OQ)];
(b) |dist(n;, 0Q2)| = o(a; [*™);
(c) AP(aj1) 2 | ™2

Let us fix a small neighborhood Uy of the origin. For any sequence {n; = (o, 5;)}
of points converging ﬁ—tangentially to the origin in Uy n {p < 0} =: U, , we associate
with a sequence of points n; = (aj,a; + ¢; + ib;), where ¢; > 0 and 3; = a; + by,
such that n; = (aj, ;) is in the hypersurface {p = 0} for every j € N*. We note that
€; ~ dist(n;, 09).

By [Cho94, Proposition 2.2] (see also [DN09, Proposition 3.1]), for each point 7,
there exists a biholomorphism @, of C"l (z,w) = q)?;,,l(é, w), such that

J

1/~ ~ ~ o=l
p(@,}20) = Re() + D e ()24
k+1<2m
k,[>0

(5) +2|za|2+2 ST Re[(b, (1)) 25 2]

a=2k+Il<m
k>0

F Oz, @) + 2P| + 2P 2™ + 2P,

where Z* = (0, 2, ..., Z,).
Now let us define

This implies that

1/(2m)

To finish the scaling procedure, we define an anisotropic dilation A; by
21z Zn W
Aj(z,w)z(—l,—Q,... ) j e N*,
le Tjg T]n 6]

This yields A; o @, (n;) = (0',—1 + 7;) for some sequence {y;} < C, depending on
{®y}, that converges to 0 as j — co. Furthermore, for each j € N*, if we set p;(z, w) =
e'po cI)%l o (Aj)7(z,w), then (B implies that

pi(z,w) = Re(w) + Py (21,21) + Z |2a|* + Z Re(Q (zl,zl)za) +O(T(n)}, ¢5)),

a=2 a=2
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where
Py(z,2) = Y, ana())e; ' w(o), ) 242,

k,I<2m
k,[>0

*1/2 / k+l k=l
Q (21,71) Z bkl% (. €)" A 7)

k+Il<m
k,l>0

Note that the sequence {n; := ¢;(a)} converges spherically z--tangentially to & =

12m
(0’,0). Then M — 40 as j — 0. In addition, we have, for 1 < k, [ with k+1 < 2m
6.
that J P k+1
0 oFttp
’ ——(0",0 i1).
k,l(nj) a a ( ) ) az a l(ajl)

Therefore, by Lemma [4.1] we get ak,l(nj) i T(T];,Ej)kﬂ — 0 as j — oo for k,l > 0 with

2 < k41 < 2m. In addition, by the condition (c), without loss of generality, we may

o 1 o°p 1,2
assume that the limit a := ]higaéz = (j1)e; i

that {Pn;_(zl, z1)} converges uniformly on compacta to a|z;|*.
For the sequences {Qy; (21,21)} (2 < a <n), by [Cho94, Lemma 2.4] it follows that

> (0 exists, and thus we conclude

N _ a1
|Qn;,(zlv 21)| < T(ng'aej)loa J=1
for all & = 2,...,n and |z < 1. Consequently, {Q;,} converge uniformly on every
J

compact subset of C to 0. Therefore, after taking a subsequence if necessary, we may
assume that the sequence {p;} converges to the following function

p(z,w) == Re(w) + a|z1 > + |z> + - + |za]%,

1 0?P
where a = §W(aj1)e;17]21 > 0. Hence, after taking a subsequence if necessary, we
21021
may assume that the sequence of domains €2; := A; o ‘bn;(Uo_ ) converges normally to

the Siegel half-space
M2 := {(z,w) € C""": p(z,w) = Re(w) + alz1 > + |22]* + -+ - + |2,]> < 0},

which is clearly biholomorphically equivalent to the unit ball B"*! (by using the Cayley
transform). Moreover, by the same argument as in the proof of Theorem [T we conclude
that €2 is biholomorphically equivalent to M),2, or €2 is biholomorphically equivalent to
B"*!. Hence, the proof of Theorem is finally complete. ]

5. THE BEHAVIOUR OF AUTOMORPHISM ORBITS ACCUMULATING AT A BOUNDARY
POINT OF A DOMAIN IN C?

In this section, we shall restrict the discussion to domains in C2. More precisely, let
Q2 be a pseudoconvex domain of finite type near &, € 02 with the type 7(0€, &) = 2m.
Then the notion of uniformly (5- —)-tangential convergence given in Section [3is just the
that of ( —)-tangential convergence. In addition, the notion of spherically 2——tangent1al
convergence is exactly given in Section 4l Therefore, Corollary [L3] follows directly from
Theorem [[L.2]land LemmalL.1l In this situation our model is biholomorphically equivalent
to the unit ball B2.
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In the sequel, we consider the case that the condition ¢) in Definition [£.1]is violated,
AP(a;
ie. % — 0 as j — oo for some sequence {¢;} converging to the origin in C (see
Qa m=
Definition [5.1] below). Then our model may be defined by a homogeneous polynomial
of degree larger than 2.

5.1. Spherically ﬁ-tangentially convergence of higher order. Let p be a local
defining function for € near &, and let the D’Angelo type 7(052, ) = 2m be finite. Asin
the proof of Theorem [LL1] we may assume that there are local holomorphic coordinates
(z,w) in which & = 0 and € can be described near 0 as follows:

Q = {p(z,w) = Re(w) + P(z) + R1(2) + Ro(Imw) + (Imw)R(z) < 0}.
Here P is homogeneous subharmonic real-valued polynomial of degree 2m containing

no harmonic terms, Ry € O(1,A), R € O(1/2,A) with A = (5-), and Ry € O(2).

Now let us write
2m—1

P(z) = 2 al2152m47
=1
where a; = ay if [ +1' = 2m. Furthermore, in the polar coordinates z = |z]e?, for
[ +1 <2m, we have
al+l’P S 5l+l/R1 —_
©) g () = 7 0 (00 T (2) = P hue(121, ),

where g,y is a trigonometric polynomial of degree 2m — 1 — 1" and hyy(|z|,0) is a C*-
smooth function defined on C with h;;(]z],0) = O(]z|).

In analogy to Corollary [[.3, we discuss a situation where our domain is biholomoph-
ically equivalent to some model defined by a homogeneous polynomial of degree larger
than 2. To this purpose, the following variant of Definition [£.1] seems to be necessary.

Definition 5.1. A sequence {n; = (o, 53;)} < Q is said to converge spherically -
tangentially of order 2v (2 < v < m) to & € 09 if the following conditions hold:
() [1m(3,)] < dist(r, 20);
(i) dist(n;, 092) = o(|a;[*™);
(iii) If [ + 1 < 2v, then

lim < dist(n;, 092)

| [2m

S
| ) () + halag), 6:)) = 0,
j—o0

where 6, := arg(a;);
(iv) There exists ly, lj with Iy + [jj = 2v, max(ly, () = 1 such that

lle_l)glf |910716 ((9])| > 0.

We now assume that {n; = (a;, 5;)} < € converges spherically ﬁ—tangentially of
order 2v (2 < v < m) to § € 0. Then, for a given sequence {¢;} < R* converging to
0, we define

1
€ \z
T = |Oz|(7j> ,j=1
T oy
With this notation, by Definition 5.1l we have the following lemma.

Lemma 5.1. For any integers [,1" with [,I' > 1, we have
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MNP+ R,y
]L%W( i)e T =0 forl+1" < 2w.

otrp :

(b) ]h_)n;3 W(OZj)E‘;ITJl»Jrl =0 fOT [+ > 2v.

: alHlRl =11+l /
(C) JlLIl;) W(OZ])EJ Tj =0 fOT [+ = 2v.

otrp :
(d) W(%) ej_lTjHl <1 forl+1U' =2v and

’32VP
lljnlg)lf W(Qj) Ej_lTjZV = hJII_l)glf Glo,2v—1y (0]) > 0.

Proof. Indeed, by a direct computation using ([6) we obtain

P 114V 2m—1—1' g+ S L
L e .
s @) T = P 0 ool (7557
IET
€, 2v
- ()
J

for {,I’ > 1. Similarly, one also has
5l+l’R1 1 el €; %_1
FErEAC R M (|aj|z_m> b (la], 65)

for [,1’ = 1. Thus the assertion (a) follows directly from the condition (iii).
In the same fashion, for [ + ' > 2v we have

al+l’P
FEFERS)

I+
o ()
0z'0z

/ !
1+1 g
—1

1+ am—1—l' 1|, V(S G\,
P s gt e () T S () T

€

(7)

1+ !

=T [ -
1 oy 2mA el 1 }l+l’( € ) . ( € ) 2
6] 7—] ~ |a]| 6] |aj| |Oéj|2m ~ |a]| |Oéj|2m

This easily implies (c¢). Moreover, if [ + I’ > 2v, then we get

al+l’P ,
: —1_1+U"
Jim S (e =0

and hence (b) follows.
Finally, it follows from ({7]) and the condition (iii) that we observe that every sequence

2v _ / . .
P ()e Mt is bounded if [ + I’ = 2v, whereas
0zloz! 3753 g j 5

0% P
: : —-1_2v
h]ni}){}f Ozl 0z2v—lo (oz]) i T

= lim inf gy, 2,4, (6;) > 0.
J—®
U

5.2. Proof of Proposition [I.4. This subsection is devoted to a proof of Proposition
[L4. Throughout this section, the domain € and the boundary point &, € 02 are assumed
to satisfy the hypothesis of Proposition [L4l Let p be a local defining function for €2
near &y and let the D’Angelo type 7(0€2, p) = 2m be finite. As in the proof of Theorem
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[L1l we may assume that there are local holomorphic coordinates (z,w) in which & = 0
and () can be described near 0 as follows:

= {p(z,w) = Re(w) + P(2) + R1(2) + Ro(Imw) + (Imw)R(z) < 0}.

Here P is homogeneous subharmonic real-valued polynomial of degree 2m containing
no harmonic terms, Ry € O(1,A), R e O(1/2,A) with A = (5-), and Ry € O(2).

By hypothesis of Proposition [[.4], there exist a sequence {¢,;} < Aut({2) and a point
a € Q such that n; := ¢;(a) converges spherically ;--tangentially of order 2v (2 < k <
m) to &.

Let us fix a small neighborhood Uy of the origin. For any sequence {n; = («a;, 3;)}
of points converging ﬁ-tangentially to the origin in Uy n {p < 0} =: Uy, we associate
with a sequence of points n; = (aj,a; + € + ib;), where ¢; > 0 and 3; = a; + iby,
such that 7} = («ay , 3}) is in the hypersurface {p = 0} for every j € N*. We note that
€; ~ dist(n;, 082).

As in the proof of Theorem [I.T], let us consider the sequences of translations Ln} and
polynomial automorphisms Q; of C* (j € N*), defined respectively by

Ly (z,w) i= (z,w) — 15 = (2 — o, w = )

and

w =1+ (Ry(b;) + R(a;))ith + 2 Z LELb (o)

& o* R( ) -
+2 3] LZRpk (o) + 2b Z ek
k=1

z =2z
Then one sees that Q; o Ly (o, B;) = (0, —€¢; — i(R5(bj) + R(aj))e;) for every j e N*.
Moreover, the hypersurface Q; o Ly, ({p = 0}) is defined by an equation of the form

—1 —1 1 oMip k=l
p (Lnj °Q; (z,w)) = Re(w) + o(|Im(w)|) + mm(%)z z
k+Il<2m
ke, l>0
1 6’”1}%1 k=l 1 *R kSl
2 gl agron ()7 E T Tl ahaz ()22 e =0,
+1<2m k+1<2m
k,[>0 k,[>0
where the dots denote remainder terms.
Now let us recall that
. 1/2v
o j
Tj . |Ozj|.<|aj|2m) .
and then we define an anisotropic dilation A; by
z w .
Aj(z,w) = (7_—] g) j e N*.
This yields Aj o Qo Ly (y, ;) = (0, =1 —i(R5(b;) + R(a;))) — (0,—1) as j — 0. By
m_1
the definition of 7;, a simple calculation shows that szm = €. (#) S €;. Hence,
J

we get the following estimates

(8) e;/2 <7 S ¢

1/2m
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Furthermore, the hypersurface A; o0 Q) o Lng ({p = 0}) is defined by an equation of the
form

(9)
_ _ 1. . 1 o*YP+ Ry) B
€ p 1 < oQ o (4;) ! (z,w)) = Re(w) + kall(a])ej 1 f” shEl
KN pskE
S

—1 1 *R —1, k+lzkZ ~
FGMy Y ()G T 4 ol (@) + O(r(ns, 1)) = 0,
k+i<2m T OZYOZ
k,[>0

where (8) yields the terms with weight greater than one equal O(7(n;,€;). Hence, we
consider only the convergence of monomials from (@) with weight order < 1.
Now thanks to Lemma [5.1 we have
OFHU(P + Ry)
03k o7
as j — o for k + [ # 2v. For the case that k + [ = 2v,
2V}%1

—1_2v
704)6- 77— 0
2v k( 7 7
0zk0z

as j — 0. Moreover, since |€; 'b;| < 1, we obtain that

(aj)etrF -0

J J

Nk+l1

_ 0 R _

e;'bj———(ay)e; ' =0

i Ik iy
03k

. oy . . 2v / .
as j — oo for any k,[ > 1. In addition, since every sequence {ailas, (aj)e; 17—]1+l } is
j=1

bounded if [ + I’ = 2v, hence after taking a subsequence if necessary we may assume
that
1 o P
lim a)e 't 1<k l<n.

/{:(QI/—k) J=0 03 k@TQ” k( )j 77

Therefore, after taking a subsequence if necessary, we may achieve that sequence of
defining funtions given in (@) converges uniformly on compacta of C? to p := Re(w) +
Q(Z). Consequently, the sequence of domains ; := A;0Q); OLn; (U, ) converges normally

to the following model

Ak 2v—k =

Mg = {(z,w) € C*: p(2,0) := Re(w) + Q(Z) < 0},
where
2v—1
Q(g) = Z ak721,_k2k§2yik.
k=1

Note that since Mg is pseudoconvex, we infer that () is subharmonic. Moreover,
by the condition (iii), we have a;,,-;, # 0 for some 1 < [y < 2v — 1, and hence the
polynomial () is not harmonic. Furthermore, by the same argument as in the proof of
Theorem [Tl we conclude that € is biholomorphically equivalent to M. Hence, the
proof of Proposition [I.4] is eventually complete. O
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5.3. The Kohn-Nirenberg type domains. The Kohn-Nirenberg domain Qg is
given firstly in [KN73] by

1
QN = {(z,w) e C*: Re(w) + |2® + 75|z|2Re(z6) < O}

This domain is a weakly pseudoconvex domain of finite type having no supporting
function at the origin. In addition, Qi x cannot be biholomorphically equivalent to a
bounded domain in C? with real analytic boundary. Indeed, if this would be the case,
then [BP99] tells us that Qxy is biholomorphically equivalent to the ellipsoid

{(z,w) e C*: |w]” + |2® < 1},

which is biholomorphically equivalent to the model {(z,w) e C?: Re(w) + |2|® < 1}.
This leads to a contradition by [CP01, Main Theorem].

Furthermore, Qky is a W B-domain and thus it satisfies the hypothesis of Theo-
rem [L.3] Therefore, Theorem [[.3] shows that if a sequence of automorphism orbits
{n; = @;(a)}, {¢;} © Aut(Qgn), converges to the origin, then it must converge -
nontangentially to the origin.

The condition that 7} is strongly pseudoconvex ensures that a limit of the scaling
domains (the model Mp) is just biholomorphically equivalent to the unit ball B2 If
this condition is not satisfied such as AP(a;) = 0 for all j, then the model now becomes
Mg = {(z,w) € C*: Re(w) + Q(z) < 0} for some homogeneous subharmonic polynomial
@ with deg(Q) = 4. The following example will demonstrate these phenomena. It also
describes a situation when Proposition [.4 may occur.

Example 5.1. Let Qn be a domain in C2 defined by

16

Qpy = {(z,w) e C*: Re(w) + |2|* — 7|z|2Re(z6) < O} .

1 9 1
—2)} converges %—tangentially but not spherically

We see that the sequence {(—, — —
1 . { Vit
5-tangentially to (0,0).

16 1 9 1
Let p(z,w) = Re(w) + |28 — —|2|?Re(z8) and let 7, = (—, — — =) f e N*.
et p(z,w) e(w) |z£|) 17|z|9 e(z )lan et 1, (\8/3 % j2) or every j € 1
This implies that p(n;) = —=— = — —— ~ —dist(n;, oQxn). Set e = lpn)l = =

72T 32
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Then, a computation shows that

p(z,w)
1 1 ¢ 16 1 1 1
=Re(w)+|(2—ﬁ)+m| —7|(Z—j1/8) 1/8| Re(((z j17)+W) )
1 8 1 16 1, 12 1
zRe(w)%—S—/8 7/SRe( _1/8)—1— ,6/8|z— _1/8| + _6/8Re((z—T/8) )
J J J J J
1 48 1, 1
+ 5/8Re((2 - 1/8) ) j5/8|Z - 1—/8| Re(z — 1/8)
1y o 1 5 36 1,
+ mRe((Z - 1—/8) ) | 1/8| e((z - jl/g) ) + j4/8|Z - j1/8|
16 (1 8 1 21 1 7 1,
-7 (et W * JoeRel(s = 555 + 5l ~ 7
16 [ 35 1 21 J R 1
—7<J5/8R ((2 j17) HW"Z_W' Re(z—jﬁ))
16 / 21 1, 35 1, 1., 1 J .
e <ije((Z - jm) )+ WV - m| Re((z — jﬁ) )) T O(WV - m| )
9 72 1 36 1 72 1 4
46 1y 48 1
- WR‘e(( jl/g) ) j4/8|z 1/8| Re((z - .ﬁ) )
36 1 4y 1 1 5
+jm|z—]1/8| O(W|Z—ﬁ| )-
To define an anisotropic dilation, let us denote by 7; := 7(n;) 31/8 for all j € N*.

Now let us introduce a sequence of polynomial automorphisms o ! of C?, given by

1
2’2%4—7']‘2
L 9 2 36 5. 2 . 46 , 4
w_ij—i_?_j—i_msz—i_jGBTz +']5TTZ +WT’Z

Therefore, we have

0 03! (2,1) = Re() + 36/ = 4812 Re() + (7).

We now show that there do not exist a sequence {f;} < Aut(Q kn) and a € Qg n such
that n; = f;(a) — (0,0) € Qe n as n — oo. Indeed, suppose otherwise that there exist
such a sequence {f;} and such a point a € Qxn. Then by the same argument as in the
proof of Theorem [L3] Qpy is biholomorphically equivalent to the following domain

D :={(z,w) € C*: Re(w) + 36|2|* — 48|Z]°Re(z*) < 0} .

However, since the D’Angelo type of 0D is always less than or is equal to 4, it follows
that D is not biholomorphically equivalent to Qg n (cf. [CPOI, Main Theorem]). It is
impossible.
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